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Abstract We consider a nonlinear Klein—Gordon equation in the nonrelativis-
tic limit regime with initial data in the form of a modulated highly oscillatory
exponential. In this regime of a small scaling parameter ¢, the solution exhibits
rapid oscillations in both time and space, posing challenges for numerical ap-
proximation. We propose an explicit and an implicit exponentially weighted
finite difference method. While the explicit weighted leapfrog method needs to
satisfy a CFL-type stability condition, the implicit weighted Crank—Nicolson
method is unconditionally stable. Both methods achieve second-order accuracy
with time steps and mesh sizes that are not restricted in magnitude by €. The
methods are uniformly convergent in the range from arbitrarily small to mod-
erately bounded . Numerical experiments illustrate the theoretical results.

Keywords. Exponentially weighted finite difference method, nonlinear Klein—
Gordon equation, highly oscillatory solution, dispersion relation, asymptotic-
preserving, uniformly accurate.
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1 Introduction

We consider the numerical solution of nonlinear dispersive wave equations that
exhibit highly oscillatory behaviour in both time and space. As a concrete ex-
ample, we focus on the nonlinear Klein—-Gordon equation in the scaling known
as the nonrelativistic limit regime; see e.g. [2,1,10,5]. With a small parameter
0 < e « 1, we consider

1
52(?t2u—é’iu+—2u+)\|u\2u=0, reR, 0<t<T, (1.1)
€
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where the solution u = (¢, x) is complex-valued. Here, )\ is a fixed nonzero
real number independent of €, and T is a fixed final time. The initial conditions
are given by modulated highly oscillatory exponentials,

w(0,z) = ag(z)e™®=,  u(0,z) = E—zbo(x)e“m/s. (1.2)

The initial conditions include a rapidly oscillating phase factor with a fixed
wave number k € R\{0}. The functions ag,by : R — C are smooth profiles
whose derivatives are uniformly bounded independently of ¢ and which have
bounded support.

Our objective is to numerically approximate the solution over a fixed time
interval 0 < t < T that is independent of e. Numerically solving (1.1)—(1.2) is
challenging due to the high oscillations of the solution in both time and space.
The literature predominantly focuses on smooth initial data and handling tem-
poral oscillations, with methods including finite difference schemes [2], split-
ting techniques [9], approaches based on Duhamel’s formula [5], time-twoscale
methods [6,3], and multiscale expansions [10,1]. However, only few numeri-
cal works address simultaneous spatial and temporal oscillations for (1.1) or
related equations. We are aware of two approaches: the nonlinear geometric
optics method of [8], where a wider class of partial differential equations with a
wider class of highly oscillatory initial data than considered here is addressed
using different numerical and analytical techniques, and the combination of an-
alytical approximations with tailor-made time integration in [11] for a wider
class of partial differential equations with highly oscillatory initial data that
are real parts of (1.2).

In this work, we build on the approach in [15], where weighted finite dif-
ference methods for a nonlinear Schrodinger equation with highly oscillatory
solutions in space and time were proposed and analyzed. These methods are
conceptually simple and as easy to implement as classical finite difference
methods. Here we study the nontrivial transfer and adaptation of the ap-
proach of [15] to the Klein-Gordon equation (1.1) with initial data (1.2). In-
troducing suitable weights into standard finite difference schemes enables us
to use large time steps and mesh sizes that are not constrained by the small
parameter . Our method employs co-moving coordinates, which allows us to
maintain a relatively small spatial computational interval that is largely de-
termined by the support of the initial conditions, while capturing the original
solution across the entire domain. Furthermore, our approach can effectively
resolve counter-propagating waves, as the solution exhibits two opposite time
frequencies corresponding to distinct group velocities. The proposed method
is not only asymptotic-preserving as € — 0 but also uniformly accurate for
0 < e < 1, recovering a standard co-moving finite difference scheme when the
ratio of the time step and mesh size to € approaches zero.

Section 2 presents an asymptotic analytical approximation of the continu-
ous problem for small €, which is of first order accuracy in ¢ for general initial
data (1.2) and of second order for polarized initial data, for which the wave is
uni-directional.
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In Section 3, we describe the algorithm studied in this paper, which is ap-
plied to a reformulation of the initial-value problem (1.1)—(1.2) with co-moving
coordinates. We introduce a weighted finite difference method that extends the
classical explicit leapfrog method in time with central finite differences in space
to the case of an arbitrarily small € in (1.1)—(1.2). There is also an analogous
extension of the implicit Crank—Nicolson method.

Section 4 states the main results of the paper and presents numerical ex-
periments. We derive the leading term in the modulated Fourier expansion
of the numerical solution and establish second order error bounds that allow
time step sizes 7 and mesh widths h to be chosen arbitrarily large compared
to €. For h » ¢, the explicit method imposes a step-size restriction of the form
T < ch?, which is not required for the implicit method. For both methods we
have O(h? + 72 + €) error bounds for general initial data (1.2), which improve
to O(h? + 72 + £2) for polarized initial data.

The results stated in Section 4 are proved in Sections 5 and 6. In Section 5,
we analyze the consistency error, i.e., the defect arising when inserting a func-
tion with a controlled small distance to the exact solution into the numerical
scheme. Section 6 presents a linear Fourier stability analysis, followed by a
nonlinear stability analysis that bounds the numerical solution error in terms
of the defect.

We add a remark on easy generalizations of the numerical methods and
their analysis as studied here:
— First, the extension of the numerical methods and their error bounds to
higher space dimensions in the Klein—Gordon equation is straightforward.
— While we consider the nonlinear Klein—-Gordon equation with complex initial
data (1.2), the numerical methods and theoretical results of this paper extend
with minor modifications to the real case where the complex initial data in
(1.2) are replaced by their real parts.
— Like in [15], the numerical methods and their theory can be extended to
initial data that are sums of modulated exponentials with different wave num-
bers K1, ..., Km. Such an extension is easily obtained when an O(h? + 72 +¢)
error bound is desired, but second order in € would require a more substantial
analytical and computational effort.

2 Preparation: Dominant oscillatory terms, polarized initial values,
and co-moving coordinates

Before introducing the numerical method, we give two approximation results
for the solution of (1.1)-(1.2). We distinguish between general initial data
(1.2) and polarized initial data, which yield an essentially uni-directional wave
propagation. We further present a reformulation of the equation in co-moving
coordinates, on which the numerical discretization will be based.
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2.1 Solution approximation for general initial data

Up to an O(g) error, the following result for oscillatory initial data (1.2)
with wave number /e yields bi-directional wave propagation having frequen-
cies tw/e? with w = v/1 + k2 for the nonlinear Klein—-Gordon equation (1.1)
with oscillatory initial data (1.2), in accordance with the dispersion relation
e2(iw/e?)? — (ik/e)? + 1/e? = 0, i.e. w? = K2 + 1, of the linear Klein—-Gordon
equation. We often refer to k and w as the wave number and frequency instead
of k/e and w/e?, respectively.

Proposition 2.1 (Dominant terms of the solution) Let u(t,z) be the
solution of equation (1.1) for initial data (1.2) with 0 < e « 1, k # 0 and
smooth profile functions ag and by. Then there exists c independent of € such
that

[w(t, ) —at, e <ce, 0<t<T,
e2||opult, ) — O4i(t, )| > < ce, 0<t<T,
where U has the form
ﬂ(t,:v) _ a+(t’£)ei(naz—wt/s)/5 + a—(t’77)ei(liw-'ro.nt/a)/57 (21)

with frequency w = /1 + k2, group velocity ¢y = 0w = K/w < 1, and with
co-moving coordinates § = x —cgt/e, n = x+cyt/e. The functions a™(t,§) and
a=(t,n) satisfy the following separated nonlinear Schrodinger equations:

2iwdiat = —(1 — ) a++/\\a a*,
a®(0,€) = 4 (ao(&) +ibo(§) /w),
(2.2)
—2iwda” = —(1—c )82a + Ma"|?a”
a=(0,n) = §(ao(n) — ibo(n)/w).

We observe that the equation for a™ is obtained by replacing w by —w and
consequently ¢, = k/w by —c¢4 in the equation for a™. Note that the velocity
behaves as dyu = O(e72) so that the above error bound corresponds to the
relative error.

The proof works in the functional setting of the Wiener algebra A(R); see,
e.g., [12] for properties of the Wiener algebra and [7] for its use in highly oscil-
latory nonlinear hyperbolic equations. The space A(R) consists of all complex-
valued functions f : R — C having a Fourier transform f that is Lebesgue-
integrable, i.e. f e L'(R). A(R) is a Banach space with the norm

ey = 1l = | 10)1a0.
The pointwise product of two functions f, g € A(R) is bounded by

Ifallam) < [ fllaw) lglam)s (2.3)
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which makes A(R) a Banach algebra. Moreover, the A(R)-norm is invariant
under multiplication of the function with an exponential e'#*:

Iflag) = lglag) for g(z) = f(z)e™* with arbitrary e R, (2.4)

~

since g(#) = f(0 — p). The maximum norm of a function in A(R) is bounded
by its A(R)-norm, and conversely, the A(R)-norm is bounded by the maximum
norm of the function and its derivative:

I flze@ <Iflaw and  [fllag) < cx max(|fll ey, [f'oem®).  (2-5)

Proof Rather than directly estimating the error between u and @, we introduce
a higher-order approximation as in [14]:

uvre(t,z) = (at +eb?) glne—wt/e)/e 4 (a= +eb7) ellratwt/e)/e
2\

_ a+)2aiei(nx—3wt/e)/s n aj(a—)gei(mﬁwt/s)/a)
K2 —9w2 +1 (( ’

where a™ = a™(¢,£), a= = a”(t,n) satisfy (2.2), and bT = b (¢,&,m) , b” =
b~ (t,&,n) satisfy the following equations

4ikd,bT = 2)\|a"|Pat, 4ikdeb” = 2MatPa. (2.6)

The defect obtained on inserting uypg into (1.1) is

d(t,z) = 528t2uMFE — 6iuMFE + E%UMFE + )\\uMFE\QuMFE. (2.7)
Using the expression of uyrg, we have
d(t,x) =(f2iw6ta+ — (1= c})0fa™ — dikdnb™
A(Jat Pt + 2|a—|2a+))ei(m—wt/s)/6
+ (2iw6ta_ —(1- 03)6727@_ — 4ik0gb™
(o |2a7 +2lat |2a7))ei(nz+wt/s)/5

(9w2 - Hz - 1))\ +127 = Ji(kx—3wt
(S ) e e

(9w? — k2 — 1)\ —\27 T i(ka+3wt/e) /e
+( K2 —9w? + 1 TA) (@) ate +Oe),

where the O(g) term is a finite sum of smoothly modulated oscillatory expo-
nentials with an extra factor e* with k& > 1. Since a® and bT satisfy equations
(2.2) and (2.6), we obtain uniformly for ¢ € [0, 7]

ld(t, )| am) < Ck,
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where C' is independent of €. Comparing equation (2.7) with (1.1) shows that
the error e = u — upmpg solves the evolution equation

1
8261526 — 6i6 + ?6 + )\(|u|2u — |UMFE|2UMFE) +d=0.

We rewrite this equation as a first-order system of the form and scaling as
studied in a Wiener algebra setting in [7],

e 1 e 1 e 0
e |s|=-A00) |s]|-5E|s]— M|ul?u — JuvrePumrEr) + d |,
z € z € z 0

1

)
8
Il
or o
oo o

0
0

The initial data e(0), s(0), and z(0) are all of order e. Using the arguments of
[4, Lemma 5.2], which follows [7] in analyzing such systems using the Wiener
algebra norm, then shows that [e(t)||a®) = O(e) uniformly for 0 < t < T,
which yields the same bound in the weaker maximum norm. O

Remark 2.1 Similar results can be found in [13,14], where a different scaling
is considered. Notably, using the Wiener algebra norm yields a sharper bound,
improving the order of accuracy by 1/2 compared to the results in [14].

2.2 Solution approximation for polarized initial data

In the special case of polarized initial data (see [7,4]), the solution essentially
propagates in a single direction. To derive such initial data, we first rewrite
equation (1.1) as a first-order system of the type studied in [7], with A(0,)
and F as in the proof above,

u 1 u 1 U 0
é’t v|=- (az) v - 72E v= )\|u|2u ) (28)
e €
w w w 0

by introducing v = €20,u and w = £d,u. Consider the hermitian matrix

0 i O
—Ak)—iE=|-10 —k|,
0 -k 0

which has the three eigenvalues 0, £4/1 + 2. Let w be one of the non-zero
eigenvalues and v = (1, —iw,ix) " the corresponding eigenvector.



Weighted finite difference methods for nonlinear Klein—-Gordon equations 7

Initial data

u(0, z) uo () '
v(0,z) | = | vo(x) with  ug(z) = ag(z)e™ /¢
w(0, ) wo ()

for (2.8) are called polarized initial data of the first-order system (2.8) if
(ug(x),vo(x), wo(z)) " is in the span of the eigenvector v for all z € R. Corre-
sponding to ug(z) = ag(z)e**/¢, we thus have the initial data

vo(z) = —iwag(2)e™®/5,  wy(z) = ikag(x)e

imc/e.
On the other hand, by definition of ug(z) we have

€ Optio () = ikao(x)e™®/% + & 0pap(x)el™™F # wy(z)  in general.

To resolve this apparent contradiction and obtain initial data that are both
polarized and fully consistent, we use the co-moving coordinate

f =T — Cgt/ga p(tag) = u(t’x)a

and consider the equation for the transformed variable p,
1
e202p — (1 — cj)a§p — 2ecy010ep + ;2;0 + Mpl?p =0, (2.9)

This second-order system is equivalent to the original equation (1.1).

Corresponding to the polarized initial data (ug,vo,wp)" of the first-order
system (2.8), we define polarized initial data of the second-order system (2.9)
as

p(0,€) = uo(€),  €%0p(0,€) = vo(€) + cguo(§) = (—iw + ircy)p(0,€). (2.10)
Since we have the relation
ot €) = dult,z) + Loyu(t,),
we recover a consistent initial time derivative for u by

e20,u(0,2) = £20;p(0, z) — ecyOzug(z)

vo () + cg(wo(z) — e0yup(x))

ikx/e

ikx/e
9

= —iwag(z)e — ecg0zap(z)e

where we use the above formula for 0, ug(x). We thus derive the initial data

u(0, ) = ag(z)e™/=,  du(0,x) = —E%(iwao(x) + ecyOpap(x))el™ ™/, (2.11)

which we call polarized initial data of the Klein—-Gordon equation (1.1).
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Proposition 2.2 (Dominant term in the case of polarized initial data)
Let u(t, z) be the solution of equation (1.1) with polarized initial data (2.11).
Then there exists a positive constant ¢ such that

[u(t, ) —a(t,-)|re < ce”,
<

0<t
e2|opult, ) — d.u(t, )| L= 2 0<t

AN/

<t<T,
<t<T

)

where U has the form
U(t,x) = (a(t, &) + eb(t, &))elwr=wt/el/e,

with £ = x — ¢yt /e, frequency w = V1 + k2, and the group velocity ¢, = Oxw =
k/w. The functions a(t,£) and b(t,€) satisfy nonlinear and linear Schridinger
equations, respectively,

2iwdia = —(1 — c?) 6§a + Aal?a,

G(O,f) = ao(f)

2iwdb = —(1 — ¢2)0zb + A(2lal?b + a®b) — 2c40i0¢a,
b(0,¢) = 0.

(2.12)

Proof The defect obtained by inserting @ into (1.1) is
~ ~ 1 2~
d(t,x) = 020 — 020 + — U+ M@
€
Using the expression of 4, we compute

e i =wt/E)/E gt 2) = —(1 — cﬁ)&?a — 2iw dra + /\|(L|2(Jl

“

=0

— & (2¢g Op0ca — (1 — cg)agb — 2iw ;b + A(2[a*b + a®b) +O(e?),

-

=0

where we have used that all other terms cancel due to the equations for a
and b. The remaining steps follow as in the proof of Proposition 2.1. ]

2.3 Reformulation in co-moving coordinates

By Proposition 2.1, the solution of (1.1) with initial data (1.2) admits the
approximation

u(t,z) ~ @t x) = at(t,x — cyt/e) TOUDE L o7 (1 + ¢yt/e) ellFrTwt/o/e,

This representation shows that the solution can be viewed as the superposition
of two wave packets with the same wave number /e, propagating in oppo-
site directions with group velocity cq4/e. Moreover, each wave packet evolves
independently and can be obtained by solving the original equation (1.1) with
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appropriate polarized initial data, as characterized in Proposition 2.2. Conse-
quently, we compute two approximate solutions of (1.1), each time with dif-
ferent polarized initial data corresponding to the two propagation directions,
and then add the resulting solutions.

Since these wave packets travel over long distances on the real line in short
time, working in a fixed spatial frame would require resolving rapid transport.
Instead, we follow each wave packet in its natural moving frame, in which
the solution remains spatially localized and evolves on an O(1) spatial scale,
making the formulation more amenable to numerical discretization. To this
end, we change to the co-moving coordinates

E=x—cylle, n=2x+cyt/e,

and obtain the following equations for functions p(t,£) and ¢(t,7n) that are
solutions to (1.1) in co-moving coordinates, equipped with polarized initial
data that correspond to the initial values of (2.2):

1
e20%p — (1 — cz)ﬁgp — 2e¢y0:0p + =Pt Ap|?p =0, (2.13)

) i
p(ovf) = a+(07§)emf/€7 atp(ovf) = ;*2]7(0,6)7

1
€202 — (1 — cé)@f]q + 2e¢40:0nq + 8—2q + Mql?q = 0, (2.14)

- ikn/e —iv
a(0,m) = a=(0, ™™, 2rq(0,1) = —5 (0, ),

where

O =reg—w=—-(1-c)w=—1/w. (2.15)
Since these equations have polarized initial data in the sense of (2.10), Propo-
sition 2.2 shows that

p(t,€) = (¢, €) + O(?
Q(ta 77) = &(tﬂ]) + 0(62

where at and a~ satisfy (2.2). Combining these estimates with Proposition 2.1,
we conclude that

with  p(t, &) = a+(t,£)eili§/aeiz9t/e2,

, . (2.16)
with (Y(t, 77) =a (t, n)emn/ee—lﬁt/g‘"

)
)

u(t,z) = p(t, &) + q(t,n) + O(e). (2.17)
To sum up, we thus approximate the solution of the nonlinear Klein—Gordon
equation (1.1) with (non-polarized) initial data (1.2) by the superposition
of two solutions of (1.1) with polarized initial data that correspond to the
two frequencies w and —w. These two solutions are determined in co-moving
coordinates as solutions of (2.13) and (2.14).

3 Weighted finite difference methods

In this section we derive and formulate the numerical methods that are pro-
posed and analyzed in this paper.
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3.1 Exponentially weighted finite differences

We proceed as in [15, Section 2]. For the second-order partial derivatives of
Dt &) = at(t, &) ei"S/2eV/e* again with ¥ of (2.15), we note

N i > o
atzp(t, f) = ((@t + 152> a*(tf)) emE/sen%/g ,
2

6§ﬁ(t,§) = ((85 + m) a*(t,§)> eiHE/eeiﬁt/Ez’
€

5t35ﬁ(t,£) = ((at + :3) ((’)5 + 1:) at (t,f)) eimf/eeiﬂt/sz.

We approximate the partial derivatives of a™ by symmetric finite differences,
with a temporal step size 7 and a spatial grid size h, up to errors of O(72%)
and O(h?) resulting from the Taylor expansion of the smooth function a™ at
(t,€). We thus approximate, with o = 97/¢2,

a+(t+7—a§) - 2a+(t7§) +G,+(t— T,f)
2

OFD(t,€) ~ (

T
i a* (t + 7, 5) —a* (t -7 E) v* + ik /e |ivt/e?
-1-28—2 o -0 (t, &) | e"~Fe
e (1 +ia)p(t +7,§) —2p(t,§) + (1 —ia)p(t —7,6)  0* .
- T2 - Ejp(tf)a

and analogously for 8§p(t, €) and 0,0¢p(t, £). Only the last term, which is dom-
inant for small ¢, is not a weighted finite difference.

3.2 Exponentially weighted leapfrog algorithm

We use weighted finite differences to discretize equations (2.13) and (2.14). We
formulate the discretization of equation (2.13) for p(¢,£). The discretization
of (2.14) for ¢(t,n) is analogous, with the only modification that w is replaced
by —w.

Let 7 > 0 denote the time step and h > 0 the spatial mesh size. Using
weighted finite differences, we obtain an explicit symmetric two-step scheme
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as follows:

Lo (1 + icv)p;”rl —2p% + (1 —ia)p]~ !
€

2
-
o € P +iB)p,y — 207 + P (1 —iB)p])_,
—(1- cg) 2
SN (ol G /el 0 B G 2 Wkt o = VAT Y
T 4th .
N iBeTtapitt —elopi—h) N ia(e Ppr  —efpl )
2Th 2Th
+ Alp} Pp) =0,
where g h
T gy WT T K

and p? approximates p(t,,{;), where ¢, = nt and §; = jh for ne€Nand j € Z.
Note that the terms in (3.1) correspond to those of (2.13). The dominant
O(e72) terms that would appear in (3.1) cancel due to the dispersion relation
2 = 1 + k? together with ¢, = r/w and ¥ = —1/w: the factor multiplying
P} /e equals
0% + (1 — ) + 2¢q0k + 1 = 0. (3.3)
The velocity of p(t, £) can be approximated by

—ia,n+1 n—1 .
Pt —elop” i
Orp(tn, &) ~ ! —+5p)

=7
J

With the notation v}, scheme (3.1) can be rewritten in a compact form

—ia,n+1 ia,,n—1
2O AT e
T2 g

e Pply —2pF +efp
h2

e Byn,  —efur
j+1 j—1 sooon n|2, n _
57 = 2w + Ap}[“pj =0

As a starting step, we initialize the scheme with a weighted explicit Euler step
2 o it 2 o (1— CZ)G_in?H —2p% +epj,
- - P g 12
—1,6 0 _ ei’BV

Vit1 Jj—
2h

with p0 = p(0.6,), 12 = ap(0,6) — 2p(0,6;) = 0 by (2.13).

— 2€cg

O|2 0 _

— 2¢ecq — 21wy + Ap)

The weighted finite difference scheme tends to the classical leapfrog scheme
in the limit 7/e% — 0 and h/e — 0. Our main interest here is, however, to use
the weighted scheme with large ratios 7/¢% and h/e.
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For this explicit method, we need a CFL-type stability condition:

B* for|B| =1,
8 forld] < 1.

262 (3.4)

N IN

|
[[]e

This requires that 7 < max(c1h?, caeh), where ¢; and ¢, depend only on k.
In practice, the sequence (p}) ez must be truncated to a finite-dimensional
vector, typically by imposing periodic boundary conditions over a finite inter-
val. In this paper we will not study the error due to the truncation to a finite
interval.
Having obtained p} and ¢} from the proposed scheme, we compute the
velocities as

—ig,,n  _ LiBn —ia,,n+1l i, n—1
20 = —jwp” — ec ¢ Pim ¢ P + 526 P ¢y (3.5)
s J g 2h 27
: e qp, —fqp,  jegptt —eriogi !
e2v™ . =iwg? +ec ! I 42— z
—J J 9 2h 2T

Then we can construct approximations of the solution u and its time deriva-
tive 0,u as follows.

Algorithm 3.1 (Reconstruction of v and d;u from p and ¢) We construct
an approzimation of the solution u(t,x) to (1.1) by distinguishing two cases:
1. Well-separated wave packets: When the wave packets are spatially separated,
the solution is obtained by directly combining the two components. With s =

Cgtn/a;

2. Qverlapping wave packets: When the wave packets overlap, the solution is
constructed using interpolation:

Z({v} ;b ) + Z({v2 5}, 20),

n
3
n
(2

v

where x; denotes the global grid points, and T is an interpolation operator
ensuring a smooth transition in the overlapping region. In practice, this is
implemented by interpolating the envelope values aji’" onto the global grid,
with a piecewise linear or quadratic interpolation, followed by reconstruction
via (2.16)—(2.17).

With localized wave packets, the well-separated case occurs after a short
time interval of length O(¢) in view of the two opposed group velocities +¢g4 /e,
so that interpolation is only rarely required for small ¢, and not at all when
T > €.
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3.3 Exponentially weighted Crank—Nicolson algorithm

Using the same approach, we derive the following weighted Crank—Nicolson
type scheme:

Lo (1 + icy)p;”rl —2p7 + (1 - ia)p}‘_1

£

2
-
12 e (1 +iB)p},, — 207 + (1 —iB)p)_,
-(1- cg) h2
g [T TR — PRI — (e — )
.\ iB(eTtapitt —elopi—h) . i(e™ Pt —ePpr )
27h 27h
14112 1—112) &
+A(Ip} | +2|p§ )7 0,
with p = %(e_iap;”l + eio‘p?_l). This implicit method is unconditionally
stable.

4 Main results and numerical experiments
4.1 Results for general initial data

The following result provides the dominant term of the modulated Fourier
expansion of the numerical solution to (3.1). Here we recall that ¢ is defined
by (2.15).

Theorem 4.1 (Dominant terms of the numerical solution) Let p} and
qj be the numerical solution obtained using the explicit weighted leapfrog finite
difference algorithm (3.1), under the stability condition (3.4). Assume that the
solutions a*(t,&) of the nonlinear Schridinger equation (2.2) have sufficiently
many bounded partial derivatives. Then p and g7 can be written as

Py = at (1,€) e 4 RY(1,6),
q; =a (t,) eir€/ee=i0t/s* | p- (t,¢),

fort =nt and & = jh, where a* (t,€) satisfy (2.2), and the remainder term is
bounded by

|R*® Lo (0,77 xR) < C(r? + h% +¢).
Here, C is independent of €, 7, h, but depends on the final time T.

The same error bound holds true for the implicit weighted Crank—Nicolson
finite difference method (3.6) without any stability condition between T and h.
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A further main result of this paper is the following error bound for the
weighted finite difference method. It follows directly from Algorithm 3.1, the
modulated Fourier expansion of the exact solution in Proposition 2.1 and the
modulated Fourier expansion of the numerical solution in Theorem 4.1. Note
that the velocity behaves as dyu = O(e72) so that the error bound given below
corresponds to the relative error.

Theorem 4.2 (Error bound) Under the assumptions of Theorem 4.1, we
obtain the error bounds

O(T? + h? +¢),
=0O(T? + h? +¢),

|U'n(xz) - u(tn7 xz)|
e2 "™ (2;) — Opu(tn, z3)|
uniformly for t, = nt <T and x;. The constant symbolized by the O-notation
is independent of €, the time step T, and the mesh size h, but depends on the
final time T.

The same error bounds hold true for the implicit weighted Crank—Nicolson
finite difference method (3.6) without any stability condition between T and h.

In the less interesting regime where 7 « €2 and h « ¢, the method can be
applied directly to approximate the original equation by solving only p(¢, &)
or ¢(t,n). For instance, one can set ¢ = 0 (or, alternatively, p = 0) with initial
data

p(0.6) =u(0.8).  ap(0,€) = du(0,€) + L &,u(0,9).
q(0,m) =0, 2:q(0,7m) = 0.

(4.1)

To implement, it suffices to include a conditional check in the code of setting
the initial data for p and ¢ as follows:

If h2 > c&®, then we set p° and ¢° according to the initial data (2.13)—
(2.14).

Else we set p° and ¢° as (4.1).

Remark 4.1 A standard Taylor expansion yields an error bound of O(72/e5 +
h? /54). Consequently, the error satisfies

n . 7'2 h2
|u" (z;) — u(tn, ;)| < min <Co(T2 +h%+e), Cy (873 + 54>> 7

uniformly for t¢,,, z;, and 0 < € < 1. Maximizing this bound over 0 < e < 1
gives the optimal balance €7 ~ 72,5 ~ h?, leading to a uniform accuracy of
O(7%7 + h*?) in the maximum norm for all 0 < ¢ < 1. The optimal quadratic

convergence rate is achieved when € ~ 1 or ¢ < 72 + h2.
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4.2 Polarized initial data

In this case, the solution propagates in a single direction and it suffices to solve
only one of the equations for either p(¢,&) or ¢(t,n). This also allows for an
improved error bound.

The following theorem states the error bound for the case w = /1 + k2,
i.e., when u(t, ) = p(t, £) with p satisfying (2.13). The case w = —v/1 + k2 is
analogous, with g replacing p.

Theorem 4.3 (Error bound for polarized initial data) Let p}] denote
the numerical solution obtained from the weighted finite difference algorithm
(3.1), under the stability condition (3.4). Assume polarized initial data with a
single frequency w associated with k, and let the assumptions of Theorem 4.1
hold. Then there are the error bounds (with x7} = &§; + cytn/e)

P} — u(tn,x})| = O(1? + h? + &2),
52|v’+‘,j — Opu(tn, 27| = O(1? + h? + &%),

fort, =nt <T, & = jh. Here, the constant symbolized by the O-notation is
independent of 7, h, and 0 < € < 1, but depends on the final time T and the
coefficient appearing in the stability condition (3.4).

The same error bounds hold true for the implicit weighted Crank-Nicolson
finite difference method (3.6) without any stability condition between T and h.

4.3 Numerical experiments

We consider the one-dimensional nonlinear Klein-Gordon equation (1.1) with
A = 1. The final time is set to 7' = 0.5. Numerical errors are measured at T’
in the discrete maximum norm.

Instead of solving the equation on the whole real line, we compute the
transformed variables p(t, &) and ¢(t,n) on the bounded interval £, € [—L, L]
with L = 8, which is large enough to fully contain the localized wave packets
and allow the use of periodic boundary conditions.

To implement Algorithm 3.1, we distinguish two cases based on the condi-
tion

L —cgt)e < —L 4 cg4t/e, ie., cgt > Le.

If this condition is satisfied, the two wave packets, which move with group

velocities +¢4/e, are separated at time ¢. Otherwise, the wave packets overlap

and interpolation is required, as described in the algorithm. For polarized

initial data, there is only one wave packet and no such distinction is needed.
We first test our method for non-polarized initial data

. 1 .
u(0,x) = e ole/e Oru(0, ) = —2e_f”2e””/€.
€
The left panel of Figure 4.1 shows the relative error in u plotted against h
for several fixed values of €. We observe that the error initially scales as h?
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A —+—e=1

solution error
-
o
w

——e=0.5
e=0.3
10 —x—e=01 10 F
—5—e=0.03 ——h=08
=102 —-—h=04
105 =10 100} Z = 8?
—A-c=10"" ——h=0
—-—-slope 2 —=—h =0.05
10° I1 0 10° 6 I4 ‘2 0
10° 10 10° 10° 10° 10
h €

Fig. 4.1 General highly oscillatory initial data (1.2). Left: error vs. h for different values
of e. Right: error vs. ¢ for different values of h. The time step is chosen according to (4.2).

and reaches a level of O(¢g), in agreement with the asymptotic estimate in
Theorem 4.2. Once h becomes sufficiently small such that h? < ce® (with
c = 5 in this test), the error resumes its h? behavior. The right panel shows
the error plotted against ¢ for several fixed values of h. For small ¢, the error
levels off at a value proportional to k2. We chose the time step size

7 = max(h?/4, eh/10) (4.2)

so that the stability condition (3.4) is satisfied for all h and . With this
choice, 7 scales like h? for small e, while a linear dependence on h is sufficient
for larger e.

Next, we consider polarized initial data (2.11)

2 . iw  2c4z 2 .
0 _ o Lix/e 0, u(0 B g —x 11/5'
u(0,2) = e * % Jwu(0,x) ( > + . >e e

For this case, the frequency is w = v/2 and the group velocity is ¢, = 1/4/2. The
left panel of Figure 4.2 shows the relative error in p versus h for several fixed
values of €, while the right panel shows the error plotted against . Compared
to the non-polarized case, the error is reduced for intermediate values of ¢,
which is consistent with Theorem 4.3, where the accuracy in € improves from
O(e) to O(e?) for polarized initial data.

For the velocity error, we observe similar behavior. Moreover, comparable
results are obtained for the weighted Crank—Nicolson method, and are there-
fore omitted for brevity.
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100 - 10°
1 ] -1
102 Ry g ] 102 J—e/f\(
§ P
5} X e ﬁ
.g 1073 /oo ——e=1 103k ]
5 ——e=0.5
) e=0.3
10} e =01 10*F 3
f =—¢c = 0.03 ——h =038
=102 ——h=04
108 e =103 10k h=0.2
A =104 ——h =0.1
—-—-slope 2 —=—h =0.05
10 . 108 - :
10° 10° 108 104 1072 10°
h €

Fig. 4.2 Polarized initial data. Left: error vs. h for different values of €. Right: error vs. €
for different values of h. The time step is chosen according to (4.2).

5 Consistency

With the solution a™ (¢, ) of the first nonlinear Schrodinger initial value prob-
lem in (2.2), we consider the defect obtained on inserting

Bt €) = a* (1, ) ™e/eei?
into the weighted finite difference scheme (3.1),

e (1 +1ia)p(t + 7,&) — 2p(t, &) + e (1 —ia)p(t — 7, §)

d(t, &) :=¢> —
_ (1 _ cg)e_ilgﬁ(tf + h) — 2ﬁh(§a f) + eiﬁﬁ(ta g — h‘)
9ee <eio‘(eiﬁ]3(t + 7,6+ h) —ePp(t + 1,6 —h)
g 4dth (5.1)
eia(eiiﬁﬁ(t — T7§ + h) — eiﬁﬁ(t — 7-75 _ h))
- Ath
e, 222 e (BRI
27h

+ AIB(t, €) (2, €),

where the two terms arising from the spatial discretization in (3.1) cancel by
using the relation (1 — ¢2)if/h + ecgio/T = 0.
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5.1 Defect bound in the maximum norm

Lemma 5.1 In the situation of Theorem 4.1, the defect (5.1) is bounded in
the maximum norm by

Il oo (o, 77 xRy < o(m? + h* +e),
where ¢ is independent of €, T, h and n with t, =nt < T.

Proof The O(72) and O(h?) error bounds of the weighted finite differences in
Section 3.1 yield, omitting the omnipresent argument (¢, &) on the right-hand
side,

dle,€) = (29~ (1= AP - 2ec,0+ 5 + AoFD)

— (= +(1— 052])/12 + 2¢g9k + 1) ;% +O(1% + h?)

=0 by the dispersion relation, see (3.3)

= (—2iw6ta+ - (1- C;)@ga"' + )\\a+\2a+) emg/eemt/az

=0 by (2.2)
+O(T* + h? +e).

This yields the stated result. m]
Remark 5.1 For polarized initial data, the defect is in fact smaller:

ldl o= (ro.11xR) = O(7% + h? +€%),
where d is defined in (5.1), but now with

p(t, &) = (a(t7 &) + eb(t, «E)) elné/e e“%/sz7

and where a(t,€) and b(t, ) are the solutions of (2.12).

5.2 Defect bound in the Wiener algebra norm

The maximum norm in the defect bound of Lemma 5.1 turns out to be
too weak a norm for the proof of Theorems 4.1 and 4.2. We need a de-
fect bound in the norm of the Wiener algebra A(R); see the summary in
Section 2.1. The space C([0,T],A(R)) in the following lemma is the Ba-
nach space of A(R)-valued continuous functions on the interval [0,T], with

Idlc(ro,7,a®)) = maxo<i<T [d(t, )| aw)-

Lemma 5.2 In the situation of Theorem 4.1, the defect (5.1) is bounded in
the Wiener algebra norm by

ldl (o, 17, a®)) < c(T> + h* +¢),

where c is independent of ¢, T, h, and n with t, = nt <T.
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Proof The proof is based on (2.4) and (2.5) and follows the same steps as the
proof in [15, Lemma 4.2]. o

The same defect bound (possibly with a different constant c) is obtained
for the weighted Crank—Nicolson method, using the same arguments.

6 Stability
6.1 Linear stability analysis in the Wiener algebra

In this subsection we give linear stability results for the weighted finite dif-
ference scheme. We bound the numerical solution corresponding to the linear
Klein-Gordon equation (1.1) (without the nonlinearity) in the Wiener algebra
norm, using Fourier analysis.

We momentarily omit the nonlinearity and interpolate the weighted finite
difference scheme (3.1) from discrete spatial points £; = jh, j € Z, to arbitrary
£ € R by setting

2 e (1 +ia)p™t(€) — 2p™(€) + (1 —ia)p" 1 (€)

7—2
e — 1)6‘”1)"(5 +h) — 21;;(5) +ePp (€~ h)
—ia(,—iB,n+1 LB+l e
oee, (e (e Pprti(g +42L Fpr (€~ h)) 6.1)
e e H(E+ h) — ePp (€ — h))
41h
iBle i pmtH(E) =" (E)
+ L ) 0.

We clearly have p"(§;) = p} of (3.1) for all n > 2 if this holds true for n =0
and n = 1. In particular, we have max; [p}| < maxeer [p" ()] < [P" | a®)-

Lemma 6.1 (Linear stability of the weighted leapfrog method) Un-
der condition (3.4), the weighted finite difference algorithm (6.1) without the
nonlinear term is stable: There exists a norm || - || on A(R) x A(R), equivalent
to the norm | - | a)x ar) uniformly in e,7, h subject to (3.4), such that

n+1
1P = 1 wtere P = (P

Proof Let p"(0) be the Fourier transform of p™(¢), i.e.,

PO = 5= | 7O
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Substituting this into (6.1) yields, for all £,

L[ gt 00 =2 0) =)
21 R 2

.
2(cos(B8—0h) —1) .,
R &0
—iasn+1 _ alapn—1
+iec, (sin(B — Oh) — B) L (Q)Th °ep (0))d0 —0.
We then have
20 (L4 ia)p™t(6) — 25" (6) + (1 — ia)p" 1 (0)
2
2(cos(B—0h) —1) .,
(- 2B I = Vi)
—iapsn+1 0) — iarsn—1 0
Tice, (sin(B — o) — g) PO =) _
Th
which is equivalent to the system
13”*1(9)) ( p"(0) )
=G(0 _ ,
(ooy) =0 (575
where
27ge'® _ (1—iyg)e™®
G(0) = | +iv 1+ive (6.2)
1 0
with
_ ST in(B — Oh) — 3) — RC9 Y (sin(B — Oh) —
Yo =+ h (sin(f —6h) —B) = a+ pr— B(Sln(ﬂ 6h) — 5)
= a+ K*(1 —sin(3 — 6h)/B)«
2
~ T
Fo=1+(1- C‘ZJ)EQW (cos(B8 —6h) — 1)
K2(1—c2) o2
2 0?
=1-—=k @(1 —cos(8 — 6h)).
To simplify the expressions of vy and Jy, we have used that rcy /9 = —r%(1 —
2)/9? = —K>.

Let )\g, Ay be the two roots of the characteristic polynomial
po(C) = 7 (1 +i79)C* — 239 + e (1 — ip),

ie.,

o 70 £ 0/(1+ [70]%) — [F0]?
(1 + i’ye)

+ _
Ay =e
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Condition (3.4) ensures that |[Y5| < max{1,|ye|}, and thus |\F| = 1. The
vectors (A4, 1) and (A, 1) are eigenvectors of G(6) with eigenvalue A\ and
Ay , respectively. This is because (similar for A;)

25 ia (1—1’}/ )e2ia + (2;? eia>\+_(1_i,y )e2ia +
1191679 - 1+6i}'ye )\‘9 = - 91-&-1«/9 ‘ =\ >\9 .
1 0 1 AS A1

Therefore G(0) is diagonalizable,

V(O)1GO)V(0) = A(0) = diag{A\i, Ny} with V() = (Alg 07 ) (6.3)

and A(6) is a unitary matrix. Using the transformation matrix V' (6), we have,
for any vector y € C2,

V(O)T'GO)yl2 = [AOV (O ylo = [V(0) "yl

Therefore,

_ An+1 9) B "n(@)
Pl = V(o 1(p () dezfva 1G0<p_ 0
1= [ vior (%)) oo = [ [re-em (14,
[ P(0) _
=| v 1(“ ) o = || P
JL e (ms)) @ =1
Finally, we show that
[VO)2<Cr, [V(O) 2<Co, VOER,
which yields that the newly introduced norm || - || is equivalent to |- | 4 r)x A(w)-

Since

TE.—
veyrve = 2 TN
L4+ 2504 2
the eigenvalues of V(0)*V(0) can be calculated as 2 <1 + (1;7%2)) Since
2]

(1%37) < o < 1 by condition (3.4), we have for all k that
6

[V(0)lz = v/ Amax(V(0)*V(0)) < 2,
[V(0) "2 = 1/7/ Amin(V(0)*V(0)) < 1/4/2(1 — p),

so that

1
5 IPlagyxam) < [IP]l < NCOED) IPllacr) x AR)
for all P € A(R) x A(R). o
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Lemma 6.2 (Linear stability of the weighted Crank—Nicolson method)
The weighted Crank—Nicolson algorithm (3.6) without the nonlinear term is un-
conditionally stable in the sense that there exists a norm ||-|| on A(R) x A(R),
equivalent to the norm | - | aw)xaw) uniformly in €, 7, h, such that

n+1
1P = P e P (P

Proof Substituting the Fourier transform of p™ into (3.6) without the nonlin-
ear term yields

20 (L4 ia)p™t(0) — 25" (6) + (1 — ia)p" 1 (0)
2

-
), 2(cos(8 — B) — 1) e m1(6) + o (6)

—(1—-¢)) 2 5

+ iecy (sin(B8 — 6h) — B) e~lopntl(g) — elopn—1(9) _o,

Th
which is equivalent to the system

(o) =00 ()

261 7,‘/—98%“
G(Q) = Yo Yo s
1 0

with 79 = 1+ ~—#%— (1 — cos(8 — 0h)) + i + 4" (sin(B — 6h) — f3). Since

where

|6]? > 1, the eigenvalues of G() are
- ()
Yo
and |/\§| = 1 for all . Following the same procedure as in the proof of
Lemma 6.3 yields the desired result. m|

6.2 Nonlinear stability

Lemma 6.3 (Nonlinear stability of the weighted leapfrog method)
Let the function p € C([0,T], A(R)) be arbitrary and let the corresponding
defect d be defined by (5.1). Under condition (3.4), the interpolated numeri-
cal solution of (3.1), interpolated to all £ € R as in (6.1) (but now with the
nonlinear term included), satisfies the bound, for t, = nr <T

Ip™ = p(tn, ) am)
< (I8 = 50, )agwy + Ip" = 5t a) + oo, a )

where C is independent of €, T, h, and n with t, <T, but depends on T and
on upper bounds of the above term in big brackets and of the C([0,T], A(R))
norm of p.
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Proof We define the error function e™(§) = p™ (&) — p(tn, £), which satisfies

2 e (1 +ia)e™ () — 2e™(€) + e (1 —ia)e" ()
2

i
+(c§ B 1)e*we"(f +h) — 22’;(5) +efer (€ — h)
e"io(eBentl(¢ + h) — et (¢ — h))
—2e¢ ( 4th
eia(efiﬁenfl(f + h) _ eiﬂenfl(g _ h)) (6~4)
B 41h
+iﬁ(e_ia€n+1(f) _ eiaen—l(é-))>
27h
+ A ([P ()PP () — [B(tn, €)*D(tn, €))

= —d(t,§).
The Fourier transform of €™ then satisfies

€T (1L + i) (9) = 287 (0) + € (1 — i) (0)
2

+—(1- @%aﬂ(a)
e—ia’e‘n-&-l(e) _ eia’e‘n—l(e) N

+iecy (sin(B — 6h) — ) s
AT (I (©)*P" (&) = [B(tn, O*Bltn, €)) = 0,

This equation can be written in the one-step formulation

() 0 (£40) - (1)
T (f (12" (©)1>p™ (&) = [B(tn, €)[2D(tn, €)) <e>)
0

82(1 + i’yg)
with 79 and G(f) defined in (6.2). Note that ﬁ‘ ~ 7. Introducing
n+1
e = een , using Lemma 6.1 and (2.3) for dealing with the nonlinearity,
we obtain

eI <1+ er) | + 2 dta, Yace

<Lt er)IE% +er Y (1 + er)" I d(ty, )| agwy
j=1
on . ~ exp(ent) —1
< exp(enT)||E7|| + ér—————— sup [d(t,)|am),
cT te[0,T]

which yields the result. m]
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The same nonlinear stability bound (possibly with a different constant C')
is obtained for the weighted Crank—Nicolson method without any CFL-type
condition between 7 and h and ¢, using the same arguments together with
Lemma 6.2.

With Lemmas 5.2 and 6.3 at hand, we are finally in the position to prove
Theorems 4.1-4.3.

Proof of Theorems 4.1 and 4.2. Combined with Lemma 5.2 (consistency),

Lemma 6.3 (stability) establishes the dominant terms in the modulated Fourier

expansion of the numerical solution as stated in Theorem 4.1. Comparing

this expansion with the modulated Fourier expansion of the exact solution in

Proposition 2.1 then yields the solution error bound stated in Theorem 4.2.
The proof of Proposition 2.1 gives the velocity

528tu(t,a:) = —iwat (t,ﬁ) ei(nszt/a)/a +iwa~ (t777) ei(/{m+wt/5)/a + 0(5),

which, together with Theorem 4.1, leads to the velocity error estimate in The-
orem 4.2. m]

Proof of Theorem 4.3. The higher-order accuracy in € for the solution u follows
from the polarized approximation in Proposition 2.2 together with the refined
defect estimate for the numerical solution given in Remark 5.1.

For the velocity approximation, Proposition 2.2 gives

£20,0(t,x) = — (iw(a(t, §) + £b(t,€)) + ec,dealt, €)= L O(2).

Comparing this expression with (3.5) then yields the second error bound. o
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