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LEAPFROG CRANK–NICOLSON DECOUPLING OF

WAVE-HEAT-TYPE PROBLEMS

BENJAMIN DÖRICH AND JULIAN DÖRNER

Abstract. This paper proposes and analyzes a numerical method for cou-

pled wave–heat systems that arise, for example, in viscoelasticity with mem-
ory, thermoelastic wave propagation with finite thermal speed, and Maxwell’s

equations coupled to dispersive material laws. Motivated by the widespread

use of explicit leapfrog schemes for wave problems and the parabolic time-step
restriction for heat equations, we design a second-order scheme that combines

leapfrog time integration for the wave part with a Crank–Nicolson step for the

heat part. The coupling is arranged in a Strang-splitting–type fashion so that
the overall scheme remains explicit in the coupling and is subject only to a

CFL condition of hyperbolic type, rather than the more restrictive parabolic

constraint.
We introduce an abstract space discretization that covers a broad class of

wave–heat systems and accommodates both conforming and stabilized non-
conforming discretizations. Using an extended unified error decomposition,

we derive error estimates for the fully discrete scheme under the desired CFL

condition. Numerical experiments for our model applications confirm the the-
oretical results.

1. Introduction

In this paper we study wave-type systems which are coupled to heat-type problem
and can formally be written as

∂tx+ Sx = −B̃θ + f,(1.1a)

∂tθ + Lθ = B̃∗x+ g,(1.1b)

where the wave part (1.1a) is given as a two-component system with x = (x1, x2) ∈
X = X1 ×X2 and a skew-adjoint operator S, and some dissipative operator L in
(1.1b).

In this work we have four main classes of examples in mind. As a particularly
simple and illustrative starting point, we first consider a one-dimensional wave
equation coupled to a heat equation, modeling a thermoelastic string.

A second example is given by nonlocal-in-time linear viscoelasticity systems,
which describe materials with memory effects subject to pressure and shear waves.

As a third example, we consider thermoelastic wave equations, which model
the coupled propagation of mechanical and thermal disturbances in a solid and, in
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2 BENJAMIN DÖRICH AND JULIAN DÖRNER

contrast to classical Fourier heat conduction, account for a finite propagation speed
of thermal signals. Compare [KGBB79] and [IOS10] for a general introduction.

Finally, we consider Maxwell’s equations in a bulk medium coupled to a system of
differential equations posed on an interface, modeling the nonlocal-in-time response
of an artificial two-dimensional metamaterial such as graphene.

To be more precise, all our examples fit in the more specific structure of (1.1),
i.e.

∂tx1 − S2x2 = −Bθ + f1(1.2a)

∂tx2 + S1x1 = 0(1.2b)

∂tθ + Lθ = B∗x1 + g.(1.2c)

In the applications, the leapfrog scheme is the favorite method to discretize the
(spatially discrete) wave problem. It is explicit and preserves important geometric
properties of the solution. However, this scheme comes with a CFL-condition which
roughly speaking only allows for time steps τ in the order of the mesh size h. While
this is widely accepted to be still competitive, this becomes different if an explicit
scheme is applied to a heat-type problem as well, since here a scaling as τ ≲ h2 is
usually required. Thus, we propose to combine the leapfrog method for the wave
part with the implicit Crank–Nicolson method for the heat part in order to solve the
problem only under the weaker CFL condition. Formal application of the scheme
to a finite dimensional version of (1.2) reads
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at times tn = nτ+t0, for n ≥ 0 subject to suitable initial values (x0, θ0). Equations
(1.3a), (1.3b), and (1.3d) constitute the standard leapfrog scheme applied to the
wave equation (1.2a), (1.2b), with the heat variable entering as an additional source
term. Equation (1.3c) is a Crank–Nicolson step for the heat variable, where the
source term arising from the wave coupling is evaluated at the temporal midpoint in
order to keep the overall coupling of both time-integration schemes explicit. Thus,
our scheme has the flavor of a Strang splitting scheme, solving both problems
interlaced with suitable schemes for every sub-problem.

Since the application of an explicit scheme is not suitable on the operator level,
we discretize in space first. We present our discretization in an abstract manner
in order to cover the four examples mentioned above in a unified framework. In
particular, we allow for conforming and non-conforming discretizations in the wave
part. For the spatially discrete error analysis, we follow the ideas of [HHS19] and
collect the different error contributions in a decomposition which allows for direct
application of results form the literature to derive the optimal error bounds. We
emphasize here, that we allow for stabilized non-conforming discretizations, and,
thus, extend the unified framework in [HHS19] about this important class of space
discretization schemes. The fully discrete scheme can then be analyzed as a per-
turbation of the Crank–Nicolson method, however one can attribute a sign to the
perturbation, which allows for a stable scheme under the desired CFL condition
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τ ≲ h. Further, let us note that we employ summation-by-parts in order to avoid
unphysical constraints on the right-hand sides.

To the best of our knowledge, there is hardly any work on the decoupling strate-
gies of wave-heat type problems, apart from [LT12]. There, the stability of two
second-order two-step methods is analyzed. However, the analysis is restricted to
ordinary differential equations and does not provide any error bounds.

Nevertheless, there is a large literature available for the individual examples, and
we provide a non-exhaustive short overview of results in the following:

In the context of visco-elastic waves, an upwind-flux stabilized discontinuous
Galerkin method is a well-established scheme in geophysics, cf. [KD06, DK06]. For
time-integration, implicit Runge-Kutta schemes are discussed in [HPS+15], as well
as space-times methods in [DFW16, DWZ19].

In the case of linear thermo-elasticity, various numerical and analytical ap-
proaches have been proposed in the literature. Boundary element methods for cou-
pled thermo-elastic problems in a scattering setting are investigated in [HSVSW19],
while in [JR00] the problem is formulated and studied in the framework of abstract
evolution equations. Furthermore, qualitative stability properties for thermo-elastic
systems are analyzed in [BGN14].

For the Maxwell problem with discontinuous Galerkin discretization in space
there are the seminal works by Hesthaven & Warburton [HW02] and Fezoui et
al. [FLLP05], which lay the foundation for the time-domain Maxwell problem. A
generalization to dispersive media, which has structural similarities to our model,
was provided by Lanteri & Scheid [LS13], and more recently the authors laid the
foundation for the treatment of the interface problem in [DDH26].

The rest of the paper is organized as follows: In Section 2, we introduce the
analytical framework as well as the above-mentioned examples that fit into this
framework. We then introduce the abstract spatial discretization in Section 3, and
provide a semi-discrete error bound. In Section 4, we derive our fully discrete
method, provide stability estimates, and show convergence of optimal order. Sec-
tion 5 is devoted to our examples. We discuss the spatial discretization in the
specific settings and apply our main results. Our numerical experiments in Sec-
tion 6 confirm the theoretical findings. Some computations are postponed to the
Appendix A.

Notation. Throughout this work, we denote by L2(Ω) the standard Lebesgue
space of square integrable functions on a domain Ω. The standard Sobolev spaces of
order k ≥ 0 are denoted with Hk(Ω), as well as its closed subspace H1

0 (Ω) with van-
ishing trace. Further, we use the standard spaces for the weak divergence H(div),
together with its closed subspaces H0(div), i.e. v · ν = 0 on ∂Ω for all v ∈ H0(div).
For a Hilbert space X, we denote its topological dual by X∗ together with the
induced norm. In addition, we write α ≲ β if there is a constant C independent of
the spatial mesh parameter h and the time step size τ such that α ≤ Cβ.

2. Analytical framework and main examples

We first discuss the analytical framework for the rest of the paper. For a rigorous
treatment we move to a weak formulation of (1.1). Before we present the equation,
we introduce the two Gelfand triples

Y ↪→ X ↪→ Y ∗, V ↪→ H ↪→ V ∗
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with dense embeddings, belonging to the wave and heat part, respectively. On
these spaces, we consider the bilinear forms

p : X ×X → R, s : Y × Y → R,
p̃ : H ×H → R, s̃ : V × V → R,

where p and p̃ are simply the inner products of X and H, respectively, and s and
s̃ encode the differential operators. Further, we introduce the coupling form

b̃ : V × Y → R .

In order to resemble the two-field structure of the wave part, cf. eq. (1.2), we
assume that the bilinear form p and s can be decomposed as

p(x, y) = p1(x1, y1) + p2(x2, y2), s(x, y) = s1(x1, y2)− s2(x2, y1),

and the coupling as well as the forcing only appears in the first component of the
wave system as

(2.1) b̃(θ, y) = b(θ, y1), p(f, y) = p1(f1, y1),

With this, we can formulate problem (1.1) as follows:
Seek x ∈ C1(R, X) ∩ C(R, Y ) and θ ∈ C1(R, H) ∩ C(R, V ) which satisfy

p(∂tx, y) + s(x, y) = −b̃(θ, y) + p(f, y)(2.2a)

p̃(∂tθ, φ) + s̃(θ, φ) = b̃(φ, x) + p̃(g, φ),(2.2b)

for all y ∈ Y and φ ∈ V , as well as the initial conditions x(0) = x0 and θ(0) = θ0.
For the analysis, we make the following assumptions, which are verified later on for
our individual examples.

Assumption 2.1. (a) The bilinear forms p and p̃ are scalar products and induce
the norms

∥y∥2X = p(y, y) and ∥φ∥2H = p̃(φ,φ),

for any y ∈ X and φ ∈ H.
(b) It holds that

s(y, y) = 0 and s̃(φ,φ) ≥ 0

for y ∈ Y and φ ∈ V .
(c) There exist spaces Z ⊂ Z1 × Z2 ⊂ Y × V and bilinear forms ŝ : Z1 × X and

b̂ : Z2 ×X such that it holds

s(x, y) + b̃(θ, y) = ŝ(x, y) + b̂(θ, y)

for all (x, θ) ∈ Z and y ∈ Y .

Remark 2.2. The rather technical assumption in part (c) allows for coupling oper-
ators that do not act in the bulk but via an interface or boundary. Such a coupling
can be expressed indirectly via partial integration, which motivates our assumption.
A concrete examples is given later in Section 2.4.

Let us also emphasize that part (c) implies that a solution (x, θ) of (2.2) which
is continuous in Z also satisfies

p(∂tx, y) + ŝ(x, y) = −b̂(θ, y) + p(f, y)(2.3)

for all y ∈ X using a density argument. We also note that with some additional
notation, one could also treat a dissipative wave-type problem, i.e. s(y, y) ≥ 0.
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This framework immediately allows for the following a-priori stability result.

Lemma 2.3. Let x ∈ C1([0, T ], X)∩C([0, T ], Y ) and θ ∈ C1([0, T ], H)∩C([0, T ], V )
be a solution of (2.2), then

∥x(t)∥2X + ∥θ(t)∥2H ≤ e
(
∥x(0)∥2X + ∥θ(0)∥2H

)
+ eT

(∫ t

0

∥f(s)∥2X + ∥q(s)∥2H ds
)
.

Proof. To obtain this result, we test with the solution in (2.2), apply Cauchy-
Schwarz as well as a (time-)weighted Young inequality, and conclude via the Gron-
wall lemma in [Emm99, Proposition 2.1]. □

Remark 2.4. We could also allow for nonlinear contributions f or g in (2.2), which
are locally Lipschitz in X or H, respectively. However, since this does not change
the analysis in an essential manner, we omit this here for the sake of presentation.

In the following sections, we discuss the examples from the introduction and
show how they fit into the framework from above.

2.1. Thermoelastic string. Our first example concerns the modelling of a string
on an interval Ω = (a, b) with displacement u subject to a heating field θ, see for
example Section 3.3.1 in [BGN14]. The governing equations read

∂2
t u− ∂2

xu = −∂xθ + f,(2.4a)

∂tθ − ∂2
xθ = −∂x∂tu+ g.(2.4b)

In order to fit this problem into our general framework, we have to make the
(unusual) definition x = (∂tu, u). If we want to change the positions, we simply
have to change the roles of the first and second component of x in the rest of this
work. Consequently, we define the spaces

X = L2(Ω)×H1
0 (Ω), Y = H1

0 (Ω)×H1
0 (Ω), H = L2(Ω), V = H1

0 (Ω),

as well as the forms

p(·, ·) = ⟨·, ·⟩L2×H1
0
, s1(x1, y2) = −⟨∂xx1, ∂xy2⟩L2 , s2(x2, y1) = s1(x2, y1),

p̃(·, ·) = ⟨·, ·⟩L2 , s̃(·, ·) = ⟨·, ·⟩H1
0
,

such that part (a) and (b) of Assumption 2.1 are satisfied. Further, we define the
coupling form

b̃(φ, x) = ⟨φ, ∂x∂tu⟩L2 ,

and observe that the extended bilinear forms in Assumption 2.1 (c) can be chosen
to be the original ones.

2.2. Non-local in time visco-elasticity and acoustics. In our second example
we treat wave propagation in visco-elastic solids and its acoustic analogue. We
begin with the visco-elastic wave equations, i.e., elastic waves in solids subject to
non-local in time material laws.

Let Ω ⊂ Rd, d ∈ {2, 3}, denote the spatial domain. We denote by v the velocity
field and by σi the symmetric stress tensors corresponding to different relaxation
mechanisms, i = 0, . . . , G. The strain-rate tensor is given by ϵ(v) = Sym(Dv).
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They satisfy the system

ρ∂tv − divσ0 =

G∑
i=1

divσi + f,(2.5a)

C−1
0 ∂tσ0 − ϵ(v) = 0,(2.5b)

C−1
i ∂tσi + (Ciτi)

−1σi = ϵ(v), i = 1, . . . , G.(2.5c)

To fit this problem into our abstract framework, we split the unknowns in

x = (v,σ0), θ = (σ1, . . . ,σG),

and choose the spaces

X = L2(Ω)(d+1)d, Y = H1
0 (Ω,Rd)×H(div,Ω,Rd×d

sym),

H = L2(Ω)Gd2

, V = H(div,Ω,Rd×d
sym)G.

For x = (v,σ0), y = (w, σ̃0) and θ = (σ1, . . . ,σG) we define

p(x, y) = ⟨ρv,w⟩L2 + ⟨C−1
0 σ0, σ̃0⟩L2 ,

s(x, y) = −⟨divσ0,w⟩L2 − ⟨ϵ(v), σ̃0⟩L2 ,

p̃(θ, θ̂) =

G∑
i=1

⟨C−1
i σi, σ̂i⟩L2 ,

s̃(θ, θ̂) =

G∑
i=1

⟨(Ciτi)
−1σi, σ̂i⟩L2 ,

and the coupling form

b̃(θ, x) = −
G∑
i=1

⟨divσi,v⟩L2 =

G∑
i=1

⟨σi, ϵ(v)⟩L2 ,

where the second equality follows from integration by parts and the homogeneous
boundary conditions. Note that the extended bilinear forms in Assumption 2.1 (c)
can be chosen to be the original ones.

A scalar visco-acoustic analogue of this model is obtained by replacing the tensor-
valued stresses σi by scalar pressures pi, i = 0, . . . , G, and the shear modulus by
the bulk modulus κ. This leads to the system

ρ∂tv −∇p0 =

G∑
i=1

∇pi + f,(2.6a)

κ−1∂tp0 − div v = 0,(2.6b)

(κτP )
−1∂tpi + (κτP τi)

−1pi = div v, i = 1, . . . , G.(2.6c)

To fit (2.6) into our framework, we again split

x = (v, p0), θ = (p1, . . . , pG),

and choose
X = L2(Ω)d+1, Y = H0(div,Ω,Rd)×H1(Ω),

H = L2(Ω)G, V = H1(Ω)G.
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For x = (v, p0), y = (w, q0) we set

p(x, y) = ⟨ρv,w⟩(L2)d + ⟨κ−1p0, q0⟩L2 ,

s(x, y) = −⟨∇p0,w⟩L2 − ⟨div v, q0⟩L2 ,

p̃(θ, θ̂) = ⟨(κτP )−1θ, θ̂⟩(L2)G ,

s̃(θ, θ̂) =

G∑
i=1

⟨(κτP τi)−1pi, p̂i⟩L2 ,

and the coupling form

b̃(θ, x) = −
G∑
i=1

⟨∇pi,v⟩L2 .

Again, the extended bilinear forms in Assumption 2.1 (c) can be chosen to be the
original ones.

2.3. Thermo-elastic wave coupling. Our third example concerns elastic solids
coupled with heat conduction.

Let Ω ⊂ Rd, d ∈ {2, 3}, be the spatial domain. We consider the displacement
field u and the scalar temperature distribution θ, which satisfy the linear thermo-
elastic system

ρ∂2
tu− µ∆u− (λ+ µ)∇(divu) = α∇θ + ρf,

∂tθ − κ∆θ = α div(∂tu) + h,

with Lamé parameters λ ≥ 0, µ > 0, coupling parameter α > 0, and thermal
diffusivity κ > 0. We rewrite the system in terms of the velocity v = ∂tu and the
symmetric stress σ, to obtain

ρ∂tv − divσ = α∇θ + ρf,(2.7a)

∂tσ − C ϵ(v) = 0,(2.7b)

∂tθ − κ∆θ = α div v + h,(2.7c)

where Cw = 2µw+ 1
3 tr(w)I is the isotropic elasticity tensor and ϵ(v) = sym(Dv)

the symmetric gradient.
To fit (2.7) into our abstract framework, we collect the mechanical unknowns in

x = (v,σ) and treat the temperature as the “heat part” θ. We choose the spaces

X = L2(Ω)d(d+1), Y = H1
0 (Ω,Rd)×H1(div,Ω,Rd×d

sym),

H = L2(Ω), V = H1
0 (Ω).

For x = (v,σ) and y = (ṽ, σ̃) we define

p(x, y) = ⟨ρv, ṽ⟩(L2)d + ⟨C−1σ, σ̃⟩(L2)d×d , s(x, y) = −⟨divσ, ṽ⟩L2 − ⟨ϵ(v), σ̃⟩L2 ,

p̃(θ, θ̂) = ⟨θ, θ̂⟩L2 , s̃(θ, θ̂) = ⟨κ∇θ,∇θ̂⟩L2 ,

and the coupling form

b̃(θ, x) = −⟨α∇θ,v⟩L2 .

As in the previous examples, the extended bilinear forms in Assumption 2.1 (c) can
be chosen to be the original ones.
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2.4. Maxwell equation with dissipative 2D material. Our last example mod-
els the light-matter interaction of thin, two-dimensional metamaterıals, like graph-
ene. For the sake of presentation, we omit any physical constants.

Let Ω = (−1, 1)×(0, 1)2 denote a rectangular domain, partitioned by an interface
Fint such that

Ω1 = (−1, 0)× (0, 1)2, Ω2 = (0, 1)× (0, 1)2, Fint = {0} × (0, 1)2.

Besides the electric and magnetic field E and H, defined on Ωi, we further have a
set of auxiliary fields (θ1, . . . , θℓ) on the interface Fint with values parallel to the
interface. The governing equations read

∂tE − curlH = J, in [0, T ]× Ωi,(2.8a)

∂tH + curlE = 0, in [0, T ]× Ωi,(2.8b)

∂tθ + Lθ = 1ℓ ⊗ E∥ + g, on [0, T ]× Fint,(2.8c)

where E∥ is the tangential projection of E onto Fint, the matrix L ∈ R2ℓ×2ℓ is
symmetric and positive definite, and 1ℓ is the ℓ-dimensional one vector.

In order to close the system described by (2.8), a coupling of the auxiliary vari-
ables into the Maxwell system needs to be described. This is formally given by the
interface condition

(2.8d) [[H × nint]]Fint = −(1T
ℓ ⊗ I2)θ,

where I2 = diag(1, 1), the vector nint denotes the unit normal on Fint, and the
double bracket the jump at the interface. The latter condition has to be carefully
included into the system via the domain of the operators since the coupling is not
described by an operator defined on the bulk. We will further elaborate on this at
the end of the section.

To fit this problem into our abstract framework, we set x = (x1, x2) = (E,H)
and use the spaces

X = L2(Ω)6, Y = H imp
0 (curl)×H imp(c̃url),

H = V = L2(Fint)
2ℓ, ℓ ∈ N+,

with the regularized curl-spaces

H imp
0 (curl) = {E ∈ L2(Ω)3 | curlE ∈ L2(Ω)3, E∥ ∈ L2(Fint)

2, E × ν = 0 },

H imp(c̃url) = {H ∈ L2(Ω)3 | c̃urlH ∈ L2(Ω)3, [[H × n]]Fint
∈ L2(Fint)

2 }.

Here, c̃url denotes a piecwise curl, i.e. for E ∈ L2(Ω)3 we define

c̃urlE ∈ L2(Ω)3 ⇔ curlE
∣∣
Ωi

∈ L2(Ωi)
3, i ∈ {1, 2}.

For any details on those spaces and the resulting traces we refer to [ACL18, Sec. 2.2.2].
Finally, we define the forms

p(·, ·) = ⟨·, ·⟩L2(Ω)6 ,

p̃(·, ·) = ⟨·, ·, ⟩L2(Fint)2ℓ ,

s(x, y) = −p(curlx1, y2) + p(x2, curl y1),

s̃(θ, φ) = p̃(Lθ, φ),
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with coupling form

b̃(φ, x) = p̃(φ,1ℓ ⊗ x1,∥).

Standard results yield that part (a) and (b) of Assumption 2.1 are satisfied.
As mentioned before, we include condition (2.8d) in the operator domain and

define

Z = Y × V ∩ {[[x2 × nint]]Fint
= −(1T

ℓ ⊗ I2)θ},

together with the extended forms

b̂ ≡ 0, ŝ(x, y) = p(curlx1, y2)− p(c̃urlx2, y1).

Assumption 2.1 (c) is now an integration-by-parts formula, describing the interplay
of the piecewise defined fields and the definition of the domain Z. It is obtained
by applying [ACL18, Thm. 2.2.18] piecewise on both sub-domains together with a
density argument.

3. Spatial discretization

We now turn to the discretization of (2.2) in space. We therefore consider the
finite dimensional spaces Yh and Vh for the discrete wave function xh and discrete
heat function θh. Since we do not only consider conforming methods for the wave
problem, we do not assume the discrete spaces Yh to be a subspaces of Y , but only

(3.1) Yh ⊂ X and Vh ⊂ V.

In addition, we also use the subspaces with the weaker norms induced by p and p̃
and denote them by Xh and Hh, respectively. Thus, we can keep the forms p, p̃
and s̃ for the spatial discretization and only focus on the discrete counterparts of s

and b̃. We consider

sh : (Y + Yh)× (Y + Yh) → R, b̃h : Hh × (Y + Yh) → R ,

and can thus formulate the semi discrete problem as follows:
Seek xh ∈ C1([0, T ], Yh) and θh ∈ C1([0, T ], Vh) such that

p(∂txh, yh) + sh(xh, yh) = −b̃h(θh, yh) + p(fh, yh),(3.2a)

p̃(∂tθh, φh) + s̃(θh, φh) = b̃h(φh, xh) + p̃(gh, φh),(3.2b)

holds for all yh ∈ Yh and φh ∈ Vh with initial conditions xh(0) = xh,0 and θh(0) =
θh,0.

Remark 3.1. We could also treat the more general case of a non-conforming method
for the heat part, where the second part of (3.1) is not satisfied, for example using
mass lumping or symmetric interior penalty dG for the heat part. However, this
only leads to a repetition of the arguments from the wave part, and we thus omit
this for the sake of readability.

In the following, we make two structural assumptions on the discrete form for
the wave part. The first one guarantees that up to a stabilization term, the skew-
adjointness is preserved. Furthermore, we assume that the stabilization only acts
on discrete functions.
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Assumption 3.2. (a) The discrete form sh can be decomposed in a skew-symmetric
and positive (stabilization) part as sh = ssh + sph which satisfy

ssh(yh, yh) = 0, sph(yh, yh) ≥ 0

for all yh ∈ Yh.
(b) For all y ∈ Y , the stabilization vanishes, i.e.,

sph(y, yh) = 0

for all yh ∈ Yh.

The next assumption is a consistency condition which allows us to incorporate
coupling information of the wave part from the domain into the error analysis via
integration by parts, see Remark 2.2.

Assumption 3.3. For (x, θ) ∈ Z and yh ∈ Xh it holds the generalized consistency
condition

sh(x, yh) + b̃h(θ, yh) = ŝ(x, yh) + b̂(θ, yh),

where ŝ and b̂ are defined in Assumption 2.1.

The positive part in our discretization stems from numerical stabilization such
as upwinding, commonly used with discontinuous Galerkin methods. We associate
with it a semi-norm |yh|2sph = sph(yh, yh) and note, due to the skew-adjointness, the

relation

(3.3) sh(yh, yh) = |yh|2sph .

For the best approximation result, we further require several projections into the
discrete spaces. We consider the orthogonal projections

Ph : X → Yh, P̃h : H → Vh,

with respect to the inner products p and p̃, respectively, and also the reference
operators

Jh : Y → Yh J̃h : V → Vh.

In the spirit of [HHS19], we define the following errors terms in order to keep track
of the different contributions and to estimate them for the specific examples:

∆p(x, yh) = p(Jhx− x, yh),(3.4a)

∆s,b(x, θ, yh) = sh(Jhx, yh) + b̃h(J̃hθ, yh)− ŝ(x, yh)− b̂(θ, yh),(3.4b)

∆f(yh) = p(fh − f, yh),(3.4c)

∆p̃(θ, φh) = p̃(J̃hθ − θ, φh),(3.4d)

∆̃s,b(x, θ, φh) = s̃(J̃hθ − θ, φh)− b̃h(φh, Jhx) + b̃(φh, x),(3.4e)

∆g(φh) = p̃(gh − g, φh).(3.4f)

Here, the errors in (3.4a) and (3.4d) constitute best-approximation errors, the
terms (3.4b) and (3.4e) contain the approximation of the differential and coupling
operators, and (3.4c) and (3.4f) describe the approximation of the right-hand sides.
This, allows us to formulate the following abstract error result for the discrete errors

(3.5) eh(t) = Jhx(t)− xh(t), ϵh(t) = J̃hθ(t)− θh(t).
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The full error is then decomposed in the discrete error and some best-approximation
error.

Theorem 3.4. Let x ∈ C1([0, T ], Y ) and θ ∈ C1([0, T ], V ) be the solution of (2.2),
which satisfies (x, θ) ∈ C1([0, T ],Z), and (xh, θh) the solution of (3.2). Further, let
Assumptions 2.1, 3.2, and 3.3 hold true. Then, the errors defined in (3.5) satisfy

∥eh(t)∥2Xh
+ ∥ϵh(t)∥2Hh

+

∫ t

0

|eh(t)|2sph ds

≲ ∥eh(0)∥2Xh
+ ∥ϵh(0)∥2Xh

+

∫ t

0

∥∆p(∂tx)∥2X∗
h
+ ∥∆p̃(∂tθ)∥2H∗

h
ds

+

∫ t

0

|∆s,b(x, θ, eh)|+ ∥∆̃s,b(x, θ)∥2H∗
h
ds+

∫ t

0

∥∆f∥2X∗
h
+ ∥∆g∥2H∗

h
ds

with constants independent of h.

We note that in order to later treat upwinded schemes, we have to leave the term
∆s,b on the right-hand side, since, depending on the chosen stabilization, the error
eh is estimated either in the standard norm or the stabilization semi-norm leading
to different orders of convergence in the spatial parameter h. This will be discussed
in detail in the corresponding examples below.

Proof of Theorem 3.4. We insert the projected exact solutions into the discretized
equations (3.2) to obtain

p(∂tJhx, yh) + sh(Jhx, yh) + b̃h(J̃hθ, yh)− p(fh, yh)

+ p̃(∂tJ̃hθ, φh) + s̃(J̃hθ, φh)− b̃h(φh, Jhx)− p̃(gh, φh)

= p(∂tx, yh) + ∆p(∂tx, yh) + ŝ(x, yh) + b̂(θ, yh) + ∆s,b(x, θ, yh)− p(f, yh)−∆f(yh)

+ p̃(∂tθ, φh) + ∆p̃(∂tθ, φh) + s̃(θ, φh)− b̃(φh, x) + ∆̃s,b(x, θ, φh)− p̃(g, φh)−∆g(φh)

=∆p(∂tx, yh) + ∆s,b(x, θ, yh)−∆f(yh) + p̃(∂tθ, φh) + ∆̃s,b(x, θ, φh)−∆g(φh),

where we used in the last step that (2.2) also holds when tested with discrete
functions (yh, φh) ∈ Xh × Hh, see (2.3). Subtracting (3.2), we obtain the error
equation

p(∂teh, yh) + sh(eh, yh) + b̃h(ϵh, yh) + p̃(∂tϵh, φh) + s̃(ϵh, φh)− b̃h(φh, eh)

=∆p(∂tx, yh) + ∆s,b(x, θ, yh)−∆f(yh) + p̃(∂tθ, φh) + ∆̃s,b(x, θ, φh)−∆g(φh).

Testing with (yh, φh) = (eh, ϵh), using (3.3), integrating in time, and finally a
weighted Gronwall argument yields the claim. □

4. Full discretization

Since we aim to apply a leapfrog-type method to the wave system, we need
to exploit again the two-field structure of the problem and assume that also the
discrete bilinear form sh can be decomposed as

ssh(xh, yh) = sh,1(xh,1, yh,2)− sh,2(xh,2, yh,1),

and we have the representation

sph(xh, yh) = sp,1h (xh,1, yh,1) + sp,2h (xh,2, yh,2)
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for the stabilization. Further, the coupling term is given by

b̃h(θh, yh) = bh(θh, yh,1),

see (2.1). With this, we can formulate our problem equivalently as

p1(∂txh,1, yh,1)− sh,2(xh,2, yh,1) = −bh(θh, yh,1) + p1(fh,1, yh,1)(4.1a)

p2(∂txh,2, yh,2) + sh,1(xh,1, yh,2) = 0(4.1b)

p̃(∂tθh, φh) + s̃(θh, φh) = bh(φh, xh,1) + p̃(gh, φh)(4.1c)

or in the strong form as

∂txh,1 − Sh,2xh,2 + Sp
h,1xh,1 = −Bhθh + fh,1(4.2a)

∂txh,2 + Sh,1xh,1 + Sp
h,2xh,2 = 0(4.2b)

∂tθh + Lhθh = B∗
hxh,1 + gh,(4.2c)

which is the starting point for our time integration scheme.

4.1. Derivation of the method. In the following, we denote the time step size as
τ > 0 and define the times tn = nτ , n ≥ 0. In order to see the structural similarity
of our fully discrete method, we formulate the system as a single first-order evolution
equation with variable U =

(
x1, x2, θ

)
in the form

(4.3) ∂tU(t) +AU(t) = F(t), A =

 0 −S2 B
S1 0 0
−B∗ 0 L

 , F =

f1
0
g

 .

Further, we introduce the fully discrete approximations and their collections

xn
h,1 ≈ xh,1(tn), xn

h,2 ≈ xh,2(tn), θnh ≈ θh(tn), Un
h =

(
xn
h,1, x

n
h,2, θ

n
h

)
.

We derive our time stepping scheme in two steps. Assume for a moment that the
field θh is known at all time steps. The well-known leapfrog scheme for the wave
equation described by (4.2a) and (4.2b) in half-step formulation (staggerd) then
reads

x
n+1/2
h,1 = xn

h,1 +
τ

2
Sh,2x

n
h,2 −

τ

2
Sp
h,1x

n
h,1 −

τ

2
Bhθ

n
h +

τ

2
fn
h,1,(4.4a)

xn+1
h,2 = xn

h,2 − τSh,1x
n+1/2
h,1 − τSp

h,2x
n
h,2,(4.4b)

xn+1
h,1 = x

n+1/2
h,1 +

τ

2
Sh,2x

n+1
h,2 − τ

2
Sp
h,1x

n
h,1 −

τ

2
Bhθ

n+1
h +

τ

2
fn+1
h,1 .(4.4c)

Here, x
n+1/2
h,1 ≈ 1

2

(
xn+1
h,1 + xn

h,1

)
is a second order in τ approximation to the mean

value. Since the stabilization terms break the Hamiltonian structure of the discrete
wave equation, it is common practice to apply them in such a way that the scheme
stays explicit. Note that (4.4a) and (4.4b) are explicitly computable from known
values at time t = tn. Step (4.4c), on the other hand, is not explicitly computable
since it demands the yet unknown value θn+1

h . In hope to omit any CFL condition
from the heat part, we introduce a Crank–Nicolson step for (4.2c), which reads

(4.5) θn+1
h = θnh − τ

2
Lh

(
θn+1
h + θnh

)
+

τ

2
B∗

h

(
xn+1
h,1 + xn

h,1

)
+

τ

2

(
gn+1
h + gnh

)
.

The average of xh,1 in (4.5) makes the coupling of (4.5) and (4.4c) implicit, which is
undesired. Circumventing this, we replace the average with the already calculated
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half-step x
n+1/2
h,1 and obtain the approximation

(4.6) θn+1
h ≈ θnh − τ

2
Lh

(
θn+1
h + θnh

)
+ τB∗

hx
n+1/2
h,1 +

τ

2

(
gn+1
h + gnh

)
.

Since the half-step is a second order in τ approximation of the average, we expect
the scheme described by the coupling of (4.4) and (4.6) to keep its good properties
and convergence rate.

Summarizing this, our proposed time stepping scheme reads

x
n+1/2
h,1 = xn

h,1 +
τ

2
Sh,2x

n
h,2 −

τ

2
Sp
h,1x

n
h,1 −

τ

2
Bhθ

n
h +

τ

2
fn
h,1,(4.7a)

xn+1
h,2 = xn

h,2 − τSh,1x
n+1/2
h,1 − τSp

h,2x
n
h,2,(4.7b)

θn+1
h = θnh − τ

2
Lh

(
θn+1
h + θnh

)
+ τB∗

hx
n+1/2
h,1 +

τ

2

(
gn+1
h + gnh

)
,(4.7c)

xn+1
h,1 = x

n+1/2
h,1 +

τ

2
Sh,2x

n+1
h,2 − τ

2
Sp
h,1x

n
h,1 −

τ

2
Bhθ

n+1
h +

τ

2
fn+1
h,1 .(4.7d)

The rest of this manuscript is devoted to prove stability and convergence of the
scheme, as well as to the demonstration of it to the different examples.

4.2. Stability. We prove stability by rewriting (4.7) as a perturbed evolution equa-
tion, deploying energy estimates and closing with a Gronwall-type argument. Let
{αn}n≥0 ⊂ Rℓ be a series for given ℓ ≥ 1. We define the average and discrete
derivative of the series as

αn+1 =
αn+1 + αn

2
, ∂τα

n+1 =
αn+1 − αn

τ
, n ≥ 0.

We derive the perturbed evolution equation of (4.7). Subtraction of (4.7d) from
(4.7a) and rearranging gives

(4.8) x
n+1/2
h,1 = xn+1

h,1 − τ2

4
Sh,2∂τx

n+1
h,2 +

τ2

4
Bh∂τθ

n+1
h − τ2

4
∂τf

n+1
h,1 .

Addition of (4.7a) and (4.7d) on the other hand shows

(4.9) ∂τx
n+1
h,1 − Sh,2x

n+1
h,2 + Sp

h,1x
n
h,1 +Bhθ

n+1

h = f
n+1

h,1 .

Insertion of (4.8) in (4.7b) gives

(4.10)

∂τx
n+1
h,2 + Sh,1x

n+1
h,1 + Sp

h,2x
n
h,2

=
τ2

4
Sh,1Sh,2∂τx

n+1
h,2 − τ2

4
Sh,1Bh∂τθ

n+1
h +

τ2

4
Sh,1∂τf

n+1
h,1 .

Again, insertion of (4.8) in (4.7c) shows

(4.11)
∂τθ

n+1
h + Lhθ

n+1

h −B∗
hx

n+1
h,1

= gn+1
h − τ2

4
B∗

hSh,2∂τx
n+1
h,2 +

τ2

4
B∗

hBh∂τθ
n+1
h − τ2

4
B∗

h∂τf
n+1
h,1 .

Gathering (4.9), (4.10) and (4.11), we obtain the perturbed discrete evolution equa-
tion for the collection Un

h =
(
xn
h,1, x

n
h,2, θ

n
h

)
(4.12)(
1− τ

2
Sh − τ2

4
Dh

)
∂τUn+1

h +
(
Ah + Sh

)
Un+1

h = Fn+1

h − τ2

4
Gh∂τf

n+1
h,1 , n ≥ 0,
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where Fn
h =

(
fn
h,1, 0, g

n
h

)
and

Ah =

 0 −Sh,2 Bh

Sh,1 0 0
−B∗

h 0 Lh

 , Sh =

Sp
h,1 0 0

0 Sp
h,2 0

0 0 0

 ,(4.13)

Dh =

0 0 0
0 Sh,1Sh,2 −Sh,1Bh

0 −B∗
hSh,2 B∗

hBh

 , Gh =

 0
−Sh,1

B∗
h

 ,(4.14)

and the application of Gh is understood component wise.

Lemma 4.1. Let Assumptions 2.1 and 3.2 hold.
(a) The operator Ah : Yh × Vh → Yh × Vh is accretive, i.e.,

⟨AhVh,Vh⟩p×p̃ ≥ 0, ∀Vh ∈ Yh × Vh.

(b) Let Vh,Wh ∈ Yh × Vh. If the last component of Vh or Wh is zero, then

(4.15) ⟨AhVh,Wh⟩p×p̃ = −⟨Vh,AhWh⟩p×p̃.

Proof. (a) Let Vh =
(
yh,1, yh,2, φh

)
∈ Yh × Vh. By definition, we obtain

⟨AhVh,Vh⟩p×p̃ = p1(−Sh,2yh,2, yh,1) + p1(Bhφh, yh,1) + p2(Sh,1yh,1, yh,2)

+ p̃(−B∗
hyh,1, φh) + p̃(Lhφh, φh)

= sh,1(yh,1, yh,2)− sh,2(yh,2, yh,1) + s̃(φh, φh)

+ bh(φh, yh,1)− bh(φh, yh,1)

= ssh(yh, yh) + s̃(φh, φh)

= s̃(φh, φh)

≥ 0,

where yh = (yh,1, yh,2) and Assumption 2.1 and 3.2 were used in the last inequality.
The second claim (b) is a direct consequence of Assumption 3.2. □

In the following, we frequently use the discrete version of differentiation of a
square norm. Let {αn}n≥0 ⊂ Rℓ, for ℓ ≥ 1, and | · |ℓ denote the Euclidean norm.
It holds that

(4.16) ∂τ
1

2
|αn|2ℓ =

1

2τ

(
|αn+1|2ℓ − |αn|2ℓ

)
= ∂τα

n · αn.

We obtain the following equality for the perturbation.

Lemma 4.2. Let {Vn
h }n≥0 ⊂ Yh × Vh. It holds for n ≥ 0

τ2

4
⟨Dh∂τVn+1

h ,Vn+1

h ⟩p×p̃ =
τ

8

(
∥Sh,2x

n+1
h,2 −Bhx

n+1
h,2 ∥2p1

− ∥Sh,2x
n
h,2 −Bhx

n
h,2∥2p1

)
.
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Proof. We use the definition in (4.14), and compute

⟨Dh∂τVn+1
h ,Vn+1

h ⟩p×p̃ = p2(Sh,1Sh,2∂τx
n+1
h,2 , xn+1

h,2 )− p2(Sh,1Bh∂τθ
n+1
h , θ

n+1

h )

− p̃(B∗
hSh,2∂τx

n+1
h,2 , θ

n+1

h ) + p̃(B∗
hBh∂τθ

n+1
h , θ

n+1

h )

= p1(Sh,2∂τx
n+1
h,2 , Sh,2x

n+1
h,2 )− p1(Bh∂τθ

n+1
h , Sh,2x

n+1
h,2 )

− p1(Sh,2∂τx
n+1
h,2 , Bhθ

n+1

h ) + p1(Bh∂τθ
n+1
h , Bhθ

n+1

h )

= p1(Sh,2∂τx
n+1
h,2 −Bh∂τθ

n+1
h , Sh,2x

n+1
h,2 −Bhθ

n+1

h )

=
1

2τ

(
∥Sh,2x

n+1
h,2 −Bhθ

n+1
h ∥2p1

− ∥Sh,2x
n
h,2 −Bhθ

n
h∥2p1

)
,

where we employed (4.16) in the last step. □

This allows us to conclude the following energy inequality for some general right-
hand side. Later on, this estimate will also be used for the error recursion and the
defects as right-hand sides.

Lemma 4.3. Let Kn+1
h = (kn+1

h,1 , kn+1
h,2 , κn+1

h ) ∈ Xh × Hh for n ≥ 0. Then, the
recursion

(4.17)
(
1− τ

2
Sh − τ2

4
Dh

)
∂τUn+1

h +
(
Ah + Sh

)
Un+1

h = Kn+1
h , n ≥ 0,

satisfies for n ≥ 0 the estimate
(4.18)

∥Un+1
h ∥2p×p̃ −

τ

2
|xn+1

h |2sph − τ2

4
∥Sh,2x

n+1
h,2 −Bhx

n+1
h,2 ∥2p1

+ 2τ |xh
n+1|2sph

≤ ∥Un
h ∥2p×p̃ −

τ

2
|xn

h|2sph − τ2

4
∥Sh,2x

n
h,2 −Bhx

n
h,2∥2p1

+ 2τ⟨Kn+1
h ,Un+1

h ⟩p×p̃.

Proof. We test (4.17) with Un+1

h and obtain for the first term and (4.16) that

⟨∂τUn+1
h ,Un+1

h ⟩p×p̃ =
1

2τ

(
∥Un+1

h ∥2p×p̃ − ∥Un
h ∥2p×p̃

)
.

For the second term we obtain again with (4.16)

τ

2
⟨Sh∂τUn+1

h ,Un+1

h ⟩p×p̃ =
1

4
|xn+1

h |2sph − 1

4
|xn

h|2sph .

The third term is already controlled by Lemma 4.2, thus it remains to estimate the
fourth term. With Lemma 4.1, we see that

|xh
n+1|2sph = ⟨ShU

n+1

h ,Un+1

h ⟩p×p̃ ≤ ⟨
(
Ah + Sh

)
Un+1

h ,Un+1

h ⟩p×p̃

Gathering all estimates and multiplication with 2τ proves the claim. □

We proceed proving stability under the following CFL condition.

Assumption 4.4. Given η ∈ (0, 1) there exists τCFL > 0 such that for all τ ≤ τCFL

and Uh = (xh, θh) ∈ Yh × Vh it holds

(4.19)
τ2

2
∥Sh,2xh,2∥2p1

+
τ2

2
∥Bhθh∥2p1

+ τ |xh|2sph ≤ η∥Uh∥2p×p̃.

We note that the assumption directly implies the bound

(4.20) τ∥Sh∥ ≤ η,

which is used throughout the error analysis.



16 BENJAMIN DÖRICH AND JULIAN DÖRNER

Remark 4.5. Note that we expect the first two norms in (4.19) to scale inverse with

the minimal mesh size hmin, and the third with h
1/2
min. Thus, we consider a step-size

restriction τ ≈ hmin. Usually, the stabilization depends on a user-given parameter
set. The second norm in (4.19) is expected to scale inverse with these parameters.
Hence, the CFL condition becomes slightly worse with stronger stabilization.

Theorem 4.6. Let Assumption 4.4 hold. For the recursion (4.17) it holds

(1− η)∥Un+1
h ∥2p×p̃ +

τ

2

n∑
ℓ=0

|xℓ+1
h + xℓ

h|2sph

≤ e3/2∥U0
h∥2p×p̃ +

e3/2T

(1− η)
τ

n+1∑
l=0

∥Kℓ+1
h ∥2p×p̃.

Proof. Summation in (4.18) shows

∥Un+1
h ∥2p×p̃ + 2τ

n∑
ℓ=0

|xh
ℓ+1|2sph ≤ ∥U0

h∥2p×p̃ +
τ

2
|xn+1

h |2sph

+
τ2

4
∥Sh,2x

n+1
h,2 −Bhx

n+1
h,2 ∥2p1

+ 2τ

n∑
ℓ=0

⟨Kℓ+1
h ,Uℓ+1

h ⟩p×p̃.

With (4.19), we conclude that

(1− η)∥Un+1
h ∥2p×p̃ + 2τ

n∑
ℓ=0

|xh
ℓ+1|2sph ≤ ∥U0

h∥2p×p̃ + 2τ

n∑
ℓ=0

⟨Kℓ+1
h ,Uℓ+1

h ⟩p×p̃.

We estimate the remaining product with Young and obtain

2τ

n∑
ℓ=0

⟨Kℓ+1
h ,Uℓ+1

h ⟩p×p̃ ≤ (1− η)

2T

τ

2

n∑
ℓ=0

(
∥Uℓ+1

h ∥2p×p̃ + ∥Uℓ
h∥2p×p̃

)
+

Tτ

(1− η)

n∑
ℓ=0

∥Kℓ+1
h ∥2p×p̃.

Therefore, we see that

(1− η)∥Un+1
h ∥2p×p̃ +

τ

2

n∑
ℓ=0

|xℓ+1
h + xℓ

h|2sph

≤ ∥U0
h∥2p×p̃ +

(1− η)

2T

τ

2

n∑
ℓ=0

(
∥Uℓ+1

h ∥2p×p̃ + ∥Uℓ
h∥2p×p̃

)
+

Tτ

(1− η)

n∑
ℓ=0

∥Kℓ+1
h ∥2p×p̃.

Finally, the application of a discrete Gronwall estimate [Emm99, Proposition 4.1]
proves the claim. □

Using the CFL condition (4.19) and the special structure of the right-hand side,
we may conclude the following stability estimate.
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Corollary 4.7. Let Assumption 4.4 hold. Then, the time integration scheme (4.7)
is stable and

(1− η)∥Un+1
h ∥2p×p̃ +

τ

2

n∑
ℓ=0

|xℓ+1
h + xℓ

h|2sph

≤ e3/2∥U0
h∥2p×p̃ +

2e3/2T

(1− η)
τ

n+1∑
l=0

(1 + η)∥f ℓ
h,1∥2p1

+ ∥gℓh∥2p̃.

Proof. First we note that the CFL condition (4.19) on Sh,2 implies the same con-
dition on Sh,1 by adjointness. It holds that

τ√
2
p2(S1xh,1, xh,2) =

τ√
2
p1(xh,1, Sh,2xh,2)

≤ ∥xh,1∥p1

τ√
2
∥Sh,2xh,2∥p1

≤ η1/2∥xh,1∥p1∥Uh∥p×p̃,

which implies that τ2∥Sh,1xh,1∥2p2
≤ 4η∥Uh∥p×p̃. Thus, we obtain

τ4

16
∥Gh∂τf

n+1
h,1 ∥2p×p̃ =

τ4

16
∥Sh,1∂τf

n+1
h,1 ∥2p2

+
τ4

16
∥B∗

h∂τf
n+1
h,1 ∥2p̃

≤ η
τ21

4
∥∂τfn+1

h,1 ∥2p1

≤ η
1

2

(
∥fn+1

h,1 ∥2p1
+ ∥fn

h,1∥2p1

)
.

Furthermore, we see that

∥Fn+1

h ∥2p×p̃ ≤ ∥fn+1
h,1 ∥2p1

+ ∥fn
h,1∥2p1

+ ∥gn+1
h,1 ∥2p̃ + ∥gnh,1∥2p̃.

The claim now follows with Kn+1
h = Fn+1

h + Gh∂τf
n+1
h,1 and Theorem 4.6. □

4.3. Error analysis. In the following, we derive an error recursion in the form of
(4.12) in order to exploit the derived stability estimates, where the right-hand side
will be given by the defects. Thus, we derive the defects in the first step. We begin
with the defect of the Crank–Nicolson method and treat the rest as a perturbation.
We introduce the full projections in the collection variable

Ph = (Ph, P̃h), Jh = (Jh, J̃h),

and abbreviate Un = U(tn). The defect Dn+1
CN is given as

∂τJhUn+1 +AhJhU
n+1

+ ShJhUn = Fn+1

h +Dn+1
CN .

Inserting the exact solution (4.3), the defect has the form

Dn+1
CN = PhD

n+1
tr + ShJhUn + ∂τ (Jh −Ph)Un+1

+ (AhJh −PhA)Un+1
+ Fn+1

h − F̂
n+1

h ,

where Dn+1
tr is given by

Dn+1
tr = τ2

∫ 1

0

ktr(σ) ∂
3
t U(tn + τσ) dσ

for some bounded Peano kernel ktr. In the following Lemma, we provide estimates
of this defect, noting that all the terms defined in (3.4) appear again.
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Lemma 4.8. Let Vh =
(
yh,1, yh,2, φh

)
∈ Yh × Vh. The defect can be decomposed

into

⟨Dn+1
CN ,Vh⟩p×p̃ = ⟨D̃n+1

CN ,Vh⟩p×p̃ +∆s,b(x
n+1, θ

n+1
, yh),

where the first part satisfies the estimate

∥D̃n+1
CN ∥X∗

h×H∗
h
≤ τ2∥∂3

t U∥X×H + (1 +
η

2
)∥∆p(∂τx

n+1)∥X∗
h
+ ∥∆p̃(∂τθ

n+1)∥H∗
h

+ ∥∆̃s,b(x
n+1, θ

n+1
)∥H∗

h
+ ∥∆f

n+1∥2X∗
h
+ ∥∆gn+1∥2H∗

h
,

without additional constants.

Proof. The first part of the estimate follows directly from the boundedness of the
Peano kernel. Further, we note that for the discrete test function Vh, we have

⟨∂τ (Jh −Ph)Un+1,Vh⟩p×p̃ = ∆p(∂τx
n+1, yh) + ∆p̃(∂τθ

n+1, φh),

and taking into account the manipulation

ShJhUn + (AhJh −PhA)Un+1
= −τ

2
ShJh∂τUn+1 + ((Ah + Sh)Jh −PhA)Un+1

,

we recover by a straightforward calculation

⟨((Ah + Sh)Jh −PhA)Un+1
,Vh⟩p×p̃ = ∆s,b(x

n+1, θ
n+1

, yh) + ∆̃s,b(x
n+1, θ

n+1
, φh).

Similarly, the right-hand side terms are treated as

⟨Fn+1

h − F̂
n+1

h ,Vh⟩p×p̃ = ∆f
n+1

(yh) + ∆gn+1(φh).

It remains to consider the stabilization term. We exploit that by Assumption 3.2
the exact solution vanishes under the stabilization operator, and obtain, using the
CFL condition (4.20),

∥τ
2
ShJh∂τUn+1∥X∗

h×H∗
h
= ∥τ

2
Sh(I − Jh)∂τUn+1∥X∗

h×H∗
h
=

η

2
∥∆p(∂τx

n+1)∥X∗
h
,

since the stabilization operator acts on the wave part only. □

Turning now to the full defect, we define

∂τJhUn+1 +AhJhU
n+1

+ ShJhUn

= Fn+1

h +
τ2

4
Dh∂τJhUn+1 − τ2

4
Gh∂τf

n+1
h,1 +Dn+1

CN +Dn+1
CNLF,

and thus we obtain the representation

Dn+1
CNLF = −τ2

4
Dh∂τJhUn+1 +

τ2

4
Gh∂τf

n+1
h,1 ,

which we study in more detail in the next lemma.

Lemma 4.9. The defect Dn+1
CNLF can be factorized as

Dn+1
CNLF =

τ2

4
Ah∂τ D̃

n+1, D̃n+1 =

dn+1 − P 1
h∂tx

n+1
1

0
0

 ,

with

dn+1 = (Sh,2J
1
h − P 1

hS2)x
n+1
2 − (BhJ̃h − P 1

hB)θn+1 + fn+1
h,1 − P 1

hf
n+1
1 f.
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Further, we have the estimates for k = 1, 2

τ2∥∂k
τ D̃

n+1∥X∗
h
≤ τ2

(
∥∆s

s,b(∂
k+1
τ xn+1, ∂k+1

τ θn+1)∥X∗
h

+ ∥∆∂k+1
τ fn+1∥X∗

h
+ ∥∂k+2

t xn+1
1 ∥S∗

h,1

)
,

τ2∥S1/2
h ∂τ D̃

n+1∥X∗
h
≤ ητ3/2

(
∥∆s

s,b(∂
2
τx

n+1, ∂2
τθ

n+1)∥X∗
h

+ ∥∆∂2
τf

n+1∥X∗
h
+ ∥∆p(∂2

τ∂tx
n+1)∥X∗

h

)
,

with constant independent of h and τ , and ∆s
s,b is defined as ∆s,b in (3.4b) without

the stabilization terms.

Proof. For clarity, we omit all explicit time indices on the solution at time tn+1.
Writing the defect in its components, we observe

DhJhU =

 0

Sh,1(Sh,2J
1
hx2 −BhJ̃hθ)

−B∗
h(Sh,2J

1
hx2 −BhJ̃hθ)

 = −Gh(Sh,2J
1
hx2 −BhJ̃hθ)

as well as

Ghx1 = −Ah

x1

0
0

 .

In particular, this gives the proposed structure, and we have to estimate dn+1 and
its discrete derivatives. First, we expand by using −∂tx1 = −S2x2 +Bθ − f1

d− P 1
h∂tx1 = Sh,2J

1
hx2 −BhJ̃hθ + fn+1

h,1 + P 1
h (−S2x2 +Bθ − f1)

= (Sh,2J
1
h − P 1

hS2)x2 − (BhJ̃h − P 1
hB)θ + fn+1

h,1 − P 1
hf1.

We take the inner product with a discrete function yh,1 to see

p1(d− ∂tx1, yh,1) = p1((Sh,2J
1
h − P 1

hS2)x2 − (BhJ̃h − P 1
hB)θ + fn+1

h,1 − P 1
hf1, yh,1)

= sh,2(J
1
hx2, yh,1)− s2(x2, yh,1)− bh(J̃hθ, yh,1) + b(θ, yh,1)

+ p1(f
n+1
h,1 − f1, yh,1)

= ∆s
s,b(x, θ, (yh,1, 0)) + ∆f(yh),

and we can directly deduce the first bound. For the second estimate, we again
exploit that ∂tx1 vanishes under the stabilization operator, and thus we have

Sp
h,1P

1
h∂tx1 = Sp

h,1(P
1
h − I)∂tx1,

and the CFL condition (4.20) gives the second estimate. □

Finally, we can define the discrete error En
h =

(
enh, ϵ

n
h

)
= JhUn − Un

h and obtain
by subtraction of the above representation from the numerical method

(1− τ

2
Sh − τ2

4
Dh)∂τEn+1

h +
(
Ah + Sh

)
En+1

h = Dn+1
CN +

τ2

4
Ah∂τ D̃

n+1,

where we used the same identity as in the proof of Lemma 4.3. These preparations
now allow us to deduce our second main result. We note that the limit τ → 0
formally recovers the statement of Theorem 3.4.
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Theorem 4.10. Let x ∈ C1([0, T ], Y ) and θ ∈ C1([0, T ], V ) be the solution of
(2.2), which satisfies (x, θ) ∈ C1([0, T ],Z) and U ∈ C4([0, T ], X ×H), and (xn

h, θ
n
h)

the solution of (4.4). Further, let Assumptions 2.1, 3.2, 3.3, and 4.4 hold true.
Then, the fully discrete errors satisfy

∥en+1
h ∥2Xh

+ ∥ϵn+1
h ∥2Hh

+
τ

2

n∑
ℓ=0

|eℓh + eℓ+1
h |2sph

≲ ∥e0h∥2Xh
+ ∥ϵ0h∥2Hh

+ C(U)τ4

+ τ

n∑
ℓ=0

∥∆p(∂τx
ℓ+1)∥2X∗

h
+ ∥∆p̃(∂τθ

ℓ+1)∥2H∗
h
+ ∥∆f

ℓ+1∥2X∗
h
+ ∥∆gℓ+1∥2H∗

h
,

+ τ

n∑
ℓ=0

∥∆̃s,b(x
ℓ+1, θℓ+1)∥2H∗

h
+ |∆s,b(x

ℓ+1, θ
ℓ+1

, eh
ℓ+1)|

+ τ

n∑
ℓ=0

τ4
(
∥∆s

s,b(∂
3
τx

ℓ+1, ∂3
τθ

ℓ+1)∥2X∗
h
+ ∥∆∂3

τf
ℓ+1∥X∗

h
+ ∥∂4

t x
n+1
1 ∥S∗

h,1

)
+ τ

n∑
ℓ=0

τ3
(
∥∆s

s,b(∂
2
τx

ℓ+1, ∂2
τθ

ℓ+1)∥2X∗
h
+ ∥∆p(∂2

τ∂tx
ℓ+1)∥2X∗

h

)

with constants independent of h and τ .

Proof. Using Lemma 4.3 and summing for ℓ = 0, . . . , n, it remains to estimate

2τ

n∑
ℓ=0

⟨Kℓ+1
h , Eℓ+1

h ⟩p×p̃, with Kℓ+1
h = Dℓ+1

CN +
τ2

4
Ah∂τ D̃

ℓ+1.

We can estimate as in Lemma 4.3, but have to take care of the latter term

2τ

n∑
ℓ=0

τ2

4
⟨Ah∂τ D̃

ℓ+1, Eℓ+1

h ⟩p×p̃.

Since D̃ℓ+1 is zero in its last component, we use the skew-adjointness of Ah in
(4.15) and insert the error equation to obtain by Lemma 4.8

− ⟨∂τ D̃ℓ+1,AhE
ℓ+1

h ⟩p×p̃

= ⟨∂τ D̃ℓ+1, (I − τ

2
Sh − τ2

4
Dh)∂τEℓ+1

h − ShE
ℓ+1

h +Dℓ+1
CN +Ah∂τ D̃

ℓ+1⟩p×p̃

= ⟨∂τ D̃ℓ+1, (I − τ

2
Sh − τ2

4
Dh)∂τEℓ+1

h ⟩p×p̃ − ⟨S1/2
h ∂τ D̃

ℓ+1,S1/2
h Eℓ+1

h ⟩p×p̃

+ ⟨∂τ D̃ℓ+1, D̃ℓ+1
CN ⟩p×p̃ +∆s,b(x

ℓ+1, θ
ℓ+1

, ∂τ D̃
ℓ+1),
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where we again used the skew-adjointness for the cancellation of the AhD̃
ℓ+1 term.

For the first term, we apply summation by parts and conclude

τ2

4
τ

n∑
ℓ=0

⟨∂τ D̃ℓ+1, (I − τ

2
Sh − τ2

4
Dh)∂τEℓ+1

h ⟩p×p̃

= −τ2

4
τ

n∑
ℓ=0

⟨∂2
τ D̃

ℓ+1, (I − τ

2
Sh − τ2

4
Dh)Eℓ

h⟩p×p̃

+
τ2

4
⟨∂τ D̃n+1, (I − τ

2
Sh − τ2

4
Dh)En+1

h ⟩p×p̃

− τ2

4
⟨∂τ D̃1, (I − τ

2
Sh − τ2

4
Dh)E0

h⟩p×p̃.

Lemma 4.9 and the CFL condition (4.19) then provide the bounds for this term.
Similarly, we use for γ > 0 sufficently small that

τ2

4
|⟨S1/2

h ∂τ D̃
ℓ+1,S1/2

h Eℓ+1

h ⟩p×p̃| ≤ Cγτ
4∥S1/2

h ∂τ D̃
n+1∥2X∗

h
+ γ|eℓ+1

h + eℓh|2sph ,

and thus the stabilization part can be absorbed into the left-hand side. Finally,
the mixed defect term is estimated combining Lemma 4.8 and 4.9, and the discrete
Gronwall estimate [Emm99, Proposition 4.1] gives the desired bound. □

Remark 4.11. In principle one can also circumvent the summation-by-parts tech-
nique if the application of Ah to the defect is bounded. But as soon as L2-adjoints
of traces come into play, this is not possible anymore.

5. Application to examples and numerical experiments

In this section, we finally apply the result obtained in Sections 3 and 4 to the
examples presented before. Without explicitly stating this everywhere, the discrete
derivatives can be bounded by the maximums norm of their continuous counterpart
without any additional constants, see for example [DN24, Lemma 4.2].

5.1. Thermoelastic string. For the example in Section 2.1, we employ contin-
uous finite elements of order k to both the heat and the wave part, and thus no
stabilization is used. In addition, we use a conforming method and thus use the
continuous bilinear forms also in the discrete case. In particular, Assumptions 3.2
and 3.3 are satisfied. Concerning the projections, we employ Ritz projection Rh

and the L2-projection πh via Ph = (Rh, πh) and P̃h = πh. For the reference op-

erators, we choose Jh = (Rh,Rh) and J̃h = Rh. All the upcoming approximation
results can be found in the book [BS08]. For the initial values and the right-hand
side, we employ the interpolation Ih. To shorten notation for linear elements, we
set k∗ = max{k, 2}, and can thus conclude for the initial data and the sources

∥eh(0)∥Xh
+ ∥ϵh(0)∥Xh

≲ hk
(
|∂tu|Hk + |∂2

t u|Hk∗ + |∂tθ|Hk∗
)
,

∥∆f∥X∗
h
+ ∥∆g∥H∗

h
≲ hk+1

(
|f |Hk+1 + |g|Hk+1

)
.

Further, by the choice of the reference operators, we further obtain

∥∆p(∂tx)∥X∗
h
+ ∥∆p̃(∂tθ)∥H∗

h
≲ hk+1

(
|∂2

t u|Hk+1 + |∂tθ|Hk+1

)
.
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For this problem, we use the fact that Xh ⊂ Y holds, and thus obtain

|∆s,b(x, θ, eh)| = |sh(Jhx, eh) + b̃h(J̃hθ, eh)− s(x, eh)− b̃(θ, eh)|

≤ |s(Jhx− x, eh)|+ |̂b(J̃hθ − θ, eh)|

≲ hk|θ|Hk+1∥eh∥Xh
,

where we used the definition of Jh in the last step. Similarly, we compute using the

definition of J̃h

∥∆̃s,b(x, θ)∥H∗
h
≤ ∥s̃(J̃hθ − θ, ·)∥H∗

h
+ ∥b̃(·, Jhx− x)∥H∗

h
≲ hk|∂tu|Hk+1 .

Collecting all this, we obtain for a sufficiently smooth solution the spatial discretiza-
tion error bound of optimal order as

∥u(t)− uh(t)∥H1
0
+ ∥∂tu(t)− ∂tuh(t)∥L2 + ∥θ(t)− θh(t)∥L2 ≲ hk

with constants independent of h, and the full discretization error bound

∥u(tn)− un∥H1
0
+ ∥∂tu(tn)− vnh∥L2 + ∥θ(tn)− θnh∥L2 ≲ τ2 + hr

with constants independent of h and τ , where the last estimate holds under the
CFL condition (4.19).

5.2. Non-local in time visco-elasticity and acoustics. For the example in Sec-
tion 2.2, we only discuss the visco-elastic case, since the acoustic equation can be
treated by minor modifications of the considerations below. We apply discontinuous
elements for the velocity part and continuous elements for the pressure part. Fur-
ther, the coupling term is discretized in a conforming way, by leaving the derivative
on the continuous elements. For the bilinear forms ph, p̃h, and s̃h we simply use the
restriction of the continuous forms to the (broken) polynomial spaces. In particu-
lar, we chose broken polynomial spaces of order k and div-conforming elements of
order ℓ ≤ k+1, for example Raviart–Thomas elements, such that the image under
the divergence is contained in the broken polynomial space of degree ℓ − 1. For
the bilinear form sh, we follow the discretization of Section 4 in [HPS+15], using
the discrete operator Ah there to define sh(xh, yh) = (Ahxh, yh), which we then
decompose as sh = ssh + sph, see the definitions in (A.5) and (A.6) in Appendix A.
Further, Lemma A.1 implies that Assumption 3.2 is satisfied. We choose for the
wave part all projections to be the component-wise broken L2-projections, which

gives eh(0) = ∆p(∂tx) = ∆p̃(∂tθ) = ∆f = 0. The projection J̃h for the heat part
is chosen as the div-conforming interpolation which satisfies a commuting diagram
property with the broken polynomial spaces. The initial values and the right-hand
side are computed by this interpolation, and thus it holds

∥ϵh(0)∥Xh
+ ∥∆g∥H∗

h
≲ hℓ

(
∥θ∥Hℓ + ∥g∥Hℓ

)
.

Further, we have

|∆̃s,b(x, θ, φh)| ≤ |s̃(J̃hθ − θ, φh)|+ |̃b(φh, x− Jhx)|

≲ ∥J̃hθ − θ∥L2∥φh∥L2

≲ hℓ∥θ∥Hℓ∥φh∥L2 ,
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where we used the best-approximation property, see e.g., [Mon03, Theorem 5.25].
In addition, we obtain

b̃(φh, x− Jhx) =

G∑
i=1

⟨divσh,i, Jhx− x⟩L2 = 0,

since divσh,i is an element of the broken polynomial space of degree ℓ − 1 ≤ k,
and hence orthogonal on the projection error. For the differential parts, we use
Assumption 3.3 and obtain

|∆s,b(x, θ, eh)| = |sh(Jhx, eh) + b̃h(J̃hθ, eh)− ŝ(x, eh)− b̂(θ, eh)|

≤ |sh(Jhx− x, eh)|+ |̃bh(J̃hθ − θ, eh)|.

In Appendix A Lemma A.2, we provide the estimate

(5.1) |sh(Jhx− x, eh)| ≤ Chk+1/2|x|Hk+1 |eh|sph .

Finally, we have by the commuting diagram property

|̃bh(J̃hθ − θ, eh)| = |
G∑
i=1

⟨div(J̃h − I)σi, eh⟩L2 |

= |
G∑
i=1

⟨(πh − I) divσi, eh⟩L2 |

≲ hℓ|eh|Xh

G∑
i=1

|divσi|Hk+1 .

In total, we can thus conclude that for a sufficiently smooth solution the spatial
discretization error bound of optimal order as

∥v(t)− vh(t)∥L2 + ∥σ0(t)− σ0,h(t)∥L2 +

G∑
i=1

∥σi(t)− σi,h(t)∥L2 ≲ hℓ + hk+1/2,

with constants independent of h, and the full discretization error bound

∥v(tn)− vn
h∥L2 + ∥σ0(tn)− σn

0,h∥L2 +
G∑
i=1

∥σi(tn)− σn
i,h∥L2 ≲ τ2 + hℓ + hk+1/2,

with constants independent of h and τ , where the last estimate holds under the
CFL condition (4.19). The typical choices for ℓ are k or k + 1.

5.3. Thermo-elastic wave coupling. For the third example in Section 2.3, we
choose the same discretization as in Section 5.2 for the wave part, and again obtain
with the component-wise broken L2-projections that eh(0) = ∆p(∂tx) = ∆p̃(∂tθ) =
∆f = 0. For the heat part we employ (continuous) Lagrange finite elements of order

ℓ ≤ k + 1 and choose for J̃h the Ritz projection, and for the initial values and the
right-hand side the nodal interpolation, which directly yields

∥ϵh(0)∥Xh
+ ∥∆g∥H∗

h
≲ hℓ+1

(
∥θ∥Hℓ+1 + ∥g∥Hℓ+1

)
.

Further, we have

|∆̃s,b(x, θ, φh)| ≤ |s̃(J̃hθ − θ, φh)|+ |̃b(φh, x− Jhx)| = 0,



24 BENJAMIN DÖRICH AND JULIAN DÖRNER

using the definition of the Ritz projection and again the fact that ∇φh is in the
space of broken polynomials or oder ℓ− 1 ≤ k, such that the orthogonalality

b̃(φh, x− Jhx) = α⟨∇φh, x− Jhx⟩L2 = 0

holds. Using the estimate in (5.1) for the upwind part, it remains to bound

|̃bh(J̃hθ − θ, eh)| = |⟨α∇(J̃hθ − θ), eh⟩L2 | ≲ hℓ∥θ∥Hℓ+1∥eh∥Xh
.

As for the previous example, we thus obtain for a sufficiently smooth solution
the spatial discretization error bound of optimal order as

∥v(t)− vh(t)∥L2 + ∥σ(t)− σh(t)∥L2 + ∥θ(t)− θh(t)∥L2 ≲ hℓ + hk+1/2

with constants independent of h, and the full discretization error bound

∥v(tn)− vn
h∥L2 + ∥σ(tn)− σn

h∥L2 + ∥θ(tn)− θnh∥L2 ≲ τ2 + hℓ + hk+1/2,

with constants independent of h and τ , where the last estimate holds under the
CFL condition (4.19). The typical choices for ℓ are k or k + 1.

5.4. Maxwell equation with dissipative 2D material. Finally, for the example
in Section 2.4 we apply a dG method with central flux (upwind could be included
as well) to the Maxwell part x and use its restriction to the interface as the ansatz
space for θ. To be precise, we use the space of broken polynomials of degree k
for Xh, which yields again a broken polynomial space of degree k on the (lower
dimensional) restriction to the interface. This leads to the standard dG Maxwell
operators in sh, which can for example be found in [HS19, Section 4.2], and thus
Assumption 3.2 is satisfied. For the coupling form bh, we set

b̃h(φh, yh) = p̃(φh, {{1ℓ ⊗ yh,1,∥}}),
for yh ∈ Xh and φh ∈ Hh. We note that the exact solution satisfies the general-
ized consistency condition of Assumption 3.3, see [DDH26, Lem. 3.10 (2)] for an
analogous statement of external surface currents.

We now study the error terms in (3.4) appearing in Theorem 3.4, and choose the
standard L2-projections in all cases. This immediately implies that eh(0) = ϵh(0) =
0, and similarly, as we work in the correct inner products also ∆p(∂tx) = ∆p̃(∂tθ) =
0. In the same manner, if we compute the sources fh and gh via projections, we
also have ∆f = ∆g = 0. As in the elastic cases, Assumption 3.3 yields

|∆s,b(x, θ, eh)| = |sh(Jhx, eh) + b̃h(J̃hθ, eh)− ŝ(x, eh)− b̂(θ, eh)|

= |sh(Jhx− x, eh) + b̃h(J̃hθ − θ, eh)|.
The remaining term, can be estimated using [HS16, eq. (5.5)], as

|∆s,b(x, θ, eh)| ≲ hk
(
|x|Hk+1 + |θ|Hk+1

)
∥eh∥Xh

.

Finally, we assume that solution if sufficiently regular, and note the best approxi-
mation results in [EG21, Section 18.4]. Then, we obtain for the spatial discretization
the estimate

∥E(t)− Eh(t)∥L2 + ∥H(t)−Hh(t)∥L2 + ∥θ(t)− θh(t)∥L2 ≲ hk

with constants independent of h, and for the fully discrete scheme

∥E(tn)− En
h∥L2 + ∥H(tn)−Hn

h ∥L2 + ∥θ(tn)− θnh∥L2 ≲ τ2 + hk,

with constants independent of h and τ , where the last estimate holds under the
CFL condition (4.19).
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Figure 1. L∞-error in time and the L2 ×H1
0 ×L2 error in space

of the exact solution (6.1) against the time-step size τ .

6. Numerical experiments

In this section, we present some numerical experiments for the thermoelastic
string from Section 2.1. We show convergence in space and time as well as study the
behavior of the CFL condition stated in Assumption 4.4. The codes to reproduce
the experiments are available on request.

6.1. Thermoelastic string. We consider the example from Section 2.1. We first
verify second-order convergence in time and Assumption 4.4. Therefore, let

(6.1) x2(t, x) = et cos (ωt)x(1− x), θ(t, x) = et sin (ηt)x(1− x),

and choose f and g such that the U = (x1, x2, θ) solves (2.4). In the following
examples we set ω = 3.37 · π, η = 2.3 · π and the final time T = 1.0. Note that the
exact solution is a second-order polynomial in space and is therefore represented
exactly by second-order ansatz functions on any mesh. Consequently, we only
measure the temporal integration error in the experiments below. For a series of
eight mesh sizes ranging from 0.5 to 0.005, we compute the L∞-error in time and the
L2 ×H1

0 ×L2 error in space against the exact solution, using 40 different time-step
sizes between 0.1 and 0.001. The results are displayed in Figure 1. We conclude
that our method exhibits second-order convergence in time.

In the next example, we determine the threshold time step τCFL for which our
method is stable. For a given target mesh size htarget we choose a sufficiently large
interval τCFL ∈ [τlow, τhigh] such that the method is unstable at τhigh and stable at
τlow when compared with a reference calculation using a mesh size href = 1.0. Using
the bisection method we halve the interval and repeat the comparison at each step
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Figure 2. Approximation of τCFL plotted against the mesh size h.

until the interval width falls below 10−5. The midpoint of the final interval is then
taken as an approximation of τCFL. Figure 2 shows the results of this procedure for
20 different target mesh sizes ranging from 0.1 to 0.001 and different polynomial
degrees of ansatz functions. From these data we conclude that the method is stable
for all time-step sizes τ < τCFL ≈ h.

The next example verifies the convergence order in space. We define a different
exact solution, i.e.

(6.2) x2(t, x) = t sin (3πx)e−20(x− 1
2 )

2

, θ(t, x) = t sin (4πx)e−20(x− 1
2 )

2

,

and choose again x1, f and g such that the collection is a solution of (2.4). Note
that the exact solution is polynomial in time and therefore integrated exactly by our
scheme. Hence, we only measure the space discretization error in the experiment
below. For a sequence of 40 different mesh sizes, we calculate the error against
the exact solution with a time step size of 0.001. Figure 3 shows the result of this
experiment and confirms our findings from above.



LEAPFROG CRANK–NICOLSON DECOUPLING OF WAVE-HEAT-TYPE PROBLEMS 27

10−2 10−1
10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

101

1
1

1

2

1

3

1

4

h

L
∞ t
(L

2 x
×

H
1 0
,x
×

L
2 x
)

deg = 1 deg = 2
deg = 3 deg = 4
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of the exact solution (6.2) against the mesh size h for τ = 0.001.
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Appendix A. Computations for the examples

A.1. Elastic example. In Section 5.2 and 5.3 we suggest a discontinuous Galerkin
discretization of the forms

p : X ×X → R, p(x, y) = ⟨ρv,w⟩L2 + ⟨C−1σ,λ⟩L2 ,

s : Y × Y → R, s(x, y) = −⟨divσ,w⟩L2 − ⟨ϵ(v),λ⟩L2 ,
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where x = (v,σ) and y = (w,λ) with x, y ∈ Y = H1
0 (Ω,Rd) × H(div,Ω,Rd×d

sym)
and ϵ(v) = Sym(Dv) denotes the symmetric gradient. Our presentation follows
[Zie20, HPS+15]. Starting from their local discretization, we derive global dG
forms and prove the necessary auxiliary result for the analysis of our examples.

We restrict us in the following to dimension d = 2 and assume that the elasticity
tensor describes an isotropic media, i.e.

Cw = C(µ, λ)w = 2µw + λ tr(w)I,

with Lamé parameters λ ≥ 0, µ > 0.
Let Th be a matching triangulation of Ω and denote with Yh the space of broken

polynomials of degree k > 0 on this mesh. All problem dependent constants are
assumed to be constant on every K ∈ Th. In the following, we introduce a local
and a global naming convention of mesh faces and trace-quantities of functions on
them.

For any element K ∈ Th, we define the set of faces F associated to K as FK .
For any face F ∈ FK , there is an associated outer unit normal vector nK,F and
a unit tangential vector, chosen with respect to the right-hand rule, and denoted
with τK,F . The element opposite of K on the face F , if existent, is denoted with
KF . Local jumps and averages are defined as

[[f ]]K,F = (f
∣∣
KF

)
∣∣
F
− (f

∣∣
K
)
∣∣
F
, {{f}}αK,F = αKF (f

∣∣
KF

)
∣∣
F
+ αK(f

∣∣
K
)
∣∣
F
,

where αKF , αK > 0 denote positive weights such that αK,F+αK = 1. The definition
is understood element-wise for vector- and tensor-valued functions.

The set of all mesh faces is denoted as Fh. The latter set is further divided in the
set F int

h of interior faces and Fbnd
h of boundary faces. For any face F ∈ F int

h , we fix
a global numbering scheme, i.e., we choose and ordered tuple (K1,K2) ∈ Th × Th
such that F ∈ FK1

∩ FK2
. Based on this numbering, we define the global unit

normal and tangential vectors as

(A.1) nF = nK1,F = −nK2,F , τF = τK1,F = −τK2,F .

Similar, we define global jump and average as

(A.2) [[f ]]F = [[f ]]K1,F = −[[f ]]K2,F , {{f}}αF = {{f}}αK1,F = {{f}}αK2,F .

Compare Figure 4 for our naming convention.
Following the work in [HPS+15, Zie20], we obtain the local definition of the

operator Sh = Ss
h +Sp

h on every K ∈ Th, for xh = (vh,σh) and yh = (wh,λh) with
xh, yh ∈ Yh

(A.3)

⟨Ss
hxh,yh⟩L2(K)

= −⟨divσh,wh⟩L2(K) − ⟨ϵ(vh),λh⟩L2(K)

−
∑

F∈FK

αK,F
2 ⟨nK,F · ([[σh]]K,FnK,F ), nK,F ·wh⟩L2(F )

+ αK,F
3 ⟨nK,F · [[vh]]K,F , nK,F · (λhnK,F )⟩L2(F )

−
∑

F∈FK

αK,F
6 ⟨τK,F · ([[σh]]K,FnK,F ), τK,F ·wh⟩L2(F )

+ αK,F
7 ⟨τK,F · [[vh]]K,F , τK,F · (λhnK,F )⟩L2(F ),
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F

K1 K2

nF = nK1,F

τF = τK1,F

−nF = nK2,F

−τF = τK2,F

Figure 4. Face naming convention with normal and tangential
vectors.

(A.4)

⟨Sp
hxh,yh⟩L2(K)

= −
∑

F∈FK

αF
1 ⟨nK,F · ([[σh]]K,FnK,F ), nK,F · (λhnK,F )⟩L2(F )

+ αF
4 ⟨nK,F · [[vh]]K,F , nK,F ·wh⟩L2(F )

−
∑

F∈FK

αF
5 ⟨τK,F · ([[σh]]K,FnK,F ), τK,F · (λhnK,F )⟩L2(F )

+ αF
8 ⟨τK,F · [[vh]]K,F , τK,F ·wh⟩L2(F ),

with constants

αF
1 =

1

ρKcP,K + ρKF
cP,KF

, αK,F
2 =

ρKcP,K

ρKcP,K + ρKF
cP,KF

,

αK,F
3 =

ρKF
cP,KF

ρKcP,K + ρKF
cP,KF

, αF
4 =

ρKcP,KρKF
cP,KF

ρKcP,K + ρKF
cP,KF

,

αF
5 =

1

ρKcS,K + ρKF
cS,KF

, αK,F
6 =

ρKcS,K
ρKcS,K + ρKF

cS,KF

,

αK,F
7 =

ρKF
cS,KF

ρKcS,K + ρKF
cS,KF

, αF
8 =

ρKcS,KρKF
cS,KF

ρKcS,K + ρKF
cS,KF

,

where cP and cS denotes the velocity of shear and pressure waves, defined as

cP =

√
2µ/3 + λ

ρ
, cS =

√
µ

ρ
.

On a boundary face F ∈ Fbnd
h we define [[vh]]K,F = −2xh,1

∣∣
F
, [[σh]]K,F = 0,

ρKF
= ρK , cS,KF

= cS,K and cP,KF
= cP,K .
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Summing in (A.3) and (A.4) over all elements K ∈ Th while using (A.1), (A.2)
yields the global operators

(A.5)

⟨Ss
hxh,yh⟩L2(Ω)

= −
∑

K∈Th

⟨divσh,wh⟩L2(K) + ⟨ϵ(vh),λh⟩L2(K)

−
∑

F∈F int
h

⟨nF · ([[σh]]FnF ), nF · {{wh}}α2

F ⟩L2(F )

+ ⟨nF · [[vh]]F , nF · ({{λh}}α3

F nF )⟩L2(F )

+ ⟨τF · ([[σh]]FnF ), τF · {{wh}}α6

F ⟩L2(F )

+ ⟨τF · [[vh]]F , τF · ({{λh}}α7

F nF )⟩L2(F ),

+
∑

F∈Fbnd
h

⟨nF · vh, nF · (λhnF )⟩L2(F )

+ ⟨τF · vh, τF · (λhnF )⟩L2(F ),

(A.6)

⟨Sp
hxh,yh⟩L2(Ω)

=
∑

F∈F int
h

αF
1 ⟨nF · ([[σh]]FnF ), nF · ([[λh]]FnF )⟩L2(F )

+ αF
4 ⟨nF · [[vh]]F , nF · [[wh]]F ⟩L2(F )

+ αF
5 ⟨τF · ([[σh]]FnF ), τF · ([[λh]]FnF )⟩L2(F )

+ αF
8 ⟨τF · [[vh]]F , τF · [[wh]]f ⟩L2(F ),

+
∑

F∈Fbnd
h

ρF cP,F ⟨nF · vh, nF ·wh⟩L2(F )

+ ρF cS,F ⟨τF · vh, τF ·wh⟩L2(F ).

Lemma A.1. The operators Ss
h and Sp

h, defined in (A.5) and (A.6) respectively,
satisfy Assumption 3.2.

Proof. Assumption 3.2 (a) is shown in [Zie20, Lem. 3.2]. Furthermore, from repre-
sentation (A.6), we directly conclude that for any y = (w,λ) ∈ Y it holds that

⟨Sp
hy, yh⟩L2(Ω) = 0, for all yh ∈ Yh,

since [[w]]F = 0 for w ∈ H1
0 (Ω) and [[λ]]FnF = 0 for λ ∈ H(div,Ω,Rd×d

sym). Moreover,

on any boundary face F ∈ Fbnd
h it holds that w

∣∣
F
= 0. Hence, Assumption 3.2 (b)

is satisfied. □

It remains to prove (5.1). Let Jh : Y → Yh denote the broken L2-orthogonal
projection on Th, i.e., for x ∈ Y it holds that

⟨Jhx− x, yh⟩L2(K) = 0, for all K ∈ Th, yh ∈ Yh.

For any x ∈ Y with x
∣∣
K

∈ Hk+1(K), K ∈ Th, we have the approximation proper-

ties, see, e.g., [EG21, Sec. 18.4],

(A.7)
∥Jhx− x∥L2(K) ≤ hk+1

K |x|Hk+1(K),

∥Jhx− x∥L2(F ) ≤ h
k+1/2
K |x|Hk+1(K), F ∈ FK .

Lemma A.2. Let x ∈ Y with x
∣∣
K

∈ Hk+1(K), K ∈ Th. Then

|sh(Jhx− x, yh)| ≤ hk+1/2
( ∑
K∈Th

|x|2Hk+1(K)

)1/2

|yh|sph .
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Proof. Let x = (v,σ) and yh = (wh,λh). Since Ss
h is skew-adjoint it holds that

⟨Ss
h(Jhx− x), yh⟩L2 = −⟨Jhx− x, Ss

hyh⟩L2 . Hence, for any K ∈ Th the bulk terms
in (A.5) vanish, i.e.

⟨divλh, Jh,2v − v⟩L2(K) = ⟨ϵ(wh), Jh,1σ − σ⟩L2(K) = 0,

by the definition of the broken L2-projection. Thus, (A.5) only depends on faces,
and we obtain with the Cauchy-Schwarz inequality that

|⟨Ss
h(Jhx− x),yh⟩L2 |

≲
( ∑
F∈Fh

∥Jh,1v − v∥2L2(F ) + ∥Jh,2σnF − σnF ∥2L2(F )

)1/2

|yh|sph

≲ hk+1/2
( ∑
K∈Th

|x|2Hk+1(K)

)1/2

|yh|sph ,

where we used the approximation properties (A.7) in the last estimate. A similar
estimate shows that

|⟨Sp
h(Jhx− x), yh⟩L2 | ≲ hk+1/2

( ∑
K∈Th

|x|2Hk+1(K)

)1/2

|yh|sph ,

which proves the claim since Sh = Ss
h + Sp

h. □
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