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Abstract We consider a nonlinear Klein–Gordon equation in the nonrelativis-
tic limit regime with initial data in the form of a modulated highly oscillatory
exponential. In this regime of a small scaling parameter ε, the solution exhibits
rapid oscillations in both time and space, posing challenges for numerical ap-
proximation. We propose an explicit and an implicit exponentially weighted
finite difference method. While the explicit weighted leapfrog method needs to
satisfy a CFL-type stability condition, the implicit weighted Crank–Nicolson
method is unconditionally stable. Both methods achieve second-order accuracy
with time steps and mesh sizes that are not restricted in magnitude by ε. The
methods are uniformly convergent in the range from arbitrarily small to mod-
erately bounded ε. Numerical experiments illustrate the theoretical results.
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1 Introduction

We consider the numerical solution of nonlinear dispersive wave equations that
exhibit highly oscillatory behaviour in both time and space. As a concrete ex-
ample, we focus on the nonlinear Klein–Gordon equation in the scaling known
as the nonrelativistic limit regime; see e.g. [2,1,10,5]. With a small parameter
0 ă ε ! 1, we consider

ε2B2
t u´ B

2
xu`

1
ε2u` λ|u|

2u “ 0, x P R, 0 ď t ď T, (1.1)
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where the solution u “ upt, xq is complex-valued. Here, λ is a fixed nonzero
real number independent of ε, and T is a fixed final time. The initial conditions
are given by modulated highly oscillatory exponentials,

up0, xq “ a0pxqeiκx{ε, Btup0, xq “
1
ε2 b0pxqeiκx{ε. (1.2)

The initial conditions include a rapidly oscillating phase factor with a fixed
wave number κ P Rzt0u. The functions a0, b0 : R Ñ C are smooth profiles
whose derivatives are uniformly bounded independently of ε and which have
bounded support.

Our objective is to numerically approximate the solution over a fixed time
interval 0 ď t ď T that is independent of ε. Numerically solving (1.1)–(1.2) is
challenging due to the high oscillations of the solution in both time and space.
The literature predominantly focuses on smooth initial data and handling tem-
poral oscillations, with methods including finite difference schemes [2], split-
ting techniques [9], approaches based on Duhamel’s formula [5], time-twoscale
methods [6,3], and multiscale expansions [10,1]. However, only few numeri-
cal works address simultaneous spatial and temporal oscillations for (1.1) or
related equations. We are aware of two approaches: the nonlinear geometric
optics method of [8], where a wider class of partial differential equations with a
wider class of highly oscillatory initial data than considered here is addressed
using different numerical and analytical techniques, and the combination of an-
alytical approximations with tailor-made time integration in [11] for a wider
class of partial differential equations with highly oscillatory initial data that
are real parts of (1.2).

In this work, we build on the approach in [15], where weighted finite dif-
ference methods for a nonlinear Schrödinger equation with highly oscillatory
solutions in space and time were proposed and analyzed. These methods are
conceptually simple and as easy to implement as classical finite difference
methods. Here we study the nontrivial transfer and adaptation of the ap-
proach of [15] to the Klein–Gordon equation (1.1) with initial data (1.2). In-
troducing suitable weights into standard finite difference schemes enables us
to use large time steps and mesh sizes that are not constrained by the small
parameter ε. Our method employs co-moving coordinates, which allows us to
maintain a relatively small spatial computational interval that is largely de-
termined by the support of the initial conditions, while capturing the original
solution across the entire domain. Furthermore, our approach can effectively
resolve counter-propagating waves, as the solution exhibits two opposite time
frequencies corresponding to distinct group velocities. The proposed method
is not only asymptotic-preserving as ε Ñ 0 but also uniformly accurate for
0 ă ε ď 1, recovering a standard co-moving finite difference scheme when the
ratio of the time step and mesh size to ε approaches zero.

Section 2 presents an asymptotic analytical approximation of the continu-
ous problem for small ε, which is of first order accuracy in ε for general initial
data (1.2) and of second order for polarized initial data, for which the wave is
uni-directional.
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In Section 3, we describe the algorithm studied in this paper, which is ap-
plied to a reformulation of the initial-value problem (1.1)–(1.2) with co-moving
coordinates. We introduce a weighted finite difference method that extends the
classical explicit leapfrog method in time with central finite differences in space
to the case of an arbitrarily small ε in (1.1)–(1.2). There is also an analogous
extension of the implicit Crank–Nicolson method.

Section 4 states the main results of the paper and presents numerical ex-
periments. We derive the leading term in the modulated Fourier expansion
of the numerical solution and establish second order error bounds that allow
time step sizes τ and mesh widths h to be chosen arbitrarily large compared
to ε. For h " ε, the explicit method imposes a step-size restriction of the form
τ ď ch2, which is not required for the implicit method. For both methods we
have Oph2` τ2` εq error bounds for general initial data (1.2), which improve
to Oph2 ` τ2 ` ε2q for polarized initial data.

The results stated in Section 4 are proved in Sections 5 and 6. In Section 5,
we analyze the consistency error, i.e., the defect arising when inserting a func-
tion with a controlled small distance to the exact solution into the numerical
scheme. Section 6 presents a linear Fourier stability analysis, followed by a
nonlinear stability analysis that bounds the numerical solution error in terms
of the defect.

We add a remark on easy generalizations of the numerical methods and
their analysis as studied here:
– First, the extension of the numerical methods and their error bounds to
higher space dimensions in the Klein–Gordon equation is straightforward.
– While we consider the nonlinear Klein–Gordon equation with complex initial
data (1.2), the numerical methods and theoretical results of this paper extend
with minor modifications to the real case where the complex initial data in
(1.2) are replaced by their real parts.
– Like in [15], the numerical methods and their theory can be extended to
initial data that are sums of modulated exponentials with different wave num-
bers κ1, . . . , κm. Such an extension is easily obtained when an Oph2 ` τ2 ` εq
error bound is desired, but second order in ε would require a more substantial
analytical and computational effort.

2 Preparation: Dominant oscillatory terms, polarized initial values,
and co-moving coordinates

Before introducing the numerical method, we give two approximation results
for the solution of (1.1)–(1.2). We distinguish between general initial data
(1.2) and polarized initial data, which yield an essentially uni-directional wave
propagation. We further present a reformulation of the equation in co-moving
coordinates, on which the numerical discretization will be based.
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2.1 Solution approximation for general initial data

Up to an Opεq error, the following result for oscillatory initial data (1.2)
with wave number κ{ε yields bi-directional wave propagation having frequen-
cies ˘ω{ε2 with ω “

?
1` κ2 for the nonlinear Klein–Gordon equation (1.1)

with oscillatory initial data (1.2), in accordance with the dispersion relation
ε2piω{ε2q2 ´ piκ{εq2 ` 1{ε2 “ 0, i.e. ω2 “ κ2 ` 1, of the linear Klein–Gordon
equation. We often refer to κ and ω as the wave number and frequency instead
of κ{ε and ω{ε2, respectively.

Proposition 2.1 (Dominant terms of the solution) Let upt, xq be the
solution of equation (1.1) for initial data (1.2) with 0 ă ε ! 1, κ ‰ 0 and
smooth profile functions a0 and b0. Then there exists c independent of ε such
that

}upt, ¨q ´ rupt, ¨q}L8 ď c ε, 0 ď t ď T,

ε2}Btupt, ¨q ´ Btrupt, ¨q}L8 ď c ε, 0 ď t ď T,

where ru has the form

rupt, xq “ a`pt, ξqeipκx´ωt{εq{ε ` a´pt, ηqeipκx`ωt{εq{ε, (2.1)

with frequency ω “
?

1` κ2, group velocity cg “ Bκω “ κ{ω ă 1, and with
co-moving coordinates ξ “ x´ cgt{ε, η “ x` cgt{ε. The functions a`pt, ξq and
a´pt, ηq satisfy the following separated nonlinear Schrödinger equations:

2iωBta` “ ´p1´ c2
gq B

2
ξa
` ` λ|a`|2a`,

a`p0, ξq “ 1
2
`

a0pξq ` ib0pξq{ω
˘

,

´2iωBta´ “ ´p1´ c2
gq B

2
ηa
´ ` λ|a´|2a´,

a´p0, ηq “ 1
2
`

a0pηq ´ ib0pηq{ω
˘

.

(2.2)

We observe that the equation for a´ is obtained by replacing ω by ´ω and
consequently cg “ κ{ω by ´cg in the equation for a`. Note that the velocity
behaves as Btu “ Opε´2q so that the above error bound corresponds to the
relative error.

The proof works in the functional setting of the Wiener algebra ApRq; see,
e.g., [12] for properties of the Wiener algebra and [7] for its use in highly oscil-
latory nonlinear hyperbolic equations. The space ApRq consists of all complex-
valued functions f : R Ñ C having a Fourier transform pf that is Lebesgue-
integrable, i.e., pf P L1pRq. ApRq is a Banach space with the norm

}f}ApRq “ } pf}L1pRq “

ż

R
| pfpθq| dθ.

The pointwise product of two functions f, g P ApRq is bounded by

}fg}ApRq ď }f}ApRq }g}ApRq, (2.3)



Weighted finite difference methods for nonlinear Klein–Gordon equations 5

which makes ApRq a Banach algebra. Moreover, the ApRq-norm is invariant
under multiplication of the function with an exponential eiµx:

}f}ApRq “ }g}ApRq for gpxq “ fpxqeiµx with arbitrary µ P R, (2.4)

since pgpθq “ pfpθ ´ µq. The maximum norm of a function in ApRq is bounded
by its ApRq-norm, and conversely, the ApRq-norm is bounded by the maximum
norm of the function and its derivative:

}f}L8pRq ď }f}ApRq and }f}ApRq ď c1 maxp}f}L8pRq, }f 1}L8pRqq. (2.5)

Proof Rather than directly estimating the error between u and ru, we introduce
a higher-order approximation as in [14]:

uMFEpt, xq “
`

a` ` εb`
˘

eipκx´ωt{εq{ε `
`

a´ ` εb´
˘

eipκx`ωt{εq{ε

´
ε2λ

κ2 ´ 9ω2 ` 1

´

pa`q2a´eipκx´3ωt{εq{ε ` a`pa´q2eipκx`3ωt{εq{ε
¯

,

where a` “ a`pt, ξq, a´ “ a´pt, ηq satisfy (2.2), and b` “ b`pt, ξ, ηq , b´ “
b´pt, ξ, ηq satisfy the following equations

4iκBηb` “ 2λ|a´|2a`, 4iκBξb´ “ 2λ|a`|2a´. (2.6)

The defect obtained on inserting uMFE into (1.1) is

dpt, xq “ ε2B2
t uMFE ´ B

2
xuMFE `

1
ε2uMFE ` λ|uMFE|

2uMFE. (2.7)

Using the expression of uMFE, we have

dpt, xq “
´

´2iωBta` ´ p1´ c2
gqB

2
ξa
` ´ 4iκBηb`

`λp|a`|2a` ` 2|a´|2a`q
¯

eipκx´ωt{εq{ε

`

´

2iωBta´ ´ p1´ c2
gqB

2
ηa
´ ´ 4iκBξb´

`λp|a´|2a´ ` 2|a`|2a´q
¯

eipκx`ωt{εq{ε

`

ˆ

p9ω2 ´ κ2 ´ 1qλ
κ2 ´ 9ω2 ` 1 ` λ

˙

pa`q2a´eipκx´3ωt{εq{ε

`

ˆ

p9ω2 ´ κ2 ´ 1qλ
κ2 ´ 9ω2 ` 1 ` λ

˙

pa´q2a`eipκx`3ωt{εq{ε `Opεq,

where the Opεq term is a finite sum of smoothly modulated oscillatory expo-
nentials with an extra factor εk with k ě 1. Since a˘ and b˘ satisfy equations
(2.2) and (2.6), we obtain uniformly for t P r0, T s

}dpt, ¨q}ApRq ď Cε,
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where C is independent of ε. Comparing equation (2.7) with (1.1) shows that
the error e “ u´ uMFE solves the evolution equation

ε2B2
t e´ B

2
xe`

1
ε2 e` λp|u|

2u´ |uMFE|
2uMFEq ` d “ 0.

We rewrite this equation as a first-order system of the form and scaling as
studied in a Wiener algebra setting in [7],

Bt

¨

˝

e
s
z

˛

‚“
1
ε
ApBxq

¨

˝

e
s
z

˛

‚´
1
ε2E

¨

˝

e
s
z

˛

‚´

¨

˝

0
λp|u|2u´ |uMFE|

2uMFEq ` d
0

˛

‚,

where s “ ε2Bte, z “ εBxe and

ApBxq “

¨

˝

0 0 0
0 0 Bx

0 Bx 0

˛

‚, E “

¨

˝

0 ´1 0
1 0 0
0 0 0

˛

‚.

The initial data ep0q, sp0q, and zp0q are all of order ε. Using the arguments of
[4, Lemma 5.2], which follows [7] in analyzing such systems using the Wiener
algebra norm, then shows that }eptq}ApRq “ Opεq uniformly for 0 ď t ď T ,
which yields the same bound in the weaker maximum norm. [\

Remark 2.1 Similar results can be found in [13,14], where a different scaling
is considered. Notably, using the Wiener algebra norm yields a sharper bound,
improving the order of accuracy by 1{2 compared to the results in [14].

2.2 Solution approximation for polarized initial data

In the special case of polarized initial data (see [7,4]), the solution essentially
propagates in a single direction. To derive such initial data, we first rewrite
equation (1.1) as a first-order system of the type studied in [7], with ApBxq
and E as in the proof above,

Bt

¨

˝

u
v
w

˛

‚“
1
ε
ApBxq

¨

˝

u
v
w

˛

‚´
1
ε2E

¨

˝

u
v
w

˛

‚´

¨

˝

0
λ|u|2u

0

˛

‚, (2.8)

by introducing v “ ε2Btu and w “ εBxu. Consider the hermitian matrix

´Apκq ´ iE “

¨

˝

0 i 0
´i 0 ´κ
0 ´κ 0

˛

‚,

which has the three eigenvalues 0,˘
?

1` κ2. Let ω be one of the non-zero
eigenvalues and ν “ p1,´iω, iκqJ the corresponding eigenvector.
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Initial data
¨

˝

up0, xq
vp0, xq
wp0, xq

˛

‚“

¨

˝

u0pxq
v0pxq
w0pxq

˛

‚ with u0pxq “ a0pxqeiκx{ε

for (2.8) are called polarized initial data of the first-order system (2.8) if
pu0pxq, v0pxq, w0pxqq

J is in the span of the eigenvector ν for all x P R. Corre-
sponding to u0pxq “ a0pxqeiκx{ε, we thus have the initial data

v0pxq “ ´iωa0pxqeiκx{ε, w0pxq “ iκa0pxqeiκx{ε.

On the other hand, by definition of u0pxq we have

ε Bxu0pxq “ iκa0pxqeiκx{ε ` ε Bxa0pxqeiκx{ε ‰ w0pxq in general.

To resolve this apparent contradiction and obtain initial data that are both
polarized and fully consistent, we use the co-moving coordinate

ξ “ x´ cgt{ε, ppt, ξq “ upt, xq,

and consider the equation for the transformed variable p,

ε2B2
t p´ p1´ c2

gqB
2
ξp´ 2εcgBtBξp`

1
ε2 p` λ|p|

2p “ 0, (2.9)

This second-order system is equivalent to the original equation (1.1).
Corresponding to the polarized initial data pu0, v0, w0q

J of the first-order
system (2.8), we define polarized initial data of the second-order system (2.9)
as

pp0, ξq “ u0pξq, ε2Btpp0, ξq “ v0pξq ` cgw0pξq “ p´iω` iκcgqpp0, ξq. (2.10)

Since we have the relation

Btppt, ξq “ Btupt, xq `
cg
ε
Bxupt, xq,

we recover a consistent initial time derivative for u by

ε2Btup0, xq “ ε2Btpp0, xq ´ εcgBxu0pxq

“ v0pxq ` cgpw0pxq ´ εBxu0pxqq

“ ´iωa0pxqeiκx{ε ´ εcgBxa0pxqeiκx{ε,

where we use the above formula for Bxu0pxq. We thus derive the initial data

up0, xq “ a0pxqeiκx{ε, Btup0, xq “ ´
1
ε2 piωa0pxq ` εcgBxa0pxqqeiκx{ε, (2.11)

which we call polarized initial data of the Klein–Gordon equation (1.1).
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Proposition 2.2 (Dominant term in the case of polarized initial data)
Let upt, xq be the solution of equation (1.1) with polarized initial data (2.11).
Then there exists a positive constant c such that

}upt, ¨q ´ rupt, ¨q}L8 ď c ε2, 0 ď t ď T,

ε2}Btupt, ¨q ´ Btrupt, ¨q}L8 ď c ε2, 0 ď t ď T,

where ru has the form

rupt, xq “ papt, ξq ` εbpt, ξqqeipκx´ωt{εq{ε,

with ξ “ x´ cgt{ε, frequency ω “
?

1` κ2, and the group velocity cg “ Bκω “
κ{ω. The functions apt, ξq and bpt, ξq satisfy nonlinear and linear Schrödinger
equations, respectively,

2iωBta “ ´p1´ c2
gq B

2
ξa` λ|a|

2a,

ap0, ξq “ a0pξq

2iωBtb “ ´p1´ c2
gqB

2
ξb` λp2|a|2b` a2b̄q ´ 2cgBtBξa,

bp0, ξq “ 0.

(2.12)

Proof The defect obtained by inserting ru into (1.1) is

dpt, xq “ ε2B2
t ru´ B

2
xru`

1
ε2 ru` λ|ru|

2
ru.

Using the expression of ru, we compute

e´ipκx´ωt{εq{ε dpt, xq “ ´p1´ c2
gqB

2
ξa´ 2iω Bta` λ|a|2a

loooooooooooooooooooomoooooooooooooooooooon

“0

´ ε
`

2cg BtBξa´ p1´ c2
gqB

2
ξb´ 2iω Btb` λp2|a|2b` a2b̄

˘

loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

“0

`Opε2q,

where we have used that all other terms cancel due to the equations for a
and b. The remaining steps follow as in the proof of Proposition 2.1. [\

2.3 Reformulation in co-moving coordinates

By Proposition 2.1, the solution of (1.1) with initial data (1.2) admits the
approximation

upt, xq « rupt, xq “ a`pt, x´ cgt{εq eipκx´ωt{εq{ε ` a´pt, x` cgt{εq eipκx`ωt{εq{ε.

This representation shows that the solution can be viewed as the superposition
of two wave packets with the same wave number κ{ε, propagating in oppo-
site directions with group velocity cg{ε. Moreover, each wave packet evolves
independently and can be obtained by solving the original equation (1.1) with
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appropriate polarized initial data, as characterized in Proposition 2.2. Conse-
quently, we compute two approximate solutions of (1.1), each time with dif-
ferent polarized initial data corresponding to the two propagation directions,
and then add the resulting solutions.

Since these wave packets travel over long distances on the real line in short
time, working in a fixed spatial frame would require resolving rapid transport.
Instead, we follow each wave packet in its natural moving frame, in which
the solution remains spatially localized and evolves on an Op1q spatial scale,
making the formulation more amenable to numerical discretization. To this
end, we change to the co-moving coordinates

ξ “ x´ cgt{ε, η “ x` cgt{ε,

and obtain the following equations for functions ppt, ξq and qpt, ηq that are
solutions to (1.1) in co-moving coordinates, equipped with polarized initial
data that correspond to the initial values of (2.2):

ε2B2
t p´ p1´ c2

gqB
2
ξp´ 2εcgBξBtp`

1
ε2 p` λ|p|

2p “ 0, (2.13)

pp0, ξq “ a`p0, ξqeiκξ{ε, Btpp0, ξq “
iϑ
ε2 pp0, ξq,

ε2B2
t q ´ p1´ c2

gqB
2
ηq ` 2εcgBtBηq `

1
ε2 q ` λ|q|

2q “ 0, (2.14)

qp0, ηq “ a´p0, ηqeiκη{ε, Btqp0, ηq “
´iϑ
ε2 qp0, ηq,

where
ϑ “ κcg ´ ω “ ´p1´ c2

gqω “ ´1{ω. (2.15)
Since these equations have polarized initial data in the sense of (2.10), Propo-
sition 2.2 shows that

ppt, ξq “ rppt, ξq `Opε2q with rppt, ξq “ a`pt, ξqeiκξ{εeiϑt{ε2
,

qpt, ηq “ rqpt, ηq `Opε2q with rqpt, ηq “ a´pt, ηqeiκη{εe´iϑt{ε2
,

(2.16)

where a` and a´ satisfy (2.2). Combining these estimates with Proposition 2.1,
we conclude that

upt, xq “ ppt, ξq ` qpt, ηq `Opεq. (2.17)
To sum up, we thus approximate the solution of the nonlinear Klein–Gordon
equation (1.1) with (non-polarized) initial data (1.2) by the superposition
of two solutions of (1.1) with polarized initial data that correspond to the
two frequencies ω and ´ω. These two solutions are determined in co-moving
coordinates as solutions of (2.13) and (2.14).

3 Weighted finite difference methods

In this section we derive and formulate the numerical methods that are pro-
posed and analyzed in this paper.
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3.1 Exponentially weighted finite differences

We proceed as in [15, Section 2]. For the second-order partial derivatives of
rppt, ξq “ a`pt, ξq eiκξ{εeiϑt{ε2 , again with ϑ of (2.15), we note

B2
t rppt, ξq “

˜

ˆ

Bt `
iϑ
ε2

˙2
a`pt, ξq

¸

eiκξ{εeiϑt{ε2
,

B2
ξ rppt, ξq “

˜

ˆ

Bξ `
iκ
ε

˙2
a`pt, ξq

¸

eiκξ{εeiϑt{ε2
,

BtBξrppt, ξq “

ˆˆ

Bt `
iϑ
ε2

˙ˆ

Bξ `
iκ
ε

˙

a`pt, ξq

˙

eiκξ{εeiϑt{ε2
.

We approximate the partial derivatives of a` by symmetric finite differences,
with a temporal step size τ and a spatial grid size h, up to errors of Opτ2q
and Oph2q resulting from the Taylor expansion of the smooth function a` at
pt, ξq. We thus approximate, with α “ ϑτ{ε2,

B2
t rppt, ξq «

ˆ

a`pt` τ, ξq ´ 2a`pt, ξq ` a`pt´ τ, ξq
τ2

`2 iϑ
ε2
a`pt` τ, ξq ´ a`pt´ τ, ξq

2τ ´
ϑ2

ε4 a
`pt, ξq

˙

eiκξ{εeiϑt{ε2

“
e´iαp1` iαqrppt` τ, ξq ´ 2rppt, ξq ` eiαp1´ iαqrppt´ τ, ξq

τ2 ´
ϑ2

ε4 rppt, ξq,

and analogously for B2
ξppt, ξq and BtBξppt, ξq. Only the last term, which is dom-

inant for small ε, is not a weighted finite difference.

3.2 Exponentially weighted leapfrog algorithm

We use weighted finite differences to discretize equations (2.13) and (2.14). We
formulate the discretization of equation (2.13) for ppt, ξq. The discretization
of (2.14) for qpt, ηq is analogous, with the only modification that ω is replaced
by ´ω.

Let τ ą 0 denote the time step and h ą 0 the spatial mesh size. Using
weighted finite differences, we obtain an explicit symmetric two-step scheme



Weighted finite difference methods for nonlinear Klein–Gordon equations 11

as follows:

ε2 e´iαp1` iαqpn`1
j ´ 2pnj ` eiαp1´ iαqpn´1

j

τ2

´ p1´ c2
gq

e´iβp1` iβqpnj`1 ´ 2pnj ` eiβp1´ iβqpnj´1

h2

´ 2εcg

˜

e´iαpe´iβpn`1
j`1 ´ eiβpn`1

j´1 q ´ eiαpe´iβpn´1
j`1 ´ eiβpn´1

j´1 q

4τh

`
iβpe´iαpn`1

j ´ eiαpn´1
j q

2τh `
iαpe´iβpnj`1 ´ eiβpnj´1q

2τh

¸

` λ|pnj |
2pnj “ 0,

(3.1)

where
α “

ϑτ

ε2 “ ´p1´ c
2
gq
ωτ

ε2 “ ´
τ

ωε2 , β “
κh

ε
, (3.2)

and pnj approximates pptn, ξjq, where tn “ nτ and ξj “ jh for n P N and j P Z.
Note that the terms in (3.1) correspond to those of (2.13). The dominant

Opε´2q terms that would appear in (3.1) cancel due to the dispersion relation
ω2 “ 1 ` κ2 together with cg “ κ{ω and ϑ “ ´1{ω: the factor multiplying
pnj {ε

2 equals
´ϑ2 ` p1´ c2

gqκ
2 ` 2cgϑκ` 1 “ 0. (3.3)

The velocity of ppt, ξq can be approximated by

Btpptn, ξjq «
e´iαpn`1

j ´ eiαpn´1
j

2τ
loooooooooooomoooooooooooon

“: νn
j

`
iϑ
ε2 p

n
j .

With the notation νnj , scheme (3.1) can be rewritten in a compact form

ε2 e´iαpn`1
j ´ 2pnj ` eiαpn´1

j

τ2 ´ p1´ c2
gq

e´iβpnj`1 ´ 2pnj ` eiβpnj´1

h2

´ 2εcg
e´iβνnj`1 ´ eiβνnj´1

2h ´ 2iωνnj ` λ|pnj |2pnj “ 0.

As a starting step, we initialize the scheme with a weighted explicit Euler step
ˆ

2ε2

τ
´ 2iω

˙ e´iαp1
j ´ p

0
j

τ
´

2ε2

τ
ν0
j ´ p1´ c2

gq
e´iβp0

j`1 ´ 2p0
j ` eiβp0

j´1

h2

´ 2εcg
e´iβν0

j`1 ´ eiβν0
j´1

2h ´ 2iων0
j ` λ|p

0
j |

2p0
j “ 0,

with p0
j “ pp0, ξjq, ν0

j “ Btpp0, ξjq ´
iϑ
ε2 pp0, ξjq “ 0 by (2.13).

The weighted finite difference scheme tends to the classical leapfrog scheme
in the limit τ{ε2 Ñ 0 and h{εÑ 0. Our main interest here is, however, to use
the weighted scheme with large ratios τ{ε2 and h{ε.
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For this explicit method, we need a CFL-type stability condition:

2κ2|α| ď β2 for |β| ě 1,
|κ||α| ď |β| for |β| ă 1.

(3.4)

This requires that τ ď maxpc1h
2, c2εhq, where c1 and c2 depend only on κ.

In practice, the sequence ppnj qjPZ must be truncated to a finite-dimensional
vector, typically by imposing periodic boundary conditions over a finite inter-
val. In this paper we will not study the error due to the truncation to a finite
interval.

Having obtained pnj and qnj from the proposed scheme, we compute the
velocities as

ε2vn`,j “ ´iωpnj ´ εcg
e´iβpnj`1 ´ eiβpnj´1

2h ` ε2 e´iαpn`1
j ´ eiαpn´1

j

2τ (3.5)

ε2vn´,j “ iωqnj ` εcg
e´iβqnj`1 ´ eiβqnj´1

2h ` ε2 eiαqn`1
j ´ e´iαqn´1

j

2τ .

Then we can construct approximations of the solution u and its time deriva-
tive Btu as follows.

Algorithm 3.1 (Reconstruction of u and Btu from p and q) We construct
an approximation of the solution upt, xq to (1.1) by distinguishing two cases:
1. Well-separated wave packets: When the wave packets are spatially separated,
the solution is obtained by directly combining the two components. With sn “
cgtn{ε,

unpξj ` s
nq “ pnj , unpηj ´ s

nq “ qnj ,

vnpξj ` s
nq “ vn`,j vnpηj ´ s

nq “ vn´,j

2. Overlapping wave packets: When the wave packets overlap, the solution is
constructed using interpolation:

uni “ Iptpnj u, xiq ` Iptqnj u, xiq,
vni “ Iptvn`,ju, xiq ` Iptvn´,ju, xiq,

where xi denotes the global grid points, and I is an interpolation operator
ensuring a smooth transition in the overlapping region. In practice, this is
implemented by interpolating the envelope values a˘,nj onto the global grid,
with a piecewise linear or quadratic interpolation, followed by reconstruction
via (2.16)–(2.17).

With localized wave packets, the well-separated case occurs after a short
time interval of length Opεq in view of the two opposed group velocities ˘cg{ε,
so that interpolation is only rarely required for small ε, and not at all when
τ " ε.
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3.3 Exponentially weighted Crank–Nicolson algorithm

Using the same approach, we derive the following weighted Crank–Nicolson
type scheme:

ε2 e´iαp1` iαqpn`1
j ´ 2pnj ` eiαp1´ iαqpn´1

j

τ2

´ p1´ c2
gq

e´iβp1` iβqp̆nj`1 ´ 2p̆nj ` eiβp1´ iβqp̆nj´1

h2

´ 2εcg

˜

e´iαpe´iβpn`1
j`1 ´ eiβpn`1

j´1 q ´ eiαpe´iβpn´1
j`1 ´ eiβpn´1

j´1 q

4τh

`
iβpe´iαpn`1

j ´ eiαpn´1
j q

2τh `
iαpe´iβ p̆nj`1 ´ eiβ p̆nj´1q

2τh

¸

` λ
p|pn`1

j |2 ` |pn´1
j |2qp̆nj

2 “ 0,

(3.6)

with p̆nj “
1
2 pe

´iαpn`1
j ` eiαpn´1

j q. This implicit method is unconditionally
stable.

4 Main results and numerical experiments

4.1 Results for general initial data

The following result provides the dominant term of the modulated Fourier
expansion of the numerical solution to (3.1). Here we recall that ϑ is defined
by (2.15).

Theorem 4.1 (Dominant terms of the numerical solution) Let pnj and
qnj be the numerical solution obtained using the explicit weighted leapfrog finite
difference algorithm (3.1), under the stability condition (3.4). Assume that the
solutions a˘pt, ξq of the nonlinear Schrödinger equation (2.2) have sufficiently
many bounded partial derivatives. Then pnj and qnj can be written as

pnj “ a`pt, ξq eiκξ{εeiϑt{ε2
`R`pt, ξq,

qnj “ a´pt, ξq eiκξ{εe´iϑt{ε2
`R´pt, ξq,

for t “ nτ and ξ “ jh, where a˘pt, ξq satisfy (2.2), and the remainder term is
bounded by

}R˘}L8pr0,T sˆRq ď Cpτ2 ` h2 ` εq.

Here, C is independent of ε, τ, h, but depends on the final time T .
The same error bound holds true for the implicit weighted Crank–Nicolson

finite difference method (3.6) without any stability condition between τ and h.
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A further main result of this paper is the following error bound for the
weighted finite difference method. It follows directly from Algorithm 3.1, the
modulated Fourier expansion of the exact solution in Proposition 2.1 and the
modulated Fourier expansion of the numerical solution in Theorem 4.1. Note
that the velocity behaves as Btu “ Opε´2q so that the error bound given below
corresponds to the relative error.

Theorem 4.2 (Error bound) Under the assumptions of Theorem 4.1, we
obtain the error bounds

|unpxiq ´ uptn, xiq| “ Opτ2 ` h2 ` εq,

ε2 |vnpxiq ´ Btuptn, xiq| “ Opτ2 ` h2 ` εq,

uniformly for tn “ nτ ď T and xi. The constant symbolized by the O-notation
is independent of ε, the time step τ , and the mesh size h, but depends on the
final time T .

The same error bounds hold true for the implicit weighted Crank–Nicolson
finite difference method (3.6) without any stability condition between τ and h.

In the less interesting regime where τ ! ε2 and h ! ε, the method can be
applied directly to approximate the original equation by solving only ppt, ξq
or qpt, ηq. For instance, one can set q ” 0 (or, alternatively, p ” 0) with initial
data

pp0, ξq “ up0, ξq, Btpp0, ξq “ Btup0, ξq `
cg
ε
Bxup0, ξq,

qp0, ηq “ 0, Btqp0, ηq “ 0.
(4.1)

To implement, it suffices to include a conditional check in the code of setting
the initial data for p and q as follows:

If h2 ě c ε5, then we set p0 and q0 according to the initial data (2.13)–
(2.14).

Else we set p0 and q0 as (4.1).

Remark 4.1 A standard Taylor expansion yields an error bound of Opτ2{ε6 `

h2{ε4
¯

. Consequently, the error satisfies

|unpxiq ´ uptn, xiq| ď min
ˆ

C0pτ
2 ` h2 ` εq, C1

´τ2

ε6 `
h2

ε4

¯

˙

,

uniformly for tn, xi, and 0 ă ε ď 1. Maximizing this bound over 0 ă ε ď 1
gives the optimal balance ε7 „ τ2, ε5 „ h2, leading to a uniform accuracy of
O
`

τ2{7`h2{5˘ in the maximum norm for all 0 ă ε ď 1. The optimal quadratic
convergence rate is achieved when ε „ 1 or ε ď τ2 ` h2.
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4.2 Polarized initial data

In this case, the solution propagates in a single direction and it suffices to solve
only one of the equations for either ppt, ξq or qpt, ηq. This also allows for an
improved error bound.

The following theorem states the error bound for the case ω “
?

1` κ2,
i.e., when upt, xq “ ppt, ξq with p satisfying (2.13). The case ω “ ´

?
1` κ2 is

analogous, with q replacing p.

Theorem 4.3 (Error bound for polarized initial data) Let pnj denote
the numerical solution obtained from the weighted finite difference algorithm
(3.1), under the stability condition (3.4). Assume polarized initial data with a
single frequency ω associated with κ, and let the assumptions of Theorem 4.1
hold. Then there are the error bounds (with xnj “ ξj ` cgtn{ε)

|pnj ´ uptn, x
n
j q| “ Opτ2 ` h2 ` ε2q,

ε2|vn`,j ´ Btuptn, x
n
j q| “ Opτ2 ` h2 ` ε2q,

for tn “ nτ ď T , ξj “ jh. Here, the constant symbolized by the O-notation is
independent of τ , h, and 0 ă ε ď 1, but depends on the final time T and the
coefficient appearing in the stability condition (3.4).

The same error bounds hold true for the implicit weighted Crank-Nicolson
finite difference method (3.6) without any stability condition between τ and h.

4.3 Numerical experiments

We consider the one-dimensional nonlinear Klein–Gordon equation (1.1) with
λ “ 1. The final time is set to T “ 0.5. Numerical errors are measured at T
in the discrete maximum norm.

Instead of solving the equation on the whole real line, we compute the
transformed variables ppt, ξq and qpt, ηq on the bounded interval ξ, η P r´L,Ls
with L “ 8, which is large enough to fully contain the localized wave packets
and allow the use of periodic boundary conditions.

To implement Algorithm 3.1, we distinguish two cases based on the condi-
tion

L´ cgt{ε ď ´L` cgt{ε, i.e., cgt ě Lε.

If this condition is satisfied, the two wave packets, which move with group
velocities ˘cg{ε, are separated at time t. Otherwise, the wave packets overlap
and interpolation is required, as described in the algorithm. For polarized
initial data, there is only one wave packet and no such distinction is needed.

We first test our method for non-polarized initial data

up0, xq “ e´x
2
eix{ε, Btup0, xq “

1
ε2 e´x

2
eix{ε.

The left panel of Figure 4.1 shows the relative error in u plotted against h
for several fixed values of ε. We observe that the error initially scales as h2
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Fig. 4.1 General highly oscillatory initial data (1.2). Left: error vs. h for different values
of ε. Right: error vs. ε for different values of h. The time step is chosen according to (4.2).

and reaches a level of Opεq, in agreement with the asymptotic estimate in
Theorem 4.2. Once h becomes sufficiently small such that h2 ď cε5 (with
c “ 5 in this test), the error resumes its h2 behavior. The right panel shows
the error plotted against ε for several fixed values of h. For small ε, the error
levels off at a value proportional to h2. We chose the time step size

τ “ maxph2{4, εh{10q (4.2)

so that the stability condition (3.4) is satisfied for all h and ε. With this
choice, τ scales like h2 for small ε, while a linear dependence on h is sufficient
for larger ε.

Next, we consider polarized initial data (2.11)

up0, xq “ e´x
2
eix{ε, Btup0, xq “

ˆ

´
iω
ε2 `

2cgx
ε

˙

e´x
2
eix{ε.

For this case, the frequency is ω “
?

2 and the group velocity is cg “ 1{
?

2. The
left panel of Figure 4.2 shows the relative error in p versus h for several fixed
values of ε, while the right panel shows the error plotted against ε. Compared
to the non-polarized case, the error is reduced for intermediate values of ε,
which is consistent with Theorem 4.3, where the accuracy in ε improves from
Opεq to Opε2q for polarized initial data.

For the velocity error, we observe similar behavior. Moreover, comparable
results are obtained for the weighted Crank–Nicolson method, and are there-
fore omitted for brevity.
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Fig. 4.2 Polarized initial data. Left: error vs. h for different values of ε. Right: error vs. ε
for different values of h. The time step is chosen according to (4.2).

5 Consistency

With the solution a`pt, ξq of the first nonlinear Schrödinger initial value prob-
lem in (2.2), we consider the defect obtained on inserting

rppt, ξq “ a`pt, ξq eiκξ{εeiϑt{ε2

into the weighted finite difference scheme (3.1),

dpt, ξq :“ε2 e´iαp1` iαqrppt` τ, ξq ´ 2rppt, ξq ` eiαp1´ iαqrppt´ τ, ξq
τ2

´ p1´ c2
gq

e´iβ
rppt, ξ ` hq ´ 2rppt, ξq ` eiβ

rppt, ξ ´ hq

h2

´ 2εcg
ˆ

e´iαpe´iβ
rppt` τ, ξ ` hq ´ eiβ

rppt` τ, ξ ´ hq

4τh

´
eiαpe´iβ

rppt´ τ, ξ ` hq ´ eiβ
rppt´ τ, ξ ´ hqq

4τh

`
iβpe´iα

rppt` τ, ξq ´ eiα
rppt´ τ, ξqq

2τh

˙

` λ|rppt, ξq|2rppt, ξq,

(5.1)

where the two terms arising from the spatial discretization in (3.1) cancel by
using the relation p1´ c2

gqiβ{h` εcgiα{τ “ 0.
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5.1 Defect bound in the maximum norm

Lemma 5.1 In the situation of Theorem 4.1, the defect (5.1) is bounded in
the maximum norm by

}d}L8pr0,T sˆRq ď cpτ2 ` h2 ` εq,

where c is independent of ε, τ , h and n with tn “ nτ ď T .

Proof The Opτ2q and Oph2q error bounds of the weighted finite differences in
Section 3.1 yield, omitting the omnipresent argument pt, ξq on the right-hand
side,

dpt, ξq “

ˆ

ε2B2
t rp´ p1´ c2

gqB
2
ξ rp´ 2εcgBtBξrp`

rp

ε2 ` λ|rp|
2
rp

˙

´
`

´ϑ2 ` p1´ c2
gqκ

2 ` 2cgϑκ` 1
˘

loooooooooooooooooooomoooooooooooooooooooon

“0 by the dispersion relation, see (3.3)

rp

ε2 `Opτ2 ` h2q

“
`

´2iωBta` ´ p1´ c2
gqB

2
ξa
` ` λ|a`|2a`

˘

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

“0 by (2.2)

eiκξ{εeiϑt{ε2

`Opτ2 ` h2 ` εq.

This yields the stated result. [\

Remark 5.1 For polarized initial data, the defect is in fact smaller:

}d}L8pr0,T sˆRq “ Opτ2 ` h2 ` ε2q,

where d is defined in (5.1), but now with

rppt, ξq “
`

apt, ξq ` εbpt, ξq
˘

eiκξ{ε eiϑt{ε2
,

and where apt, ξq and bpt, ξq are the solutions of (2.12).

5.2 Defect bound in the Wiener algebra norm

The maximum norm in the defect bound of Lemma 5.1 turns out to be
too weak a norm for the proof of Theorems 4.1 and 4.2. We need a de-
fect bound in the norm of the Wiener algebra ApRq; see the summary in
Section 2.1. The space Cpr0, T s, ApRqq in the following lemma is the Ba-
nach space of ApRq-valued continuous functions on the interval r0, T s, with
}d}Cpr0,T s,ApRqq “ max0ďtďT }dpt, ¨q}ApRq.

Lemma 5.2 In the situation of Theorem 4.1, the defect (5.1) is bounded in
the Wiener algebra norm by

}d}Cpr0,T s,ApRqq ď cpτ2 ` h2 ` εq,

where c is independent of ε, τ , h, and n with tn “ nτ ď T .
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Proof The proof is based on (2.4) and (2.5) and follows the same steps as the
proof in [15, Lemma 4.2]. [\

The same defect bound (possibly with a different constant c) is obtained
for the weighted Crank–Nicolson method, using the same arguments.

6 Stability

6.1 Linear stability analysis in the Wiener algebra

In this subsection we give linear stability results for the weighted finite dif-
ference scheme. We bound the numerical solution corresponding to the linear
Klein–Gordon equation (1.1) (without the nonlinearity) in the Wiener algebra
norm, using Fourier analysis.

We momentarily omit the nonlinearity and interpolate the weighted finite
difference scheme (3.1) from discrete spatial points ξj “ jh, j P Z, to arbitrary
ξ P R by setting

ε2 e´iαp1` iαqpn`1pξq ´ 2pnpξq ` eiαp1´ iαqpn´1pξq

τ2

`pc2
g ´ 1qe

´iβpnpξ ` hq ´ 2pnpξq ` eiβpnpξ ´ hq

h2

´2εcg
ˆ

e´iαpe´iβpn`1pξ ` hq ´ eiβpn`1pξ ´ hqq

4τh

´
eiαpe´iβpn´1pξ ` hq ´ eiβpn´1pξ ´ hqq

4τh

`
iβpe´iαpn`1pξq ´ eiαpn´1pξqq

2τh

˙

“ 0.

(6.1)

We clearly have pnpξjq “ pnj of (3.1) for all n ě 2 if this holds true for n “ 0
and n “ 1. In particular, we have maxj |pnj | ď maxξPR |pnpξq| ď }pn}ApRq.

Lemma 6.1 (Linear stability of the weighted leapfrog method) Un-
der condition (3.4), the weighted finite difference algorithm (6.1) without the
nonlinear term is stable: There exists a norm ~ ¨~ on ApRqˆApRq, equivalent
to the norm } ¨ }ApRqˆApRq uniformly in ε, τ, h subject to (3.4), such that

~Pn~ “ ~Pn´1~, where Pn “

ˆ

pn`1

pn

˙

.

Proof Let ppnpθq be the Fourier transform of pnpξq, i.e.,

pnpξq “
1

2π

ż

R
ppnpθqeiθξdθ.
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Substituting this into (6.1) yields, for all ξ,

1
2π

ż

R
eiθξ

´

ε2 e´iαp1` iαqppn`1pθq ´ 2ppnpθq ` eiαp1´ iαqppn´1pθq

τ2

´ p1´ c2
gq

2pcospβ ´ θhq ´ 1q
h2 ppnpθq

` iεcg psinpβ ´ θhq ´ βq
e´iα

ppn`1pθq ´ eiα
ppn´1pθq

τh

¯

dθ “ 0.

We then have

ε2 e´iαp1` iαqppn`1pθq ´ 2ppnpθq ` eiαp1´ iαqppn´1pθq

τ2

´ p1´ c2
gq

2pcospβ ´ θhq ´ 1q
h2 ppnpθq

` iεcg psinpβ ´ θhq ´ βq
e´iα

ppn`1pθq ´ eiα
ppn´1pθq

τh
“ 0,

which is equivalent to the system
ˆ

ppn`1pθq
ppnpθq

˙

“ Gpθq

ˆ

ppnpθq
ppn´1pθq

˙

,

where

Gpθq “

˜

2rγθeiα

1`iγθ ´
p1´iγθqe2iα

1`iγθ
1 0

¸

(6.2)

with

γθ “ α`
cgτ

εh
psinpβ ´ θhq ´ βq “ α`

κcg
κcg ´ ω

α

β
psinpβ ´ θhq ´ βq

“ α` κ2p1´ sinpβ ´ θhq{βqα

rγθ “ 1` p1´ c2
gq

τ2

ε2h2 pcospβ ´ θhq ´ 1q

“ 1`
κ2p1´ c2

gq

ϑ2
α2

β2 pcospβ ´ θhq ´ 1q

“ 1´ κ2α
2

β2 p1´ cospβ ´ θhqq.

To simplify the expressions of γθ and rγθ, we have used that κcg{ϑ “ ´κ2p1´
c2
gq{ϑ

2 “ ´κ2.
Let λ`θ , λ

´
θ be the two roots of the characteristic polynomial

ρθpζq “ e´iαp1` iγθqζ2 ´ 2rγθζ ` eiαp1´ iγθq,

i.e.,

λ˘θ “ eiα rγθ ˘ i
a

p1` |γθ|2q ´ |rγθ|2
p1` iγθq

.
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Condition (3.4) ensures that |rγθ| ă maxt1, |γθ|u, and thus |λ˘θ | “ 1. The
vectors pλ`θ , 1qJ and pλ´θ , 1qJ are eigenvectors of Gpθq with eigenvalue λ`θ and
λ´θ , respectively. This is because (similar for λ´θ )

˜

2rγθeiα

1`iγθ ´
p1´iγθqe2iα

1`iγθ
1 0

¸

ˆ

λ`θ
1

˙

“

˜

p2rγθeiαλ`
θ
´p1´iγθqe2iα

1`iγθ
λ`θ

¸

“ λ`θ

ˆ

λ`θ
1

˙

.

Therefore Gpθq is diagonalizable,

V pθq´1GpθqV pθq “ Λpθq “ diagtλ`θ , λ
´
θ u with V pθq “

ˆ

λ`θ λ´θ
1 1

˙

(6.3)

and Λpθq is a unitary matrix. Using the transformation matrix V pθq, we have,
for any vector y P C2,

|V pθq´1Gpθqy|2 “ |ΛpθqV pθq
´1y|2 “ |V pθq

´1y|2.

Therefore,

~Pn~ :“
ż

R

ˇ

ˇ

ˇ

ˇ

V pθq´1
ˆ

ppn`1pθq
ppnpθq

˙
ˇ

ˇ

ˇ

ˇ

2
dθ “

ż

R

ˇ

ˇ

ˇ

ˇ

V pθq´1Gpθq

ˆ

ppnpθq
ppn´1pθq

˙
ˇ

ˇ

ˇ

ˇ

2
dθ

“

ż

R

ˇ

ˇ

ˇ

ˇ

V pθq´1
ˆ

ppnpθq
ppn´1pθq

˙
ˇ

ˇ

ˇ

ˇ

2
dθ “ ~Pn´1~.

Finally, we show that

}V pθq}2 ď C1, }V pθq´1}2 ď C2, @θ P R,

which yields that the newly introduced norm ~¨~ is equivalent to }¨}ApRqˆApRq.
Since

V pθq˚V pθq “

˜

2 1` λ`θ λ
´
θ

1` λ´θ λ
`
θ 2

¸

,

the eigenvalues of V pθq˚V pθq can be calculated as 2
ˆ

1˘
c

rγ2
θ

p1`γ2
θ
q

˙

. Since
rγ2
θ

p1`γ2
θ
q
ď µ ă 1 by condition (3.4), we have for all k that

}V pθq}2 “
a

λmaxpV pθq˚V pθqq ă 2,

}V pθq´1}2 “ 1{
a

λminpV pθq˚V pθqq ď 1{
a

2p1´ µq,

so that
1
2 }P }ApRqˆApRq ď ~P~ ď

1
a

2p1´ µq
}P }ApRqˆApRq

for all P P ApRq ˆApRq. [\
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Lemma 6.2 (Linear stability of the weighted Crank–Nicolson method)
The weighted Crank–Nicolson algorithm (3.6) without the nonlinear term is un-
conditionally stable in the sense that there exists a norm ~¨~ on ApRqˆApRq,
equivalent to the norm } ¨ }ApRqˆApRq uniformly in ε, τ, h, such that

~Pn~ “ ~Pn´1~, where Pn “

ˆ

pn`1

pn

˙

.

Proof Substituting the Fourier transform of pn into (3.6) without the nonlin-
ear term yields

ε2 e´iαp1` iαqppn`1pθq ´ 2ppnpθq ` eiαp1´ iαqppn´1pθq

τ2

´ p1´ c2
gq

2pcospβ ´ θhq ´ 1q
h2

e´iα
ppn`1pθq ` eiα

ppn´1pθq

2

` iεcg psinpβ ´ θhq ´ βq
e´iα

ppn`1pθq ´ eiα
ppn´1pθq

τh
“ 0,

which is equivalent to the system
ˆ

ppn`1pθq
ppnpθq

˙

“ Gpθq

ˆ

ppnpθq
ppn´1pθq

˙

,

where

Gpθq “

˜

2eiα

γθ
´
γθe2iα

γθ
1 0

¸

,

with γθ “ 1 ` p1´c2
gqτ

2

ε2h2

`

1 ´ cospβ ´ θhq
˘

` iα ` i cgτεh
`

sinpβ ´ θhq ´ β
˘

. Since
|γθ|

2 ą 1, the eigenvalues of Gpθq are

λ˘θ “
eiα

γθ

´

1˘ i
a

|γθ|2 ´ 1
¯

and |λ˘θ | “ 1 for all θ. Following the same procedure as in the proof of
Lemma 6.3 yields the desired result. [\

6.2 Nonlinear stability

Lemma 6.3 (Nonlinear stability of the weighted leapfrog method)
Let the function rp P Cpr0, T s, ApRqq be arbitrary and let the corresponding
defect d be defined by (5.1). Under condition (3.4), the interpolated numeri-
cal solution of (3.1), interpolated to all ξ P R as in (6.1) (but now with the
nonlinear term included), satisfies the bound, for tn “ nτ ď T

}pn ´ rpptn, ¨q}ApRq

ď C
´

}p0 ´ rpp0, ¨q}ApRq ` }p1 ´ rppt1, ¨q}ApRq ` }d}Cpr0,T s,ApRqq

¯

,

where C is independent of ε, τ , h, and n with tn ď T , but depends on T and
on upper bounds of the above term in big brackets and of the Cpr0, T s, ApRqq
norm of p.
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Proof We define the error function enpξq “ pnpξq ´ rpptn, ξq, which satisfies

ε2 e´iαp1` iαqen`1pξq ´ 2enpξq ` eiαp1´ iαqen´1pξq

τ2

`pc2
g ´ 1qe

´iβenpξ ` hq ´ 2enpξq ` eiβenpξ ´ hq

h2

´2εcg
ˆ

e´iαpe´iβen`1pξ ` hq ´ eiβen`1pξ ´ hqq

4τh

´
eiαpe´iβen´1pξ ` hq ´ eiβen´1pξ ´ hqq

4τh

`
iβpe´iαen`1pξq ´ eiαen´1pξqq

2τh

˙

` λ
`

|pnpξq|2pnpξq ´ |rpptn, ξq|
2
rpptn, ξq

˘

“ ´dpt, ξq.

(6.4)

The Fourier transform of en then satisfies

ε2 e´iαp1` iαqpen`1pθq ´ 2penpθq ` eiαp1´ iαqpen´1pθq

τ2

`´ p1´ c2
gq

2pcospθhq ´ 1q
h2 penpθq

`iεcg psinpβ ´ θhq ´ βq
e´iα

pen`1pθq ´ eiα
pen´1pθq

τh
` pdnpθq

`λF
`

|pnpξq|2pnpξq ´ |rpptn, ξq|
2
rpptn, ξq

˘

“ 0,

This equation can be written in the one-step formulation
ˆ

pen`1pθq
penpθq

˙

“Gpθq

ˆ

penpθq
pen´1pθq

˙

´
τ2

ε2p1` iγθq

ˆ

pdnpθq
0

˙

´ λ
τ2

ε2p1` iγθq

ˆ

F
`

|pnpξq|2pnpξq ´ |rpptn, ξq|
2
rpptn, ξq

˘

pθq
0

˙

with γθ and Gpθq defined in (6.2). Note that
ˇ

ˇ

ˇ

τ2

ε2p1`iγθq

ˇ

ˇ

ˇ
„ τ . Introducing

En “
ˆ

en`1

en

˙

, using Lemma 6.1 and (2.3) for dealing with the nonlinearity,

we obtain

~En~ ďp1` cτq~En´1~ ` rcτ}dptn, ¨q}ApRq

ďp1` cτqn~E0~ ` rcτ
n
ÿ

j“1
p1` cτqn´j}dptj , ¨q}ApRq

ď exppcnτq~E0~ ` rcτ
exppcnτq ´ 1

cτ
sup
tPr0,T s

}dpt, ¨q}ApRq,

which yields the result. [\
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The same nonlinear stability bound (possibly with a different constant C)
is obtained for the weighted Crank–Nicolson method without any CFL-type
condition between τ and h and ε, using the same arguments together with
Lemma 6.2.

With Lemmas 5.2 and 6.3 at hand, we are finally in the position to prove
Theorems 4.1–4.3.

Proof of Theorems 4.1 and 4.2. Combined with Lemma 5.2 (consistency),
Lemma 6.3 (stability) establishes the dominant terms in the modulated Fourier
expansion of the numerical solution as stated in Theorem 4.1. Comparing
this expansion with the modulated Fourier expansion of the exact solution in
Proposition 2.1 then yields the solution error bound stated in Theorem 4.2.

The proof of Proposition 2.1 gives the velocity

ε2Btupt, xq “ ´iω a`pt, ξq eipκx´ωt{εq{ε ` iω a´pt, ηq eipκx`ωt{εq{ε `Opεq,

which, together with Theorem 4.1, leads to the velocity error estimate in The-
orem 4.2. [\

Proof of Theorem 4.3. The higher-order accuracy in ε for the solution u follows
from the polarized approximation in Proposition 2.2 together with the refined
defect estimate for the numerical solution given in Remark 5.1.

For the velocity approximation, Proposition 2.2 gives

ε2Btrupt, xq “ ´ piωpapt, ξq ` εbpt, ξqq ` εcgBξapt, ξqq eipκx´ωt{εq{ε `Opε2q.

Comparing this expression with (3.5) then yields the second error bound. [\
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