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BOUNDEDNESS AND CONTINUITY OF PHASE-CORRECTED

GRADIENTS ON SOBOLEV SPACES

LARS ERIC HIENTZSCH, RAFFAELE SCANDONE, AND ROBERT WEGNER

Abstract. For a function ψ : Rd → C, we define the phase-corrected gradient

∇◦ψ = |ψ|−1ψ∇ψ and study the regularity of the map ψ 7→ ∇◦ψ on Sobolev
spaces. Since Re[∇◦ψ] = ∇|ψ|, the phase-corrected gradient fits naturally

into the framework of nonlinear composition operators. Its imaginary part

Λ = Im[∇◦ψ], on the other hand, plays a key role in quantum hydrodynamic
models. We prove that ψ 7→ ∇◦ψ is bounded and continuous from W s,2(Rd)

to W s−1,2(Rd) for 1 ⩽ s < 3
2
, and we show that the threshold s = 3

2
is sharp.

In particular, this answers an open question concerning the continuity of the

map ψ 7→ |ψ| on Sobolev spaces. We also show that our results remain valid

for functions that do not necessarily decay at infinity, a relevant setting in the
context of Ginzburg–Landau theory. Finally, we extend our analysis to more

general phase-corrected gradients of the form f(|ψ|−1ψ)∇ψ, where f : S1 → C
is Lipschitz, and discuss implications for certain parabolic PDEs.
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1. Introduction

1.1. Setup of the problem and summary of main results. Given a complex-
valued function ψ on Rd, d ⩾ 1, we investigate the regularity properties in Sobolev
spaces of the nonlinear operator

(1.1) ψ 7→ ∇◦ψ =
ψ∇ψ
|ψ|

,

which we call the phase-corrected gradient. The map (1.1) is certainly well-defined
when ψ vanishes nowhere: in this case, writing ψ = aeiΘ with a = |ψ|, we have

(1.2) ∇◦ψ = ∇a+ ia∇Θ.

In particular, taking the real part of ∇◦ψ, we formally obtain the map

(1.3) ψ 7→ ∇|ψ|,

which has been widely studied in the context of nonlinear composition operators
(see Section 1.7 for further details).

Beyond its independent analytical interest, the operator (1.1) arises naturally in
hydrodynamic models describing quantum fluids, as discussed in detail in Section
1.6. We anticipate here the main features of this hydrodynamic interpretation,
which also leads to the quantities at the core of our analysis. Given a nowhere
vanishing function ψ = aeiΘ, its Madelung transform is defined by

(1.4) M : ψ 7→ (a = |ψ|, v = ∇Θ) .

In quantum hydrodynamics, ψ is a wave function, typically a solution to a nonlinear
Schrödinger (NLS) equation, and the nonlinear operatorM formally transforms the
NLS equation into a compressible Euler-type system with a dispersive correction.
In this framework, a2 and v are the mass density and the velocity field of the fluid,
respectively. In view of (1.2), the phase-corrected gradient encodes these quantities,
namely

∇◦ψ = ∇a+ iΛ,

where Λ := av is the velocity field weighted by the amplitude. The pair (∇a,Λ)
provides natural hydrodynamic variables. Indeed, the momentum density is given
by J = Im

[
ψ∇ψ

]
= aΛ, and the gradient energy density |∇ψ|2 of NLS splits as

|∇ψ|2 = |∇a|2 + |Λ|2, namely as the sum of the quantum (Bohm) energy density
|∇a|2 and the kinetic energy density |Λ|2 = a2|v|2 of the fluid. If ψ is allowed
to vanish, ∇a is still well-defined as soon as ψ has one locally integrable weak
derivative, whereas this is a priori not the case for Λ, since the phase Θ, and hence
the velocity v, are not defined on the vacuum set {ψ = 0}. Following [6], we show

in Section 1.2 that, under the same minimal regularity assumption ψ ∈ W 1,1
loc (Rd),

the phase-corrected gradient, and thus also the hydrodynamic variables (∇a,Λ),
are well-defined also in the presence of vacuum.
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Our aim is then to develop a systematic approach yielding sharp boundedness
and continuity results for the phase-corrected gradient, which at the same time
provides a precise description of the behavior of its components ∇a and Λ. More
precisely, we address the following problems.

Problem 1. Identify the optimal range of parameters d ∈ N+, s ⩾ 1, and p ∈ [1,∞],
such that the nonlinear operator ψ 7→ ∇◦ψ is bounded from W s,p(Rd;C) into
W s−1,p(Rd;Cd).

Problem 2. Identify the optimal range of parameters d ∈ N+, s ⩾ 1, and p ∈ [1,∞],
such that the nonlinear operator ψ 7→ ∇◦ψ is continuous from W s,p(Rd;C) into
W s−1,p(Rd;Cd).

Establishing mapping properties of (1.1) poses nontrivial technical issues: when
ψ vanishes on some subset of Rd (a vacuum region, in hydrodynamic terms), one
cannot appeal to general results on nonlinear operators on Sobolev spaces (see the
discussion in Section 1.8).

Our main results resolve Problems 1 and 2 conclusively in the case p = 2, and
our method is not naturally applicable to the cases p ̸= 2.

Theorem 1.1. Let d ∈ N+.

(i) Let s ∈ [1, 32 ). There exists C > 0 such that for all ψ ∈ W s,2(Rd;C) we

have ∇◦ψ ∈W s−1,2(Rd;Cd) and

∥∇◦ψ∥W s−1,2 ⩽ C∥∇ψ∥W s−1,2 .

Furthermore, if ψn → ψ in W s,2(Rd), then ∇◦ψn → ∇◦ψ in W s−1,2(Rd).
(ii) Let s ⩾ 3

2 . There exists ψ ∈ C∞(Rd;C) with ∇◦ψ ∈ C∞(Rd;Cd) such that

ψ ∈W s,2(Rd) but ∇a,Λ ̸∈W s−1,2(Rd).

As a consequence, we also answer an open problem concerning the continuity of
the map ψ 7→ |ψ| on Sobolev spaces.

Corollary 1.2. The map ψ 7→ |ψ| is continuous on W s,2(Rd;C) for all s ∈ [1, 32 ).

The boundedness of the map ψ 7→ |ψ| on W s,2(Rd), for 1 ⩽ s < 3
2 , is due

to [21] (see also [65] in the real-valued case). Continuity for s = 1 is a standard
result (see e.g. [6, Proposition 1.2]). By contrast, continuity for s ∈ (1, 32 ), even
in the real-valued case, has been formulated as an open problem in [22, 64] and is
not addressed in [21, 65]. Corollary 1.2 is particularly relevant for applications to
quantum fluids, as discussed in Section 1.6.

Our method leverages local regularity properties of complex-valued functions
and is robust enough to treat wave functions ψ ∈W s,2

loc (Rd) with ∇ψ ∈ Ẇ s−1,2(Rd)
(see Section 1.4 for the definition of this space). A prototypical example is given by
functions of finite Ginzburg–Landau energy, e.g. solutions to Gross–Pitaevskii type
equations with non-vanishing conditions at infinity. The associated energy space
reads

E(Rd) =
{
ψ ∈ L2

loc(Rd;C) : ∇ψ ∈ L2(Rd;Cd) and |ψ|2 − 1 ∈ L2(Rd;R)
}
.

Equipped with the distance function

dE(ψ1, ψ2) = ∥ψ1 − ψ2∥Z1+W 1,2 + ∥|ψ1|2 − |ψ2|2∥L2 ,

where Z1 denotes the Zhidkov space, (E(Rd), dE) is a complete metric space [39].
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Theorem 1.3. Let d ∈ N+ and s ∈ [1, 32 ). There exists C > 0 such that for all

ψ ∈ E(Rd) with ∇ψ ∈W s−1,2(Rd;Cd) we have ∇◦ψ ∈W s−1,2(Rd;Cd) and

∥∇◦ψ∥W s−1,2 ⩽ C∥∇ψ∥W s−1,2 .

Furthermore,

ψn → ψ in E(Rd)

∇ψn → ∇ψ in W s−1,2(Rd)
=⇒ ∇◦ψn → ∇◦ψ in W s−1,2(Rd).

The example of functions of finite Ginzburg–Landau energy, as well as further
applications in PDE, strongly motivates the development of a theory that is not
restricted to wave functions decaying at infinity, such as those in Lp(Rd), but rather
allows for very general behavior of ψ at infinity (concerning nonlinear Schrödinger
equations, for example, see [39, 40, 47, 48, 49, 52]).

Theorems 1.1 and 1.3 are consequences of Theorem 1.8 below, which is the full
version of our main results, together with Proposition 1.4 for the case s = 1. In
Theorem 1.8, the convergence ψn → ψ is only required in L2

loc(Rd), rather than with
respect to the full topology of the energy space E(Rd). By the fractional Poincaré

inequality this is equivalent to convergence in W s,2
loc (Rd), given that ∇ψn → ∇ψ

in W s−1,2(Rd) is already assumed. For notational convenience, we use the lat-
ter formulation throughout the paper. Furthermore, Theorem 1.8 includes refined
statements (points (iv)–(vi)) at the threshold regularity s = 3

2 , which provide a
sharp characterization in Besov spaces.

1.2. Realization of ∇◦ψ. We now provide the rigorous realization of ∇◦ψ, which
is a priori not even well-defined on the vacuum set due to the division by |ψ|. As
ψ is only of Sobolev regularity and not necessarily continuous, the vacuum set V is
defined as the set of Lebesgue points at which ψ vanishes, i.e.

V =

{
x ∈ Rd : lim

r→0

1

|Br(x)|

∫
Br(x)

|ψ(y)|dy = 0

}
.

Following Antonelli and Marcati [6], we introduce the set of polar factors of ψ as

P(ψ) = {P ∈ L∞(Rd;C) : ψ = aP and |P | = 1 almost everywhere on Rd}.

Any P ∈ P(ψ) is uniquely determined by

P (x) =
ψ(x)

|ψ(x)|

provided that ψ(x) ̸= 0, while it can be an arbitrary phase factor eiΘ, Θ ∈ R, on
the vacuum. In other words, the polar factor is unique with respect to the measure
a2 dx. The construction of polar factors is local, i.e. not sensitive to the far field
behavior of ψ, and can even be carried out for ψ ∈ L1

loc(Rd).
For the realization of ∇◦ψ we require, as anticipated above, that ψ ∈W 1,1

loc (Rd),
which we assume henceforth. Under this assumption, the set P(ψ) can also be
characterized by a variational argument [6, Section 1.5]. We recall that ∇ψ = 0
almost everywhere on V (see e.g. [55, Theorem 6.19]). This crucial fact suggests
that ∇◦ψ may be well-behaved even in the vicinity of V. By writing

∇◦ψ = P∇ψ,
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where P ∈ P(ψ) is an arbitrary polar factor of ψ, we realize the phase-corrected
gradient (1.1) as a function in L1

loc(Rd;Cd) which does not depend on the choice of
P . It admits the explicit representation

(1.5) ∇◦ψ =

{
ψ∇ψ
|ψ| on Vc

0 a.e. on V.

For ψ ∈ W 1,1
loc (Rd;C) we have a ∈ W 1,1

loc (Rd;R) with |∇a| ⩽ |∇ψ| pointwise almost
everywhere [34, Theorem 4.4], and a direct computation (see e.g. the argument in
[6]) shows that

∇|ψ| = Re∇◦ψ ∈ L1
loc(Rd;Rd).

Accordingly, we define the vector field Λ : Rd → Rd by

Λ = Im∇◦ψ ∈ L1
loc(Rd;Rd)

so that

(1.6) ∇◦ψ = ∇a+ iΛ

holds in L1
loc(Rd). By construction,

∇a(x) = Re

[
ψ(x)∇ψ(x)

|ψ(x)|

]
Λ(x) = Im

[
ψ(x)∇ψ(x)

|ψ(x)|

]
if ψ(x) ̸= 0, while

∇a = Λ = 0 almost everywhere on V.
Given a sequence (ψn)n∈N, we define (an, Pn,Λn)n∈N analogously. Owing to identity
(1.6), the regularity properties of the phase-corrected gradient are equivalent to
those of the map

(1.7) ψ 7→ (∇a,Λ).

1.3. Threshold cases. As mentioned above, for s = 1 the boundedness and
continuity of the phase-corrected gradient are known [6, Proposition 1.2] and rely
on a simple identity. We state this result in the general setting of functions with
arbitrary behavior at infinity.

Proposition 1.4 (analogous to [6, Proposition 1.2]). Let d ∈ N+ and let ψ ∈
L2
loc(Rd;C) with ∇ψ ∈ L2(Rd;Cd). Then ∇◦ψ ∈ L2(Rd;Cd) and

(1.8) ∥∇ψ∥2L2 = ∥∇◦ψ∥2L2 = ∥∇a∥2L2 + ∥Λ∥2L2 .

Moreover,

ψn → ψ in L2
loc(Rd)

∇ψn → ∇ψ in L2(Rd)
=⇒ ∇◦ψn → ∇◦ψ in L2(Rd).

The statement in [6] (see also [4], and [3, 42] for extensions to nontrivial far
field) concerns only W 1,2(Rd), but the argument in our setting is analogous. The
polarization identity (1.8) is a direct consequence of |P | = 1 and the orthogonal
decomposition of ∇◦ψ into ∇a and Λ. It immediately yields boundedness and
the equality of norms ∥∇◦ψ∥L2 = ∥∇ψ∥L2 . Furthermore, as in the proof of [6,
Proposition 1.2], it is the key ingredient to obtain continuity.

We establish an analogue of (1.8) in the fractional range s ∈ (1, 32 ), namely the
polarization identity in Proposition 1.10 below. It plays the same twofold role:
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it underlies the equivalence of seminorms in Theorem 1.8(ii), and it is the key
ingredient in the proof of continuity.

Concerning the threshold s = 3
2 , the following elementary examples already show

its critical role: boundedness fails separately for ∇a and for Λ.

Example 1.5. Let d = 1, and let χ ∈ C∞
c (R; [0, 1]) with χ = 1 on [−1, 1] and

suppχ ⊂ [−2, 2].

(a) Let ψ(x) = χ(x)x. Then ψ ∈ C∞
c (R;R), meaning Λ = 0, while ∇a(x) =

sign(x) for x ∈ (−1, 1). Hence ∇a ∈ W s−1,2(R) only for s < 3
2 , although

ψ ∈W s,2(R) for every s ⩾ 1.
(b) Let ε ∈ (0, 1) and set

ψε(x) = χ(x)
(
(x− ε) + i(x+ ε)

)
.

The family (ψε)ε∈(0,1) is bounded in W s,2(R) for every s ⩾ 1. On (−1, 1), the
function ψε does not vanish and a direct computation gives

Λε(x) = − 2ε√
(x− ε)2 + (x+ ε)2

= −g
(x
ε

)
where g(y) =

√
2√

1 + y2
.

Now take s ∈ (32 , 2). Restricting the integral defining [Λε]W s−1,2 to (−1, 1)2

and rescaling, we obtain

[Λε]
2
W s−1,2 ⩾ ε3−2s

∫ 1

−1

∫ 1

−1

|g(x)− g(y)|2

|x− y|2s−1
dx dy,

where the last integral is positive since g is not constant. Therefore ∥Λε∥W s−1,2

diverges as ε → 0, i.e. the map ψ 7→ Λ is unbounded from W s,2(R) into
W s−1,2(R). In fact, for any s > 3

2 the sequence (ψε)ε∈(0,1) is bounded in

W s,2(R), and since W s−1,2(R) ↪→ W s′−1,2(R) for s ⩾ s′ the same conclusion
holds. Note that in the limit ε↘ 0 the phase of ψε attains a jump at the origin.

Both examples can be transferred to any dimension d ⩾ 2 by multiplication with a
cutoff function in the remaining variables (x2, . . . , xd).

Example 1.5(a) provides a smooth, compactly supported function ψ such that
∇a /∈ W s−1,2(R) for all s ⩾ 3

2 , whereas (b) only yields the unboundedness of

ψ 7→ Λ for s > 3
2 . At s = 3

2 , the lower bound is scale invariant and does not blow
up. Moreover, in (a) the phase-corrected gradient ∇◦ψ = sign(x) for x ∈ (−1, 1) is
discontinuous at the origin. The stronger statement of Theorem 1.1(ii), where both
ψ and ∇◦ψ are smooth and the endpoint s = 3

2 is included also for Λ, requires a
more refined construction (see Lemma 6.3 below).

1.4. Full main results. We now set up the functional framework needed to
state our main result in its full generality. We first recall several equivalent ways
to express the seminorm [F ]W θ,2 , θ ∈ (0, 1), for vector fields F : Rd → Cd.

Definition 1.6. Let θ ∈ (0, 1). For F : Rd → Cd we define the seminorm

[F ]W θ,2 =

(∫
Rd

|h|−d−2θ

∫
Rd

|∆hF (x)|2 dx dh
) 1

2

,(1.9)

where ∆hF (x) = F (x)− F (x− h), and the spaces

W θ,2(Rd;Cd) =
{
F ∈ L2(Rd;Cd) : [F ]W θ,2 <∞

}
,
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Ẇ θ,2(Rd;Cd) =
{
F ∈ L

2d
d−2θ (Rd;Cd) : [F ]W θ,2 <∞

}
for θ < d

2 .

Lemma 1.7. Let d ∈ N+ and θ ∈ (0, 1).

(i) There exists Cd,θ > 0 such that

[F ]2W θ,2 = Cd,θ∥F∥2Ḣθ

for every F ∈ C∞
c (Rd;Cd), where ∥F∥2

Ḣθ = ∥| · |θF̂∥2L2 .

(ii) Define the alternative seminorm

[F ]Xθ,2 =

(∫
Rd

|h|−d−2−2θ

∫
Rd

|∆hF (x) · h|2 dx dh
) 1

2

.(1.10)

Then the seminorms [ · ]Xθ,2 and [ · ]W θ,2 are equivalent on C∞
c (Rd).

In particular, the seminorms ∥ · ∥Ḣθ , [ · ]W θ,2 , and [ · ]Xθ,2 are all equivalent on

W θ,2(Rd), and if θ < d
2 also on Ẇ θ,2(Rd).

Proof. (i) If F ∈ C∞
c (Rd;Cd), then a calculation with the Fourier transform

û(ξ) =
1

(2π)
d
2

∫
Rd

e−ix·ξu(x) dx

shows that

[F ]2W θ,2 = Cd,θ

∫
Rd

|ξ|2θ|F̂ (ξ)|2 dξ with Cd,θ =
21−2θπ

d
2Γ(1− θ)

θΓ(d2 + θ)
.

(ii) By [68, Theorem 1] the seminorms [ · ]Xθ,2 and [ · ]W θ,2 are equivalent on
C∞
c (Rd). In our case p = 2, this can also be seen by a calculation with

the Fourier transform (see [31, 68]), which for F ∈ C∞
c (Rd) yields

[F ]2Xθ,2 =
Cd,θ
d+ 2θ

(
∥F∥2

Ḣθ + 2θ∥ΠF∥2
Ḣθ

)
,(1.11)

where Π̂F (ξ) = ξ⊗ξ
|ξ|2 F̂ (ξ) is the projection onto gradient fields in the Helmholtz

decomposition. In particular,

[F ]2Xθ,2 ⩽ [F ]2W θ,2 ⩽ (d+ 2θ)[F ]2Xθ,2 . □

Our arguments naturally work with the alternative seminorm [ · ]Xθ,2 . If F = ∇f
for some f : Rd → C, then we have the following representations (see (2.6)–(2.7)
below):

[∇f ]2Xθ,2 = (2 + 2θ)

∫
Rd

|h|−d−2−2θ

∫
Rd

|Rhf(x)|2 dx dh

=
2 + 2θ

θ

∫
Rd

|h|−d−2−2θ

∫
Rd

Re
[
Rhf(x)R−hf(x− h)

]
dx dh,

where Rhf(x) = ∆hf(x)−∇f(x) · h.

Throughout, we consider ψ ∈ W s,2
loc (Rd;C), complemented with one of the two

assumptions

∇ψ ∈ Ẇ s−1,2(Rd;Cd) or ∇ψ ∈W s−1,2(Rd;Cd).

Both assumptions only concern ∇ψ, and hence allow for nontrivial behavior of ψ at
infinity. The second one is more restrictive since W s−1,2(Rd) ⊂ Ẇ s−1,2(Rd) by the
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Sobolev embedding. As we shall see, the first assumption is sufficient for bound-
edness, while we require the second assumption for the equivalence of seminorms
and for continuity. We now state the full version of our main result: parts (i)–(iii)
concern the range s ∈ (1, 32 ), and parts (iv)–(vi) the range s ⩾ 3

2 .

Theorem 1.8. Let d ∈ N+ and s > 1. The following holds.

(i) Take s < 3
2 and let ψ ∈ W s,2

loc (Rd;C) with ∇ψ ∈ Ẇ s−1,2(Rd;Cd). Then

∇◦ψ ∈ Ẇ s−1,2(Rd;Cd) and

(3− 2s)2[∇a]2Xs−1,2 + (3− 2s)[Λ]2Xs−1,2 ⩽ 8[∇ψ]2Xs−1,2 .(1.12)

Moreover, the blow-up rates of the constants in (1.12) are sharp: there ex-

ists a sequence (ψn)n⩾4 ⊂ W
3
2−

1
n ,2(Rd) with [∇ψn]2

X
1
2
− 1

n
,2

≲ 1 such that

[∇an]2
X

1
2
− 1

n
,2
≳ n2 and [Λn]

2

X
1
2
− 1

n
,2
≳ n.

(ii) Take s < 3
2 and let ψ ∈ W 1,2

loc (Rd;C) with ∇ψ ∈ L2(Rd;Cd). Then ∇ψ ∈
W s−1,2(Rd;Cd) if and only if ∇◦ψ, PΛ ∈ W s−1,2(Rd;Cd). In this case, we
have the equivalence

(3− 2s)2

32
[∇ψ]2Xs−1,2 ⩽ [∇◦ψ]

2
Xs−1,2 +

3

8
[PΛ]2Xs−1,2 ⩽

32

(3− 2s)2
[∇ψ]2Xs−1,2 .(1.13)

Lastly, there exists a sequence (ψn)n∈N ⊂W s,2(Rd) such that

(1.14) [∇◦ψn]
2
Xs−1,2 + [Pn∇an]2Xs−1,2 ≲ 1,

while [PnΛn]Xs−1,2 and hence also [∇ψn]Xs−1,2 are unbounded.
(iii) Take s < 3

2 . We have

ψn → ψ in W s,2
loc (R

d)

∇ψn → ∇ψ in W s−1,2(Rd)
=⇒ ∇◦ψn → ∇◦ψ in W s−1,2(Rd).

(iv) Take s = 3
2 and note the definition of the Besov spaces in (3.36)–(3.37) below.

If ψ ∈ B
3
2
2,1(Rd;C), then a ∈ B

3
2
2,∞(Rd;R) and Λ ∈ W

1
2 ,2(Rd;Rd). Further-

more, there exists a constant C = C(d) > 0 such that

∥a∥2
B

3
2
2,∞

+ [Λ]2
X

1
2
,2
⩽ C∥ψ∥2

B
3
2
2,1

.(1.15)

Lastly, there exists a sequence (ψn)n∈N such that ψn → ψ in B
3
2
2,1(Rd), while

∇an ̸→ ∇a in B
1
2
2,∞(Rd) and Λn ̸→ Λ in W

1
2 ,2(Rd).

(v) Take s = 3
2 and ε ∈ (0, 12 ). If ψ ∈W

3
2+ε,2

loc (Rd;C) with ∇ψ ∈W
1
2+ε,2(Rd;Cd),

then Λ ∈W
1
2 ,2(Rd;Rd) and

[Λ]2
X

1
2
,2
⩽

4

3
[∇ψ]2

X
1
2
,2
+

7

ε
[∇ψ]

X
1
2
+ε,2 [∇ψ]X 1

2
−ε,2 .(1.16)

(vi) Take s ⩾ 3
2 . There exists ψ ∈ C∞(Rd;C) with ∇◦ψ ∈ C∞(Rd;Cd) such

that ψ ∈ W s,2(Rd) but ∇a,Λ ̸∈ W s−1,2(Rd). Furthermore, there exists
ψ ∈ C∞(Rd;C) with ∇◦ψ ∈ C∞(Rd;Cd) such that ψ ∈ W 2,2(Rd) but ∇a ̸∈
W

1
2 ,2(Rd) and Λ ̸∈ B

1
2
2,1(Rd).
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Theorem 1.8 provides the first fractional regularity result for Λ, whose analysis
is significantly more challenging than that of ∇a since it is highly sensitive to phase
oscillations. For ∇a one can use a spherical averaging formula (see (3.4) below) to
reduce the problem to the case of real-valued ψ. One cannot expect such a formula
to be available for Λ, since it does not correspond to a composition operator and is
not, in general, a conservative vector field.

Let us comment on the individual statements of Theorem 1.8.

(i) Boundedness holds in the whole range s ∈ (1, 32 ) under the sole condition

∇ψ ∈ Ẇ s−1,2(Rd), which allows for very general behavior of ψ at infinity.
For∇a we use the method of [21], where boundedness of ψ 7→ a onW s,2(Rd)
is proven (see also [65]), to extend the result to general conditions at infinity.
As s → 3

2 , the constants blow up at the rates (3 − 2s)−2 for ∇a and

(3− 2s)−1 for Λ, and both rates are sharp: Λ is less singular than ∇a near
the threshold.

(ii) This is the fractional counterpart of the equality ∥∇◦ψ∥L2 = ∥∇ψ∥L2 from
Proposition 1.4, and provides a converse to (i): the regularity of ψ can be
recovered from that of the hydrodynamic variables (∇a,Λ), provided that
PΛ is controlled as well. In contrast to the case s = 1, the phase-corrected
gradient alone does not suffice: the last statement of (ii) shows that the
control of PΛ cannot be dropped, even if P∇a is controlled.

(iii) Continuity is new for both ∇a and Λ. It holds in the whole range s ∈ (1, 32 )
and only requires local convergence of ψn, in addition to the convergence
of ∇ψn in W s−1,2(Rd). In particular, it yields Corollary 1.2.

(iv) At the threshold s = 3
2 , boundedness from W

3
2 ,2 into W

1
2 ,2 fails (see (vi)),

but it can be partially recovered by slightly strengthening the assumption

to ψ ∈ B
3
2
2,1(Rd). In this case a ∈ B

3
2
2,∞(Rd). This is due to [63, Theorem

1.1], where endpoint Besov estimates are proven for a class of composi-
tion operators including the modulus. On the other hand, Λ belongs to

W
1
2 ,2(Rd) = B

1
2
2,2(Rd), which is strictly smaller than the space B

1
2
2,∞(Rd)

containing ∇a. This result is new and demonstrates once more that Λ has
better regularity properties than ∇a at the endpoint s = 3

2 . In contrast to
(iii), continuity fails at the endpoint. We assume the fully inhomogeneous

setting for simplicity, although we expect the assumption ∇ψ ∈ B
1
2
2,1(Rd)

to suffice.
(v) This is a variant of (iv) for Λ, which requires higher regularity but imposes

weaker assumptions on the behavior at infinity, since only ∇ψ, and not ψ,
is required to be globally square integrable.

(vi) The first statement shows that the range s < 3
2 in (i) is sharp for both ∇a

and Λ, even for smooth ψ and ∇◦ψ: the failure of boundedness is thus not
caused by a local singularity of ∇◦ψ. The second statement shows that (iv)

and (v) are sharp as well: ∇a ∈ W
1
2 ,2(Rd) cannot be expected even for

ψ ∈ W 2,2(Rd), so that no analogue of (v) holds for ∇a, and the regularity

Λ ∈W
1
2 ,2(Rd) cannot be improved to Λ ∈ B

1
2
2,1(Rd).

Remark 1.9 (Regularity of ∇a and Λ for 1 ⩽ s < 3
2 ). Observe that ∇a cannot be

more regular than ∇ψ in general: for instance, ∇a = ∇ψ whenever ψ is real-valued
and positive. For Λ, on the other hand, a gain of regularity is not excluded a priori,
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for two reasons. First, Λ turns out to be better behaved than ∇a, see Theorem
1.8(i) and comment (iv) above, as well as Theorem 1.12 below. Second, in Λ = av
the vanishing amplitude might dampen the singularities of the velocity field at the
vacuum. The following examples show that neither of the two effects leads to a
gain, i.e. Λ has in general the same regularity as ∇ψ, both away from and at the
vacuum. Let

ψ1(x) = χ(x)
(
x+ 1

2

)
ei|x| ψ2(x) = χ(x)x ei ln |x|

with χ as in Example 1.5. Then ψ1, ψ2 ∈W s,2(R) exactly for s < 3
2 , and

Λ1(x) = χ(x)
∣∣x+ 1

2

∣∣ sign(x) Λ2(x) = χ(x) sign(x).

Both Λj , j = 1, 2, display a jump at the origin, so that Λj ∈ W s−1,2(R) exactly
for s < 3

2 . In the first case, the jump is produced by the kink of the phase |x| at
a point where ψ1 does not vanish, its only zero in (−2, 2) being x = − 1

2 . In the

second case, the origin is a vacuum point at which the velocity field v2(x) =
1
x is

singular: the vanishing amplitude a2(x) = χ(x)|x| compensates the blow-up of v2
only up to a jump of Λ2 = a2v2, so that the vacuum has no regularizing effect.

We now state the polarization identity anticipated above.

Proposition 1.10. Let d ∈ N+ and s ∈ (1, 32 ). Suppose ψ ∈ W s,2
loc (Rd;C) with

∇ψ ∈ W s−1,2(Rd;Cd). Then ∇a,Λ, PΛ ∈ W s−1,2(Rd) and the following polariza-
tion identity holds:

(3− 2s)[∇a]2Xs−1,2 + (2s− 1)[Λ]2Xs−1,2 − (3− 2s)[∇ψ]2Xs−1,2

(1.17)

=

∫
Rd

|h|−d−2s

∫
Rd

2(2s− 1)Re
[
P (x)

(
Rhψ(x)∆h∇a(x) · h

−Rha(x)∆h∇ψ(x) · h
)]

dx dh

−
∫
Rd

|h|−d−2s

∫
Rd

Im
[
P (x)Rhψ(x)

((
8(s− 1)− 2(3− 2s)P (x)P (x− h)

)
∆hΛ(x) · h

+ 2(3− 2s)P (x− h)∆h(PΛ)(x) · h
)]

dx dh.

Remark 1.11 (Concerning the real-valued case). Consider the case ψ : Rd → R,
where Λ = 0. We write u = ψ in order to distinguish it from the complex-
valued case. For u ∈ W s,2(Rd;R), the estimate for ∇a in (i) is due to [21, 65],
although we provide explicit constants. If u changes sign, then the strict lower
bound [∇|u|]W s−1,2(Rd) > [∇u]W s−1,2(Rd) is proven to hold for s ∈ (1, 32 ) in [64,
Theorem 1] (see also [43]). This relies on the following polarization identity (see
[64, Equation (4)]):

[∇|u|]2W s−1,2 − [∇u]2W s−1,2

= −16s(d+ 2s− 2)

∫
Rd

|h|−d−2s

∫
Rd

u(x) + |u(x)|
2

u(x− h)− |u(x− h)|
2

dx dh.

Here the right-hand side has a sign, which immediately yields the lower bound.
By contrast, the polarization identity (1.17), which is central to our results, is
formulated in terms of the seminorm [ · ]Xs−1,2 and has a right-hand side without
definite sign.
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Organization of the proofs of Theorem 1.8 and Proposition 1.10. For the con-
venience of the reader, we indicate where the different parts of Theorem 1.8 are
proved. Theorem 3.6 and Corollary 3.7 below imply (i) and (ii), while the sharp-
ness of the blow-up rates of the constants is verified in Lemma 6.2. Theorem 4.1
corresponds to (iii); Proposition 3.9, Corollary 3.10 and Lemma 6.4 to (iv); Lemma
3.11 to (v); and Lemmas 6.3 and 6.5 to (vi). Finally, Proposition 1.10 is part of
Theorem 3.6.

Additional results for s ∈ [ 32 , 2]. Since the integrals in (1.17) depend analytically

on s, it is natural to ask whether the identity can be extended to the range s ∈ [ 32 , 2),
provided all integrals exist. Indeed, this is the case, and in fact several results of
Theorem 1.8 can be extended to this range. Using the Bourgain–Brezis–Mironescu
formula [25], it is even possible to obtain a statement at s = 2. The following
theorem is a consequence of Theorems 3.6 and 4.1, as well as Corollaries 3.8 and
3.12.

Theorem 1.12. Let d ∈ N+ and s ∈ [ 32 , 2]. The following holds.

(i) Take s < 2 and let ψ ∈ W s,2
loc (Rd;C) with ∇ψ ∈ W s−1,2(Rd;Cd). Assume

in addition that a ∈ W s,2
loc (Rd) and ∇a ∈ W s−1,2(Rd). Then we have Λ ∈

W s−1,2(Rd) and
[Λ]2Xs−1,2 ⩽ (4s− 6)[∇a]2Xs−1,2 + 4[∇a]Xs−1,2 [∇ψ]Xs−1,2 + 2[∇ψ]2Xs−1,2 .(1.18)

Furthermore, (1.17) still holds.
(ii) Take s = 3

2 . We have

ψn → ψ in W
3
2 ,2

loc (Rd)

∇ψn → ∇ψ in W
1
2 ,2(Rd)

sup
n∈N

[∇an]
X

1
2
,2 <∞

=⇒ Λn → Λ in W
1
2 ,2(Rd).

(iii) Take s ∈ ( 32 , 2). We have

ψn → ψ in W s,2
loc (R

d)

∇ψn → ∇ψ in W s−1,2(Rd)

∇an → ∇a in W s−1,2(Rd)

=⇒ Λn → Λ in W s−1,2(Rd).

(iv) Take s = 2 and let ψ ∈ W 2,2
loc (Rd;C) with ∇ψ ∈ W 1,2(Rd;Cd). Assume in

addition that a ∈W 2,2
loc (Rd) and ∇a ∈W 1,2(Rd). Then Λ ∈W 1,2(Rd) and

∥∇Λ∥2L2 ⩽ 6∥∇2a∥2L2 + 12∥∇2a∥L2∥∇2ψ∥L2 + 6∥∇2ψ∥2L2 .(1.19)

1.5. Generalized phase-corrections and parabolic PDEs. Theorem 1.8,
together with Proposition 1.4 for s = 1, implies boundedness and continuity for a
large class of operators involving phase-dependent first-order nonlinearities, which
we think of as more general phase-corrected gradients. Precisely, given a Lipschitz
function f : S1 → C and ψ ∈W 1,1

loc (Rd;C), we define

∇◦,fψ = f(P )∇ψ for some P ∈ P(ψ).

As for ∇◦ψ, which corresponds to f(z) = z, this definition is independent of the
choice of the polar factor P ∈ P(ψ) since ∇ψ = 0 almost everywhere on V. The
following corollary is proven in Section 5 below.
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Corollary 1.13. Let d ∈ N+, s ∈ [1, 32 ), and let f : S1 → C be Lipschitz. If

ψ ∈ W s,2
loc (Rd;C) with ∇ψ ∈ W s−1,2(Rd;Cd), then ∇◦,fψ ∈ W s−1,2(Rd;Cd) and, if

s > 1,

[∇◦,fψ]Xs−1,2 ⩽

(
∥f∥L∞ +

4

3− 2s
[f ]Lip

)
[∇ψ]Xs−1,2 .(1.20)

Furthermore,

ψn → ψ in W s,2
loc (R

d)

∇ψn → ∇ψ in W s−1,2(Rd)
=⇒ ∇◦,fψn → ∇◦,fψ in W s−1,2(Rd).

Nonlinear maps of this kind appear in certain parabolic PDEs, such as the mean
curvature flow and anisotropic Allen–Cahn and Cahn–Hilliard equations.

Example 1.14 (Normalized p-Laplacian and mean curvature flow). For a function
u : R2 → R and p ∈ [1,∞), the normalized p-Laplacian is defined by

∆N
p (u) =

1

p
∆N

1 (u) +
p− 1

p
∆N

∞(u),

where

∆N
1 (u) = |∇u| div

(
∇u
|∇u|

)
and ∆N

∞(u) =

(
∇u
|∇u|

)T

∇2u

(
∇u
|∇u|

)
.

Note that ∆N
p (u) is a priori only well-defined at points x ∈ R2 with ∇u(x) ̸= 0.

Defining ψ = ∂xu+ i∂yu, we find that

∆N
p (u) =

1

2
∆u+

p− 2

p
Re

[
P

2 ∂x + i∂y
2

ψ

]
.

We use this identity to extend the definition of ∆N
p (u) almost everywhere, includ-

ing at critical points of u. Then Corollary 1.13 applied with f(z) = z2 yields
boundedness and continuity of the nonlinear mapping

∆N
p :W 2+θ,2(R2;R) −→W θ,2(R2;R)

for θ ∈ [0, 12 ). More precisely, using (1.20) and (1.11) to obtain an explicit constant,
we have(

1

2
− |p− 2|

p
Cθ

)
∥∆u∥W θ,2 ⩽ ∥∆N

p (u)∥W θ,2 ⩽

(
1

2
+

|p− 2|
p

Cθ

)
∥∆u∥W θ,2 ,

where Cθ =
√
1 + 2θ(1 + 8

1−2θ ) for θ > 0 and C0 = 1√
2
. The parabolic evolution

equation

∂tu = ∆N
p (u)

has been studied, for example, in [9, 12]. Note that the case p = 1 corresponds to
the level set formulation of mean curvature flow (see e.g. [35]).

Example 1.15 (Anisotropic Allen–Cahn and Cahn–Hilliard equations). Consider
u : R2 → R and let A ∈ C2(R2\{0};R) be positively 2-homogeneous. The nonlinear
mapping

A(u) = div (DA(∇u)) = D2A(∇u) : ∇2u
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appears in anisotropic Allen–Cahn and Cahn–Hilliard equations (see e.g. [1, 38]).
Defining again ψ = ∂xu+ i∂yu, we find that

A(u) = Re [f1(P )∂xψ + f2(P )∂yψ] ,

where

f1 = (∂11 − i∂12)A and f2 = (∂21 − i∂22)A.

Note that D2A is positively 0-homogeneous. If in addition D2A|S1 is Lipschitz
continuous, then Corollary 1.13 applied with f = fj , j = 1, 2, implies boundedness
and continuity of

A :W 2+θ,2(R2;R) −→W θ,2(R2;R)

for θ ∈ [0, 12 ).

1.6. Quantum hydrodynamics. As anticipated in Section 1.1, the Madelung
transform (1.4), introduced in 1926 [56], allows one to formally link Schrödinger
equations to hydrodynamic models. It associates to a complex-valued wave function
ψ = aeiΘ two quantities: an amplitude a and a velocity field v = ∇Θ. The physical
observables mass and momentum density amount to ρ = |ψ|2 = a2 and J = ρv.
This analogy is of particular relevance in the context of Bose–Einstein condensates
and superfluidity, where the effective dynamics are modeled by an order parameter
ψ at the macroscopic level that satisfies a nonlinear defocusing Schrödinger equation

(1.21) i∂tψ = −1

2
∆ψ + f(|ψ|2)ψ,

posed on Rd, with associated total (or Hamiltonian) energy

H(ψ) =

∫
Rd

1

2
|∇ψ|2 + F (|ψ|2) dx F (ρ) =

∫ ρ

ρ∞

f(r) dr.(1.22)

Here ρ∞ = lim|x|→∞ ρ(x) ⩾ 0 is the background density, which for now we set
to ρ∞ = 0. The internal energy density F (ρ) is characterized by the relation
p(ρ) = F ′(ρ)ρ − F (ρ). A formal computation shows that (ρ = a2, v) satisfy the
hydrodynamic equations

(1.23)

{
∂tρ+ div(ρv) = 0,

∂tv + (v · ∇)v +∇f(ρ) = 1
2∇
(
∆a
a

) .

In terms of the mass and momentum density (ρ, J), one recovers the quantum
hydrodynamic system (QHD) modeling quantum fluid flow at the macroscopic level:

(1.24)

{
∂tρ+ div J = 0

∂tJ + div
(
J⊗J
ρ

)
+∇p(ρ) = 1

2ρ∇
(
∆a
a

)
.

The associated total energy is

(1.25) E(ρ, J) =
∫
Rd

1

2
|∇a|2 + 1

2
|Λ|2 + F (a2) dx.

For power-law type nonlinearities f(|ψ|2) = |ψ|2(γ−1) in (1.21), one recovers a
barotropic pressure law given by p(ρ) ∼ ργ for (1.24). Moreover, (1.23) may be
written as a Hamiltonian system provided that v is irrotational, where the total
energy (1.25) serves as the Hamiltonian. In view of Proposition 1.4, the quantities
∇a,Λ are bounded in L2(Rd) provided that ψ is of finite energy.
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Thus, on a formal level, the Madelung transform allows one to pass from (1.21) to
(1.24). Conversely, one may pass from the hydrodynamic formulation to Schrödinger
dynamics provided that the hydrodynamic states allow for a wave function lifting
(see [7, 8, 17]). Both links suffer from being largely restricted to the vacuum-free
scenario. To the best of our knowledge, Proposition 1.4 is the only prior result
establishing good mapping properties of ψ 7→ (a,Λ) in the presence of vacuum.

In the following, we discuss applications of this analogy in the study of both
NLS and QHD, and highlight the relevance of the fractional regularity provided by
Theorem 1.8. We refer to [6] and references therein for an in-depth discussion of
quantum hydrodynamic models.

1.6.1. Fractional regularity of the momentum density. For the momentum density

(1.26) J = aΛ = Im
[
ψ∇ψ

]
,

it follows from Hölder and Sobolev inequalities that, given ψ ∈ H1(Rd;C),

J ∈ Lploc(R
d) for


p ∈ [1, 2] if d = 1,

p ∈ [1, 2) if d = 2,

p ∈
[
1, d

d−1

]
if d ⩾ 3.

We provide the following fractional regularity result for J .

Proposition 1.16. Let d ⩾ 2, s ∈ (1, 2). For j ∈ {1, 2} let ψj ∈ (L∞ ∩
W s,2

loc )(Rd;C) with ∇ψj ∈ Ẇ s−1,2(Rd;Cd). We have Jj ∈ Ẇ s−1,2(Rd) and

[Jj ]
2
Xs−1,2 ⩽ 2∥ψj∥2L∞ [∇ψj ]2Xs−1,2 ,

[J1 − J2]
2
Xs−1,2 ⩽ 4

(
∥ψ1∥2L∞ [∇(ψ1 − ψ2)]

2
Xs−1,2 + ∥ψ1 − ψ2∥2L∞ [∇ψ2]

2
Xs−1,2

)
.

If d = 1 then the same results hold for s ∈ (1, 32 ), and also for s ∈ [ 32 , 2) when the

space Ẇ s−1,2(R) is replaced with W s−1,2(R).

Remark 1.17. While the boundedness of ψ 7→ J can be proven with standard
product estimates, since J = Im[ψ∇ψ] does not involve the polar factor (and is
therefore not subject to the threshold s < 3

2 ), the proof we give illustrates some
aspects of the method used for Theorem 1.8 and yields additional Lipschitz-type
control.

1.6.2. The Cauchy problem. The QHD system amounts to the compressible Euler
equations with an additional dispersive stress tensor that depends in a highly non-
linear way on a and its derivatives up to third order. As such, it belongs to the class
of Euler–Korteweg systems, but with a particular choice of the capillarity tensor
that closely links it to a semilinear NLS equation. This analogy can be exploited
to establish a Cauchy theory for (1.24).

A first case concerns the scenario away from vacuum. Typically, one considers
non-vanishing boundary conditions such as ρ(x) → 1 for |x| → ∞ on Rd with
hydrodynamic initial data (a0 − 1, v0 = 1

a0
Λ0) ∈ H1(Rd)×L2(Rd). Under suitable

regularity assumptions, one may lift (a0, v0) to a wave function ψ0. Relying on
the well-posedness property of the underlying defocusing Gross–Pitaevskii type
equation

(1.27)

{
i∂tψ = − 1

2∆ψ + (|ψ|2 − 1)ψ

|ψ(x)|2 → 1 as |x| → ∞
,



BOUNDEDNESS AND CONTINUITY OF PHASE-CORRECTED GRADIENTS 15

the existence of a unique solution ψ ∈ C(R,E(Rd)) follows from [40] for d = 1, [39]
for d ∈ {2, 3}, and [46] for d = 4 and [2] for general nonlinearities. In turn, this
solution ψ can be shown to yield existence of weak solutions to (1.24). We refer to
[4, 5, 42] for d = 2, 3, [7, 62, 70] for d = 1, and [10] for d ⩾ 3.

initial data
(a0, v0)

initial data ψ0
solution
ψ to NLS

solution (a, v)
to QHD

This scheme provides a class of weak solutions that we refer to as Schrödinger -
generated solutions, and in general it does not yield uniqueness. For d = 1 and
away from vacuum, it is shown by the third author in [70] (see also [62]) that
the map (1.4) is locally bilipschitz continuous between relevant function spaces for
regularities s > 1

2 . The well-posedness of (1.27) in fractional energy spaces [50]
yields a global solution ψ ∈ C(R,E(R)) that enjoys additional fractional regularity.
As a result, global well-posedness of QHD with non-vanishing far field for small data
(ρ0, v0) ∈ (1 +Hs(R))×Hs−1(R) is obtained for s ⩾ 1. The proof fundamentally
relies on the fact that a positive distance to vacuum is guaranteed globally in time
if the initial data is sufficiently small.

Again away from vacuum, this analogy has also successfully been used to study
the long-time behavior of quantum hydrodynamics [10, 36, 41].

In the presence of vacuum, the Madelung transform is no longer well-defined. On
the other hand, Proposition 1.4 suggests that (a,Λ) are the appropriate unknowns
to address the Cauchy theory. This motivates the definition of hydrodynamic states.

Definition 1.18 (Hydrodynamic state [7]). Given ψ ∈ H1
loc(Rd;C) and (a,Λ) ∈

H1
loc(Rd;R)× L2(Rd;Rd), we say that (a,Λ) is a hydrodynamic state associated to

ψ if a = |ψ| and Λ = Im
[
P∇ψ

]
where P ∈ P(ψ).

Proposition 1.4 above guarantees the existence of the hydrodynamic states for
ψ ∈ H1

loc(Rd) with ∇ψ ∈ L2(Rd), and their physical admissibility in the sense
that ∇a(x) = Λ(x) = 0 a.e. on the vacuum set V. This is a key tool to construct
finite energy weak solutions to (1.24) for initial data that are hydrodynamic states
associated to some ψ ∈ H1(Rd). Specifically, global existence on Rd with initial data
(a0,Λ0) ∈ H1(Rd)×L2(Rd) is proven in [4, 6], while extensions to nontrivial far field
behavior and vortex-type solutions are provided in [42]. Note that weak solutions to
(1.24) are in general not unique [30, 58]. Our main result yields that Schrödinger-
generated weak solutions to (1.24) dynamically inherit fractional regularity up to
the threshold s < 3

2 .

Proposition 1.19. Let T > 0 and (a,Λ) ∈ L∞([0, T ];H1
loc(Rd;R) × L2(Rd;Rd))

be a Schrödinger-generated weak solution to (1.24), i.e. there exists a solution ψ ∈
C([0, T ];H1

loc(Rd)) to the underlying NLS equation (1.21) such that

a = |ψ| and Λ = Im
[
P∇ψ

]
.

If the solution satisfies ∇ψ ∈ Lp([0, T ]; Ẇ s−1,2(Rd)) for some 1 < s < 3
2 and

1 ⩽ p ⩽ ∞, then ∇a,Λ ∈ Lp([0, T ]; Ẇ s−1,2(Rd)).

Note that this also applies to the weak solutions constructed from purely hy-
drodynamic initial data in [7, 8] by means of a wave function lifting. A prototype
application of Proposition 1.19 enables us to transfer a potential regularity gain
from Kato smoothing for (nonlinear) Schrödinger equations to (QHD). Typically,
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Figure 1. A Galilean-boosted black soliton ψ(x) = eiµx tanh(x).

and at least for linear Schrödinger equations [28], local smoothing estimates yield
the local gain of half a space derivative. Our fractional estimate allows one to pre-
cisely transfer this regularity gain to the associated hydrodynamic states, up to an
arbitrarily small loss.

On a related note, energy sub-critical defocusing Schrödinger equations can be
expected to enjoy a persistence of regularity property. For nonlinearities such as
f(ρ) = ργ−1, γ ⩾ 1, the local well-posedness theory of (1.21) ensures that the
regularity of initial data propagates dynamically [23]. In the defocusing integrable
case d = 1 and f(ρ) = ρ, conserved fractional energies have been constructed both
for (1.21) and (1.27) in [50, 51], implying propagation of fractional regularities
globally in time.

One may ask whether solutions exist that dynamically saturate the regularity
estimate provided by Theorem 1.8. We give below two types of stationary solutions
to (1.27) for which (a,Λ) are only of fractional regularity, while ψ is smooth.

Example 1.20. For d = 1, we consider the black soliton

(1.28) ψ(x) = tanh(x) ∈ E(R),

which is a stationary solution to (1.27) and correspondingly to (1.24) (see [13]).
Here ψ ∈ Hs

loc(R) for all s ∈ R while a ∈ Hs
loc(R) only for s < 3

2 . As (1.28)
constitutes a real-valued solution, one has Λ = 0. By applying a Galilean boost to
(1.28), we obtain a family of explicit solutions (depicted in Figure 1)

ψ0(x) = eiµx tanh(x), ψ(t, x) = eiµ(x−
µ
2 t) tanh(x− µt)

for which a straightforward computation shows that

a(t, x) = | tanh(x− µt)| Λ(t, x) = µa(t, x) = µ| tanh(x− µt)|.

We observe that if µ ̸= 0, then a,Λ ∈ Hs
loc(R) only for s < 3

2 . While this does
not dynamically saturate the regularity threshold for Λ identified in Theorem 1.8,
the example shows a loss of regularity of the hydrodynamic states compared to the
underlying wave function. In particular, it highlights a need for fractional regularity
estimates.

Example 1.21. For d = 2, we discuss the example of vortex solutions to the Gross–
Pitaevskii equation. For each n ∈ Z a stationary vortex solution of degree n is
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Figure 2. Left: radial vortex profiles an(r) for n = 0, 1, 2, 3, 4.
Right: the vector field Λ for the degree-1 vortex ψ(r, θ) = a1(r)e

iθ.

given by

(1.29) ψn(x) = an(r)e
inθ

where x = (r cos θ, r sin θ) are the polar coordinates. The amplitude profiles an(r)
are radial, non-negative, non-decreasing, and smooth. They have the asymptotic
behaviors

an(r) ⩽ Cr|n| for r < 1 and 1− n2

r2
⩽ an(r) ⩽ 1 for r ≫ 1.

Here

Λn(x) = nan(|x|)
x⊥

|x|2
.

For n = 1 one computes that ψ1 ∈ C∞(R2) while Λ1 ∈ Hs
loc(R2) only for s < 1.

Indeed, we have Λ1 ≈ x⊥

|x| close to the origin. In terms of integrability, it is well-

known that Λn /∈ L2(R2) for n ̸= 0 only due to the logarithmic divergence at infinity
while the multiplication with the amplitude desingularizes the behavior around the
origin. Note that global well-posedness of (1.27) for vortex type solutions in d = 2
is proven in [16], and the corresponding infinite energy weak solutions to (1.24) are
constructed in [42].

For the sake of completeness, we mention that the Madelung transform and
its inverse are also exploited in the construction of blow-up solutions to energy-
supercritical defocusing NLS equations in [59]. The implosion type blow-up occurs
away from vacuum.

1.6.3. Analysis of special solutions. The analysis of special solutions to (1.27) and
in particular their stability is naturally set up in the metric space (E, dE) due to the
nontrivial far field behavior. It is convenient to rely on the hydrodynamic states,
as the map

E(Rd) → H1(Rd;R)× L2(Rd;Rd)
ψ 7→ (1− a,Λ)

maps into a Banach space. In a scenario with uniformly positive distance to vacuum,
one may prove that ψ 7→ (1 − a, v = 1

aΛ) is indeed bounded from E(Rd) into
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the product space H1(Rd)×L2(Rd) with bounded inverse (modulo constant phase
rotations) into a weakened topology (see e.g. [62]). Consequently, one can set up the
mathematical analysis in Banach spaces, rather than the metric space (E(Rd), dE)
(see e.g. [14, 15]).

This approach breaks down in scenarios that allow for the occurrence of vacuum.
Indeed, the orbital stability analysis in [13] is complicated by this fact and largely
relies on the wave function dynamics, rather than the hydrodynamic unknowns.
Theorem 1.8 provides dynamical fractional regularity for the associated hydrody-
namic states, allowing for vacuum regions to be included, which we expect to be
highly relevant in this framework.

1.7. Comparison to literature on nonlinear operators on Sobolev spaces.
We begin by reviewing known results on the mapping properties of composition

operators

Tfψ(x) = f(ψ(x)),

where f : K → K and ψ : Rd → K are measurable functions for K ∈ {R,C}.
For simplicity, we focus on function spaces with p = 2. A well-known result (see
e.g. [11, Theorem 2.87]) states that if f is smooth with f(0) = 0 and s > 0, then
Tf : (Hs ∩ L∞)(Rd;R) → Hs(Rd;R) is bounded. If in addition f ′(0) = 0, then by
[11, Corollary 2.91] it is also continuous. The assumptions on f can be substantially
weakened (see for example [27]).

Note that for composition operators of the form Tf , boundedness and continuity
are not, in general, equivalent. On the Sobolev spaces W 1,p(Rd) with 1 ⩽ p <∞ it
has indeed been established that boundedness implies continuity [57]. This problem
is also studied in [22], which we refer to for an in-depth review of the matters
discussed below. Note also [20] for a very general setting using Orlicz–Sobolev
spaces over open sets.

Let us transition now to the case of non-smooth functions, the prototypical
example being the modulus f(ψ) = |ψ|. In the low-regularity range 0 < s < 1
the inequality |f(ψ(x)) − f(ψ(y))| ⩽ ∥Df∥L∞ |ψ(x) − ψ(y)|, together with f(0) =
0, suffices to prove that Tf : Hs(Rd;C) → Hs(Rd;C) is bounded when Df ∈
L∞(R2;R2×2) (see [22, Theorem 6] for a general statement). For high regularities
s > 3

2 we refer to [22, Theorems 8, 9], which imply for the one-dimensional case
that Tf : Hs(R;R) → Hs(R;R) is bounded if and only if f ∈ Hs

loc(R;R) and
f(0) = 0. This is indeed not the case for the modulus, where one can also directly
demonstrate the unboundedness, in any dimension, with explicit counterexamples
such as we give in Section 6 below.

The interesting range is 1 < s < 3
2 , where affirmative results for the boundedness

of T| · | : H
s(Rd;R) → Hs(Rd;R) when s < 3

2 were first obtained in [21, 65]. More
general results may be found in [22, 44]. Boundedness has also been established on
bounded domains with C2-boundary in [54, Theorem 1.1].

The case s = 1 is trivial and the case s = 3
2 fails. Here counterexamples are con-

structed in [65] for the real-valued case, but the same approach covers the complex-

valued case. We note the positive result [63], which states that T| · | : B
3
2
2,1(Rd;R) →

B
3
2
2,∞(Rd;R) is bounded (see also Proposition 3.9 below). To our knowledge, there

are no known results on the continuity of T| · | : Hs(Rd;C) → Hs(Rd;R) for

s ∈ (1, 32 ). We resolve this positively in Corollary 1.2 above. We mention also [45],
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where for µ > 1 and s ∈ (1, µ+ 1
2 ) the boundedness of T| · |µ : (Hs ∩ L∞)(Rd;R) →

Hs(Rd) is proven, and a similar result [66, Theorem 3.1] on the boundedness of

T| · |µ−1· from (Hs ∩ H
1
2+ε)(R;C) to Hs(R) for small ε > 0 and s ∈ (µ, µ + 1

2 ).
Lastly, we mention [67] for related results.

The mapping ψ 7→ ∇◦ψ, which we are interested in, is not a composition operator,
but since Re [∇◦ψ] = ∇T| · |(ψ) its mapping properties are related to those of T| · |.
Regarding this real part, we use the arguments from [21] in Section 3.1 to prove,

for the sake of completeness, that ∇a ∈ Ẇ s−1,2(Rd) when ∇ψ ∈ Ẇ s−1,2(Rd).
Our main object of interest is the vector field Λ = Im [∇◦ψ]. The difficulty lies
in the necessity to understand how the regularity of the function interacts with
the distance to vacuum. For the case of the real part, the convenient formula
(3.4) permits a reduction to the case of real-valued ψ, which greatly simplifies the
possible range of behaviors near vacuum. We do not expect that such an identity
and corresponding reduction to real-valued ψ are available for Λ since it is not, in
general, a conservative vector field, owing to the fact that it does not correspond
to a composition operator.

Since the polar factor P plays a major role, we mention also [24, 61] where the
boundedness of the map [P = eiΘ 7→ Θ] is studied.

1.8. Idea of the proof. We first point out that under the hypothesis of strict
absence of vacuum, namely |ψ| > c > 0 for some c > 0, the mapping properties of
ψ 7→ ∇◦ψ in appropriate Sobolev spaces Hs(B), where B ⊂ Rd is some ball, follow
by classical Bony-type composition estimates, as can be found in [11], or alterna-
tively by directly working with the definition of the Sobolev–Slobodeckij seminorms.
In the presence of vacuum, we cannot appeal to standard techniques. For example,
let us try to apply the fractional Leibniz rule to estimate Λ = Im

[
P∇ψ

]
:

∥Λ∥Hs−1 ≲ ∥P∥L∞∥∇ψ∥Hs−1 + ∥P∥Hs−1∥∇ψ∥L∞ .

Note that the second term cannot be controlled. In fact, we should not expect
product estimates to work for the following reason: for functions ψ(x) ∈ Hs(R)
the amplitude a(x) may vanish to arbitrarily high order as x → 0, and hence
the polar factor P (x) can have arbitrarily irregular behavior near x = 0. This
suggests that the regularity of P must be studied in a local-in-x sense, where
the size of the amplitude a(x) is considered. Indeed, we can informally think of
∥Λ∥Hs−1(Rd) = ∥a∇ logP∥Hs−1(Rd) as measuring regularity of logP with a weight a.
For the above reason, approaches based on the Fourier transform face difficulties.
It is not clear to us whether microlocal approaches may resolve this.

Instead, we work with the Sobolev–Slobodeckij seminorm [Λ]2W s−1,2 . It is natural

to try to use the nonlinear structure Λ = Im
[
ψ∇ψ
a

]
, manipulating ∆hΛ with the

goal of making differences ∆h∇ψ and ∆h∇a appear. For simplicity, let us assume
d = 1. We decompose

∆hΛ(x) = Im

[
ψ(x)

a(x)
∆hψ

′(x)

]

+ Im

[
∆hψ(x)

a(x)
ψ′(x− h)

]
+ Im

[
ψ(x− h)ψ′(x− h)∆ha

−1(x)
]
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= I1 + I2 + I3.

The first term I1 is unproblematic. The second term I2 presents a dilemma: if
we estimate |∆hψ(x)| ⩽ a(x) + a(x− h) in order to remove the singularity caused
by the vacuum, then the singularity |h|−d−2(s−1) in (1.9) is uncontrolled. On the
other hand, if we keep ∆hψ and use (1.9), then we utilize only s − 1 regularity of
ψ. In order to use the full s regularity of ψ, we need to work with the second-order
difference operator

Rhψ(x) = ∆hψ(x)− ψ′(x)h

which satisfies (see (2.6) below)∫
R
|h|−d−2(s−1)

∫
R
|h−1Rhψ(x)|2 dx dh =

1

2s
[ψ′]2W s−1,2 .(1.30)

We can write

I2 = Im

[
∆hψ(x)

a(x)

∆hψ(x)

h

]
+ Im

[
∆hψ(x)

a(x)
h−1R−hψ(x− h)

]
= I2,1 + I2,2

and

I3 = Im

[
ψ(x− h)

∆hψ(x)

h

]
∆ha

−1(x) + Im
[
ψ(x− h)h−1R−hψ(x− h)

]
∆ha

−1(x)

= − Im
[
P (x)P (x− h)

]
h−1∆ha(x) + Im

[
ψ(x− h)h−1R−hψ(x− h)

]
∆ha

−1(x)

= I3,1 + I3,2.

Conveniently, the first term I2,1 vanishes. Furthermore, we have the surprising
identity

I2,2 + I3,2 = Im
[(
P (x)− P (x− h)

)
h−1R−hψ(x− h)

]
,

so (1.30) yields ∫
R
|h|−d−2(s−1)

∫
R
|I2,2 + I3,2|2 dx dh ≲ [ψ′]2W s−1,2 .

The final term I3,1 is problematic. We progress by observing that

|I3,1|2 =

(
2
(
1− Re

[
P (x)P (x− h)

])
−
(
1− Re

[
P (x)P (x− h)

])2)
(h−1∆ha(x))

2

where(
1− Re

[
P (x)P (x− h)

])
h−1a(x) = Re

[
P (x− h)h−1R−hψ(x− h)

]
− h−1R−ha(x− h).

This means we can estimate

|I3,1|2 ≲ |h|−2|∆hψ(x)|(|Rhψ(x)|+ |R−hψ(x− h)|)
+ |h|−2|∆ha(x)|(|Rha(x)|+ |R−ha(x− h)|).

Here only one power of Rhψ(x) or Rha(x) is present, instead of the two powers
necessary in order to control the term as above. Nevertheless, with the Cauchy–
Schwarz inequality and (1.30) we can still estimate∫

R
|h|−1−2(s−1)

∫
R
|I3,1|2 dx dh ≲ ∥∇ψ∥2L2 + [ψ′]2W 2(s−1)+ν,2(1.31)
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+ ∥∇a∥2L2 + [a′]2W 2(s−1)+ν,2(1.32)

for any ν ∈ (0, 52 − 2s). Note that by Proposition 3.3 below we can estimate
[a′]W 2(s−1)+ν,2 ≲ [ψ′]W 2(s−1)+ν,2 (see [21]). The problem here is that the formulation
(1.9) of the Sobolev norm is only admissible for s − 1 ∈ (0, 1), which forces us to
use s−1+ν more regularity of ψ than we intended. This crude estimate still turns
out to be useful in Step 3.1 of the proof of Theorem 3.6.

Theorem 3.6 avoids this loss of regularity via the usage of a number of compli-
cated nonlinear identities (id1)–(id9), which are of algebraic nature. Ultimately,
these identities produce only three types of terms: those which can be controlled
using (1.30) like I2,2 + I3,2 above, or have a good sign, those which take the form

Re
[
Rhψ(x)∆hψ(x)

]
or Rha(x)∆ha(x) without absolute value, and lastly a num-

ber of further terms that can be estimated to yield a strictly smaller copy of the
left-hand side. We can then subtract this copy from the left-hand side to close the
argument. The key to estimating the second kind of terms is (2.9) below, which
states ∫

Rd

|h|−d−2s

∫
Rd

Re
[
Rhψ(x)∆hψ(x)

]
dx dh =

s− 1

2s(2s− 1)
[∇ψ]2Xs−1,2

as long as the integrand on the left-hand side is indeed integrable. Here a cancel-
lation weakens the singularity. Note that this step requires using translation and
scaling symmetry of the integral, which fails on domains. Caution is necessary: we
must already know the integral to exist in order for this cancellation to be rigorous.
This is where the crude estimate (1.31) turns out to be useful, as it implies the
integrability of wγ |∆hψ(x)||Rhψ(x)| over (x, h) ∈ Rd+d where γ ∈ (0, 14 ) is chosen
so that s− 1 = 2γ+ ν. This allows us to obtain a small amount of regularity for Λ.
We finally gain the full regularity by repeating the argument in a weaker fashion,
i.e. with a cutoff ε < |h| < ε−1, and taking the limit ε ↘ 0. Since the cutoff is
not invariant under scaling symmetry, we use the bootstrap-type Lemma 3.5. Our
argument yields more: once the integrability of all relevant terms and the existence
of the limit ε↘ 0 have been established, we obtain the explicit formula (1.17).

Note that the obtained estimates depend only on [∇ψ]W s−1,2 and [∇a]W s−1,2 .
There are, however, some points where a certain control of the low-frequency part
of∇ψ is needed. Specifically, observe that (1.31) requires∇ψ ∈ L2(Rd) (see Lemma
3.4 below). Our proof strategy therefore requires ∇ψ ∈ W s−1,2(Rd) to be in an
inhomogeneous Sobolev space. In Corollary 3.7 we use an approximation argument
to extend the result to ∇ψ ∈ Ẇ s−1,2(Rd).

This argument also works in higher dimensions, although it is fundamentally an
argument along one-dimensional subspaces of Rd. This means it only controls the
quantity ∆hΛ(x)·h. Fortunately, the fractional Korn’s inequality (see [68, Theorem
1] and (2.3) below) implies that controlling ∆hΛ(x) · h, which corresponds to the
“symmetric part of the fractional gradient” of Λ, is sufficient.

We expect that the argument can be transferred to the case of cylindrical domains
Tk × Rd, although this requires nontrivial changes.

As mentioned above, the argument does not work on domains due to its us-
age of translation and scaling symmetry. If one carries out these symmetrizations
nonetheless, certain terms that require additional regularity near the boundary
appear.
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2. Preliminaries

When we do not specify the target space of a function space under discussion,
the intended meaning is that any finite-dimensional vector space is admissible.

Recall the definitions of the space of test functions D(Rd) = C∞
c (Rd), the space

of distributions D′(Rd), the Schwartz space S(Rd), and the corresponding space
of tempered distributions S ′(Rd). For f ∈ S(Rd), we recall the definition of the
Fourier transform

f̂(ξ) =
1

(2π)
d
2

∫
Rd

e−iξ·xf(x) dx,

and for f ∈ S ′(Rd) the corresponding distributional Fourier transform f̂(ϕ) = f(ϕ̂)
for ϕ ∈ S(Rd).

For Ω ⊆ Rd and θ ∈ (0, 1), we recall the definition of the Sobolev–Slobodeckij
seminorm

[f ]W θ,2(Ω) =

(∫
Ω

∫
Ω

|x− y|−d−2θ|f(x)− f(y)|2 dx dy
) 1

2

and the fractional inhomogeneous Sobolev spaces

W θ,2(Ω) = {f ∈ L2(Ω) : [f ]W θ,2(Ω) <∞}

1In particular, the OpenAI services ChatGPT and Codex.
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W 1+θ,2(Ω) = {f ∈ L2(Ω) : ∇f ∈W θ,2(Ω)}

W 1+θ,2
loc (Rd) = {f ∈ L2

loc(Rd) : f |Ω ∈W 1+θ,2(Ω) for all bounded open Ω ⊆ Rd}

with the standard associated norms. Recall also for k ∈ N the definition of the
inhomogeneous Sobolev spaces

W k,2(Ω) = {f ∈ L2(Ω) : ∇1f, . . . ,∇kf ∈ L2(Ω)}

W k,2
loc (R

d) = {f ∈ L2
loc(Rd) : f |Ω ∈W k,2(Ω) for all bounded open Ω ⊆ Rd}

with the standard associated norms. When Ω = Rd, we write [ · ]W θ,2 = [ · ]W θ,2(Rd).
We define the homogeneous Sobolev–Slobodeckij spaces

Ẇ θ,2(Rd) = C∞
c (Rd)

[ · ]
Wθ,2

and note that they are Hilbert spaces. For θ < d
2 , which is the only range where

we use these spaces, it is known (see e.g. [26, Theorem 3.1]) that the identification

Ẇ θ,2(Rd) = {f ∈ L
2d

d−2θ (Rd) : [f ]W θ,2 <∞}(2.1)

is possible. We are interested specifically in vector fields F ∈ Ẇ θ,2(Rd;Cd). Here
we generally use the alternative norm

[F ]Xθ,2 =

(∫
Rd

∫
Rd

|x− y|−d−2−2θ|(F (x)− F (y)) · (x− y)|2 dx dy
) 1

2

.(2.2)

By [68, Theorem 1] there exists a constant C(d, θ) such that

[F ]Xθ,2 ⩽ [F ]W θ,2 ⩽ C(d, θ)[F ]Xθ,2(2.3)

for all F ∈ C∞
c (Rd), meaning that [ · ]Xθ,2 and [ · ]W θ,2 are equivalent norms on

Ẇ θ,2(Rd). Further details are given in Lemma 1.7 above.
We define for h ∈ Rd the first- and second-order finite difference operators

∆hf(x) = f(x)− f(x− h)(2.4)

Rhf(x) = ∆hf(x)−∇f(x) · h.(2.5)

For ε ⩾ 0 we define the annulus

Aε =

{
{h ∈ Rd : |h| ∈ (ε, ε−1)} , ε > 0

Rd , ε = 0
.

We often use the following shorthand notation for an important weight:

wθ = wθ(h) = |h|−d−2−2θ.

2.1. Inequalities. The following lemma summarizes several equivalent formula-
tions of a technical assumption that is needed in Lemma 2.2 below.

Lemma 2.1 (Integrability). Let d ∈ N+ and α ∈ (0, 1). Let f ∈ W 1+α,2
loc (Rd;C)

with [∇f ]Xα,2 <∞. The following are equivalent:

(i) wαRhf(x)∆hf(x) ∈ L1
hL

1
x(Rd+d;C).

(ii) wα(∆h∇f(x) · h)∇f(x) · h ∈ L1
hL

1
x(Rd+d).

(iii) wαr
−2α(∆rh∇f(x) · h)∇f(x) · h ∈ L1

hL
1
xL

1
r(Rd+d × [0, 1]).
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Proof. For (i) =⇒ (ii) we calculate

(∆h∇f(x) · h)∇f(x) · h = −Rhf(x)∆hf(x)

+R−hf(x− h)∆−hf(x− h)

− (∆h∇f(x) · h)Rhf(x).

Here the second term is integrable by the transformation (h, x) 7→ (−h, x− h) and
the last term is integrable by the Cauchy–Schwarz inequality and (i) of Lemma 2.2
below. Next, (ii) =⇒ (iii) follows from the transformation h 7→ rh. Lastly, for (iii)
=⇒ (i) we write

Rhf(x)∆hf(x) = Rhf(x)Rhf(x)−
∫ 1

0

(∆rh∇f(x) · h)∇f(x) · h dr

and note that (i) of Lemma 2.2 below implies the integrability of the first term,
while (iii) implies the integrability of the second term. □

Our main method of estimating quantities involving f and ∇f by [∇f ]Xα,2 is
the collection of inequalities given below.

Lemma 2.2 (Higher-order differences). Let d ∈ N+ and α ∈ (0, 1). Let f ∈
W 1+α,2

loc (Rd;C) with [∇f ]Xα,2 <∞.

(i) We have wα|Rhf(x)|2 ∈ L1
hL

1
x(Rd+d) and∫

Rd

wα

∫
Rd

|Rhf(x)|2 dx dh =
1

2 + 2α
[∇f ]2Xα,2 .(2.6)

Similarly, we have wαRe
[
Rhf(x)R−hf(x− h)

]
∈ L1

hL
1
x(Rd+d) and∫

Rd

wα

∫
Rd

Re
[
Rhf(x)R−hf(x− h)

]
dx dh =

α

2 + 2α
[∇f ]2Xα,2 .(2.7)

(ii) If wνRhf(x)∆hf(x) ∈ L1
hL

1
x(Rd×Rd) and [∇f ]Xν,2 <∞ for some ν ∈ (0, 1),

then for all ε > 0 we have∫
Aε

wα

∫
Rd

Re
[
Rhf(x)∆hf(x)

]
dx dh(2.8)

=

∫
Aε

wα

∫
Rd

|Rhf(x)|2 dx dh− 1

2

∫ 1

0

r2α
∫
rAε

wα

∫
Rd

|∆h∇f(x) · h|2 dx dhdr.

(iii) If wαRhf(x)∆hf(x) ∈ L1
hL

1
x(Rd+d), then∫

Rd

wα

∫
Rd

Re
[
Rhf(x)∆hf(x)

]
dx dh =

α

2(1 + α)(1 + 2α)
[∇f ]2Xα,2 .(2.9)

Proof. (i) We decompose∫
Rd

wα

∫
Rd

|Rhf(x)|2 dx dh

=

∫
Rd

wα

∫ 1

0

∫ 1

0

∫
Rd

Re
[
(∆rh∇f(x) · h)∆th∇f(x) · h

]
dx dtdr dh

=
1

2

∫
Rd

wα

∫ 1

0

∫ 1

0

∫
Rd

|∆rh∇f(x) · h|2 + |∆th∇f(x) · h|2 dx dtdr dh
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− 1

2

∫
Rd

wα

∫ 1

0

∫ 1

0

∫
Rd

|(∆rh∇f(x)−∆th∇f(x)) · h|2 dx dtdr dh

= (I) + (II).

Then we use a change of variables to write

(I) =

∫ 1

0

r2α dr

∫
Rd

wα

∫
Rd

|∆h∇f(x) · h|2 dx dh

and

(II) = −1

2

∫
Rd

wα

∫ 1

0

∫ 1

0

∫
Rd

|∆(r−t)h∇f(x) · h|2 dx dtdr dh

= −1

2

∫ 1

0

∫ 1

0

|r − t|2α dt dr
∫
Rd

wα

∫
Rd

|∆h∇f(x) · h|2 dx dh.

We obtain (2.6) from

(I) + (II) =
1

2

(
2

1 + 2α
− 2

(1 + 2α)(2 + 2α)

)
[∇f ]2Xα,2

=
1

2 + 2α
[∇f ]2Xα,2 ,

and then (2.7) via the identity

|∆h∇f(x) · h|2 = |Rhf(x) +R−hf(x− h)|2 = |Rhf(x)|2 + |R−hf(x− h)|2

+ 2Re
[
Rhf(x)R−hf(x− h)

]
.

(ii) Here we write∫
Aε

wα

∫
Rd

Re
[
Rhf(x)∆hf(x)

]
dx dh

=

∫
Aε

wα

∫
Rd

Re
[
Rhf(x)Rhf(x)

]
dx dh

−
∫
Aε

wα

∫
Rd

∫ 1

0

Re
[
(∆rh∇f(x) · h)∇f(x) · h

]
dr dx dh.

For the second integral, we note that (iii) from Lemma 2.1, applied with ν

instead of α, implies (∆rh∇f(x) · h)∇f(x) · h ∈ L1
xL

1
r(Rd × [0, 1]) for almost

all h ∈ Rd. Now the second integral can be symmetrized and estimated as
follows:

−
∫
Aε

wα

∫
Rd

∫ 1

0

Re
[
(∆rh∇f(x) · h)∇f(x) · h

]
dr dx dh

= −1

2

∫
Aε

wα

∫
Rd

∫ 1

0

|∆rh∇f(x) · h|2 dr dx dh

= −1

2

∫ 1

0

r2α
∫
rAε

wα

∫
Rd

|∆h∇f(x) · h|2 dx dhdr.

(iii) We perform the argument of (ii) with ε = 0, observing that the required
integrability is provided by Lemma 2.1, and that now we can calculate the
second term exactly.

□
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2.2. Approximation results. We state three approximation results that are
needed in the subsequent sections. The techniques used to prove them are standard.

Lemma 2.3. Let d ∈ N+ and θ ∈ (0, 12 ). If (Fn)n∈N ⊂ Ẇ θ,2(Rd;Cd) is a sequence

with Fn → F in L2
loc(Rd) and supn∈N[Fn]Xθ,2 <∞, then F ∈ Ẇ θ,2(Rd) and

[F ]Xθ,2 ⩽ lim inf
n→∞

[Fn]Xθ,2 .

Proof. There exists a subsequence Fnk
such that limk→∞[Fnk

]Xθ,2 = lim infn→∞[Fn]Xθ,2 .

Since (Fnk
)k∈N ⊂ Ẇ θ,2(Rd) is a bounded sequence in a Hilbert space, there exists

a further subsequence, which we also denote by Fnk
, that converges weakly to

some limit G ∈ Ẇ θ,2(Rd). Then Fnk
→ F in L2

loc(Rd) implies F = G. Lastly,
there exists another subsequence, which we still denote by Fnk

, converging suffi-
ciently quickly on arbitrarily large balls so that, with Chebyshev’s inequality and
the Borel–Cantelli lemma, one can show Fnk

→ F almost everywhere. Then lower
semicontinuity of the norm yields

[F ]Xθ,2 ⩽ lim inf
k→∞

[Fnk
]Xθ,2 = lim inf

n→∞
[Fn]Xθ,2 .

Furthermore, Fatou’s lemma and the Sobolev inequality imply F ∈ L
2d

d−2θ (Rd) and

∥F∥
L

2d
d−2θ (Rd)

⩽ lim inf
k→∞

∥Fnk
∥
L

2d
d−2θ (Rd)

≲ lim sup
n→∞

[Fn]Xθ,2 .

□

Lemma 2.4. Let d ∈ N+, α ∈ (0, 12 ), and ν ∈ (0, 1). Let f ∈ W 1+α,2
loc (Rd;C) with

∇f ∈ Ẇα,2(Rd;Cd). There exist fn ∈ W 1+ν,2
loc (Rd;C) with ∇fn ∈ W ν,2(Rd;Cd)

such that [∇fn −∇f ]Wα,2(Rd) → 0 and fn → f in W 1,2
loc (Rd).

Proof. One can calculate that there exists cd,α > 0 such that [F ]Wα,2(Rd) = cd,α∥|ξ|αF̂∥L2

for all F ∈ C∞
c (Rd;Cd). Define F = ∇f and note that F ∈ L

2d
d−2α (Rd;Cd) ⊂

S ′(Rd;Cd) has a well-defined distributional Fourier transform F̂ ∈ S ′(Rd;Cd).
Let ηn ∈ C∞

c (Rd \ {0}; [0, 1]) with ηn(ξ) → 1 for every ξ ∈ Rd \ {0} and define

F̂n(ξ) = ηn(ξ)F̂ (ξ). Then dominated convergence yields [Fn − F ]Wα,2 → 0. Since

F̂n is supported in an annulus, we have Fn ∈W ν,2(Rd).
Since F = ∇f , the identity ξjF̂k(ξ) = ξkF̂j(ξ) holds distributionally for every

j, k ∈ {1, . . . , d}, and the same is true for each Fn. This implies F̂n(ξ) = ξ ξ·F̂n(ξ)
|ξ|2 .

We now define ĝn = −i ξ·F̂n(ξ)
|ξ|2 so that ∇gn = Fn. Since supp F̂n is an annulus,

this construction is well-defined and gn ∈ W 1+ν,2(Rd). The homogeneous Sobolev
inequality now implies ∥Fn−F∥

L
2d

d−2α
≲ [Fn−F ]Wα,2 → 0. In particular, Fn → F

in L2
loc(Rd).

Set fn = gn − 1
|B1(0)|

∫
B1(0)

(gn − f) dx. By the classical Poincaré inequality

(see e.g. [33, Section 5.8.1, Theorem 1]) we have ∥fn − f∥L2(B1(0)) ≲ ∥∇f −
∇fn∥L2(B1(0)) → 0. For any larger ball B ⊇ B1(0) we again use the Poincaré
inequality to estimate ∥fn − f∥L2(B) ≲ ∥∇fn −∇f∥L2(B) + ∥fn − f∥L2(B1(0)) → 0.

Therefore fn → f in L2
loc(Rd), and hence also in W 1,2

loc (Rd). □

For d = 1 we can prove a stronger result.



BOUNDEDNESS AND CONTINUITY OF PHASE-CORRECTED GRADIENTS 27

Lemma 2.5. Let θ ∈ (0, 12 ) and f ∈ W 1+θ,2
loc (R;C) with f ′ ∈ Ẇ θ,2(R;C). There

exist fn ∈ C∞(R;C) with f ′n ∈ C∞
c (R) such that [f ′n − f ′]W θ,2 → 0 and fn → f in

W 1,2
loc (R).

Proof. By definition of Ẇ θ,2(R;C) there exist Fn ∈ C∞
c (R;C) such that [Fn −

f ′]W θ,2 → 0. We can now define fn(x) = f(0)+
∫ x
0
Fn(y) dy and argue as in Lemma

2.4, using Sobolev and Poincaré inequalities, to prove that fn → f in W 1,2
loc (R). □

3. Boundedness

3.1. Regularity of ∇a. In this section we slightly generalize [21, Théorème 1] to

functions ψ ∈ W 1+θ,2
loc (Rd;C) with ∇ψ ∈ Ẇ θ,2(Rd;Cd). The proof proceeds as in

[21] and requires no significant new ideas.
We use the following “slicing” result for Sobolev–Slobodeckij seminorms as a

substitute for the “Fubini” result that is used in [21, Lemme 3].

Proposition 3.1 ([53, Theorem 6.47]). Let d ∈ N+, θ ∈ (0, 1), and Ω ⊆ Rd be
open. Write ν⊥ = {x ∈ Rd : x · ν = 0} for ν ∈ Rd. For every F ∈ L2

loc(Ω;Cd) we
have

[F ]2Xθ,2(Ω) =
1

2

∫
Sd−1

∫
ν⊥

[F (x+ · ν) · ν]2W θ,2(Ω(x,ν)) dH
d−1(x) dHd−1(ν)(3.1)

where Ω(x, ν) = {t ∈ R : x+tν ∈ Ω}. In particular, a function F ∈ L2
loc(Ω) satisfies

[F ]Xθ,2(Ω) < ∞ if and only if it admits a representative F̃ such that [F̃ (x + · ν) ·
ν]W θ,2(Ω(x,ν)) <∞ for Hd−1-a.e. ν ∈ Sd−1 and Hd−1-a.e. x ∈ ν⊥ with Ω(x, ν) ̸= ∅,
and ∫

Sd−1

∫
ν⊥

[F̃ (x+ · ν) · ν]2W θ,2(Ω(x,ν)) dH
d−1(x) dHd−1(ν) <∞.

Proof. This is [53, Theorem 6.47], except the seminorm [ · ]W θ,2(Ω) has been replaced
with [ · ]Xθ,2(Ω). The only change necessary to the proof is that [53, Lemma 6.48] is

now applied to f(x, y) =
∣∣∣(F (x)− F (y)) · x−y

|x−y|

∣∣∣. □

We also need a fractional Hardy inequality.

Lemma 3.2. Let θ ∈ (0, 12 ), I ⊂ R be an interval, and f ∈ W θ,2(I;C). If I is

bounded and
∫
I
f(x) dx = 0, or if I is unbounded and f has compact support, then

we have ∫
I

dist(x,R \ I)−2θ|f(x)|2 dx ⩽ C[f ]2W θ,2(I).(3.2)

Proof. For the bounded case we use an inhomogeneous fractional Hardy inequality
such as [32, Theorem 4] and estimate the L2-norm using the fractional Poincaré
inequality. For the unbounded case we may assume that I = [0,∞) and use the
fractional Hardy inequality on the half-space [19, 37]. □

Proposition 3.3 (Variant of [21, Théorème 1]). For every θ ∈ (0, 12 ) there exists

C > 0 such that the following holds. Let d ∈ N+ and ψ ∈ W 1+θ,2
loc (Rd;C) with

∇ψ ∈ Ẇ θ,2(Rd;Cd). Then a ∈W 1+θ,2
loc (Rd;R) with ∇a ∈ Ẇ θ,2(Rd;Rd) and

[∇a]2Xθ,2 ⩽ C[∇ψ]2Xθ,2 .(3.3)
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Proof. Estimate. We first note that ∇a ∈ L
2d

d−2θ (Rd) follows directly from ∇ψ ∈
L

2d
d−2θ (Rd).
It suffices to prove the proposition in the one-dimensional case. To deduce the

higher-dimensional result, we use Lemma 2.4 with α = ν = θ to approximate ψ by a
sequence ψn appropriate for the application of Lemma 2.3. Then by Proposition 3.1
for almost every ν ∈ Sd−1 and x ∈ ν⊥ we have ∇ψn(x+ ·ν) ·ν ∈W θ,2(R). Applying
the one-dimensional estimate, again Proposition 3.1, and Lemma 2.3 yields (3.3).

By the formula

a′ =
1

4

∫ 2π

0

a′r dr,(3.4)

where ar = |ψr| and ψr = Re[ψ] cos r + Im[ψ] sin r, it suffices to consider the case
of real-valued ψ.

By Lemma 2.5 there exist ψn ∈ C∞(R;R) with ψ′
n ∈ C∞

c (R) such that [ψ′
n −

ψ′]W θ,2(R) → 0 and ψn → ψ in W 1,2
loc (R). Then a localized version of Proposition

1.4, obtained by using cutoffs, implies also a′n → a′ in L2
loc(R). Therefore Lemma

2.3 shows that it suffices to prove (3.3) for ψn and an, which we call ψ and a from
now on for simplicity.

We decompose

R = {ψ(x) > 0} ∪ {ψ(x) = 0} ∪ {ψ(x) < 0} = Ω+ ∪ Ω0 ∪ Ω−

and note that

a′|Ωσ
= σψ′|Ωσ

∀σ ∈ {+, 0,−}.

Since ψ′(x) = a′(x) = 0 for almost all x ∈ Ω0, we have∫
Ω0

∫
Ω0

|x− y|−1−2θ|∆x−ya
′(x)|2 dy dx = 0∫

Ω±

∫
Ω0

|x− y|−1−2θ|∆x−ya
′(x)|2 dy dx =

∫
Ω±

∫
Ω0

|x− y|−1−2θ|a′(x)|2 dy dx

=

∫
Ω±

∫
Ω0

|x− y|−1−2θ|ψ′(x)|2 dy dx

=

∫
Ω±

∫
Ω0

|x− y|−1−2θ|∆x−yψ
′(x)|2 dy dx∫

Ω±

∫
Ω±

|x− y|−1−2θ|∆x−ya
′(x)|2 dy dx =

∫
Ω±

∫
Ω±

|x− y|−1−2θ|∆x−yψ
′(x)|2 dy dx.

It remains to estimate the integral on Ω± × Ω∓, or more simply Ω+ × Ω−. First,
we decompose the open sets

Ω± =
⋃
j∈J±

I±j

into a disjoint union over countable index sets J±, where each interval I±j is a
connected component of Ω±. Now we estimate∑
j∈J+

∫
I+j

∫
Ω−

|x− y|−1−2θ|∆x−ya
′(x)|2 dy dx+

∑
j∈J−

∫
I−j

∫
Ω+

|x− y|−1−2θ|∆x−ya
′(x)|2 dy dx
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⩽
∑
j∈J+

∫
I+j

4

θ
dist(x,R \ I+j )

−2θ|ψ′(x)|2 dx+
∑
j∈J−

∫
I−j

4

θ
dist(x,R \ I−j )

−2θ|ψ′(x)|2 dx.

If I±j is a bounded interval, then ψ vanishes at its endpoints and hence we can apply

the homogeneous fractional Hardy inequality (3.2). If I±j is an unbounded interval,

then we use ψ′ ∈ C∞
c (R) to apply the homogeneous fractional Hardy inequality

instead. □

3.2. Regularity of Λ. We define for γ ∈ (0, 14 ) a set of approximants

A1+γ =
{
f ∈W 1+γ,2

loc (Rd;C) with ∇f ∈W γ,2(Rd;Cd)

and wγRhf(x)∆hf(x) ∈ L1
hL

1
x(Rd+d;C)

}
.

The following lemma provides a sufficient condition for membership in the set of
approximants.

Lemma 3.4. Let γ ∈ (0, 14 ) and β ∈ (0, 1 − 2γ). If f ∈ W 1+γ,2
loc (Rd;C) with

∇f ∈W 2γ+β,2(Rd;Cd), then f ∈ A1+γ .

Proof. By separating the cases |h| < 1 and |h| ⩾ 1, we find that ∇f ∈ W γ,2(Rd).
Since

∆hf(x) =

∫ 1

0

∇f(x− rh) · h dr

Rhf(x) = −
∫ 1

0

∆rh∇f(x) · h dr

we can estimate

1{|h|⩾1}wγ∥Rhf∆hf∥L1 ⩽ 1{|h|⩾1}|h|−d−2γ4∥∇f∥2L2 ∈ L1
h(Rd).

On the other hand, we know from (2.6) that

|h|−d−2−4γ−2β∥Rhf(x)∥2L2 ∈ L1
h(Rd),

so we are finished with Cauchy–Schwarz and the observation that

1{|h|<1}|h|−d−2+2β∥∆hf(x)∥2L2 ⩽ 1{|h|<1}|h|−d+2β4∥∇f∥2L2 ∈ L1
h(Rd).

□

The following crucial lemma allows us to bootstrap a growth bound of the form
u(ε) ≲ ε2γ−2θ to a uniform bound u(ε) ≲ 1.

Lemma 3.5. Let θ ∈ (0, 1) and u : (0, 1) → [0,∞) be measurable, satisfying the
growth bound u(ε) ⩽ cε2γ−2θ for some c > 0 and γ > 0. Define

U(ε) =

∫ 1

0

r2θu(εr) dr = ε−1−2θ

∫ ε

0

r2θu(r) dr

and suppose that

sup
ε∈(0,1)

(u(ε)− U(ε)) ⩽ C

for some C > 0. Then

sup
ε∈(0,1)

u(ε) ⩽
1 + 2θ

2θ
C.
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Proof. Define B(ε) = U(ε) − C
2θ and note that it is locally absolutely continuous.

We have

d

dε
(ε2θB(ε)) = ε2θ−1(u(ε)− U(ε)− C) ⩽ 0

almost everywhere. The growth bound for u implies U(ε) ⩽ c
1+2γ ε

2γ−2θ, and in

particular ε2θB(ε) → 0 as ε ↘ 0. We conclude that supε∈(0,1)B(ε) ⩽ 0 and hence

supε∈(0,1) u(ε) ⩽ supε∈(0,1) U(ε) + C ⩽ C
2θ + C ⩽ 1+2θ

2θ C. □

Theorem 3.6. Let d ∈ N+ and θ ∈ (0, 1). Suppose that ψ ∈ W 1,2
loc (Rd;C) with

∇ψ ∈ L2(Rd;Cd) and let P ∈ P(ψ) be a polar factor. Consider the following
statements:

(i) ψ ∈W 1+θ,2
loc (Rd) and ∇ψ ∈W θ,2(Rd).

(ii) a ∈W 1+θ,2
loc (Rd) and ∇a ∈W θ,2(Rd).

(iii) Λ, PΛ ∈W θ,2(Rd;Cd).
If θ < 1

2 then (i) ⇐⇒ ((ii) and (iii)). Next, if θ ⩾ 1
2 then ((i) and (ii)) =⇒ (iii).

Whenever (i), (ii), and (iii) hold, we have the polarization identity

(1− 2θ)[∇a]2Xθ,2 + (1 + 2θ)[Λ]2Xθ,2 − (1− 2θ)[∇ψ]2Xθ,2(3.5)

=

∫
Rd

wθ

∫
Rd

(2 + 4θ)Re
[
P (x)

(
Rhψ(x)∆h∇a(x) · h

−Rha(x)∆h∇ψ(x) · h
)]

dx dh

−
∫
Rd

wθ

∫
Rd

Im
[
P (x)Rhψ(x)

((
8θ − (2− 4θ)P (x)P (x− h)

)
∆hΛ(x) · h

+ (2− 4θ)P (x− h)∆h(PΛ)(x) · h
)]

dx dh.

Proof. Direction “=⇒”. Since a, ψ ∈ W 1+θ,2
loc (Rd), using Proposition 3.3 when

θ < 1
2 , we can use the fundamental theorem of calculus to write

a(x)− a(x− h) =

∫ 1

0

∇a(x− rh) · hdr(3.6)

ψ(x)− ψ(x− h) =

∫ 1

0

∇ψ(x− rh) · h dr.(3.7)

We use this in the estimates (2.6), (2.9), and (2.8) above, as well as in (3.12) below.
These are the only places where the fact that ∇a and ∇ψ are the weak derivatives
of a and ψ is used.

In the proof below we also make use of the crucial nonlinear identities (id1)–
(id14). Except for (id6), these follow purely algebraically from

PP = 1(3.8)

a = Pψ(3.9)

∇a = Re
[
P∇ψ

]
(3.10)

Λ = Im
[
P∇ψ

]
.(3.11)

We have verified these identities via symbolic calculations using the Python library
“SymPy” [60].
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Step 1: essential nonlinear identities. All identities below must be under-
stood in the sense of holding for almost all (x, h) ∈ Rd+d.

We introduce the auxiliary variables

Qh(x) = P (x)P (x− h),

as well as the shorthand notations

B±
h ψ(x) = Rhψ(x)P (x)±R−hψ(x− h)P (x− h)

B±
h a(x) = Rha(x)±R−ha(x− h).

We also define, for general functions L = L(x, h) and r ∈ R, the operators

SrL(x, h) =
L(x, h) + L(x− rh,−h)

2
TrL(x, h) = L(x, rh).

Define

L1(x, h) = (∆hΛ(x) · h)2.

The following identity is crucial:

(Rhψ(x))P (x) = Rha(x) + a(x− h)(1− Re[Qh(x)])(id1)

+ i(a(x− h) Im[Qh(x)]− Λ(x) · h).

It implies

∆hΛ(x) · h = − Im
[
B−
h ψ(x)

]
−∆ha(x) Im[Qh(x)].

We note also that

2 Im[Qh(x)]
2 = 4(1− Re[Qh(x)])− 2(1− Re[Qh(x)])

2

and

a(x)(1− Re[Qh(x)]) = Re
[
(R−hψ(x− h))P (x− h)

]
−R−ha(x− h)(id2)

∆ha(x)(1− Re[Qh(x)]) = −Re
[
B−
h ψ(x)

]
+B−

h a(x)

Combined with (2.6), these identities allow us to control the terms denoted by Gj ,
j ∈ {1, 3, 5, 6, 7, 8} below. On the other hand, (2.9) and (2.8) allow us to control
G2 and G4 below. As such, the terms denoted by Gj below are well-controlled.

Observe also that

Re
[
∆hψ(x)P (x)

]
= ∆ha(x) + a(x− h)(1− Re[Qh(x)]).(id3)

Using this, one can calculate that

L1 = −J1 +G1 +G2 + S1L2(id4)

where

J1(x, h) =
(
∆hΛ(x) · h+ 2 Im

[
B−
h ψ(x)

])2
G1(x, h) = 2 Im

[
B−
h ψ(x)

]2 − 2(∆ha(x))
2(1− Re[Qh(x)])

2

G2(x, h) = 4B−
h a(x)∆ha(x)

L2(x, h) = 8Re
[
−(Rhψ(x))P (x)

]
∆ha(x).

Here and below the terms denoted by Lj are key terms that remain to be estimated.



32 L.E. HIENTZSCH, R. SCANDONE, AND R. WEGNER

We calculate

L2 = G3 +G4 + L3(id5)

where

G3(x, h) = 4|Rhψ(x)|2 − 8Re
[
(Rhψ(x))P (x)

]
Rha(x)

G4(x, h) = −4Re
[
(Rhψ(x))∆hψ(x)

]
L3(x, h) = −4Re

[
(Rhψ(x))(∇ψ(x) · h)P (x)

2
]
.

Now we write

L3(x, h) = 4

∫ 1

0

Re
[
((∇ψ(x)−∇ψ(x− rh)) · h)(∇ψ(x) · h)P (x)

2
]
dr(3.12)

= 2

∫ 1

0

Re
[
((∇ψ(x)−∇ψ(x− rh)) · h)2P (x)

2
]
dr

+ 2

∫ 1

0

Re
[
((∇ψ(x) · h)2 − (∇ψ(x− rh) · h)2)P (x)

2
]
dr

=

∫ 1

0

r−2TrL4(x, h) dr(id6)

where

L4(x, h) = 2Re
[
((∇ψ(x) · h)2 − (∇ψ(x− h) · h)2)P (x)

2
]

+ 2Re
[
(Rhψ(x) +R−hψ(x− h))2P (x)

2
]
.

A remarkable identity states

S1L4 = G5 + J1 − Re [Qh(x)]L1(id7)

where

G5(x, h) = 2Re
[
(B−

h ψ(x))
2
]
−
∣∣B+

h ψ(x)−B+
h a(x)

∣∣2
+ ((B+

h a(x))
2 − (B−

h a(x))
2)(1 + Re [Qh(x)])− Re

[
(B+

h ψ(x)−B+
h a(x))

2Qh(x)
]
.

In summary, we have

L1 = −J1 +G1 +G2 + S1L2(3.13)

L2 = G3 +G4 + L3(3.14)

L3 =

∫ 1

0

r−2TrL4 dr(3.15)

S1L4 = G5 + J1 − Re [Qh(x)]L1.(3.16)

We now list a number of further, less essential identities. Since later we apply
(2.8) to G2 and G4, let us define

G2,1(x, h) = 4Rha(x)
2 + 4R−ha(x− h)2

G2,2(x, h) = −4(∆h∇a(x) · h)2

G4,1(x, h) = −2|Rhψ(x)|2 − 2|R−hψ(x− h)|2

G4,2(x, h) = 2|∆h∇ψ(x) · h|2.
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We have the identities

G1 +G2,1 + S1G3 +G4,1 +G2,2 +G4,2 +G5 = G6(id8)

G1 +G2,1 + S1G3 +G4,1 = G7(id9)

where

G6(x, h) =
1

2

∣∣∣∆h∇ψ(x) · h−∆h∇ψ(x) · hP (x)P (x− h)
∣∣∣2

+ 2B+
h a(x)Re

[
B+
h ψ(x)Qh(x)

]
+ 2B−

h a(x)Re
[
B−
h ψ(x)

]
− 2(B+

h a(x))
2 − (1 + Re [Qh(x)])(B

−
h a(x))

2

G7(x, h) = −2Re
[
(B−

h ψ(x))
2
]
+ 2B−

h a(x)Re
[
B−
h ψ(x)

]
− 2B+

h a(x)Re
[
B+
h ψ(x)

]
+ 2(B+

h a(x))
2.

Finally, we write

G6 + 2θG7 − 8θ Im
[
B−
h ψ(x)

]2
+ (1− Re [Qh(x)])L1 = S1G8

where

G8(x, h) = (2− 4θ)|Rhψ(x)P (x)−R−hψ(x− h)P (x− h)|2 − (2− 4θ)(∆h∇a(x) · h)2

+ 8R−ha(x− h)Re
[
Rhψ(x)P (x− h)− 2θP (x)

]
.

Here we have used again (id1)–(id2) to write (1−Re [Qh(x)])L1 in terms of a and
ψ.

Step 2: formally rewriting the integral. We shall now perform a series of
formal calculations with integrals. Afterwards, we justify them by verifying that
each term is indeed integrable. Recall that for ε ⩾ 0 we write Aε = {h ∈ Rd : |h| ∈
(ε, ε−1)} if ε > 0 and Aε = Rd if ε = 0. Recall furthermore the shorthand notation

wθ = wθ(h) = |h|−d−2−2θ.

We have

0 =

∫
Aε

wθ

∫
Rd

−L1 − J1 +G1 +G2 + S1G3 + S1G4

+ S1

∫ 1

0

r−2TrL4 dr dx dh.

Using that S1 and Sr are symmetries of the integral and the identity SrTr = TrS1,
we can write∫
Aε

wθ

∫
Rd

L1 + J1 dx dh

=

∫ 1

0

∫
Aε

wθ

∫
Rd

G1 +G2 + S1G3 + S1G4 + r−2TrL4 dx dhdr

=

∫ 1

0

∫
Aε

wθ

∫
Rd

G1 + S1G2 + S1G3 + S1G4 + r−2SrTrL4 dx dhdr

=

∫ 1

0

∫
Aε

wθ

∫
Rd

G1 + S1G2 + S1G3 + S1G4 + r−2TrS1L4 dx dhdr

=

∫
Aε

wθ

∫
Rd

G1 + S1G2 + S1G3 + S1G4 dx dh+

∫ 1

0

∫
Aε

wθ

∫
Rd

r−2TrG5 dx dhdr



34 L.E. HIENTZSCH, R. SCANDONE, AND R. WEGNER

+

∫ 1

0

∫
Aε

wθ

∫
Rd

r−2Tr (J1 − Re [Qh(x)]L1) dxdh dr.

For any function L : Rd+d → C we note the change of variables h 7→ h
r :∫

Aε

wθ

∫
Rd

r−2TrL(x, h) dx dh =

∫
rAε

r2θwθ

∫
Rd

L(x, h) dx dh.(3.17)

We also note that applying (2.8) yields∫
Aε

wθ

∫
Rd

S1G2 dx dh =

∫
Aε

wθ

∫
Rd

G2,1 dx dh+

∫ 1

0

r2θ
∫
rAε

wθ

∫
Rd

G2,2 dx dhdr,

and∫
Aε

wθ

∫
Rd

S1G4 dx dh =

∫
Aε

wθ

∫
Rd

G4,1 dx dh+

∫ 1

0

r2θ
∫
rAε

wθ

∫
Rd

G4,2 dx dhdr.

Therefore

∫
Aε

wθ

∫
Rd

L1 + J1 dx dh−
∫ 1

0

r2θ
∫
rAε

wθ

∫
Rd

−Re [Qh(x)]L1 + J1 dx dhdr

(3.18)

=

∫
Aε

wθ

∫
Rd

G1 +G2,1 + S1G3 +G4,1 dx dh

+

∫ 1

0

r2θ
∫
rAε

wθ

∫
Rd

G2,2 +G4,2 +G5 dx dhdr.

Formally taking the limit ε↘ 0 and multiplying both sides by (1 + 2θ) yields∫
Rd

wθ

∫
Rd

(1 + 2θ +Re [Qh(x)])L1 + 2θJ1 dx dh(3.19)

=

∫
Rd

wθ

∫
Rd

(1 + 2θ)(G1 +G2,1 + S1G3 +G4,1) +G2,2 +G4,2 +G5 dx dh

=

∫
Rd

wθ

∫
Rd

G6 + 2θG7 dx dh.

Substituting the definition of J1 lets us write∫
Rd

wθ

∫
Rd

(2 + 4θ)L1 + 8θ(∆hΛ(x) · h) Im
[
B−
h ψ(x)

]
dx dh

=

∫
Rd

wθ

∫
Rd

G6 + 2θG7 − 8θ Im
[
B−
h ψ(x)

]2
+ (1− Re [Qh(x)])L1 dx dh

=

∫
Rd

wθ

∫
Rd

S1G8 dx dh.

In order to obtain a cleaner formula, we use

8θ(∆hΛ(x) · h) Im
[
B−
h ψ(x)

]
= S1

(
8(∆hΛ(x) · h) Im

[
Rhψ(x)P (x)2θ

])
.

We have proved that

(1 + 2θ)[Λ]2Xθ,2 + (1− 2θ)[∇a]2Xθ,2(3.20)

= (1− 2θ)

∫
Rd

wθ

∫
Rd

∣∣∣Rhψ(x)P (x)−R−hψ(x− h)P (x− h)
∣∣∣2 dx dh
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− 4

∫
Rd

wθ

∫
Rd

R−ha(x− h)Re
[
(2θ −Qh(x))Rhψ(x)P (x)

]
dx dh

− 4

∫
Rd

wθ

∫
Rd

(∆hΛ(x) · h) Im
[
2θRhψ(x)P (x)

]
dx dh.

This is equivalent to

(1− 2θ)[∇a]2Xθ,2 + (1 + 2θ)[Λ]2Xθ,2(3.21)

= (1− 2θ)

∫
Rd

wθ

∫
Rd

|B−
h ψ(x)|

2 dx dh

+

∫
Rd

wθ

∫
Rd

Re
[
(Qh(x)− 2θ)(B+

h a(x)B
+
h ψ(x)−B−

h a(x)B
−
h ψ(x))

]
dx dh

− 4θ

∫
Rd

wθ

∫
Rd

∆hΛ(x) · h Im
[
B−
h ψ(x)

]
dx dh.

After subtracting (1− 2θ)[∇ψ]2Xθ,2 from both sides and using (2.6)–(2.7), we have

(1− 2θ)[∇a]2Xθ,2 + (1 + 2θ)[Λ]2Xθ,2 − (1− 2θ)[∇ψ]2Xθ,2 =

∫
Rd

wθ

∫
Rd

K1(x, h) dx dh

(3.22)

where

K1(x, h) = −(2− 4θ)Re
[
P (x)Rhψ(x)

(
R−hψ(x− h)P (x− h) +R−hψ(x− h)P (x)

)]
+Re

[
(Qh(x)− 2θ)(B+

h a(x)B
+
h ψ(x)−B−

h a(x)B
−
h ψ(x))

]
− 4θ∆hΛ(x) · h Im

[
B−
h ψ(x)

]
.

Note that

i(1−Qh(x))Λ(x− h) · h = R−hψ(x− h)P (x− h) +R−hψ(x− h)P (x)(id10)

− (1 +Qh(x))R−ha(x− h)

is a term which can be controlled using (2.6). We conclude the proof of (3.5) with
the identity

K1(x, h) = S1K2,(id11)

where

K2(x, h) = (2 + 4θ)Re
[
P (x) (Rhψ(x)∆h∇a(x) · h−Rha(x)∆h∇ψ(x) · h)

]
− Im

[
P (x)Rhψ(x) (8θ∆hΛ(x) · h− (2− 4θ)(1−Qh(x))Λ(x− h) · h)

]
.

Step 3: integrability. Note that (3.18) implies

∫
Aε

wθ

∫
Rd

L1 + J1 dx dh−
∫ 1

0

r2θ
∫
Arε

wθ

∫
Rd

L1 + J1 dx dhdr

(3.23)

⩽
∫
Aε

wθ

∫
Rd

L1 + J1 dx dh−
∫ 1

0

r2θ
∫
rAε

wθ

∫
Rd

L1 + J1 dx dhdr

⩽
∫
Aε

wθ

∫
Rd

L1 + J1 dx dh−
∫ 1

0

r2θ
∫
rAε

wθ

∫
Rd

−Re [Qh(x)]L1 + J1 dx dhdr

=

∫
Aε

wθ

∫
Rd

G7 dx dh+

∫ 1

0

r2θ
∫
rAε

wθ

∫
Rd

G6 −G7 dx dhdr.
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We now justify the existence of these integrals, and thereby the validity of the
calculations above. Once we have proven that Λ ∈ W θ,2(Rd), taking the limit
ε↘ 0 to go from (3.18) to (3.19) is justified by dominated convergence.

Let γ ∈ (0, θ4 ) and β ∈ (0, θ2 − 2γ). Then ψ ∈ (W 1+2γ+β,2
loc ∩ W 1+θ,2

loc )(Rd) with
∇ψ ∈ (W 2γ+β,2 ∩ W θ,2)(Rd). Since 2γ + β < 1

2 , Proposition 3.3 implies for θ < 1
2

that a, ψ ∈ (W 1+2γ+β,2
loc ∩ W 1+θ,2

loc )(Rd) and ∇a,∇ψ ∈ (W 2γ+β,2 ∩W θ,2)(Rd). If
θ ⩾ 1

2 , then this additional regularity has been assumed. The conditions of Lemma

3.4 are satisfied, which implies a, ψ ∈ A1+γ . This yields

wγRhψ(x)∆hψ(x) ∈ L1
hL

1
x(Rd+d)(3.24)

wγRha(x)∆ha(x) ∈ L1
hL

1
x(Rd+d).(3.25)

In particular, both ψ and a admit the estimates (2.6) with α ∈ {γ, θ}, (2.9) with
α = γ, and (2.8) with α = θ and ν = γ. Note also that ∇a,Λ ∈ L2(Rd) follows
directly from ∇ψ ∈ L2(Rd). We therefore aim to prove

[Λ]2Xθ,2 = sup
ε∈(0,1)

∫
Aε

wθ

∫
Rd

L1 dx dh <∞.

Step 3.1: the simple argument for Λ ∈ W γ,2(Rd). Here we use the calcu-
lations from Step 2 leading up to (3.23) with θ replaced by γ, and ε = 0 so that
Aε = Rd.

Note that by (id2) and (2.6) the functions

wγG for G ∈ {G1, G2,1, G2,2, G3, G4,1, G4,2, G5, G6, G7, G8}

are integrable on Rd+d. For wγG2 and wγG4 (3.24)–(3.25) yield the necessary
integrability.

For any L : Rd+d → C the function wγr
−2TrL is integrable over (x, h, r) ∈

Rd+d × [0, 1] if and only if wγL is integrable on Rd+d. We use this for wγG5.
Furthermore, (3.24)–(3.25) with (i) =⇒ (iii) of Lemma 2.1 imply that wγr

−2TrL4,
written using the right-hand side of (3.12), is integrable on Rd+d × [0, 1]. In par-
ticular wγL4 is integrable on Rd+d, and then also wγL3, wγL2, and wγL1 + wγJ1
by the identities (3.13)–(3.15). But wγL1 and wγJ1 are nonnegative, so both of
them are integrable on Rd+d, and furthermore wγr

−2TrL1 and wγr
−2TrJ1 are each

integrable on Rd+d × [0, 1].
Now the above calculations are well-defined, and (3.23) together with (id2),

(2.6), and (2.9) yield an estimate of the form [Λ]2Xγ,2 ⩽ C1(γ)[∇ψ]2Xγ,2+C2(γ)[∇a]2Xγ,2 ,

and in particular Λ ∈W γ,2(Rd).
Step 3.2: the delicate argument for Λ ∈ W θ,2(Rd). Now we use the above

calculations from Step 2 leading up to (3.23) with ε > 0 instead of ε = 0. The
integrability of all terms with weight wθ instead of wγ still holds, as wθ(h) ⩽
ε2(γ−θ)wγ(h) for h ∈ Aε. An inspection of L1 + J1, applying (2.6) and Step 3.1,
reveals that

u(ε) =

∫
Aε

|h|2γ−2θwγ

∫
Rd

L1 + J1 dx dh

satisfies the estimate

u(ε) ⩽ ε2γ−2θ

(
3[Λ]2Xγ,2 +

16

1 + γ
[∇ψ]2Xγ,2

)
.
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In particular, by using (3.23), (2.6), and (2.8), we see that the function u satis-
fies the assumptions of Lemma 3.5 with a certain constant C = C1(θ)[∇ψ]2Xθ,2 +

C2(θ)[∇a]2Xθ,2 . Then Lemma 3.5 yields

sup
ε∈(0,1)

∫
Aε

wθ

∫
Rd

(L1 + J1) dxdh ⩽
1 + 2θ

2θ
C.

We conclude, by taking the supremum over ε ∈ (0, 1), that [Λ]2Xθ,2 ⩽ 1+2θ
2θ C.

Now dominated convergence allows us to take the limit from (3.18) to (3.19). The
additional statement PΛ ∈W θ,2(Rd) follows from the identity

∆h(PΛ)(x) · h = P (x)∆hΛ(x) · h+ iP (x− h)
(
R−hψ(x− h)P (x− h)(id12)

+R−hψ(x− h)P (x)− (1 +Qh(x))R−ha(x− h)
)
.

Direction “⇐=”. Here we assume θ < 1
2 . If Λ ∈ W θ,2(Rd;Rd) then the

assumptions PΛ ∈W θ,2(Rd;Cd) and Z(P,Λ) <∞, where

Z(P,Λ) =

∫
Rd

|h|−d−2−2θ

∫
Rd

|∆hP (x)Λ(x) · h|2 dx dh,

are equivalent. We start as in the previous step, working with the enlarged annulus
Wε = {h ∈ Rd : |h| > ε} instead of Aε. This has the advantage that rWε = Wrε

for r ∈ (0, 1). Then the analogue of (3.18) is

∫
Wε

wθ

∫
Rd

L1 + J1 −G7 dx dh =

∫ 1

0

r2θ
∫
rWε

wθ

∫
Rd

L1 + J1 −G7

(3.26)

+G6 − (1 + Re [Qh])L1 dx dhdr.(3.27)

We define

D(x, h) = |∆h∇ψ(x) · h|2

Z(x, h) = |∆hP (x)Λ(x) · h|2

and note that

B−
h ψ(x) = −P (x)∆h∇ψ(x) · h− (1 + P (x)P (x− h))R−ha(x− h)(id13)

+ iP (x)∆hP (x)Λ(x) · h− i(1−Qh(x))∆hΛ(x) · h.
Then

L1 + J1 −G7 = 2D +H1

where

H1(x, h) = 2
∣∣∣(P (x) + P (x− h))R−ha(x− h)− i∆hP (x)Λ(x− h) · h

∣∣∣2
+ 4Re

[
(∆h∇ψ(x) · h)

(
(P (x) + P (x− h))R−ha(x− h) + i∆hP (x)Λ(x− h) · h

)]
+ 2L1(x, h) + 4(∆hΛ(x) · h) Im

[
B−
h ψ(x)

]
− 2B−

h a(x)Re
[
B−
h ψ(x)

]
+ 2B+

h a(x)Re
[
B+
h ψ(x)

]
− 2(B+

h a(x))
2.

On the other hand, we have the identity

∆h∇ψ(x) · h+ P (x)P (x− h)∆h∇ψ(x) · h = (P (x) + P (x− h))∆h∇a(x) · h
(id14)
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+ i∆hP (x)(Λ(x) + Λ(x− h)) · h.

This implies

G6 − (1 + Re [Qh])L1 = 2D +H2

where

H2(x, h) = −1

2

∣∣∣(P (x) + P (x− h))∆h∇a(x) · h+ i∆hP (x)(Λ(x) + Λ(x− h)) · h
∣∣∣2

+ 2B+
h a(x)Re

[
B+
h ψ(x)Qh(x)

]
+ 2B−

h a(x)Re
[
B−
h ψ(x)

]
− 2(B+

h a(x))
2 − (1 + Re [Qh(x)])(B

−
h a(x))

2 − (1 + Re [Qh(x)])L1(x, h).

We therefore rewrite (3.26) as∫ 1

0

r2θ
∫
rWε

wθ

∫
Rd

4D dx dh dr −
∫
Wε

wθ

∫
Rd

2D dx dh(3.28)

=

∫
Wε

wθ

∫
Rd

H1 dx dh−
∫ 1

0

r2θ
∫
Wrε

wθ

∫
Rd

H1 +H2 dx dhdr.

Note that for any δ > 0 there exists a constant Cδ > 0 such that

|H1(x, h)|+ |H2(x, h)| ⩽
δ

3
(D + |Rhψ(x)|2 + |R−hψ(x− h)|2)

+ Cδ(|∆h∇a(x) · h|2 + |Rha(x)|2 + |R−ha(x− h)|2

+ L1(x, h) + Z(x, h) + Z(x− h,−h)).

By the same argument as in the proof of (2.6), we can show that∫
Wε

wθ

∫
Rd

|Rhψ(x)|2 dx dh ⩽
∫ 1

0

r2θ
∫
Wrε

wθ

∫
Rd

|∆h∇ψ(x) · h|2 dx dhdr.(3.29)

We also have the inequality∫
Wε

wθ

∫
Rd

D dx dh ⩽ (1 + 2θ)

∫ 1

0

r2θ
∫
Wrε

wθ

∫
Rd

D dx dh dr,(3.30)

which uses the fact that the integral on the left-hand side increases when ε decreases.
We need to justify the existence of all integrals that appear above and in the
intermediate calculations once more. It is a consequence of ∇ψ,∇a,Λ ∈ L2(Rd)
and the inequality

∥(∆hψ,∆ha)∥L2 + ∥(Rhψ,Rha)∥L2 + ∥(∆h∇ψ · h,∆h∇a · h,Λ · h)∥L2 ≲ |h|∥∇ψ∥L2 .

(3.31)

Define

v(ε) =

∫ 1

0

r2θ
∫
Wrε

wθ

∫
Rd

D dx dh dr.

Applying (3.29) and (3.30) to (3.28) and using (2.6) yields

(2− 4θ − δ(2 + 2θ))v(ε)− δ

∫ 1

0

r2θv(rε) dr ⩽M

where M = Cδ
2 + 2θ

1 + 2θ

(
2 + θ

1 + θ
[∇a]2Xθ,2 + [Λ]2Xθ,2 + 2Z(P,Λ)

)
.



BOUNDEDNESS AND CONTINUITY OF PHASE-CORRECTED GRADIENTS 39

We choose δ = 1−2θ
2+θ and note that the above implies

v(ε)− 2

3

∫ 1

0

r2θv(rε) dr ⩽
M

2δ
.

Now we define u(ε) = v(ε
3
2 ) and α = 1

4 + 3
2θ so that

u(ε)−
∫ 1

0

r2αu(rε) dr ⩽
M

2δ
.

Note that (3.31) implies v(ε) ≲ ε−2θ∥∇ψ∥2L2 and hence u(ε) ≲ ε
1
2−2α. We can now

apply Lemma 3.5 to obtain a uniform bound for v(ε). Finally another application
of (3.30) yields ∇ψ ∈W θ,2(Rd). □

Corollary 3.7. Let d ∈ N+ and θ ∈ (0, 12 ). Let ψ ∈ W 1+θ,2
loc (Rd;C) with ∇ψ ∈

Ẇ θ,2(Rd;Cd) and let P ∈ P(ψ) be a polar factor. We have ∇a,Λ, PΛ ∈ Ẇ θ,2(Rd)
and

(1− 2θ)2[∇a]2Xθ,2 + (1 + 2θ)(1− 2θ)[Λ]2Xθ,2 ⩽ 8[∇ψ]2Xθ,2 .(3.32)

There exists an unbounded sequence (ψn)n∈N ⊂W 1+θ,2(Rd) for which [∇an]2Xθ,2 +

[Λn]
2
Xθ,2 ≲ 1. Furthermore, for this sequence [Pn∇an]Xθ,2 ≲ 1 while [PnΛn]Xθ,2 is

unbounded. Nevertheless, if ∇ψ ∈W θ,2(Rd) then we have the equivalence

[∇ψ]2Xθ,2 ⩽
32

(1− 2θ)2
[∇a]2Xθ,2 +

32

(1− 2θ)2
[Λ]2Xθ,2 + 12[PΛ]2Xθ,2 ⩽

796

(1− 2θ)4
[∇ψ]2Xθ,2 .

(3.33)

Proof. By Lemma 2.4, applied with α = ν = θ, there exist ψn ∈ W 1+θ,2
loc (Rd;C)

with ∇ψn ∈W θ,2(Rd;Cd) such that [∇ψn−∇ψ]Xθ,2 → 0 and ψn → ψ inW 1,2
loc (Rd).

Since ψn → ψ in W 1,2
loc (Rd), Proposition 1.4 implies ∇◦ψn → ∇◦ψ in L2

loc(Rd). On
the other hand, ψn is admissible for Proposition 3.3 and Theorem 3.6, which implies
∇◦ψn ∈ Ẇ θ,2(Rd). We similarly obtain PΛ ∈ Ẇ θ,2(Rd) from (3.34) below. Ap-
plying (2.6)–(2.7), (id10), and subsequently Young’s inequality for products with
parameters c1, c2 > 0 to the explicit formula (3.20), which is a better formulation
of (3.5) for this estimate, yields

(1− 2θ)[∇a]2Xθ,2 + (1 + 2θ)[Λ]2Xθ,2 ⩽ (1− 2θ)
4

2 + 2θ
[∇ψ]2Xθ,2

+ 4(1 + 2θ)

(
c1

4 + 4θ
[∇ψ]2Xθ,2 +

c−1
1

4 + 4θ
[∇a]2Xθ,2

)
+ 8θ

(
c2

4 + 4θ
[∇ψ]2Xθ,2 +

c−1
2

2
[Λ]2Xθ,2

)
.

We choose

c1 =
2(1 + 2θ)

(1 + θ)(1− 2θ)
c2 =

8θ

1 + 2θ

and obtain (3.32). Finally, Lemma 2.3 extends the inequality to ψ.
For the counterexample to reverse estimates analogous to (3.32), choose an =

n−1g for some 0 ̸= g ∈ C∞
c (Rd; [0, 1]), Pn = einx1 and set ψn = anPn. Clearly

[∇an]2Xθ,2 + [Λn]
2
Xθ,2 ≲ 1. Using the Fourier characterization of the seminorm,

one calculates that ∥∇ψn∥2Ḣθ and ∥PnΛn∥2Ḣθ are unbounded and ∥Pn∇an∥2Ḣθ is
bounded.
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The reverse inequality in (3.33) follows similarly from (3.5), (2.6), and applica-
tions of Young’s inequality for products with parameters c3, . . . , c6 > 0. Specifically,
we have

(1− 2θ)[∇ψ]2Xθ,2 ⩽ (1− 2θ)[∇a]2Xθ,2 + (1 + 2θ)[Λ]2Xθ,2

+ (2 + 4θ)

((
c3

4 + 4θ
+
c4
2

)
[∇ψ]2Xθ,2 +

(
c−1
3

2
+

c−1
4

4 + 4θ

)
[∇a]2Xθ,2

)
+ (2 + 4θ)

(
c5

4 + 4θ
[∇ψ]2Xθ,2 +

c−1
5

2
[Λ]2Xθ,2

)
+ (2− 4θ)

(
c6

4 + 4θ
[∇ψ]2Xθ,2 +

c−1
6

2
[PΛ]2Xθ,2

)
.

The choices

c3 =
(1− 2θ)(1 + θ)

3(1 + 2θ)
c4 =

1− 2θ

6(1 + 2θ)
c5 =

(1− 2θ)(1 + θ)

6(1 + 2θ)
c6 =

1 + θ

6

then yield the first inequality in (3.33). Note that (id12) and (2.6) imply

[PΛ]2Xθ,2 ⩽ 5
(
[∇ψ]2Xθ,2 + [∇a]2Xθ,2 + [Λ]2Xθ,2

)
.(3.34)

Combining this with (3.32) yields the second inequality in (3.33). □

Corollary 3.8. Let d ∈ N+ and θ ∈ [ 12 , 1). Let ψ ∈ W 1+θ,2
loc (Rd;C) with ∇ψ ∈

W θ,2(Rd;Cd) and let P ∈ P(ψ) be a polar factor. Assume that a ∈ W 1+θ,2
loc (Rd;R)

with ∇a ∈W θ,2(Rd;Rd). We have Λ ∈W θ,2(Rd) and
[Λ]2Xθ,2 ⩽ (4θ − 2)[∇a]2Xθ,2 + 4[∇a]Xθ,2 [∇ψ]Xθ,2 + 2[∇ψ]2Xθ,2 .(3.35)

Proof. We again use Theorem 3.6 to obtain Λ, PΛ ∈ W θ,2(Rd). We may discard
the first term in the right-hand side of the explicit formula (3.20) since 1− 2θ ⩽ 0.
Applying (2.6) and Young’s inequality for products with parameter c2 > 0 to (3.20)
then yields

(1− 2θ)[∇a]2Xθ,2 + (1 + 2θ)[Λ]2Xθ,2 ⩽
2(1 + 2θ)

1 + θ
[∇a]Xθ,2 [∇ψ]Xθ,2

+ 8θ

(
c2

4 + 4θ
[∇ψ]2Xθ,2 +

c−1
2

2
[Λ]2Xθ,2

)
.

We choose c2 = 8θ
1+2θ to obtain

[Λ]2Xθ,2 ⩽
2(2θ − 1)

1 + 2θ
[∇a]2Xθ,2 +

4

1 + θ
[∇a]Xθ,2 [∇ψ]Xθ,2 +

32θ2

(1 + θ)(1 + 2θ)2
[∇ψ]2Xθ,2 .

This implies (3.35). □

3.2.1. Regularity at the endpoint s = 3
2 . Recall the definition of the Besov spaces

B
3
2
2,1(Rd) and B

3
2
2,∞(Rd) from [69, Section 2.5.12], which use the norms

∥f∥2
B

3
2
2,1

= ∥f∥2W 1,2 + [∇f ]2
B

1
2
2,1

where [∇f ]2
B

1
2
2,1

=
∥∥∥1{|h|⩽1}|h|−d−

1
2 ∥∆h∇f(x)∥L2

x

∥∥∥2
L1

h

(3.36)

∥f∥2
B

3
2
2,∞

= ∥f∥2W 1,2 + [∇f ]2
B

1
2
2,∞

where [∇f ]2
B

1
2
2,∞

=
∥∥∥1{|h|⩽1}|h|−

1
2 ∥∆h∇f(x)∥L2

x

∥∥∥2
L∞

h

.

(3.37)
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Using Jensen’s inequality and Rhf(x) = −
∫ 1

0
∆rh∇f(x) · h dr, one finds that∫

Rd

|h|−d− 3
2

(∫
Rd

|Rhf(x)|2 dx
) 1

2

dh ⩽ C(d)∥f∥
B

3
2
2,1∥∥∥∥∥|h|− 3

2

(∫
Rd

|Rhf(x)|2 dx
) 1

2

∥∥∥∥∥
L∞

h

⩽ C(d)∥f∥
B

3
2
2,∞

.

Proposition 3.9 (Consequence of [63, Theorem 1.1]). Let d ∈ N+. There exists a

constant C > 0 such that for every ψ ∈ B
3
2
2,1(Rd;C) we have a ∈ B

3
2
2,∞(Rd;R) and

∥a∥
B

3
2
2,∞

⩽ C∥ψ∥
B

3
2
2,1

.

Proof. By (3.4) it suffices to assume that ψ is real-valued. The proof is finished by
checking that f(x) = |x| is an admissible function for [63, Theorem 1.1]. □

Corollary 3.10. Let d ∈ N+. There exists a constant C > 0 such that for every

ψ ∈ B
3
2
2,1(Rd;C) we have Λ ∈W

1
2 ,2(Rd;Rd) and

[Λ]2
X

1
2
,2
⩽ C∥ψ∥2

B
3
2
2,1

.

Proof. Note that for every θ ∈ (0, 12 ) we are in the setting of Theorem 3.6 and the

identity (3.5) is available. Let us assume θ > 1
4 and apply Young’s inequality for

products, (id10), and (2.6)–(2.7). This yields

[Λ]2Xθ,2 ⩽ C[∇ψ]2W θ,2 + C

∫
Rd

|h|−d−2−2θ

∫
Rd

|Rhψ(x)||R−ha(x− h)| dx dh

with a constant C = C(d) > 0. For the region |h| ⩽ 1 we use |h|−d−2−2θ ⩽
|h|−d−3 and Hölder’s inequality. For |h| > 1 we estimate with ∥ψ∥2W 1,2(Rd) and the

embedding B
3
2
2,1(Rd) ↪→W 1,2(Rd). Then Fatou’s lemma yields

[Λ]2
X

1
2
,2
⩽ sup
θ∈( 1

4 ,
1
2 )

[Λ]2Xθ,2 ⩽ C∥ψ∥2
B

3
2
2,1

+ C∥a∥2
B

3
2
2,∞

and Proposition 3.9 finishes the proof. □

Lemma 3.11. Let ε ∈ (0, 12 ). If ψ ∈ W
3
2+ε,2

loc (Rd;C) with ∇ψ ∈ W
1
2+ε,2(Rd;Cd),

then Λ ∈W
1
2 ,2(Rd;Rd) and

[Λ]2
X

1
2
,2
⩽

4

3
[∇ψ]2

X
1
2
,2
+

7

ε
[∇ψ]

X
1
2
+ε,2 [∇ψ]X 1

2
−ε,2 .

Proof. This is a consequence of taking the limit θ ↗ 1
2 (involving the use of Fatou’s

lemma) in (3.5) and using (2.6), analogous to the proof of Corollary 3.10. By
assuming 1

2 + ε regularity for ∇ψ, we only need to use 1
2 − ε < 1

2 regularity of ∇a.
Applying Young’s inequality for products with parameters c1, c2, c3 > 0 yields

2[Λ]2
X

1
2
,2
⩽

(
4c1

2(3 + 2ε)
+

4c2
2

)
[∇ψ]2

X
1
2
+ε,2

+

(
4c−1

1

2
+

4c−1
2

2(3− 2ε)

)
[∇a]2

X
1
2
−ε,2

+
4c3
6

[∇ψ]2
X

1
2
,2
+

4c−1
3

2
[Λ]2

X
1
2
,2
.
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With the choices

c1 =
√
3 + 2ε

[∇a]
X

1
2
−ε,2

[∇ψ]
X

1
2
+ε,2

c2 =
1√

3− 2ε

[∇a]
X

1
2
−ε,2

[∇ψ]
X

1
2
+ε,2

c3 = 2

we obtain

[Λ]2
X

1
2
,2
⩽

4

3
[∇ψ]2

X
1
2
,2
+ 4

(
1√

3 + 2ε
+

1√
3− 2ε

)
[∇ψ]

X
1
2
+ε,2 [∇a]X 1

2
−ε,2 .

The proof is finished by applying (3.32). Note that we may assume [∇ψ]
X

1
2
+ε,2 > 0

because the case of constant ψ is trivial. □

3.2.2. Regularity at the endpoint s = 2.

Corollary 3.12. Let d ∈ N+. For every ψ ∈W 2,2
loc (Rd;C) with ∇ψ ∈W 1,2(Rd;Cd)

and in addition a ∈W 2,2
loc (Rd;R) and ∇a ∈W 1,2(Rd;Rd), we have Λ ∈W 1,2(Rd;Rd)

and

∥∇Λ∥2L2 ⩽ 6∥∇2a∥2L2 + 12∥∇2a∥L2∥∇2ψ∥L2 + 6∥∇2ψ∥2L2 .(3.38)

Proof. By interpolation we can apply Corollary 3.8 for every θ ∈ [ 12 , 1). We multiply
(3.35) with (1− θ) on both sides and take the limit θ ↗ 1. By (1.11) we have

(1− θ)[Λ]2W θ,2 ⩽ (1− θ)(d+ 2θ)[Λ]2Xθ,2

⩽ (1− θ)(1 + 2θ)
(
(4θ − 2)[∇a]2W θ,2 + 4[∇a]W θ,2 [∇ψ]W θ,2 + 2[∇ψ]2W θ,2

)
.

The Bourgain–Brezis–Mironescu formula [25, Theorem 2] (see also [29, Remark
4.3]) allows us to take the limit θ ↗ 1 on both sides, which finishes the proof. □

3.3. Regularity of J .

Proof of Proposition 1.16. Set θ = s−1. We distinguish the case d = 1 because we
do not want to consider the homogeneous fractional Sobolev space Ẇ θ,2(Rd;Cd)
when θ ⩾ d

2 , as then the characterization (2.1) is not available. The proof is given
below only for the case where the homogeneous space is used. We use the identity

∆hJj(x) · h = − Im
[
ψj(x)Rhψj(x) + ψj(x− h)R−hψj(x− h)

]
.(3.39)

After squaring both sides and applying (2.6), we obtain boundedness. Since |Jj | =
aj |Λj | ⩽ aj |∇ψj |, we have also Jj ∈ L

2d
d−2θ (Rd), and hence Jj ∈ Ẇ θ,2(Rd). Since

Rh is a linear operator, we furthermore have

∆h(J1 − J2)(x) · h = − Im
[
ψ1(x)Rh(ψ1 − ψ2)(x) + ψ1(x− h)R−h(ψ1 − ψ2)(x− h)

](3.40)

− Im
[
(ψ1 − ψ2)(x)Rhψ2(x) + (ψ1 − ψ2)(x− h)R−hψ2(x− h)

]
,(3.41)

which yields local Lipschitz continuity. □



BOUNDEDNESS AND CONTINUITY OF PHASE-CORRECTED GRADIENTS 43

4. Continuity

Theorem 4.1. Let d ∈ N+ and θ ∈ (0, 1). Suppose that

ψn → ψ in W 1+θ,2
loc (Rd;C)

∇ψn → ∇ψ in W θ,2(Rd;Cd).

Assume in addition that

θ <
1

2
or

θ =
1

2
an ∈W 1+θ,2

loc (Rd)
sup
n∈N

[∇an]Xθ,2 <∞
or

θ >
1

2
∇an → ∇a in W θ,2(Rd)

.

Then

Λn → Λ in W θ,2(Rd) and if θ ̸= 1

2
also

an → a in W 1+θ,2
loc (Rd)

∇an → ∇a in W θ,2(Rd)
.

Proof. Proposition 1.4 implies (∇an,Λn) → (∇a,Λ) in (L2×L2)(Rd). By Proposi-
tion 3.3 and Corollaries 3.7 and 3.8 the sequences (∇an)n∈N, (Λn)n∈N ⊂ W θ,2(Rd)
are bounded, and hence the Banach–Alaoglu theorem implies, after passing to sub-
sequences, the weak convergence (∇an,Λn)⇀ (∇a,Λ) in (W θ,2 ×W θ,2)(Rd). Fur-
thermore, in any case we have a ∈W 1+θ,2

loc (Rd) and∇a,Λ ∈W θ,2(Rd). We note also

that ∇an → ∇a in W θ,2(Rd) together with ψn → ψ in W 1+θ,2
loc (Rd) implies an → a

inW 1+θ,2
loc (Rd). It therefore suffices to prove that for any subsequence (nk)k∈N there

exists a subsequence (nkj )j∈N so that Λnkj
→ Λ in W θ,2(Rd) and, if θ < 1

2 , also

∇ankj
→ ∇a in W θ,2(Rd). This justifies the passage to a subsequence we have

performed above. Note that we suppress these subsequences from our notation.
We assume for now that θ < 1

2 and equip the space (W θ,2 ×W θ,2)(Rd) with the
equivalent norm

∥(∇a,Λ)∥2θ = ∥(∇a,Λ)∥2L2 + [(∇a,Λ)]2θ
where [(∇a,Λ)]2θ = (1− 2θ)[∇a]2Xθ,2 + (1 + 2θ)[Λ]2Xθ,2 .

As weak convergence in (W θ,2×W θ,2)(Rd) and strong convergence in (L2×L2)(Rd)
have already been established, it suffices to show convergence of the squared semi-
norm

[(∇an,Λn)]2θ → [(∇a,Λ)]2θ.(4.1)

However, if θ = 1
2 then ∇an disappears from the seminorm and (4.1) still suffices.

Lastly, if θ > 1
2 then assuming strong convergence of ∇an inW θ,2(Rd) again implies

that (4.1) suffices. It therefore remains to prove (4.1). We do so by taking the limit
n→ ∞ on both sides of the crucial identity (3.5). Specifically, it suffices to prove∫

Rd

wθ

∫
Rd

In − I dx dh→ 0(4.2)

where wθ(h)In(x, h) and wθ(h)I(x, h) are the integrands on the right-hand sides of
(3.5) for ψn and ψ.

We may assume that (ψn,∇ψn, an,∇an,Λn) → (ψ,∇ψ, a,∇a,Λ) pointwise al-
most everywhere. To do so, we first consider an arbitrary subsequence and use
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the convergence of ψn and ∇ψn in the respective Sobolev spaces to switch to an-
other subsequence where these quantities converge pointwise almost everywhere.
By elementary inequalities the same pointwise convergence then holds, on this sub-
sequence, for an,∇an, and Λn. Proving (4.2) for a specific subsequence of an
arbitrary subsequence implies the statement for the original sequence.

We first prove that

lim
δ↘0

sup
n∈N

∫
{|h|<δ}

wθ

∫
Rd

|In|+ |I|dx dh = 0.(4.3)

Using the boundedness properties of Corollaries 3.7 and 3.8 and applying Hölder’s
inequality, (id10), and (2.6) to In and I yields∫

{|h|<δ}
wθ

∫
Rd

|In|+ |I|dx dh

⩽ C(θ) sup
n∈N

(
[∇an]Xθ,2 + [∇a]Xθ,2 + [∇ψn]Xθ,2 + [∇ψ]Xθ,2

)
(∫

{|h|<δ}
wθ

∫
Rd

|Rhψn(x)|2 + |Rhψ(x)|2 + |∆h∇ψn(x) · h|2 + |∆h∇ψ(x) · h|2 dx dh

) 1
2

.

The weighted integrands on the right-hand side above converge strongly in L1
hL

1
x(Rd+d)

and hence, after integration in x, form a uniformly integrable family of functions
in h. This implies (4.3). It remains to prove

∀ δ > 0 lim
n→∞

∫
{|h|⩾δ}

wθ

∫
Rd

In − I dx dh = 0.(4.4)

Here the key observation is that

In(x, h) → I(x, h)(4.5)

for almost all (x, h) ∈ Rd+d, even though polar factors Pn(x) and Pn(x− h) do not
need to converge pointwise almost everywhere. For almost all x ∈ Rd with ψ(x) ̸= 0
we know that there exists some N ∈ N such that ψn(x) ̸= 0 holds for n ⩾ N , and

in particular Pn(x) = ψn(x)
|ψn(x)| → ψ(x)

|ψ(x)| = P (x). If ψ(x − h) ̸= 0 also holds, then

Pn(x − h) → P (x − h) and we can take the limit (4.5). If instead ψ(x − h) = 0,
then Λn(x−h) → Λ(x−h) = 0 and the term containing the polar factor Pn(x−h)
vanishes in the limit, so we also obtain (4.5). If on the other hand ψ(x) = 0, and
in particular a(x) = 0 and ∇ψ(x) = ∇a(x) = Λ(x) = 0, then direct substitution
yields I(x, h) = 0. Furthermore, we shall prove that In(x, h) → 0. Let cn ≈n dn
denote limn→∞(cn − dn) = 0. Then

(2 + 4θ)Re
[
Pn(x) (Rhψn(x)∆h∇an(x) · h−Rhan(x)∆h∇ψn(x) · h)

]
− Im

[
Pn(x)Rhψn(x)

(
8θ∆hΛn(x) · h− (2− 4θ)

(
1− Pn(x)Pn(x− h)

)
Λn(x− h) · h

)]
≈n (2 + 4θ)Re

[
Pn(x) (Rhψn(x)∆h∇a(x) · h−Rha(x)∆h∇ψn(x) · h)

]
− Im

[
Pn(x)Rhψn(x)

(
8θ∆hΛ(x) · h− (2− 4θ)

(
1− Pn(x)Pn(x− h)

)
Λ(x− h) · h

)]
≈n (2 + 4θ)Re

[
Pn(x)an(x− h) (Pn(x− h)∇a(x− h) · h−∇ψn(x− h) · h)

]
− Im

[
Pn(x)Pn(x− h)an(x− h) (8θΛ(x− h) · h+ (2− 4θ)Λ(x− h) · h)

]
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≈n (2 + 4θ)Re
[
Pn(x)Pn(x− h)an(x− h)(−iΛ(x− h) · h)

]
− (2 + 4θ) Im

[
Pn(x)Pn(x− h)an(x− h)Λ(x− h) · h

]
= 0.

Generalized dominated convergence now implies (4.4), provided we can estimate
|wθIn| ⩽ wθJn for some strongly convergent majorant sequence (wθJn)n∈N ⊂
L1({|h| ⩾ δ} × Rd). We note first that∫

{|h|⩾δ}
wθ(h)|h|2 dh < C(δ).

The estimates

∥Rhf∥L2 ⩽ 2|h|∥∇f∥L2 ∥∆hF · h∥L2 ⩽ 2|h|∥F∥L2

together with the limits (∇ψn,∇an,Λn) → (∇ψ,∇a,Λ) in L2(Rd) are therefore
sufficient to conclude that the quantities

w
1
2

θ X for X ∈ {Rhψn,∇ψn · h,Rhan,∇an · h,Λn · h}

are convergent in L2({|h| ⩾ δ} × Rd). Then the inequalities and identities that we
used above imply that

Jn(x, h) = C(θ)
(
|Rhψn(x)|+ |R−hψn(x− h)|+ |∇ψn(x) · h|+ |∇ψn(x− h) · h|

)
×
(
|Rhan(x)|+ |R−han(x− h)|+ |∇an(x) · h|+ |∇an(x− h) · h|
+ |Λn(x) · h|+ |Λn(x− h) · h|

)
is an admissible majorant sequence. □

5. Generalization to ∇◦,fψ

The generalization from ∇◦ψ to ∇◦,fψ is surprisingly straightforward.

Proof of Corollary 1.13. We give the proof for the nontrivial case s ∈ (1, 32 ). Let

x, h ∈ Rd. We calculate

∆h∇◦,fψ(x) = ∆hf(P )(x)∇ψ(x) + f(P )(x− h)∆h∇ψ(x).
Using the Lipschitz continuity of f , we can estimate

|∆hf(P )(x)∇ψ(x) · h| ⩽ [f ]Lip|∆hP (x)∇ψ(x) · h|(5.1)

⩽ [f ]Lip
(
|∆h∇◦ψ(x) · h|+ |∆h∇ψ(x) · h|

)
,

while

|f(P )(x− h)∆h∇ψ(x) · h| ⩽ ∥f∥L∞ |∆h∇ψ(x) · h|.

Then (3.32) implies

[∇◦,fψ]Xs−1,2 ⩽ (∥f∥L∞ + [f ]Lip) [∇ψ]Xs−1,2 + [f ]Lip[∇◦ψ]Xs−1,2

⩽

(
∥f∥L∞ +

4

3− 2s
[f ]Lip

)
[∇ψ]Xs−1,2 ,

which proves (1.20). For continuity we shall prove that any subsequence has a
subsequence which converges to the desired limit. In particular, we may assume
without loss of generality that ψn → ψ and ∇ψn → ∇ψ almost everywhere. Fur-
thermore, since ∇ψn(x) → ∇ψ(x) = 0 for almost all x ∈ Rd with ψ(x) = 0,
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while Pn → P whenever ψ(x) ̸= 0, we have ∇◦,fψn → ∇◦,fψ almost every-

where. On the other hand, we know that w
1
2
s−1∆h∇ψn · h → w

1
2
s−1∆h∇ψ · h

and w
1
2
s−1∆h∇◦ψn · h → w

1
2
s−1∆h∇◦ψ · h in L2(Rd+d;C). Then (5.1) together

with the above estimate for the second term yields a majorant for the sequence

w
1
2
s−1∆h∇◦,fψn · h in L2(Rd+d), allowing us to close the argument with general-

ized dominated convergence. Convergence in L2-norm can similarly be obtained by
dominated convergence. □

6. Unboundedness

In this section we construct counterexamples exhibiting unboundedness proper-
ties.

6.1. Sharpness of blow-up rates. The following construction is the basis for our
counterexamples at the endpoint regularity s = 3

2 . Its existence can be understood
using results such as [18, Theorem 1.1] on critical condenser capacities of balls.

Lemma 6.1. There exist C > 0 and odd functions gn ∈ C∞
c ((−3e2n, 3e2n);R) for

n ∈ N+ with gn(x) = x for x ∈ [−2, 2] and [g′n]
2

W
1
2
,2
⩽ C

n , as well as ∥g
′
n∥2L2 ⩽ Cen.

Proof. We begin by constructing an even function g′n ∈ C∞
c (R;R) with

∫
R g

′
n(x) dx =

0, g′n(x) = 1 for x ∈ [−2, 2], and [g′n]
2

W
1
2
,2
⩽ C

n . To do so, we let η ∈ C∞(R; [0, 1])
with η(x) = 1 if x ⩽ 0 and η(x) = 0 if x ⩾ 1. Then we define

f ′n(x) =

{
1 , x ∈ [−2, 2]

η
(

log(|x|)−log(2)
n

)
, x ̸∈ [−2, 2]

.

We see that f ′n(x) = 1 if x ∈ [−2, 2] and supp f ′n ⊂ [−2en, 2en]. The definition of
f ′n extends to a function F : H → R on the closed upper half-plane H = {z ∈ C :
Im[z] ⩾ 0}. Here we have the estimate |∇F (z)| ≲ 1

n|z| for 2 < |z| < 2en, and hence

∥∇F∥2L2(H) ≲
1
n . The trace characterization of Ḣ

1
2 (R) then yields [f ′n]

2

W
1
2
,2(R)

⩽ C
n .

Next, we note that |
∫
R f

′
n(y) dy| ≲ en and define

g′n(x) = f ′n(x)−
∫
R
f ′n(y) dy e

−2nω(e−2nx),

where ω ∈ C∞
c ({2 < |x| < 3}; [0, 1]) is an even function with

∫
R ω(x) dx = 1, so

that
∫
R g

′
n(x) dx = 0. Due to scale invariance and the presence of the small factor

e−2n, we still have [g′n]
2

W
1
2
,2(R)

⩽ C
n . We define gn(x) =

∫ x
−∞ g′n(y) dy and note

that supp gn ⊂ [−3e2n, 3e2n]. Since g′n is even, gn is odd. One also checks that
∥g′n∥2L2 ⩽ Cen. □

Lemma 6.2. Let d ∈ N+. There exists a sequence (ψn)n⩾4 ⊂ C∞(Rd;C) such that
[∇ψn]2

W
1
2
− 1

n
,2
, [∇ψn]2

W
1
2
,2
≲ 1 while [∇an]2

W
1
2
− 1

n
,2
≳ n2 and [Λn]

2

W
1
2
− 1

n
,2
≳ n.

Proof. We consider first the case d = 1. Let (gn)n∈N+ be the sequence constructed
in Lemma 6.1 and choose χ ∈ C∞

c ((−2, 2); [0, 1]) with χ(x) = 1 for x ∈ [−1, 1]. We
define

ψn(x) = n
1
2 (gn(x) + ie−nχ(x)).
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Clearly [ψ′
n]

2

W
1
2
,2
≲ 1 and ∥ψ′

n∥2L2 ≲ nen. Then interpolation yields

[ψ′
n]

2

W
1
2
− 1

n
,2
≲ ∥ψ′

n∥
4
n

L2 [ψ
′
n]

2− 4
n

W
1
2
,2
≲ (nen)

2
n ≲ 1.

We calculate for x ∈ [−1, 1] that

a′n(x) =
enx√

1 + e2nx2
n

1
2 Λn(x) = − 1√

1 + e2nx2
n

1
2 .

By scaling, we can calculate

[a′n]
2

W
1
2
− 1

n
,2([−1,1])

= ne−2

[
x√

1 + x2

]2
W

1
2
− 1

n
,2([−en,en])

≍ n2

[Λn]
2

W
1
2
− 1

n
,2([−1,1])

= ne−2

[
1√

1 + x2

]2
W

1
2
− 1

n
,2([−en,en])

≍ n.

We move on to the case d ⩾ 2. Let h ∈ S(Rd−1; [0, 1]) with h(y) = 1 for y ∈
[−1, 1]d−1. Define hn(y) = r

d−1
2

n h(rny) where (rn)n∈N is a rapidly decaying sequence

with r1 = 1 that we choose later. Let ψ
(1)
n be the sequence constructed for d = 1

and define for (x, y) ∈ R× Rd−1

ψn = ψ(1)
n (x)hn(y).

Then

∇(x,y)ψn(x, y) =

(
(ψ

(1)
n )′(x)hn(y)

ψ
(1)
n (x)∇hn(y)

)
.

We use the Fourier-transform representation of the seminorms with the decompo-
sition 1 = 1{|ξ|⩽|ζ|} + 1{|ξ|>|ζ|} to estimate

∥(ψ(1)
n )′(x)hn(y)∥2

Ḣ
1
2
⩽ ∥(ψ(1)

n )′∥2
Ḣ

1
2
∥hn∥2L2 + ∥(ψ(1)

n )′∥2L2∥hn∥2
Ḣ

1
2

= ∥(ψ(1)
n )′∥2

Ḣ
1
2
∥h∥2L2 + ∥(ψ(1)

n )′∥2L2∥h∥2
Ḣ

1
2
rn.

∥ψ(1)
n (x)∇hn(y)∥2

Ḣ
1
2
⩽ ∥ψ(1)

n ∥2
Ḣ

1
2
∥∇hn∥2L2 + ∥ψ(1)

n ∥2L2∥∇hn∥2
Ḣ

1
2

⩽ ∥ψ(1)
n ∥2

Ḣ
1
2
∥∇h∥2L2r2n + ∥ψ(1)

n ∥2L2∥∇h∥2
Ḣ

1
2
r3n.

By choosing rn to decay sufficiently quickly, we can ensure that ∥∇ψn∥2
Ḣ

1
2
≲ 1.

Similarly, we can choose rn sufficiently small to ensure that ∥∇ψn∥2L2 ≲ nen still
holds. Then the same interpolation argument as above yields ∥∇ψn∥2

Ḣ
1
2
− 1

n
≲ 1.

Let ∇an + iΛn = ∇◦ψn and (a
(1)
n )′ + iΛ

(1)
n = ∇◦ψ

(1)
n . Conveniently, we have

∇an(x, y) + iΛn(x, y) =

(
((a

(1)
n )′(x) + iΛ

(1)
n (x))hn(y)

|ψ(1)
n (x)|∇hn(y)

)
.

We drop the second component on the right-hand side in the lower bound below.
Using for frequencies (ξ, ζ) ∈ R×Rd−1 and θ ∈ (0, 1) the lower bound (|ξ|2+|ζ|2)θ ⩾
|ξ|2θ, we obtain

∥∇an∥2
Ḣ

1
2
− 1

n
⩾ ∥(a(1)n )′∥2

Ḣ
1
2
− 1

n
∥hn∥2L2 = ∥(a(1)n )′∥2

Ḣ
1
2
− 1

n
∥h∥2L2 ≳ n2

∥Λn∥2
Ḣ

1
2
− 1

n
⩾ ∥Λ(1)

n ∥2
Ḣ

1
2
− 1

n
∥hn∥2L2 = ∥Λ(1)

n ∥2
Ḣ

1
2
− 1

n
∥h∥2L2 ≳ n.

□
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6.2. Failure of regularity.

Lemma 6.3. Let d ∈ N+ and s ⩾ 3
2 . There exists ψ ∈ C∞(Rd;C) with ∇a,Λ ∈

C∞(Rd;Rd) such that ψ ∈W s,2(Rd) but ∇a,Λ ̸∈W s−1,2(Rd).

Proof. We first assume d = 1 and s = 3
2 . Let (ψn)n⩾4 be the sequence constructed

in Lemma 6.2. We define

ψ(x) =

∞∑
n=4

n−1e−n
4

ψn

(
x− 8n

e−n4

)
.

Due to the disjointness of supports and scale invariance, we have

[ψ′]2
W

1
2
,2
⩽ 2

∞∑
n=4

[
n−1ψ′

n

(
x− 8n

e−n4

)]2
W

1
2
,2

⩽ 2C

∞∑
n=4

n−2 <∞.

By similarly estimating the lower-regularity norms, one verifies that ψ ∈W
3
2 ,2(R).

Note that for x ∈ 8n+ e−n
4

[−1, 1] we have

a′(x) = n−
1
2

en+n
4

(x− 8n)√
e2n+2n4(x− 8n)2 + 1

Λ(x) = −n− 1
2

1√
e2n+2n4(x− 8n)2 + 1

.

The scaling invariance now implies that for a fixed constant c > 0

[a′]2
W

1
2
,2
⩾

∞∑
n=4

[a′]2
W

1
2
,2(8n+e−n4 [−1,1])

⩾ c

∞∑
n=4

1

n
= ∞

[Λ]2
W

1
2
,2
⩾

∞∑
n=4

[Λ]2
W

1
2
,2(8n+e−n4 [−1,1])

⩾ c

∞∑
n=4

1

n
= ∞.

This counterexample can be transferred to the cases d ⩾ 2 as in the proof of Lemma
6.2, and it suffices to take rn = 1 for the verification of ψ ∈ W

3
2 ,2(Rd) since an

inhomogeneous space is used.
Now we assume d = 1, s ∈ ( 32 , 2), and set δ = s− 3

2 . We use the function χ from
the proof of Lemma 6.2 to define

ϕn(x) = (x+ ie−n)χ(x).(6.1)

We define

ψ(x) =

∞∑
n=4

n−
1
2 e−δnϕn(x− 8n).

Due to the disjointness of supports, we have

[ψ′]2W s−1,2 ⩽ 2

∞∑
n=4

[
n−

1
2 e−δnϕ′n(x− 8n)

]2
W s−1,2

= 2

∞∑
n=4

n−1e−2δn [ϕ′n]
2
W s−1,2 ≲

∞∑
n=4

n−1e−2δn <∞.

Similarly, the lower-regularity norms are finite and we conclude ψ ∈ W s,2(R). For
x ∈ 8n+ [−1, 1] we can calculate

a′(x) = n−
1
2 e−δn

en(x− 8n)√
e2n(x− 8n)2 + 1

Λ(x) = −n− 1
2 e−δn

1√
e2n(x− 8n)2 + 1

.
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Then

[a′]2W s−1,2 ⩾
∞∑
n=4

[a′]2W s−1,2(8n+[−1,1]) ⩾ c(s)

∞∑
n=4

n−1e−2δne2(s−1)n−n = ∞

[Λ]2W s−1,2 ⩾
∞∑
n=4

[Λ]2W s−1,2(8n+[−1,1]) ⩾ c(s)

∞∑
n=4

n−1e−2δne2(s−1)n−n = ∞.

The generalization to d ⩾ 2 works as before. Furthermore, the same examples can
be used for the cases s ⩾ 2. □

Lemma 6.4. Let d ∈ N+. There exists a convergent sequence ψn → ψ in B
3
2
2,1(Rd;C)

for which ∇an ̸→ ∇a in B
1
2
2,∞(Rd;Rd) and Λn ̸→ 0 in W

1
2 ,2(Rd;Rd).

Proof. For d = 1 we choose ψn = ϕn from (6.1), which satisfies ϕn → xχ in

B
3
2
2,1(R;C). Due to scaling invariance the sequences (∇an)n∈N and (Λn)n∈N fail

to converge respectively in B
1
2
2,∞(Rd) and W

1
2 ,2(Rd), even though they converge

pointwise almost everywhere. This example can be transferred to the cases d ⩾ 2
as before. □

Lemma 6.5. Let d ∈ N+. There exists ψ ∈ C∞(Rd;C) with ∇a,Λ ∈ C∞(Rd;Rd)
such that ψ ∈W 2,2(Rd) but ∇a ̸∈W

1
2 ,2(Rd) and Λ ̸∈ B

1
2
2,1(Rd).

Proof. We first assume d = 1. Let (ϕn)n∈N be the sequence constructed in the
proof of Lemma 6.3. We define

ψ(x) =

∞∑
n=4

n−1ϕn(x− 8n)

and note that, due to the disjointness of supports in the sum, the inclusion xχ, χ ∈
C∞
c (R;R) ⊂W 2,2(R) implies ψ ∈W 2,2(R). For x ∈ 8n+ [−1, 1] we calculate

a′(x) = n−1 en(x− 8n)√
e2n(x− 8n)2 + 1

Λ(x) = −n−1 1√
e2n(x− 8n)2 + 1

.

There exists a constant c1 > 0 such that for x ∈ 8n + e−n[− 1
2 , 0], h ∈ [e−n, 2e−n],

and n ⩾ 4 we have

|∆hΛ(x)| = n−1

∣∣∣∣∣ 1√
e2n(x− 8n)2 + 1

− 1√
e2n(x− h− 8n)2 + 1

∣∣∣∣∣ ⩾ c1n
−1.

In particular

∥∆hΛ∥L2 ⩾ ∥∆hΛ∥L2(8n+e−n[− 1
2 ,0])

⩾ cn−1e−
n
2 ,

for some constant c > 0. Then

[Λ]
B

1
2
2,1

=

∫ 1

−1

|h|− 3
2 ∥∆hΛ∥L2 dh ⩾

∞∑
n=4

∫ 2e−n

e−n

|h|− 3
2 cn−1e−

n
2 dh

⩾ c

∞∑
n=4

n−1e−
n
2

∫ 2e−n

e−n

h−
3
2 dh ⩾ c

∞∑
n=4

n−1 = ∞.
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Estimating [a′]2
W

1
2
,2(8n+[−1,1])

≳ n−1 and using again the disjointness of supports,

we find that also a′ ̸∈ W
1
2 ,2(R). For the generalization to d ⩾ 2, we proceed as

before, using now the Littlewood–Paley characterization of the Besov norms. □
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[44] D. Kateb, Fonctions qui opèrent sur les espaces de Besov, Proc. Amer. Math. Soc., 128
(2000), pp. 735–743.

[45] , On the boundedness of the mapping f 7→ |f |µ, µ > 1 on Besov spaces, Math. Nachr.,

248/249 (2003), pp. 110–128.

https://arxiv.org/abs/2608.05433


52 L.E. HIENTZSCH, R. SCANDONE, AND R. WEGNER

[46] R. Killip, T. Oh, O. Pocovnicu, and M. Vi̧ san, Global well-posedness of the Gross-

Pitaevskii and cubic-quintic nonlinear Schrödinger equations with non-vanishing boundary

conditions, Math. Res. Lett., 19 (2012), pp. 969–986.
[47] F. Klaus, Wellposedness of NLS in modulation spaces, J. Fourier Anal. Appl., 29 (2023),

pp. Paper No. 9, 37.

[48] , Global well-posedness of defocusing cubic NLS in M∞,1(R), 2026. Preprint,
arXiv:2609.29147.

[49] F. Klaus and P. Kunstmann, Global wellposedness of NLS in H1(R) + Hs(T), J. Math.

Anal. Appl., 514 (2022), pp. Paper No. 126359, 14.
[50] H. Koch and X. Liao, Conserved energies for the one dimensional Gross-Pitaevskii equation:

low regularity case, Adv. Math., 420 (2023), pp. Paper No. 108996, 61.

[51] H. Koch and D. Tataru, Conserved energies for the cubic nonlinear Schrödinger equation
in one dimension, Duke Math. J., 167 (2018), pp. 3207–3313.

[52] S. Kotani, Y. Wang, J. Xu, and S. Zhang, Global flows for the cubic nonlinear Schrödinger
equation without decay assumptions, 2026. Preprint, arXiv:2609.23324.

[53] G. Leoni, A first course in fractional Sobolev spaces, vol. 229 of Graduate Studies in Math-

ematics, American Mathematical Society, Providence, RI, 2023.
[54] D. Li, On fractional smoothness of modulus of functions, Ann. Appl. Math., 37 (2021),

pp. 394–404.

[55] E. H. Lieb and M. Loss, Analysis, vol. 14 of Graduate Studies in Mathematics, American
Mathematical Society, Providence, RI, second ed., 2001.

[56] E. Madelung, Quantentheorie in hydrodynamischer Form, Z. Phys., 40 (1927), pp. 322–326.

[57] M. Marcus and V. J. Mizel, Every superposition operator mapping one Sobolev space into
another is continuous, J. Functional Analysis, 33 (1979), pp. 217–229.

[58] P. Markowich and J. Sierra, Non-uniqueness of weak solutions of the quantum-

hydrodynamic system, Kinet. Relat. Models, 12 (2019), pp. 347–356.
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