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LEAPFROG CRANK-NICOLSON DECOUPLING OF
WAVE-HEAT-TYPE PROBLEMS

BENJAMIN DORICH AND JULIAN DORNER

ABSTRACT. This paper proposes and analyzes a numerical method for cou-
pled wave—heat systems that arise, for example, in visco-elasticity with mem-
ory, thermo-elastic wave propagation with finite thermal speed, and Maxwell’s
equations coupled to dispersive material laws. Motivated by the widespread
use of explicit leapfrog schemes for wave problems and the parabolic time-step
restriction for heat equations, we design a second-order scheme that combines
leapfrog time integration for the wave part with a Crank—Nicolson step for the
heat part. The coupling is arranged in a Strang-splitting—type fashion so that
the overall scheme remains explicit in the coupling and is subject only to a
CFL condition of hyperbolic type, rather than the more restrictive parabolic
constraint.

We introduce an abstract space discretization that covers a broad class of
wave—heat systems and accommodates both conforming and stabilized non-
conforming discretizations. Using a general error decomposition, we derive
error estimates for the fully discrete scheme under the desired CFL condition.
Numerical experiments for our model applications confirm the theoretical re-
sults.

1. INTRODUCTION

In this paper we study wave-type systems which are coupled to heat-type prob-
lems and can formally be written as

(1.1a) dyx + Sz =—BO+ f,

(1.1b) 8,0 + L6 = B*z + g,

where the wave part is given as a two-component system with z = (x1,x2) €
X = X; x Xy and a skew-adjoint operator S, the heat part by some accretive
operator L in (L.1Db)), and the coupling is encoded in B.

In this work we have four main classes of examples in mind. As a particularly
simple and illustrative starting point, we first consider a one-dimensional wave
equation coupled to a heat equation, modeling a thermo-elastic string.

A second example is given by nonlocal-in-time linear visco-elasticity systems,
which describe materials with memory effects subject to pressure and shear waves.

As a third example, we consider thermo-elastic wave equations, which model
the coupled propagation of mechanical and thermal disturbances in a solid and, in
contrast to classical Fourier heat conduction, account for a finite propagation speed
of thermal signals. Compare [KGBB79| and [IOS10] for a general introduction.
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35Q74, 74F05.
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2 BENJAMIN DORICH AND JULIAN DORNER

Finally, we consider Maxwell’s equations in a bulk medium coupled to a system of
differential equations posed on an interface, modeling the nonlocal-in-time response
of an artificial two-dimensional metamaterial such as graphene.

To be more precise, all our examples fit in the more specific structure of ,
ie.

(1.2&) Oyx1 — Soxo = —BO+ f1
(1.2b) Oixo +S121 =0
(1.2¢) 00+ L =DB"r1 +g.

In the applications, the leapfrog scheme is the method of choice to discretize the
(spatially discrete) wave problem. It is explicit and preserves important geometric
properties of the solution. However, this scheme comes with a Courant—Friedrichs—
Lewy (CFL) condition which roughly speaking only allows for time steps 7 of the
order of the mesh size h. While this is widely accepted to be still competitive, the
situation changes if an explicit scheme is applied to a heat-type problem as well,
since here a scaling as 7 < h? is usually required. Thus, we propose to combine the
leapfrog method for the wave part with the implicit Crank—Nicolson method for
the heat part in order to solve the problem only under the weaker CFL condition.
Formal application of the scheme to a finite dimensional version of reads

(132) @} = b+ Sl - ZBO"+ LT,

(1.3b) eyt = a2 — r S22

(1.3¢) gt =0 — gL(@"+1 +6") + BT 4 g(g"“ +g"),
(1.34) ot = a2y Tyt - Tpnt g Ty,

at times t,, = n7 +to, for n > 0 subject to suitable initial values (2°, 6°). Equations
(1.34a), (1.3b), and (1.3d]) constitute the standard leapfrog scheme applied to the
wave equation (|1.2a)), (|1.2b]), with the heat variable entering as an additional source
term. Equation (1.3¢) is a Crank-Nicolson step for the heat variable, where the
source term arising from the wave coupling is evaluated at the temporal midpoint in
order to keep the overall coupling of both time-integration schemes explicit. Thus,
our scheme has the flavor of a Strang splitting scheme, solving both subproblems
in an interleaved fashion, each with a suitable scheme.

Since the application of an explicit scheme is not suitable on the operator level, we
discretize in space first. We present our discretization in an abstract manner in order
to cover the four examples mentioned above in a general framework. In particular,
we allow for conforming and non-conforming discretizations in the wave part. For
the spatially discrete error analysis, we follow the ideas of [HHST9] and collect the
different error contributions in a decomposition which allows for direct application
of results from the literature to derive the optimal error bounds. We emphasize
that we allow for stabilized non-conforming discretizations, and, thus, extend the
unified framework in [HHS19] about this important class of space discretization
schemes. The fully discrete scheme can then be analyzed as a perturbation of the
Crank—Nicolson method. The perturbation can be given a definite sign, which
yields a stable scheme under the desired CFL condition 7 < h. Further, let us note
that we employ summation-by-parts in order to avoid unphysical constraints on the
right-hand sides.
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To the best of our knowledge, there is hardly any work on the decoupling strate-
gies for wave—heat-type problems, apart from [LT12]. There, the stability of two
second-order two-step methods is analyzed. However, the analysis is restricted to
ordinary differential equations and does not provide any error bounds.

Nevertheless, there is a large literature available for the individual examples, and
we provide a non-exhaustive short overview of results in the following:

In the context of visco-elastic waves, an upwind-flux stabilized discontinuous
Galerkin method is a well-established scheme in geophysics, cf. [KD06, DK0G]. For
time-integration, implicit Runge-Kutta schemes are discussed in [HPS™15], as well
as space-time methods in [DEW16, DWZ19].

In the case of linear thermo-elasticity, various numerical and analytical ap-
proaches have been proposed in the literature. Boundary element methods for cou-
pled thermo-elastic problems in a scattering setting are investigated in [HSVSW19],
while in [JRO0] the problem is formulated and studied in the framework of abstract
evolution equations. Furthermore, qualitative stability properties for thermo-elastic
systems are analyzed in [BGN14].

For the Maxwell problem with discontinuous Galerkin discretization in space
there are the seminal works by Hesthaven & Warburton [HW02] and Fezoui et
al. [FLLPO03)], which lay the foundation for the time-domain Maxwell problem. A
generalization to dispersive media, which has structural similarities to our model,
was provided by Lanteri & Scheid [LS13], and more recently the authors laid the
foundation for the treatment of the interface problem in [DDH26].

The rest of the paper is organized as follows: In Section 2 we introduce the
analytical framework as well as the above-mentioned examples that fit into this
framework. We then introduce the abstract spatial discretization in Section |3} and
provide a semi-discrete error bound. In Section [ we derive our fully discrete
method, provide stability estimates, and show convergence of optimal order. Sec-
tion o[ is devoted to our examples. We discuss the spatial discretization in the
specific settings and apply our main results. Our numerical experiments in Sec-
tion [6] confirm the theoretical findings. Some computations are postponed to the

Appendix [A]

Notation. Throughout this work, we denote by L2(2) the standard Lebesgue
space of square integrable functions on a domain €2. The standard Sobolev spaces of
order k > 0 are denoted with H*(£2), as well as its closed subspace Hg () with van-
ishing trace. Further, we use the standard spaces for the weak divergence H (div),
together with its closed subspaces Hy(div), i.e. v-v = 0 on 99 for all v € Hy(div).
For a Hilbert space X, we denote its topological dual by X* together with the
induced norm. In addition, we write o < § if there is a constant C' independent of
the spatial mesh parameter h and the time step size 7 such that a < Cp.

2. ANALYTICAL FRAMEWORK AND MAIN EXAMPLES

We first discuss the analytical framework for the rest of the paper. For a rigorous
treatment, we move to a weak formulation of (|1.1]). Before we present the equation,
we introduce the two Gelfand triples

Y > XY™ Ve HoV?
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with dense embeddings, belonging to the wave and heat part, respectively. On
these spaces, we consider the bilinear forms

pr X xX =R, s:YxXxY =R,

p:HxH—>R, 5:VxV >R,
where p and p are simply the inner products of X and H, respectively, and s and
s encode the differential operators. Further, we introduce the coupling form

b:VxY >R,

In order to resemble the two-field structure of the wave part, cf. eq. (1.2, we
assume that the bilinear form p and s can be decomposed as

p(x,y) = pr(x1,y1) + p2(r2,¥2), s(x,y) = s1(w1,y2) — s2(w2,91),

and the coupling as well as the forcing only appears in the first component of the
wave system as

(2.1) b(0,y) = b(0, 1), p(f,y) = p1(f1,91),

With this, we can formulate problem as follows:
Seek z € CHR, X)NC(R,Y) and § € CY(R, H) N C(R, V) which satisfy

(2.2a) PO, y) + s(x,y) = —b(0,y) + p(f.y)

(2.2b) (340, ¢) +3(0, ) = b, ) + Bl ©),

for all y € Y and ¢ € V, as well as the initial conditions z(0) = z¢ and 6(0) = 6.
For the analysis, we make the following assumptions, which are verified later on for
our individual examples.

Assumption 2.1. (a) The bilinear forms p and p are inner products and induce
the norms
Iyl =p(y.y) and llF =Dple @),
for any y € X and ¢ € H.
(b) It holds that

s(y,y) =0 and $S(p,0) >0

foryeY and p € V.
(c) There exist spaces Z C 21 X 25 C Y x V and bilinear forms §: Z; x X and

~

b: Z9 x X such that it holds
s(z,y) +b(0,y) = 5(x,y) +b(0,y)
for all (x,0) € Zandy €Y.
Remark 2.2. The rather technical assumption in part (c) allows for coupling oper-
ators that do not act in the bulk but via an interface or boundary. Such a coupling

can be expressed indirectly via partial integration, which motivates our assumption.
A concrete examples is given later in Section [2.4]

Let us also emphasize that part (c) implies that a solution (x,8) of (2.2)) which
is continuous in Z also satisfies
(2.3) p(Ouz, y) + 5(z,y) = —b(0,y) + p(f,y)
for all y € X using a density argument. We also note that with some additional
notation, one could also treat a dissipative wave-type problem, i.e. s(y,y) > 0.
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This framework immediately allows for the following a-priori stability result.

Lemma 2.3. Letz € C1([0,T], X)NC([0,T],Y) and § € C*([0,T], H)NC([0,T],V)
be a solution of (2.2)), then

lz (@)% + 1011 < e(llz(0)I% + 10(0)]17) + eT(/0 1£ ()% + llg ()17 ds).

Proof. To obtain this result, we test with the solution in (2.2), apply Cauchy-
Schwarz as well as a (time-)weighted Young inequality, and conclude via the Gron-
wall lemma in [Emm99) Proposition 2.1]. O

Remark 2.4. We could also allow for nonlinear contributions f or g in (2.2), which
are locally Lipschitz in X or H, respectively. However, since this does not change
the analysis in an essential manner, we omit this here for the sake of presentation.

In the following sections, we discuss the examples from the introduction and
show how they fit into the framework from above.

2.1. Thermo-elastic string. Our first example concerns the modelling of a string
on an interval Q = (a,b) with displacement u subject to a heating field 6, see for
example Section 3.3.1 in [BGN14]. The governing equations read

(2.4a) OPu— 02u=—0,0 + f,
(2.4b) 010 — 020 = —0,00u + g.

In order to fit this problem into our general framework, we have to make the
(unusual) definition z = (Jsu,w). If we want to change the positions, we simply
have to change the roles of the first and second component of x in the rest of this
work. Consequently, we define the spaces

X=L*(Q) x Hy(Q), Y=H)Q) xHj(Q), H=L*Q), V=HQ),

as well as the forms
p() = Codpexmys s1(@1,y2) = =021, 0ay2) 12, s2(22,91) = s1(w2,91),
pise) = (e 5(5) = (s

such that part (a) and (b) of Assumption are satisfied. Further, we define the

coupling form

b(@? .’IJ) = _<a:r‘Pu 8tu>L2ﬂ

and observe that the extended bilinear forms in Assumption (c) can be chosen
to be the original ones.

2.2. Non-local in time visco-elasticity and acoustics. In our second example
we treat wave propagation in visco-elastic solids and its acoustic analogue. We
begin with the visco-elastic wave equations, i.e., elastic waves in solids subject to
non-local in time material laws.

Let Q C R?, d € {2,3}, denote the spatial domain. We denote by v the velocity
field and by o; the symmetric stress tensors corresponding to different relaxation
mechanisms, ¢ = 0,...,G. The strain-rate tensor is given by e(v) = Sym(Dwv).
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They satisfy the system
G

(2.5a) pov —diveoy = Zdiv o+ f,
i=1
(2.5b) Cytoway — e(v) =0,
(2.5¢) C; oo + (Cimi) Loy = e(v), i=1,...,G.

To fit this problem into our abstract framework, we split the unknowns in
x = (v,00), 0= (o1,...,0a6),
and choose the spaces

X = L)y = HYQ,RY) x H(div, Q,RED),

sym

H=r*Q%" vV =H(div,Q RXHC
For x = (v,09), y = (w,00) and 0 = (o1,...,0¢) we define

p(z,y) = (pv,w) 2 + <Co_10075'v0>L2,

s(z,y) = —(diveg, w) 2 — (e(v),00) 2,
R G
B(6.0) =) (Ci'oiGi)Le,
=1
G

5(6,6) = Z((Cm)_lo'i, oi)r2,
i=1

and the coupling form
_ G G
b(0,2) = = > (dive,v)re =Y (04,€(v)) 12,
i=1 i=1
where the second equality follows from integration by parts and the homogeneous
boundary conditions. Note that by using the first equality for b the extended
bilinear forms in Assumption (c) can be chosen to be the original ones.

A scalar visco-acoustic analogue of this model is obtained by replacing the tensor-
valued stresses o; by scalar pressures p;, i = 0,...,G, and the shear modulus by
the bulk modulus . This leads to the system

G
(2.6a) pov — Vpg = Z Vp; + f,
i=1
(2.6b) K t0ypo — divw = 0,
(2.6¢) (kTp) " 0sps + (k7pTi) " 'p; = divw, i=1,...,G.

To fit (2.6) into our framework, we again split

il':('U,p()), 9:(]917...,]76'),

and choose
X = L)%, Y = Hy(div, Q,RY) x H(Q),

H=1*Q¢% V=H(QC
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For = (v,pg), y = (w, qo) we set

p(z,y) = (pv,w)r2)a + ("' po, qo) 12,
s(z,y) = —(Vpo,w)r2 — (divw, qo) 2,
15(97 é\) = <(KTP)_197 é\>(If")cv

G
5(6,0) = Z<(H7—P7'i)71pi7ﬁi>L2a
i=1
and the coupling form
B €]
b(0,2) = = > (Vp;,v)pe.
i=1
Again, the extended bilinear forms in Assumption (c) can be chosen to be the
original ones.

2.3. Thermo-elastic wave coupling. Our third example concerns elastic solids
coupled with heat conduction.

Let © C R, d € {2,3}, be the spatial domain. We consider the displacement
field u and the scalar temperature distribution 8, which satisfy the linear thermo-
elastic system

pOiu — pAu — (A + p)V(divu) = aVe + pf,
0 — kAO = adiv(dyu) + h,
with Lamé parameters A > 0, u > 0, coupling parameter a > 0, and thermal

diffusivity x > 0. We rewrite the system in terms of the velocity v = 0;u and the
symmetric stress o, to obtain

(2.7a) pov —dive = aVo + pf,
(2.7b) oo — Ce(v) =0,
(2.7¢) O — kA = adivo + b,

where Cw = 2pw + A tr(w)I is the isotropic elasticity tensor and e(v) = Sym(Dwv)
the symmetric gradient.

To fit into our abstract framework, we collect the mechanical unknowns in
x = (v, o) and treat the temperature as the “heat part” §. We choose the spaces

X = LX)y = H)(Q,RY) x H(div, Q,RED),
H = L*(Q), V = H} Q).

For x = (v,0) and y = (v,0) we define

p(m,y) = <pvv§>L2 + <C_1U7&>L27 S(.’)L‘7y) = —<diV0',a>L2 - <6(v)7&>L27

(0,6) = (0,0) 12, 5(6,0) = (kV0,V0) 2,

and the coupling form

b(0,z) = —(aVl,v) 2.

As in the previous examples, the extended bilinear forms in Assumption (c) can
be chosen to be the original ones.
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2.4. Maxwell equation with dissipative 2D material. Our last example mod-
els the light-matter interaction of thin, two-dimensional metamaterials, like graph-
ene. For the sake of presentation, we omit any physical constants.

Let 2 = (—1,1)x (0, 1)? denote a rectangular domain, partitioned by an interface
Fint such that

0 =(-1,0) x (0,1)%, Q9 =(0,1) x (0,1)%, Fp = {0} x (0,1)%

Besides the electric and magnetic field £ and H, defined on €2;, we further have a

set of auxiliary fields (61,...,6;) on the interface Fi,; with values parallel to the
interface. The governing equations read

(2.8a) O E —curlH = J, in [0,7] x Q;,

(2.8b) OH +curl E =0, in [0, 7] x Q4,

(2.8¢) 00+ (L ® 12)0 = (ce @ ) E) + g, on [0,T] X Fin,

where Ey is the tangential projection of E onto Fiy, the matrix L € REXE g
symmetric and positive definite, and ¢, € {0, 1}, ¢; # 0, is the coupling vector.

In order to close the system described by (2.8)), a coupling of the auxiliary vari-
ables into the Maxwell system needs to be described. This is formally given by the
interface condition

(2.8d) [H x nint]r,, = —(cf @ )0,

where Iy = diag(1,1), the vector ni, denotes the unit normal on Fi,, and the
double bracket the jump at the interface. The latter condition has to be carefully
included into the system via the domain of the operators since the coupling is not
described by an operator defined on the bulk. We will further elaborate on this at
the end of the section.

To fit this problem into our abstract framework, we set = (x1,22) = (E, H)
and use the spaces

X =L*Q)°% Y = HX(curl) x H™(curl),
H=V=L*Fw)?*, (eN,,
with the regularized curl-spaces
H)™(curl) = { B € L*(Q)® | cwrl E € L*(Q)®, B € L*(Fi)?, Exv =0},
H™(curl) = { H € L*(Q)* | curl H € L*(Q)®, [H x n]p,,, € L*(Fine)? }.
Here, curl denotes a piecewise curl, i.e. for E € L?(Q)? we define
el B € L2(Q)* & cwlE|, € LX) i€ {1,2}.

For any details on those spaces and the resulting traces we refer to [ACL18]| Sec. 2.2.2].
Finally, we define the forms
P(‘7 ) = <‘a '>L2(Q)6,
PCs) = G pema2
s(z,y) = —p(curl z1, y2) + p(x2, curlyy),
5(0,9) = p((L © I2)0, @),
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with coupling form

b(w,z) = p(p, (ce @ I2)x1 ).

Standard results yield that part (a) and (b) of Assumption are satisfied.
As mentioned before, we include condition (2.8d]) in the operator domain and
define
Z=Y xV{[z2 X nine] ;i = —(cf ® I2)6},

together with the extended forms

b=0, s(z,y) = p(curlzy, y2) — pcurl za, y1).

Assumption (c) is now an integration-by-parts formula, describing the interplay
of the piecewise defined fields and the definition of the domain Z. It is obtained
by applying [ACLI18, Thm. 2.2.18] piecewise on both sub-domains together with a
density argument.

3. SPATIAL DISCRETIZATION

We now turn to the discretization of in space. We therefore consider the
finite dimensional spaces Y}, and V}, for the discrete wave function z; and discrete
heat function ;. Since we do not only consider conforming methods for the wave
problem, we do not assume the discrete spaces Y}, to be subspaces of Y, but only

(3.1) Y,CX and V,CVWV.

In addition, we also use the subspaces with the weaker norms induced by p and p
and denote them by X, and Hj, respectively. Thus, we can keep the forms p, p
and s for the spatial discretization and only focus on the discrete counterparts of s
and b. We consider

sh: (Y +Y)x (Y +Y,) =R, by: Hyx (Y +Y,) >R,

and can thus formulate the semi discrete problem as follows:
Seek zj, € C1([0,7T],Y3) and 6, € C1([0,T],V},) such that

(3.2a) P(Oczh, yn) + sn(Th,yn) = _Eh(ehvyh) + p(fnyn),
(3.2b) 50401, on) + 3(0n, o) = bi(on, x1) + Bgn, 1),

holds for all y;, € Y}, and ¢, € V}, with initial conditions x,(0) = xj,0 and 0,(0) =
Oh0-

Remark 3.1. We could also treat the more general case of a non-conforming method
for the heat part, where the second part of is not satisfied, for example using
mass lumping or symmetric interior penalty dG for the heat part. However, this
only leads to a repetition of the arguments from the wave part, and we thus omit
this for the sake of readability.

In the following, we make two structural assumptions on the discrete form for
the wave part. The first one guarantees that up to a stabilization term, the skew-
adjointness is preserved. Furthermore, we assume that the stabilization only acts
on discrete functions.
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Assumption 3.2. (a) The discrete form s, can be decomposed into a skew-
symmetric and positive (stabilization) part as s;, = sj, + s, which satisfy
sp(Wnsyn) =0, sp(Ynyn) =0

for all y, € Yj,.

(b) For all y € Y, the stabilization vanishes, i.e.,

32(3}, yh) =0

for all y, € Yj.

The next assumption is a consistency condition which allows us to incorporate

coupling information of the wave part from the domain into the error analysis via
integration by parts, see Remark [2.2]

Assumption 3.3. For (z,0) € Z and y;, € X}, it holds the generalized consistency
condition

sn (@, yn) + bu (60, y0.) = 3w, yn) + b6, 1),
where 3 and b are defined in Assumption

The positive part in our discretization stems from numerical stabilization such
as upwinding, commonly used with discontinuous Galerkin methods. We associate
with it a semi-norm |yn|%, = s} (yn,ys) and note, due to the skew-adjointness of

h

s3,, the relation

(3.3) su(yn,yn) = lynler

For the best approximation result, we further require several projections into the
discrete spaces. We consider the orthogonal projections

P,: X =Y, Pu:H—V,,

with respect to the inner products p and p, respectively, and also the reference
operators

Jh: Y—)Yh Jh: V—)Vh.
In the spirit of [HHS19], we define the following errors terms in order to keep track
of the different contributions and to estimate them for the specific examples:

(3.4a) Ap(x,yn) = p(Jrnx — x,yn),

(3.4b) A, b(x 0.yn) = sn(Jnz, yn) + bn(Jnb,yn) — 3(x, yn) — b6, yn),
(3.4¢) Af(yn) = p(frn — f,yn),

(3.40) AD(, on) = B(Jub — 0, 0n),

(3.4e) Asp(,0,0n) = 3(Jn0 — 0,0n) = bi(pn, Jnx) + b(eon, @),
(3.4f) Ag(en) = plgn — g, ¢n)-

Here, the errors in (3.4a)) and (3.4d) constitute best-approximation errors, the
terms (3.4b]) and (3.4e]) contain the approximation of the differential and coupling
operators, and @Dnd describe the approximation of the right-hand sides.
This allows us to formulate the following abstract error result for the discrete errors

(35) eh(t) = Jhx(t) - xh(t), Eh(t) = th(t) - Hh(t).
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The full error is then decomposed in the discrete error and some best-approximation
€rror.

Theorem 3.4. Let z € C1([0,T),Y) and § € C1([0,T],V) be the solution of ([2.2)),
which satisfies (z,0) € C*([0,T), Z), and (xy,0p) the solution of (3.2)). Further, let
Assumptions and hold true. Then, the errors defined in (3.5)) satisfy

t
len(®ll%, + len(®)], + / en(t)2, ds
t
< [len (@)%, + len(O)%, + / |Ap(@)%: + I1AB(@O) 3 ds

t t t
4] [ Bustw0enyas| + [ 1Boae 00 ds+ [ 1871 + 189l ds
0 0 0

with constants independent of h.

We note that in order to later treat upwinded schemes, we have to leave the term
Asp on the right-hand side, since, depending on the chosen stabilization, the error
en, is estimated either in the standard norm or the stabilization semi-norm leading
to different orders of convergence in the spatial parameter h. This will be discussed
in detail in the corresponding examples below.

Proof of Theorem[3.J] We insert the projected exact solutions into the discretized
equations (3.2)) to obtain

PO Tn, yn) + sn(Jnw, yn) + bn(Jnb, yn) — p(Fns yn)
+ (0 In0, on) + 3T, n) — b (on, Juz) — Blgn. en)
= (@i, yn) + Ap(Orzz, yn) + 3, yn) + b0, yn) + (. 0,90) = p(f.91) = Af ()
+P(010, on) + AP(9:0, on) +3(0, on) — blion, @)
+ Ay (.0, 0n) — B9, on) — Agleon)
= Ap(Qra,yn) + D@ 0,yn) — Af(yn) + D00, on) + Dy, 0, 1) — Agleon),
where we used in the last step that (2.2) also holds when tested with discrete
functions (yn,n) € Xp x Hp, see Subtracting , we obtain the error
equation
P(Orens yn) + sn(ens yn) + bulen, yn) + B(Duens on) + (ens on) — bn(on, en)
= Ap(Dyw, yn) + Ds (.0, yn) — Af(yn) + D010, on) + s (@, 0, 0n) — Aglpn).
Testing with (yn,n) = (en,€n), using (3.3), integrating in time, and finally a

weighted Gronwall argument yields the claim. O

4. FULL DISCRETIZATION

Since we aim to apply a leapfrog-type method to the wave system, we need
to exploit again the two-field structure of the problem and assume that also the
discrete bilinear form s; can be decomposed as

$h(Thy Yn) = $n,1(Th,1:Yn,2) — $n,2(Th,2,Yn,1)s
and we have the representation

sh(xh,yn) = Si’l(xh,h Yn,1) + Ssz(wh,z,yh,z)
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for the stabilization. Further, the coupling term is given by

b1 (On, yn) = bu(On, Y1),
see (2.1)). With this, we can formulate our problem equivalently as

(4.1a) p1(Oeh1,Yn1) — Sn2(@h2,yn1) = —bn(On,yn1) + p1(fr1,Yn1)
(4.1b) P2(0sh,2,Yn2) + sn,1(Th,1,Yn2) =0

(4.1c) P(0On, o) + 35(0n, on) = bn(en, zn1) + plgn, n)

or in the strong form as

(4.2a) Oxn — Shpthe + Sy 1T = —Bibp + fna

(4.2b) Th2 + SpaTh,1 + Sp 4Th2 =0

(4.2¢) 010 + Lynbn = Brxn1 + gn,

which is the starting point for our time integration scheme.

4.1. Derivation of the method. In the following, we denote the time step size as
7 > 0 and define the times t,, = n7, n > 0. In order to see the structural similarity
of our fully discrete method, we formulate the system as a single first-order evolution
equation with variable U = (J:l, To, 9) in the form

0 _SQ B fl
(4.3) OUt)+ AUt =FFt), A= S 0 0], F=10
-B* 0 L g

Further, we introduce the fully discrete approximations and their collections

332,1 ~ mh,l(tn)ﬂ x;zl,2 ~ xhﬂ(tn% Z ~ eh(tn>7 u}TLL = (:L‘Z’D.%‘Z’% 92)

We derive our time stepping scheme in two steps. Assume for a moment that the
field 05, is known at all time steps. The well-known leapfrog scheme for the wave
equation described by (4.2a) and (4.2b]) in half-step formulation (staggered) then
reads

+1/2 _ T T T
(4.4a) wZ 1 / T+ Sh 2Th o — 252 1Th1— §Bh92 + §fﬁ1,
(4.4b) ngl =Tho — TSh 1%“/2 — TS}, 5T 2
-
(4.4c) Tt = n+1/2 + S h2Thh — 535,1562,1 - §Bh92+1 + f”“-

1/2 . . o
Here, xZJ; 2~ 5 (x;ﬁl + ap 1) is a second order in 7 approximation to the mean

value. Since the stabilization terms break the Hamiltonian structure of the discrete
wave equation, it is common practice to apply them in such a way that the scheme
stays explicit. Note that (4.4a) and are explicitly computable from known
values at time t = ¢,,. Ste, on the other hand, is not explicitly computable
since it demands the yet unknown value 92+1. In hope to omit any CFL condition
from the heat part, we introduce a Crank—Nicolson step for , which reads

(45) O =6 = SLu(6p 4+ 605) + S Bi(an it +ahy) + S (g +gi)-

The average of xj,1 in (4.5) makes the coupling of (4.5) and (4.4c|) implicit, which
we want to avoid. Circumventing this, we replace the average with the already
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n+1/2

calculated half-step and obtain the approximation

" 7 T n * M n
(4.6) Ot ~ 0 — 5Ln (07t +05) + Tththl/Q + 2( ygn).

Since the half-step is a second order in 7 approximation of the average, we expect
the scheme described by the coupling of and to keep its good properties
and convergence rate.

Summarizing this, our proposed time stepping scheme reads

(47a) @it = a4 S Shanhs — S iy — S Babh + S fil,

(4.7b) ngl =}y — TSh, 1xn+1/2 TSh 3% 25

(4.7¢) optt = o5 — 5Lh(@”+1 +05) + B S+ ap),
(4.7d) anit = el DS - ZSh ek, — SBubT + S A

The rest of this manuscript is devoted to proving stability and convergence of the
scheme, and to applying the results to our model examples.

4.2. Stability. We prove stability by rewriting (4.7) as a perturbed evolution equa-
tion, deploying energy estimates and closing with a Gronwall-type argument. Let
{an}n>0 C R¢ be a sequence for given ¢ > 1. We define the average and discrete
derivative of the series as

an-‘rl _ an-i—l + a™ 5 an+1 _ O[n+1 —am

2 ’ 4 T

We derive the perturbed evolution equation of (4.7). Subtraction of (4.7d) from
(4.7a) and rearranging gives

, n > 0.

2
48) et =aptt o %Sh,zafx +2 B 0,00+ — —8 i
Addition of (4.7a)) and (4.7d)) on the other hand shows
-n—+1 —n+1
(4.9) 6~,—zhl Sh 21: +S .'I:h1+Bh0h 7fh1 .

Insertion of (4.8) in (4.7b) gives

ath *Shlx +Sh2$h2
(4.10) 72 . ) .
= ZSh’lsh,ga,—.’L‘Z:g — Sh 1By, 0; 9n+ —l— Sh 10- fn+ .

Again, insertion of (4.8) in (4.7c]) shows

n n+1 "
0,0 +1+Lheh — Byt

(4.11)

77L+1_7BS a n+1
=9 1 Pn h,20: 2}, + 1

Gathering (4.9)), (4.10) and (4.11]), we obtain the perturbed discrete evolution equa-
tion for the collection U}} = (x;;l, T o, 02)

(4.12)
2
(1= 58h = Du) oty ™ + (Au+ Sa)ly, = F - Lgha gt nzo,

BhBha optt — tha .
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where F}' = (f,?,l,(),gZ) and

0 —Sh2 By Sﬁl 0 0
(4.13) Av={Sw 0 0], Sh= 0 st,ool,
-Br 0 L 0 0
0 0 0
(4.14) D=0 SpiShz —SkiBn|, Gn=1|—-5n 1)
0 —B:S,» BB

and the application of G, is understood component wise.

Lemma 4.1. Let Assumptions[2-1] and[3.9 hold.
(a) The operator Ay, : Y X Vi, = Yy, X V3, is accretive, i.e.,

(ArVi, Vi)pxp >0, YV, €Yy x V.
(b) Let Vi, Wy, € Yy, x Vi, If the last component of Vy, or W, is zero, then
(4.15) (AVi, Wh)pxi = — (Vi AnWh) pxp-
Proof. (a) Let Vj, = (yh,l,yh,z7 @h) €Y}, x V,,. By definition, we obtain

(AnVh, Vi) pxs = P1(=Sh,2Yn,2,Yn,1) + P1(Bron, Yn,1) + p2(Sha¥n,1, Yn,2)
+p(—=Bhyn1,¢n) + D(Lnpn, ¢n)
= 51,1(Un,1,Yn,2) — Sh2(Yn.2, Yn,1) + 5(0n, ¢n)
+ bn(®ns Y1) — bu(Pn, Yn,1)

= 83, (Un>yn) + 3(¢n, ¢n)

= 5(n, on)
>0,

where ¥, = (Yn,1,Yn,2) and Assumption and were used in the last inequality.
The second claim (b) is a direct consequence of Assumption O

In the following, we frequently use the discrete version of differentiation of a
square norm. Let {a"},>o C R, for £ > 1, and | - |, denote the Euclidean norm.
It holds that

1 n 1 n n n —=n
(4.16) 875|a |2 = §(|a T2 —1a"f) = 00" - am.

We obtain the following equality for the perturbation.

Lemma 4.2. Let {V'},,>0 C Y}, x V},. It holds for n >0

n Tt n n n n
D0V T = L (ISnari s — B, — Snashs — BRI,



LEAPFROG CRANK-NICOLSON DECOUPLING OF WAVE-HEAT-TYPE PROBLEMS 15

Proof. We use the definition in (4.14), and compute
(DO VN ) s = p2(Sh 1S 202} 5L EEY) — pa(Sna Budr 03+, 8, )
—m&wmax%%% ")+ BB B, 08,
= p1(Sn20rap ', SnaThh!) — pl(Bh(? Op ", SnaTh s
— p1(Sh20ra}h Bhé)h Y+ pu(Bo, 03+, B,

_ +1
=p1(5h,23T$h72 — Bro- 03, Sy, 236245 — By, )

)

27
where we employed (4.16)) in the last step. ([

1
= 5= (ISh2wy s = Babp 12, — ISt — Babpl2, )

This allows us to conclude the following energy inequality for some general right-
hand side. Later on, this estimate will also be used for the error recursion and the
defects as right-hand sides.

Lemma 4.3. Let K] = (kZ"{l,kZ‘gl, kit € Xy x Hy forn > 0. Then, the
Tecursion

T 7'2 n—+1
(4.17) (1= 58n = T PW)IU + (A + S)Uy T =K+ n>0,
satisfies for n > 0 the estimate
[T R "ﬂ%‘*%wﬂﬂ B, + 2rlzn

(4.18)

n+1
<:nqupo—féwxz@g—fignszang =~ BRI, + 2r (K T

Proof. We test (4.17) with HZH and obtain for the first term and (4.16]) that
n n+1 n
O T = o (1 By 1047 25)-
For the second term we obtain again w1th -
n 7+l n
<Sha U, i Uy, >px17 | +1‘2h - *‘ h|

The third term is already controlled by Lemma. 4.2] thus it remains to estimate the
fourth term. With Lemma we see that

—n+1 —n+1

|—n+1|2p _ <8huh n+1 —n+1

Uy o < (A +8n)Uy, U,

Gathering all estimates and multiplication with 27 proves the claim. O

>p><i7

We proceed to prove stability under the following CFL condition.

Assumption 4.4. Given n € (0,1) there exists 7cpr, > 0 such that for all 7 < 7opy
and U, = (zp,0n) € Y x V}, it holds
72 9 72 5
(4.19) 5 [Sh2znzllp, + 7||Bh9h|| +7lanlZe < nlltall} -
We note that the assumption directly implies the bound
(4.20) T|Shll < m,

which is used throughout the error analysis.
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Remark 4.5. Note that we expect the first two norms in (4.19) to scale inversely with

the minimal mesh size hApin, and the third with hl/ Thus we consider a step-size
restriction 7 & hpyi,. Usually, the stabilization depends on a user-given parameter
set. The second norm in is expected to scale inversely with these parameters.
Hence, the CFL condition becomes slightly worse with stronger stabilization.

Theorem 4.6. Let Assumption hold. For the recursion (4.17)) it holds

¢ ¢
@ =l s + 5 Z AR A

n+1
g4
< 63/QHZ/{h”pxp TZ ||K +1||p><p

Proof. Summation in (4.18]) shows

n T mn
[t [ +2TZ e R [ N L A
£=0
7 n+1 n+1 241 774+1
—I\Shzx — Buo} ||m+2TZ KUy ) s
£=0
With (4.19)), we conclude that
= 041
(= + QTZ T < R+ 27 D (G UL e
£=0 £=0
We estimate the remaining product with Young and obtain
- y) —l+1 T ~ Y
2 S U T s < O TS (U 2+ 42
£=0 =0
TT i e+1
+ a=n Z 1K 2 5

£=0

Therefore, we see that

(L= 5z + 5 Z Jary, "t a2

)T S Tr
< ”uh”pxp 2T 5 Z(||u£+1||p><p + ||uh||p><ﬁ) + (1 . 77) Z || Z+1||p><p
£=0 £=0

Finally, the application of a discrete Gronwall estimate [Emm99, Proposition 4.1]
proves the claim. O

Using the CFL condition (4.19)) and the special structure of the right-hand side,
we may conclude the following stability estimate.
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Corollary 4.7. Let Assumption hold. Then, the time integration scheme (4.7)
is stable and

¢ 14
(1= mlledy ™ s + 5 Z " + b3

3/2 26’3/2T = L2 02
<22+ a=n" Y @+l a7, + Nghll3
1=0

Proof. First we note that the CFL condition (4.19) on S}, 2 implies the same con-
dition on Sy ; by adjointness. It holds that

T T
ﬁp2(5h71$h,17xh,2) = \ﬁpl(xh,la Sh,2Zh,2)
T
< ||33h,1||p1ﬁllsh,ﬂmllpl
<02 [en 1 llp, 1 x5
which implies that 72(|Sp12n,1(2, < 40||Un |25 Thus, we obtain

pXp’

4
T n n n
1Gno- 135 IISh 10-fr 1, + IIBh3 Az

PXP
< nzllf) e,

(Hf"“llpl + Il

Furthermore, we see that

—=n+1 n n n
IFn 2xg < IFETHE + A5, + lgn T HIE + lgrll3-
The claim now follows with K,’ZH Z—H + Gro- fm'1 and Theorem O

4.3. Error analysis. In the following, we derive an error recursion in the form of
in order to exploit the derived stability estimates, where the right-hand side
will be given by the defects. Thus, we derive the defects in the first step. We begin
with the defect of the Crank—Nicolson method and treat the rest as a perturbation.
We introduce the full projections in the collection variable

Py, = (PP,  Jn=(JnJn)
and abbreviate U™ = U(t,). The defect D" is given as
O, It + AthH"“ + SpIaUm =F '+ DAL
Inserting the exact solution , the defect has the form
D&t = PhD"+1 + SpInld" + 0, (3 — Pp)U" T
(AT - PR L F F
where D**1 is given by

1
Dt =72 / k(o) O3U(t, + 7o) do
0

for some bounded Peano kernel k. In the following Lemma, we provide estimates
of this defect, noting that all the terms defined in (3.4]) appear again.
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Lemma 4.8. Let V), = (yh,1,yh72,<ph) € Y, x Vi, The defect can be decomposed
nto
<D7(IJ?\I ’Vh>p><p <DT(L,‘JJFV1>Vh>pXP + A (7”—‘_1 ‘9 yh)a
where the first part satisfies the estimate

IDER Ix; ;. < T2 1O7U | xr + (1 + )IIAP(a " x; + 12P(0-0" ) |

—n+1 _
+A (@ E" )IIH; AT A + AT s,
without additional constants.

Proof. The first part of the estimate follows directly from the boundedness of the
Peano kernel. Further, we note that for the discrete test function V}, we have

(0: (T, = P)U™ Vi) o = Ap(0-2™ T yp) + AP(0-0"1 03),

and taking into account the manipulation

n+1

SpJpd" + (Apdy, —PLAU = *%Sh‘]harunﬂ ((Ap + Sn)Jn — PrLAU ut,

we recover by a straightforward calculation

(Ap 4+ 8n)In — PR AU V) ps = Ag (@, 0" 7yh) + A (@ 0" MPh)-

Similarly, the right-hand side terms are treated as

n+1

ntl =ntl +1 —n
Fr = Fun Vadps = AT (n) + A7 (00):

It remains to consider the stabilization term. We exploit that by Assumption
the exact solution vanishes under the stabilization operator, and obtain, using the

CFL condition ,
58I 0L iy = |5 SnU = IOy < 318902 x;.
since the stabilization operator acts on the wave part only. O
Turning now to the full defect, we define
O I U™M Athﬂ"“ +SpIU"

=F 4 PP R 79 O fr it + DR + Dy

and thus we obtain the representation
n+1 T2 n+1 T2 n+1
DLFCN = —ZDhaTJhu + ZghanhJ 5
which we study in more detail in the next lemma.

Lemma 4.9. The defect DZFCN can be factorized as
9 qart1t
Difby = T Ad, D™ D= |0,
0
with
A" — PLow ™ = (Spadpy — PrSo)ay ™t — (B, — PAB)0" T+ frit — P



LEAPFROG CRANK-NICOLSON DECOUPLING OF WAVE-HEAT-TYPE PROBLEMS 19

Further, we have the estimates for k = 1,2
T|OF D" |y < T2 (1AL, (052", 050" | x;
AL [ | x; + 1070 I x; )
78,/ 20- D" |1x; <2 (|1A7 (0" 00" x;
+ 180 [ [ x; + AP0, 832 ) x;).
with constants independent of h and 7, and Aj , is defined as Ay, in without

the stabilization terms.

Proof. For clarity, we omit all explicit time indices on the solution at time ¢,,41.
Writing the defect in its components, we observe

0
Dthu = Sh71(5h72Jé$2 - BhchQ) = —gh(Sh’gJﬁxQ - thhe)
_BZ(S}L’QJ}].;.’IJQ - BthG)
as well as
z1
ghCL‘l = —Ah 0
0

In particular, this gives the proposed structure, and we have to estimate d"*! and
its discrete derivatives. First, we expand by using —0ix1 = —Ssxo + Bl — f1

d— P;18t$1 = S}L72J;1L$2 - thhe + fh71 + Pé(—Sgl‘g + BO — fl)
= (Sh2Jh — PhS2)ws — (BpJn — PAB)0 + fa1 — Py fr.
We take the inner product with a discrete function y, 1 to see

pi(d — 91, yna) = p1((ShaJi — PESa)ws — (Bpdy — PEB)0 + fri — PLfi,uni)
= spo( S22, yn1) — s2(22,Yn,1) — bh(jh97yh,1) +b(0,yn1)
+p1(fn1 = f1,Yn1)
=A% (2,0, (Yn,1,0)) + Af(yn),

and we can directly deduce the first bound. For the second estimate, we again
exploit that d;xq vanishes under the stabilization operator, and thus we have

Sy 1 Pydyy = S}, (Py — 1)y,
and the CFL condition (4.20]) gives the second estimate. d

Finally, we can define the discrete error £ = (e}, €7!) = J,U™ — U}* and obtain

by subtraction of the above representation from the numerical method
2 2
T T —n+1 T ~

(421) (1-58h - th)an:;;“ + (Ap +8p)E, =Dk + A0 D"
where we used the same identity as in the proof of Lemma[£:3] These preparations
now allow us to deduce our second main result. We note that the limit 7 — 0
formally recovers the statement of Theorem [3.4



20 BENJAMIN DORICH AND JULIAN DORNER

Theorem 4.10. Let x € CY([0,T],Y) and 6§ € C([0,T],V) be the solution of
[2.2), which satisfies (x,0) € C1([0,T], Z) andU € C*[0,T],X x H), and (x},07)

the solution of (4.7). Further, let Assumptions and hold true.
Then, the fully discrete errors satisfy

0
leit 1%, + e, + 5 } Ik +ef
S lleall%, + llenll? +C()
~ €nllx, EnllHy T

n
¢ =5 gt -0+l —¢
+7 3 AP s + IIABE 6. + AT I + 1451
=0

n |TZAsb gt et |+TZ||A 203
=0 =0

+TZ (1A3 (02102071 % + [ AOZF %, + 1020027 % )

+7 Z (A2 072, 807N 1%, + 120, "%, + [ Ap(9: 8 )|, )

with constants independent of h and 7.

Proof. Using Lemma and summing for £ = 0,...,n, it remains to estimate
" r+1 72 ~
27y (K4 € Dpwp  with Kit = DGR + o And: D
£=0
We can estimate as in Lemma but have to take care of the latter term
72 Me1 gltl
2r > (A0 DL E )

Since D’*1 is zero in its last component, we use the skew-adjointness of A, in
(4.15) and insert the error equation to obtain by Lemma

14
— (0. D" AE ) s

e+1 T 7 41 Z+1 £+1 ~0+1

= (0: D (I = 58— D)0 — SuE,, + A8, DY 5
~ T 72 ~ — 041

= (0:D"" (I = 581 = T DW)0E )y — (870D 8,%€, )

+ (@ﬁul,ﬁé}l)pxﬁﬂ- As,b(f4+1’§e+1’8752+1)’
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where we again used the skew-adjointness for the cancellation of the A, D1 term.
For the first term, we apply summation by parts and conclude

¢ 41 T 72 241
e Z(&D = §Sh - Z'Dh)afgh Vx5

2 2 70+1 T 7 ¢
= _ZT Z@ D (I - 55}1 - ?Dh)gﬁpxﬁ

72

T gt 71 _Te
+ (0, DM (- 58y,

72

4 ’Dh)g}?+1>p><17

72

M1 T 7 0
- Z@TD (= §5h - ZDh)gh>p><ﬁ'
Lemma and the CFL condition (4.19) then provide the bounds for this term.
Similarly, we use for v > 0 sufficiently small that

72 ~ =41 ~

T80 D 8,76, sl < O 18)/ 20 D 3 e+ ey,
and thus the stabilization part can be absorbed into the left-hand side. Finally,
the mixed defect term is estimated combining Lemma [£.8) and and the discrete
Gronwall estimate [Emm99, Proposition 4.1] gives the desired bound. O

Remark 4.11. In principle one can also circumvent the summation-by-parts tech-
nique if the application of A}, to the defect is bounded. But as soon as L2-adjoints
of traces come into play, this is not possible anymore.

5. APPLICATION TO EXAMPLES AND NUMERICAL EXPERIMENTS

In this section, we finally apply the results obtained in Sections [3 and [4] to the
examples presented before. Without explicitly stating this everywhere, the discrete
derivatives can be bounded by the maximums norm of their continuous counterpart
without any additional constants, see for example [DN24, Lemma 4.2].

5.1. Thermo-elastic string. For the example in Section we employ contin-
uous finite elements of order ¢ > 1 to the heat and k > 1 to the wave part, and
thus no stabilization is used. In addition, we apply a conforming method and thus
use the continuous bilinear forms also in the discrete case, and allow for k < £+ 1.
In particular, Assumptions and are satisfied. Concerning the projections,
we employ the Ritz projection Ry, and the L2-projection 7, via P, = (75, Ry,) and
ﬁh = m,. For the reference operators, we choose J, = (Rp,Rp) and jh = Ry,.
All the upcoming approximation results can be found in the book [BS08]. For the
initial values and the right-hand side, we employ the interpolation Z. To shorten
notation for linear elements, we set k* = max{k, 2}, and can thus conclude for the
initial data and the sources

len(0)llx, + llen(0)1x,, S A* (10l x + [0Ful grae ) + B340 e,
1Al x: + 1Aglmr S B flgee + B glgren .
By the choice of the reference operators, we also obtain

1Ap(Bex)llx; + I AB(OO) Il S B OFul s + W40 provs.
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For this problem, we use the fact that X; C Y holds, and thus obtain

t t
| / Agp(z,0,ep)ds| = |/ sh(Jnx,en) + bn(Jnb,en) — sz, en) — b(0,er) ds|
0 0

t t
= |/ b(Jh9—97eh)ds\ = |/ <Jh9—9,816h71>L2 dS‘,
0 0

where we used the definition of J;, in the second last step, and integration by parts
in space in the last one. The error equation implies Oiep, 2 = Sh,1€n,1, where in this
example Sp, 1 = I. Furthermore, integration by parts in time leads to

t
| / Agp(z,0,ep)ds|
0

t
S h£+1|at9|cl([0,t];H“+1)(/ llenllx, ds + llea(®)lx, + llea(0)]x,),
0

In the fully discrete case, we have to bound the sum using summation by parts

*Z-i-l —+1
TE A €+1 ,€Eh Z+1 *TE Jh9 —0 8T h1Z+1>L2
=0

n n V4
~_n+l  —n+l ~ 041 —0+1
= (Wb =0 0y T e AT Y (0,0 — 0.0 0.7 eni e,
=1 £=0 k=1
and thus we are left to bound the sum over 8I6h71k+1. We use the error equation in
(4.21)), project to the second component (denoted by m2) and sum from £ =0,...,n
to obtain

n 2
T T n
TZ(ShJeh,lHl + 5] sen2 ) = (1 552,2 + Zsh,lsh,Q)(e(})L,Q —ens)
(5.1) “=°

2
—|—%Shleh(e —eZ‘H +7'Z71'2D€ + Shl(d’”r1 d°),

using the notation from Lemma For the spemﬁc example here, we have no
stabilization, and in partlcular Sh 1 = I and ||0,ma DLt |22 = O(RF + 72). Using
the CFL conditions , we obtain

WTZ&whHMww%mpﬂm|m+wmpﬂwﬂm+M+T
=0

no

.
=
7_2 ntl 2

+ TP Oa gy + TIPS

+ (1 = Ploat ™ gy + 1d° = PlLowsd | ay)

S llemallag + llenb lms + llenllag + llep g + R + RS 472
Further, we compute using the definition of Jh
1A 6, 0) sz < IS(Tn0 = 0, )|y + [1BC, Tn — @)l a1y S BF|Opul i

Collecting all this and applying weighted Young estimates, we obtain for a suffi-
ciently smooth solution the spatial discretization error bound of optimal order

lu(®) = un(®ll g + 10¢u(t) = Qeun(®)| 2 + 10(2) = On(t)l|z2 S B* + R,



LEAPFROG CRANK-NICOLSON DECOUPLING OF WAVE-HEAT-TYPE PROBLEMS 23

with constants independent of h, and the full discretization error bound
[ u(tn) = u™(l ey + 18pu(tn) — villze + 16(tn) = 63 llce S 72+ h* + A

with constants independent of h and 7, where the last estimate holds under the CFL
condition (4.19). Note that these estimates suggest the optimal choice £ = k — 1
for k > 2.

5.2. Non-local in time visco-elasticity and acoustics. For the example in Sec-
tion we only discuss the visco-elastic case, since the acoustic equation can be
treated by minor modifications of the considerations below. We apply discontinuous
elements for the velocity part and continuous elements for the pressure part. Fur-
ther, the coupling term is discretized in a conforming way, by leaving the derivative
on the continuous elements. For the bilinear forms py,, pn, and s, we simply use the
restriction of the continuous forms to the (broken) polynomial spaces. In particu-
lar, we choose broken polynomial spaces of order k and div-conforming elements of
order ¢ < k+ 1, for example Raviart-Thomas elements, such that the image under
the divergence is contained in the broken polynomial space of degree ¢ — 1. For
the bilinear form sy, we follow the discretization of Section 4 in [HPST15|, using
the discrete operator Aj there to define sj(xp,yn) = (Anxh,yn), which we then
decompose as s, = s§ + sh, see the definitions in and in Appendix
Further, Lemma implies that Assumption [3.2] is satisfied. We choose for the
wave part all projections to be the component-wise broken L2-projections 7y, which
gives e, (0) = Ap(9yz) = Ap(9:0) = Af = 0. The projection jh for the heat part
is chosen as the div-conforming interpolation which satisfies a commuting diagram
property with the broken polynomial spaces. The initial values and the right-hand
side are computed by this interpolation, and thus it holds

len (0) 1, + 1 Agllz < A (101 e + lgllze)-

Further, we have

|As vz, 0,00)| < [3(J10 — 0. 00)| + [b(on, z — Jpz)]
S 1916 = Ol 2 [l on | 2
S ROl ellonll 2,
where we used the best-approximation property, see e.g., [Mon03, Theorem 5.25],
as well as

G

g(@h,l’ - Jhl') - Z<dlv Oh,isThU — ’U>L2 = 07
i=1

since divoy,; is an element of the broken polynomial space of degree £ —1 < k,
and hence orthogonal to the projection error. For the differential parts, we use
Assumption [3.3] and obtain

\As,b(x, 9, eh)| = |Sh(.]hl‘, eh) +gh(jh97 eh) — §(l‘, eh) —/b\(@, €h)‘
< sn(Jna — a,ep)| + [br(Jn0 — 0, e3)).
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For the error in s, we employ Lemma [A22] and finally, we have by the commuting
diagram property

b (T8 — 0,e)| = | (div(Jy, — Doy, ent)re]

-

s
Il
-

<(’/Th — I) diVO’i,eh,1>L2|

e

Il
—

(2

G
5 h€|€h|Xh Z | diVO’ilHk+1.
i=1
In total, we can thus conclude that for a sufficiently smooth solution we obtain a
spatial discretization error bound of optimal order

G
[o(t) = vn ()2 + loo(t) = don®llr2 + D loi(t) = oin(®)llLe S b+ B2,
i=1
with constants independent of h, and the full discretization error bound
G
[o(tn) = vpll2 + loo(tn) = o8 slle + Y loi(tn) — of4llLe S 72+ hf + AFFY2,
i=1

with constants independent of h and 7, where the last estimate holds under the
CFL condition (4.19)). The typical choices for ¢ are k or k + 1.

5.3. Thermo-elastic wave coupling. For the third example in Section [2.3] we
choose the same discretization as in Section [5.2|for the wave part, and again obtain
with the component-wise broken L2?-projections that e;,(0) = Ap(dyx) = Ap(9,0) =
Af = 0. For the heat part we employ (continuous) Lagrange finite elements of order

{ < k+1 and choose for J, the Ritz projection, and for the initial values and the
right-hand side the nodal interpolation, which directly yields

len(O)llx, + 1Ag ]z < R (00 mress + llgllpresr).-
Further, we have
|Acb(,0,0n)] < [5(Jn0 — 0,0n)| + [b(on, x — Jnz)| =0,

using the definition of the Ritz projection jh and again the fact that Vy, is in the
space of broken polynomials of order £ — 1 < k, such that the orthogonality

b(on, & — Jnz) = a(Vipp, v — mh) 2 =0
holds. Using the estimate in Lemma for the upwind part, it remains to bound
(b (Jn0 = 6, €n)| = [(@V(Jn8 = 6), en1) 2| S h(10] e llenl] x, -

We can further improve this as in Section by first using the relation V@ =
div(I - 0) in

b1 (Jn0 — 0, e)| = [{adiv(I - (J0 — 0)),en1)r2| = alsn2(I - (Juf — 6),en1)-
The latter identification holds due to the continuity of Jn6— 0, since all jump terms
in the definition of s, in (A.5) vanish. By skew-adjointness, we further simplify

br (Jn0 — 0, e1)| = alspa(en, I - (Jnb —0))| = a|p2 n(Sh,1€n1, 1 - (Jnb — 0))],
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and then obtain as before using integration by parts
[ BaT006) — 060, eato) s
= qf /OtPZ,h(Sh,leh,l(S)aI' (Jn0(s) — 6(s))) ds|
< Oélpz,h(/ot Snaeni(si)dsi, I - (Jh00(t) — 9,0(t)))

t s
+ a|/ pgyh(/ Sh.ien1(s1)dsi, I - (Jp0:0(s) — 0:0(s))) ds|.
0 0
The error equation diep 2 = Spi1en1 + 5572‘%2 + Agp(z,0,-) and the estimate in
Lemma [A73] imply
A p(@, 6, (0,1 (Jndi0 — 0,6))))|
< sn(Jnz — 2, (0,1 - (Jp0:0 — 0:0)))| + [br (Jn6 — 6, (0,1 - (J,8,60 — 0,6)))|
< pRHtrl g p26+1

This leads to the bound
t
|/ b (Jr0(s) — 0(s), en(s)) ds| S R (len2 ()|l xnn + len2(0)|x, , + h* + ).
0

For the fully discrete estimate, we combine the preceding computations with the
summation by parts identities in Section [5.1] and have to provide an estimate on
RT3 0 Shaenit Tt |ys, after exploiting the vanishing stabilization terms. We
use the representation in (5.1)) to estimate

n
B S SnaEms ™ vy < B ER N+ 1€l + 1+ B +72),
£=0
along the lines of Section As for the previous example, we thus obtain for a
sufficiently smooth solution the spatial discretization error bound of optimal order

[o(t) = on(®)|[L2 + () = on(®)]lL2 + 10(t) = On ()| L2 S HHV2 4 BEFH2
with constants independent of h, and the full discretization error bound
[o(tn) = vpllez + o (tn) = ofillLe + 10(tn) = O3l L2 S 72+ B2 4 pFH2,

with constants independent of A and 7, where the last estimate holds under the
CFL condition (4.19)). The natural choice for £ is equal to k.

5.4. Maxwell equation with dissipative 2D material. Finally, for the example
in Section we apply a dG method with central flux (upwind could be included
as well) to the Maxwell part = and use its restriction to the interface as the ansatz
space for #. To be precise, we use the space of broken polynomials of degree k
for X5, which yields again a broken polynomial space of degree k on the (lower
dimensional) restriction to the interface. This leads to the standard dG Maxwell
operators in sy, which can for example be found in [HSI9| Section 4.2], and thus
Assumption [3.2] is satisfied. For the coupling form by, we set

b (nsyn) = (e, {(ce @ L)yna 1),
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for y, € X}, and ¢, € Hp. We note that the exact solution satisfies the general-
ized consistency condition of Assumption see [DDH26l Lem. 3.10 (2)] for an
analogous statement of external surface currents.

We now study the error terms in appearing in Theorem and choose the
standard L2-projections in all cases. This immediately implies that e;, (0) = €, (0) =
0, and similarly, as we work in the correct inner products also Ap(9;z) = Ap(0:0) =
0. In the same manner, if we compute the sources f; and g, via projections, we
also have Af = Ag = 0. As in the elastic cases, Assumption yields

1Agu(2,0,e)| = |sn(Jnz, en) + ba(Jnb, en) — 5z, en) — b(6, en))|
= [sn(Jnz — ,ep) + bp(Jnd — 0, e)]-
The remaining term, can be estimated using [HS16] eq. (5.5)], as
A, O en)| S B (g + [0l lenx,.

Finally, we assume that the solution is sufficiently regular, and note the best
approximation results in [EG21, Section 18.4]. Then, we obtain for the spatial
discretization the estimate

IE(t) = Bu(®)llze + [H(t) = Hy(t)l| 2 + 16(t) = 61 (t)]| 22 S B
with constants independent of h, and for the fully discrete scheme
(5.2) 1E(tn) = Eifllce + | H(tn) = Hifllc2 + 16(t0) = 63l c2 S 72 + hE,

with constants independent of A and 7, where the last estimate holds under the

CFL condition (4.19).

6. NUMERICAL EXPERIMENTS

In this section, we present numerical experiments for three of our model prob-
lems. We begin with the thermo-elastic string from Section For it, we study
convergence in space and time and examine the behavior of the CFL condition
stated in Assumption [£.4] Our second example is concerned with the Thermo-
elastic wave coupling described in Section 2.3] where we demonstrate the use of
an upwind stabilized discontinuous Galerkin scheme in space for the elastic wave
equation. The third example presents Maxwell’s equation coupled to an ordinary
differential equation, as described in Section For the latter two examples, we
verify the space and time convergence, as described in Section and respec-
tively. The codes to reproduce the experiments are available on request.

6.1. Thermo-elastic string. We consider the example from Section We first
verify second-order convergence in time and the CFL condition in Assumption [4.4]
Therefore, let

(6.1) zo(t,z) = e cos (wt)x(1 — ), 0(t,z) = e’ sin (nt)x(1 — z),

and choose f and g such that the U = (x1,x2,60) solves . In the following
examples we set w = 3.37 -, n = 2.3 - 7 and the final time 7' = 1.0. Note that the
exact solution is a second-order polynomial in space and is therefore represented
exactly by second-order ansatz functions on any mesh. Consequently, we only
measure the temporal integration error in the experiments below. For a sequence
of eight mesh sizes ranging from 0.5 to 0.005, we compute the L°°-error in time
and the L? x H} x L? error in space against the exact solution, using 40 different
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FIGURE 1. L®-error in time and the L? x H& x L2-error in space
of the discrete solution against exact solution (6.1)), plotted against
the time-step size 7.

time-step sizes between 0.1 and 0.001. The results are displayed in Figure [1] We
conclude that our method exhibits second-order convergence in time.

In the next example, we determine the threshold time step 7cpr, for which our
method is stable. For a given target mesh size hiarger We choose a sufficiently large
interval Tcrr, € [Tiow, Thigh] such that the method is unstable at Thign and stable at
Tlow When compared with a reference calculation using a mesh size hyof = 1.0. Using
the bisection method we halve the interval and repeat the comparison at each step
until the interval width falls below 10~°. The midpoint of the final interval is then
taken as an approximation of 7¢py,. Figure[2]shows the results of this procedure for
20 different target mesh sizes ranging from 0.1 to 0.001 and different polynomial
degrees of ansatz functions. From these data we conclude that the method is stable
for all time-step sizes 7 < TcpL = h.

The next example verifies the convergence order in space. We define a different
exact solution, i.e.

. T2(t,x) =tsin (3nx)e™ —2 2, t,x) =tsin(4drx)e” —3 2,
6.2 in (3 20(z—3) 0 in (4 20(z—1%)

and choose again z1, f and g such that the collection is a solution of . Note
that the exact solution is polynomial in time and therefore integrated exactly by our
scheme. Hence, we only measure the space discretization error in the experiment
below. For a sequence of 40 different mesh sizes, we calculate the error against the
exact solution with a time step size of 0.001. For the first sequence of meshes, we
choose the polynomial degree of the heat and the wave ansatz space to be equal,
ie. k=¢=pforpe{1,2,3,4}. For the second sequence, we choose k =¢+1=p
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FIGURE 2. Approximation of 7y, plotted against the mesh size h.

for p € {2,3,4}. Figure |3| shows the result of this experiment and confirms our
findings from Section [5.1] Especially, the calculations for degree k = ¢ + 1 show
that this choice is optimal.

6.2. Thermo-elastic wave coupling. We consider the thermo-elastic wave cou-
pling from Section On the two-dimensional domain Q = (0,1)%, we
construct an exact solution, and show the spatial and temporal convergence rates
as described in Section

Let V. : Q — R? and © : Q — R denote two spatial profiles that satisfy
homogeneous boundary conditions on 0f). For three temporal profiles a, A, c :
R4+ — R with a(0) =1 and A(0) = ¢(0) = 0, we make the ansatz

v(t,z) = a(t)V(x), o(t,x) = A(t)Ce(V(x)), 0(t, x) = c(t)0(x),
where (2.7b) demands the relation A’(t) = a(t). The remaining equations ({2.7a))
2.7¢

and (2.7c)) are satisfied by choosing the data as
(6.3) flt.z)=d )V (z) — p 'A(t) div (Ce(V(z))) — ap™'e(t) VO(z),
(6.4) h(t,z) = (t)O(x) — c(t)kAO(z) — a(t)adivV.
In all experiments we choose the material coefficients as
p=11, w=2.32, A =142, k=42, a=1,

and calculate until end time 7' = 1.
First, we verify second-order convergence in time. For that, we choose a poly-
nomial profile P(x) = z1(1 — x1)z2(1 — x2) in space and define

(6.5) V(z) = (P(z), P(z)), O(x)=P(x),  alt)=cos(wt), c(t)=sin(nt),
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FIGURE 3. L>®-error in time and the L? x H& x L2-error in space
of the discrete solution against the exact solution (6.2)), plotted
against the mesh size h for 7 = 0.001.

with temporal frequencies w,n > 0. Note that we use second-order ansatz functions
to resolve the spatial profile exactly. Hence, only the temporal error is measured
in the following. For a sequence of 10 different meshes with target mesh sizes
ranging between 0.2 and 0.02, we compute the L>-error in time and the L?(Q)? x
L?(9)2%2 x L2(Q)-error in space of our scheme against the manufactured solution.
Figure [4] verifies second order in time if the CFL condition 7 < h is satisfied.

Second, we verify the spatial convergence rate. Therefore, we choose a cavity-like
profile P(x) = sin(27z1) sin(27x2) and define

(6.6) V(x) = (P(x), P(x)), O(x)= P(x), a(t) =1, c(t)=t.

Note that our second order in time scheme resolves the temporal differential equa-
tion exactly since all third time derivatives of the solution vanish. We perform two
different calculations on a sequence of 15 meshes with mesh sizes ranging between
0.2 and 0.02 each. The same error as in the temporal case is calculated. For the first
set of calculations, we choose the polynomial degree k of the wave and £ of the heat
ansatz spaces equal, i.e. k = £. The result is shown in Figure [§| with circle markers.
For p € {1,2,3} we obtain in the case k = ¢ = p spatial convergence of order hP*1.
This does not agree with our result in Section where we show convergence of
order h?*1/2. This, however, is a well known phenomena in the case of upwind-flux
stabilized dG schemes. For that, compare [HWO08| Sec. 4.5] and reference therein.
For the second set of calculations, we choose different polynomial degrees for the
wave and heat part, namely k = £+ 1 = p for p € {2,3}. Our theory predicts order
h?~=1/2_ Figure [5| depicts the result with cross markers. After the pre-asymptotic
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FIGURE 4. L*-error in time and the L?(2)? x L?(2)2%2 x L?(9)-
error of the discrete solution against the exact solution (6.5]), plot-
ted against the time step-size 7.

regime for coarser mesh sizes, ansatz functions with degree p give convergence of
order hP. Up to the half-order gap due to upwind flux stabilization, the suboptimal
choice of £ = p — 1 leads to an order reduction, as suggested by our estimates in

Section [5.3]

6.3. Maxwell equation with dissipative 2D material. In order to reduce the
degrees of freedom, we perform all calculations in transverse electric (TE) mode.
Hence, let Q = (—1,1) x (0,1) C R?, partitioned by an interface Fi,; such that

Q= (=1,0) x (0,1), Q5 =(0,1) x (0,1), Fie = {0} x (0,1).

We set the components F3 = H; = Hs = 0 and the evolution of the Maxwell
equation in (2.8 reduce to

(6.7a) OiEr,; = OoH3 i — J1 4, [0,T] x Q;,
(67b) 6tE27i = —81H37i — Jgﬂ', [O,T] X Qi,
(67C) 8tH37¢ = —31E27i =+ 82E1,i, [O,T] X Qi,

subject to initial conditions and perfectly conducting boundary conditions. As an
auxiliary differential equation we choose a Lorentz oscillator
(6'8) 8t2JFint + ryat']Fint + WQJEtlt = 8tE25H + 8tf7 [07 T] X Ent’

with frequency w > 0, damping v > 0 and forcing function f. The coupling is
described by
[[H3]]Fint = 7JF‘int7 [OaT] X Ent~
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error of the discrete solution against the exact solution , plot-
ted against the mesh-size h.

We rewrite the second-order differential equation by introducing a new variable

t
Kp,, (t, ) = W/ I P (S, ')d57 aKFint (t, ) = wJp,, (t7 ')7 Kp,, (07 ) =0,
0

and obtain for § = (Kr,,, Jr,,) the first-order system

0 —w 0 0
ssin—en 1-(0 ). o-(0) ()

Note that the single components of the auxiliary differential equation in TE mode
are scalar valued. Therefore, the kronecker products are omitted.

For our first example, we construct a Cavity like solution alongside a discontin-
uous profile, defined as

hi(s) = cos(B(s — 1)), ha(s) = —cos(B(s + 1)),

with a parameter 8 > 0 such that cos(8) # 0. Our ansatz on Q; now reads

(6.9a) Eqi(t,z1,22) = —kv ™t sin(vt) sin(kxo) hi(z1),
(6.9b) B i(t,x1,12) = —v ™ sin(vt) cos(kaa) bl (1),
(6.9¢) Hs i (t, 1, 22) = cos(vt) cos(kza)hi(z1),

where v = /32 + k2 with wave number k¥ = nw, n € N. The ansatz satisfies
(6.7a)-(6.7c) with homogeneous data J; = Jy = 0. As a surface current, we obtain

(6.9d) JIp,, (6,21, x2) = —[Hs(t, 21, 22) ] R, = —2cos(B) cos(vt) cos(kza),

int
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FIGURE 6. L*-error in time and the L?(Q)? x L?(Q) x L?(Fiy)*-
error of the discrete solution against the exact solution , plot-
ted against the mesh-size h.

and choose the forcing function f such that is satisfied. In order to verify the
spatial convergence rate in , we choose w = 0.5, v =1, 8 = 3 and n = 10.
For a series of 20 target mesh sizes ranging between 0.05 and 0.005 we compute
simulations over the temporal interval [0, 1] with constant time step size 7 = 0.0001.
We compute the L>-error in time and the L?(Q)? x L2(£2) x L?(Fy )?-error in space
against the exact solution. The results are displayed in Figure [6] for three different
polynomial degrees. We conclude that our method exhibits the correct spatial
convergence rate.

For our second example, we construct an exact solution that is polynomial in
space. This allows to measure only the temporal error. We choose the discontinuous
profile 1 (s) =1 — s and ra(s) = 1 + s, and make on 2, the ansatz

(6.10a) Ey i(t,m1,70) = —vsin(vt)ze(l — z2)(1 — 27),
(6.10b) Esi(t,x1,x2) = —vsin(vt)r(z1),
(6.10c) Hj,(t, x1,22) = cos(vt)((—1)" + (1 — 222)(1 — 7)),

with temporal frequency v > 0. The volume currents J; ; and Jy; are chosen such
that — are satisfied. Furthermore, the surface current is then given by
Jr,, = —2cos(vt), and the forcing f is chosen such that is satisfied. In our
example, we choose polynomial degree two for the finite element space and fix the
variables v = 1, w = 10, and v = 24. For a series of ten target mesh-sizes between
0.1 and 0.01, and 50 times step sizes between 0.1 and 0.0001, we calculate the same

error as in the example before. Figure[7]shows the result and confirms second-order
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error of the discrete solution against the exact solution (6.10]), plot-
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convergence in time. Furthermore, the plot shows that a finer mesh size also causes
a more severe CFL condition, where the relation is linear.
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APPENDIX A. COMPUTATIONS FOR THE EXAMPLES

A.1. Elastic example. In Section and [5.3] we suggest a discontinuous Galerkin
discretization of the forms

p: X xX >R, p(z,y) = (pv,w)p> +(C7 o, A) 12,
s: Y xY >R, s(x,y) = —(dive,w)r2 — (e(v), A) 2,
where z = (v,0) and y = (w,A) with z,y € Y = Hj(Q,R?) x H(div,Q,RL<)

and e(v) = Sym(Dwv) denotes the symmetric gradient. Our presentation follows
[Z1e20, HPS™15|. Starting from their local discretization, we derive global dG
forms and prove the necessary auxiliary result for the analysis of our examples.

We restrict ourselves in the following to dimension d = 2 and assume that the
elasticity tensor describes an isotropic medium, i.e.

Cw = C(p, Nw = 2pw + A tr(w)I,

with Lamé parameters A > 0, p > 0.

Let 7}, be a matching triangulation of {2 and denote with Y}, the space of broken
polynomials of degree k& > 0 on this mesh. All problem dependent constants are
assumed to be constant on every K € Tj,. In the following, we introduce a local
and a global naming convention of mesh faces and trace-quantities of functions on
them.

For any element K € 7T, we define the set of faces F' associated to K as Fk.
For any face F' € F, there is an associated outer unit normal vector nx p and
a unit tangential vector, chosen with respect to the right-hand rule, and denoted
with 7 . The element opposite of K on the face F', if existent, is denoted with
Kp. Local jumps and averages are defined as

[[f]]K,F = (f‘Kp)|F - (f|K)|F’ {{f}}?(,F = aKF(f|KF)’F+aK(f{K){F7

where o7, a® > 0 denote positive weights such that g p+ax = 1. The definition
is understood element-wise for vector- and tensor-valued functions.
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F

TF = TK,,F

ng =Nk, F
—Np =NK,,F

<

—TF = TK,,F

Kl \@ KQ

FIcURE 8. Face naming convention with normal and tangential
vectors.

The set of all mesh faces is denoted as Fj,. The latter set is further divided in
the set ]-',ift of interior faces and .7-"};“‘1 of boundary faces. For any face F' € f}bnt, we
fix a global numbering scheme, i.e., we choose an ordered tuple (K1, K3) € Ty, X Tp
such that F' € Fg, N Fg,. Based on this numbering, we define the global unit
normal and tangential vectors as

(A1) NFp =N, F = —NK,,F, TF = TK,,F = —TK,,F-

Similarly, we define global jump and average as

(A.2) [l =1k r = = r, {FB% = {5 r = U p

See Figure [§| for our naming convention.

Following the work in [HPS™15, [Zie20], we obtain the local definition of the
operator S, = S5 + 57 on every K € T, for x5, = (v, 03) and y, = (wp, Ap) with
Th,Yn € Yp

(Shn,yn) L2 (k)
= —(divon, wn) L2 (x) — (€(Vn), An) L2 (k)

K,F
A - Z ay " (nk.F - ([On]k Pk F), nK F - Wh) L2 (F)
3 FEF
(4.3) 4 Otpf(’FWK,F [vnlk,pink F - (Anng F)) L2 (F)
K,F
- Z ag (1, F - ([on]k Pk, F), TR F - W) L2 (F)

FeF,
o Nk - [onl ke i - (i R)) Lo(F),

(SPxnyn) L2 (k)
= - Z of (ng.r - ([onlk,rr,r),nk,r - (Annk,F))r2(r)
(A.4) Ferx 4 of (nkr - [vnlk.rnir - W) L2 (F)
- Z of (tie,r - ([on] k. pnk,p), T, F - (Anni,F)) L2(r)

Fere 4 a5<TK,F [vnlk, P T F - WR) L2y
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with constants

r 1 K, F PKCP,K
al — s O[Q == 9
PKCP,K + PKrCP,Kp PKCPK + PKrCP,Kp
oKF — PKrCP.Kr oF — _PKCPKPKrCP Ky
3 = ) - ’
PKCP,K + PKrCP,Kp PKCPK + PKrCP,Kp
of = 1 K F_ PKCS K
5 — ) 6 9
PKCS K + PKrCS Kp PKCS K + PKpCS Kp
K,F PKrCS Kp F PKCS,KPKpCS,Kp
oy’ o= g =

)
PKCS, K + PKrCS Kp

)
PKCS, K + PKrCS Kp
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where cp and cg denote the velocity of shear and pressure waves, defined as

201/3 + A \/ﬁ
= ——, cs =,/—.
P P

On a boundary face F € }"}f“d we define [vp]xr =
PKr = PK, CSKF = CSK and CPKF =cpK-

Summing in ) and ( over all elements K € 7T, while using (| ,

yields the global operators

_2‘Th,1‘F’ Hah]]K,F =0,

(ShThYn)12(Q)

= — Z <diV0‘h,’wh>L2(K) + <€(vh)7>\h>L2(K)
KeThn

— > (np-(lonlrne),ne - {wnl}5) L2(r)
(A.5) Ferr +(np - [op]e,ne - (AR Fnr)) L2 p)
+{1r - ([on]rnr), 77 - {wn 5°) L2 (r)
+(rr - [onlr, 77 - ({ARBF R)) L2(F).
+ Z (nF - vn,nE - (ARNFE)) L2 (F)
FER™ 4 (1p - on, 7F - (AnnE))L2(F)»

(Shh,yn) L2(9)

— Z Flng

int
Fery +al

(lon]rnr),ne - ([An]rnr)) e
<” [['Uh]]FanF [[whﬂF>L2
(A6) +Oz5 <TF ([[O'h]]pnp),TF (

+ of (p - [oplr, 7F - [w

[P\h]]FnF )L2(F)
rlF)L2(Fys
+ Z prCpFp(NE - Up, NE - Wh) 12(F)

bnd
FER™ + ppes,p(TF - Vn, TF - Wh) [2(F)-

Lemma A.1. The operators S; and S}, defined in (A.5)) and (A.6) respectively,
satisfy Assumption [3.3

Proof. Assumption (a) is shown in [Zie20, Lem. 3.2]. Furthermore, from repre-
sentation (A.6]), we directly conclude that for any y = (w,A) € Y it holds that

(Shy,yn)r2 @) =0, for all y5, € Yy,
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since [w]r = 0 for w € H} () and [A]rnp = 0 for X € H(div, Q,REX?). Moreover,

sym
on any boundary face F € .F}Lmd it holds that w’ » = 0. Hence, Assumption (b)
is satisfied. 0

It remains to proof two auxiliary results. Let J, : Y — Y}, denote the broken
L?-orthogonal projection on 7y, i.e., for € Y it holds that

(Jpx — x,yh)Lz(K) =0, forall K €Ty, ynh €Yp.
For any = € Y with x|K € H**(K), K € T;,, we have the approximation proper-
ties, see, e.g., [EG21] Sec. 18.4],

(A7) | Jhr — x||L2k) < hl;(+1|$‘Hk+1(K)7
1na = 2lli2(y < i Plalanon ey F € Fic.

Lemma A.2. Let 2,y € Y with x|, € H*"'(K), K € Tj,. Then

1/2
Isn(Jnr — 2, yn)] S hk+1/2( > |$|12Hk+1(x)) :
Ke,ﬁl

Proof. Let © = (v,0) and y, = (wp, Ap). Since S; is skew-adjoint it holds that
(S5 (Jpx — x),yn) 2 = —(Jpx — x, Spyn) 2. Hence, for any K € Ty, the bulk terms
in (A.5|) vanish, i.e.
<diV Ah, Jh72’U — 'U>L2(K) = <e('wh), Jh710' — 0'>L2(K) = O,
by the definition of the broken L?-projection. Thus, (A.5]) only depends on faces,
and we obtain with the Cauchy-Schwarz inequality that
|(Sh(Jnx — 2),yn) 12|

9 9 1/2
S (X2 Whav = vllaey + nzonr —onelia ) Il
FeFy

1/2
SN aBng) vl
KeTy,

where we used the approximation properties (A.7)) in the last estimate. A similar
estimate shows that

1/2
(S = @)umdpal S BN Jaldn) Il
KeTh
which proves the claim since S, = S5 + 57 O

Lemma A.3. Letz €Y, 0 € V with x|, € H*"1(K), K € Ty, and 6 € H™ ().
Then

_ 1/2
[sp(Jpx — 2, (0,1 - (Jp8 — 0))| < hk+l+1( Z ‘x|§—1k+1(K)) |0|Hf+1(ﬂ)-
KEeT

Proof. Since 6 € V = HL(Q) and V,, C HE(Q), we conclude that (0,1 (J,0—6)) €

Y. Furthermore, since 6, J,0 are continuous, any jump terms in the stabilization
form (A.6)) vanish, and we only need to estimate (A.5). Let K € T,. Since the first
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volume term in (A.5) vanishes, we only estimate the second one and obtain with
the inverse inequality and the first interpolation estimate in (A.7) that

D He(Thv = v), - (Jnb = 0)) 2(x0)|
KeTy,

1/2,, 7
S hM( Z |0 ks (1y2) / [ Jn8 — 01| 2
KeTy

1/2
< thH( Z ‘U|I2LI’9+1(K)2) / 101 e+ (),
KeTh

where we used the convergence properties of the Ritz-projection jh in the last
estimate. Let I' € Fg. By the multiplicative trace inequality, see, for example,
[EG21, Lem. 12.15], it holds for n € H'(K) that
—1/2 1/2
Il S i lla ey + Rl Il e

Hence, n = Jnf — 6 shows together with the convergence properties of the Ritz
projection that

(D 10 = 0l32r)""* S B 2100 e -
FeFim
We apply this equality to the remaining face terms in (A.5)). It holds for F € Fint
that
np - ({0l nr) = {0 -l ¥ np - Inp =, on F,
o (T e ne) = {1l me - T = 0, on F.
Thus, with the second estimate in (A.7)) we conclude

> e [Jhv = vle,ne - ({I-nP5ne)) )|
FeFint

< IS ol e i) 210 e o -
KeTh
This proves the claim. (|
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