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LEARNED DISTANCE FUNCTIONALS AND
THE LANDWEBER METHOD FOR INVERSE PROBLEMS

WITH AN APPLICATION TO FULL WAVEFORM INVERSION

DAVID HÄMMERLING1, LUKAS PIERONEK2 , AND ANDREAS RIEDER1

Abstract. Nonlinear inverse problems are typically solved by minimizing a data-misfit
functional, which is often non-convex that leads minimization algorithms to stagnate at
a local minimum. A typical example is the cycle-skipping phenomenon in full waveform
inversion (FWI) of seismic reflection or transmission data. To overcome this difficulty,
distance functionals are constructed by training neural networks to emulate a convex
distance measure. Two construction strategies are discussed: (i) a data-converter net-
work that simplifies the forward map so that a standard quadratic loss becomes convex,
and (ii) a scalar-valued distance-network based on the data residual. Training samples
can be generated from measured data exploiting an approximate invariance of the for-
ward operator. Under a set of structural assumptions, it is proven that applying the
Landweber iteration to the learned functional is a well-defined regularization method
that guarantees monotone error reduction and convergence to the exact solution as the
noise level vanishes. Given certain restrictions on the trained network and the non-
linear forward operator, it is validated that these structural assumptions are satisfied
by the learned distance. This methodology is numerically validated on the Camem-
bert benchmark model for FWI in the acoustic regime. Replacing the conventional
L2-misfit with the learned convexified functional considerably mitigates cycle-skipping
and enlarges the domain of convergence for gradient-based optimization. Numerical
experiments show that the Landweber scheme with the learned misfit reaches a lower
reconstruction error than the standard least-squares approach. For comparison, in some
experiments convergence has been accelerated by a limited-memory BFGS optimizer
leading to slightly larger reconstruction errors. Overall, the work provides a systematic
way to embed learned, convex distance measures into inverse problem solvers, supplies a
solid theoretical foundation for their use, and demonstrates practical gains in a seismic
imaging benchmark model.
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1. Introduction

We are concerned with the solution of a general nonlinear inverse problem

(1) F (·) = y

where the forward map F : D(F ) ⊂ X → Y acts between real Hilbert spaces X and Y .
We assume that (1) is locally ill-posed at any point in D(F ), see [27, Def. 1.1]. Concrete
examples include electric impedance tomography, inverse electromagnetic scattering, and
seismic imaging, see [14, Part IV].

A common way to approach (1) is to frame it as the generally non-convex optimization
problem of minimizing the data misfit

D(F ) ∋ x 7→ ∥F (x)− yδ∥2Y
for measured data yδ ∈ Y by gradient descent-like schemes, which are stopped in time to
avoid noise amplification. However, due to the non-convexity of the misfit, these schemes
may become trapped in a local minimum unless they are started sufficiently close to a
global minimum. Therefore, it is crucial to replace the non-convex data misfit with a
convex function

dy : X → [0,∞),

that measures the distance of F (x) to a fixed y ∈ Y .
A particularly interesting and topical nonlinear inverse problem is the seismic inverse

problem for reconstructing the internal structure of the Earth using seismograms, i.e.,
measurements of reflected wave fields. Full waveform inversion (FWI) is the most ad-
vanced solution technique for this task, as it can exploit the entire information content of
the seismograms, see, e.g., [21, 44]. However, in its standard formulation, FWI is heav-
ily affected by the previously explained non-convexity, known as cycle-skipping in the
geophysical community. Therefore, many attempts have been made to mitigate cycle-
skipping by replacing the image space norm ∥·∥Y with an improved misfit functional
∆: Y × Y → R such that the associated cost functional

dy(x) := ∆(F (x), y)

for a given set of seismograms y = F (x+) ∈ Y is convex or has a wider range of conver-
gence for standard optimization methods in a neighborhood of the ground truth x+.

Approaches to finding an FWI-adapted distance ∆ include, for example, optimal
transport-based misfits (OT) [18, 19, 24, 34, 35, 36], objective functions obtained from re-
duced order modeling (ROM) [10], and data-driven neural network distances [13, 43]. Al-
though OT offers some interesting convexity properties, its evaluation is computationally
demanding and seismic data do generally not fulfill the requirements from OT naturally,
such as positivity. This is because seismograms are interpreted as “mass” distributions
therein and computing ∆ amounts to solving a (regularized) transport optimization prob-
lem under a chosen ground cost. Applicability is usually achieved through hand-crafted
data transformations which may in turn reintroduce non-convex behavior, see [19], or
by using higher-dimensional data embeddings which further increase the computational
burden, see [24, 35]. Finally, this procedure must be repeated across shots/receivers and
iterations, making it far more expensive than pointwise norms. On the other hand, us-
ing the original least-squares formulation, [10] proposes a ROM-based preconditioner to
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transform the measurement data. This transformation is shown to improve the optimiza-
tion landscape in practice, but due to its implicit definition, the method lacks a theoretical
justification specifying the assumptions under which convexity can be expected.

In contrast, learned misfit functionals can be regarded as cheap-to-evaluate data-driven
surrogates of such convex metrics, prepending the computational costs to the initial
one-time training and thus providing fast inference throughout the iteration afterwards.
Moreover, they allow an analysis as provided in [13] for a Tikhonov-type regularization
by using the learned network’s output as data-fitting term. In this context, we would
like to mention the work [31], where the penalty term in Tikhonov regularization is
defined via a neural network. The training process enforces small regularization values
on plausible solutions and larger values on implausible ones. This approach is versatile
and theoretically backed up as, under suitable assumptions, the regularization property
is validated. A more refined approach to learned regularization terms in the context
of frequency domain FWI can be found in [38], where a denoising network is combined
with a wavelet basis to construct a regularization term. The resulting regularization
objective is optimized via a multiparameter approach in both the wavelet and standard
bases simultaneously. While suitable regularization terms and enlarged parameter spaces
can decrease the non-convexity of the optimization objective, they do not address the
nonlinearity of the forward operator F directly.
From our discussion of alternative misfit functionals above, it became clear that two

important shortcomings remain:

(1) Existing learned misfits are usually introduced heuristically and lack a rigorous
regularization analysis.

(2) To the best of our knowledge, there is currently no general regularization theory
for Landweber/gradient-type iterations driven by a general convex objective func-
tional dy (beyond the classical quadratic/Hilbert-space misfit and special struc-
tured choices).

Consequently, it is unclear under which conditions the learned functional guarantees
monotone error reduction, convergence to the exact solution, or stability with respect to
noise.

In this paper we address the above gap and make the following contributions.

1. Under a set of structural assumptions (convexity, Lipschitz continuity of the gradient,
bounded linearization error) we prove in Section 2 that the Landweber iteration applied
to the learned functional is a regularization scheme with monotone error reduction and
convergence as the noise level decreases (Theorems 2.4 and 2.5, Corollary 2.6).

2. In Section 3 we propose two construction strategies for learned convex distance func-
tionals:

(i) a conversion network Φθ that simplifies the forward map so that a standard qua-
dratic loss becomes convex, i.e.,

1

2
∥Φθ ◦ F (x)− Φθ(y)∥2Y

is convex in x (Section 3.1). Further we present a training concept in Section 3.1.1
to stably train such a simplifier network. For the case Φθ ◦ F ≈ Id, i.e., Φθ is an
approximate inverse, there exists a large variety of research in the field of FWI
[3, 13, 32, 45, 46] and other tomography problems [28, 47] as well. However those
approaches use the learned inverter Φθ to directly reconstruct the parameters from



4 D. HÄMMERLING, L. PIERONEK, AND A. RIEDER

the perturbed data yδ and thus require an extensive and well-chosen training set
like OpenFWI [12]. We, however, avoid these issues by learning a network as a
more general simplifier for an optimization method and thus require a less refined
training process and choice of data.

(ii) a scalar-valued distance network that directly predicts a convex distance between
two measurements (Section 3.2).

Furthermore, given certain restrictions on the trained network and the nonlinear forward
operator, we prove that both versions of the learned distance meet a majority of the
structural assumptions (Lemmas 3.1, 3.3, and 3.5). Since we could only validate a weak
convexity of our learned functionals, we therefore provide an adapted regularization the-
ory in Appendix A.

3. We suggest practical guidelines for generating training samples from measured data
by exploiting approximate invariances of the forward operator (Remark 3.4).

4. In Section 4 we give a proof of concept by demonstrating our theory on the Camembert
benchmark model for time domain FWI in the acoustic regime. Replacing the conven-
tional L2-misfit with the learned convex functional dramatically reduces reconstruction
error, mitigates cycle-skipping, and enlarges the convergence domain. In some experi-
ments, a limited-memory BFGS optimizer accelerates convergence while preserving the
accuracy gain over the L2-misfit.

Section 5 concludes our exposition with a summary and an outlook on future research
topics.

2. Misfit Landweber method

In the next section, we will present concepts from machine learning to construct a misfit
functional dy : X → [0,∞) for y ∈ Y such that dF (x+)(x) ≈ 1

2
∥x − x+∥2X . The object

we are seeking then is the minimizer of dy, which we compute by an adapted steepest
descent method, terminated by the discrepancy principle, see Algorithm 1. The goal
of the present section is to analyze the convergence of this algorithm under meaningful
assumptions on dy which we discuss and justify in Remark 2.2 below.

Assumption 2.1. Let y ∈ Y . We assume that our misfit functional dy : X → [0,∞)
matches the following conditions:

(i) The misfit functional is Fréchet-differentiable at any x ∈ X with Riesz-representa-
tion d′y(x) ∈ X such that

∂xdy(x)[h] = ⟨d′y(x), h⟩X .
(ii) The misfit dy is convex and has a unique minimizer x+ ∈ X.
(iii) It holds that

dF (x)(x) = 0 for all x ∈ D(F ).

(iv) There is a constant cy > 0 such that

cy
∥∥d′y(x)∥∥2X ≤ dy(x) for all x ∈ X.

(v) There exists a functional d : Y ×X → [0,∞) such that dy(·) = d(y, ·) and which
is Fréchet-differentiable with respect to y at (F (x+), x+). Set

ηy :=
∥∥∂yd(F (x+), x+)

∥∥
Y→R .
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(vi) There is a constant ζy > 0 such that

ζy ∥x− x+∥2X≤ dy(x) for all x ∈ X.

Assumption 2.1 needs some motivation and explanation, which we provide in the fol-
lowing remark.

Remark 2.2. a) In the ideal case, we would like to have a misfit measure dy yielding
dF (x+)(x) =

1
2
∥x− x+∥2X . So, we try to learn a distance concept dy such that dF (x+)(x) ≈

1
2
∥x − x+∥2X for x in a ball about x+ with a radius as large as possible. To this end we

train an artificial neural network Φ to achieve Φ ≈ F−1. Then, we set dy(x) = d(y, x) :=
1
2
∥x − Φ(y)∥2X . For this distance concept, it is reasonable to expect the requirements in

Assumption 2.1 to be met. To see this, accept for the moment that F−1 is well defined

on Y and Fréchet-differentiable. Then, d̃y(x) = d̃(y, x) = 1
2
∥x − F−1(y)∥2X satisfies

Assumption 2.1. In fact, (i)-(iii) are obvious with x+ = F−1(y) and d̃ ′
y(x) = x− F−1(y).

Further, (iv) holds as an equality for cy = 1/2. Finally, we have (v) and (vi) with ηy = 0
and ζy = 1/2, respectively. The knowledgeable reader may object here, that the latter
assumptions on F make the inverse problem (1) well-posed. This objection is of course
true, but a large variety of inverse problems are conditionally well-posed on certain closed
subspaces of X, see, e.g., [1, 2, 5, 6, 7, 8, 9, 11, 15, 16, 26, 30, 42], and so it is reasonable
to consider our inverse problem (1) to be conditionally well-posed.

b) We would like to point out that we can delete condition (vi) of Assumption 2.1 when
we replace (ii) by

(ii’) The misfit dy is uniformly convex, that is, for all u, v ∈ X and all λ ∈ [0, 1],

dy(λu+ (1− λ)v) + λ(1− λ)ϕy(∥u− v∥X) ≤ λdy(u) + (1− λ)dy(v)

with ϕy : [0,∞) → [0,∞) non-decreasing and vanishing only at 0.

As a consequence of (ii’), the minimizer of dy is unique and

(2)
1

2
ϕF (x+)

(
∥x− x+∥

)
≤ dF (x+)(x)

which is the substitute for (vi). All subsequent results remain correct under this modifi-

cation of Assumption 2.1 (except for Corollary 2.6, see Remark 2.7). Note that d̃y from
part a) of this remark also fulfills (ii’) with ϕy(t) = t2/2.

c) Also one could change condition (iv) to a slightly stronger Lipschitz-condition for d′y:

(iv’) There is a constant c̃y > 0 such that∥∥d′y(x)∥∥X =
∥∥d′y(x)− d′y(x

+)
∥∥
X
≤ c̃y∥x− x+∥X for all x ∈ X.

Indeed, (iv’) together with (vi) yields (iv).

A straightforward gradient descent for dy leads to Algorithm 1 where δ ≥ 0 is a bound
for possible noise in the data, i.e., ∥y − F (x+)∥Y ≤ δ. The used stopping criterion is the
discrepancy principle. We now prove that the steepest decent iteration of Algorithm 1 is
a regularization following three steps:

(1) well-definedness and convergence for every y = F (x+) to the exact data x+ (The-
orem 2.3),

(2) monotone error decrease under perturbed data until termination (Theorem 2.4),
(3) regularization property (Theorem 2.5).
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Algorithm 1 Misfit steepest descent

Input: y ∈ Y, δ ≥ 0 %input data with noise level

τ > 0 %parameter for the discrepancy principle

x0 ∈ X, {λn}n∈N0
∈ (0,∞)N %inital guess and sequence of step sizes

n := 0

while dy(xn) > τδ do

xn+1 := xn − λnd
′
y(xn)

n++

end while

Theorem 2.3. Under Assumption 2.1 consider Algorithm 1 with input y = F (x+) for
x+ ∈ D(F ), δ = 0, and {λn}n∈N0 ∈ (0, 2cy]

N0 where cy > 0 is the constant from (iv) in
Assumption 2.1. Moreover,

(3)
∞∑
n=0

λn = ∞ and
∞∑
n=0

λ2
n < ∞.

Then, for x0 ∈ X, the sequence

xn+1 := xn − λnd
′
y(xn), n ∈ N0,

generated by Algorithm 1 either stops after a finite number of iterations with x+ or con-
verges to x+: limn→∞ xn = x+. In both cases, we have a monotone error decrease

(4) ∥xn+1 − x+∥X ≤ ∥xn − x+∥X .
Proof. If Algorithm 1 terminates with xN we have that dy(xN) = 0. Since y = F (x+)
and since the minimizer of dy is unique by Assumption 2.1(ii), we conclude with Assump-
tion 2.1(iii) that xN = x+.

Now, assume that dy(xn) > 0 for all n. Using dy(x
+) = 0 and the convexity of dy in

the form of

(5) ⟨d′y(u), v − u⟩X ≤ dy(v)− dy(u),

we get

∥xn+1 − x+∥2X = ∥xn − λnd
′
y(xn)− x+∥2X

= ∥xn − x+∥22 − 2λn⟨d′y(xn), xn − x+⟩X + λ2
n∥d′y(xn)∥2X

≤ ∥xn − x+∥2X + 2λn(dy(x
+)− dy(xn)) + λ2

n∥d′y(xn)∥2X
= ∥xn − x+∥2X − 2λndy(xn) + λ2

n∥d′y(xn)∥2X .

(6)

By Assumption 2.1(iv) and λn ≤ 2cy,

∥xn+1 − x+∥2X ≤ ∥xn − x+∥2X + 2λn(−dy(xn) + cy∥d′y(xn)∥2X) ≤ ∥xn − x+∥2X
which is (4). Thus, xn ∈ Bρ(x

+) for all n ∈ N0 where ρ = ∥x0 − x+∥X . By recursively
repeating the estimate (6), we obtain

∥xn+1 − x+∥2X ≤ ∥x0 − x+∥2X − 2
n∑

i=0

λidy(xi) + cy

n∑
i=0

λ2
i dy(xi)(7)
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where we have used again Assumption 2.1(iv). Now, by (i) of Assumption 2.1,

dy(xi) = dy(xi)− dy(x
+) = d′y(x

+)︸ ︷︷ ︸
=0

[xi − x+] + o(∥xi − x+∥X)

and by xi ∈ Bρ(x
+) for all i ∈ N0, there exists a bound bρ such that dy(xi) ≤ bρ for all

i ∈ N0. Bounding the left hand side of (7) from below by zero implies first that

2
n∑

i=0

λidy(xi) ≤ ρ2 + cybρ

n∑
i=0

λ2
i

and then

min
i∈{0,...,n}

dy(xi) ≤
ρ2 + cybρ

∑n
i=0 λ

2
i

2
∑n

i=0 λi

.

Our assumptions on {λn} and taking the limit as n → ∞ yield

inf
i∈N0

dy(xi) = 0.

Hence, {dy(xi)}i∈N0 has a subsequence {dy(xik)}k∈N which converges to 0. By (vi) of
Assumption 2.1 the subsequence {xik}k∈N converges to x+. Due to the monotonicity (4),
the entire sequence must converge. □

In the following we have to distinguish clearly between quantities depending on perturbed
data yδ and on exact data y. To this end, the former are marked by a superscript δ.

Theorem 2.4. Let y = F (x+) and let yδ ∈ Y such that 0 < ∥yδ − y∥Y ≤ δ. Let both,
dy and dyδ , fulfill Assumption 2.1. Call Algorithm 1 with input yδ, δ, τ > 2ηy, x

δ
0 ∈ X,

and step sizes {λδ
n} ⊂ (0, cyδ ]

N which satisfy the left equation of (3). Here, cyδ and ηy
are as in (iv) and (v) of Assumption 2.1, respectively. Then, for δ > 0 sufficiently small,
Algorithm 1 stops after a finite number N(δ) of iteration steps and the iterates satisfy

∥xδ
n+1 − x+∥X < ∥xδ

n − x+∥X for all n < N(δ).

Proof. Relying again on (5) we can estimate

∥xδ
n+1 − x+∥2X = ∥xδ

n − λδ
nd

′
yδ(x

δ
n)− x+∥2X

= ∥xδ
n − x+∥2X − 2λδ

n⟨d′yδ(xδ
n), x

δ
n − x+⟩X + (λδ

n)
2∥d′yδ(xδ

n)∥2X
≤ ∥xδ

n − x+∥2X + 2λδ
n

(
dyδ(x

+)− dyδ(x
δ
n)
)
+ (λδ

n)
2∥d′yδ(xδ

n)∥2X .
With dy(x

+) = 0 and λδ
n ≤ cyδ we get

∥xδ
n+1 − x+∥2X ≤ ∥xδ

n − x+∥2X + 2λδ
n

(
dyδ(x

+)− dy(x
+)− ∂yd(y, x

+)[y − yδ]

+ ∂yd(y, x
+)[y − yδ]− dyδ(x

δ
n)
)
+ λδ

ncyδ∥d′yδ(xδ
n)∥2X .

By (iv) of Assumption 2.1,

∥xδ
n+1 − x+∥2X ≤ ∥xδ

n − x+∥2X + λδ
n

(
2
[
dyδ(x

+)− dy(x
+)− ∂yd(y, x

+)[y − yδ]
]

+ 2∂yd(y, x
+)[y − yδ]− dyδ(x

δ
n)
)
.

In view of Assumption 2.1(v) we bound

∂yd(y, x
+)[y − yδ] ≤ |∂yd(y, x+)[y − yδ]| ≤ ∥∂yd(y, x+)∥Y→R∥y − yδ∥Y ≤ ηyδ.
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Assume that Algorithm 1 does not terminate. Then, dyδ(x
δ
n) > τδ for all n. Thus,

∥xδ
n+1 − x+∥2X ≤ ∥xδ

n − x+∥2X + λδ
n

(
2
[
dyδ(x

+)− dy(x
+)− ∂yd(y, x

+)[y − yδ]
]

+ δ(2ηy − τ)
)
.

Since the asymptotic behavior of dyδ(x
+) − dy(x

+) − ∂yd(y, x
+)[y − yδ] = o(δ) as δ → 0

is independent of n and since τ > 2ηy we have that

∥xδ
n+1 − x+∥2X ≤ ∥xδ

n − x+∥2X − λδ
nD(δ)

where D(δ) := o(δ) + δ(τ − 2ηy) > 0 for δ > 0 sufficiently small independent of n.
Recursively, for all n,

∥xδ
n − x+∥2X ≤ ∥xδ

0 − x+∥2X −D(δ)
n−1∑
k=0

λδ
k,

which leads to a contradiction in view of (3). Hence, Algorithm 1 terminates with the
claimed error monotonicity.

□

Now we are ready to validate the regularization property of Algorithm 1.

Theorem 2.5. Adopt the notation and assumptions of Theorem 2.4. If xδ
0 → x0 and

λδ
n → λn ∈ (0, cy] for all n as δ → 0, then

lim
δ→0

xδ
N(δ) = x+.

Proof. We benefit from standard arguments as given in [25]. Without loss of generality,
we can assume that N(δ) → ∞ as δ → 0. According to Theorem 2.3, for any ε > 0 there
exists an mε ∈ N such that ∥xmε − x+∥X < ε. Let δ > 0 be so small that N(δ) ≥ mε. By
Theorem 2.4,

∥xδ
N(δ) − x+∥X ≤ ∥xδ

mε
− x+∥X < ∥xδ

mε
− xmε∥X + ε.

Under our assumptions, the stability property readily follows, that is, xδ
mε

→ xmε as
δ → 0, thereby completing the proof. □

Under an additional weak assumption, we can even validate a convergence order. This
result is hardly surprising: As explained in Remark 2.2, under Assumption 2.1 the learned
misfit dy(x) behaves like

1
2
∥x−x+∥2X , and since Algorithm 1 is terminated by a discrepancy

principle, we expect ∥xδ
N(δ) − x+∥X ∼

√
δ to hold.

Corollary 2.6. Adopt the assumptions of Theorem 2.5. If ∂yd(F (x+), ·) is continuous
at x+ then

∥xδ
N(δ) − x+∥X = O

(√
δ
)

as δ → 0.

Proof. We begin with Assumption 2.1(vi) and (v),

ζy∥xδ
N(δ) − x+∥2X ≤ dy(x

δ
N(δ)) = d(y, xδ

N(δ)),

and proceed according to

d(y, xδ
N(δ)) = d(y, xδ

N(δ))− d(yδ, xδ
N(δ)) + d(yδ, xδ

N(δ))

≤ d(y, xδ
N(δ))− d(yδ, xδ

N(δ)) + τδ.

Moreover,
d(y, xδ

N(δ))− d(yδ, xδ
N(δ)) = ∂yd(F (x+), xδ

N(δ))[y − yδ] + o(δ)
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where the o(δ)-term depends on y and not on yδ. Hence,

|d(y, xδ
N(δ))− d(yδ, xδ

N(δ))| ≤ ∥∂yd(F (x+), xδ
N(δ))∥Y→R δ + o(δ)

and the result follows from xδ
N(δ) → x+ as δ → 0 and the assumed continuity of

∂y(F (x+), ·) at x+. □

If both, Assumption 2.1(iv) and (vi), hold only in a ball Bρ(x
+), then above results

carry over provided that the initial guess x0 is chosen in this ball. The reason for this
lies in the error monotonicity (Theorems 2.3 and 2.4) so that all iterates stay in the ball.

Remark 2.7. The statement of the above corollary needs to be adjusted if Assumption 2.1
is modified as discussed in Remark 2.2b). Since then we have (2) instead of Assump-
tion 2.1(vi) such that the convergence rate is given by

∥xδ
N(δ) − x+∥X = O

(
ϕ−1
F (x+)(δ)

)
as δ → 0.

3. Learning misfit functionals

In this section, we specify how to construct misfit functionals that satisfy as many of
the conditions of Assumption 2.1 as possible.

The underlying nonlinear inverse problem (1) is typically formulated in an infinite
dimensional setting. Therefore, in the first step we have to discretize it: Let Xn ⊂ X
and Yn ⊂ Y be finite dimensional subspaces. Define Fn : D(Fn) ⊂ Xn → Yn where
Fn(x) := QnF (x) with Qn : Y → Y being the orthogonal projector onto Yn. We assume
that D(Fn) := D(F ) ∩Xn has no empty interior. Now, the discrete version of (1) reads

Fn(·) = Mn y

where Mn : Y → Yn models the measurement process. In the next two subsections we
present two ways to construct misfit functionals for this discrete setting.

3.1. Data converter. Let Z be a finite dimensional normed space. We train a neural
network

Φθ : Yn → Z,

as a “simplifier” of the forward problem, i.e. it should hold in some sense that

Φθ ◦ Fn(x) ≈ Ax, x ∈ D(Fn),(8)

for some “simple”, not necessarily linear, operator A : Xn → Z. Here, θ ∈ Rp represents
the p parameters determining the neural network. For example, these parameters could
be obtained through a standard training process by minimizing the mean-square error

L(θ) = 1

N

N∑
k=1

∥Φθ(Fn(ξk))− Aξk∥2Z

for given data points ξ1, . . . , ξN ∈ D(Fn), see Section 3.1.1 below for more details on an
implementation of this training procedure.

Having found an optimal θ, we define

distθ : Yn ×D(Fn) → [0,∞), (y, x) 7→ 1

2
∥Φθ(Fn(x))− Φθ(y)∥2Z ,
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and the resulting misfit is dy(·) := distθ(y, ·). Please note that, under the optimality
assumption L(θ) ≈ 0, we have

dy(x) ≈
1

2
∥Ax− Φθ(y)∥2Z .

Accordingly, there are two requirements on A: First, A should be chosen so that the above
right-hand side is convex in x. Second, property (8) should be feasible with reasonable
training effort. The obvious choice A = Id, Z = Xn, to achieve the first requirement, as
done in [13], contradicts the second requirement, at least for complex inverse problems.
In general, constructing an appropriate A is challenging and requires a priori knowledge
of the underlying inverse problem, see Sections 4.1 and 4.2 for concrete examples from
seismic imaging. In the first example, the operator A is only implicitly given, and A = Id
is realized in the second.

Now, we will discuss the theoretical justification of this approach with regard to As-
sumption 2.1 and the resulting constraints on the neural network and the training process.
For our analysis below we introduce the notation EG(x, z) for the linearization error of a
Fréchet-differentiable operator G : X → Y in x ∈ X at z ∈ X :

EG(x, z) = G(x)−G(z)−G′(z)[x− z].

Under certain restrictions on the trained network and the forward operator Fn the
misfit dF (x+) locally satisfies Assumption 2.1.

Lemma 3.1. Let y = Fn(x
+) for x+ ∈ D(Fn). Further, let both Fn and Φθ be Fréchet-

differentiable with locally bounded derivatives, i.e., for some LF , LΦ > 0 and ρ > 0 we
have

(9) ∥F ′
n(x)∥ ≤ LF , ∥Φ′

θ(Fn(x))∥ ≤ LΦ, x ∈ Bρ(x
+) ⊂ D(Fn).

Then, dy(·) = distθ(y, ·) satisfies conditions (i), (iii), (iv), and (v) of Assumption 2.1
locally in Bρ(x

+).
Moreover, dy is weakly convex on every line passing through x+ in the following sense

(compare, for instance, [4, Chap. 2]):

(ii’) The misfit dy fulfills:

dy(x
+)− dy(z) ≥ d′y(z)[x

+ − z]− Cz∥z − x+∥2X , z ∈ Bρ(x
+),

where the constant Cz > 0 gets arbitrarily small for z → x+.

Proof. Conditions (i) and (iii) follow immediately by construction. Conditions (iv) and
(v) are verified as follows.

(iv) For x ∈ Bρ(x
+) we have

d′y(x) = F ′
n(x)

∗ [Φ′
θ(Fn(x))

∗ [Φθ(Fn(x))− Φθ(y)]]

and our assumptions yield

∥d′y(x)∥2 ≤ 2LFLΦdy(x).

(v) The Fréchet-derivative of dy in y ∈ Yn for x ∈ D(Fn) is

∂y distθ(y, x) = Φ′
θ(y)

∗ [Φθ(Fn(x))− Φθ(y)] .

Plugging in (y, x+) we even get ηy = ∂y distθ(y, x
+) = 0.
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For the weak convexity (ii’) let z ∈ Bρ(x
+) and conclude according to

dy(z)− dy(x
+)− d′y(z)[z − x+] = dy(z)− d′y(z)[z − x+]

=
1

2
∥Φθ(Fn(z))− Φθ(y)∥2Z −

〈
Φθ(Fn(z))− Φθ(y), (Φθ ◦ Fn)

′(z)
[
z − x+

]〉
Z

=
1

2

〈
Φθ(Fn(z))− Φθ(y),−E(Φθ◦F )(x

+, z)
〉
Z

− 1

2

〈
Φθ(Fn(z))− Φθ(y), (Φθ ◦ Fn)

′(z)
[
z − x+

]〉
Z

=
1

2

〈
E(Φθ◦F )(x

+, z), E(Φθ◦F )(x
+, z)

〉
Z

− 1

2

〈
(Φθ ◦ Fn)

′(z)
[
z − x+

]
, (Φθ ◦ Fn)

′(z)
[
z − x+

]〉
Z

≤ 1

2

∥∥E(Φθ◦F )(x
+, z)

∥∥2
Z
= o(∥z − x+∥2X),

which is the weak convexity. □

Remark 3.2. Note that the constant Cz solely depends on the linearization error of
Φθ ◦ Fn, and as such, condition (8) is a natural requirement on the data converter to
”convexify” the problem.

The rigorous verification of (vi) must fail in this general setting as this condition is
intertwined with the local conditionally well-posedness of the inverse problem (1). As
such it depends strongly on the nonlinearity F and the discrete space Xn. However, if
the discrete operator Fn is locally injective, and if the operator A, the architecture of the
neural network and its training are designed carefully for Xn, we can reasonably expect

(10) C∥x− x+∥X ≤ ∥Φθ(Fn(x))− Φθ(Fn(x
+))∥Z , x ∈ Bρ(x

+) ⊂ D(Fn),

to hold for one C > 0 and one ρ > 0. In other words, we have a local version of (vi) for
dy as in Lemma 3.1. In fact, the intention of the whole training process is to establish the
above Lipschitz well-posedness of the composition Φθ ◦Fn locally in a large neighborhood
of any x+ ∈ D(Fn). The local Lipschitz stability (10) holds, for instance, if the Fréchet-
derivative (Φθ ◦ F )′(x+) : Xn → Z is injective, see [16, Lem. C.1(a)] (a similar result can
be found in [11]). In Appendix A we provide a local convergence result for Algorithm 1
under (10) and assumptions that dy(·) = distθ(y, ·) satisfies (Lemma 3.1).

Under a slightly stronger hypothesis on (Φθ ◦F )′ we can even verify uniform convexity
of dy. To this end, let (Φθ ◦F )′(x) be uniformly injective with respect to x, that is, there
exists a constant λmin > 0 such that

λmin ∥h∥X ≤ ∥(Φθ ◦ F )′(x)h∥Z for all x ∈ Bρ(x
+) and for all h ∈ Xn.(11)

This injectivity guarantees the existence of some L < 1 and a possibly smaller ρ > 0 such
that ∥∥E(Φθ◦F )(x, z)

∥∥
Z
≤ L ∥(Φθ ◦ F )′(z)[x− z]∥Z for all x, z ∈ Bρ(x

+),(12)

see [16]. The estimate (12) is known under the name tangential cone condition.

Lemma 3.3. Let both (11) and (12) be fulfilled. Then, the misfit dy(·) = distθ(y, ·)
is uniformly convex in Bρ(x

+). Moreover, items (ii) and (vi) from Assumption 2.1 are
satisfied.
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Proof. As in the proof of the previous lemma,

dy(z)− dy(x
+)− d′y(z)[z − x+] =

1

2

∥∥E(Φθ◦F )(x
+, z)

∥∥2
− 1

2

∥∥(Φθ ◦ Fn)
′(z)

[
z − x+

]∥∥2 .
Using (11) and (12) we estimate

dy(z)− dy(x
+)− d′y(z)[z − x+] ≤ (L2 − 1)λ2

min

2

∥∥z − x+
∥∥2 ,

which rearranges to uniform convexity since L < 1. □

We emphasize that we still get (local) strict convexity only under (12).
Our previous analysis indicates that, if F ′ is locally injective, the training process

should mimic the constrained optimization problem

min
θ∈Rp

1

2

∥∥EΦθ◦F (x
+, z)

∥∥2
Z
, λmin (Φ

′
θ(F (z))∗Φ′

θ(F (z))) ≥ c for all z ∈ Xn,(13)

for some c > 0 where λmin(M) denotes the smallest eigenvalue of the symmetric matrixM .
Furthermore, x+ is the desired solution, which is typically unknown. Thus, a more
sophisticated approach is required to train a conversion network, as we explain below.
We stress the fact that the above constraint yields (11) since F ′ is supposed to be locally
injective.

3.1.1. Training. Our goal is to train a neural net Φθ : Yn → Z with parameters θ ∈ Rp

satisfying

Φθ ◦ Fn(x) ≈ Ax

for a simple operator A : Xn → Z. This operator must be chosen such that the trained
distance functional distθ(·, y) is convex, for example, A = Id and Z = Xn. However,
flexibility in choosing A, and hence Z, is allowed to incorporate a priori knowledge of the
underlying inverse problem and/or to reduce the training effort. We provide a concrete
example in the context of seismic imaging in Section 4 below.

We restrict ourselves to the case where Yn = (Ỹn)
N and Z = Z̃N for some finite

dimensional spaces Ỹn and Z̃. For instance, this setting for Yn reflects the case where

the observations are N finite time series, i.e., Ỹn ⊂ L2(0, T ). Moreover, Z̃ represents the
(possibly high-dimensional) output layer of the neural network where the (now convex)

distance will be evaluated. Thus, Z and Z̃ can be understood as some sort of encoding
spaces, where the decoding layer is the distance evaluation. In this setting, the resulting
misfit functional dy can be written as a sum,

dy(x) =
N∑
i=1

d̃yi(x),

where d̃ denotes a distance on the lower-dimensional space and can therefore be parame-
terized by a smaller neural network. Decomposing the measurement y = (y1, . . . , yN) ∈ Yn

also increases the number of effective training samples, even when only a limited number
of measurements y is available in practice.
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Thus instead of training a network Φθ on the large space (Ỹn)
N , we train a network Φ̃θ

on the smaller space Ỹn such that

Φ̃θ(Fn,i(x)) ≈ (Ax)i, for all i ∈ {1, . . . , N} ,
Where Fn,i denotes the i-th component of the fully discrete forward operator Fn. With
this approach the whole convexifier Φθ : Yn → Z is build componentwise by

Φθ(y) =

 Φ̃θ(y1)
...

Φ̃θ(yN)

 .(14)

Then, the new distance ∆ between two measurements y1, y2 ∈ Yn is

∆(y1, y2) =
1

2

∥∥Φθ(y
1)− Φθ(y

2)
∥∥2
Z
=

1

2

N∑
i=1

∥∥∥Φ̃θ(y
1
i )− Φ̃θ(y

2
i )
∥∥∥2
Z̃
=:

1

2

N∑
i=1

dθ(y
1
i , y

2
i ).

Here, dθ : Ỹn×Ỹn → [0,∞) denotes the learned distance between two given measurements
and thus serves as our training objective. In the best case this would yield

dθ(Fn,i(x
1), Fn,i(x

2)) ≈
∥∥(Ax1)i − (Ax2)i

∥∥2
Z̃
.

Since in general full knowledge of A,Z and the parameters x is not possible, we generate

a total of Ndata ∈ N training triplets {(y1k, y2k, τk)}k=1,...,Ndata
∈ (Ỹn × Ỹn × R)Ndata , where

the pairs (y1k, y
2
k) replace (Fn,ik(x

1
k), Fn,ik(x

2
k)) for some unknown x1

k, x
2
k ∈ D(Fn) and an

ik ∈ {1, . . . , N}. Further, the τk’s should satisfy

τk ≈
∥∥(Ax1

k)ik − (Ax2
k)ik
∥∥2
Z̃
.

In this way, A is only known implicitly. However, should A be known explicitly, then one
can generate the data triplets using test samples from Xn.
With {(y1k, y2k, τk)}k=1,...,Ndata

we finally train the neural net by minimizing the L1 loss
functional

l(θ) =
1

Ndata

Ndata∑
k=1

∣∣dθ(y1k, y2k)− τk
∣∣ .

Remark 3.4. We sketch a way to generate the training pairs (y1k, y
2
k) from measurements.

Suppose that the nonlinearity F satisfies approximately an invariance property F (Rx) ≈
SF (x) with operators R : X → X and S : Y → Y . Then, we can choose y1k as our
measurement for Fn,ik(x

1
k) and set y2k := Sy1k. Observe that R is not required explicitly.

We apply this approach in Section 4.1.

Now, to achieve the constraint on the Jacobian, see (13), we restrict our net to be of

the form Φ̃θ : Ỹn → Z̃ := Ỹn,

Φ̃θ(y) = y +MLPθ(y),(15)

where MLPθ is a standard multi-layer-perceptron1 with the LeakyReLU2 as activation
function. Assuming ∥MLP′

θ(y)∥1 < 1 and employing Gershgorin’s circle theorem, we can

1This is a standard, fully connected, feed-forward network with at least one inner layer of neurons,
see, e.g., [39, Chap. 2.1].

2see e.g. [39, Chap. 2.2.3].
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estimate the smallest absolute value of the eigenvalues of the Jacobian from below by

ρmin(Φ̃′
θ(y)) = ρmin(I +MLP′

θ(y)) ≥ 1− ∥MLP′
θ(y)∥1 ≥ 1−

∏
W∈weights(MLPθ)

∥W∥1 .

For the last inequality we used that for a standard MLP given as a concatenation of
activation functions and affine linear transformations,

MLPθ = σ ◦ AL ◦ · · · ◦ σ ◦ A1,

with Ai(y) = Wiy + bi the Jacobian is given as a multiplication of the weights and
Jacobians of the activation function:

MLP′
θ(y) = σ′(. . . )WLσ

′(. . . )WL−1 · · ·σ′(. . . )W1.

Since in our case σ is the LeakyReLU the Jacobians σ′(. . . ) are diagonal matrices with
diagonal entries being either 1 or a < 1 (the negative leakage parameter) and thus
∥σ′(. . . )∥1 ≤ 1. Now an application of the submultiplicativity property for matrix norms
yields the above estimate for the smallest eigenvalue.

If we restrict the weights in the parameter space such that ∥W∥1 ≤ C < 1, then

both Φ̃′
θ(y) and Φ̃′

θ(y)
∗Φ̃′

θ(y) are injective. To enforce this constraint, we project the
weights after each training step onto the closed, convex 1-norm ball of radius C. That
is, if W k = (W k

1 , . . . ,W
k
L) and bk = (bk1, . . . , b

k
L) denote the weights and biases at the

k-th training iteration, and if the (unprojected) update map is denoted by U , then one
projected training step consists of the following two stages:

(W k+1/2, bk+1) = U(W k, bk),

W k+1
i = P 1

C(W
k+1/2
i ) for all i ∈ {1, . . . , L} ,

where P 1
C denotes the projection onto

{
W ∈ L(Ỹn, Ỹn) : ∥W∥1 ≤ C

}
, as described above.

3.2. Distance networks. Another way to train a distance functional is to directly train
a neural network ∆: Yn → [0,∞), such that dy(x) := ∆(Fn(x)−y) is a convex functional.
In this case we usually need stronger assumptions on the architecture of dy to obtain

a useful optimization objective. If we assume that dy is similar to an MLP and the non-
negativity constraint is achieved by taking the square of the output, our functional is of
the form

dy(x) =
(
b⊤Φθ(Fn(x)− y)

)2
,(16)

where Φθ : Y → Z is a neural net and (b, θ) ∈ Z × Rp is the parameter vector which we
optimize during the training process.

In this distance concept we obtain a result similar to Lemma 3.1.

Lemma 3.5. Let y = Fn(x
+) for x+ ∈ D(Fn). Further, let both Fn and Φθ be Fréchet-

differentiable satisfying (9). Additionally, let 0 be a zero of Φθ (Φθ(0) = 0). Then dy
from (16) satisfies conditions (i), (iii), (iv), and (v) of Assumption 2.1 locally in Bρ(x

+).
Moreover, dy is weakly convex on every line passing through x+, that is, (ii’) as formulated
in Lemma 3.1 holds as well.

Proof. Let z ∈ Xn. Again (i) is obvious with

d′y(z) = 2
(
b⊤Φθ(Fn(z)− y)

)
F ′(z)∗Φ′

θ(F (z)− y)∗[b].
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Using Φθ(0) = 0 we establish (iii). Item (iv) is fulfilled since∥∥d′y(z)∥∥2Xn
≤ 2L2

ΦL
2
F ∥b∥2Z dy(z),

and (v) holds where ηy = 0.
It remains to validate (ii’). We have

dy(z)− dy(x
+)− d′y(z)[z − x+]

=
(
b⊤Φθ(Fn(z)− y)

)2 − 2
(
b⊤Φθ(Fn(z)− y)

) 〈
b,Φ′

θ(Fn(z)− y)F ′(z)[z − x+]
〉

=
(
b⊤Φθ(Fn(z)− y)

) 〈
b,Φθ(Fn(z)− y)− 2Φ′

θ(Fn(z)− y)F ′(z)[z − x+]
〉

= −2
(
b⊤Φθ(Fn(z)− y)

) (
b⊤E(Φθ(·−y))◦Fn(x

+, z)
)
− dy(z)

≤ −2
(
b⊤Φθ(Fn(z)− y)

) (
b⊤E(Φθ(·−y))◦Fn(x

+, z)
)
.

The claim follows now directly from
(
b⊤Φθ(Fn(x)− y)

)
= O(∥z− x+∥Xn) and the defini-

tion of the Fréchet-derivative. □

We guarantee the condition Φθ(0) = 0 by designing the net Φθ without biases. Then,
training can be conducted as was done for the data converter by learning a smaller network

Φ̃θ on the smaller subspace Ỹn: With the training samples {(y1k, y2k, τk)}k=1,...,Ndata
∈ (Ỹn×

Ỹn × R)Ndata introduced in Section 3.1.1, we minimize the L1-loss

l(̃b, θ) =
1

Ndata

Ndata∑
k=1

∣∣∣∣(b̃⊤Φ̃θ(y
1
k − y2k)

)2
− τk

∣∣∣∣
to obtain the optimal parameters (b∗, θ∗). Finally, the full distance functional is

dy(x) =
N∑
i=1

(
(b̃∗)⊤Φ̃θ∗(Fn,i(x)− yi)

)2
.

The corresponding b ∈ Z is composed as b = (̃b, . . . , b̃) ∈ Z̃N = Z and Φθ : Yn → Z is

again the componentwise application on the product space Yn = Ỹn

N
.

Remark 3.6. Under an additional assumption on b and Φθ, which is hard to verify,
we can ensure the conditional well-posedness from Assumption 2.1. Suppose, there is a
constant c > 0 such that ∣∣b⊤z∣∣

∥b∥Z ∥z∥Z
≥ c for any z ∈ Φθ(Yn)\ {0} ,

that is, the angle between z and b is uniformly smaller than π/2. Then, for any x ̸= x+

using Φθ(0) = 0 we get

dy(x) =
(
b⊤Φθ(Fn(x)− y)

)2 ≥ c ∥b∥2Z ∥Φθ(Fn(x)− y)∥2Z
= c ∥b∥2Z ∥Φθ(Fn(x)− y)− Φθ(0)∥2Z .

If we now assume the Fréchet-derivative F ′
n is locally injective in a ball Bρ(x

+) ⊂ D(Fn)
and Φ′

θ is locally injective in a ball Br(0) ⊂ Yn, we obtain the conditional well-posedness
locally in a ball about x+, see [16, Lem. C.1(a)].
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4. Full waveform inversion in the acoustic regime

One well-known inverse problem where the non-convexity of the objective functional
becomes an issue arises in time domain full waveform inversion (FWI) due to the phe-
nomenon of cycle-skipping. FWI is the most advanced seismic imaging methodology to
reconstruct the interior structure of the Earth from reflected wave fields. Here, cycle-
skipping is caused by a phase mismatch between the measured wave fields (seismograms)
and reconstructed wave fields [44]. When this mismatch exceeds half a period, optimiza-
tion procedures using L2-distances will become trapped in a local minimum, unless the
starting guess is close to the ground truth.

From a mathematical point of view, FWI entails a parameter identification task for the
underlying wave propagation model, that is, the used wave equation. For our numerical
experiments, we rely on the acoustic wave equation with constant bulk density in a
bounded Lipschitz-domain Ω ⊂ R2. In this setting the forward operator F = MnF
consists of the following two building blocks:

• The parameter-to-state map

F : D(F) ⊂ L∞(Ω,R) → L2([0, T ], L2(Ω)), ν 7→ u,

which maps a pressure wave velocity

ν ∈ D(F) :=
{
w ∈ L∞(Ω,R) : νmin ≤ w ≤ νmax a.e.

}
to the solution u : [0, T ] → L2(Ω) of the acoustic wave equation,

1

ν2
∂2
t u−∆2

xu = f, u(0) = 0, ∂tu(0) = 0.(17)

Here, 0 < νmin < νmax are physically meaningful constants and f ∈ L2([0, T ], L2(Ω))
is the source term. If f is sufficiently regular in time and the boundary restriction
u|Ω = 0 is satisfied, then (17) admits a unique weak solution. Thus, F is well
defined and moreover Fréchet-differentiable, see [29].

• The measurement operator

Mn : L
2([0, T ], L2(Ω)) → Yn = RNT×NS , u 7→ s,

which maps a wave field u to the observed seismograms s at NS receiver locations
and NT points in time.

As a benchmark model to compare the proposed distance functionals with the standard
L2-objective, we use the established Camembert model, also known as the circular in-
clusion model [22]. The resulting inverse problem is highly nonlinear and susceptible to
cycle-skipping.

In our example we choose Ω = [−35, 35]2 and the sought-after velocity is given as

νC(x) =

{
120, |x| ≤ 20,

100, else,
, x ∈ Ω.(18)

The velocity of the Camembert is 20% higher than the background velocity, which renders
the inverse problem severely ill-posed. As discrete space Xn for the velocities we choose
piecewise constant functions on a 301 × 301 equidistant grid in the square [−35, 35]2.
So, dimXn = 90601 and the discretization step size in each coordinate direction is h =
70/301 ≈ 0.23. We equip Xn with the Euclidean inner product with respect to the grid
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Figure 1. Test velocity (18) with source (red crosses) and receiver locations
(green crosses).

values. Our fully discrete, Fréchet-differentiable forward operator between Hilbert spaces
is then

Fn : D(F) ∩Xn ⊂ Xn → Yn, Fn(ν) := MnF(ν).

For our transmission experiment, we place 15 equidistant point sources left of the Camem-
bert and measure the excited wave fields at NS = 200 receiver points on the right; see
Figure 1 for the geometric setting. As the number of points in time is NT = 400 for each
receiver in any of our examples below, we have dimYn = 80000 throughout.
As source signal in time, we applied the Ricker wavelet

r(t) =
(
1− 2σ2(t)

)
e−σ2(t), σ(t) = π ωc (t− ts),

with central frequency ωc = 10Hz and time-shift ts = 0.15 s. The complete source term
for (17) is then

f(x, t) =
15∑
i=1

r(t)δhxi
(x),(19)

where {xi : i = 1, . . . , 15} ⊂ Ω is the set of source positions. In addition, δhxi
is the

characteristic function of the square xi+[−h/2, h/2]2, normalized such that
∫
Ω
δhxi

(x)dx =

1. Here, h is the discretization step size associated with Xn. Moreover, supp δhxj
∩

supp δhxi
= ∅ for i ̸= j. Please note that we perform a one-shot experiment. Only one

source is fired at 15 spatially separated locations simultaneously.
In our numerical examples below, we used PyTorch [37] to implement neural nets Φθ

with architectures specified in (14) and (15). Further, we used its auto-differentiation
utilities to avoid the expensive adjoint state methods. We relied on the wave solver
Deepwave [40] to compute the forward map Fn. Following the work [33], Deepwave
implements an absorbing layer around Ω to prevent waves from propagating back into
the domain after reaching the boundary.
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Figure 2. Example seismogram on the left with corresponding L2-Misfit on the right.

The Python code for all of our experiments below and additional material can be
downloaded from the GIT repository

https://gitlab.kit.edu/david.haemmerling/learned-distance-functionals.

4.1. Time-shift training data. Within the seismic community, a common intuition for
non-convexity of the standard L2-objective Jy(ν) :=

1
2
∥F (ν)− y∥2L2 are time shifts in the

seismic data. When the velocity ν changes, the arrival time of an emitted shot at receiver
locations also changes, as well as the reflections of the signal, but not so much the shape
of the signal itself. This phenomenon has already been described in the introduction of
this section and is called cycle-skipping. It is illustrated in Figure 2 by a seismogram s
measured in the Camembert experiment and the standard L2-Misfit

(20) t 7→ 1

2
∥s(·)− s(· − t)∥2L2

as a function of time shifts (the norm above is the weighted Euclidean norm on RNT

to approximate the indicated continuous norm). Motivated by this observation it has
been the goal in the seismic community to construct a misfit functional ∆: L2([0, T ]) ×
L2([0, T ]) → [0,∞) which is convex with respect to the time shifts (see e.g. [18, 34]). In
the best case scenario such a misfit functional would be given as the normal parabola,
i.e. for a given seismogram s ∈ L2([0, T ]), extended by 0 outside of [0, T ], we would like
to have

(21) ∆(s, s(· − t)) = t2

for any time shift t ∈ [−T, T ]. This approach fits into the setting of Remark 3.4, when
S is the shift-operator S = St : L

2(R) → L2(R), Sts(·) = s(· − t). Since a time shift of
a seismogram corresponds to a change in wave speed, we postulate the existence of an
operator Rt : L

∞(Ω) → L∞(Ω) such that St ◦ F = F ◦ Rt. Accordingly, for any given
seismogram s, we can generate a useful training triplet (y1, y2, τ) = (s, Sts, t

2) for any t.
Now suppose we are given a collection of seismograms yδ = (s1, . . . , sNS

) ∈ Yn. In
agreement with the discussion in the previous paragraph, our training samples are{

(si, si(· − tl), t
2
l ) : i = 1, . . . , NS, l = 1, . . . , Nshift

}
⊂ Ỹn × Ỹn × R

where Ỹn = RNT = R400 and t1, . . . , tNshift
∈ [−T, T ]. Thus, Ndata = NSNshift. For all

experiments, we set Nshift = 60 and randomly split the obtained dataset into training and

https://gitlab.kit.edu/david.haemmerling/learned-distance-functionals
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Figure 3. Comparison of the L2-Misfit from (20) and the learned misfit from (21).

validation sets with a size ratio 9 : 1 to avoid overfitting. All of the following experiments
were run on an NVIDIA RTX A4000 GPU.

For our first experiment we rely on consistent data y := Fn(PnνC) where the value of
PnνC ∈ Xn on a grid cell coincides with the value of νC at the cell’s midpoint. When
plotting the standard L2-misfit for one of the seismograms “measured” at the receivers,
we observe a non-convex L2-misfit with local minima, which potentially give rise to the
cycle-skipping phenomenon, see Figure 3 (left).

However, after training a data transformer with an architecture as described in Sec-
tion 3.1.1 consisting of 25 linear layers with a total of 554000 parameters, the misfit
functional loses its local extrema, see Figure 3 (right). Since we work with consistent
data in a rather low-dimensional discretization, regularization is a minor issue in this
experiment. Instead of the Landweber iteration, we therefore use the faster L-BFGS
method from [20] for minimizing the L2- and the learned misfit, starting with the con-
stant background velocity ν0 ≡ 100, which we also use as initial velocity in the other
experiments below. The outcome after 100 iterations can be viewed in Figure 4. Note
that the reconstruction on the left is near a local minimum. Earlier iterates with the
same starting value do not fundamentally differ in shape and quality from this result. A
similar observation is reported in [23, Fig. 1].

We emphasize that all displayed reconstructions are clipped to values in the range
[100, 120] to show more detail.3 So, some reconstructions may appear better than they
actually are. Therefore, to quantitatively compare the different reconstructions, we define
an error measure relative to the starting guess by

err(ν) :=
∥ν − PnνC∥Xn

∥ν0 − PnνC∥Xn

.

For the reconstruction νL2 , obtained by minimizing the L2-misfit (Figure 4, left), we have
err(νL2) ≈ 1.53. In other words, its error is about 53% worse than that of the initial guess!
On the other hand, the velocity νΦ, fitted with the learned functional, has a relative error
of only err(νΦ) ≈ 0.61.

3Instead of the reconstruction νrec, we plot max {min {νrec, 120} , 100}.
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Figure 4. Reconstructions after 100 iterations of L-BFGS. Left: Reconstruc-
tion νL2 using the standard L2-misfit with err(νL2) ≈ 1.53. Right: Reconstruc-
tion νΦ using the learned misfit ∆ (21) with err(νΦ) ≈ 0.61.

In the previous example (Figure 4) we committed an inverse crime: We generated the
seismogram with the same wave solver that we used in the L-BFGS minimization pro-
cedure. Now, we are training the same network layout based on inconsistent data that
we generated using our own finite difference time domain solver. Additionally, we have
perturbed the seismograms by 1% relative L2-noise. Figure 5 displays the resulting misfit
functional for one seismogram and the reconstruction after 5000 Landweber iterations4.
This reconstruction is overfitted as indicated by the error plot in Figure 6 (left, blue
curve), which reveals the typical semi-convergence of iterative regularization schemes ap-
plied to ill-posed problems, see, e.g., [17, 41]: The error first decreases and then increases
after an optimal stopping index (iteration number) is reached. Here, the optimal stop-
ping index is 1140 and the corresponding iterate is shown in the right of Figure 6. Please
observe that the error decreases strictly monotonically up to the optimal stopping index,
which is in full agreement with Theorem 2.4.

Employing the faster L-BFGS scheme to minimize the learned distance yields the
best reconstruction with respect to the L2-norm after only 49 iterations, see Figure 7
(right). However, its error err(νBFGS

49 ) ≈ 0.62 is larger then err(νLand
1140 ) ≈ 0.58 for the best

Landweber reconstruction. Furthermore, as the error evolution in Figure 7 (left) reveals,
the error does not decrease monotonically up to its minimal value at νBFGS

49 . Hence, it
is not straightforward to carry over the regularization theory for the Landweber method
from Section 2 to the L-BFGS scheme, if it is even possible.

Remark 4.1. A comment on computer time consumption is in order. To set up the
neural net used for the reconstructions in Figure 4, we minimized the loss functional with
the Adam optimizer over 200 training epochs and selected the set of parameters with the
lowest validation loss. This process took about 4:39min5. The 100 L-BFGS iterations to
generate the reconstructions νL2 and νΦ required 2:56min and 2:20min, respectively.

4We worked with a constant step size of 50000, which we also used for the reconstruction shown
in Figure 6. The step sizes for the reconstructions in Figures 8 and 9 are 2500000 and 200, respec-
tively. These large values compensate for the rather small magnitude of the source (19), that is, cy in
Assumption 2.1 (iv) can be large, and so the step size as well, see the hypothesis on the step sizes in
Theorem 2.4.

5Training times for the other networks in this section are similar.
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Figure 5. Left: Learned misfit ∆ (21) for one seismogram based on data
generated without inverse crime (inconsistent data). Right: Corresponding Re-
construction νLand5000 after 5000 Landweber iterations with err(νLand5000 ) ≈ 0.61.
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Figure 6. Left: Relative L2-error of the Landweber iteration as a function of
the iteration index for the learned (blue) and the L2-misfit (red dashed). Right:
Optimal reconstruction, i.e., the Landweber iterate based on the learned misfit
after 1140 iterations which has the least error err(νLand1140 ) ≈ 0.58.

Finally, we compare the runtime for computing the optimal reconstructions on display
in Figures 6 and 7. The 1140 Landweber iterations took 19:57min, whereas the 49 L-
BFGS iterations finished in only 1:15min.

With the modified Armijo rule for step size selection in the Landweber method, the
optimal reconstruction is obtained in 725 iterations, consuming 18:28min of GPU time,
while retaining the accuracy of the reconstruction in Figure 6. The more sophisticated
Fletcher-Reeves (nonlinear conjugate gradients) scheme together with the Armijo rule
delivered its optimal result in 1:27min after 49 iterations with an error of 0.64. For more
details, see the above-referenced GIT repository.

For a further experiment, we trained the distance network from (16) relying on the
same training data as above and obtain similar results for data with and without inverse
crimes. Figure 8 (left) shows the L-BFGS reconstruction νBFGS

50 based on consistent
data yielding err(νBFGS

50 ) ≈ 0.68. Here, the stopping rule of the L-BFGS implementation
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Figure 7. L-BFGS error history (left) minimizing the learned misfit and cor-
responding optimal reconstruction (right) after 49 iterations with err(νBFGS

49 ) ≈
0.62.
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Figure 8. Reconstructions obtained from minimizing the direct misfit (16).
Left: L-BFGS result νBFGS

50 for consistent data with err(νBFGS
50 ) ≈ 0.68. Right:

Landweber result νLand1224 for inconsistent data with err(νLand1224 ) ≈ 0.52.

from [20] terminated the algorithm after 50 iterations. On the right of this figure, the
optimal Landweber iterate νLand

1224 , using inconsistent data, is displayed which we picked
by monitoring the error evolution. Its error is the lowest so far: err(νLand

1224 ) ≈ 0.52.

4.2. Constant parameter training data. Another way to set up a data converter is
to make Φθ an approximate inverse of the discrete forward operator Fn, that is,

Φθ ◦ Fn ≈ A = Id,

see (8). To achieve this, we need to generate data samples
(
µi, F (µi)

)
i=1,...,Nparam

∈
(Xn × Yn)

Nparam for a total of Nparam parameters µi in Xn. However since the dimension
of Xn can be arbitrarily large (here, dimXn = 90601), it is nearly impossible to reflect all
the small variations in the discrete materials by the training set. Therefore, we generate
only a small number of constant parameters µi ∈ R and the corresponding seismograms
F (µi) = (yi,1, . . . , yi,NS

), so that we can at least accomplish

(Φθ ◦ Fn)|C ≈ Id |C
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Figure 9. Reconstructions from constant velocity training data. Left: νBFGS
100

with err(νBFGS
100 ) ≈ 0.53, obtained after 100 iterations of L-BFGS using consistent

data. Right: νLand3131 with err(νLand3131 ) ≈ 0.53, obtained after 3131 iterations of
Landweber’s method using inconsistent data.

for the subspace C ⊂ Xn of constant velocities. Then our training samples for this data
converter, as described in Section 3.1, are{

(yi,l, yj,l, (µi − µj)
2) : l = 1, . . . , NS, i, j = 1, . . . , Nparam

}
⊂ Ỹn × Ỹn × R.

This results in a total of Ndata = N2
paramNS training samples. After generating seismo-

grams for the Nparam = 13 constant velocities 85, 90, 95, . . . , 145, we train a neural net
as described in Section 3.1.1 with Ndata = 33800 training samples, again randomly split
into training and validation samples. The results are shown in Figure 9 where, on the
left, the reconstruction νBFGS

100 from consistent data is the output of L-BFGS stopped
after 100 steps, as further iterations decreased the error only insignificantly. We have
err(νBFGS

100 ) ≈ 0.53. The image on the right is νLand
3131 , which is the best outcome of the

Landweber method from inconsistent data with respect to the error measure, yielding
err(νLand

3131 ) ≈ 0.53.

5. Conclusion and outlook

First, in Section 2, we established a regularization theory for the Landweber iteration
applied to general convex distance functionals. Next, in Section 3 (and also in Appen-
dix A), we theoretically justified the use of neural networks to construct such convex
functionals. We also presented an application-driven training strategy to stabilize the
training of these networks.

Finally, in Section 4 we investigated the proposed approach numerically on the Camem-
bert benchmark model. We found that the distance functionals can be constructed and
optimized without excessive computational cost. Moreover, the learned misfit function-
als can convexify the problem and yield reconstructions that outperform the standard
formulation. We also tested a more common optimization method, namely L-BFGS, and
observed no notable differences in the reconstructions; however, we did not observe the
error monotonicity required by the theory in Section 2. Hence, additional modifications
would be needed to prove that a standard L-BFGS scheme is a regularization method.

This leads directly to our outlook. From a theoretical perspective, we have so far es-
tablished convergence for noisy data only for (a suitable) gradient descent scheme. It
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is therefore natural to investigate other optimization methods and assess under which
conditions they can be interpreted as regularization schemes. From a machine learning
perspective, alternative constructions of convex functionals and different network archi-
tectures merit further study, since our experiments were restricted to standard MLPs. In
the context of FWI, the proposed methodology could be applied to additional benchmark
settings and, in particular, to multiparameter reconstruction and to field data. In these
scenarios, our approach of training a network using only the measured seismograms (to
mitigate cycle-skipping) could be especially beneficial.

Appendix A. Local convergence for weakly convex functionals

In this appendix we will show that Algorithm 1 still converges and has the regularization
property when the learned distance functional is only weakly convex instead of convex.
To this end, we modify Assumption 2.1 to be consistent with the discussion and results
in Subsection 3.1 (Lemma 3.1 and explanations given in the context of (10)).

Assumption A.1. Let y ∈ Y . We assume that our misfit functional dy : X → [0,∞)
matches the following conditions:

(i) The misfit functional is Fréchet-differentiable at any x ∈ X with Riesz-representa-
tion d′y(x) ∈ X such that

∂xdy(x)[h] = ⟨d′y(x), h⟩X .
(ii) The misfit dy is weakly convex in a ball Bρ(x

+) in the following sense:

dy(x
+)− dy(z) ≥ d′y(z)[x

+ − z]− βy∥z − x+∥2X for all z ∈ Bρ(x
+)

and for some constant βy > 0.
(iii) It holds that

dF (x)(x) = 0 for all x ∈ D(F ).

(iv) There is a constant cy > 0 such that

cy
∥∥d′y(x)∥∥2X ≤ dy(x) for all x ∈ Bρ(x

+)

(v) There exists a functional d : Y ×X → [0,∞) such that dy(·) = d(y, ·) and which
is Fréchet-differentiable with respect to y at (F (x+), x+). Set

ηy :=
∥∥∂yd(F (x+), x+)

∥∥
Y→R .

(vi) There is a constant ζy > 0 such that

ζy ∥x− x+∥2X≤ dy(x) for all x ∈ Bρ(x
+)

with ζy > 2βy.

Under these assumptions we can again prove local convergence for starting values in
Bρ(x

+) in the noise-free setting.

Theorem A.2. Under Assumption A.1 consider Algorithm 1 with input y = F (x+) for
x+ ∈ D(F ), δ = 0, and {λn} ⊂ [λmin, λmax]

N0 with 0 < λmin ≤ λmax < 2cy(1 − βy/ζy).

Further, assume that ζy −
√

ζy/cy < βy < ζy. Then, for x0 ∈ Bρ(x
+), the Landweber

sequence

xn+1 := xn − λnd
′
y(xn), n ∈ N0,
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generated by Algorithm 1 either stops after a finite number of iterations with x+, or
monotonically converges to x+: limn→∞ xn = x+ and

(22) ∥xn+1 − x+∥X ≤ ∥xn − x+∥X .
Proof. For xn ∈ Bρ(x

+), we estimate

∥xn+1 − x+∥2X = ∥xn − λnd
′
y(xn)− x+∥2X

= ∥xn − x+∥2X − 2λn⟨d′y(xn), xn − x+⟩X + λ2
n∥d′y(xn)∥2X

≤ ∥xn − x+∥2X + 2λn

(
dy(x

+)︸ ︷︷ ︸
=0

−dy(xn) + βy∥xn − x+∥2X
)
+

λ2
n

cy
dy(xn)

≤ ∥xn − x+∥2X − λn

(
2− 2

βy

ζy
− λn

cy

)
dy(xn)

where we used Assumption A.1(vi) for the last bound. By our hypotheses, 2βy

ζy
+ λn

cy
< 2

which immediately implies (22). A further application of (vi)

∥xn+1 − x+∥2X ≤
(
1− λnζy

(
2− 2

βy

ζy
− λn

cy

))
∥xn − x+∥2X ≤ (1− Λ)∥xn − x+∥2X

for

0 < Λ = ζy min

{
λ

(
2− 2

βy

ζy
− λ

cy

)
: λ ∈ {λmin, λmax}

}
< 1.

The claimed convergence follows now inductively. □

The error monotonicity and termination follow as in Section 2.

Theorem A.3. Let y = F (x+) and let yδ ∈ Y such that 0 < ∥yδ − y∥Y ≤ δ for all δ > 0
sufficiently small. Let both, dy and dyδ , fulfill Assumption 2.1. Call Algorithm 1 with input
yδ, δ, xδ

0 ∈ Bρ
yδ
(x+), and step sizes {λn} ⊂ (0, λmax]

N0 with 0 < λmax < 2cyδ(1−2βyδ/ζyδ)

which satisfy the left equation of (3). Here, cyδ , ρyδ , ηy, and ζyδ are as in (iv), (v), and
(vi) of Assumption A.1, respectively. If

τ >
2
(
1 + 2βyδ/ζyδ

)
ηy(

2− 4βyδ/ζyδ − λmax/cyδ
)

then, for δ > 0 sufficiently small, Algorithm 1 stops after a finite number N(δ) of iteration
steps and the iterates satisfy

∥xδ
n+1 − x+∥X ≤ ∥xδ

n − x+∥X for all n < N(δ).

Proof. Let xδ
n ∈ Bρ

yδ
(x+). As in the previous proof we start with

∥xδ
n+1 − x+∥2X ≤ ∥xδ

n − x+∥2X + 2λδ
n

(
dyδ(x

+)− dyδ(x
δ
n) + βyδ∥xδ

n − x+∥2X
)

+
(λδ

n)
2

cyδ
dyδ(x

δ
n).

Let xδ be the unique minimizer of dyδ according to (ii) of Assumption A.1. By (vi),

∥xδ
n − x+∥2 ≤ 2

(
∥xδ

n − xδ∥2X + ∥xδ − x+∥2X
)
≤ 2

ζyδ

(
dyδ(x

δ
n) + dyδ(x

+)
)
,
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so that

∥xδ
n+1 − x+∥2X ≤ ∥xδ

n − x+∥2X + λδ
n

(
2
(
1 +

2βyδ

ζyδ

)
dyδ(x

+)−
(
2− 4βyδ

ζyδ
− λδ

n

cyδ

)
dyδ(x

δ
n)

)
.

The factor in front of dyδ(x
δ
n) is positive. Hence, if dyδ(x

δ
n) > τδ then

∥xδ
n+1 − x+∥2X ≤ ∥xδ

n − x+∥2X + λδ
n

(
2
(
1 +

2βyδ

ζyδ

)
dyδ(x

+)−
(
2− 4βyδ

ζyδ
− λδ

n

cyδ

)
τδ

)
.

We proceed with

dyδ(x
+) = dyδ(x

+)− dy(x
+)− ∂yd(y, x

+)[yδ − y] + ∂yd(y, x
+)[yδ − y]

≤ o(δ) + ηyδ

yielding

(23) ∥xδ
n+1 − x+∥2X ≤ ∥xδ

n − x+∥2X − λδ
n∆(δ)

with

∆(δ) = o(δ) +

((
2− 4βyδ

ζyδ
− λδ

n

cyδ

)
τ − 2

(
1 +

2βyδ

ζyδ

)
ηy

)
δ.

By the choice of τ , ∆(δ) > 0 for δ > 0 sufficiently small independent of n. From (23) we
can finish exactly as in the proof of Theorem 2.4. □

The regularization property and the convergence order of Theorem 2.5 and Corol-
lary 2.6, respectively, carry over to the present situation.
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