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BOUNDEDNESS AND CONTINUITY OF PHASE-CORRECTED
GRADIENTS ON SOBOLEV SPACES

LARS ERIC HIENTZSCH, RAFFAELE SCANDONE, AND ROBERT WEGNER

ABSTRACT. For a function 9 : R? — C, we define the phase-corrected gradient
Votp = |1| =1 Vab and study the regularity of the map 1 — Vot) on Sobolev
spaces. Since Re[Vo9] = V|9, the phase-corrected gradient fits naturally
into the framework of nonlinear composition operators. Its imaginary part
A = Im[Vs], on the other hand, plays a key role in quantum hydrodynamic
models. We prove that ¢ — Vo1 is bounded and continuous from WS’Q(]Rd)
to W~ 1L2(R4) for 1 < s < %, and we show that the threshold s = % is sharp.
In particular, this answers an open question concerning the continuity of the
map 1 — [¢]| on Sobolev spaces. We also show that our results remain valid
for functions that do not necessarily decay at infinity, a relevant setting in the
context of Ginzburg—Landau theory. Finally, we extend our analysis to more
general phase-corrected gradients of the form f (|| ~14) V1, where f : St — C
is Lipschitz, and discuss implications for certain parabolic PDEs.
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1. INTRODUCTION

1.1. Setup of the problem and summary of main results. Given a complex-
valued function ¢ on R?, d > 1, we investigate the regularity properties in Sobolev
spaces of the nonlinear operator
(1.1) Y= Votp = M,

]
which we call the phase-corrected gradient. The map is certainly well-defined
when v vanishes nowhere: in this case, writing ¢ = ae'® with a = [1)|, we have

(1.2) Vop = Va +iaVo.
In particular, taking the real part of V,1, we formally obtain the map
(1.3) Y= VY,

which has been widely studied in the context of nonlinear composition operators
(see Section for further details).

Beyond its independent analytical interest, the operator arises naturally in
hydrodynamic models describing quantum fluids, as discussed in detail in Section
We anticipate here the main features of this hydrodynamic interpretation,
which also leads to the quantities at the core of our analysis. Given a nowhere
vanishing function ¥ = ae'®, its Madelung transform is defined by

(1.4) Mt (a=|p),v=V6).

In quantum hydrodynamics, 9 is a wave function, typically a solution to a nonlinear
Schrodinger (NLS) equation, and the nonlinear operator M formally transforms the
NLS equation into a compressible Euler-type system with a dispersive correction.
In this framework, a? and v are the mass density and the velocity field of the fluid,
respectively. In view of (L.2), the phase-corrected gradient encodes these quantities,
namely
Vo) = Va + iA,

where A := av is the velocity field weighted by the amplitude. The pair (Va, A)
provides natural hydrodynamic variables. Indeed, the momentum density is given
by J = Im va] = al, and the gradient energy density |Vi|? of NLS splits as
|V1)|? = |Va|? + |A]?, namely as the sum of the quantum (Bohm) energy density
|Va|? and the kinetic energy density |[A|*> = a?|v|? of the fluid. If ¢ is allowed
to vanish, Va is still well-defined as soon as ¢ has one locally integrable weak
derivative, whereas this is a priori not the case for A, since the phase ©, and hence
the velocity v, are not defined on the vacuum set {1 = 0}. Following [6], we show
in Section that, under the same minimal regularity assumption ¢ € I/Vlicl (R%),
the phase-corrected gradient, and thus also the hydrodynamic variables (Va, A),
are well-defined also in the presence of vacuum.
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Our aim is then to develop a systematic approach yielding sharp boundedness
and continuity results for the phase-corrected gradient, which at the same time
provides a precise description of the behavior of its components Va and A. More
precisely, we address the following problems.

Problem 1. Identify the optimal range of parameters d € NT, s > 1, and p € [1, 0],
such that the nonlinear operator ¢ ++ V3 is bounded from W#*P?(R% C) into
WS’LP(Rd;(Cd).

Problem 2. Identify the optimal range of parameters d € NT, s > 1, and p € [1, 0],
such that the nonlinear operator ¢ — V,% is continuous from W*?(R%;C) into
Wes=Lp(R%; C9).

Establishing mapping properties of poses nontrivial technical issues: when
t) vanishes on some subset of R? (a vacuum region, in hydrodynamic terms), one
cannot appeal to general results on nonlinear operators on Sobolev spaces (see the
discussion in Section .

Our main results resolve Problems [I| and [2| conclusively in the case p = 2, and
our method is not naturally applicable to the cases p # 2.

Theorem 1.1. Let d € N*.
(i) Let s € [1,2). There exists C > 0 such that for all ¢ € W*2(R%; C) we
have Vo € W= 12(R% C4) and

Vot etz < OV ||ye-1a.

Furthermore, if 1, — v in W*2(R%), then Vo, — Votp in WL2(R?),
(i) Let s > 2. There exists 1 € C°°(R% C) with Voip € C*(R% C?) such that
b € W2 (RT) but Va, A ¢ W 12(RY).

As a consequence, we also answer an open problem concerning the continuity of
the map ¢ — || on Sobolev spaces.

Corollary 1.2. The map ¢ — || is continuous on W*2(R%; C) for all s € [1,3).

The boundedness of the map @ + || on W*2(R%), for 1 < s < %, is due
to [21I] (see also [65] in the real-valued case). Continuity for s = 1 is a standard
result (see e.g. [6 Proposition 1.2]). By contrast, continuity for s € (1,3), even
in the real-valued case, has been formulated as an open problem in [22] [64] and is
not addressed in [21] 65]. Corollary is particularly relevant for applications to
quantum fluids, as discussed in Section [1.6

Our method leverages local regularity properties of complex-valued functions
and is robust enough to treat wave functions ¢ € T/Vlf)c2 (RY) with Vip € We—12(R%)
(see Section for the definition of this space). A prototypical example is given by
functions of finite Ginzburg-Landau energy, e.g. solutions to Gross—Pitaevskii type
equations with non-vanishing conditions at infinity. The associated energy space

reads
ERY) = {y € L}, (R%C) : V¢ € L*(R%CY) and |9 — 1 € L*(R%R)}.
Equipped with the distance function

de(Y1,v%2) = Y1 — Pollzpwre + [[[P1]? = |2 L2,
where Z! denotes the Zhidkov space, (E(R9), dg) is a complete metric space [39].
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Theorem 1.3. Let d € NT and s € [1, %) There exists C > 0 such that for all
Y € BE(RY) with Vi € W—L2(R4 C?) we have Voip € W~ 12(R%CY) and

||v0’(/}HWS—1=2 < C”V’IZJHWs—lfz
Furthermore,
Yn — ¢ in E(RY)

—  Von — Voo in WSTL2(RY).
Vb, — Vb in W H2(RY) v v (&)

The example of functions of finite Ginzburg-Landau energy, as well as further
applications in PDE, strongly motivates the development of a theory that is not
restricted to wave functions decaying at infinity, such as those in L?(R?), but rather
allows for very general behavior of ¢ at infinity (concerning nonlinear Schrédinger
equations, for example, see [39] [40] A7) 48], [49], [52]).

Theorems and are consequences of Theorem below, which is the full
version of our main results, together with Proposition for the case s = 1. In
Theorem the convergence v,, — 1) is only required in L%OC(Rd), rather than with
respect to the full topology of the energy space E(R?). By the fractional Poincaré
inequality this is equivalent to convergence in Wlf)cz (R%), given that Vi, — Vi)
in Ws~L2(R9) is already assumed. For notational convenience, we use the lat-
ter formulation throughout the paper. Furthermore, Theorem includes refined
statements (points (iv)—(vi)) at the threshold regularity s = 2, which provide a

2
sharp characterization in Besov spaces.

1.2. Realization of V,9. We now provide the rigorous realization of V,, which
is a priori not even well-defined on the vacuum set due to the division by [¢]. As
1) is only of Sobolev regularity and not necessarily continuous, the vacuum set V is
defined as the set of Lebesgue points at which 1 vanishes, i.e.

V:{xeRdzliml |¢(y)|dy:0}.

=0 |B(z)| /B, ()
Following Antonelli and Marcati [6], we introduce the set of polar factors of ¢ as
P() = {P € L®(R%C) : ¢ = aP and |P| = 1 almost everywhere on R%}.
Any P € P(¢) is uniquely determined by
P(x)

P = @)

provided that 9 (z) # 0, while it can be an arbitrary phase factor ¢/®, © € R, on
the vacuum. In other words, the polar factor is unique with respect to the measure
a?dz. The construction of polar factors is local, i.e. not sensitive to the far field
behavior of 1, and can even be carried out for ¢ € L (R%).

For the realization of V,1 we require, as anticipated above, that ¢ € Wli’cl (RY),
which we assume henceforth. Under this assumption, the set P(¢)) can also be
characterized by a variational argument [6, Section 1.5]. We recall that Vi = 0
almost everywhere on V (see e.g. [55, Theorem 6.19]). This crucial fact suggests

that V,1 may be well-behaved even in the vicinity of V. By writing
Vo) = PV,
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where P € P() is an arbitrary polar factor of ¢, we realize the phase-corrected
gradient (1.1)) as a function in L} (R?; C?) which does not depend on the choice of

loc
P. Tt admits the explicit representation

PV c
(1.5) Vot = { pr onY

0 a.e. on V.

For ¢ € W,o! (R%; C) we have a € W} (R% R) with |Va| < |[V4| pointwise almost

oc loc
everywhere [34] Theorem 4.4], and a direct computation (see e.g. the argument in

[6]) shows that
V[] = Re Vath € Lo (R RY).
Accordingly, we define the vector field A : R — R? by

A =ImV,y € Li (R RY)

so that
(1.6) Vop = Va +iA
holds in L] (R?). By construction,
_ R [P@VY(@) Ae) = I | LE@VY(@)
Va(z) = Re ()] (x) =1 )]

if 1 (z) # 0, while

Va = A = 0 almost everywhere on V.
Given a sequence (¢, )nen, we define (an, Py, Ap)nen analogously. Owing to identity
(1.6), the regularity properties of the phase-corrected gradient are equivalent to
those of the map

(1.7) ¥ (Va,A).
1.3. Threshold cases. As mentioned above, for s = 1 the boundedness and
continuity of the phase-corrected gradient are known [6, Proposition 1.2] and rely

on a simple identity. We state this result in the general setting of functions with
arbitrary behavior at infinity.

Proposition 1.4 (analogous to [0l Proposition 1.2]). Let d € N and let ¢ €

leoc(]Rd; C) with Vi € L*(R%;C%). Then V.1p € L*(R%;C%) and
(1.8) IVlZe = Votpl 2 = [ VallFz + [|A] 72
Moreover,

P — P in L (RY)

Votn — Vo in L2(RY).
Vi — Vb in L2(RY) Yn = Yoy in L(RY)

The statement in [6] (see also [], and [3, [42] for extensions to nontrivial far
field) concerns only W12(R4), but the argument in our setting is analogous. The
polarization identity is a direct consequence of |P| = 1 and the orthogonal
decomposition of Vot into Va and A. It immediately yields boundedness and
the equality of norms ||Vot|zz = ||V#| 2. Furthermore, as in the proof of [6]
Proposition 1.2], it is the key ingredient to obtain continuity.

We establish an analogue of in the fractional range s € (1, %), namely the
polarization identity in Proposition below. It plays the same twofold role:
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it underlies the equivalence of seminorms in Theorem ii), and it is the key
ingredient in the proof of continuity.

Concerning the threshold s = %, the following elementary examples already show
its critical role: boundedness fails separately for Va and for A.

Ezample 1.5. Let d = 1, and let x € C*(R;[0,1]) with x = 1 on [-1,1] and

supp x C [—2,2].

(a) Let ¢(z) = x(x)xz. Then ¢ € C*(R;R), meaning A = 0, while Va(z) =
sign(z) for z € (—1,1). Hence Va € W* 12(R) only for s < 2, although
Y € W*2(R) for every s > 1.

(b) Let € € (0,1) and set

Ye(z) = x(2)((z — &) +i(z +¢)).
The family (¥:)ce(0,1) is bounded in W*2(R) for every s > 1. On (—1,1), the
function 1. does not vanish and a direct computation gives
2e x V2
Ac(z) =— =— <7) where = —.
«(=) V@& —e)? + (z +e)? I\e o) V1+y2

Now take s € (2,2). Restricting the integral defining [A.]ys-1.2 to (—1,1)?
and rescaling, we obtain

AT2 £3-2s 1|9 |2d d
[ ]WQ 12/ |.’L'— |25 1 y?

where the last integral is positive since g is not constant. Therefore ||Ac|ys-1.2
diverges as ¢ — 0, i.e. the map ¢ ~ A is unbounded from W#*2(R) into
We=L2(R). In fact, for any s > 2 the sequence (¥c)ce(0,1) is bounded in
W#2(R), and since W*~12(R) < W*'~L2(R) for s > s’ the same conclusion
holds. Note that in the limit € N\, 0 the phase of 1. attains a jump at the origin.

Both examples can be transferred to any dimension d > 2 by multiplication with a
cutoff function in the remaining variables (za,...,z4).

Example [1.5|a) provides a smooth, compactly supported function v such that
Va ¢ Ws=12(R) for all s > 2, whereas (b) only yields the unboundedness of
¥ — A for s > % At s = %, the lower bound is scale invariant and does not blow
up. Moreover, in (a) the phase-corrected gradient Vo1 = sign(z) for z € (—1,1) is
discontinuous at the origin. The stronger statement of Theorem ii)7 where both

3

¥ and Vo1 are smooth and the endpoint s = 3 is included also for A, requires a

more refined construction (see Lemma below).

1.4. Full main results. We now set up the functional framework needed to
state our main result in its full generality. We first recall several equivalent ways
to express the seminorm [F|y 62, 8 € (0,1), for vector fields F : R? — C.

Definition 1.6. Let § € (0,1). For F : R? — C¢ we define the seminorm

(1.9) (Flyo = ( / Jpi / AL @) da dh)é 7

where ApF(x) = F(x) — F(x — h), and the spaces
WoRY CY) = {F € L*(R%CY) : [Flyez < 0o},
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. 2d
Wo2(Re: ) = {F e L7 (R CY) : [Flyos < oo} for 6 < 2.

Lemma 1.7. Letd € N* and 6 € (0,1).
(i) There exists Cqg > 0 such that

[Fl3o. = Cae
for every F € C°(R% CY), where ||F||%,, = ||| - |7 F||2..

(ii) Define the alternative seminorm

(1.10) [Flxe2 = (/Rd 1 /Rd |ALF(x) - h|2da:dh)

Then the seminorms [-]xoe2 and |-y are equivalent on C°(RY).

|FII%0

2

In particular, the seminorms || - || ge, [-lwe.2, and [-]xe= are all equivalent on
WO2(RY), and if 0 < ¢ also on WO2(R?).
Proof. (i) If F € C°(R%; C%), then a calculation with the Fourier transform

1

u(é) = e 8y () dz
© = g [, @

shows that

21-20751(1 — 6)
or¢+o)

(ii) By [68, Theorem 1] the seminorms |[-]xe,2 and [-]ye2 are equivalent on

C(R?). In our case p = 2, this can also be seen by a calculation with
the Fourier transform (see [31] 68]), which for F' € C°(R?) yields

[Fliyos = Cao [ IEPIPEP A with Cuo =

Ca
(111) (FPoz = 2222 (1% + 2010FIE,)
where ﬁ(é )= %ﬁ () is the projection onto gradient fields in the Helmholtz
decomposition. In particular,
[P0 < [Fliyon < (d+20)[F)%0.. O

Our arguments naturally work with the alternative seminorm [-]xo2. If F = V f
for some f : R? — C, then we have the following representations (see (2.6)—(2.7)
below):

V£ = @ +20) [ 722 [ R fG@)P dean

_2+2 |h|—d—2—29/ Re [Rhf(x)thf(x— h)] dz dh,
9 Rd R4

where  Rpf(z) = Apf(z) — Vf(z) - h.

Throughout, we consider 1 € I/Vlf)c2 (R%; C), complemented with one of the two
assumptions
Ve € W h2(RY; C9) or Vi € WeL2(RE; C9).
Both assumptions only concern V¢, and hence allow for nontrivial behavior of ¢ at
infinity. The second one is more restrictive since W*~12(R%) ¢ W*~12(R9) by the
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Sobolev embedding. As we shall see, the first assumption is sufficient for bound-
edness, while we require the second assumption for the equivalence of seminorms
and for continuity. We now state the full version of our main result: parts (i)—(iii)

concern the range s € (1, %), and parts (iv)—(vi) the range s > %

Theorem 1.8. Let d € NT and s > 1. The following holds.

(i) Take s < 3 and let v € W2 (R%C) with Vip € W= L2(R%CY).  Then

Vo € W5 L2(R% C%) and
(112) (3 - 28) [VG}XS 12 + (3 28)[A]X5 1,2 X 8[V¢]§(5712

Moreover, the blow-up rates of the constants in (1.12)) are sharp: there ex-
ists a sequence (Yp)nza C W2=w2(RY) with [Vip,]2 < 1 such that

11,
X3
[Van}i%_i >n2 and [Ay, }1% 12277,

(it) Take s < 3 and let ¢ € VVIIQ(Rd C) with Vi € L*(R% C?). Then Vi €

We=L2(R4: CY) if and only if Vorp, PA € W5~ L2(R% CY). In this case, we
have the equivalence

(3 — 25)2 32

(1.13) = Vi 5em1e < [Votllemr2 + = [PA]XS 12 < m[vw]iﬁ,l,fz.

Lastly, there exists a sequence (n)neny C W52(RY) such that
(1.14) [Votn)3s-1.2 + [P Van)xe-12 S 1,

while [P, Ap]xs-1.2 and hence also [Viby]xs-1.2 are unbounded.
(iii) Take s < 3. We have

Yn — ¥ in W2 (RY)

loc

— Vo, = Voo in WTL2(RY).
Vb, — Vb in W H2(RY) v (&)

(iv) Take s = 3 and note the definition of the Besov spaces in (3.36)~(3.37) below.
If ¢ € Bg (R ;C), then a € BQ%OO(Rd;R) and A € W%’Q(Rd;Rd). Further-
more, there exists a constant C' = C(d) > 0 such that

2 2 2

(1.15) ||aHB§w +AL 1. < ClIYl 3
Lastly, there exists a sequence (¥ )nen such that ¥, — ¥ in Bil(Rd), while
Va, 4 Va in B _(RY) and A, /4 A in WH2(RI).

(v) Takes =2 ande € (0,3). If ¢ € VV12+€2(Rd C) with Vip € Wzte2(R4; C4),
then A € W%Q(Rd;Rd) and

4 7
(1.16) AP o < SOV g+ S99 gl V] e

2
x32 S 3

3. There exists v € C®(R%C) with Vorp € C*°(R%C?) such
We2(RY) but Va,A ¢ W=L2(R?). Furthermore, there exists
R?: C) with V P € C®(R%;CY) such that v € W22(R?) but Va ¢

and A¢ 32 L(RY).

(vi) Take s >
that ¢ €
v € C*(R
w2 (r)
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Theorem [I.8] provides the first fractional regularity result for A, whose analysis
is significantly more challenging than that of Va since it is highly sensitive to phase
oscillations. For Va one can use a spherical averaging formula (see below) to
reduce the problem to the case of real-valued ¥. One cannot expect such a formula
to be available for A, since it does not correspond to a composition operator and is
not, in general, a conservative vector field.

Let us comment on the individual statements of Theorem

(i)

(i)

(vi)

Boundedness holds in the whole range s € (1,3) under the sole condition

Vip € W5—1L2(R%), which allows for very general behavior of 1 at infinity.
For Va we use the method of [21], where boundedness of 1) — a on W*?2(R%)
is proven (see also [65]), to extend the result to general conditions at infinity.
As s — %, the constants blow up at the rates (3 — 2s)~2 for Va and
(3—2s5)7! for A, and both rates are sharp: A is less singular than Va near
the threshold.

This is the fractional counterpart of the equality ||Vot||r2 = ||[V¥| L2 from
Proposition and provides a converse to (i): the regularity of ¢ can be
recovered from that of the hydrodynamic variables (Va, A), provided that
PA is controlled as well. In contrast to the case s = 1, the phase-corrected
gradient alone does not suffice: the last statement of (i) shows that the
control of PA cannot be dropped, even if PVa is controlled.

Continuity is new for both Va and A. It holds in the whole range s € (1,3)
and only requires local convergence of 9, in addition to the convergence
of Vb, in W5~12(R9). In particular, it yields Corollary

At the threshold s = 2, boundedness from W22 into W22 fails (see (vi)),
but it can be partially recovered by slightly strengthening the assumption
to Y € Bz%l(Rd). In this case a € Bim(Rd). This is due to [63, Theorem
1.1], where endpoint Besov estimates are proven for a class of composi-
tion operators including the modulus. On the other hand, A belongs to
Wz 2(RY) = BiQ(Rd), which is strictly smaller than the space BQ%OO(Rd)
containing Va. This result is new and demonstrates once more that A has

3

better regularity properties than Va at the endpoint s = 5. In contrast to

(iii), continuity fails at the endpoint. We assume the fully inhomogeneous
setting for simplicity, although we expect the assumption Vi € Bi 1(Rd)
to suffice.

This is a variant of (iv) for A, which requires higher regularity but imposes
weaker assumptions on the behavior at infinity, since only V), and not 1,
is required to be globally square integrable.

The first statement shows that the range s < % in (i) is sharp for both Va
and A, even for smooth 1 and V,: the failure of boundedness is thus not
caused by a local singularity of V,1. The second statement shows that (iv)
and (v) are sharp as well: Va € W22(R%) cannot be expected even for
Y € W22(R%), so that no analogue of (v) holds for Va, and the regularity

1
A € W22(R%) cannot be improved to A € B§71(Rd).

Remark 1.9 (Regularity of Va and A for 1 < s < 2). Observe that Va cannot be
more regular than V1 in general: for instance, Va = Vi whenever 9 is real-valued
and positive. For A, on the other hand, a gain of regularity is not excluded a priori,
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for two reasons. First, A turns out to be better behaved than Va, see Theorem
[1-8[i) and comment (iv) above, as well as Theorem below. Second, in A = av
the vanishing amplitude might dampen the singularities of the velocity field at the
vacuum. The following examples show that neither of the two effects leads to a
gain, i.e. A has in general the same regularity as Vi, both away from and at the
vacuum. Let

Ui (z) = x(z)(z + 3)e' a(x) = x(z) ™ 1"
with y as in Example Then 11,9 € W*2(R) exactly for s < %, and
(@) = x(@)]o + 1| sign(a) As(@) = x(x) sign(a).

Both A, j = 1,2, display a jump at the origin, so that A; € W*~1%(R) exactly
for s < % In the first case, the jump is produced by the kink of the phase |z| at
a point where ¥; does not vanish, its only zero in (—2,2) being © = f%. In the
second case, the origin is a vacuum point at which the velocity field va(z) = % is
singular: the vanishing amplitude as(x) = x(z)|z| compensates the blow-up of vy
only up to a jump of Ay = asvs, so that the vacuum has no regularizing effect.

We now state the polarization identity anticipated above.

Proposition 1.10. Let d € N* and s € (1,3). Suppose ¢ € W2(R%: C) with

Vi € Ws=L2(R4C4). Then Va, A, PA € W*~L2(R%) and the following polariza-
tion identity holds:

(1.17)
(3 —28)[Valur2 + (2s = D)[AJXcm12 — (3 = 28)[VY] X1

_ Rd\h|—d—28/ﬂgd 2(2s — 1) Re {%(Rhw(xmhvu(x) h
— Rpa(z) AV (z) - h)} dadh
- |h|‘d‘25/ 1 [P() Ryt () ((8(5 = 1) = 2(3 — 28) P(w) Pz — ) AyA(a) -
Rd Rd
+2(3 - 25)P(z — h)An(PA) () - h)] da dh.

Remark 1.11 (Concerning the real-valued case). Consider the case 1 : R? — R,
where A = 0. We write v = ¢ in order to distinguish it from the complex-
valued case. For u € W*2(R%R), the estimate for Va in (i) is due to [21}, 65],
although we provide explicit constants. If u changes sign, then the strict lower
bound [V|u|lys-12ray > [Vulys-1.2ge) is proven to hold for s € (1,3) in [64,
Theorem 1] (see also [43]). This relies on the following polarization identity (see
[64, Equation (4)]):

[V|u‘]12/vsf1,2 - [VU]%/VSfl,z
R R 2 2 '

Here the right-hand side has a sign, which immediately yields the lower bound.
By contrast, the polarization identity , which is central to our results, is
formulated in terms of the seminorm [-]xs-1,2 and has a right-hand side without
definite sign.
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Organization of the proofs of Theorem [I.8 and Proposition [I.10 ~ For the con-
venience of the reader, we indicate where the different parts of Theorem are
proved. Theorem and Corollary below imply (i) and (ii), while the sharp-
ness of the blow-up rates of the constants is verified in Lemma Theorem
corresponds to (iii); Proposition [3.9] Corollary [3.10]and Lemma [6.4] to (iv); Lemma

to (v); and Lemmas [6.3] and [6.5] to (vi). Finally, Proposition is part of
Theorem

Additional results for s € [%, 2]. Since the integrals in depend analytically
on s, it is natural to ask whether the identity can be extended to the range s € [%, 2),
provided all integrals exist. Indeed, this is the case, and in fact several results of
Theorem can be extended to this range. Using the Bourgain—Brezis—Mironescu
formula [25], it is even possible to obtain a statement at s = 2. The following
theorem is a consequence of Theorems and as well as Corollaries and

Theorem 1.12. Let d € NT and s € [2,2]. The following holds.
(i) Take s < 2 and let ¢ € W22 (R C) with Vip € W L2(R% CY).  Assume

loc

in addition that a € W>2(R?) and Va € W5 12(R%). Then we have A €
Wes=L2(RY) and

(1.18)  [AJ%e-1.2 < (45 — 6)[Val%eo1.2 +4[Va]xs12[Vh] xo1.2 + 2[Vh]%esia.

Furthermore, (1.17)) still holds.

(it) Take s = 2. We have

o — 1 in W32 (RY)

Vi, = Vi in W2(RY) = A, — A in W2(R?).

sup [Van] 1, < oo
nEN[ "}Xz ’

(iii) Take s € (2,2). We have
Yn = ¥ in Wid (RY)
Vi, = Vip in WL RY) = A, — A in W LE(RY).
Va, — Va in stl’Q(Rd)

(iv) Take s = 2 and let ¢ € VVi’f(Rd;C) with Vi € WH2(R4,CY). Assume in
addition that a € Wi’f(Rd) and Va € WH2(R?). Then A € WH2(R?) and

(1.19) IVAIZ: < 61V%alZz +12(V2allL2 [ V4] L2 + 6] V4] 22

1.5. Generalized phase-corrections and parabolic PDEs.  Theorem [I.§
together with Proposition for s = 1, implies boundedness and continuity for a
large class of operators involving phase-dependent first-order nonlinearities, which
we think of as more general phase-corrected gradients. Precisely, given a Lipschitz
function f : S' — C and ¢ € Wll’l(Rd; C), we define

ocC

Vo ptv = f(P)Vy  for some P € P(¢).

As for Vo1, which corresponds to f(z) = Z, this definition is independent of the
choice of the polar factor P € P(¢) since V¢ = 0 almost everywhere on V. The
following corollary is proven in Section [5] below.
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Corollary 1.13. Let d € N*, s € [1,2), and let f : S* — C be Lipschitz. If
P € WSARE C) with Vop € W L2(R% CY), then Vs 1 € W~ L2(R% CY) and, if
s> 1,

4
(1.20) % tlxesa < (Ifll= + 35 i ) (9l

Furthermore,

Vp — 1 in WE2(RY)

loc

— Vo Uy — Vo b in WTLZ(RY).
Vibn — Vi in W L2(RY) v v (&)

Nonlinear maps of this kind appear in certain parabolic PDEs, such as the mean
curvature flow and anisotropic Allen—-Cahn and Cahn—Hilliard equations.

Ezample 1.14 (Normalized p-Laplacian and mean curvature flow). For a function
u:R? = R and p € [1,0), the normalized p-Laplacian is defined by

1 p—1
A,T(u) = ];AIF(U) + TAI;(U)a

where

Vu vu \" Vu
AT (u) = |Vuldiv | = d AY(w=|(==) Vul=")-
o= wa (i) a0 = () v (3
Note that AlY(u) is a priori only well-defined at points = € R? with Vu(z) # 0.
Defining ¢ = 0,u + i0yu, we find that
1 p—2 —20, +10
N _ T Yy
Ay (u) = §Au+TRe {P —5 } .
We use this identity to extend the definition of AY(u) almost everywhere, includ-

ing at critical points of u. Then Corollary applied with f(z) = z? yields
boundedness and continuity of the nonlinear mapping

AY WHORR%R) — W2 (R%R)
for 6 € [0, 3). More precisely, using (1.20) and (L.11]) to obtain an explicit constant,

we have

1 p-2 1. Ip=2
(53— 220 ) Naulwes < 18X @Iwes < (5 + 222100) 18ulwon,

where Cy = /1 +20(1 + 25) for 6 > 0 and Cy = % The parabolic evolution
equation

Opu = AS (u)
has been studied, for example, in [9] [12]. Note that the case p = 1 corresponds to

the level set formulation of mean curvature flow (see e.g. [35]).

Ezample 1.15 (Anisotropic Allen-Cahn and Cahn-Hilliard equations). Consider
u:R? = Randlet A € C?(R?\{0};R) be positively 2-homogeneous. The nonlinear

mapping
A(u) = div (DA(Vu)) = D*A(Vu) : Viu
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appears in anisotropic Allen—Cahn and Cahn-Hilliard equations (see e.g. [I}, [38]).
Defining again ¢ = d,u + i0yu, we find that

A(u) = Re[f1(P)0x1 + f2(P)0y¢],
where
f1 = (811 — 1812)14 and f2 = ((921 — 1822)14

Note that D?A is positively 0-homogeneous. If in addition D?A|s: is Lipschitz
continuous, then Corollary [[.13| applied with f = f;, j = 1,2, implies boundedness
and continuity of

A WHO(RZR) — WP2(R?%;R)

for 6 € [0, 3).

1.6. Quantum hydrodynamics. As anticipated in Section the Madelung
transform ([1.4)), introduced in 1926 [56], allows one to formally link Schrodinger
equations to hydrodynamic models. It associates to a complex-valued wave function
1 = ae'® two quantities: an amplitude a and a velocity field v = VO. The physical
observables mass and momentum density amount to p = [¢|> = a® and J = pv.
This analogy is of particular relevance in the context of Bose—Einstein condensates

and superfluidity, where the effective dynamics are modeled by an order parameter
1) at the macroscopic level that satisfies a nonlinear defocusing Schrodinger equation

(121) 00 = —5 Ay + F(B P,

posed on RY, with associated total (or Hamiltonian) energy

az) @)= [ GV EPd Fe) = [

oo

Here poo = lim|;—o p(z) > 0 is the background density, which for now we set
t0 poo = 0. The internal energy density F(p) is characterized by the relation
p(p) = F'(p)p — F(p). A formal computation shows that (p = a?,v) satisfy the
hydrodynamic equations

Orp + div(pv) = 0,
div + (v- Vo + Vf(p) = v (22)

In terms of the mass and momentum density (p,.J), one recovers the quantum
hydrodynamic system (QHD) modeling quantum fluid flow at the macroscopic level:

{@p+&vJ:O

00T+ div (222) + Vp(p) = 5oV (22).

(1.23)

(1.24)

The associated total energy is
1 1
(1.25) 8@“”:i/ Lval + LAP + F(a?) da.
R 2 2

For power-law type nonlinearities f(|1|?) = [[?0~1) in (T.21)), one recovers a
barotropic pressure law given by p(p) ~ p? for (1.24). Moreover, (1.23) may be
written as a Hamiltonian system provided that v is irrotational, where the total
energy (1.25)) serves as the Hamiltonian. In view of Proposition the quantities
Va, A are bounded in L?(R?) provided that 1 is of finite energy.
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Thus, on a formal level, the Madelung transform allows one to pass from (|1.21)) to
. Conversely, one may pass from the hydrodynamic formulation to Schrédinger
dynamics provided that the hydrodynamic states allow for a wave function lifting
(see [7, 8, [17]). Both links suffer from being largely restricted to the vacuum-free
scenario. To the best of our knowledge, Proposition is the only prior result
establishing good mapping properties of ¢ — (a,A) in the presence of vacuum.

In the following, we discuss applications of this analogy in the study of both
NLS and QHD, and highlight the relevance of the fractional regularity provided by
Theorem We refer to [6] and references therein for an in-depth discussion of
quantum hydrodynamic models.

1.6.1. Fractional reqularity of the momentum density. For the momentum density

(1.26) J=aA =Im sz/;] ,
it follows from Hélder and Sobolev inequalities that, given ¢ € H!(R?; C),
p€(L,2] if d =1,
Je Ll (RY) for {p€ll,2) if d =2,

pellad] irdzs
We provide the following fractional regularity result for J.

Proposition 1.16. Let d > 2, s € (1,2). For j € {1,2} let ¢, € (L™ N
Wlf)’f)(Rd;(C) with Vip; € Ws—L2(R4 C?). We have J; € W~ 12(RY) and

[Ji1%s-12 < 2010511700 V51512,
(1 — Jo)xemre <A ([ )7 [V (W01 — ) 5emr2 + |01 — V2|70 Vo) 5em1.2).

If d = 1 then the same results hold for s € (1, %), and also for s € [%72) when the
space W*~L2(R) is replaced with W*~52(R).

Remark 1.17. While the boundedness of ¥ — J can be proven with standard
product estimates, since J = Im[t)V1)] does not involve the polar factor (and is
therefore not subject to the threshold s < %), the proof we give illustrates some
aspects of the method used for Theorem and yields additional Lipschitz-type

control.

1.6.2. The Cauchy problem. The QHD system amounts to the compressible Euler
equations with an additional dispersive stress tensor that depends in a highly non-
linear way on a and its derivatives up to third order. As such, it belongs to the class
of Euler-Korteweg systems, but with a particular choice of the capillarity tensor
that closely links it to a semilinear NLS equation. This analogy can be exploited
to establish a Cauchy theory for .

A first case concerns the scenario away from vacuum. Typically, one considers
non-vanishing boundary conditions such as p(z) — 1 for |z| — oo on R¢ with
hydrodynamic initial data (ag — 1,v9 = a%AU) € H'(RY) x L*(R?). Under suitable
regularity assumptions, one may lift (ag,vg) to a wave function 1. Relying on
the well-posedness property of the underlying defocusing Gross—Pitaevskii type
equation

b

(1.27) [Yp(x)|? =1 as |z| — oo

{iatw = —1A¢ + ([y[2 - 1)y
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the existence of a unique solution 1 € C(R, E(R?)) follows from [40] for d = 1, [39]
for d € {2,3}, and [46] for d = 4 and [2] for general nonlinearities. In turn, this
solution 1 can be shown to yield existence of weak solutions to . We refer to
[, B [42] for d = 2,3, [1,[62, [70] for d = 1, and [10] for d > 3.

initial data . solution
‘ (a0, v0) H initial data g }—» ¥ to NLS }—»

This scheme provides a class of weak solutions that we refer to as Schridinger-
generated solutions, and in general it does not yield uniqueness. For d = 1 and
away from vacuum, it is shown by the third author in [70] (see also [62]) that
the map is locally bilipschitz continuous between relevant function spaces for
regularities s > 1. The well-posedness of in fractional energy spaces [50]
yields a global solution ¢ € C(R, E(R)) that enjoys additional fractional regularity.
As a result, global well-posedness of QHD with non-vanishing far field for small data
(po,vo) € (1 + H*(R)) x H*~Y(R) is obtained for s > 1. The proof fundamentally
relies on the fact that a positive distance to vacuum is guaranteed globally in time
if the initial data is sufficiently small.

Again away from vacuum, this analogy has also successfully been used to study
the long-time behavior of quantum hydrodynamics [10], 36] [41].

In the presence of vacuum, the Madelung transform is no longer well-defined. On
the other hand, Proposition suggests that (a, A) are the appropriate unknowns
to address the Cauchy theory. This motivates the definition of hydrodynamic states.

solution (a,v)
to QHD

Definition 1.18 (Hydrodynamic state [7]). Given ¢ € HL_(R%C) and (a,A) €
HL (REGR) x L2(RYRY), we say that (a,A) is a hydrodynamic state associated to

loc

¢ if a = || and A =Im [PVy] where P € P(¢).

Proposition above guarantees the existence of the hydrodynamic states for
¢ € HL . (RY) with Vi € L*(RY), and their physical admissibility in the sense
that Va(z) = A(z) = 0 a.e. on the vacuum set V. This is a key tool to construct
finite energy weak solutions to for initial data that are hydrodynamic states
associated to some 1) € H'(R?). Specifically, global existence on R? with initial data
(ag, o) € H*(R?) x L?(R?) is proven in [4, [6], while extensions to nontrivial far field
behavior and vortex-type solutions are provided in [42]. Note that weak solutions to
(1.24]) are in general not unique [30, 58]. Our main result yields that Schrédinger-
generated weak solutions to dynamically inherit fractional regularity up to
the threshold s < %

Proposition 1.19. Let T > 0 and (a,A) € L>=([0,T); HL (R%R) x L?(R%RY))
be a Schridinger-generated weak solution to (1.24)), i.e. there exists a solution i €
C([0,T); HL .(R?)) to the underlying NLS equation (1.21) such that

loc
a=¢| and A=Im[PVy].

If the solution satisfies Vip € LP([0,T); W*~12(R9)) for some 1 < s < 2 and
1< p < oo, then Va, A € LP([0,T7; Ws_l’g(Rd))-

Note that this also applies to the weak solutions constructed from purely hy-
drodynamic initial data in [7, [§] by means of a wave function lifting. A prototype
application of Proposition [I.19] enables us to transfer a potential regularity gain
from Kato smoothing for (nonlinear) Schrodinger equations to (QHD). Typically,
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FIGURE 1. A Galilean-boosted black soliton ¥ (x) = e!#® tanh(x).

and at least for linear Schrédinger equations [28], local smoothing estimates yield
the local gain of half a space derivative. Our fractional estimate allows one to pre-
cisely transfer this regularity gain to the associated hydrodynamic states, up to an
arbitrarily small loss.

On a related note, energy sub-critical defocusing Schrodinger equations can be
expected to enjoy a persistence of regularity property. For nonlinearities such as
f(p) = p?~1, v > 1, the local well-posedness theory of ensures that the
regularity of initial data propagates dynamically [23]. In the defocusing integrable
case d =1 and f(p) = p, conserved fractional energies have been constructed both
for and in [50, [51], implying propagation of fractional regularities
globally in time.

One may ask whether solutions exist that dynamically saturate the regularity
estimate provided by Theorem We give below two types of stationary solutions
to for which (a,A) are only of fractional regularity, while ¢ is smooth.

Ezxample 1.20. For d = 1, we consider the black soliton
(1.28) ¥(z) = tanh(z) € E(R),

which is a stationary solution to and correspondingly to (see [13)).
Here ¢ € H{ (R) for all s € R while a € Hj (R) only for s < 3. As
constitutes a real-valued solution, one has A = 0. By applying a Galilean boost to
(1.28), we obtain a family of explicit solutions (depicted in Figure

Yo(z) = " tanh(z), o(t,z) = eir(z=51) tanh(z — pt)
for which a straightforward computation shows that
a(t,z) = | tanh(z — pt)] A(t,z) = pa(t,z) = p| tanh(z — ut)|.

We observe that if y # 0, then a, A € Hj (R) only for s < 2. While this does
not dynamically saturate the regularity threshold for A identified in Theorem [1.§
the example shows a loss of regularity of the hydrodynamic states compared to the
underlying wave function. In particular, it highlights a need for fractional regularity
estimates.

FEzample 1.21. For d = 2, we discuss the example of vortex solutions to the Gross—
Pitaevskii equation. For each n € Z a stationary vortex solution of degree n is
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FIGURE 2. Left: radial vortex profiles a,(r) for n = 0,1,2,3,4.
Right: the vector field A for the degree-1 vortex 9(r, ) = a;(r)e'.
given by
(1.29) Un(z) = an(r)e™

where & = (rcosf,rsinf) are the polar coordinates. The amplitude profiles a,, (r)
are radial, non-negative, non-decreasing, and smooth. They have the asymptotic

behaviors
2

an(r) < Crl™ forr <1 and 1-— n—z <ap(r) <1forr>1.
T

Here

xL

|z

For n = 1 one computes that 1, € C*(R?) while A; € H; (R?) only for s < 1.
Indeed, we have A; ~ % close to the origin. In terms of integrability, it is well-
known that A,, ¢ L?(R?) for n # 0 only due to the logarithmic divergence at infinity
while the multiplication with the amplitude desingularizes the behavior around the
origin. Note that global well-posedness of for vortex type solutions in d = 2
is proven in [16], and the corresponding infinite energy weak solutions to are
constructed in [42].

An(z) = nan(|2[)

For the sake of completeness, we mention that the Madelung transform and
its inverse are also exploited in the construction of blow-up solutions to energy-
supercritical defocusing NLS equations in [59]. The implosion type blow-up occurs
away from vacuum.

1.6.3. Analysis of special solutions. The analysis of special solutions to (|1.27)) and
in particular their stability is naturally set up in the metric space (E, dg) due to the
nontrivial far field behavior. It is convenient to rely on the hydrodynamic states,
as the map

ER?Y) — H'(R%R) x L*(RYRY)
Y= (1—a,A)

maps into a Banach space. In a scenario with uniformly positive distance to vacuum,
one may prove that ¢ — (1 —a,v = 1A) is indeed bounded from E(R?) into
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the product space H'(R%) x L?(R?%) with bounded inverse (modulo constant phase
rotations) into a weakened topology (see e.g. [62]). Consequently, one can set up the
mathematical analysis in Banach spaces, rather than the metric space (E(R?), dg)
(see e.g. [14] [15]).

This approach breaks down in scenarios that allow for the occurrence of vacuum.
Indeed, the orbital stability analysis in [I3] is complicated by this fact and largely
relies on the wave function dynamics, rather than the hydrodynamic unknowns.
Theorem provides dynamical fractional regularity for the associated hydrody-
namic states, allowing for vacuum regions to be included, which we expect to be
highly relevant in this framework.

1.7. Comparison to literature on nonlinear operators on Sobolev spaces.
We begin by reviewing known results on the mapping properties of composition
operators

Tyip(x) = f((x)),

where f : K — K and 9 : R? — K are measurable functions for K € {R,C}.
For simplicity, we focus on function spaces with p = 2. A well-known result (see
e.g. [IIl Theorem 2.87]) states that if f is smooth with f(0) = 0 and s > 0, then
Ty : (H® N L2)(RGR) — H*(R%GR) is bounded. If in addition f/(0) = 0, then by
[T, Corollary 2.91] it is also continuous. The assumptions on f can be substantially
weakened (see for example [27]).

Note that for composition operators of the form 7, boundedness and continuity
are not, in general, equivalent. On the Sobolev spaces W1?(R4) with 1 < p < oo it
has indeed been established that boundedness implies continuity [57]. This problem
is also studied in [22], which we refer to for an in-depth review of the matters
discussed below. Note also [20] for a very general setting using Orlicz—Sobolev
spaces over open sets.

Let us transition now to the case of non-smooth functions, the prototypical
example being the modulus f(¥) = |¢|. In the low-regularity range 0 < s < 1
the inequality |f(4(x)) — F(1(y))] < [ Dfll1~|t(x) — ¥(y)], together with £(0) =
0, suffices to prove that Ty : H*(R%C) — H*(R%C) is bounded when Df €
L>(R?;R?%2) (see [22] Theorem 6] for a general statement). For high regularities
s > % we refer to [22, Theorems 8, 9], which imply for the one-dimensional case
that Ty : H*(R;R) — H*(R;R) is bounded if and only if f € H{_(R;R) and
f(0) = 0. This is indeed not the case for the modulus, where one can also directly
demonstrate the unboundedness, in any dimension, with explicit counterexamples
such as we give in Section [G] below.

The interesting range is 1 < s < %, where affirmative results for the boundedness
of .| : H*(R:R) — H*(R%GR) when s < 2 were first obtained in [21} [65]. More
general results may be found in [22] 44]. Boundedness has also been established on
bounded domains with C?-boundary in [54, Theorem 1.1].

The case s = 1 is trivial and the case s = % fails. Here counterexamples are con-
structed in [65] for the real-valued case, but the same approach covers the complex-

valued case. We note the positive result [63], which states that 7j.; : B;l(Rd; R) —
3
BQ""OO(Rd; R) is bounded (see also Proposition below). To our knowledge, there

are no known results on the continuity of 7., : H*(R%C) — H*(R%:R) for
s € (1, %) We resolve this positively in Corollary above. We mention also [45],
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where for 1 > 1 and s € (1, 4+ ) the boundedness of T}. . : (H* N L*=)(R%;R) —
H*(R9) is proven, and a similar result [66, Theorem 3.1] on the boundedness of
1. |u—1. from (H® N Hz7e)(R;C) to H*(R) for small ¢ > 0 and s € (p, p + )
Lastly, we mention [67] for related results.

The mapping ¢ — V,1, which we are interested in, is not a composition operator,
but since Re [Vo9)] = VT].|(¢) its mapping properties are related to those of Tj.|.
Regarding this real part, we use the arguments from [21I] in Section to prove,
for the sake of completeness, that Va € W9~ L2(R%) when Vi € W5 1L2(R9).
Our main object of interest is the vector field A = Im[Vo¢)]. The difficulty lies
in the necessity to understand how the regularity of the function interacts with
the distance to vacuum. For the case of the real part, the convenient formula
(3.4) permits a reduction to the case of real-valued v, which greatly simplifies the
possible range of behaviors near vacuum. We do not expect that such an identity
and corresponding reduction to real-valued 1 are available for A since it is not, in
general, a conservative vector field, owing to the fact that it does not correspond
to a composition operator.

Since the polar factor P plays a major role, we mention also [24] [61] where the
boundedness of the map [P = e'© — O] is studied.

1.8. Idea of the proof. We first point out that under the hypothesis of strict
absence of vacuum, namely |¢)| > ¢ > 0 for some ¢ > 0, the mapping properties of
) = Vo1 in appropriate Sobolev spaces H*(B), where B C R¢ is some ball, follow
by classical Bony-type composition estimates, as can be found in [I1], or alterna-
tively by directly working with the definition of the Sobolev—Slobodeckij seminorms.
In the presence of vacuum, we cannot appeal to standard techniques. For example,
let us try to apply the fractional Leibniz rule to estimate A = Im [va]:

IAlzze=1 S WPl IVl zza=1 + 1Pl (I V]| o

Note that the second term cannot be controlled. In fact, we should not expect
product estimates to work for the following reason: for functions ¢(z) € H*(R)
the amplitude a(z) may vanish to arbitrarily high order as © — 0, and hence
the polar factor P(z) can have arbitrarily irregular behavior near x = 0. This
suggests that the regularity of P must be studied in a local-in-x sense, where
the size of the amplitude a(z) is considered. Indeed, we can informally think of
|All fr=-1(ray = [|[aV log P|| =1 (ray as measuring regularity of log P with a weight a.
For the above reason, approaches based on the Fourier transform face difficulties.
It is not clear to us whether microlocal approaches may resolve this.

Instead, we work with the Sobolev—Slobodeckij seminorm [A]#,,_, . It is natural
AR

a

to try to use the nonlinear structure A = Im [ }, manipulating A, A with the

goal of making differences AV and ApVa appear. For simplicity, let us assume
d =1. We decompose

o() Ap'( )]
m(m> N —
+ Im [a(az) P'( h)}

+Im [mw'(x - h)Aha—l(@}

ApA(z) =Im
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=0+ 1+ I

The first term I; is unproblematic. The second term I5 presents a dilemma: if
we estimate |ApY(z)| < a(z) + a(x — k) in order to remove the singularity caused
by the vacuum, then the singularity |h|~4=2(=1) in is uncontrolled. On the
other hand, if we keep Ap1 and use , then we utilize only s — 1 regularity of
1. In order to use the full s regularity of 1, we need to work with the second-order
difference operator

Rpp(x) = Apgp(x) — ¢ (2)h
which satisfies (see below)

1
(1.30) J e [ Ryt o dh = o0
R R S

We can write

- Azzﬁm()x) Am}fu)] I [W 1R (e — h)]
=11+ Isp
and
I3 =Im {w(aj - h)AhZ(x)} Apa(z) 4+ Im [w(a: —h)h ' R_pp(x — h)} Apa(z)
~— Im [P(I)P(:z: - h)} h~'Ana(z) + Im [w(x — R R_p(x — h)] Ana~Y(z)
=131+ I3p.

Conveniently, the first term I, vanishes. Furthermore, we have the surprising
identity

Iro+ I32=1Im [(P(x) — P(r — h)) h™'R_pip(x — h)} ;
so ([1.30) yields
/ |h‘_d_2(s_1)/ |12,2 +13,2|2 dz dh S [w/ﬁ/vs—l,z ]
R R

The final term I5; is problematic. We progress by observing that

I51]2 = (2 (1 ~Re [P(x)m]) - (1 ~Re [P(m)P(:c—h)D2> (h~! Apa(z))?
where
(1-—Re[Pcmiiiffﬁﬂ)lfﬂamg::Re[ﬁCEi75h—1R,hw@y—hﬂ-—h—lR,ha@r—h)
This means we can estimate
1311 S |h1 72| A (2)[(| Rat(2)] + [R-pip(x — B)])
+ [h72|Apa()|(| Rha(z)| + |R-pa(z — h))).

Here only one power of R,y (x) or Rpa(z) is present, instead of the two powers
necessary in order to control the term as above. Nevertheless, with the Cauchy—
Schwarz inequality and (1.30]) we can still estimate

(1.31) / B 712 / T3 [? dedh S [[V]20 + (6 Paesyies
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(1.32) +IVallZ> + [0 21402

for any v € (0,% — 2s). Note that by Proposition below we can estimate
[ lw2e-1rvz S [ ] 21402 (see [21]). The problem here is that the formulation
of the Sobolev norm is only admissible for s — 1 € (0, 1), which forces us to
use s — 1 4+ v more regularity of ¥ than we intended. This crude estimate still turns
out to be useful in Step 3.1 of the proof of Theorem

Theorem avoids this loss of regularity via the usage of a number of compli-
cated nonlinear identities 77 which are of algebraic nature. Ultimately,
these identities produce only three types of terms: those which can be controlled
using like I35 + I3 2 above, or have a good sign, those which take the form

Re [hab(:c)Ahw(x)} or Rpa(x)Apa(x) without absolute value, and lastly a num-
ber of further terms that can be estimated to yield a strictly smaller copy of the
left-hand side. We can then subtract this copy from the left-hand side to close the
argument. The key to estimating the second kind of terms is (2.9) below, which
states

Cd—2s —_— 85— 1
/Rd |h| d—2 /Rd Re [Rhw(x)Ah¢($):| dxdh = m[va@sz

as long as the integrand on the left-hand side is indeed integrable. Here a cancel-
lation weakens the singularity. Note that this step requires using translation and
scaling symmetry of the integral, which fails on domains. Caution is necessary: we
must already know the integral to exist in order for this cancellation to be rigorous.
This is where the crude estimate ([1.31) turns out to be useful, as it implies the
integrability of w,|Ap(z)||Ryt(z)| over (z,h) € R4 where v € (0, 1) is chosen
so that s —1 = 2y +v. This allows us to obtain a small amount of regularity for A.
We finally gain the full regularity by repeating the argument in a weaker fashion,
i.e. with a cutoff ¢ < |h| < 71, and taking the limit e N\, 0. Since the cutoff is
not invariant under scaling symmetry, we use the bootstrap-type Lemma Our
argument yields more: once the integrability of all relevant terms and the existence
of the limit ¢ \, 0 have been established, we obtain the explicit formula .

Note that the obtained estimates depend only on [V#)]ys-12 and [Va]ys-1.2.
There are, however, some points where a certain control of the low-frequency part
of V) is needed. Specifically, observe that requires Vi) € L?(RY) (see Lemma
below). Our proof strategy therefore requires Vip € W~ 12(R%) to be in an
inhomogeneous Sobolev space. In Corollary [3.7] we use an approximation argument
to extend the result to Vi € W*—12(R9).

This argument also works in higher dimensions, although it is fundamentally an
argument along one-dimensional subspaces of R?. This means it only controls the
quantity ApA(z)-h. Fortunately, the fractional Korn’s inequality (see [68, Theorem
1] and below) implies that controlling A, A(x) - h, which corresponds to the
“symmetric part of the fractional gradient” of A, is sufficient.

We expect that the argument can be transferred to the case of cylindrical domains
T* x R?, although this requires nontrivial changes.

As mentioned above, the argument does not work on domains due to its us-
age of translation and scaling symmetry. If one carries out these symmetrizations
nonetheless, certain terms that require additional regularity near the boundary
appear.
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Specifically concerning the development of mathematical arguments, we
would like to clarify where significant ideas were contributed. We note their
use in providing the known construction in Lemma when prompted to
establish the sharpness results in Lemma [6.2] as well as in the development
of downstream counterexamples in Section [} Furthermore, in the deriva-
tion of Theorem [41] from the results of Section [3.2} they proposed the use
of a scale decomposition and pointwise convergence of the integrand when
prompted to exploit the structure of to obtain convergence of norms,
which previously needed additional assumptions.

Lastly, when prompted to investigate generalizations and applications of the
main result, they provided the basic observation used to obtain Corollary
[[:13] and noted its relevance for Examples [I.14] and [I.15]

2. PRELIMINARIES

When we do not specify the target space of a function space under discussion,
the intended meaning is that any finite-dimensional vector space is admissible.
Recall the definitions of the space of test functions D(R?) = C2°(R?), the space
of distributions D’(R%), the Schwartz space S(R?), and the corresponding space
of tempered distributions S’(R?). For f € S(R?), we recall the definition of the
Fourier transform
1

—i€-x
7(2#)% /Rd e f(z)dz,

and for f € S’(R?) the corresponding distributional Fourier transform f(¢) = f(¢)
for ¢ € S(RY).

For © C R% and @ € (0,1), we recall the definition of the Sobolev—Slobodeckij
seminorm

fle) =

2

ey = ( | o= 215w - P as dy)

and the fractional inhomogeneous Sobolev spaces
Wo2(Q) = {f € L*(Q) : [flwo2) < oo}

Un particular, the OpenAl services ChatGPT and Codex.
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W1+9,2(Q) ={fe LZ(Q) :Vfe WG’Q(Q)}
WEHO2(RY) (£ € L2, (RY s fla € WH402(@) for all bounded open © € RY)

loc

with the standard associated norms. Recall also for £ € N the definition of the
inhomogeneous Sobolev spaces

Wh2(Q) = {f € L*(Q): V'f,...,V*f e L*(Q)}
WE2(RY) = {f € L2 .(RY) : flo € W*2(Q) for all bounded open Q C R%}

loc loc

with the standard associated norms. When Q = R, we write [-]yyo.2 = [ ]yyo.2(ra).
We define the homogeneous Sobolev-Slobodeckij spaces

WO R = CE(®D)

and note that they are Hilbert spaces. For 6 < g, which is the only range where
we use these spaces, it is known (see e.g. [26] Theorem 3.1]) that the identification

(2.1) WO2(RY) = {f € LT (RY) : [flyo. < 00}

is possible. We are interested specifically in vector fields F' € WG’Q(Rd; C%). Here
we generally use the alternative norm
3
@2 Fleoa= ([ [ lo=al 2 E @ - Fo) - @ - )P aoay
Rd JRd
By [68, Theorem 1] there exists a constant C(d, #) such that
(2.3) [Flxo.2 < [Flwe2 < C(d,0)[F]xo.2

Wo2(R%). Further details are given in Lemma, above.
We define for h € R? the first- and second-order finite difference operators

(2.4) Apf(z) = f(z) — flz —h)
(2.5) Rpf(z) = Apf(z) — Vf(z) - h.
For € > 0 we define the annulus

{heRe: |n| € (e,e7 )} ,e>0
A, = .
R¢ ,e=0

for all F € C°(RY), meaning that [-]xo.2 anH~]Ws,z are equivalent norms on

We often use the following shorthand notation for an important weight:
Wy = wg(h) = |h|_d_2_29.

2.1. Inequalities. The following lemma summarizes several equivalent formula-

tions of a technical assumption that is needed in Lemma below.

Lemma 2.1 (Integrability). Let d € N* and o € (0,1). Let f € WLT**(R%C)
with [V f]xaz2 < 0o0. The following are equivalent:
(i) waRyf(z)Anf(x) € L} Ly (R C).

(ii) wa(ApVf(z) - WV f(z) - h € L} LL(RH).

(iii) war=22 (A Vf(z) WV f(z) - h € LLLLLL(R+ x [0, 1)).
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Proof. For (i) = (ii) we calculate
(AnVf (@) - W)V (@) - h = =R f(@)Anf ()
+Ropfe—h)A_pf(z —h)
— (ApVf(@) - h) Ry f ().

Here the second term is integrable by the transformation (h,z) — (—h,z — h) and
the last term is integrable by the Cauchy—Schwarz inequality and (i) of Lemma
below. Next, (ii) = (iii) follows from the transformation h — rh. Lastly, for (iii)
= (i) we write

Ruf (2)Anf(@) = Rof(a)Rnf(@) - /0 (AVf(z) - WV I(@) dr

and note that (i) of Lemma below implies the integrability of the first term,
while (iii) implies the integrability of the second term. d

Our main method of estimating quantities involving f and Vf by [V f]xa.2 is
the collection of inequalities given below.

Lemma 2.2 (Higher-order differences). Let d € NT and o € (0,1). Let f €
WLTe2(RE C) with [V f]xe2 < 0.

loc

(i) We have wy|Rp f(z)|?> € L} LL(RYT) and

(2.6) /Rd Wa /Rd |Rp, f(x)|? dzdh = 2:2a V5

Similarly, we have wy, Re [Rhf(iv)thf(x - h)} € L} LL(R™4) and

(2.7) /Rdwa/RdRe Ruf(a)Ronfla — )} d:pdh—2+2 VF]%a.

(i) If w, R f(x)Ap f(x) € LELL(RY x RY) and [V f]xv2 < oo for some v € (0,1),
then for all € > 0 we have

(2.8) /A W /R Re [Rh f(x)m} dz dh

1 1
:/ Wa |Rh,f(x)|2d:cdh—f/ r2a/ we [ |ARVf(z) - h|* dzdhdr.
A. 2 Jo rA.  JRd

Rd

(iii) If wo Ry f(2)Apf(z) € LELL(RI*), then

(2.9) /R wa /]R Re [Rh f(x)m} dadh =

2(1 + a)(1+2a) [V 5z

Proof. (i) We decompose

[ [ 1Rns @) dsdn

/Rdw“///RdRe AV () h)ApV f(z) - h| dzdtdrdh
- §/Rd “’a/o /0 » ALV f(2) - B+ [Ag YV f(2) - b|* dedtdr dh
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1 1 1

—7/ wa/ / AV f(z) — Ay V() - h|? dzdtdr dh
2 Jra o Jo Jre

=)+ (1)

Then we use a change of variables to write

1
(1):/ r2°‘dr/ we | |ALVf(z) - h|?dzdh
0 R4 R4

and
1 1 1
(II)=—§/ wa/ / / IAG—nV f(z) - h|* dzdtdrdh
R4 0 0 R4

1 1
:i/ / |r—t|2adtdr/ wa/ ARV f(2) - b2 dz dh.
2 o Jo R4 R4

We obtain (2.6)) from
2

1 2
(D + D) =5 (1 T20 (1+20)(2+ 2a)) [V Txe
1 2
= o VX

and then via the identity
[ApV f(@) - h|* = [Rpf(x) + Ronf(z — h)[* = [Ruf(2)* + [Ronf(z — h)|?
+2Re [Rhf(:z:)R_hf(x - h)} :

(ii) Here we write

/ Wa / Re [Rhf(x)Ahf(a:)} dz dh

A, R4

- / W / Re {Rhf(x)m} dz dh
Ac Rd

_/AE v, /Rd/olae (A V() W)VFG) ] drdw ah.

For the second integral, we note that (iii) from Lemma applied with v
instead of v, implies (A, Vf(x)-h)Vf(z)-h € LLLLR? x [0,1]) for almost
all h € R%. Now the second integral can be symmetrized and estimated as

follows:

_/AE v, /R /OlRe (A f(x) - W) B drdedh

1
:_1/ wa/ / |A LV f(z) - b2 drdadh
2 A. R4 JO

1
:_1/ rza/ wa/ ARV () - B|? de dh dr.
2 0 rA. R4

(iii) We perform the argument of (ii) with € = 0, observing that the required
integrability is provided by Lemma [2.I} and that now we can calculate the
second term exactly.

O
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2.2. Approximation results. We state three approximation results that are
needed in the subsequent sections. The techniques used to prove them are standard.

Lemma 2.3. Letd € NT and 0 € (0,3). If (Fy)nen C Wo2(R% CY) is a sequence
with F,, — F in L} (RY) and sup,,cy[Fn]xe2 < 0o, then F € W2(R%) and

loc

[F]Xe,z < hm il’lf[Fn]Xe,z .
n—oo

Proof. There exists a subsequence F,, such that limg_, o0 [Fy, ] xe.2 = iminf, oo [Fn]xe.2.
Since (Fy,, )ren € WP2(R%) is a bounded sequence in a Hilbert space, there exists

a further subsequence, which we also denote by Fj,,, that converges weakly to
some limit G € W%2(R%). Then F,, — F in L2 _(R%) implies F = G. Lastly,
there exists another subsequence, which we still denote by F;,,, converging suffi-
ciently quickly on arbitrarily large balls so that, with Chebyshev’s inequality and

the Borel-Cantelli lemma, one can show F,,, — F' almost everywhere. Then lower
semicontinuity of the norm yields

[Flxo.2 < liminf [F),, ] xe.2 = liminf[F),]xe.2.
k— o0 n—00

Furthermore, Fatou’s lemma and the Sobolev inequality imply F € LT% (R9) and

IE]

< liminf ||E, 24 < lim sup[Fp] xe.2.
k— o0

y |
La-20 (R4) kUL a=20 (Rd) s 00

O

Lemma 2.4. Letd € NT, a € (0,3), and v € (0,1). Let f € W re2(RY; C) with
Vf e We2(R%CY). There exist f, € W (R%C) with Vf, € W»2(R%,CY)
such that [V f,, — V flwezma) = 0 and f, — f in W52 (RY).

loc

Proof. One can calculate that there exists cq,o > 0 such that [F]ya2gd) = caall €| F|| 2
for all F € C°(R%C?). Define F = Vf and note that F € L%(Rd;(cd) C
S'(R%;C9) has a well-defined distributional Fourier transform Fed (R4; C%).

Let 1, € C(R%\ {0};[0,1]) with 1,(¢) — 1 for every £ € R?\ {0} and define
ﬁ\n(f) = nn(g)ﬁ(g)‘ Then dominated convergence yields [F,, — F]yaz — 0. Since
ﬁ; is supported in an annulus, we have F,, € W*2(R%).

Since F' = Vf, the identity @ﬁk ¢ = fkﬁj (€) holds distributionally for every

J.k € {1,...,d}, and the same is true for each F,,. This implies F,(6) = §E'E'”|’z(£)~

We now define g, = —i '|€|’2 so that Vg, = F,. Since suppl/?,\I is an annulus,

this construction is well-defined and g, € W!t"2(R%). The homogeneous Sobolev

inequality now implies || F,, — F||L% < [Fn — Flwa.2 — 0. In particular, F,, — F
in LIQOC(Rd)'

Set fu = 9n — 15wy Jy(0)(9n — f)dz. By the classical Poincaré inequality
(see e.g. [33, Section 5.8.1, Theorem 1]) we have ||fn — fllz2(B,0) S (IVSf —

V fullL2(Bi(0)y) — 0. For any larger ball B O Bi(0) we again use the Poincaré
inequality to estimate || f,, — fllz2(B) S IVfu = VL2 + I1fn = fllz2Bi(0)) — 0.
Therefore f, — f in L2, _(R?), and hence also in W,5?(R?). O

loc

For d = 1 we can prove a stronger result.
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Lemma 2.5. Let 6 € (0,%) and f € Wlite’Q(R;(C) with f' € WP2(R;C). There
exist fn, € C®(R;C) with f] € C*(R) such that [f), — f'lwe2 — 0 and f, — f in
Wige (R).

Proof. By definition of W%2(R;C) there exist F,, € C°(R;C) such that [F, —
f'lwe.2 — 0. We can now define fn(z) = f(0)+ [; Fn(y) dy and argue as in Lemma
using Sobolev and Poincaré inequalities, to prove that f, — f in Wl’Q(R). O

loc

3. BOUNDEDNESS

3.1. Regularity of Va. In this section we slightly generalize |21, Théoreme 1] to
functions 1 € I/Vlije’Q(Rd;(C) with Vi € W‘Q’Q(Rd;(cd). The proof proceeds as in
[21] and requires no significant new ideas.

We use the following “slicing” result for Sobolev—Slobodeckij seminorms as a

substitute for the “Fubini” result that is used in [2I, Lemme 3].

Proposition 3.1 ([53] Theorem 6.47]). Let d € N*, 6 € (0,1), and Q C R? be
open. Write vt = {z € R* : - v = 0} for v € RY. For every F € L% (€;C?) we
have

1 _ _
31)  [FlXez :§/Sd71‘/L[F(x+.1/).y]%vgyz(g(x,y)) AH () dH (1)

where Q(z,v) = {t € R: x+tv € Q}. In particular, a function F € L () satisfies

[Fxe2q) < 0o if and only if it admits a representative F such that [F(z+-v)-
Vo2, < 00 for HI 1 a.e. v e S and HI L -a.e. x € v with Q(z,v) # 0,
and

/ / [F(z +-v)- V]%,Vg,z(ﬂ(w’y)) dH (2) dHH(v) < .
sd—1 Jp L

Proof. This is [53, Theorem 6.47], except the seminorm |- ]yy6.2(q) has been replaced
with [-]xe.2(g). The only change necessary to the proof is that [53, Lemma 6.48] is

now applied to f(z,y) = ‘(F(m) — F(y)) - =—4 O

eyl |

We also need a fractional Hardy inequality.

Lemma 3.2. Let 6 € (0,%), I C R be an interval, and f € W2(I;C). If I is
bounded and fI f(@)dx =0, or if I is unbounded and f has compact support, then
we have

(3.2) /Idist(x,]R \ )72 f(x)?dx < O[f]%vs,zu).

Proof. For the bounded case we use an inhomogeneous fractional Hardy inequality
such as [32, Theorem 4] and estimate the L?-norm using the fractional Poincaré
inequality. For the unbounded case we may assume that I = [0,00) and use the
fractional Hardy inequality on the half-space [19] [37]. O

Proposition 3.3 (Variant of [2I, Théoreme 1]). For every 6 € (0,3) there ewists
C > 0 such that the following holds. Let d € NT and v € WHO’Q(Rd;(C) with

loc

Vi € WO2(RYCY). Then a € WET?2(RER) with Va € WO2(R%RY) and

loc

(3.3) [Valke.» < C[VYlke.:-
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Proof. Estimate. We first note that Va € Lﬁ(Rd) follows directly from Vi €
L7% (RY),

It suffices to prove the proposition in the one-dimensional case. To deduce the
higher-dimensional result, we use Lemma[2.4] with o = v = 6 to approximate ¢ by a
sequence 1, appropriate for the application of Lemma[2.3] Then by Proposition [3.1
for almost every v € S9! and = € v we have V¢, (z+v)-v € W?2(R). Applying
the one-dimensional estimate, again Proposition and Lemma [2.3] yields (3.3).

By the formula

1 27
(3.4) a = f/ a, dr,
4 Jo

where a, = |1, and ¢, = Re[¢)] cosr + Im[y)] sinr, it suffices to consider the case

of real-valued 1.
By Lemma there exist ¢, € C*°(R;R) with 9], € C°(R) such that [¢], —
Yoz — 0 and 1, — ¢ in W1’2(R). Then a localized version of Proposition

loc

obtained by using cutoffs, implies also a/, — a’ in L (R). Therefore Lemma

loc

shows that it suffices to prove (3.3)) for 1, and a,,, which we call ¢ and a from
now on for simplicity.
We decompose

R = {¢(z) >0} U {¢(z) =0} U {(z) <0} =04 U Qo U Q_
and note that
dla, = o'|q, Vo e {+,0,—}.

Since 9/ (x) = a’(x) = 0 for almost all x € Qp, we have

/ / |z —y| 1A, _yd (2)]P dydz = 0
Q0 0o

[ e d@Pdyde= [ ooy )P dyd
Qy JQo Qx JQo
— [ ] ey )P dyd
Qr JQo

:/Q /Q |:E—y|_1_29|Az,yw’(ac)|2dydx
+ 0

/ / |x—y|_1_29|A$_ya’(x)|2dydx:/ / @ — |2 Ay (2)[2 dy da.
Qy JOu Qt JQ4p

It remains to estimate the integral on Q4 x Q-, or more simply £, x Q_. First,
we decompose the open sets
0= |J IF

jeJE

into a disjoint union over countable index sets J*, where each interval I ]i is a
connected component of . Now we estimate

Z A'ﬂ/g |(E—y‘*1729|Ax7ya’(x)|2dydx+ Z \/I_‘/Q |1'_y|71729|Azfyal(l')‘2dydx
J - 3 +

jeJt+ jeJ—
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Z/ 2 dist(z, R\ IF) 2|/ ()] dz + Z/ 2 dist(z, R\ )2} ()] d.

jeJt jeJ—

It I+ ; is a bounded interval, then ¢ vanishes at its endpoints and hence we can apply
the homogeneous fractional Hardy inequality . If If is an unbounded interval,
then we use 1 € C°(R) to apply the homogeneous fractional Hardy inequality
instead. (]

3.2. Regularity of A. We define for v € (0, ) a set of approximants
AT = {f € WH2(RY C) with Vf € W2 (R CY)
and w, Ry, f(z) A f (@) € L}lL}E(Rd*d;(C)}.

The following lemma provides a sufficient condition for membership in the set of
approximants.

Lemma 3.4. Let v € (0,1) and B € (0,1 —27). If f € WEE2(REC) with
Vf e W2rB2(R4: C?), then f € A,
Proof. By separating the cases |h| < 1 and |h| > 1, we find that Vf € W2(R9).

Since

Apf(z / Vf(z—rh)-hdr

1
Rif@) =~ [ AnVf() hr

0

we can estimate
Lns1wy R f ARl < Dys1y bl ™24V f1|7: € Ly (RY).
On the other hand, we know from (2.6 that
R~ Ry f(2)72 € Li,(RY),
so we are finished with Cauchy—Schwarz and the observation that
Lni<ip W22 AR f (@) )72 < Lggni<ny Bl T2P4|V 1172 € L) (RY).
U

The following crucial lemma allows us to bootstrap a growth bound of the form
u(e) < e*772% to a uniform bound u(e) < 1.

Lemma 3.5. Let § € (0,1) and u : (0,1) — [0,00) be measurable, satisfying the
growth bound u(e) < ce?=2% for some ¢ > 0 and v > 0. Define

1 €
U(e) :/ r2u(er)dr = 671720/ r20u(r) dr
0 0
and suppose that

sup (u(z) —U(e)) < C
e€(0,1)

for some C > 0. Then

1+ 20
sup u(e) < —

C.
£€(0,1) 20
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Proof. Define B(e) = U(e) — < and note that it is locally absolutely continuous.
We have

d

£(5293(5)) =27 u(e) - U(e) =) <0
almost everywhere. The growth bound for « implies U(e) < 1+027 €27=2% and in
particular 2/ B(e) — 0 as € \, 0. We conclude that SUp.¢(0,1) B(€) < 0 and hence
SUP,¢ (0,1) u(€) <sup.c(o1) Ule) +C < 55+ C < L300, U

Theorem 3.6. Let d € N* and 6 € (0,1). Suppose that b € W*(R%;C) with
Vi € L2(R%CY) and let P € P(3p) be a polar factor. Consider the following
statements:

(i) ¥ € WEFP2(RY) and Vi € WO2(RY).

(i) a € Wlf)je 2(RY) and Va € WO2(R?).
(iii) A, PA € W92(R4; C9).
If 6 < § then (i) <= ((ii) and (iii)). Neat, if 0 > 3 then ((i) and (ii)) = (iii).
Whenever (i), (ii), and (i) hold, we have the polarization identity

(3.5) (1 —20)[Valkes + (1+20)[A]%0 — (1= 20)[ V%0
/Rd w"/w (2 + 46) Re ( )(ha/;( )ApVa(z) - h
— Rpa(z)AnVi(z) - h)} dadh
/ s / 1w [P Rt (2) (86 — (2~ 46) P(2) P — ) AyA () -
Rd Rd
4 (2 40)P(z — )An(PA)(z) - h)} de dh.

Proof. Direction “=". Since a,v € VV11+9 ?(R%), using Proposition when
0 < %, we can use the fundamental theorem of calculus to write

(3.6) a(x) —alx —h) = /0 Va(x —rh) - hdr

(3.7 Y(x) —YP(r —h) = /0 Vi(x —rh) - hdr.

‘We use this in the estimates , , and above, as well as in below.
These are the only places where the fact that Va and Vi are the weak derivatives
of a and 1) is used.

In the proof below we also make use of the crucial nonlinear identities (id1))—
(id14). Except for 7 these follow purely algebraically from

(3.8) PP=1

(3.9) a= Py

(3.10) Va = Re [PVY)]
(3.11) A =Im [PVy].

We have verified these identities via symbolic calculations using the Python library
“SymPy” [60].
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Step 1: essential nonlinear identities. All identities below must be under-
stood in the sense of holding for almost all (z,h) € R4+,
We introduce the auxiliary variables

Qn(z) = P(x)P(x — h),
as well as the shorthand notations
By (x) = Rptp(x) P(x) = R_ptp(x — h)P(x — h)
Bfa(z) = Rpa(z) + R_pa(x — h).

We also define, for general functions L = L(x,h) and r € R, the operators
L(z,h) + L(x — rh,—h)
2

SrL(x,h) =
T.L(z,h) = L(x,rh).
Define
Ll(x, h) = (AhA(.’E) . h)2
The following identity is crucial:
(id1) (Rpt(x))P(x) = Rya(z) + a(z — h)(1 — Re[Qn()))
+i(a(z — h) Im[Qp(x)] — A(z) - h).
It implies
AWA@) - h = —Tm [B ()] — Anale) Tm[Qu(a)].
We note also that
2Tm[Qp(x)]* = 4(1 — Re[@n(2)]) — 2(1 — Re[Qn(2)])?
and
(id2)  a(z)(1 — Re[@n(2)]) = Re [(R_h¢(z — )Pz — h)} — R_pa(z — h)
Apa(z)(1 - Re[Qn(@)]) = —Re [By ¢ (x)] + By, a(x)

Combined with , these identities allow us to control the terms denoted by G},

j €{1,3,5,6,7,8} below. On the other hand, and allow us to control

G and G4 below. As such, the terms denoted by G; below are well-controlled.
Observe also that

(1d3) Re [Anth(@)P(@)] = Analw) + a(z — h)(1 - Re[@n()]).
Using this, one can calculate that
(id4) Ly =—-J1 +G1+ Gy + 5Ly
where
Ji(z, h) = (ApA(z) - h+ 21Im [ B, (z)] )2
G (e h) = 2Tm [By ()] — 2(Ana(@)*(1 — Re(Qu()])?
Ga(z,h) = 4B, a(x)Apa(x)
Lo(z,h) = 8Re {f(Rhw(x))%} Ana().

Here and below the terms denoted by L; are key terms that remain to be estimated.
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We calculate
(id5) Ly =G3+Gy+ L
where
Gs(w,h) = 4| Rnth(@)|* — 8 Re | (Rut)(2))P(2)| Rna(x)
Ga(w,h) = ~4Re [(Rut(2) Brt(a)|
Ly, h) = —4Re [(Ry(2))(Ve(z) - H)P() |

Now we write

1 2
(3.12)  Ly(z,h) =4 /0 Re [((w(x) — V(z — rh)) - B) (Vi () - h)P(x) ] dr

o /01 Re [(Vo(x) — Vib(x — rh) - h)?P(a)” | dr
+2 /01 Re [((Vzp(:c) h)2 — (Vap(x — h) - h)%%z} ar

1
(id6) = /0 72T, Ly(x, h)dr
where
Li(,h) = 2Re [(Vi(z) - )2 = (Vib(w — h) - 1)) P(a) |
+2Re [(Ruth(x) + Ry — h)*Pa) |
A remarkable identity states

(147) S1Ly =G5+ J1 —Re[Qnr(x)] Ly
where
Gs(,h) = 2Re [(B; v(2))?] — |Bf ¥(x) — B a(x)|”

+((Byra(2))? = (By a(x))®)(1 + Re[Qn(2)]) — Re [(B;f ¢ (x) — B a(2))?Qu(x)] .

In summary, we have

(3.13) Li=—-J1+G1+ Gy + S1Ls
(3.14) Ly=G3+Gy+ L3
1
(3.15) Ly = / 72T, Ly dr
0
(3.16) S1Ly = G5+ J1 — Re [Qh(x)} Ly.

We now list a number of further, less essential identities. Since later we apply
(2.8) to G2 and Gy, let us define

Go(z,h) = 4Rpa(x)* + AR_pa(x — h)?
Goao(z,h) = —4(ApVa(z) - h)?

Gua(a,h) = =2|Rpp(2)[* = 2|Rpyp(z — h)|?
Gaa(z, h) = 2|ApVip(z) - h|?.
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‘We have the identities

(1d8) G1+4 Goy +81G3 4+ Gy + Goo + Gan+ Gs = Gy

(1d9) G1+Go1+51G3+ Gy =Gy

where

Gol 1) = & [A4V(w) - b~ ByV(w) - ()P — )|
+ 2B,Jlr (z) Re [Bjf ¢(2)Qn(z)] + 2B;, a(z) Re By, v()]
—2(Bya(x )) - (1 + Re [Qn(2)])(B;, a( )?

Gr(z,h) = —2Re [(B ))?] +2B;, a(z) Re [B, ¢(z)] — 2B;  a(z) Re [B;f ()]
+2(Bya (w))

Finally, we write
G +20G; — 80 Tm [B;, v(x)]” + (1 — Re [Qn(2)]) L1 = 51 Gs
where
Gg(x,h) = (2 — 40)|Rpp(x) P(x) — R_pab(x — h)P(x — h)[* — (2 — 40) (A, Va(z) - h)?
+8R_pa(z — h)Re [Rhw(x)P(x “h) —20P(x)| .

Here we have used again (id1))—(id2) to write (1 — Re [Qn(x)])L1 in terms of a and
.

Step 2: formally rewriting the integral. We shall now perform a series of
formal calculations with integrals. Afterwards, we justify them by verifying that
each term is indeed integrable. Recall that for € > 0 we write A. = {h € R?: |h| €
(e,e7 )} if e > 0 and A. = R? if ¢ = 0. Recall furthermore the shorthand notation

Wy = ’Ujg(h) = |h|7d72726.

We have
O:/ wg/ —L1— 1+ G+ Go+ S1G3 + 511Gy
Ac R4

1
+51/ r~2T. Ly dr dz dh.
0

Using that S; and S, are symmetries of the integral and the identity S, T;. = T,.51,
we can write

/'LU@/ L1+ Jidxdh
A, R

1
= / / We Gy +G2+51G3+51G4+T72TTL4 dx dhdr
0 R4
1
= / / We G1+ 51Gs + 51G3 + S1G4 + ’I“_QSTTTL4 dz dhdr
0 R4
1
= / / We / G+ 51Go + S1G3 + S1G4 + TﬁQTr51L4 dx dhdr
0 R4

1
:/ we Gl+Sng+SlG3+SlG4dxdh+/ / wg/ r2T.Gs dz dh dr
A, R4 0 JA Rd
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1
- /o /AE o /Rd r72T, (Ji — Re[Qn(x)] L1) dz dh dr.

For any function L : R*¢ — C we note the change of variables h — %:

(3.17) / wg/ 2T, L(z, h) dzdh = / 7‘29109/ L(z,h)dxdh.
A, R4 rAe R4
We also note that applying (2.8]) yields

1
/ wy | S1Godxdh = / wy | Gaidrdh+ / 20 / wy | Gaodrdhdr,
A R4 A, R4 0 rA. Rd

and

1
/ wy | S1Gydxdh = / wy | Gaidrdh+ / 20 / wy | Gaodrdhdr.
A, R4 A, R4 0 rAg Rd

Therefore
(3.18)

/wg/ Ly + Jidedh — / 29/ ’wg/ —Re[Qn(z)] Ly + Jy dzdhdr
R4 Rd

—/ wWe G1+G21+51G3+G41d$dh
A, R4

+/01r29/ w | Goo + Gyo + Gsdrdhdr.
Formally taking the limit & N\, 0 and multiplying both sides by (1 + 26) yields
(3.19) /R w /Rdu 20 + Re [Qn(2)]) L1 + 201 dz dh
_ /Rd we /Rdu +20)(C1 + Gar + S1Gy + Gas) + Goo + Gao + Gs dadh

= / wy Gg + 20G7 dz dh.
Rd Rd
Substituting the definition of J; lets us write
/ wg/ (24 40)Ly + 80(ApA(z) - ) Im [ By, ¢(z)| dz dh
Rd Rd
_ / wo [ Go+20G7 —80Tm [B; (x)]* + (1 — Re [Qn(2)]) Ly d dh
Rd Rd
:/ Wy Sng dz dh.
Rd Rd

In order to obtain a cleaner formula, we use

S0(ARA() - h) I [By 6(x)] = 81 (S(AnA) - h) I [Ryth(w) P()26)] )
We have proved that
(320) ( + 29)[ XG 2 + 1 - 29)[VG]X8 2

1 — 29 UIQ/
R R

Rut(x Rz —h)P(x — h)‘2 da dh
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—4/Rdw9/RdR w—h)Re[@e Qu () Roct () P) | b

74/Rd wo [ (AnAz) b [zon( )Pz )} dz dh.

This is equivalent to
(3.21) (1 —26)[Va)3 o2+ (1+20)[A ]Xg 2

1—29/ wg/ |B, w(x)|* dz dh

+ /Rd we /Rd Re [(Qn(z) — 20)(B; a(z) B/ ¢(z) — By, a(z)B;, ¢(x))] dz dh

=460 | wp | ApA(z)-hIm [B; ¢(z)] dz dh.
R R

After subtracting (1 — 260)[Vt]%, . from both sides and using (2.6)—(2.7), we have
(3.22)

(1= 20)[VaZos + (14 20) Aoz — (1 — 20)[V]%0n :/ wo [ Ki(w, h)dedh
Rd R

where
K (2,h) = —(2 = 40) Re [P@) (@) (R_pto(w — )Pz — B) + R_pdb(w — h)P(a))]
+Re [(Qn(x )—29)( a(z) By ¥(x) — By, a(z) B, ¥(z))]
—49A,A(z) - h1m By ()] .
Note that
(1d10)  i(1 — Qn(2))A(x — h) - h = R_pip(x — W) P& — h) + R_nia — W) P(x)
— (14 Qn(z))R_pa(xz — h)

is a term which can be controlled using (2.6). We conclude the proof of (3.5) with
the identity

(id11) Ki(z,h) = S1Ko,
where

Ko(z,h) = (2+49)Re[ (@) (Rnt(x )Ahva(x)-h—Rha(x)Ahw(x).h)}

— I [P(2) Rt () (80AnA() - h = (2= 46)(1 = Qu(@))A(x — ) - )|
Step 3: integrability. Note that (3.18)) implies
(3.23)

/wg/ L+ Jydzdh — / 29/ wg/ L1+ Jydzdhdr
R4 R4
</ wg/ L1+J1dmdh—/ r29/ w(,/ Ly + Jydzdhdr
A, R4 0 rA. R4
1
g/ wg/ L1+J1dxdh7/ r29/ wg/ —Re[Qn(z)] Ly + Jy dzdhdr
A R4 0 rA. R4

1
:/ wy Gydatdh—i-/ r29/ wy | Gg — Grdzdhdr.
Ac Rd 0 . Rd
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We now justify the existence of these integrals, and thereby the validity of the
calculations above. Once we have proven that A € W%2(R?), taking the limit
€ \( 0 to go from to is justified by dominated convergence.

Let v € (0,9) and 8 € (0, —2y). Then ¢ € (W-F277% n w02 (R?) with
Vy € (WP 82 0 Wh2)(R9). Since 2y + 8 < 3, Proposition implies for 6 < 3
that a,y € (WLI27T2 0 w02y (RY) and Va, Vip € (W52 0 Wo2)(RY). If
0> %7 then this additional regularity has been assumed. The conditions of Lemma

are satisfied, which implies a,v € A'*7. This yields
(3.24) wy R () App(x) € Lj, Ly (RTH)
(3.25) wy Rya(r)Apa(z) € L LL (R,

In particular, both ¢ and @ admit the estimates (2.6) with o € {v, 6}, (2.9) with
a =, and (2.8) with a = 6 and v = v. Note also that Va, A € L?(R?) follows
directly from Vi) € L?(R%). We therefore aim to prove

[Al3e2 = sup / wg/ Lydzdh < oo.
e€(0,1) J A, Rd
Step 3.1: the simple argument for A € W72(R%). Here we use the calcu-
lations from Step 2 leading up to (3.23]) with 6 replaced by ~, and € = 0 so that
A, =R,
Note that by and (2.6 the functions
w,G for G € {G1,G2,1,G22,G3,G4,1,Ga2,G5,G6,G7,Gs}

are integrable on R?t¢. For wy Gy and w,Gy f yield the necessary
integrability.

For any L : R¥? — C the function w,r=2T,L is integrable over (z,h,r) €
R4+ % [0, 1] if and only if w. L is integrable on R4T4. We use this for w,Gs.

Furthermore, (3.24)—(3.25) with (i) = (iii) of Lemmaimply that w,r 2T, Ly,
written using the right-hand side of , is integrable on R4+ x [0,1]. In par-
ticular w, L4 is integrable on R4+4 and then also w~y L3, wyLy, and wy Ly + w4 Ji
by the identities 7. But wyL; and w,J; are nonnegative, so both of
them are integrable on Rd+d, and furthermore wwr_2TTL1 and wvr_2TT Jp are each
integrable on R4+4 x [0, 1].

Now the above calculations are well-defined, and @ together with (1d2)),
(2.6), and yield an estimate of the form [A]3, . < C1(7)[VY]%..2+C2(7)[Val%.s,
and in particular A € W72(R9).

Step 3.2: the delicate argument for A € W%2(R%). Now we use the above
calculations from Step 2 leading up to with € > 0 instead of ¢ = 0. The
integrability of all terms with weight wy instead of w., still holds, as wg(h) <
e20=9w, (h) for h € A.. An inspection of Ly + Ji, applying and Step 3.1,
reveals that

u(e):/ |h\27’29w7/ Ly + Jydzdh
Ac R4

satisfies the estimate

e < 1 (3 + = (T0lns )
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In particular, by using (3.23), (2.6), and (2.8)), we see that the function u satis-
fies the assumptions of Lemma with a certain constant C' = C1()[V]%e.. +

Cs (9)[Va]§(9,2. Then Lemma yields

1+26
sup / wg/ (L1 + Jy)dxzdh < * C.
£€(0,1) Rd 20

We conclude, by taking the supremum over e € (0,1), that [A]%,, < H20C.
Now dominated convergence allows us to take the limit from (3.18]) to (3.19)). The
additional statement PA € W%2(R?) follows from the identity

(1d12)  AW(PA)(@) - h = P(2)ApA(x) - h+iP(x — ) (Rl — h)P(z = h)

+ Rop(z — W) P(x) — (1 + Qn(x))R_pa(z — h)).

Direction “<=”. Here we assume § < 3. If A € W%?%(R%R?) then the

assumptions PA € W%2(R%; C4) and Z(P,A) < oo, where

Z(RA):/ |h|*d*2*29/ |AP(x)A(x) - h|* dz dh,
]Rd Rd'

are equivalent. We start as in the previous step, working with the enlarged annulus
W. = {h € R?: |n| > ¢} instead of A.. This has the advantage that rW. = W,..
for r € (0,1). Then the analogue of (3.18) is

(3.26)
/ wg/ Li+J, — Grdzdh = / 29/ wg/ L+ J — G~

R4 Rd
(3. 27 + G — (1 +Re[Qn]) Ly dzdhdr.
We define

D(z,h) = |ApV(z) - h|?
Z(x,h) = |ApP(x)A(z) - h|?
and note that
(id13) By (z) = —P(x) ARV (2) - b — (1 4+ P(z)P(z — h))R_pa(z — h)
+iP(z)ApP(z)A(z) - h —i(1 — Qu(z))ApA(z) - h.

Then
Li+Jy— Gr=2D + H,
where
Hy(x,h) = 2‘ )+ P(¢ — h))R_pa(z — h) — iA, P(zx)A(z — h) - h’2

+4Re [(Ahvw(x) -h)((P(@) + Pz — h)R_palz — h) + 18, P(@)A(z — h) - h)}
+ 2Ly (2, h) + 4(ApA(z) - h) Im [B;, ¢(x)]
— 2B;, a(z) Re [B, ¢(2)] + 2B;f a(z) Re [B;f(2)] — 2(B;fa())”.
On the other hand, we have the identity
(id14)
ARVY(x) - h 4 P(x)P(x — h)ALVY(z) - h = (P(z) + P(x — h))ApLVa(z) - h



38 L.E. HIENTZSCH, R. SCANDONE, AND R. WEGNER

+iARP(z)(A(z) + A(x — h)) - h.
This implies
Gg — (1 + Re [QhDLl =2D + Hy

where

Hy(z,h) = —%‘(P($) + Pz — h)AnVa(@) - h+iAnP(2)(A() + Az — 1)) - |

+ 2B, a(z) Re [B (2)Qn(2)] + 2B;, a(z) Re [ By, ¢ ()]
—2(Bfa(x))? — (14 Re[Qn(x)]))(B;, a(x))® — (1 + Re [Qn(z)]) L1 (2, h).
We therefore rewrite as

1
(3.28) / 20 / wy / 4D dx dhdr — / we / 2D dz dh
0 rWe R4 We. Rd

1
= / wy | Hydxdh— / r2"/ wy | Hy + Hydzdhdr.
R 0 e R4

€

Note that for any § > 0 there exists a constant Cs > 0 such that

[, )+ B )] < 3D+ IRup (@) + 1Rl — )?)
+ C5(|ApVa(z) - h|* + |Rpa(z)|* + |R_pa(x — h)?
+ Ly(z,h) + Z(x,h) + Z(x — h,—h)).

By the same argument as in the proof of (2.6)), we can show that

1
(3.29) / wg/ |Rh¢(x)|2dxdh</ r29/ we [ |ARVY(2) - b2 dzdhdr.
We R4 0 re R4

We also have the inequality

1
(3.30) / wg [ Ddzdh < (1+26) / 20 / wg | Ddxzdhdr,
W. R4 0 Wie Rd

which uses the fact that the integral on the left-hand side increases when ¢ decreases.
We need to justify the existence of all integrals that appear above and in the
intermediate calculations once more. It is a consequence of Vi, Va, A € L%(R?)
and the inequality

(3.31)
[(An, Apa)lrz + [(Rpt, Rpa)lrz + [(AnVY - b, ApVa-hy A~ )|z SRVl L2

Define

1
v(e) = / r%/ we Ddxzdhdr.
0 Wie Rd

Applying (3.29) and (3.30]) to (3.28) and using (2.6) yields

1
(2—40 —6(2+20))v(e) — 5/ r?u(re)dr < M
0

where M = Cs

2420 (2+9

1+20

g Valxos + [Axes +22(P, A)) :
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We choose § = 2 +9 and note that the above implies

2 (! M
v(e) — 5/0 r2u(re) dr < 5%

Now we define u(e) = v(e?) and o = 1 2+ 20 so that

1

M
— 2a < —.
u(e) A r*®u(re) dr < %

Note that (3.31) implies v(e) < e72%||Ve||2. and hence u(e) < £2720 We can now
apply Lemma (3.5 to obtain a uniform bound for v(¢). Finally another application
of (3.30) yields Vi € W92(R%). O

Corollary 3.7. Letd € NT and 6 € (0,1). Let ¢ € nggGQ(Rd C) with V¢ €

WO2(R%CY) and let P € P(1) be a polar factor. We have Va, A, PA € W%2(R%)
and

(3.32) (1-20)*[Va]}o2 + (1 +20)(1 — 20)[Al%0.2 < 8[VY]%0s-

There e:z:ists an unbounded sequence (Y )nen C WT2(RY) for which [Vay|%,. +
[Anl%o.2 S 1. Furthermore, for this sequence [P,Vay]xo2 S 1 while [PyAy]xo.2 is
unbounded. Nevertheless, if Vip € W92(R?) then we have the equivalence

(3.33)

32 32 796
[Vi]%e.2 <

m[V@]iaz + m[AB{“ + 12[PA]§(6,2 < m[

Proof. By Lemma applied with a = v = 6, there exist ¥,, € W1+9 2(Rd C)
with Vi, € W92(R% C%) such that [V, — V)] xe.2 — 0 and ¢, — ¢ in WI})C? (R%).
Since ¥, — ¥ in VVI1 2(]Rd) Proposition implies Vo1, — Votp in L _(R?). On
the other hand, 1,, is admissible for Propos1t10n|f§| and Theorem [3.6] which implies
Votby, € WG’Q(Rd). We similarly obtain PA € W%2(R?) from (3.34) below. Ap-
plying 7, , and subsequently Young’s inequality for products with
parameters c1,cz > 0 to the explicit formula (3.20), which is a better formulation
of for this estimate, yields

V5o

4
(1= 20)[Valkos + (1+ 20)[Ax0 < (1= 20)5——5(V¥l50
-1
+4(1 4 20) <4+49[V¢]X62 + 4+40[va]X“>

1
2
+89<4+49[W]X” v [A}Xw).

We choose

2(1 + 260) 86
_— Co =
(1+6)(1 —20) T 1420
and obtain (3.32)). Finally, Lemma extends the inequality to 1.

For the counterexample to reverse estimates analogous to (3.32), choose a, =
n~lg for some 0 # g € C*(R%[0,1]), P, = ™ and set v,, = a,P,. Clearly
[Van)%e2 + [An]Xe: < 1. Using the Fourier characterization of the seminorm,
one calculates that ||an||m and ||PnAnH12qe are unbounded and HPnVanHzg is
bounded.

Cc1 =
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The reverse inequality in (3.33)) follows similarly from (3.5), (2.6]), and applica-
tions of Young’s inequality for products with parameters cs, ..., cg > 0. Specifically,
we have

(1= 20)[VY]502 < (1= 20)[Val5o2 + (1+ 20)[A]%0.2

€3 €4 2 051 o' 2
+ (2 +46) ((4+46 + 2) Vbl ko2 + (2 + 4+49> [VCL]XH)
1
+ (2 40) (T2 V0s + SR
~
+ (2 —46) <4+ [ViplZ0s + S 2 [PA}§9,2> .
The choices
03:(1—29)(1+9) oy = 1-20 05:(1_29)(1+0) CG:ﬂ
3(1 + 260) 6(1 4+ 26) 6(1 + 26) 6
then yield the first inequality in . Note that and imply
(3.34) [PAxo2 <5 (VU] + [Valkes + [Al%e2) -
Combining this with yields the second inequality in . (I

Corollary 3.8. Let d € N* and 6 € [1,1). Let ¢ € Wliiez(Rd C) with V¢ €

W92(R?; C?) and let P € P(v)) be a polar factor. Assume that a € lec'eg(Rd;R)
with Va € W%2(R4,RY). We have A € W92(R%) and

(3.35) [A3o.2 < (40 — 2)[Valxez +4[Va] xo.2 [V xo.2 + 2]V 502
Proof. We again use Theorem to obtain A, PA € W%2(R%). We may discard

the first term in the right-hand side of the explicit formula (3.20) since 1 — 26 < 0.

Applying (2.6)) and Young’s inequality for products with parameter co > 0 to (3.20))
then yields

2(1 + 20)
110

!
2
80 ( T2V + Z (MR-

(1—20)[Val%e.: + (1 +20)[A]362 < [Valxo2 [V xo.2

‘We choose ¢y = to obtain

1+29

2
(Nns < 22 Wala + 1 o e
This implies . U
3.2.1. Regularity at the endpoint s = % Recall the definition of the Besov spaces
BQ%J(]Rd) and Bém(Rd) from [69] Section 2.5.12], which use the norms

(3.36)
I1f11?
(3.37)
I

VQ]X9,2 [v’l][}]xs,Q +

2
=l + 19772, where (942 4 = | guin b= 21809 F @)z |,
2,1 h

3
2
2

where [V f]? .
B22,oc

= I£ 12 + [V 12

1
2
B2,oo

2
= H]l{|h|<1}‘h|_%||Ahvf(x)”l,§ B

3
2
2
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Using Jensen’s inequality and Ry f(x) = — fo VYV f(x) - hdr, one finds that

—d-3 2 \?
[t ([ o) dx) ah <@,y

C@lfll g

it ([ 1)

Proposition 3.9 (Consequence of [63, Theorem 1.1]). Let d € NT. There exists a
3 3
constant C > 0 such that for every ¢ € B3, (R% C) we have a € B3 (R R) and

Ly

lall 5 < Cllvl 5
Proof. By (3.4)) it suffices to assume that 1 is real-valued. The proof is finished by
checking that f(z) = |z| is an admissible function for [63, Theorem 1.1]. O

Corollary 3.10. Let d € N*. There exists a constant C > 0 such that for every
3
Y e B22,1(Rd§(c) we have A € W%vQ(Rd;Rd) and

2 2
AP, < Ol

3 .
2
2,

Proof. Note that for every 6 € (0, ) we are in the setting of Theorem 3.6} m and the

identity (3.5) is available. Let us assume 6 > 7 L and apply Young’s inequality for
products, (id10]), and (2.6)—(2.7)). This yields

(Ao < CIVYT3pes + c/ |h|—d—2—29/ | Rt (2)||R-pa(z — h)| dz dh
R R4
with a constant C = C(d) > 0. For the region |h| < 1 we use |h|~972720 <
|h|=4=% and Holder’s inequality. For |h| > 1 we estimate with Hz/1||12/V112(Rd) and the
embedding Bil(Rd) — W12(R?). Then Fatou’s lemma yields

(A1), < sup [Ake2 < Cl9?s +Cllal® 5
Xz 0e(L,1) X Bz‘g

and Proposition [3.9] finishes the proof. O

3
B2
2

Lemma 3.11. Let ¢ € (0,3). If ¢ € WI;:E Z(Rd C) with Vi € Wzte2(R4; CY),
then A € W22(R%: R?) and
7
[A]2 1o < [V'L/)] g[vd)]xé+s,2[vw]xéfa,2-

X2

Proof. This is a consequence of taking the limit 8 ~ % (involving the use of Fatou’s

lemma) in and using 7 analogous to the proof of Corollary - By

assuming 3 —I— € regularlty for Vw, we only need to use 2 —e<3 regularlty of Va.
Applying Young’s inequality for products with parameters ¢y, 62, c3 > 0 yields

4 4 dert eyt
2AR,, < (Cl + Cz) VeI )y + ( e M ) Va]?

X2 2(3 + 2¢) 2 2 2(3 —2¢) X272
403 2 463_1 2
+ 5 VUl ge + 1AL
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With the choices

[Va] .1_.. 1 [Va]_i_.,
1 =V3+2e—22 = cy = X2 c3 =2
1 Vilgrn VB RN,
we obtain
4 1 1
A 2 1 - V 1 4 V 1 2 V 1_
Ay € 5902 44 (g + s ) (90 sl

The proof is finished by applying (3.32)). Note that we may assume [V¢]X 1ie2 >0
because the case of constant 1) is trivial. O

3.2.2. Regularity at the endpoint s = 2.

Corollary 3.12. Let d € NT. For every ) € W12 2(Rd C) with Vi € WH2(R4; C9)
and in addition a € W22 (R%: R) and Va € WY2(R% RY), we have A € W2 (R, RY)

loc
and
(3.38) IVAII7: < 6]V%all72 + 12 V2al 2]V 2 + 6] V2072

Proof. By interpolation we can apply Corollaryfor every 0 € [%,1). We multiply
(3.35) with (1 — @) on both sides and take the limit § 1. By we have
(1—0)[AlZyes < (1—0)(d+20)[A]5e.

< (1—0)(1+20) ((40 — 2)[Valjye2 + 4Valwo: [VY]wesz + 2[VY]jez) -

The Bourgain—Brezis—-Mironescu formula [25] Theorem 2] (see also [29, Remark
4.3]) allows us to take the limit § /1 on both sides, which finishes the proof. O

3.3. Regularity of J.

Proof of Proposition[I.16] Set § = s—1. We distinguish the case d = 1 because we
do not want to con51der the homogeneous fractional Sobolev space W 2(R%; CY)
when 6 > g, as then the characterization ([2.1)) is not available. The proof is given
below only for the case where the homogeneous space is used. We use the identity

(3:39)  AnJi(@) - h=—Im [0 @) Ruts; () + U5 — W) Rny(w — 1))
After squaring both sides and applying (2.6)), we obtain boundedness. Since |J;| =

a;|A;| < a;|V;|, we have also J; € L (RY), and hence J; € W%2(R?). Since
Ry, is a linear operator, we furthermore have

(3.40)
Ap(Jy — Jo)(z) - h = —Im [1/}1( JRu (Y1 — ¥2)(x) + 1(x — h)R_p (Y1 — o) (2 — h)}
(3.41) — I (61 = 62) (@) Rutoa (@) + (61 — b2)(@ — W R-ntba(a — )|

which yields local Lipschitz continuity. ([l
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4. CONTINUITY
Theorem 4.1. Let d € NT and 6 € (0,1). Suppose that
P — ¢ in WETP2(RE C)

Vb, — Vb in WO2(RE, CY).

Assume in addition that

1
I o> L
0 < 5 Or an€ W02 (RY) or 2 .

. 0,2 /md
sup [Va:n]Xe,z < 00 van —Va inW (R )

neN
Then

an — a in WETOHRY)

loc

1
A, — A in WO2(RY and if 0 # = also .
R . 2 Va, — Va in W"%(R?)

Proof. Propositionimplies (Van, Ay) — (Va,A) in (L? x L?)(R?). By Proposi-
tion and Corollaries and the sequences (Va,)nen, (An)neny C W92(RY)

are bounded, and hence the Banach—Alaoglu theorem implies, after passing to sub-
sequences, the weak convergence (Va,,A,) — (Va,A) in (W%2 x W92)(R9). Fur-
thermore, in any case we have a € W,-T 2(R?) and Va, A € W?2(R%). We note also

loc
that Va,, — Va in W%2(R?) together with ¢, — ¢ in lege’g (RY) implies a, — a
in I/I/ﬁ)je’2(Rd). It therefore suffices to prove that for any subsequence (ny)ren there
exists a subsequence (ng;);jen so that Ap,, — Ain WO2(R?) and, if § < £, also
Van,, = Va in W%2(R%). This justifies the passage to a subsequence we have
performed above. Note that we suppress these subsequences from our notation.
We assume for now that § < 3 and equip the space (W%2 x W%?2)(R?) with the

equivalent norm
1(Va, M5 = [[(Va, )72 + [(Va, A)Jj
where [(Va, M]3 = (1 — 20)[Va|%e.2 + (1 4 20)[A]%0..
As weak convergence in (W92 x W?%2)(R?) and strong convergence in (L? x L?)(R%)

have already been established, it suffices to show convergence of the squared semi-
norm

(4.1) [(Van, A)]5 = [(Va, A)J5.

However, if § = 1 then Va,, disappears from the seminorm and still suffices.
Lastly, if 0 > % then assuming strong convergence of Va,, in W%?2(R?) again implies
that suffices. It therefore remains to prove . We do so by taking the limit
n — oo on both sides of the crucial identity . Specifically, it suffices to prove

(4.2) / wg/ I, —Idzdh —0
R4 R4

where wg(h)I,(z, h) and wy(h)I(z, h) are the integrands on the right-hand sides of

(13.5) for ¢, and .
We may assume that (1, Vo, an, Van, Ay) — (¢, Vb, a,Va, A) pointwise al-

most everywhere. To do so, we first consider an arbitrary subsequence and use



44 L.E. HIENTZSCH, R. SCANDONE, AND R. WEGNER

the convergence of 1, and V1, in the respective Sobolev spaces to switch to an-
other subsequence where these quantities converge pointwise almost everywhere.
By elementary inequalities the same pointwise convergence then holds, on this sub-
sequence, for a,,Va,, and A,. Proving for a specific subsequence of an
arbitrary subsequence implies the statement for the original sequence.

We first prove that

(4.3) lim sup/ we/ |I,| + |I| dz dh = 0.
NOneN J{|h|<s} R

Using the boundedness properties of Corollaries and and applying Holder’s
inequality, (1d10)), and (2.6) to I, and I yields

/ wo [ 1La + 1] de dh
{|h|<é} R4

< C(G) Slelll\)] ([VCLH]XG,2 + [VCL]XG,z + [Vd)n]xs,z + [vw]xe,z)

2

(/ we/ |Rptn (2))? + | Rpb(x) > 4+ |ARV Y, () - b2 + |[ALVY(2) - b do dh)
{|h|<6} R

The weighted integrands on the right-hand side above converge strongly in L}LL}ﬁ (Ra+d)
and hence, after integration in x, form a uniformly integrable family of functions
in h. This implies (4.3). It remains to prove

n—oo

(4.4) V6>0 lim wg/ I, — Idzdh =0.
(nizsy  Jri

Here the key observation is that
(4.5) I, (z,h) = I(z,h)

for almost all (z,h) € R4, even though polar factors P, (z) and P,(z — h) do not
need to converge pointwise almost everywhere. For almost all z € R? with 1 (x) # 0
we know that there exists some N € N such that ¢, (x) # 0 holds for n > N, and
in particular P,(z) = ﬁ:gf;l — |$Eg\ = P(z). If ¥(xz — h) # 0 also holds, then
P,(z — h) — P(z — h) and we can take the limit (£.F). If instead ¢(z — h) = 0,
then A, (z —h) = A(xz —h) = 0 and the term containing the polar factor P, (z — h)
vanishes in the limit, so we also obtain . If on the other hand #(x) = 0, and
in particular a(z) = 0 and Vi(z) = Va(z) = A(z) = 0, then direct substitution
yields I(xz,h) = 0. Furthermore, we shall prove that I,,(z,h) — 0. Let ¢, ~, d,
denote lim,, o (¢, — dy,) = 0. Then

(2 +46) Re [Pn(x) (Rithn (2) AnVan (@) - h — Rpan () Ap Vi (z) - h)}
“Im [Pn(x)Rhwn(x) (80AhAn(x) h— (2 — 46) (1 — Py(a)Po(z — h)) An(z —h) - h)]
~ (2 4+ 46) Re [Pn(x) (Ruthn (2)AnVa(z) - h — Rpa(z)Ap Vi, (z) - h)}

~Im [mRhwn(w) (SHAhA(x) Th— (2 - 40) (1 - Pn(x)m) Az — h) - h)}
~ (2 + 40) Re [man(m ) (Pa(z — W)Va(z — h) - h — Vip(z — h) - h)}

~Im [Pn(x)Pn(m — R)an(z — h) (80A(z — h) - h + (2 — 40)A(z — h) - h)]
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~ (2+ 40) Re [Pn(x)Pn(x ~ W)an(z — h)(—iA(z — h) - h)}

~ (24 46)Im [Pn(x)Pn(a: — R)an(z — W)A(z — h) - h}
—0.

Generalized dominated convergence now implies (4.4), provided we can estimate
|lwel,| < wegd, for some strongly convergent majorant sequence (wgJy,)nen C
LY*({|h| = 0} x R%). We note first that

/ wo(R)|h% dh < C(5).
{lh|>6}

The estimates
|Bnfllzz <210V £ 22 [ARE - b2 < 2/h[|F| L2

together with the limits (V,, Van, A,) — (Vib, Va, A) in L2(R%) are therefore
sufficient to conclude that the quantities

wg X for X € {Rytbn, Vi - hy Ry, Van - hy Ay - h}

are convergent in L2({|h| > 6} x R?). Then the inequalities and identities that we
used above imply that

Tn (@, 1) = C(0) (| Rnton ()| + [Rpthn(x — h)| + [V () - bl + [V (z — ) - h])
X (|Rnan(x)| 4+ |R-pan(z — h)| + |Vay(z) - h| + |Van(z — h) - h|
+ |An(z) - b+ |Ap(z — h) - h)

is an admissible majorant sequence. O

5. GENERALIZATION TO V,

The generalization from Vo1 to V, f1 is surprisingly straightforward.
Proof of Corollary[1.173 We give the proof for the nontrivial case s € (1,2). Let
x,h € R We calculate

ApVo pth(x) = Ap f(P)(2)Vip(x) + f(P)(x — h) A V().
Using the Lipschitz continuity of f, we can estimate
(5.1) [Anf(P)(2)Vi(2) - bl < [flLip| AnP(2) Vi (2) - b
< [fuin (1A Vot (2) - | + |2V (2) - h),
while
|f(P) (@ = h)ARVY(x) - b < [[fllL | A VY(2) - Al.
Then (3.32)) implies
[Vo. st xe=r2 < ([Ifllzoe + [flLip) VY] xe-12 + [fILip[Vot)] xo-1.2
4
< (1 + 25 Ul ) V000,

which proves (1.20). For continuity we shall prove that any subsequence has a
subsequence which converges to the desired limit. In particular, we may assume

without loss of generality that ¢,, — ¥ and Vi, — Vi almost everywhere. Fur-
thermore, since Vi, () — Vi)(z) = 0 for almost all z € R? with o(z) = 0,



46 L.E. HIENTZSCH, R. SCANDONE, AND R. WEGNER

while P, — P whenever ¢(z) # 0, we have V, s¢, — V, ¢ almost every-
where. On the other hand, we know that w? | ApVih, - h — w2 AV - h
and wf_lAhVown -h — wf_lAth,z/) ~h in L}(R44;C). Then together
with the above estimate for the second term yields a majorant for the sequence
wé_lAhVOhfwn - h in L?(R4*+4) allowing us to close the argument with general-

ized dominated convergence. Convergence in L?-norm can similarly be obtained by
dominated convergence. O

6. UNBOUNDEDNESS

In this section we construct counterexamples exhibiting unboundedness proper-
ties.

6.1. Sharpness of blow-up rates. The following construction is the basis for our

counterexamples at the endpoint regularity s = % Its existence can be understood

using results such as [I8] Theorem 1.1] on critical condenser capacities of balls.

Lemma 6.1. There exist C > 0 and odd functions g, € C°((—3e?",3e?");R) for
n € NT with g,(x) = z for x € [-2,2] and [g;L]2 12 S € as well as ||g,]|2. < Ce™.

Proof. We begin by constructing an even function g/, € C°(R; R) with fR g (z)dx =

0, g, () =1 for z € [-2,2], and [gn]wf2 < €. To do so, we let n € C*°(R; [0,1])
1

with n(z) =1if £ <0 and n(z) =0 if x > 1. Then we define

/ 1 7556[*2,2]
falz) = . (M) o d[-2,2]

n

We see that f/,(z) =1 if z € [-2,2] and supp f;, C [—2e",2e"]. The definition of
fl extends to a function F' : H — R on the closed upper half-plane H = {z € C :
Im[z] > 0}. Here we have the estimate |V F(z) for 2 < |z| < 2¢™, and hence

||v}7||L2 (H) N n'
Next, we note that | [ f;(y) dy| < e and define

g () = fi(z) — / £ () dy e (e "),

where w € C°({2 < |x| < 3};[0,1]) is an even function with [, w(z)dz = 1, so
that [ g;,(z) dz = 0. Due to scale invariance and the prebence of the bmall factor
< €. We define g,(z) = [*_ g/ (y)dy and note

‘N anl

The trace characterization of Hz (R) then yields | f"]W . < %
1

e 2 we still have [gn]

1.2
(R)

that suppg, C [—3e*", 3e2”]. Since g/, is even, g, is odd. One also checks that

lgn 7 < Cen. O

Lemma 6.2. Let d € Nt. There exists a sequence (1/)n)n>4 C C=(R% C) such that

2 2 < > >
[Vw”]vv%*%v“ [an]w% , S 1 while [Van]W% 1, R n? and [A, ]W%7%72 > n.
Proof. We consider first the case d = 1. Let (gy)nen+ be the sequence constructed
in Lemma [6.1] and choose y € C2°((—2,2);[0,1]) with x(z) =1 for z € [-1,1]. We
define

m\»—A

Pn(x) = n2(gn(z) +ie™"x(2)).
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Clearly [@Z)LL]?}V%,Q <1and |92, < ne™. Then interpolation yields

4 24 ny 2
Wy 1 S I, S (e 51
We calculate for z € [—1,1] that
" 1
al (z) = A R, Ap(z) = ———n>.

V14 e2ng2

By scaling, we can calculate

2
[al) 1 4 ne 2 [m} L = n?

Wi VItz?

WEE 2 (e o)

2
1
= e
Bl s-taan) T+ a2 fwh-d (e en)

We move on to the case d > 2. Let h € S(RY1;[0,1]) with h(y) = 1 for y €
d—1
[—1,1]97L. Define h,,(y) = rn> h(rny) where (7, )nen is a rapidly decaying sequence

=n.

with r1 = 1 that we choose later. Let w,(ll) be the sequence constructed for d = 1
and define for (z,y) € R x R4™!

P = VL (@) (y).

(1)

Then

W (@) Vhn(y)

We use the Fourier-transform representation of the seminorms with the decompo-
sition 1 = T ¢1<i¢y + Lyje>|¢y to estimate

1D @ha @I,y < NPV 12,3 hallZo + 1@EY Bl
= 1Y 12 3 IBI22 + (DY 12012,y o
< VIR, 19 hal2e + (901319l

< IWOIZ, IVAIZar2 + D13 VA2,

I

[ (2) Vo (y)

I3

By choosing r, to decay sufficiently quickly, we can ensure that HV@[JnHiI , < 1.
2
Similarly, we can choose 7, sufficiently small to ensure that ||V, [|2, < ne™ still

holds. Then the same interpolation argument as above yields ||V1/)n||; . 1 S L
2 n
Let Vay +iA, = Votp, and (a%”)’ +iAL = Vc,w,(}). Conveniently, we have
1 (1
Van (e, y) +iAn(z,y) = <<a%)>’<ml>) +iA @)ha(y)
s @) Vo (1)

We drop the second component on the right-hand side in the lower bound below.
Using for frequencies (£,¢) € RxR%! and 6 € (0, 1) the lower bound (|£|?+|¢|?)? >
1€]?%, we obtain

19l -1 = 1@DY 125 s hale = 1 (a8)

T e L T A T A T

12,5 s IRl 2 02
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6.2. Failure of regularity.

Lemma 6.3. Let d € NT and s > 2. There exists ¢ € C*°(R%; C) with Va, A €
C>(R%RY) such that » € W2(R?) but Va, A ¢ W~12(R9).

Proof. We first assume d =1 and s = % Let (1 )n>4 be the sequence constructed

in Lemma We define
= —8
= Zn_le_"4wn (w 4n> .
n=4 e

Due to the disjointness of supports and scale invariance, we have

o erE ()] e

By similarly estimating the lower-regularity norms, one verifies that ¢ € W%’Q(R).

Note that for z € 8n + ¢~ [—1,1] we have
1 et (2 — 8n) 1
\/e2n+2n4 (z—8n)2+1 \/ezn+2n4 (x —8n)% + 1

The scaling invariance now implies that for a fixed constant ¢ > 0

a(z)=n Az) = 3

1
> -_—=
2/2 <8n+e"[111>/67§1” >~
oo o0 1
2 > 2 > —_ =
[A]W%’2 - Zél[A]W%i(anre*”“[fl,l]) - 0224 >
n= n=

This counterexample can be transferred to the cases d > 2 as in the proof of Lemma
and it suffices to take 7, = 1 for the verification of ¥ € W22(R%) since an
inhomogeneous space is used.

Now we assume d =1, s € (%, 2), and set 0 = s — % We use the function y from
the proof of Lemma to define

(6.1) on(x) = (z +ie™")x(2).
We define
P(x) = Z n~2e g, (x — 8n).
n=4

Due to the disjointness of supports, we have

[v/ W812\22[n 2€_én¢ )}WSH’

—1 725 —1 725
—25 n " ngzNE n "

Similarly, the lower—regularity norms are finite and we conclude 1 € W*2(R). For
x € 8n + [—1,1] we can calculate
on e"(x — 8n)

a(z) =n"%e”
Ve (z —8n)2 + 1
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Then
(oo}
—1o—20n2(s—1
[Tz 2 Z W312(8n+ —~1,1)) Zn nePle TN — oo
n=4
(o]
2 2 —1g—20n,2(s—1
ABrmse > 3 W Rrssonsor Zn RN = o
n=4
The generalization to d > 2 works as before. Furthermore, the same examples can
be used for the cases s > 2. O

3
Lemma 6.4. Letd € NT. There exists a convergent sequence v, — 1 in B2271(Rd; C)
for which Va,, 4 Va in Bim(Rd;Rd) and A, 4 0 in W22(R%RY).
Proof. For d = 1 we choose v, = ¢, from (6.1), which satisfies ¢, — xx in
3
B3 (R;C). Due to scaling invariance the sequences (Van)nen and (Ap)nen fail

1
to converge respectively in BZ?’OO(Rd) and I/V%’Q(Rd)7 even though they converge
pointwise almost everywhere. This example can be transferred to the cases d > 2
as before. 0

Lemma 6.5. Let d € NT. There exists ¢p € C®(R?; C) with Va, A € C>®(R%; RY)
1
such that € W>2(R?) but Va ¢ W2 *(R?) and A ¢ B3, (R?).

Proof. We first assume d = 1. Let (¢, )nen be the sequence constructed in the
proof of Lemma We define

= Z n"tn(x — 8n)
n=4

and note that, due to the disjointness of supports in the sum, the inclusion xy, x €
CZ(R;R) € W22(R) implies ¢ € W?2(R). For z € 8n + [—1,1] we calculate

— 1
a(z)=n""! ° (a: 8n) A(z) = —n"
Ve (x 241 \/62" 211
There exists a constant ¢; > 0 such that for z € 8n+ e "[—1,0], h € [ " 2e7 M,
and n > 4 we have
1 1
|ApA(z)| =n~" - >en !
8n)2+1 J/e2(z—h—8n)2+1

In particular

IARAlIL2 = 1ARAl L2 (s geni— 1,0 > en” e 2,

for some constant ¢ > 0. Then

! o0 2e —n
[A]Bi =/_1|hl—%IIAhAIIL2 dh > Z/ B~ ten—te~% dh

cZn _2/26 h_%dh>c§:n_1=oo.
n=4
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—! and using again the disjointness of supports,

~

W2 2(8n+[—1,1])

we find that also a’ ¢ W%’Q(R). For the generalization to d > 2, we proceed as
before, using now the Littlewood—Paley characterization of the Besov norms. [
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