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We study a Maxwell system on a bounded domain consisting of two sub-
domains with different materials, separated by an interface. The nonlinear
constitutive relations are nonlocal in time and of a form commonly used in
nonlinear optics. We develop a comprehensive local wellposedness theory for
solutions belonging to the Sobolev space H* on each subdomain, where k > 2
is an integer. The blow-up condition only involves the sup-norm. A main tool
are div-curl estimates.

1 Introduction

The Maxwell equations form the mathematical basis for the theory of electromagnetism.
In matter, they have to be supplemented by constitutive relations modeling the response
of the material to electric and magnetic fields. We treat polynomial nonlinear material
laws with retardation, which are frequently used in the field of nonlinear optics, see [6]
or [9], for example. Assuming time differentiablity of the coefficients in the nonlinearity,
the Maxwell equations can be regarded as a retarded semilinear evolution equation. In
such problems one has to prescribe the history of the fields for t < 0 as the prehistory.
In the present work, we study the the equations on a bounded domain G consisting
of two subdomains G; and Gy with different materials, separated by an interface I,
having a positive distance to the boundary dG. The retardations may affect both the
electric and magnetic fields, also cross effects between them are admitted. We establish

Figure 1: Schematic depiction of the domain.

a comprehensive local wellposedness theory for solutions with #*-regularity on each
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subdomain, where k > 2 is an integer. The blow-up condition only depends on the sup-
norm of solutions so that the maximal existence time is independent of k. The coefficients
are required to be piecewise C* on G and Go.

Instantaneous material laws assume that there is no time delay in the response. A local
wellposedness theory for instantaneous and nonlinear material laws has been established
in [22] and [19]. For retarded nonlinear problems on R?, existence and uniqueness of
solutions in the Sobolev space H* with k > 2 was shown in [5] using energy methods and
the Banach algebra property of H*. This approach can be extended to H*® with s > 3/2.
In [8] the regularity level has been lowered to s € (1, %] for scalar coefficients with the
help of Strichartz estimates from [18]. Such estimates are not available on domains with
interfaces. Also on domains, the wellposedness of linear Maxwell systems with retarded
material laws is well known, see [17]| and the references therein. In the recent work [11] the
Maxwell interface problem with purely electric nonlinear retardations has been treated
within the framework of evolutionary equations as introduced by Picard. (See also [10]
for previous results with Lipschitz nonlinearities of different form.) Corollary 2.30 in [11]
shows existence and uniqueness of piecewise #? solutions on R in exponentially weighted
L?-spaces in time in a more abstract setting. As explained in Remark 2.14 therein and the
text before it, this setting does not directly cover our problem. Examples 2.20 and 2.31
indicate the necessary modifications to obtain existence and uniqueness of local solutions.
Continuous dependence on data, maximally defined solutions, or blow-up conditions are
not treated in [11]. As in [11|, we use div-curl estimates in our regularity analysis. In
[11] also global existence for small data is shown under certain coercivity conditions on
the material laws. We plan to treat such results in a further paper, cf. Chapter 10 of [7].

Using a unit system in which the physical constants €p and pg have the value 1, the
macroscopic Maxwell equations are given by

oD =curlH — J, divD =p,

. t>0, z€G. (1.1)
0¢B = —curl F, div B =0,

Here E and H are the electric and magnetic fields, D is the electric displacement and B
the magnetic induction. These fields are related by

D=E+P, B=H+M

via the polarization P and magnetization M which describe the density of electric, re-
spectively magnetic dipoles in the medium. We refer to Section 6.6 of [13] for a discussion
of the macroscopic Maxwell equations.

The source terms p and J are the density of the free charges, respectively the free
current. On the boundary of G we impose perfectly conducting boundary conditions,

nx FE=0, n-B=0, t>0, z€0G, (1.2)

where n denotes the outer unit normal vector on 0G. We assume that there are no free
surface currents on the interface ¥. However there may be a free surface charge density
py on Y. The Maxwell equations then imply the interface conditions

V- D]z = =P, v B]z =0,

t>0, z €k, (1.3)
[v x E]y; =0, [vx H]y, =0,

see Section I.5 in [13]. Here, v stands for the unit normal vector on ¥, pointing outwards
from Gy, and [f]y, = (f’G —f’G )|2 denotes the jump of a quantity f across the interface
1 2



Y. Both (1.2) and (1.3) are understood in the sense of traces, as described in Lemma 2.3.
It is known that the two divergence equations in (1.1) and the boundary condition for B
in (1.2) as well as the interface conditions for D and B in (1.3) are fulfilled if they hold
at the initial time, the remaining equations in (1.1), (1.2) and (1.3) are satisfied, and if
the free bulk and surface charge densities are given by

) == [ divI(5)ds, put) = pnat [ eIy ds

where py and ps o denote the corresponding initial values, see Section 1 of [22| and
Lemma 8.1 in [19]. This motivates the study of the reduced system

0:D = curl H — J, t>0, zeq,
0:B = —curl B, t>0, z €@,
(1.4)
nx E=0, t>0, z € G,
[vx Ely, = [v x Hlys; =0, t>0, zeX.

We split J = Jyp+ o F into an induced free current density o F with the conductivity o of
the medium, and an external free current density Jy considered as a given inhomogeneity.

In this paper, u = (F, H) is used as the variable describing the state of the system.
We treat constitutive relations of the form

P(E,H)(t,x) = xe(z)E(t,x) + Pt (E, H)(t, ),
M(E,H)(t,z) = xm(z)H(t,x) + Myet(E, H)(t, x),

The terms x.F and x, H describe a linear and instantaneous response characterized by
the matrix valued electric and magnetic susceptibilities xe and xm,. The permittivity e
and permeability p of the medium are then given by e = I + xo and 4 = I + xm. In
contrast, the contributions Pyt (E, H) and M,e(E, H) contain both linear and nonlinear
terms and include time retardations between the fields and the materials response. The
model for Pt and M, is basically the standard model from nonlinear optics [9], with
the difference that we include a possible coupling between electric and magnetic effects.
In optics, one often neglects magnetic effects and uses Pret = Pret(E) and Moy = 0. We
describe the model in Section 4. An example is the Kerr effect given by

P(E)(t,x):/_ /_ /_K}(t—Sl,t—SQ,t—Sg,1‘)(E(81,.%')'E(SQ,.%'))E<83,$)d51d82d83

in isotropic materials, where x is a scalar function, cf. Section 4.1 of [6]. Because of
this third-order effect the index of refraction to change depends on the intensity of a
light beam travelling through the medium, roughly speaking. It gives rise to several
phenomena with applications, for example in fiber optics [1].

Our approach is based on linearization and a fixed-point argument, in which the non-
linearity is treated as an inhomogeneity. In Section 2, we state the assumptions on the
domain and the coefficients ¢, p and ¢ and introduce the needed function spaces. We
also discuss their relevant properties and state div-curl estimates for functions with in-
homogeneous interface conditions, which were proven in [11] for the electric boundary
conditions, see |24] for the homogenous case. In addition, the semigroup governing the
time evolution of the instantaneous part of the Maxwell equations is introduced.



After these preparations, we study the linear problem in Section 3. Here the main
result is Theorem 3.2, which yields existence and uniqueness of solutions with piecewise
HF-regularity, where k > 2, provided the initial data and the inhomogeneity are piecewise
HF-regular and satisfy certain compatibility conditions at time ¢ = 0. These are invariant
under the evolution and are necessary due to the interface and boundary conditions. For
the application to the nonlienar problem it is crucial that we do not require interface or
boundary conditions for inhomogeneity alone. The proof of Theorem 3.2 consists of two
parts: We first use semigroup theory to establish a solution in L? possessing additional
time regularity. Then div-curl estimates allow us to show higher spatial regularity in an
intricate iteration argument, taking advantage of the structure of the Maxwell system.

Section 4 contains a description of the constitutive relations and a study of their
relevant properties. By demanding and technical calculations, we derive estimates needed
to treat the nonlinearity. In Section 5, we finally combine these estimates with the result
for the linear problem in a fixed-point argument. We first obtain a solution on a small
interval depending on the size of the initial data and inhomogeneity. This is then extended
to a unique solution with piecewise ¥ regularity, where k& > 2, on a maximal existence
interval using standard methods. We also show a blow-up condition involving only the
L*-norm of the solution, which implies that the maximal existence time is independent of
the regularity level k. With some effort, here we have to refine the analysis of Section 4 by
means of Moser-type inequalities. In addition, continuous dependence of the solution on
the initial data and inhomogeneity is proved. These findings are collected in Theorem 5.8,
which is the main result of this paper.

2 Function spaces and the semigroup

We write A <, B if A < ¢B for some constant ¢ = ¢(a) > 0, A =, B if A <, B and
B Za A, |a] == 3", o; for a multi-index a € Nj, as well as CJ'Y = C™([0,7],Y)
for T > 0, m € Ny and a Banach space Y, and analogously for L1Y. The empty sum
is considerded to be zero, and the term domain means an open and connected set. We
state the assumptions on the domain and the material parameters used throughout. For

¢ € Ny we define the space
CE(G) = {a: G - R¥? ‘ e has an extension in C*(G;)**3, i € {1,2}}
with its canonical norm, as well as the subspace
Cgsym(G’) ={ae CL(@) ’ o is symmetric }.

Assumption 2.1. Let k € N with k > 2.
(i) The domain G C R3 is bounded and can be decomposed into disjoint subdomains
G1 and Go and an interface ¥ such that G = G1 U Gy U X, where ¥ = 0G1 and
OG are both of class C**1 with dist(XZ, 0G) > 0.
(1) The matrices € and jv are contained in Cl;],sym(G) and o belongs to C&(G). Further-
more there exists a constant 1> 0 such that & - (e(x) &) > €% and & - (n(z)€) >

n|€|? hold for all € € R? and z € G\ .

We note that the above assumption on € and p implies that the inverse matrices exist
and have the same Cg—regularity.



For open sets M C R3 and the distributional curl and div we define the spaces

H(ewl, M) = {u € L*(M)’ | curlu € L*(M)*},
H(div, M) = {u € L*(M)* | divu € L*(M)},

equipped with their (Hilbertian) graph norms, and the closed subpaces

Ho(cwrl, M) = WH(CMLM), Ho(div, M) = WH(diV’M).

The spaces
X = LG, H5(G)={we LX(G)|w), €H (G i=1,2},
are endowed with the scalar products

((w,0) [ (f,9) x = (eulv) 2 cys + (1Sfl9) L2 ps »
(U|U)H€Z(G)d = (U|U)Hf(Gl)d + (u|v)H‘5(G2)d ’

where ¢,d € N. Due to the assumptions on ¢ and p, the norm on X is equivalent to
the usual L2norm. We set HL(G)? = L?(G)¢ and often omit the domain G and the
superscript d when referring to function spaces. The space H%(G) is a Banach algebra
and we have the embeddings H2(G) — L®(G) and HL(G) — L(G) — LY(G).

Note that the restrictions u; of u € H(curl, G) to G; belong to H(curl, G;) and satisfy
cur1u| ¢ = curlu;. Moreover by Assumption 2.1, the product and inversion rules imply

that multiplication with a € {e, 1} and a~! leaves invariant H&(G)? for £ < k and
loullg,  lalleg lulheg - flo™ull e < C e 1)

where C' = C(||a|¢x ,n™") > 0 is nondecreasing in Ha”cg and n~ 1.

To deal with pro%iucts of field components appearing in the constitutive relations for
Pt and M,e;, we use several product rules stated in the next lemma (for which the
assumptions on the regularity of the boundary and the interface could be relaxed). The
last two statements are variants of a Moser-type inequality proved in Lemma 7.19 of [21].

Lemma 2.2. Let Assumption 2.1 be true, £,j,m € Ny satisfy j,{ < m, m > 2, and
I C R be an interval. '
(i) Let v € HL(G) and w € HE(G). Then vw € HL(G) and we have

lowllyg Sm.jc 10l 1wl - (2.2)
ii) Let v,w € HL(G). Then vw € L*(G) and we have
5
lowlle Sa Mol iy

(iii) Let v € C}(I,HL(G)) and w € CHI,HE(G)). Then vw € CH(I, HL(G)) with
O (vw) = dvw + voyw.
(iv) Let v,w € CL (I, HE(G)). Then vw € C{(I, L*(G)) with dy(vw) = dpww + voyw.
(v) Letn € N and o € N§j with |o| < £ and u; € Hy, “(G) for alli € {1,...,n}. Then
[T, wi € HE4G) and we have

n
[ITe
i=1

n
RS I1 il gym—e - (2.3)
= i=1



(vi) Letm € No, n € N and uy,...,u, € L®(G) N HE(G). Then [[;, u; € L=®(G) N
HY(G) and we have

e

(vii) Let n € N with n > 2, uy,...,u, € HE(G) and o € N3 with |a| = 1. Then
0% [ [y uj is contained in HE(G) and we have

n n
2 Smn,G Z ||U2||H7Zn H 1wl oo - (2.4)
z i=1

=15

n

n n
Hao‘ul HUJHH12 Se X luilag T sl - (2.5)
j=2 i=1

j=LjA

Proof. Claims (i)—(v) are straightforward consequences of Sobolev’s and Holder’s inequal-
ities. In (vi), the case n = 2 is an easy consequence of the corresponding result on R3,
see e.g. Lemma 7.19 in [21], and the Stein extension theorem. The general case is then
shown by iteration. The proof of the last statement follows that of Lemma 7.19 in [21].
The Gagliardo—Nirenberg estimates and Stein’s extension theorem lead to

1 1
10wl sy S 0l gy 0l K = 1,2 (2.6)

for all w € HL(G), o € N3 with |a| = 1. Take uy,...,u, € H4(G) and a, 8 € N3 with
|| = |B] = 1. The estimate

n
) 8aul H Uj‘ I
j=2

is clear. For the remaining term, we first apply Holder’s inequality to obtain

|
2

n n
o P [T || , < 2 0unle T sl (2.7)
=2 7=2

n n n
(), < Sl Tt
=2 i=2 =2, j#i
N N (2.8)
<> 0% w4 ||0°wi L4 IT sl
i=2 §=2, j#i
Formula (2.6) and Young’s inequality then imply
1 1
2 2
0%l 07w S (Iunllagg il e ) * (1ol oo il ) 29)
S Tl el + ] g il
Equations (2.7), (2.8) and (2.9) yield (2.5). O

The boundary and interface conditions are made precise by means of trace operators.
We write C2° (M) = {u|M ‘ u € C°(R®)} for open sets M C R3. The nextresult follows
by localization from Theorems 2.1.62, 2.2.18 and 2.2.24 in [3].

Lemma 2.3. Let Assumption 2.1 hold and i = 1,2. There exist linear bounded operators

trog: HYU(G) = HY2(DG), trs: HYG) —» HYA(D), trs,: HYG) — HVA(D),



tryni: H(div, G;) — 7-[_1/2(2), try ¢t H(curl, G;) — ’H_I/Q(E)?’,
trogn: H(div,G) = HV2(0G), trag.: Hicurl, G) — H~V2(0G)3,
trog.2: H(curl, Go) — H™Y2(3G)3,

which satisfy trag HY(G) = H/2(0G), trs HY(G) = HY2(E) and are given by

trogu =ul,,, ftrou=u foralluECé’o(@),

tryiu=u| for allu € C° (G;),

trogn u trogeu=nxul,  foralueC

(Gi)
treniu=1v- Uy tre s u=v X uly for allu e C° (72)3,
=0-Uyg (
(

G
a)’,
Gy)®.

To simplify the notation, we set [u]y, = try ; ul, —trogul, forue HL(G) as well
1 2

troge2 v =n X Uy forallu € C*

as [V-uly = tryn1u — trsn o u for vector fields u € L?*(G@)? with ul, € H(div, G;)
and analogously [V X uly, = try 1 u — trygou for u € L?*(@)? with u’G;E H(curl, G;),
where ¢ = 1,2. We also write n - uj and n X u| instead of trpgn u and tropgu or
trog.t,2 u for u € H(div, G) respectively u € H(curl, G) or u € H(curl, G2). The following

statements are needed for the treatment of the interface and boundary conditions. See
Propositions 2.2.30 and 2.2.32 as well as Theorems 2.2.18 and 2.2.24 in [3].

Lemma 2.4. Let Assumption 2.1 be true. Then we have the characterizations

H(div, G
Ho(div, G

[ue L(G) |u),, € H(div.Gy), i=1.2, [v-uly =0}
{u € H(div,G) | n-ul =0},

H(cwl, G {UGLzG?”u‘ € H(curl, Gy), i = 1,2, [VXU]E:O},

) =
) =
) =
) = {uE’chrlG ’nxu|8G—0}

Ho(curl, G

A crucial tool in the treatment of the linear problem in Section 3 are div-curl esti-
mates due to Weber [24]. We use the following extensions of these results. The first
case (corresponding to the electric boundary condition n x © = 0 on dG) is proved as
Proposition 2.24 in [11] (with slightly different assumptions on the regularity of ¥, 0G
and €). The second case (with the magnetic boundary condition n-u = 0 on 9G) can
be shown analogously. To this aim, by means of a Helmholtz decomposition in a L?(G)-
space with weight ¢ (see Lemmas 3.8 and 3.9 in [23]) one reduces the problem a regularity
theorem for solutions of elliptic transmission problems. The regularity theory for elliptic
transmission problems is known and has been studied by several authors, see e.g. [4],
[10], [14], but detailed proofs of the results are difficult to find, so we provide a proof of
the needed results in Appendix A.2 of [7]. We remark that Proposition 2.5 also holds if
one allows the case k = 1 in Assumption 2.1.

Proposition 2.5. Let Assumption 2.1 be true and let £ € Ng with ¢ < k. There exists a
constant C = C({, ||e|| pe+1, 77", G) > 0 nondecreasing in ||e||oe+1 and n~=' such that the
= )
following holds. Let v € HZEJFI(G)S and let u € L*(G)? satisfy either of the cases
(i) u € Ho(curl,G) and eu +v € H(div,G), or



(i1) u € H(curl,G) and eu + v € Ho(div,G).
Furthermore, let curlu € H%(G)? and div(su’Gv) € HY(Gy) for alli € {1,2}. Then u
is contained in H5 ' (G)? and fulfills

2
[ullgerr gy < C(HUHL2(G) +lleurlullyg @ + > [1div(eu), ) e, + ””Hy‘fgl(c))-

We define the Mazwell operator by

0 e~ 1eurl
A = <—M 0 ) (2.10)

~Lcurl
on X = L?(G)% with dense domain
D(A) := Ho(curl, G) x H(curl, G).
We write X; for D(A) endowed with the graph norm

||(U,U)||X1 = H(uvv)HX =+ ||A(U,7))||X ~e,un Hu”?—[(curl,G) + ||vH’H(curl,G)'

Furthermore, the extrapolation space of A is denoted by X ‘_41, cf. Section I1.5 in [12] Note
that X <« Xfl and A has an extension to B (X, Xfl) also denoted by A.

The boundary and interface conditions in (1.4) can be written compactly in the form
Kag s (E, H) = 0 with the operator

Koc.s - {(E,H) € LXG)° | By, . H|,, € H(cwl Gy), i = 1,2}
— HV2(0G)3 x HTV2(2)3 x V2 ()3,
Ko (B, H) = (nx B|, . [v x Ely,[v x Hly) (2.11)

in the sense of traces. We note that Lemma 2.4 implies Ky xu = 0 for all u € D(A).

It can be shown that the Maxwell operator is skew-adjoint on X, see Chapter 8 of [15].
By Stone’s theorem, it therefore generates a unitary strongly continuous group. This
implies the following result.

Lemma 2.6. Let Assumption 2.1 be true. The operator A generates a strongly continuous
group S(-) on L*(G)8. It satisfies 1Sz < cllell o + el poc) /20712 for all t € R,
where ¢ > 0 is a constant.

We require F' and H to have a spatial regularity of H%(G) for some k > 2. This
ensures that the expressions in the nonlinearity are well-defined, see Section 4.

Our treatment of the linear unretarded problem consists of two steps: The first one is
based on semigroup theory in L?(G)° to obtain a solution in CXL?(G)®, under appropriate
conditions on the initial data and inhomogeneity. In the second step we use the equation
and the div-curl estimates from Proposition 2.5 to trade time derivatives for increased
spatial regularity. Therefore our approach yields solutions having the same amount of
regularity in time as in space, namely u € ﬂ?:o Cf}%gﬁe(G)G.

In order to include retardation effects, we need to work in spaces incorporating the
history of the fields, which means using (—oo, T instead of [0,7] as the time interval.
To avoid extra conditions on the initial data, we allow discontinuities of the highest time



derivative of the solution at ¢ = 0. We therefore define the following function spaces,
which also allow for jumps at ¢t = ¥ to deal with time translations in e.g. Lemma 5.3.

Let £k € N with £ > 2, I C R be an interval containing more than one point, and v
belong to the interior I° of I. In the case sup I € I, we set

k
ZKI) = () Co (I, HE1(@)°),
=0

)i={ue ﬂ CHILHEG)®) [l gy € ORI N (=00, 0], LAG)°).

U o0y € Cr(In [ﬁ,oo)’L2(G)6)}'

These spaces are complete with respect to the norms

oy Zsup Jotue)|,

Icé’

||U||Zk(I ZSHP Hafu ‘ Hht + teIr?upoo Y Hat |m(700779](t)‘ )
- te[?ﬁl[lg),oo) Hat u’]m[ﬁ’oo)(t)‘ 2 .

If sup ! ¢ I, we define
Z*(1) = {u | 4]y € 28I 0 (=00,T)) for all T I} ,
Z5(I) = {u } U (- sot] € Z{;(Iﬂ (—00,T)) for all T € (9, supI)}.

In this case, we use Z¥(I) and Z%(I) as vector spaces (without norm). We also set
Zk(I) = Z*(I) if ¥ ¢ I° and use the abbreviations

Z§(T) = Z§((—00,T)), ZMT):=2Z"((-00,T])  for T €R.

3 Linear problem

In this section we study the linear unretarded part of the problem (1.4), that is,

Juu(t) = Au(t) + f(t), t>0,
Kpa s u(t) =0, t >0, (3.1)
u(0) = up

with initial value ug = (Ep, Hp) and inhomogeneity f = (fe, fm). Since Py and M, are
omitted, it suffices to prescribe w(0) as initial condition. In (1.4), the magnetic part f,
of f vanishes, but we include it here since the nonlinearity M,¢; leads to such a term in
the fixed-point argument below.

In the following, for k > 2 and 7' > 0 we obtain a solution u € Z*([0,T]) of (3.1)
under appropriate assumptions on the initial value and inhomogeneity. The latter does
not need to satisfy boundary or interface conditions itself, but has the same regularity



in time and space as the solution. The initial value and the inhomogeneity have to fulfill
so-called compatibility conditions. In view of Lemma 2.4, the boundary and interface
conditions lead to the requirement u(t) € D(A). If the solution is contained in Z* ([0, T7),
the traces exist and we can take the first time derivative and insert the equation for
Oru. So we get the condition Au(t) 4+ f(t) € D(A). Another differentiation then yields
A(Au(t) + f(t)) + 0 f(t) € D(A) etc. In total we obtain k conditions on w and f. As
shown in Theorem 3.2, it suffices that these conditions are satisfied at the initial time.

Definition 3.1. Let Assumption 2.1 be true and T > 0. For a pair
(uo, f) € HE(G)® x Z*([0,T7),

we define
wo = up, Wwpeq = Awy + 8ff(0) (3.2)

for £ €{0,...,k—1}. We say that (ug, f) satisfies the compatibility conditions of order
k if wy is contained in D(A) for all £ € {0,..., k —1}.

Note that inductively one sees that wy belongs to He¢(G) for all £ € {0,...,k}. We
can now formulate the main result for the linear problem.

Theorem 3.2. Let Assumption 2.1 be true. Then there exists a constant
C1 = Cuh, el Nl 7 G) > 1
(nondecreasing in Hchg 7”N”c§ and 1) such that for any T > 0 and

(uo, f) € H5(G)® x Z¥([0,T))

satisfying the compatibility conditions of order k, the problem (3.1) has a unique solution
w in Z8([0,T]) NC5 ' Xy. It holds

u(t) = S(t)uo + /0 S(t —7)f(r)dr, (3.3)
0, u(t) = Adfu(t) + 0, f (1),

k-1 ’
[ull 250,17y < Ch <||U0H%§ +> H@Zf(O)HH;gH +)° HafJCHLlTHgi) (3.4)
i=0

=0
for allt € [0,T] and £ € {0,...,k —1}.

Proof. The quantities ug, v and f are split into electric and magnetic parts via ug =

(Eo, Hy), w = (E,H) and f = (fe, fm). The constants can depend on k, H5||C;§J, ||;L||C;§,

1

n~! and G and are nondecreasing in Hchg, ||,u||c§ and 7. Wo do not specify this in

this proof, and just write <. Let ¢ € [0, 7] throughout.
1) In a first step, we show inductively
u € CH X NOLXy,
O, ult) = Adfult) + 0y f (1),
dfu(0) = wy € D(A) NHEHG)S
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for all £ € {0,...,k— 1}, as well as

Atu(t) = S(t)wy + / t S(t —7)dL f(r)dr, (3.8)
0

for all £ € {0,...,k}, where wy is defined as in Definition 3.1.

For ¢ = 0, property (3.7) is true by the assumptions on ug. Since ug € D(A) and f is
contained in C1.X, Corollary 3.1.17 in [2] yields that (3.1) has a unique classical solution
u € CLX N CrX; given by (3.3). So we have (3.5)-(3.8) for ¢ = 0.

Now we assume that (3.5)-(3.8) hold for some £ € {0, ...,k —2}. Then Ad{u belongs
to CLX4,. Therefore (3.6) implies 9 " 'u € O} X4, and

0y Pu(t) = A9, Hu(t) + 0,7 f (1),
0y H1u(0) = AdFu(0) + 95 F(0) = Awe + 8} f(0) = wers

in the space X4,. So v = 8/ u solves
Orv = Av(t) + 0T f(1), t €[0,T),  v(0) = wey1.

Due to the compatibility conditions, wy,; is contained in D(A) N HE1(G)S. Since
5’f+1f € CLX, the function v belongs to C-X N CrX; with

wwzswwurgfsa—ﬂ%“ﬂﬂdm

and thus u to CH2X N CE™X;. We therefore have shown (3.5)-(3.8) for £ < k — 1. In
particular, u € C%X satisfies

t
OFu(t) = S(t)wp_1 + / S(t — 7)1 f(r) dr. (3.9)
0
As wy,_1 € D(A) and 0F ' f € C}.X, we can differentiate (3.9) to obtain

OFu(t) = S(t) (Awg—1+07 1 £(0))+ /0 t S(t—7)F f() dr = S(t)wp+ /0 t S(t—T)0F f(7)dr

in X, proving (3.8) for £ = k.
2) Let £ € {0,...,k} and j € {0,...,k — ¢}. The inequality

/-1

leellygg, < lwollygess + D 1101 )| yes-im (3.10)
=0

can be easily shown by an induction over ¢, using (3.2) and (2.1).
Formulas (3.8), (3.10) and the boundedness of the group S(-) on L?(G)% then yield

|futn)

. (3.11)

-1
12 S ||UO||7-14E + Z; Hazf(O)HH’{i’l + H@ff} L1((0,t),L2)

3) We now establish higher spatial regularity for the solution using the div-curl esti-
mates from Proposition 2.5. We claim

u € ChmmHE(G)S, (3.12)

11



[t uto)], < ol + > 07O+ s (3.13)
=0 =0

L1((0,t),H%)

for all m € {0,...,k —1}. For m = 0, this follows from (3.5) and (3.11). So assume
that (3.12) and (3.13) hold for some m € {0,...,k —2}. By (3.5), the function F ™ 'u
is contained in C'p X7 which implies ('“)f_m_lE € CrHo(curl, G).

ponent of (3.6) and div curl = 0, we obtain

From the electric com-

QMR — 202 f = curl 0F 2 H € OpH(div, G),
div(edf "' E| o) = div(edr T2 e L ) € CrH™HH(GY) (3.14)

for i € {1,2}. By (3.12), the function 85 ™ H is contained in C7HE(G)3. The magnetic
component of (3.6) and the assumptions on p and f therefore yield

curl OF ™R = —pdF M H 4 pdf T f € CrHEB(G)3.

As E@tk_m_zfe € CT’H%"H(G)?), we can apply the first part of Proposition 2.5 to infer
that 9F "' E € OrHETH(G)? satisfies

Haf—m-lE(t)H 8f_m_1E(t)HL2 n chrl af—m—lE(t)H

5|
HEH

2
+Z’
=1

< H@f‘m_lu(t)HLQ v HA@f‘m_lu(t)‘

HE

div(egy " 'E) )

’Hm(Gi) + Hg&f‘m‘Qfe(t)H

HET!

=l

m m+1 "
HZ HE

where we have used (3.14) in the last step. The first term on the right hand side can be
treated using (3.11). For the second one, (3.6) yields

| AdE=u(e)|

ot + ot )

< .
Hy HY

Here we can insert (3.13). To estimate the terms involving f(t), we write

B f(t) = B (0) + /0 87+ f(s) ds

for j € {k —m — 2,k —m — 1}. This finally results in the inequality

m—+1

k—1
[0t B0 s ol + D010+ 3 lot=s (3.15)

LY((0,),H,)

The magnetic field is treated analogously. Due to (3.5), the field af—m—lH is contained
in CrH(curl, G). Furthermore, the trace n x affde’aG vanishes since 0F " 2F be-
longs to CrHo(curl, G), see Lemma 2.4. Using also the magnetic component of (3.6) and
Corollary 3.1.16 in [3], we conclude

poy =" H — pof T fry = —ewrl 0f T 2B € CpHo(div, G). (3.16)

12



Additionally, it holds

div(,u@ffmleb_) = div(pdy "2 fm ) € CrH™H(G,)

e,

for i € {1,2}. By (3.12), the function dF ™FE belongs to CrHE(G)?. The electric
component of (3.6) and the assumptions on ¢ and f now lead to

curl OF TUH = 0 E — eF T fo € OrHE(G)3.
As in the previous step we then derive OF ™ 'H € C7HE ™ (G)? and

bt~ ] g it

PR O e L (G

m41 H m41
Hy Hy

using Proposition 2.5 ii). The same calculations as above lead to (3.15) with E replaced
by H (and a with different constant) and we conclude

m+1

\W%*)MMJMM+ZM’W%H+ZWPf
=0

LY((0,6),HE)

By induction, (3.12) and (3.12) are proven.
5) To complete the proof, we still need to show u € CrHE(G)® and

k—1 k
@)l S Nollag + D NOF O pgims + D |05 f
=0 =0

LY((0,6),HY)

We again start with the electric field, for which we already know E € CpHg(curl, G).
The electric part of (3.1) can be rewritten as

E(t)+ V(t) :/0 curl H(s)ds with V(t) = —eE(0) — / efe(s)ds

The assumptions on ug and f as well as the identity div curl = 0 imply V' € CTHg(G):S,
eE+V € CrH(div,G), and div(eE| , ) = —div(V|, ) € CrHF1(G)) for i € {1,2}. By

the equation for 0; H, the field curl E = —udy H + i1 fm belongs to C’T”Hg_l(G)?’. Therefore
Proposition 2.5 again yields £ € CrH%(G)? and

2
|W®Myﬂﬂ®m+MME@My+2N%@ﬂm@‘

i V@ g

< )2+ 1At lyior + ol + 1112 o 95 -

Since
Au(t) = Opu(t) / Ocf (s

estimates (3.11) and (3.13) lead to

k—1 k
1B g, S ol + D (95Ol + > 0571 (3.17)
=0 =0

LY((0,t),Hi)
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The magnetic field analogously satisfies H € CpH(curl, G) and
¢ t
pH(t) +W(t) = —/ curl E(s)ds with W (t) = —pH(0) — / wfm(s)ds.
0 0

Moreover, W belongs to CrHE(G)3, div(uH‘Gi) = _diV(W|Gi) to CrH*1(G;), and

curlH = €O F — ef, to C’THI;l(G)?’. for i € {1,2}. Arguing as in the derivation
of (3.16), we see that uH + W is contained in CrHo(div,G). We can then estimate H
as in (3.17). O

4 Constitutive relations

We now describe the model for the main parts Pt (E, H) and M (E, H) of the material
law and study its properties. We combine the variables as u = (F,H) and I'(u) =
(Pret(E, H), My (E, H)) and assume I" to be given by

N

[(u) = Zn:1 ™ (u), (4.1)

where N € N is an arbitrary but fixed number and I'™) (u) is n-linear in u. The compo-
nents of the individual contributions are modeled by the expressions

¢ t
F%) (u)(t,x) = /_ . /_ R%])-lmjn (t—51,...,t=8p, x)uj (51, 2) ... uj, (sp,x)dsy ... dsp

(4.2)
forne {1,...,N}and jo € {1,...,6}. Here and below we use the convention of summing
over repeated indices and from now on we mostly omit the spatial variable x.

The model (4.2) is local in space, but nonlocal in time: The polarization at a given

time depends in general on all past values of u. The kernels Rj(gj)l j, are called response
functions of the material and are tensors with components jo,...,j, € {1,...,6}. This
accounts for a possible anisotropy of the material. The response functions weight the
influence of the field components u;,(s;) on the value of the mediums response I';j, (u)(t).
Expressions for the response functions can be obtained from models for the material. For
example in the Lorentz oscillator the motion of bound electrons in the material under
the influence of an external electric field is modelled by a damped harmonic oscillator.
This yields an expression for the linear response function (n = 1). Generalizations to
anharmonic oscillators lead to nonlinearities (n > 1), see for example Section 1.4 of [6].

The expression (4.2) is causal, since only the values of u(s) for s < ¢ can influence

(n)

I'(u)(t). In addition, it displays time invariance in the sense that R; 5 ;. only depend

on time differences t — s;. The response functions possess an intrinsic permutation sym-

)

metry: R;Zjlmjn (T1...,7n) is unchanged under any interchange (jg,7¢) < (jk,7%) for

0,k e{l,...,n}, see Chapter 2 of [9]. More precisely, we have

(n) _ p(n)
Rigiign (T ) = Ris i (Tr1)s oo Ta)

for all 7 € RYg, jo...,Jn € {1,...,6} and ® € S,, where S, denotes the group of

permutations on {1,...,n}. For derivatives and a € N, this fact implies
o (1) _ Alan@yrmtam) pn)
o Rjoj1~~~jn (1) = 0r Rj()jw(l)"'jw(n) (Tﬂ(l)’ T ’Tﬂ(n))'
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Recall that H%(G) is a Banach algebra for k > 2. The Maxwell equations contain
the time derivatives of P as well as M and our fixed-point argument treats 0;I" as a
fixed inhomogeneity for the linear problem (see the proof of Lemma 5.2). In order to
be able to use the estimate (3.4), we therefore need appropriate estimates for 8fI‘ with
¢e{l,...,k+1}. The next lemma is a first step. We omit the proof, see Lemma 6.4
in [7]. The estimates easily follow from Lemma 2.2, but the elementary argument for
continuity and differentiability in time is tedious.

Lemma 4.1. Let Assumption 2.1 be true, m € N, T € R and £ € Ny with ¢ < k. Let
ut, ..., um € Cy((—00,T), HE(G)) and ¢ € L1((0,00)) N Cy([0,00)).
Let ( € C (Rgo,’HZE(G)) satisfy
16y, < TT._, @(m)
for all 7 € RY,. Let ¢ be defined by
¢ t
P(t) ::/ / Ct—81,. .yt — Sm)ur(s1) - .. um(Sm) dsy ... dsp,

for allt <T. Then ¢ is contained in Cy((—00,T), HE(G)) with
Sup 10l < C AN ((0,00)) gigg i ()94 -

If¢ecCt (RSO,HKZ(G)) satisfies

ST 102 e, < [[ 07
=1

aeNy, o<1

for all T € Ry, then ¢ is contained in C} ((—oo, T, H&,(G)) with

m t t
op(t) =) / / Or,C(t—51,. .yt — Spm)ui(s1) .. U (Sm) ds ... dsp,

i=1 LY~ -

t t
—i—ui(t)/ / C(t—sl,...,t—si_l,o,t—Si+1,...,t—8m) (4.3)
Ul (81) e ui_l(si_l)ui+1(si+1) e um(sm) d81 N dsi_l dsH_l e dsm
(for m =1 the (m — 1)-fold integral in (4.3) is replaced by ¢(0)) and
m m—1
sup 100, < € (1617 + 00) 15 m) T 6l

Here C = C’(k‘,ﬁ, m, G) > 0 are constants independent of T'.

We now state the assumptions on the response functions. In light of the the function
spaces in which we seek solutions, the regularity conditions below are a natural choice.
Examples from physics often include an exponential decay of the response functions in
time caused by damping effects, see Chapter 11 of [20]. Here Assumption 4.2 is satisfied
with ¢(t) = ce™ 7 with positive constants ¢ and . In the following, we often use the
assumptions on the response functions without further comment.
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Assumption 4.2. Let Assumption 2.1 be true. There exists a function ¢ € L ((O, oo)) N
Cy([0,00)) such that R('Z.)..jn € ﬂlzzo CHt (Rgo,Hg_z(G)) with
o R ‘

+Z 2 o H

=0 aeNy,|a|=,+1 =1

foralln € {1,...,N}, jo,...,jn € {1,...,6}, and T € RY,,.

We now prove expressions for the time derivatives of I'(u). The time variable appears
in (4.2) in the limits of the integrals and in the response functions, In formula (4.4) below,
the index ¢ counts the number of derivatives in 9;"T'(u) applied to the integral limits.
The remaining m — ¢ derivatives fall on the response functions or the field components.

Lemma 4.3. Let Assumptions 2.1 and 4.2 be true, n € {1,...,N}, and T € R.
(i) Let w € Z¥(T). Then we have

T (u) € OF ((—00, T], HE(G)S), 8T ™ (u) € ZM(T).
(ii) Let 9 < T and u € ZE(T). Then we have
P (u) € Cp (=00, T, HE(G)®), 0T (u) € Z(T).

(n) b( % € Ng such that

m,q,0,3

8;”11%) (u)],(t) = Z / / 8O‘R§: gt =81, t—sn) Huh(sl) dsy...dsp
=1

a€eNY, la|=m

In both cases, there exist constants a

min{m,n—1} q
+ ) > afﬁ,)q,a,ﬁ (Hafiua‘i\l(t)> (4.4)

q=1 a€eNY, BeNE, i=1
loe|-+]Bl=m—q

/ / 8O‘R§Z n o0t — Sgq1,. ..t — Sp) H wj, (i) dsgq1 ... dsp

i=q+1
(n) (0% ( ﬁz
+ Z by 3 Ry ja H Oy "uy, ‘1

a»ﬁENBL,
|al+[B]=m—n

holds for all jo € {1,...,6}, m € {1,...,k+ 1} and all t € I, where I = (—00,T] in
case (i) orif m <k, and I € {(—o0,9],[9,T]} in case (ii) with m =k + 1.

Proof. 1) We only prove the second case. The first case is treated by the same calcu-
lations without requiring restrictions to the subintervals for the highest time derivative.
Lemma 4.1 implies Tg-:) (u) € C}((—00,T), H%(G)) and (4.4) for m = 1 in the form

/ On RD (t — s1)ug, (s1) ds1 + RS (0)uy, (2), (4.5)

Btfﬁg)(u)(t)z / /angg_)_jn(t s1, .. Hu] )dsy ... ds,

a€eNg, \a| 1
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n

+ nuj(t / / Rg:) a0t — 8ot —sp) Huh(sl) dsy...ds, (4.6)

=2

if n > 1, for all t <T. In the last term we have used the intrinsic permutation symmetry
of the response functions to avoid a summation. This is done below multiple times.
From these expressions and Lemmas 2.2 and 4.1, we see that 8tf§:) (u) is contained in

CH (=00, T, HE1(@)) with

t
O (w)(t) = / 02, Ry (t = s )uj(s1) st + Oy Ry (O)uy (€) + Ry (0)9puy (1), (4.7)

t
2w =Y / / OXRY,  (t — 51,1 — s2)ujy (s1)uj, (s2) dsy dsy

a€NZ, |a|=2

2
2 oy ) [ 0n R0, s (52 0
+ a2 1 (0 ]_ Oujl / aTZR]()]l]Q t - 82)uj2 (82) dSQ

2 (2)
+ g,i,(oo) atujl(t)/ Rj0j1j2(07t_32)uj2(32)d52

(2) (2)
+ b(O,O),(O,O)RJ0j1J2 (0 0)“]1 ( )Uj2 (t)

for t < T with constants ag (1,0),0° agi (0,1),0° gzi (0,0),17 bgg)o) 0,0) € N. If n > 3 we have
t n
02T (u)(t) = / / O2RY (1= sy, t— s0) [ (s0) s ... dsn
a€N8,|a\ 2 - =1
+ agtli(w)’ouﬁ / / jo n (0,t —89,...,t — 8p) Huh(sz) dss ... ds,
=2

+ g:bi(m) uj, ( / / Or. RJZ)] 0t—82,...,t—Sn)HUji(Si)dSQ...dSn

+aél(00 Oy (t / / Rg:)] 0t—82,...,t—Sn)HUji(Si)dSQ...dSn
1=2

n

bEO)O) (0,0)in (B) s (¢ / / jo n(0,0,t —s3,..., 1 —sp) Huji(si)ds?, ... dsy,
=3
for all t < T with constants a{” (r) () b eN
orallt = L with constants a, y q gy 9> %2 1,(0,1),0° #2,1,(0,0),1° %(0,0),(0,0) .

2) We now establish by induction that

v+1
m Ch(( HEH@G)) and 8;’+2F§-Z)(u) is of the form (4.4) (4.8)

for all v € {0,...,k —2}. The case v = 0 was shown above. Let k& > 2. We assume
that (4.8) holds for some v € {0,...,k—3}. Setting m = v+2, we prove that 8?7‘;?) (u) €
C} ((—00, T), HE™™(@)) has a derivative as in (4.4), treating the terms in (4.4) separately.
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2.1) Let o € Nj with || = m. We define

t t n
Y1) ::/ / R . (t s, t—so) [Jui(si)dsi... dsn  (4.9)
- - i=1

for ¢ < T. The integrand satisfies the assumptions of the second part of Lemma 4.1
because of u € Cy((—o0, T], H&(G)Y), Assumption 4.2 and Lemma 2.2. Lemma 4.1 then

shows that 15" is contained in Cj ((—o0, T, HE™(G)) with derivative
3t¢a " Z/ / a+6pR]:) gt =81, t—sn) Huh(sz) dsy...ds, (4.10)
i=1
+’rlu]1 / / aO‘R%L n ,...,t—Sn)Hu]'i(Si)dSQ...dSn
=2

for all t < T, where e, denotes the pth unit vector (for n = 1, the (n — 1)-fold integral is
replaced by 02R™M(0)).
2.2) Let g€ {1,...,min{m,n — 1}}, « €N} and 8€N] with |a|+|8] =m — ¢. We set

n
ijon,q = / / 8O‘R§Z n 0,6 —Sg41, .. t—Sp) H wj, (8;) dsg1 - .. dsp
i=q+1
(4.11)
for allt < T. As above, we see that xj"™ is contained in C} ((—o0, T, ’Hk o (G)). Since

la| <m —gq <m—1, we have x5," € C,}((—oo,T],H’;mH(G)). To treat the terms in
the second sum in (4.4), we also define

SOESS | MIRCRTAG (4.12)

forall ¢t <T'. Note that atﬁiuji belongs to C} ((—o0, T7, Hk ﬁl_l(G)) foralli € {1,...,q}.
The property 'yjo’qxgj-‘o’n’q € CL(I, ’Hgﬁm(G)) is a consequence of (iii) and (iv) of Lemma 2.2
and the following case distinctions.
e m<k—2 Wehavek—m-+1>3andk— 8 —1>k—m>2since f; <m —1
for all : € {1,...,q}.
e k=2, m=1: Hereit holdsg=1, a =0 and 8 = 0.
e k>2 m=k—1,g=1. Wehavek—m+1=2and k— 51— 1> 1.
e k>2 m=k—1,¢g>1: Inthiscase, k—m+1=2and k — 5; — 1 > 2 because of
Bi<m-—q<k—3forallie{l,... q}.

In addition, we obtain

a0 =3 ([[

+(n—q) (H 0w <t>> 0y, (0 (13)

q
aﬁﬁ*“>iuji<t>>x?0"q<t>+ (Hafiuﬁ ) >

i=1 r=q+1

t t n
: / . aﬁ‘Rg.Z')”jn(O, oo, 0t —Sgy2, ...t — Sp) H wj, (85) dsgqa ... dsy
—oo  J—oo i=q+2
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forall t € I,if ¢ <n — 2. In the case ¢ = n — 1, the last term in (4.13) is replaced by

n—1 .
ORS00y, O T 0wy, (8).
2.3) Let n <m and «, 8 € Nj with |o| + [8] = m —n. We set

WP () = 2R Hl 0], (t) (4.14)

Jo---In

for all ¢ < T. The term 8O‘R§0) . (0,...,0) is contained in HE(G) if a = 0 and in

’HQ_MH(G) < HE™(G) otherwise. Additionally, 8,? ‘uj, is contained in the space
C ((—o0, T, Hk 'BZ_I(G)) — Cé((—oo,T],’Hg_m(G)). We argue similarly as above.

o m<k—2: Weuse k—m > 2.

e m=Fk—1: Hereit holds k—|a| +1 > k—(m—n)+1=n+2aswellask—f;,—1 >
k—(m—n)—1=mnforallie{1,...,n}. If n > 2, we can again use the Banach
algebra property, while for n = 1, we have 921 R (0) € HZ(G) and 8fluj1 €
C ((—o00, T], H%(G)), so the product is contained in C} ((—o0,T], Hy(G)).

In all these cases, we derive wjo”g " e CF ((—o0, T, ’Hgﬁm(G)) and

g™ () = 02RY  ( ZH&B“P wj, (t (4.15)

p=1i=1

OmHF(n)( ) is of the form (4 4) with m replaced by m + 1. This shows (4.8) for v + 1
and we conclude that 675 ( ) € ﬂ ((—oo,T],”Hg*Z(G)) and GZ”I‘;:) (u) is of the
form (4.4) for all m € {1 Lk}

3) It remains to show that 8fF§:)(u)|I is contained in C}(I,L*(G)) for I €
{(—00,¥],[9,T]} and (4.4) for m =k + 1.

3.1) Let @ € N{j with |a| = k and wj-;’" be defined by (4.9). As in step 2.1), we see
w;;’n belongs to C} ((—oo, T, L*(G)) with time derivative given by (4.10).

3.2) Let ¢ G {1, ...,min{k,n—1}}, @ € N} and 8 € N{ with |a|+|3| = k—q. We define

for ¢t < T. Cases 2.1)-2.3) yield 8{”1"%)@) € C’l}((—oo,T],"Hg*m(G)) and that

X]O;n’q and 'y % asin (4.11) and (4.12). We again have onnq c C’l(( T, ’Hk |04|(G))’
and W’ﬁ qX?On q| is contained in C’g (I , LZ(G)) is because of the followmg observations.

e ¢ =1: Here Qfalujlxjo’ ’q| is contained in C}} (I, L*(G)) due to k—|a|+k— 1 —1 =
k>2. (Weuse fg € L?(G) if f € H&(G) and g € HE(G) with a +b > 2.)

e k=qg=2 Wehave a =0, f =0, so uj, € Cl}(I,’HIE(G)) for all i € {1,2} and
on e CHI, HE(G)).

e k>2 g>1: Hereit holds k — |a] > 2 and |B| < k—2. If 5; < k — 2 for all
ie{l,...,q}, we have k — 3; — 1 > 2 for all i € {1,...,q}. If on the other hand
there exists an index ig € {1,...,q} with 8;, = k—2, then 5; < k—2 for all i # 1ip.
In this case k — Bj, —1 =1and k — 3; —1 > 2 for i # ip.

For the time derivative of ; ’qxjaon ? on I we obtain the same expression as in step 2.2).
3.3) Let n < k and «a, 8 € NJ with |a| + |8] = k — n and w%’ﬁ’n be given by (4.14).

Since k — |a| + 1 > n + 1, we have 8QR§O)J (0,...,0) € HL(G). It holds atﬁiuji €
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CL((—o0, T, HE7H(@)) with k — B; —1 > n—1foralli € {1,...,n}. Ifn =1, it
directly follows Wi ob,1 ; € C} (I LQ(G)), while for n = 2 we can use Lemma 2.2 to obtain

wjo’ﬁ ”’I € Ci(I, L2(G)). The time derivative is given by (4.15). O

Lemma 4.3 leads to the core estimates for the nonlinearity of the Maxwell system.
Since the polarization and magnetization only enter the Maxwell equations in the form
of 0P and 9;M, it suffices to estimate 9,I'(u).

Corollary 4.4. Let Assumptions 2.1 and 4.2 be true andn € {1,...,N}. There ezists a
constant C' = C(k,n, #(0), |8l 11((0,00)) » G) > 0 (nondecreasing in ¢(0) and ||¢]| 110 0)))
such that the following statements hold for anyr >0, T € R and 9 < T.

(i) Let u € ZK(T). Then we have ;7™ (u) € ZK(T) and

HatF(")(“)sz(T) < C ully - (4.16)
[
(ii) Letu,u € ZX(T) satisfy max{HuHZS(T) , |WHZ§(T)} <r. Then we have

H@J‘(")(u) —§rm (a)‘

Zg(T)
The above statements are also true if Z§(T) is replaced by Z*(T) everywhere.

Proof. We only prove the claims for v € Z{;(T) and omit stating the dependence of the
constants on G and the various parameters k, m, n and ¢ below.

(i) We have 9,1 (u) € Z§(T) by Lemma 4.3 (ii). Let I € {(—o0,9],[d,T]}. To
prove (4.16), we need to estimate 9/*I'(") (u)|I(t) in HE"™(G) for all m € {1,... k+1}.
We treat the different terms in (4.4) separately.

1) Let a € N with |a| = m and define 95" as in (4.9). In view of the assumptions
on v and R, Lemma 4.1 implies

w5 ()|

sup
tel

2) Let ¢ € {1,...,min{m,n — 1}}, a € Nj and 8 € N{ with |a| + |3 = m —¢. In
particular, it holds |a| < m. Let xj"™? and v, be defined as in (4.11) and (4.12). As
in step 1), we bound

. S H¢HL1((O,OO))§1§1$ [ S 12Nz (0,000 10l Z5 (1)

oznq )
et Xiio ())7{}“ o > 90)° ||¢”L1((Ooo Hu”zk(T if a#0,
up X510, S 9O 191750 e Il 75, -
>

Since Ofiu ey (I,Hg_ﬁi(G)) and || = m — q — |a], inequality (2.3) yields

bomtatial S Hsup”é)tﬁiu(t)‘

tel

q
aup |70, s S Nl

The estimate

sup 57 (5, (1)

n—q n
tel Hgfm#»l S ¢(O)q |’¢‘|L1((0700)) ||uHZg(T)

is now a consequence of (2.2) and the following observations.
Let v € H;ﬁerqula‘(G). Let w € H&(G) if a =0 and w € ’Hk |a|+1( G) if a # 0.
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e o =0: Then ||’UUJ||,Hk mi1 < ||vaHk mtq S HUH,Hk m+aq ||U)H»Hk
e 0 < |a| < min{m, k} Here it holds k — la]+1> % and

min{k —m+q+|a|,k—|a|+1} >k—m+1

and thus ||’l)w||,Hk—m+1 S vl k—mtatial |w]], a1
b2 Hs Hs
e 0 < |a] <m, |a| = k: In this case we have m = k+1, k—m+q+|a| =k+qg—1> 2
and k — |af +1 =1 and we deduce [[ow]| 2 < [|v]l,, k-metatial HwHH%
3) Let n < m, a, 8 € Nj with |a| +[8] =m —n, and w;, ofn be defined as in (4.14). The

factor 8$R§Z)Jn (0,...,0) is contained in H&(G) if a = O and in Hl;_'alH(G) otherwise.
Arguing as in step 2) with ¢ replaced by n, we first obtain

8 n
StlelII)HHa u]z ‘ k m+n+|a SJ HUHZ:;(T)
and finally
a,B,n < " n
sup o557 (1), s S (60)" gy

This concludes the proof of (4.16).

(ii) We show (4.17) by the same computations as above, combined with the formula
n n n -1 n
[ oo~ Tl =3 (T ) ) T o
m=1 m=1 /=1 m=1 m=(+1

to handle the differences of products. O

5 Local wellposedness

The polarization and magnetization depend in general on all past values of the electric
and magnetic fields. To describe this, the following notation is used.

For 9,7 € R, u = (E,H) € ZX%(T) and t < T we introduce the history function
up € Z{;_t(O) by ui(s) == u(t + s) with s < 0. Thus u; determines the past of u up to
time t. We now define the map F representing the retarded part of the material law. Let

v(zx) = (6(1‘)—1 £1> eRO*C and  F:ZK0)5 = HE(G)S, F(v) == —vd,T(v)(0).

By (4.5) and (4.6), in components this reads

n
Fi(v) = Vzao Z/ aTeR%L) Jn 7) H v, (—7k) dT "’/ nRﬁg Jn H”Jk ~Tk)
n=1L¢=1 k=1 ORY
fori e {1,...,6}. Here we have used the intrinsic permutation symmetry of the response

functions to write the second terms on the right-hand sides of (4.5) and (4.6) as a
boundary integral. Inserting u;, the nonlinearities are written as

Flus) = —vOT(u)(t) = — (=~ 0P (B, H) (1), 1 0 Myt (B, H) (1))
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for all ¢ < T'. Since the compatibility conditions of Definition 3.1 involve time derivatives
of the inhomogeneity, we furthermore need time derivatives of the map t — F(u;). To
this end we define

FO (1) == —vd 10 (u)(0).

for £ € {0,...,k}, and have
FO () = —vaf 1 D()(0) = — (0 Pa (B, H) (1), 5~ 0 Moo (B H) (1))

for all ¢ < T. Note that in the part D™ (u) of the material law T(u) = S T (u),
the superscript (n) refers to the order of dependence on u, while the superscript (¢) in
F© denotes the number £ + 1 of time derivatives of I'(u).

Inequalities (2.1) and Corollary 4.4 imply the following two estimates which play a
crucial role in the fixed-point argument of Lemma 5.2 below.

Corollary 5.1. Let Assumptions 2.1 and 4.2 be true. There exists a constant
C2 = C?(kv Nv HEHCE ’ ”MHC% an_ly d)(o)v H¢”L1((O,oo)) 7G) >0

(nondecreasing in ||5||C§’ HuHcg, n~t, ¢(0) and 11l L1((0,00))) Such that for any r > 0,
T €R, 9 <T and u,u € ZE(T) satisfying max{Hu\|Z§(T),HﬁHZ:;(T)} < r, we have
F(u.), F(u.) € Z5(T) and it holds

1F(w)ll 75y < Ca (L+17),

These statements are also true if Z§(T) is replaced by Z*(T) everywhere.

We further rewrite the external free current density as the inhomogeneity
g(t) == —(s_lJo(t),()) e R®

for all £ > 0. In order to include currents induced by a conductivity, on H%(G)G we define
the bounded linear operator

— o 0 ]
Lu = < 0 0) u and Cs = me%?.}f,k} ||LHB(HQ) , (5.1)

where C3 = Cs(k, He”cg , HO’HCQ ,n~1) > 0 is nondecreasing in Hchg, HO’HCQ and 7~ L.

The Maxwell system (1.4) thus becomes the retarded evolution equation

Owu(t) = (A+ L)u(t) + F(u) + g(t), t >0,
Kag s u(t) =0, t>0, (5.2)
’LL(t) = uh(t)a t < Oa

with the prescribed initial history uy of the system. The operators A and Kygy were
defined in (2.10), respectively (2.11).

Lemma 5.2 below is the basic step to establish local wellposedness of (5.2). It relies
on a fixed-point argument, in which we consider f(t) = Lu(t) + F(us) + g(t) as a fixed
inhomogeneity and use the results for the linear problem from Theorem 3.2. This result
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requires uy,(0) and f to satisfy the compatibility conditions (5.4) involving 0f f(0) for
¢ € {0,...,k — 2}. Furthermore, there are conditions on wy which ensure that the
solution has the necessary time regularity at ¢ = 0. Corollary 5.1 and the product rules
in Lemma 2.2 are used to obtain the needed estimates for f.

In the case k = 2, by Lemma 2.4 the conditions in (5.4) can be equivalently written in
terms of the initial fields uy, = (Ey, Hy) and the external current density Jy as

curl Hy,(0) — 0 Ey(0) — 0y Peet (En, Hy,)(0) — Jo(0) = €8, E(0),
— curl B, (0) — 8, Mot (En, Hy)(0) = pd H™(0),

n X Eh(0)|8G =0,
[v x En(0)]g = [v x Hu(0)]5 = 0,
n x 8 Eu(0)],, =0,

v % O EL(0)]s, = [v x O H(0)]5, = 0.

Lemma 5.2 has two parts: In the first one, the initial function uy, lies in Z*(0) and
we obtain a solution u in the space Z§(by) for some small positive time by. So Ofu
possibly has a jump at time zero. To extend u to a maximal time interval, we need to
be able to use the shifted function u(++ bg) as initial datum wuy. In the second part we
therefore allow for the kth time derivative of uy to have a jump at a negative time. Here
we impose additionally a condition on dFuy(0) which ensures the continuity of the kth
time derivative of the solution at time zero, so no second jump occurs. The condition
on Ofuy,(0) is automatically fulfilled if uy, solves dyv = (A + L)v(t) + F(v¢) + g(t) on an
interval around zero. This is the case for uy = u(«+ bp).

The time variable T below serves as a cut-off for the inhomogeneity g. This plays a
role in the proof of Theorem 5.8: It is used to ensure that in the result for the continuous
dependence of the solution on uy and g on an interval [0,b] no information about g at
times ¢ > b enters.

In the proof of Lemma 5.2, we use the fact that the matrix V € RFFDx(k+1) with
entries v;; = ( — ﬁ.l)l_l is invertible (k is the parameter from Assumption 2.1) since it

is the transpose of the Vandermonde-matrix corresponding to ( — k%i-l’ ey f%) We
define the constant .

Cu(k) =Cy = ZFI la;| >0, (5.3)
where a € R is the solution of Via = 1 with 1 := (1,...,1) € R¥L

Lemma 5.2. Let Assumptions 2.1 and 4.2 be true, T > 0 and ro > 0. We set
r=1+ (201 + C1C3 + 04)7’0 + 0102(1 + T(])V) > 2rg

with the constants C1 > 1, Co, C3 and Cy from Theorem 3.2, Corollary 5.1 and equa-
tions (5.1) and (5.3). Furthermore, the radius

r=r(ro kN, lelleg - lnlles - lolles ™ 800, 161121 (o 00y - @)

is nondecreasing in 7o, lellct, lales, Iolles, 7%, $(0), and 19]151 0.y
(i) There exists a time by = bo(r,T) € (0,T] (given by (5.11) below) such that for every
up € Z%(0) and g € Z¥([0,00)) satisfying
O up (0) = (A + L)dfuy(0) + FO (uy) 4+ 8g(0), €=0,... k-2,

¢ (5.4)
diun(0) € D(A), £=0,...,k—1,
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as well as
H“huzk(o) + 1191l z# 0,77y < 705 (5.5)

there is a solution u € Z§(bo) N C*1([0,b0], X1) of (5.2) on (—o0,bo]. It fulfills

u(t) = S(t) (un(0)) + /0 S(t—T) (Lu(T) + F(u:) + g(T)) dr

for all t € [0,by]. For each b € (0,bo], the restriction U is the only solution in
ZE(b) with H“HZ{;(b) <r.

(ii) Let 9 < 0. There exists a time by = bo(r,9,T) € (0, min{—9, T} (given by (5.12)
below) such that for each uy, € Z§(0) and g € Z*([0,00)) satisfying

b

O un (0) = (A + L)dfuy (0) + FO (uy) 4+ 0g(0), €=0,... k-1, 56)
Oun(0) e D(A), £=0,...,k—1, '

as well as
lunll 250y + l9ll 25 0,27y < 7o (5.7)

there is a solution u € Zg(go) N Ck_l([O,go],Xl) of (5.2) on (—o0,by]. It fulfills
u(t) = S(t) (un(0)) + /0 S(t—1) (Lu(T) + F(u;) + g(T)) dr

for all t € [0,by]. For each b € (0,bg), the restriction U
Z5(b) with ||ull g5y < 7.

In both cases, the conditions (5.4) respectively (5.6) are preserved in time; i.e.,

1s the only solution in

b

O u(t) = (A+ L)dfu(t) + FO (u) + 8fg(t), £=0,...,k—1,

¢ (5.8)
diu(t) e D(A), €=0,....,k—1,

hold for all t € (0,bg] respectively t € (0,30]. The times by and by are nonincreasing in
1o, leles ldlee, I9llex 1 3(0), and 18] s oy

Proof. (i) Let uy, € Z*(0) and g € Z*([0, 00)) satisfy (5.4) and (5.5). For a time b € (0,7

specified later, we define the space
Zg(b7r) = {u € Zg(b) ‘ u’(—oo,(]] = Un, HUHZ(’)“(b) <,
9 u(0) = (A + L)0fu(0) + FO (wy) + 8{g(0), £=0,...,k—2}

with r > 2rg from the statement.
1) By means of Corollary 5.1 one easily checks that Z¥ (b, r) is closed in Z¥(b) and there-
fore the metric induced by ||| Zk(v) IS complete on ZE(b,r). To see that it is nonempty,

we set
. up (t), t <0,
u(t) = , 5.9
®) {E?fllajuh (—ki“t) , 0<t<b, (5.9)
for constants a = (ay, ..., ary1) € RF satisfying Via = 1 with the Vandermonde matrix
V from above. Then 0@ is continuous in HE4(G)® at time zero for all £ € {0, ..., k},
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so that @ is contained in Z¥(b) C ZF(b). Furthermore, the time derivatives of @ at ¢ = 0
satisfy the conditions of Z§(b,7) due to (5.4). Finally, it holds

k k+1
e szw_zsupuatuh e ZZM( ) s [t
=0

0<t<b

<(1+Cyrp <.

2) On ZE(b,r) we define the map ®,, , by

Doy (u)(1) = { )+ fo (t—r ( u(r) + F(ur) —i—g(T)) dr, 0<t<b, (5.10)

Uh(t)a t<0.

and prove that it is a strict contraction for sufficiently small b. Let v and u be contained
in ZE(b,7) and let f : [0,b] — HE(G)® be given by f(t) = Lu(t) + F(u;) + g(t). Due
to Corollary 5.1 and the assumptions, f is contained in Z*([0,b]). Set wo := up(0) and
wey1 = Awp+0f f(0) for £ € {0,...,k—2}. We prove that w, = 0fuy(0) belongs to D(A)
for all £ € {0,...,k—1}. By assumptions, this is true for £ = 0. Let wy = 0fu,(0) € D(A)
for some £ € {0,...,k —2}. Since u € Z¥(b,r), the function 8 1u is continuous at time
zero in He4(G)8 and we have

wepr = (A+ L)0fun(0) + F (uy) + 9{g(0) = 9; ™ un (0) € D(A)

by (5.4). Therefore the pair (uh(()), f ) satisfies the compatibility conditions of order k.

A comparison of (5.10) with (3.3) shows that v := <I>uh7g(u)|[0 . is the unique solution of

Ow(t) = Av(t) + f(t), t >0, Kagxv(t)=0,t>0, v(0) = up(0)
on [0,b]. So Theorem 3.2 yields v € Z*([0,b]) N C*~1([0,b], X1) and
O tu(t) = Adlvu(t) + AL f(t)
for all t € [0,b] and £ € {0,...,k — 1} as well as

k—1
ol e oapy < 1 (lun() g + > [0 £(0)] it )’
=0 b

k
¢
R
> =0
From Corollary 5.1 and 1) we then deduce
ol 22 0.y < C1 (L4 Coro + Cald + 1) + (1 + Cy)r + Ca(1 + 1))

using that 9fu(0) = Ofuy(0) for all £ € {0,...,k — 1}. By (5.4), the function ®,, 4(u) is
contained in Z¥(b) and satisfies

1@ () 0y < Ca (2 + Ca)ro + Co(1+78) +b((1+ Ca)r + Co(1 4 7V)) ).

3) In the next step we estimate the difference d :== ®,, 4(u) — Py, 4(). It is given by

(t— dr, 0<t<b
d(t) fo T ) T? < —
0, t <0,
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where h(t) = L(u(t) — u(t)) + F(u;) — F(u) for ¢t € [0,b]. As in step 2) we sce that
h is contained in Z*([0,b]). The functions u and @ coincide on (—oc0,0] and it holds
otu(0) = 0fu(0) for all £ € {0,...,k — 1}. Equation (4.4) therefore implies that 9¢h(0)
vanishes for all £ € {0,...,k—1}. So the pair (0, h) satisfies the compatibility conditions
of order k. Since d solves

Bd(t) = Ad(t) + h(t), t >0,  Kogxd(t)=0,t>0,  d(0)=0,

on [0,b], Theorem 3.2 now yields

k
Hd‘[o,b}sz([O»bD =G Ze:o H@fh‘

Corollary 5.1 and the fact that d(¢) vanishes for ¢t < 0 lead to

1k—2 "
LbHE

ldll 75y < bC1(Cs+ Co (1+7771)) u =l g o) -

We set

. 1 1
bo(r, T) := min {T’ Cr((T+Cs)r+ Ca(L+ 7)) ' 201 (Cs + Co (1+78-1)) } (5.11)

Then for any b € (0,bo(r,T)], the map ®,, is a strict contraction on Z§ (b, r) and Banachs
fixed-point theorem yields a solution u(®) = ®,, ,(u®) of (5.2) on (—oc, b] which is unique
in the space ZF(b, 7). We set u = u®T)) " The restriction of u to (—oo,b] is also a
solution whose norm in Z(])C (b) is bounded by r. Uniqueness thus implies that it coincides
with u(®) on the interval (—oo, b).

(ii) We prove the second part of the lemma analogously. Let w, € Z%(0) and g €
Zk([(),oo)) satisfy (5.6) and (5.7). For b € (0, min{—9,T}], we set

Zg(b,?”) = {u € Zg(b) | u|(7007 = Un, ||u”Z§(b) =,

0]
I u(0) = (A + L)dfu(0) + F9 (uy) + 8{g(0), £=0,...,k—1}.

1) Using 4 from (5.9) and b < —9, we again see that Z(b,7) is a nonempty.
2) We show that ®,, , from part (i) is a strict contraction on Z%(b,r) for any b €
(O,EO(rg,ﬁ,T)], where
bo(r,d, T) == min{—9, bo(r, T)}, (5.12)

by the same reasoning. The assumption on dFuy(0) from (5.6) ensures that OF®,, ,(u)
is continuous in L?(G)% at time zero for all u € ZE(b, 7).

We finally note that in both cases, dfu(t) is contained in D(A) for all £ € {0,...,k—1}
as a consequence of Theorem 3.2 and therefore the boundary and interface conditions
hold for all ¢ € [0, by] respectively ¢ € [0, bp]. In case (i), we can allow for £ = k — 1 in the
first line of (5.8), since OFu can only have a discontinuity at t = 0. O

We now show that concatenating and shifting solutions lead again to solutions. The
straightforward proof is omitted, see Lemma 8.3 in [7].

Lemma 5.3. Let Assumptions 2.1 and 4.2 be true and by, by > 0. Let uy, € Z*(0) and
g € Z%([0,00)) satisfy (5.4) and u € Z§(b1) N C*1([0,b1], X1) solve (5.2) on (—oco,by].
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(i) We define @iy, : (—00,0] = HE(G)S and g : [0,00) — HE(G)S by un(t) = u(t+by) for
t <0 and g(t) = g(t+b1) fort > 0. Then uy, is contained in Zfbl (0) and satisfies (5.6)
with uy, and g replaced by uy, and g. Let u € Zfbl(bg) NC*1([0,b2], X1) be a solution of

owu(t) = (A+ Lyu(t) + F(ue) +g(t), t>0,
Kya s u(t) =0, t >0,
U(t) = an(t), t <0,

on (—oo, ba]. Then the function v given by

u(t)7 t < bla
v(t) =4 -
u(t—bl), by <t < by + by,

is contained in Z¥(by + by) and solves (5.2) on (—o0,by + ba).

(ii) Let B € (0,b1). We define Uy, : (—00,0] — HE(G)® and g : [0,00) — HE(G)® by
Un(t) = u(t+B) fort <0 and g(t) = g(t+ B) fort > 0. Then Uy, is contained in Z* 5(0)
and u € Zfﬁ(bl — ) giwen by u(t) = u(t + B) fort < by — B is a solution of

Ou(t) = (A+ L)u(t) + F(uy) +g(t), t>0,
Koaxa(t) =0, t>0,
a(t) = au(t), t <0,

on (—oo,by — f].

Lemma 5.2 yields the existence of a local solution of (5.2), but the uniqueness statement
contains a condition on the size of the initial data and inhomogeneity. We now show that
solutions are in fact unique unconditionally.

Lemma 5.4. Let Assumptions 2.1 and 4.2 be true. Let 0 < Ty < Ty, up, € Z%(0),
g € Z*([0,00)) satisfy (5.4), and let uw € ZE(Ty), v € Z§(Ts) be solutions of (5.2) on
(—o0,T1], respectively (—oo, Ts]. Then u(t) = v(t) for all t <Tj.

Proof. We set
t=sup {t <T1 | u(r) =wv(r) forall 7 < t}.

Then we have > 0 and by continuity of v and v in time also u() = v(£). We assume
t < Ty and define the shifted functions @, : (—00,0] — H&(G)8 and G : [0, 00) — HE(G)®
by Un(t) = u(t + t) and g(t) :== g(t + £). According to Lemma 5.3, the functions @ =
u(++1) € Zfi(Tl —t)and v :=v(++1) € Zfi(TQ — t) are solutions of

Ow(t) = (A+ Lw(t) + Fw) +9(t),  t=0,
Ka(;;; w(t) 0, t >0, (5.13)
w(t) = up(t), t <0,
on (—oo, Ty —1]. We set 7 := [unllzx o) + 191l & (o, 7y for some fixed T"> 0. Lemma 5.2
—t ?

yields a time by = by(70,7,T) € (0,7] and a solution w € ZZ(/Z;O) of (5.13) on (—o0, bo).
It is the only solution in Z* 5(30) which satisfies

Hw”Zﬁf(bo) <14 (2C1 4+ C1C3+ Cy)rp + C1C2(1 + ?(])V)
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Using continuity, we can now find a time by € (0, bo] with £ + by < Ty and
mace{ [ ) - [Bl 5 )} < 1+ (201 + CLCi + Cf + CrOa(1 + 7).

The uniqueness statement in Lemma 5.2 then implies u(t) = w(t) = v(¢) for all ¢ < b;.
Shifting back leads to u(t) = v(t) for all t < f + by, contradicting the definition of . [J

By Lemmas 5.3 and 5.4, we extend the solution from Lemma 5.2 to a maximal interval.

Definition 5.5. Let Assumptions 2.1 and 4.2 be true. For each uy € Z*(0) and g €
Z*([0,00)) satisfying (5.4), we define the maximal existence time

t* (un, g, k) == sup{b | there exists a solution u € ZE(b) of (5.2) on (—00,b]}.

The interval I (un, g, k) == (—o0,t" (un, g, k)) is called the mazimal existence interval. A
map u € Z§ (I*(uh, g, k)) which satisfies (5.2) on I (uy, g, k) is called maximal solution.

We note that a maximal solution necessarily satisfies u € C’k_l([O,tJr(uh,g, k:)),Xl),
as can be seen by differentiating the boundary and interface conditions Kpg s u = 0
and using Lemma 2.4. As defined above, the maximal existence time depends on the
regularity index k > 2. Since for S k, a %g—solution is also a Hg—solution, tt is
nonincreasing in k. We prove in Lemma 5.7 that it is even independent of k and then
just write t*(uy, g) and I (uy, g). We omit the dependence of t* on ¢, u, o, 1, ¢ and G.

With the help of Lemmas 5.2, 5.3 and 5.4, we can prove the existence of a unique
maximal solution and state a first blow-up condition (which is refined in Lemma 5.7).

Lemma 5.6. Let Assumptions 2.1 and 4.2 hold, and let uy, € Z*(0) and g € Zk([(), 0))
satisfy (5.4). Then t* (uy, g, k) € (bo, 0] with by as in Lemma 5.2 and T = 1, say. There
exists a unique mazimal solution u € Z§ (I+(uh,g, k:)) of (5.2). If tT(un,g,k) < oo,
there exists a sequence (tp,) in (0,t" (un, g, k)) with tm — tT(un, 9,k) and

k
ZHOfU(tm)H oy 00, m — 00.
£=0 el

Proof. 1) The first part of Lemma 5.2 yields a solution u € Z§&(by) with by given by (5.11).
By the first part of Lemma 5.3, the shifted function u, = u(++bp) satisfies the conditions
on the initial data in the second part of Lemma 5.2 and we obtain a solution u € Z* bo (bo)
for a positive time 30. Again using Lemma 5.3, this yields a solution of (5.2) in the space
Zk(bo + bo). Hence t+(uy, g, k) belongs to (bo, oc].

Let b € (0, (up, g,k)). Definition 5.5 implies the existence a solution u® of (5.2) on
(—o0,b]. By Lemma 5.4 we have u®) = u(® on (—oc0,t'] for 0 < b < b < t*(un, g, k).
So we can define a maximal solution u on (—oo,t+(uh, g, k:)) by choosing for any ¢ €
(0,t* (un, g,k)) atime b € [t,t*(un, g, k)) and setting u(t) := u®)(¢). Due to Lemma 5.4,
this procedure gives functions solving (5.2) uniquely in Z§ (I (up, g,k)).

2) Let t* := t*(up, g, k) < co. We argue by contradiction. Suppose

C= sup |ullz(oq) <o
o<r<tt
and choose some time T > 2¢T. By assumption, C := 91l zx jo,7) is finite. Let (tm) be

a sequence in (0,t1) with t,, — t* as m — oo. We define sequences of functions (g("™)
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and (wﬁm)) by g™ (t) = g(t + t,,) for all t > 0 and w}(lm) (t) = u(t + ty,) for all t < 0.
They satisfy w}(lm) e zk, (0),

< C+C =y,

(m) (m)
™ HZLW(O) M Hg ‘ ZR([0,T—t+])

O ™ (0) = 0 M ultm) = (A+ L)0fu(tm) + FO (us,,) + 0fg(tm)
= (A+ L)3fw™ (0) + FO ™) + afg™ (0),
0lw™(0) = dfu(t,,) € D(A)

for all £ € {0,...,k — 1} and m € N. The second part of Lemma 5.2 yields a time

bém) = '5(({”) (ro,tm, T —t*) € (0,7 —tT) such that the problem
dw(t) = (A+ L)o(t) + F(u) + g™ (1), t>0,
Kaaxv(t) =0, t>0,
o(t) = w{™ (), t <0,

has a solution v, € Z%, (5(()771)) on (—oo,~[()m)] for each m € N. Since t,, — t*, there
exists an index mgy € N with ¢, > t7/2 > 0 for all m > my. From (5.12) we see that

~(m) C[tT 1 1 } B
b > mins —, 7, : _.3
°- {2 Cr((1+Cs)r + Co (1 + 7)) 201 (Cs + Co (1+ 7N 1))

for all m > my, where we have used T' — tT > tT. We can now find an index m; > my
with t,,, +b > tT. Using Lemma 5.3, we can combine u and vy,, to construct a solution

on (—o0, ty, + b, which contradicts the definition of ¢*. O

We can improve the blow-up condition to involve only the L°°-norm of the solution.
The proof uses ideas from Proposition 4.4 in [22], where the W1*°-norm is used to control
the L?-norms of spatial derivatives of the solution. Compared to the instantaneous
material laws treated in [22], the retarded material laws considered here allow us to work
in L™ instead of W1,

Lemma 5.7. Let Assumptions 2.1 and 4.2 be true. Furthermore, let uy, € Z*(0)
and g € Z*([0,00)) satisfy (5.4). Let u be the unique mazimal solution of (5.2) on
(—o0, tt (un, g,k)). If t*(un,g,k) < oo, there exists a sequence (t;) in (0,t* (un,g,k))
with t; — t*(uy, g, k) and

[u(t) oo — 00

as i — 00. In particular, t* is independent of k.

Proof. The last statement follows from the embedding HZ(G) — L°°(G). We omit the
restriction to subintervals and the dependence of the constants on the parameters.

We assume ¢+ := ¢+ (un, g, k) < 0o and supg<;es+ [[u(t)]| (g < 00. Let T € (0,7).
For m € {2,...,k}, we define the function ¢y, : [0,t7) — [0, 00) by

m—1

om () = [lull g = g sup Hafu“)Hng +supllou(m|a + sup 10" w2
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The strategy of the proof is to show by induction that ¢,, is bounded for all m €
{2,...,k}. The case m = k is then a contradiction to Lemma 5.6. We set

f(t) == Lu(t) + F(u) + g(t), t € [0,T].

As in the proof of Lemma 5.2, we see that (uh(O), f ) satisfies the compatibility conditions
of order k and u solves

duu(t) = Au(t) + f(t), t >0,  Kpgsu(t) =0, t>0,  u(0)=uy(0)

on [0,7]. We now apply Theorem 3.2 with k replaced by m to obtain the estimate

em(t) S ”UhHZm(o) + 1:2; Haff(O)HHg—l—f + efg Haff‘ L1((0,6),HZ =Y

<1 ot 5.14
ST ; oz (5.14)
for all m € {2,...,k} and t € [0,7]. This and the following estimates are uniform in
T < t*. We furthermore have
N
¢ +17(n)
[0t @], e S 1+ om0 > [ OI0! I (5.15)

for all £ € {0,...,m} and t € [0, 7).
1) In the first step we prove the boundedness of 5. Let n € {1,..., N} and t € [0,T].

Throughout, we use H4(G) — L>(G) and the assumptions on the response functions.
a) In the case ¢ = 0, inequality (2.4) and formulas (4.5) and (4.6) then lead to

Jor® ||,

P

-1
S sup [[u(7) [l sup u() [z < a(t).
T<t T<t

In addition, it holds
|ar®@@@)|| < sup lur)li~ S 1,
Lee T<t

and from (5.15) we conclude
IfDllpz S 14 @2(t), [[f(E)]L~ 1. (5.16)

b) Now let £ = 1. If n = 1, equation (4.7) implies H@tgf(l)(u)(t)HHI < pa(t). In the
b))

case n > 2, we again use (2.4) to estimate the H(G)-norms of the terms

¢ t n
/ anggl_)._jn(tf51,...,757sn)Huji(si)dsl... dsp,
oo e i=1
t t n
ujl(t)/ a,éR;-g.)“jn(O,t—SQ,...,t—Sn)H'LL]‘i(Si)dSQ... dsp,
- - =2
t t ) n
ujl(t)ujz(t)/ / Rjomjn(O,O,t—33,...,t—sn)Huji(si)ds;z,... dsp,
-0 Jmoeo =3
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where a, f € Nj with |a] = 2 and || = 1, by a constant times ¢3(t). (For n = 2, the

last term is replaced by REO;UQ(O, 0)uj, (t)uj,(t).) It remains to treat the contribution

t t n
I(t) :== 8tuj1(t)/ / Rg-:.)“jn(O,t—32,...,t—sn)Huji(si)dsl... dsp,.

=2

Here we insert dyu(t) = Au(t) + f(t) and derive from (2.2), (2.4), (2.5) and (5.16) the
inequality

O[S / / |8, 00— 5ot = sl

a€eN3, |a|=1
u.]l HUJ'L Sl

L
+lf HH2/ R 0 st )

+1£(t) HLOO/ / HRJO (0t =82, t—sp) N

§ [[wj; (si HHQ H [ (8m) | oo dS2... dsp
m=1, m#i
—1
S sup [[u(7) 32 sup [lu(r)[[7=" + L (052 sup [lu(r)[7=
T<t T<t T<t

2

dso ... ds,

. ds,

2
=

-2
+ 1F @) oo sup [[u(T) |5z, [lu(r)lIZ
T<t
S 1+ @a(t).

So (5.15) leads to Hatf(t)”?—[lz(G) S 14 poft) for all t € [0,T7.
¢) We turn to the case £ = 2. If n > 4, we see from (4.4) that 97T (u)(t) is a linear
combination of the terms

/ / 80‘R]:)] (t —s1,- ..,t—sn)Huji(si)dsl...dsn,
i=1
Ujl(t)/ / ang-Z)“jn(O,t—82,...,t—Sn)HUji(Si)dSQ... dsp,
—00 —0 i=2
n
Oguj, (1 / / OVRJO n 2y eyt — 8p) Huﬁ(sz) dsy... dsy,
i=2

B ujy (1) / / REZ i ,---,t_sn)HUji(Si)dSQ... dsp,
i=2
wjy ()ugy (¢ / / 85 ]O Jn (0,0,t — — Sp) H wj, (si)dss ... dsp,
=3
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t t n
O, (t)ujy (t) / e / R§0n.)._jn (0,0,t —s3...,t—sp) H uj,(si)dss... dsp,

wj, (), () g, (t / / JO n (0,0,0,t —84...,t—sp Huﬁ si)dsy ... dsp,

i=4

where a, 8,7,6 € Ny with |a] =3, || =2, |7| =1, |0] = 1. Using H@gu(t)HLQ < pa(t) for
all j € {0,1,2}, as above we obtain H83F < 1+ ¢a(t). The contributions for
n € {1,2,3} are handled analogously. We conclude S, loff(t Hszfe S 14 po(t) with
a constant independent of 7. As T' € (0, t+) is arbitrary, (5.14) implies that there exist

constants a, b > 0 such that @o(t) < a+ bfo @2(7) dr holds for all t € (0,¢T). Gronwall’s
inequality finally implies supg<, 4+ @2(7) < 00. If k = 2, the proof is finished.

2) Let k > 3 and m € {2,...,k — 1}. We assume supy<, .+ ¢;j(7) < oo for all
j €{2,...,m}. The boundedness of ¢,,+1 on [0,¢") follows by the same arguments as
above, if we can show

o T @0 yerme S 1+ Emia(0) (5.17)

for all £ € {0,...,m+ 1}, n € {1,...,N} and t € [0,T]. So let £ € {0,...,m + 1},
ne{l,...,N}and t € [0,T]. By (4.4), we have

m1n{€+1 n—1}

(+11(n) _ (n) 7(n)
T ) = Yy I Z D sl s D IR (1)
aeNg, 9=1  aeNy,BeN, a,BENT,
lor|=¢+1 |a+|8|=t+1-q o] +[Bl=t+1-n
with

I(n) / / 02R ]O n 1. Huh )dsy ... dsp,

(n) _ Bi
I 2,q, a,ﬁ - ,q, H8 uh

Igj})’ / / aaRj:) Jn 707 t— Sq+1s5--- 7 H U],L d5q+1 dSn,

i=q+1

I () = 92RY . ( Ha%h

and constants aé q)a 4 b(n) € Ng. We note that GO‘R( ")
for all a € N with |« < k+1.

2.1) We first treat I(n)( t). Let o € N§j with |a| = ¢+ 1. We distinguish four cases.

a) £ € {0,...,m —2}: Then m +1—+¢ > 3 and 0%R J(O)j is contained in

C(Rgo,HgH_Z(G)) duetok+1—|al=k—€>m+1—{¢ We use (2.4) and the
embedding HZ(G) — L*°(G) to obtain

n k+1—|a
’ ., belongs to C(R>O,H | ‘(G))

—1
1220 ges-o S 5P () e s0p Ju(E S o (1)

32



b) £ =m —1: Here we have m+1—/¢=2and k+1—|a|=k—4=k—m+1>2.

Thus 92R\" . belongs to C(R%y, H%(G)) and we infer

72O fygeres S sup (g, S 220" S 1
c)f=m: Itholdsm+1—¢=1and k+1— |a] > 1. The product rule (2.2) yields
(n) n n
|52 gy, S supllumlidg < ea(t)” 1.

d) £ =m + 1: In this case, m+1—¢ =0, k+ 1 — || > 0 and again the embedding
HE(G) = L>®(G) lead to

[0 0,2 < sup ()5, S 20" S 1

2.2) We turn to IQ(nq)aﬁ

and 8 € N satisfy

(t). These terms appear only if n > ¢+ 1. Let ¢ € N, a € Ny

g<min{l+1,n—-1}, |a|+[8]=(+1—q.

Without loss of generality we can assume 31 > --- > f3,.
i) We begin with the case m = 2, using again product rules from Lemma 2.2.
a) m =2, {=0: Here we have g = 1, a =0, § =0 and

1757 0.0 g, S Tl 15200 oo + a(®)l e (57003
—1 —2
S 1) g sup () [F=" + (D) oo 5D () g s0p [fu(7) 7
T<t T<t T<t
S ps(t).

b)m =2, 0=1:If g =1, it holds |a| < 1 and 8 € {0,1}. Since ||8}"u
©3(t) and

(t)HHQE(G) <

12 0Ol S M@l sp ()" S 2(0) S 1
<
by assumption, we have
15 e 5Ol S 1071 |57 @)l S 3(0).
For ¢ = 2 it holds o =0, 8 = 0 and

152000l S Iu®) i3, 115200 S 1

c) m =2, =2: In the case ¢ = 1, it follows |a| <2 and p; € {0,1,2}. Furthermore,

k+1—|al >2,s0 8$‘RJ(,:.)UJ." is contained in C(R%,, H%(G)) and we obtain

157 a5 @l < 107w yug 1157 0Dz, S 03(0).
If g =2, we have |a| <1, 81 € {0,1}, 52 =0 and

1555 050, < 107 0@y u®llg, 15500z, < 1.
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For ¢ = 3, it holds a =0, 8 =0, and

1155000l S Ne®llsg, Tu@3e 11550 e S 1.
d)m=2,¢=3:If ¢ =1, it holds |a| + || = 3. We first consider the case |a| = 3.
Then we have 8 = 0, [[u(t) |1 < @1(t) S 1and 92R | C(RL, HE(G)), which implies
127 Olly, S s g < 1
So we deduce (
2002 S [0 1200 S 1
In the case |a| < 3, we have p; € {0,1, 2,3}, H@flu(t)HL2 < p3(t) and
RR] 5, C (R, HE(G)) = C (R, I(G)).
It follows
150 5O S 107 0l 2l 0 Ol S sl
Let ¢ = 2. Then |af < 2. First let 51 € {0,1,2} and B2 = 0. This implies
1550 5Ol 2 < 107 a®)]| 2 Nu®)] o |52 0O o S 02(8) S 1.

The second case is 51 = B2 = 1. Here it holds
17575 0 5 ()] 2 < 1107 () 1972003 | 550 O oo S 028 S 1.

If ¢ = 3, we have |a| < 1, 81 € {0,1} and 2 = 3 = 0, while ¢ = 4 implies a = 0 and
B = 0. In both cases we obtain HI;”Q)O( B(t)HLQ < 1.

~

For m = 2 and all ¢ € {0,..., 3}, we conclude

[EamItIt]

S 1+ ps(t).
HIE

ii) It remains to consider m € {3,...,k—1} with £ > 4. Again there are four subcases.
a) £ =m + 1: We argue similarly as in the case m = 2, ¢ = 3 above and first consider
= 1: It holds |a| 4+ |B] = m + 1. If |a| = m + 1, we have § = 0, Hu(t)HHlE < 1,

Oij(g) inC (RZy, H5(G)) and therefore
H 2,1,a0 HL2 ~ Hu H?—[l Hlénla )H’;.le 5 1.

8flu(t)HL2 < ©m+1(t) as well as aaR(”) €

If o] < m, it follows 31 € {0, ..., o

C’(Rgo, H%(G)) , implying

150050 2 107 w1120 (0)] 1 < 05

If ¢ > 2, it must hold 8; < m — 2 for all i € {2,...,q}, since otherwise 2m — 2 < 24; <
B1+ Bi < 8] < m+2—q < m, which would imply m < 2. This yields the estimates

107 u(t)|| > < 05, (8) < @mar(t),
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Haflu(t)HL‘><> S Haflu(t)HHQZ < 902-1—51@) < @m(t) S} Li=2,...,q

We again have 0°‘R§Z) n C(Rgo, H%(G)) and deduce

q
150050 2 S 11wl 07 w0) | 2 T TP w1 < o (),

b) £ =m: We have 1 < |B| <+ 1—¢ < m and in case ¢ > 2 additionally ;+2 <m
for all i € {2,...,q} by the same reasoning as in the step above. We obtain

15 s Oy, 12500 g 1070 HHaﬁ’ Ollyg, S emia(®).

c) € {1,...,m —1}: It holds m +1 — ¢ > 2, and 8$‘R§Z)]n is contained in the
space C(REO,HQH_Z(G)) duetok+1—|a] > k+1—¢>m+2—/{ (recall that
la] <041 —gq <?¢). This yields

ma1—e < sup ||w(T)||,me1—e sup ||u(T "ql t) <1.
5Ol S 500 B g sup a5 5 o) S

In addition, U t)HHm+1_g < @my1(t) foralli € {1,..., ¢}, since Bi+m—+1—¢ < m+1
p
by |B| < €. If ¢ =1, we use (2.2) to obtain

15 s Olsgri=s S 07w D0 ger-e S om0

If ¢ > 2, for each ¢ € {1,...,q} we have 5; < |B] < £+ 1— g < m — 2, which implies

H(‘)tﬁ’ HLOO < pm(t) £ 1. We can now use (2.4) to derive

180 s Olhgore 3 Jouto] e T o200, NSt
i=1 = j=1,j#i

1 (CC B EEROT
j=1

5 1+ SDm+1(t)'

d) £ =0: Here it holds ¢ =1, a =0, =0 and
115000 lgmr S Nu®llpggor 20O oo + Hult) | o 10031
With [[u(t) e S @mi1 (), [ I70(8)]]  S 1 and

-2
120 @l S 00 () g sup [w(DIEE S e (),

it follows [|2370,0(8) [yt S @me1(8):
Combining the above results, we deduce

172, 27q7 B )HH’E"“ S 1+ omra(t).
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2.3) The term I?(’ZB”B (t) can be estimated in the same way as IQ( q)a 5(t) since apart from
the missing time integrals, it is of the same structure, and contains fewer time derivatives.
So we have shown (5.17), which implies ¢p,+1(t) < a+ bfg Om1(7)dr for all t € (0,¢T)
and some constants a,b > 0. Gronwall’s inequality yields the boundedness of @1,

concluding the proof. O

The solution of the Maxwell system (5.2) depends continuously on the initial data
and the inhomogeneity, as shown below. We collect the obtained local wellposedness
properties of (5.2) in the following theorem which is the main result of this paper.

Theorem 5.8. Let Assumptions 2.1 and 4.2 be true and let uy, € Z¥(0) and g €
Z*([0,00)) satisfy (5.4). Then the following statements hold.
(i) There exists a unique mazimal solution u € ZF((—oo,t™(un,9))) of (5.2), where
t* (un, g) € (bo, 00] with by as in Lemma 5.2 and T = 1, say.
(ii) If tT(up, g) < oo, there exists a sequence (t,) in (0,t" (up, g)) with tym — T (up, g)
and
|u(tm)l| oo — 00, m — 00.

(iti) Let b € (0, (un,g)). There exist constants § > 0 and C > 0 such that for any
initial data Uy, u, € Z*(0) and inhomogenceities §,q € Zk([(), oo)) satisfying

O 10, (0) = (A + L)y (0) + FO (W) 4+ 85(0), €=0,... k-2,

O un(0) e D(A), £=0,....,k—1,

a”l 1(0) = (A + L), (0) + FO (@) + 0/5(0), €=0,... k-2,
n(0) € D(A), €=0,....k—1,

as well as
[ — unll ze oy + 119 = 9ll zr o)y < 05 n — unll zr0) + 119 = 9ll 2 o,y < 6

we have min{t+(ﬂh,§),t+ (Un, g } > b and the estimate

1= @l < € (I = Bl o) + 17 = Tl 20s))

where u and u denote the solutions of (5.2) for uy and g, respectively uy and g.
The constants 6 and C depend on k, N, b, |ull gz, 9l zxqo): l€ller: uller

||O'Hck, L 9(0), L1 ((0,00)) and G While 6 is nonincreasing in b, ||UHZ(’;

||9||Zk ([0,b]) ||5||c’w HMHck: HUHck; ', ¢(0) and 161l 1((0,00)), the constant C is
nondecreasing in “these quantztzes

Proof. It only remains to prove the last statement concerning the continuous dependence
of u on uy and g. We set

7o = To(k, b, u, 9) =1+ [lull gx ) + 9]l 25 0,0)) -

Let 61 == % and uy, Un, g, g be as in the claim with 47 instead of §. In particular, we have

@l 20y + 131 2eosyy < Tor 1l oy + 1] 26 oy < To-
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Lemma 5.2 thus yields a time by := by (T, b) € (0,b] smaller than ¢t (uy, g) and ¢ (uy, 9)
such that

max { @l 22 - HﬂHZg@l)} <1+ (201 + C105 + C)Fg + C1Co(1 + 7)) =7 (5.18)

holds. By equation (5.11), we can choose

1 1
b =min {b’ Cr((1+Ca) T+ Gy (L+7Y)) 201 (Cs + Co (L +771)) }
We set v :=u — u, vo = up(0) — uy(0), and
F(t) = L(u(t) —a(t)) + F (@) — F (@) + (t) — 9(t)
for t € [0,b1]. The function Y0i0.60) solves the problem
dw(t) = Av(t) + f(t), t >0, Ky xv(t) =0, t >0, v(0) = v

on [0,b;]. Since (v, f) satisfies the compatibility conditions of order k (see the proof of
Lemma 5.2), Theorem 3.2 yields the estimate

N Ek: Haff‘ ) (5.19)
>z £=0

We use (5.1), (5.18), and Corollary 5.1 to bound the terms on the right and obtain

k—1
4
H”Ho,bl] 2oy < 1 (“UOHH% " ;:% Hatf(o)’ LH(0,61),15 ™)

[vollz < [[um — nll zx o) »
k—1 k—1
i S CO =l 200, + 3 0£30) - 2/5(0)
=0

k—0—1"
Hy

3~ ets|
=0

with C(R) = C5 + C2(1 + 7 ~1). Observe that Hv’(ioo o]HZk(O) = ||an — ah”zk(o) and
recall C; > 1. These facts and (5.19) lead to

LY ((0,b1) HE) < bl(C(R) lu— aHZ(’f(bl) + 19— §sz([0,b1])),

01l z8 by < HU’(,OO’O]HZ’“(O) + HU‘[le]HZk([O,bl])
< (14 G+ Ci0(1+ 71 + CiC3) [[un — Tl gx )
+ Cl(l + bl) H/g\_ g”Zk([O’le +b1Ch (03 + 02(1 + ?N_l)) HUHZ(])“(bl)

We note that b Cy (Cg +Cy (1 —l—FN*l)) < 3, set

Ky =2max {1+ C1 + C1Cs (1 + FN_l) +C103,C1(1+b1)} > 4,
and conclude

17 =l 00y < K (1 = Bl ko) + 18 = Tzt o) (5.20)
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If by = b, we have min {t* (uy, g),t" (@n,g)} > b and the proof is complete with ¢ :== §;
and C' = Kj.

In the case by < b, we shift the solutions u and u as well as the inhomogeneities g and
g by by and argue similarly (possibly reducing 1) to extend the estimate for uw — u by
another step of size by if 2b7 < b. If 2b; > b, we choose a smaller step size in order to not
exceed the time b. This yields a procedure that terminates at b after a finite number of
steps, since the step size b; depends only on wy, g, b, C1, Co, C3 and Cjy.

To make this precise, we formulate a step of the iteration. Let n € N with nb; < b
and let d,, € (0, %) and K, > 1 be constants such that for any initial data w,, uy and
inhomogeneities g, ¢ fulfilling the conditions in the claim with § replaced by 6,,, we have
that the corresponding solutions @ and @ exist on (—oo, nb;] and satisfy

1~ @l g vy < Kool — @l oy + 13— 2oy )- (5.21)

We furthermore assume that d,, and K, have the same dependence on the parameters as
d and C from the claim.

The case n = 1 was shown above. If (n 4+ 1)b; < b, we can make a full step of size b;.
Otherwise, a smaller step of size b — nb; > 0 is chosen. We set

T = min{b1,b —nb1}, Opy+1 = min {(5n, (2Kn)_1}.
Let uy, uy, g and g be as in the claim with ¢ replaced by 4,41 and set
uf =u(-+nby), u=u(++nb), ¢ =g(-+nb), ¢ =g(-+nb). (522)

Using the special case u, = up, g = g in (5.21) and noting that nb; + T < b, we obtain
the estimate

Filize , @ + 19 z0 o) < Wall Zg ) + 191 250,01

<[t = wll g mbyy + 19 = 9ll ze oy + Nll 25 meyy + 190 25 0.0)
< Kndn1 + 01 + [l gx gy + 191l 20,6 < To

and analogously [[upllzx o) + [[° ()]l zx(o.p) < To. According to the first part of
—nbq ’

Lemma 5.3, the shifted functions (5.22) satisfy the requirements of the second part of

Lemma 5.2. The latter therefore yields solutions ©* and u® to the shifted problems in the

space Zﬁnbl(bg) satisfying max{||a®|| o) 4] , (50)} < T, where by is given by
—nby —nby

_ 1 1
b = i T7 b — )
0 mm{ Cr (1 + Cs) 7 + Co(1+ 7)) 201(03+02(1+1~N—1))}

see (5.12) and note T < by. We have by = T since by < T would imply the contradiction
bo = by > T where we have used by < b.
We set v* == u® — u®, v == 4}, (0) — u; (0) and

Fo() = L(@(t) — (1)) + F (@) — F (33) + 5°(t) — 5°(1)

for t € [0,T], and proceed as in the derivation of (5.20). It holds

k—1 k
S S S l ps l ps
I¥llzx,, ry < Ilze,, o)+ Cr (bl + > [of O] s+ > 20 P
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< (14 C1+CiCo(1+7VY) + O1Cy) ||, — Gllze, o
+C1(1+ DG = Fll 7oy + TC1(Cs + Co+T D) [0l e, oy

Since T < by, we arrive at

[ =@z, oy < K (I =Bl ) + 19" = Gl zno,m)-

With the aid of Lemma 5.3 we get

1 = @l 254y < B (T = @l 250y + 19 = Gl 25 gt i 7 )

Inserting (5.21) results in

1 = @l g oy 7y < K1 K (1@ = @l g0y + 19 = Gll 7 (o1,m00) + BT = Gl 5 o a7

< K1 (1@ =@l ey + 119 = 91l 2oz )

with K11 = 2K1K,,. This completes the induction step. The constants § and C from
the claim are then given by dy respectively Ky, where N is the number of steps needed
to reach b. ]
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