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Well-posedness, regularity and stability for linear Maxwell’s
equations with interface damping

Julian Dorner, Serge Nicaise and Roland Schnaubelt

Abstract. We study linear Maxwell’s equations on a cuboid that is split into two parts by a planar
interface, across which the tangential magnetic field jumps proportionally to the tangential electric
field. Conditions of this type arise in the modeling of atomically thin metamaterials, where the
sheet is replaced by an effective surface current. Working in a state space that admits a surface
charge on the interface, we show that the problem is governed by a contraction semigroup. To this
end, we provide density results, Weber-type inequalities, and trace estimates for the underlying
function spaces. We further prove a hidden regularity result, stating that the fields in the domain
of the Maxwell operator are piecewise Sobolev regular of first order. Since the damping acts on
the interface only, the energy does not decay for all initial fields. We decompose the dynamics
into a unitary part, carried by the eigenmodes that are invisible to the damping, and a strongly
stable part. In the non-refracting case with a non-resonant interface position, we characterize the
decaying initial fields by two moment conditions.

Mathematics Subject Classification (2010). Primary 35Q61, 35B65; Secondary 47D06, 35B40, 7T8A25.

Keywords. Maxwell’s equations, interface damping, transmission conditions, surface current, well-
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1. Introduction

The Maxwell system is the foundation of electromagnetic theory. When describing composed materi-
als, it becomes an interface problem, which poses deep analytical challenges. In this paper we consider
linear and isotropic Maxwell’s equations on a cuboidal domain with an impedance transmission con-
dition, and we investigate regularity and stability of solutions.

Let Q C R3 denote our domain of interest, which is partitioned by two sub-cubes Q; and Q-
defined by

Q=(-1,1)x(0,1)% Q1= (-1,¢) x(0,1)* Q2= (¢,1) x (0,1)2,
where ¢ € (—1,1) is the point where the interface F' = {¢} x (0,1)? intersects the x;-axis perpendic-
ularly. The unit normal vector on F is denoted by n = (1,0, 0). If convenient, we identify F' with the

open unit square in two dimensions and use the same symbol. See Figure 1 for the geometric setup.
For ¢ € {1,2}, we consider Maxwell’s equations in the form

D9, ED (1) = curl HO (1), pDo,HD (1) = — curl ED (1), in (0,00) x Q. (1.1a)

Here, the upper index indicates the restriction f( = f |g, for any function f : @ — R. The scalar
permittivity € and permeability p are piecewise constant and positive, that is,

D u® >0 forie{1,2}. (1.1b)
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FIGURE 1. Domain ) with sub-cubes @)1, ()2, and interface F.

The equations are supplemented with the following transmission condition at the interface F’
[E-(t)] =0, [H.(t)] =—0Et) on (0,00) X F (1.1c)

with positive conductivity o > 0. Here, we denote by double brackets the jump [f] = f@|p — fD|p
for any function f : @ — R that admits a well-defined trace on F'. Furthermore, for any vector field
V : Q — R3, we use the shorthand notation for the tangential component and the rotated tangential
component

Vilp=nx (VO xn)lp, VOp=V®xnlp, onF forie{l,2} (1.2)
Note that the second condition in (1.1¢) is unambiguous since the tangential component of the electric
field is continuous by the first condition in (1.1c). We therefore drop the superscript here and do not
specify from which side the trace is taken. Finally, the equations are supplemented with electric
boundary conditions

E(t)xv=0, in (0,00) x dQ, (1.1d)

where v denotes the outer unit normal, and the initial conditions E(0) = Ey and H (0) = H).

Physical relevance

The model introduced in (1.1) is used to study the optical properties of atomically thin metamaterials.
Metamaterials are artificially engineered materials with properties beyond those found in naturally
occurring media, and they have attracted broad interest because of their potential applications. In
particular, atomically thin sheets of such materials can be designed to manipulate electromagnetic
waves in ways that enable novel optical devices, see [10,39]. To study and model these systems, one
often uses Maxwell’s equations supplemented with effective dissipation models that account for the
negligible thickness of the material compared to the relevant spatial scales. These systems are modelled
using the usual transmission conditions, see, e.g., [26], at a dielectric interface F', which are given by

[H-®)] = Jr(E))(1), [E-()]=0,  on(0,00)xF.

The surface current Jp describes the effective dissipation of the metamaterial. Many dissipation models
for Jp are considered in the literature, such as the Drude or Lorentz model, see, for example, [17,41].
In this work, we consider the linear relation with constant conductivity, that is Jp(E))(t) = —cE(t),
which can be interpreted as an instantaneous Drude model and serves as a natural starting point to
consider more complex models in the future.
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Literature review

Maxwell’s equations at a material interface have attracted considerable interest in recent years. A
comprehensive local wellposedness theory was developed in [38] for quasi-linear instantaneous material
laws and a prescribed surface current at a smooth interface, whereas [19] studied the linear problem
with a prescribed surface current on an interface that touches the boundary. Existence, uniqueness
and stability of semi-linear retarded Maxwell systems with homogeneous transmission conditions were
established in [18] within the framework of the theory of evolutionary equations. In contrast to these
works, the surface current in (1.1c¢) is not given in advance, but is coupled to the tangential electric
field, so that the interface itself acts as the only damping mechanism of the system.

In this respect, our transmission condition is the interface analogue of an impedance, or Silver—
Miiller, boundary condition, which has been studied thoroughly in the past. For linear Maxwell equa-
tions with linear and non-linear variants of such boundary conditions we mention [8,21,22], and the
combination with interior conductivity models is investigated in [33,34]. There are also extensions to
retarded boundary laws, cf. [3], as well as to non-linear Maxwell equations with non-linear boundary
damping, see [35,37]. Since the damping in (1.1c) acts on the interface only, and hence on a set that
does not surround the domain, the decay behaviour differs substantially from the boundary damped
case. The technical basis for our decay proof is the theory of elastic systems stabilized by collocated
feedback developed in [2].

The regularity analysis of Maxwell equations has been intensively studied as well, see [12, 14, 28,
29]. These results are not directly applicable in our situation, since the fields dictated by (1.1¢) are
divergence-free and curl-regular in each sub-cube only, and the interface touches the outer boundary
equipped with the boundary conditions of a perfect conductor. To deal with these difficulties, we also
use techniques developed for the analysis of alternating direction splitting methods, see [42—44], which
are well suited to our specific geometry and are cited below frequently.

Contributions, challenges and methods

We develop a toolbox for the function spaces dictated by the transmission condition, whose elements
are divergence-free or possess curl-regularity in each sub-cube only. Hence, a surface charge may build
up at the interface. Moreover, a priori the traces on F just exist in suitable variants of H /2 and
their traces on JF can be captured only in an indirect way. Still we manage to work in a setting,
where the fields possess square-integrable tangential traces on F. Among our results are density
properties, Weber-type inequalities, and trace estimates, by which the surface charge and the tangential
electric field control each other on the interface. Our arguments rely on subtle trace theorems in
critical regularity, which we combine with the theory of interpolation scales. We use various Helmholtz
decompositions and elaborate elliptic regularity results for interface problems from [42].

On this basis, we prove well-posedness of the problem, in the sense that it is governed by a
contraction semigroup, and show that the surface charge is transported by the induced surface current.
We then establish a hidden regularity result, which states that the fields are piecewise Sobolev regular
of first order, uniformly with respect to the graph norm of the Maxwell operator. To derive this sharp
and somewhat unexpected result, we adapt techniques known for impedance boundary conditions
[5—7], where the interface setting also demands a careful analysis of the compatibility conditions at
the edges of the interface.

Finally, we prove a stability result. Since the damping acts on the interface only, energy decay
cannot be expected for all initial fields. So we show that every trajectory splits orthogonally into
a unitary part, carried by the eigenmodes that are invisible to the damping, and a strongly stable
part. Our spectral analysis is based on the compactness of the resolvent of the generator which is
a consequence of the hidden regularity. For non-refracting material parameters and a non-resonant
interface position, we compute the eigenmodes explicitly and characterize the stable initial fields by
two moment conditions along the axis of the cuboid. To this aim, we determine an orthonormal basis
of eigenfunctions of a curl-curl-type operator with piecewise constant coefficients, which yield the TE-
and TM-modes of our Maxwell problem, cf. [13] for the case e =1 = p.
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Outline

The paper is organized as follows. The remainder of this introduction collects the function spaces
and the notation used throughout. In Section 2, we introduce the state and energy spaces, discuss
the interface conditions, and prove well-posedness of (1.1) as well as the surface continuity equation.
Section 3 is devoted to the properties of the underlying function spaces, that is, Hodge projections,
trace estimates, Weber inequalities, and density results, which are used throughout the manuscript.
The hidden regularity of the domain of the Maxwell operator is established in Section 4. Building
on it, Section 5 contains the spectral analysis of the Maxwell operator and the decomposition of the
semigroup into a unitary and a strongly stable part. Section 6 characterizes the cavity eigenmodes in
the non-refracting case and identifies the unobserved modes, completing the proof of Theorem 5.2.

Basic function spaces & Notation

To close the introduction, we recall some essential Hilbert spaces. Let D C R™ be a Lipschitz domain.
For any k € N we denote with H¥(D) the Sobolev space of functions with weak derivative up to order
k in L?*(D). The closure of compactly supported test functions C2°(D) in H'(D) is denoted with
H}(D), and we define for s > 0 the fractional Sobolev spaces as
_ 72 1
H(D) = [LX(D), H'(D)] .
where [~, ] oo denotes the real interpolation functor. See, for example, [27,40]. Additionally, we make
use of the half-integer spaces
1/2 3/2
Hy*(D) = [L*(D), Hy(D)] Hy'*(D) = [L*(D), H*(D) N Hy (D)]

(1.3)

1/2,2° 3/4,2

to account for the impact of boundary conditions at the critical regularity levels 1/2 and 3/2. We
denote the topological dual of Héég (F) with pivot space L?(F) as HO_Ol/Q(F). The topological dual of
H'/?(F) with the same pivot space is denoted as H~'/?(F). Propositions 2.1.44, 2.1.47 and 2.1.59 of
[4] show that Héé2 (F) is the space of functions u € H'/?(F) whose 0-extension @ belongs to H'/2(9Q;)
for i = 1 or ¢ = 2. Moreover, HééQ(F) is densely embedded into H'/?(F) = H01/2(F)7 but is strictly
smaller, so that H=1/2(F) < Hy'/?(F). We define the restriction of ¢ € H=1/2(9Q;) to, say, F by
olr(u) = (@, ) g1/2(90,) for u € Hééz(F), see (2.9) in [4].

We use the following Hilbert spaces to deal with vector fields and refer to [4] for a detailed
introduction:

H(curl,Q)={V € L*(Q)® | curl V € L*(Q)*},
Hy(curl,Q)={V € H(curl,Q) | V xv =00n 9Q },
Hi(dive,Q) = {V € I2(Q)° | div(0V) € I*(@) },
Hy(divg,Q) ={V € H(divy,Q) | (V) - v =0 0n 9Q }.

These spaces are endowed with the corresponding graph norms. Throughout, 6 is a piecewise constant,
positive material parameter and the traces are understood in the sense of H~/2. We drop the lower
index if # = 1.

Due to the inhomogeneous transmission conditions, we deal with vector fields that are discontin-
uous at the interface F. For that, we introduce the notion of functions that exhibit a piecewise curl
and divergence

H(curl,Q) = {V € L*(Q)* | curl VD € L2(Q,)%, i € {1,2} },
H{(dive, Q) = {V € L*(Q)* | div(0V D) € LX(Qs), i € {1,2} }.
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Note, that the definition of the latter space is independent of 6, i.e. H(&ng, Q) = H(&R/, Q). We keep
the notation in analogy to H(div,@). We emphasize the following characterization

H(curl,Q) = {V € H(curl,Q) | [V,] =0, in Hy,"/*(F)?}, (1.4a)
H{(dive,Q) = {V € H(dive,Q) | [IVL] = 0, in Hoy'*(F) } (1.4b)

and refer to [4, Prop. 2.2.30-2.2.32] for the details. Here, the tangential jump maps H(c/ﬁ;l, Q) con-
tinuously into H&Jl/Q (F)? by equation (2.24) of [4]. However, V' € Hy(curl, Q) has rotated tangential
trace V| in H~'Y2(F) in view of Proposition 2.1.60 in [4], see page 99 therein.

In analogy with (1.2), we define the shorthand notation of the normal component of V' : Q — R3
as

0OV p =00V nlp,  onF, forie{1,2}. (1.5)
Finally, for k£ € N, we introduce the space of functions that are piecewise Sobolev regular
PHNQ) = {v e I2(Q) | v € HY(Q0)}

equipped with the canonical norm.

Throughout the manuscript we denote vector-valued quantities in bold, and write o < 3 if there
exists a constant C' > 0, which is independent of «, 8, and time ¢, such that o < Cf.

2. Well-posedness

State space

Along with the curl equations (1.1a) comes Gauss’s law, which we summarize in the following lemma.
The first two parts follow from (1.1a) by applying the divergence, and the third part is a consequence
of (1.1a) and [4, Thm. 3.5.1].

Lemma 2.1. Let (E,H) € C'([0,00),L*(Q)%) N C°([0,00), Ho(curl, Q) x H(cfl\l;l,Q)) solve (1.1)
with initial conditions E(0) = Eq, H(0) = Hy.

(a) If(ﬁ/(sEo) =0, then cﬁ;/(eE(t)) =0, for allt > 0.

(b) If div(uHo) = 0, then div(uH(t)) =0, for all t > 0.

(¢) If Hy-v =0, then H(t) -v =0, for all t > 0.

Motivated by Lemma 2.1, we set
Hy(div, =0,Q) ={V € Hy(div,,Q) | div(uV) =0},
H(div. =0,Q) = {V € H(div.,Q) | div(eV) =0},
and define the state space
H = H(div, = 0,Q) x Hy(div, = 0,Q).

It is a closed subspace of L?(Q)° and, thus, a Hilbert space with the scaled inner product

((E,H),(U,V))H:/QEE-U—HLH~V7 (B, H),(U,W) cH. (2.1)

Interface conditions

In this subsection, we introduce the necessary spaces for studying the inhomogeneous transmission
condition (1.1c). Let the space of square-integrable tangential vector fields on F' be denoted with

L2(F)={FcL*(F)?|F-n=0ae.in F}.
In what follows, we identify this space with L?(F)?2, which is always possible with an appropriate
change of origin, cf. Figure 1.

It is well-known that the tangential trace and tangential component in (1.2) can be extended
to functions in H(curl) under minimal assumptions on the regularity of the domain. See, e.g., [7].
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Nonetheless, they live in different subspaces of H~1/2 (F)? and, thus, prohibit a clear interpretation of
the impedance transmission condition (1.1c). Circumventing this, one often switches to a regularized
setting, where it is a priori assumed that the tangential trace and tangential component are L?(F)2-
regular. See, e.g., [30]. We follow that practice and introduce the spaces with improved tangential
regularity

H}™(curl,Q) = {V € Hy(curl,Q) | V| € L*(F)*}, (2.2a)
H™(curl,Q) = {V € H(curl, Q) | [V;] € L*(F)?}. (2.2b)

They are both equipped with their graph norm. With those spaces, we can interpret (1.1c) in the
sense of L2(F)2. We refer to [9, Sec. 3] for a detailed discussion of this practice.
The energy space is defined as

V=VErQ < Vi@, B = 1B g+ [ oy )

with the divergence-free spaces
VAR (Q) = HY™ (curl, Q) N H(divy = 0,Q), (2.4a)
ViR (Q) = H™P (curl, Q) N Hy(divg = 0,Q). (2.4b)

Section 3 is devoted to the study of basic properties of those spaces, like Weber inequalities and density
results. Theorem 3.4 and 3.8 will imply the density of PH(Q)° NV in V with respect to the energy
norm. This fact is used in the proof of the next integration by parts formula. It extends the usual
formula in H' from Theorem 2.2.28 of [4].

Theorem 2.2. For all (E,H) €V it holds
(E,curlH)LQ(Q)3 — (curl E, H)LZ(Q)S = (B, HHT]])B(F)Q. (2.5)
Proof. Let (E,H) € PH*(Q)° N'V. For i € {1,2}, Theorem 2.2.28 in [4, Sec. 2.2.2] shows
(Y, curlHY) 1, oo — (curl EY HY) |, o=~ /an EW g, - (HY x vD)|5q, do

as E € Hy(curl, Q). Moreover, the tangential trace of E is continuous on F' by (1.4a). Hence, (2.5)
follows for such fields. The general case then follows by approximation. See Theorem 3.4 and 3.8 below
for the needed density. O

Well-posedness

We are in the position to write (1.1) as a linear evolution equation. The Maxwell operator is defined
as

M :H>DM)—=H, (EH)— (' curlH,—p 'curlE), (2.62)
where the inhomogeneous transmission condition (1.1c) is included in the domain
DM)={(E,H) eV |[H.]=—-0E}. (2.6b)

Note that M is well-defined since Range(curl) C Ker(div), and curl(Hy(curl, Q)) € Hy(div, Q).
Thus, problem (1.1) for u(t) = (E(t), H(t)) reads as

diu(t) = Mu(t), t>0, u(0) = ug € H. (2.7)

We prove unique existence of solutions to this problem with the Lumer-Phillips theorem. See, for
example, [24, Cor. 11.3.20]. As a direct consequence of Theorem 2.2, we obtain that the Maxwell
operator is dissipative.

Corollary 2.3. The Mazwell operator (2.6) is dissipative, i.e., il satisfies
(m(E.H), (E,H))H = —0||By ||}z <0, for (E,H) € D(M).
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Therefore, the rest of this section is devoted to proving that the Maxwell operator (2.6) is maximal. We
solve a suitable variational problem to obtain a magnetic field, given a datum in H. By subsequently
testing the variational problem with suitable test functions, we show that the solution satisfies the
conditions defining the domain of the Maxwell operator (2.6b).

Lemma 2.4. The operator (I — M) : D(M) — H is surjective.
Proof. Let (F,G) € H. We define the bilinear form a : V;"P(Q) x ViP(Q) — R by

a(H,V) = (uH,V) 1, 5 + (€ !curl H, curl V) o + 0 (THLIVED o oo (2.8)

The bilinear form a is continuous and coercive. Let £ : Vlmp(Q) — R be the continuous linear form
defined by -
LV) = (MG, V)LZ(Q)3 - (F,curl V)L2(Q)3'
The Lax-Milgram lemma thus provides a unique solution of the variational problem
seeck H € Vi P(Q) s.t. a(H, V) =((V), forall V €V P(Q). (2.9)
Given the solution H € V}TLP(Q), we define the electric field by
E=F+¢ 'curlH. (2.10)

Note that E belongs to H(dTV6 =0,Q).

We show that E exhibits a weak variational curl. Let U € C*°(Q)? and P, : L*(Q)® —
Hj(div, = 0,Q) be the orthogonal projection with respect to (u~,~)L2(Q)3. Lemma 3.1 (a) yields
P,U € H(curl,Q) C H (curl, Q) and [(P.oU);] = 0. Hence, P, U € V:,ij?;p(Q) and thus we can
insert it into (2.9) to obtain

(uH, P[I.,OU) ! curl H, curl P, OU)

e (€ £2(Q)?

= (G, PoU) 12 g — (F,curl PoU) 200

With the definition of E, Lemma 3.1 (a), and G, H € Hy(div, = 0,Q), we conclude that (2.11) is
equivalent to

(2.11)

(E, curl U) = (MG —uH, P, VOU)LQ = (uG — uH, U)L2

L2(Q)3 (Q)®
Since U was chosen arbitrarily, FE belongs to Hy(curl, @), and
H=G -y 'curlE. (2.12)

(9

It remains to prove that E and H satisfy the transmission condition posed in the domain of the
Maxwell operator (2.6b). Therefore, take U € L?(Q)* with U € C*(Q;)%,i = 1,2. By Lemma 3.1 (a)

the field P, oU is contained in H (curl, Q) and hence (2.9) leads to

(,UH ,LLG Pu OU)Lz (Q)3 + ( C/IIEIH + F7(;II;1(P#,0U))L2(Q)3 = - ([[ 7—]] [[ o, OU ]])LQ(Q)s'
From Lemma 3.1 (a), (2.10), and (2.12), we then deduce
(E, curlU)LQ(Q — (curl E, U)LQ(Q “Y[H-],[U ]])LZ(Q)Q (2.13)

On the other hand, integrating by parts in H(curl, Q;) x H'(Q;), the left-hand side can be written
as

(E.curlU),, ., — (curl E,U)2(qys = (E|, [U:])1/s, (2.14)

2(Q)®
where the angle-brackets denote the dual pairing in H'/?(F)2. (See the comments after (1.4).) Equa-
tions (2.13) and (2.14) now imply —oE| = [H,] in the sense of H001/2( F)2. As [H,] € L*(F)? by
assumption, the trace Ej also belongs to L?(F)?. Therefore, we found (E,H) € D(M) such that
(I—-M) (E, H) = (F, G), which proves the claim. a
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The Lumer-Phillips theorem, see, e.g., [24, Cor. 11.3.20], immediately provides the following
result.

Theorem 2.5. (a) The Mazwell operator (2.6) is the generator of a C°-semigroup (etM)t>0 of con-
tractions. -
(b) The evolution equation (2.7) has a unique mild solution

u € C°([0,00), H), u(t) = e™Muy, t>0.
For ug € D(M), the solution is strong, i.e., w € C'([0,00); H) N C°([0,00); D(M)).
Surface continuity equation
For E(t) € H(&R/E,Q), the normal traces eDE®(¢) - v ¢ H-1/2(0Q;) are well-defined, see [4,

Thm. 2.2.18]. Their restrictions to F belong to H&)l/ 2 (F'). We define the surface charge density and
surface current as

pr(t) = [EL(t)] € Hyy*(F),  Jp(t) = —cBy(t) € L3(F),  t>0.

As in the bulk, there is a hidden conservation equation, relating the surface charge density pp and
the surface current Jp = —o E). Compare Section 1.4.2.2 in [16] and Lemma 8.1 in [38].

Theorem 2.6. Let ug € ‘H and u( ) eMug be the mild solution of (2.7). Then the surface charge
density pr belongs to C°([0,00) ( )) and satisfies

t
pr(t) = pr(0) +/ divg Jp(s)ds, in Hool/Z(F), t > 0. (2.15)
0

For ug € D(M), it additionally holds pr € Cl([O,oo),H(;Olﬂ(F)) and
Owpr(t) = dive Jp(t),  in Hy'/*(F), t>0. (2.16)

Proof. Let first ug € D(M). Along the trajectory, eDEO (¢ t) and its derivative curl HO(t) are
divergence-free, by the definition of H and Range(curl) C Ker(dlv) so that

DEW € C([0,00); H(div,Q;)), i€ {1,2}.
By continuity of the normal trace and restriction to F, we see that pp belongs to C! ([O, 00); HO_Ol/2(F))
with 9,pp(t) = [(curl H(t)) . ]. As H € H(curl, @), Theorem 3.15 and equation (34) of [5] yield
[(curl H(¢)),] = divp[H,(t)] = divp(—o Ey(t)) = divp Jp(t) € Hyy /> (F),

where we used the transmission condition (2.6b). This proves the second claim. For ug € H, the first
claim follows by an approximation argument. (Il

3. Function spaces and their properties

Hodge projections
We adapt the Hodge projections to the present piecewise setting and follow the ideas in [32]. The
necessary results are collected in the following lemma.

Lemma 3.1. Let § denote a piecewise constant and positive material parameter and equip L*(Q)3 in
the following with the inner product (0-,-)r2(q)s-
(a) Let Pyo : L*(Q)®> — Hoy(divg = 0,Q) denote the orthogonal projection. If V. € L*(Q)* with
V) € C=(Q;)? fori € {1,2}, then PyoV € H(curl,Q) and

curl(Py V) =curlV in Q, [(PsoV).] =[V;] on F.
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(b) Let Py : L3(Q)% — H(&ng = 0,Q) denote the orthogonal projection. If V. € L*(Q)3 with
V) € C>(Q,)? fori € {1,2}, then PV € H(curl, Q) and

curl(B)V) = curlV in Q, (P,VW) xv® =V @ x O on0Q;, i € {1,2}.

Proof. We prove (a) in two steps. First, let W € L?*(Q)* with W®) ¢ C(Q;)%. Since W is
compactly supported it satisfies [W,] = 0 and thus 6! curl W = 6~ curl W € Hy(divy = 0, Q).
We conclude

(V,curlw) , oV,0~ ! curl W) , Py oV, curl W) (3.1)

(@3~ ( (o) ( L2(Q)3"

which yields Py oV € H(curl, Q) with curl(Py V) = curl V in Q.
Second, let W € Hy(curl, Q) N H'(Q)3. Integration by parts on Q; implies

(CG;IV, W)L2(Q)3 — (V,CUI'IW)L2(Q)3 = <[[VT]]7VV\|>1/27
(curl(PyoV), W)r2q): — (PooV,curl W) r2g)s = ([(Po,o V)], W12,

where the angle-brackets denote the dual paring in H'/2(F)2. (See the comments after (1.4).) The
left-hand sides are equal after the first step and (3.1), which proves that [(Pp,0V).] = [V:] on F.
The proof of statement (b) follows along the same lines. O

Trace spaces & right inverse

In order to prove embedding and regularity results, we introduce the tangential component trace
space associated with regular electric fields that satisfy the electric boundary conditions (1.1d). In
the following we denote the facets of dQ with T'F, uniquely defined by the outward normal vector

eX = +(01i, 02, 03;) for i = 1,2,3. Additionally, we define the edges E]i = int(?ﬁg) for j = 2,3
and the Lions-Magenes spaces by real interpolation

HY2(F) = [L2(F), H;in (F)] (3.2)

Ef 1/2,2

where H}Ei (F) = {f € HY(F) | fl|z+ = 0}. The tangential trace space of regular vector fields
J J

E < Vji;f},p NPHY(Q)? is given by
1/2 1/2 1/2
Ej € H/j(F) = HE/3i (F) x HE/i (F), (3.3)
and the trace map is continuous for the norm in PH!(Q)?
right-inverses which we gather in the following lemma.

, see Lemma 7.3 in [42]. The traces admit

Lemma 3.2. There exists linear and bounded operators

R : Hﬁfof)(F) — Hy(curl, Q) N H(div.,Q) N H'(Q)?, with (R)V) =V, (3.4a)
R, : H|'\(F) = H(curl,Q) N Hy(div,,Q) N PH'(Q)*, with [(R,V),]=V.  (3.4b)

The right inverse in (3.4a) shows that the tangential component trace is surjective. This is a
well-known result, compare, for example Remark 6.7 in [6] or Lemma 4.1 in [19] for the specfic box
geometry. The second part in (3.4b) is non-standard and shows that we also find a representative of
the rotated tangential component trace that is compatible with the conditions posed on the magnetic
field. We do not prove this result here since it is a variant of [19, Lem. 4.1], and refer to the detailed
construction in Section 4 therein.
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Tangential spaces

In what follows, we adapt well-known results to our piecewise setting.
Lemma 3.3. The estimate

| 12y < C (Il curl Hl| 2y + ] 22(r)2)
is valid for all H € VTifI;p(Q) with a uniform constant C = C(6,Q) > 0.

Proof. Let H € VTif’;p(Q). There exists a unique vector potential ® € PH'(Q)? such that

H = écurlq)7 ® € Hy(curl,Q) N H(divyp =0, Q). (3.5)
See, for example, [42, Lem. 9.6]. We multipy (3.5) with curl @ and integrate by parts in @; to obtain
(07" curl @, curl ®) , ), = (curl H,®) 1, s — ([H:], ®) 1o oy
Cauchy-Schwarz and the trace inequality then imply
107" curl @[22 (g)s < Cl| @] pr(@) (|| curl H| 12 (g)p + H[[HT]]||L3(F)3)7

where C = C(0,Q) > 0. By [42, Prop. 9.2], the embedding Hy(curl,Q) N H(divp = 0,Q) —
PHY(Q)? is continuous, and [42, Lemma 9.2] together with a compactness argument shows that
|6~ curl <I>||%2(Q)3 is a norm on Hy(curl, @) N H(divg = 0,Q) equivalent to its natural norm, which
closes the proof. O

Theorem 3.4. The set PH(Q)3 N V:,ifgp(Q) is dense in V:,ifgp(Q) with respect to the graph norm.

Proof. Let H € VTHEP(Q). By the proof of Lemma 3.3, there exists a unique vector potential ® €
PH'(Q)? such that

1
H=_—curl®, & c Hy(curl,Q)N H(divg =0,0Q).

0
Hence, [(6~! curl ®),] belongs to L2(F)2. Choose {é”}nzo in C>(F)? C Hﬁ’/ozo(F) such that
107" curl®).] — Gl o fys =0, 11— oc.

Put G = [H,] and let u,, € H}(F) solve
(gradp un,,gradpv)r2(py = (G — G,. gradp v)r2(p)2, ve Hy(F). (3.6)
Since divy G = [(curl H), ] € HO_Ol/Q(F) by [4, (2.23)], elliptic regularity gives u,, € H3/?(F)NH{ (F).
See the proof of Lemma 4.3 below. Corollary 4.2 then implies gradp u, € Hi’/OQO(F). Thus, G,, =
G, + grad u, belongs to this trace space and satisfies

diVF Gn = diVF G, HGn - G||L2(F)2 S 2”@” - GHLZ(F)Q — O,

where the estimate follows by testing (3.6) with w,,.
We construct a sequence of vector fields {®,,},,>0 solving the elliptic transmission problem

curl ! curl ) = curl§~! curl @, in Q;, (3.7a)
[0~ curl ®,),] = G,, on F, (3.7b)
®,, € Hy(curl, Q) N H(divp =0, Q). (3.7¢)

Set F = curld~!curl® € L2(Q)3 and take Wy = Hy(curl,Q) N H(divy = 0,Q). We define the

forms
a: Wy x Wy — R, a(®,¥) = (9_1 curl @, curl ‘I’)Lz(Q)S’
0: Wy =R, U8 = (Fr %) 2o = (¥) Gn) -/
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Both forms are continuous on Wy, and the bilinear form a is coercive due to the Weber inequality
proven in [42, Lem. 9.4]. Hence, the Lax—Milgram lemma provides maps ®,, in Wy that solve (3.7)
weakly with test functions in Wy .

The compatibility divr G,, = [F] gives, for ¢ € H}(Q),

K(grad Q) = (Fvgrad Q)LQ(Q)?’ - <gradF(q|F)a Gn>
= _<[[FL]]7Q‘F> + <diVF Gna Q|F>
= (divr G, — [FL],q|F) = 0.

Here Green’s formula is applied in each @; and on F, using div F' = 0. The Helmholtz decompo-
sition Hy(curl, Q) = Wy & grad H} (Q) from [4, (6.16)], therefore extends the variational identity
a(P®,, V) = £(P) to all test fields ¥ € Hy(curl, @), yielding the bulk and interface equations in (3.7).

Furthermore, ®,, belongs to PH'(Q)3 for n > 0, since Wy < PH'(Q)? continuously by Propo-
sition 9.3 in [42].

We apply elliptic regularity to every component of ®,, = (®1,,, ®2,5,, P3,,,) individually. Because
of ®,, € Hy(curl, @), Corollary 3.1.16 of [4] and (1.4b) imply that curl ®,, belongs to Hy(div, Q).
This allows to apply the vector-Laplace identity curl curl = —A + grad div in H(Q;), for i € {1,2},
and we see that ®; , is the weak solution of

—0A\) = ¢?F", in Q;, (3.84)
[6®1,] =0, on F, (3.8b)
®y, =0, on T UTE, (3.8¢)

where we use test functions ¢ € PH'(Q) that satisfy (3.8b) and (3.8¢). Hence, Proposition 8.1 in [42]
with right-hand side f = 02F1(2) implies that ®;,, € PH*(Q), as well as

[01®1,,] =0, on F, (3.8d)
O ®1,, =0, on l"f. (3.8e)
Analogously, the second component is the weak solution of

~A®Y), = 0F", in Q;, (3.9a)
[®2.,] =0, on F, (3.9b)
Qo0 =0, on TF UTH, (3.9¢)
[07101®2.,] = [0 02®1 0] — G1oms on F. (3.9d)

1/2

Here we use that due to (3.3), the map Gi,, is element of H 'J(F) for n > 0. Moreover, since

By

®,, € PH%(Q), Lemma 2.1 of [20] and (3.8c) imply that §2® ,, is contained in PHlli (Q). Hence,
3

[42, Lem. 7.3] yields [0710:®; ] € H;/f(F) From the elliptic regularity result [42, Lemm. 8.13] we
3
deduce @5, € PH?(Q) and the properties
Oy P2, =0, on I‘;t. (3.9¢)

Repetition of the latter argument for the third component shows that ®3, € PH?(Q), and,
therefore, that ®,, € PH?*(Q)? for n > 0.

lcurl H — curl H, || 12 < Y [l eurld™! curl(®®) — &) 12, = 0, n > 0,
ic{1,2}
I[H-] = [(H) -l 2(my2 = ||[(07" curl ®),] — Gn||L2(F)2 — 0, n — oo.

Lemma 3.3 then proves the claim. O
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Normal spaces
We establish similar results for the space V]i%p(Q) as in the previous section. The proofs follow along
the same lines, but with a minor difference. Whereas in the space V:;n;p(Q) the regularity of the

discontinuous tangential jump is controlled, in Vji,rf;p (@), the regularity of the continuous tangential
component is controlled, and the discontinuous normal jump is, a priori, uncontrolled. Therefore, we
first extend a known result, cf. [11, Thm. 2], to our interface setting, that bounds the regularity of
the normal jump in Vli,rflep(Q) by the regularity of the tangential component.

Lemma 3.5. (a) Let S = (0,1)® be the unit cube, T' = {0} x (0,1)2, and T* = dS\T. If v € H}-.(S)
with —Av = 0, then
vlp € H'(T) & v € L*(T),  Cillolrllawy < 18uvllL2ry < Collvlr|larm,

with constants C1,Cy > 0 independent of v.
(b) Let v € HYQ) with —div(0®) grad v?) =0, for i € {1,2}. Then we obtain
vlp € H'(F) & [00n0] € L2(F),  Cillvlpllmr) < 100n0]ll2wy < Collvlplli #),

with constants C~’1, 6’2 > 0 independent of v.

Proof. For (a). Since v € HL. (S), Lemma 7.3 in [42] shows that v|r belongs to HSéQ(I‘). Let D(—Ar) =
H?(T') N HY(T') be the Dirichlet-Laplacian on I'. It admits an orthonormal basis of eigenfunctions
@, (Y, 2) = sin(nmy) sin(mnz), for n,m > 1. Since —Ar is self-adjoint and positive, the eigenfunc-
tions also form a basis of D((—Ar)'/4). By interpolation, Ha)*(I') is equivalent to D((—Ar)/4) with
respect to norms, and we find an expansion

e = Y bun @, in Hog (F),

n,m>1
with coefficients b, = (v|r, ®pm)r2(ry, for n,m > 1. By separation of variables, we obtain the
expansion
U= Z bnanm(bnmy in H1<S)7
n,m>1
where

sinh(mv/n? + m?(1 — x))

Ko (@) = sinh (7r\/ n? + m2)

n,m > 1.

Thus, we see that

vlp € H'IT) & > [buml?(1 + (n7)? + (mm)?) < o0,

n,m>1
dulr € LXT) & Y [bum[* ((nm)? + (mm)?) coth(nv/n? +m2)* < cc.
n,m>1

The equivalence now holds by the uniform boundedness of coth and 1/coth on the interval

[V27, 00).
For (b). By rescaling and localization, we can reduce to the case { = 0. We then apply part (a)
to the map v(z,-) = Mo (—z,-) + 0@ v@ (z,.) for 2 € (0,1), to derive the claim. O

Corollary 3.6. For V € Vji,rf},p(Q) we have H(i)Vf) € L?(F) fori € {1,2}, with the estimates

[OVL]lL2(ry S IV)llz2(ryz + [l curl V2 (q)s,
IVillz2@ryz S MOVLN L2y + | carl V|| 2 (gps.
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Proof. Let V € Vli,rf;p(Q). We construct a regular decomposition of V' in terms of a vector and a scalar
potential. Since V' € Hy(curl, @), the field curl V' belongs to Hy(div = 0,Q). There thus exists a
vector potential ® € H(Q)? with

curlV =curl®, & c Hy(curl,Q)N H(div=0,Q), [®|z1 (g3 <[ curl V| 2ys.
See, e.g., [4, Thm. 3.5.1]. Furthermore, curl(V — ®) = 0 so that there exists a scalar potential
V=®&4grado, ¢<c Hy(Q), (3.10)
by [4, Thm. 3.3.9]. Taking piecewise the divergence in (3.10), we see that —A¢*) = 0 on Q;. By (3.3),

the trace @ is contained in Hﬁ/(fo(F), and thus ¢|r in H'(F) because of (3.10) and V € V]i,rf:gp. An

application of Lemma 3.5 (b) deduces the assertion. O
Lemma 3.7. The estimate
1Bl 22y < C(Ileurl Bl L2 (g + | By llL2(r)2)

is valid for all E € V]i,rf},p(Q) with a uniform constant C' > 0.

Proof. Let E € Vli,rf;p(QL and ¢ € H}(Q) be the weak solution of the elliptic transmission problem

—div() grad ') = 0, in Q,
o] =0, on £, (3.11)
[00nd] =[0E.], on F,
¢ =0, on 0Q.

Testing (3.11) with ¢ we derive the inequality ||¢|| (@) < [[[0EL]||z2(F) in a standard way.

By construction E=E- grad ¢ belongs to Hy(curl,Q) N H(divpy = 0,Q), which embeds
continuously into PH'(Q)3, see for example [42, Prop. 9.3]. Then, we obtain

IEllL2(@) < [ Ellr2(@) + llgrad ¢[|r2(g)s < || curl E|[r2(qys + [[[0E ][22 ().
where we used [4, Thm. 6.1.4] to estimate the divergence-free part E. The proof follows now from

curl E = curl E and Corollary 3.6. (|
Theorem 3.8. The set PH'(Q)3 N V]i\,mgp(Q) is dense in V]i,mep(Q) with respect to the graph norm.

Proof. Let E € V]i,rf‘ep(Q), and ¢ € H}(Q) be the weak solution of (3.11). As in the proof above, there
exists E € Hy(curl,Q) N H(divp = 0,Q) — PH(Q)? such that E = E+ grad ¢. We construct an
approximation on ¢ with higher regularity. Let {g, }n>0 C Héf (F) be such that
IIOEL] - gnllLz(r) = 0, n— oo
For each n > 0, the Lax-Milgram lemma provides a weak solution ¢,, € H}(Q) of
—div(0® grad () =0, in Q;,
[¢n] =0, on F,
[00rndrn] = gn, on F,
¢n =0, on 0Q.
We apply a straightforward variant of Lemma 8.14 of [42] with = 67! to the scaled function
Yy, = O¢,, which implies v, € PH*(Q) N PH}(Q) with [0~1¢,] = 0. Hence, ¢, is contained in
PHXQNHLQ).
We now set E, = E + grad ¢,, for n > 0. Note that grad ¢,, € Ho(curl, Q) by (1.4a), [¢,] =0
on F, and ¢,, = 0 on Q. Hence, E,, belongs to PH(Q) N Vg (Q) and satisfies

|curl E — curl E,, || 12(g)s = || curl E — curlEHLz(Q)s =0, n>0.
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Furthermore, Lemma 3.5 (b) and Corollary 3.1.16 in [4] yield

1E| — (En)llL2py2 < 9lF = ¢nlpllary < NOEL] — gnllp2ry = 0, n— oo
This proves the claim together with Lemma 3.7. O

4. Regularity

Although Maxwell’s equations with impedance boundary conditions are not the focus of this work,
we recall that in that setting the domain of the Maxwell operator exhibits hidden regularity, see, for
example, [15]. In our problem, we impose interface conditions of a similar type, which allows us to
adapt these techniques to the interface case. A careful analysis is nevertheless required to verify that
the relevant compatibility conditions at the edges of the interface are fully satisfied.

The following lemma shows that a function with a homogeneous Dirichlet trace on the square
admits tangential derivatives that remain extendable by zero. Such a result is proven in Lemma 3.8
of [5]. For completeness and greater clarity, a self-contained proof is presented below.

Lemma 4.1. Let S = { (z1,22) € R? | |z1| < 1,|z2| <1} and S; = {x € S| z; = £1} for j € {1,2}.
If f € H¥*(S) N HY(S), then 8, f € HY(S), 8., f € HY*(S), and

19233725y + 1022 Fl 373 ) Il

Here, Héj/,Q(S) = [Lz(s)aHéj(S)]
as in (3.2).

1/2,2 denotes the Lions-Magenes space defined by real interpolation,

Proof of Lemma 4.1. In this proof we set
grad, f = (0, f, O0uo f), divo v = 0y, v1 + Oy, 02, curly v = curly(vy,v2) = Oz, V2 — Oy, v1.
Let w = (u1,u2) = grad, f. Then u € Ker(curly) C H(curly, S) and the tangential trace mappings
u — uzlg, and uw — u1ls, are well-defined in the sense of HO_Ol/Q(Sl), and H(;)I/Q(SQ), respectively.
(Compare the discussion after (1.4).) For s € [0, 1] we define the set
Ve ={wve H(S)?| curlhbv =0, va|ls, =0 =v1]g, }.
The space V? is a closed subspace of H*(curly, S) = {v € H*(S)? | curly v € H*(S) }. Furthermore,
we define the Hodge mapping
P = grad,(Ap) ' divy 1 H*(curly, S) — V¥,

where (Ap)~t : H*71(S) — H*T1(S) N H(S) denotes the solution operator of the homogeneous
Dirichlet problem on S. The operator P is a linear and bounded projection on V*, cf. [4, Thm. 3.3.9].

Then for any 6 € (0, 1), we obtain with the invariance of interpolation functors under retraction,
see [40, Thm 1.17.1.1], and well-known interpolation results for H (curl) spaces, see [25, Thm. 1], that

(VO V'], = P[H (curly, S), H' (curly, S)], , = P(H’(curly, 5)) = V.
Finally, the identification of components Tv = (vy,vq) is bounded in the sense of V0 — L2(S) x L?(S)
and V' — HY (S)xH§ (S). Therefore, by interpolation, T'is bounded from V¢ — [L?(S), HY, (S5)]
[L*(S), H, (S)]

92"
g.o» Which proves the claim. O
As a direct consequence, we obtain the following result for functions on the interface.

Corollary 4.2. Let ¢ € H®/?(F) N H}(F), then gradp ¢ € HJ/OQO(F) and | gradp ¢|| /2 F) S
’ ||,00

191l £r2/2(r) -

The following lemma identifies the hidden boundary regularity of fields in the domain of the
Maxwell operator (2.6a).
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Lemma 4.3. Let (E,H) € D(M). Then [eE.] belongs to HééZ(F) and [H,] to H‘T/OZO(F). Further-

more, we control
”[[EEJ-]] ||Héé2(F) + ||[[HT]]||H‘1‘{020(F) S H (E» H) ||v (4'1)

Proof. 1). Let Hypg,\p(curl,Q1) = {V € H(curl,Q1) | V x v[yo,\r = 0}, see [4, p. 99]. We choose
a regular decomposition ® € H(Q1)3 N Hyg,\p(curl,Q;) and ¢ € HéQl\F<Q1> such that

EY =@ t+gradg, [®]miqe + I9lui@) S IEY | Heunq)- (4.2)
See, for example, [36, Thm. 5.2]. As in (3.3), we have & € Hl‘l/ozo(F)7 and Lemma 7.3 in [42] shows

that ¢|p € Héo/2(F). Since Ey € L?*(F)?, the map grady ¢|r = E| — ®| belongs to L?(F)? and
therefore ¢|p to H*(F) N Hl/Q(F). Hence, Corollary 2.4 of [31] yields ¢|r € H}(F).

Since —oE| = [H,] by the Maxwell domain (2.6b), the trace theorem in H(curl) shows
—odivp E) = divp[H,] € HO_Ol/2(F), see [5, Thm. 3.15]. As a result, divp grady ¢ is contained
in Hool/ (F). The operator

~Ap = —divpgrad, : L*(F) D D(—Af) — L*(F), D(—Ap) = H*(F)n H}(F)

is densely defined, self-adjoint and positive with compact resolvent. The space H(;Ol/ 2(F ) is the adjoint
of Hé({ ?(F) with respect to L2(F). The later space is defined in (1.3), and can be written by reiteration
as

Ho*(F) = [L*(F), H*(F) N Hy ()], , = [L*(F). D(=Ap)],
Application of the theory of Banach scales generated by —Ap, see [1, Thm. V.1.4.12,V.1.5.4], then
shows that the inverse (—Ap)~! maps H(i)l/z(F) onto H3/2(F) as define in (1.3). Therefore, since
—Apd|r € H0701/2(F)7 we conclude that

dlp € H¥*(F)YNHY(F), |¢|pllpsrzry S | dive[H gz ey + 1 Ave Ryl ey (43)

Corollary 4.2 yields gradp ¢ € HIT/OQO(}*_')7 and thus

1
—~[H,] = B = @ +grad; ¢ € H 5 (F),

with
HAl 172 oy S 1R Na Qo2 + 191l asrz) S (&, H),,
using also (4.2), (4.3), and [5, Prop. 3.13, Thm. 3.15]
2). It remains to show that the normal jump of the electric field is also regular. Let U =
(Ry grady ¢)|o, € H'(Q1)* N Hyg,\r(curl, Q1) with the right inverse defined in Lemma 3.2. Then

V = U — grad ¢ is an element of Hy(curl,Q;). We choose another regular decomposition A €
HY(Q1)? and X\ € H}(Q1) such that V = A + grad A\ with

[Alli@us + Il @) S IV eunan S I1¢lm @) + leradp éll e ) S (1, H)y,

see, e.g., [4, Prop. 3.7.2]. Thus, grad(A + ¢) = U — A belongs to H'(Q1)’, and therefore ¢|aq, =
(A4 9)oq, to H3/2(0Q,) with the estimate

18loqu Nl 200,y S 1o+ @) +IIU+Al (@) < ||(E, H),, Hlgradp ¢l e ) < < (B, H),,

Since —A¢ = div® —div EM = div® € L*(Q,), elliptic regularity yields ¢ € H?(Q1) N H(})QI\F(QI),
and

[6llm2(@1) S I1div®lr2qy) + 1910, | H320q,) < [[(E: H)|,,-
The first component of @ is by the choice of the regular decomposition element of H'(Q;) with
zero trace at the boundary facets I's, '3 C 0Q), normal to the unit vectors e; and ez respectively.
Lemma 7.3 in [42] then shows that the normal trace ®, belongs to HééQ(F). The scalar potential ¢
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belongs to H?(Q1) mHelan\F(Ql)- Lemma 2.1 in [20] in turn shows that 9,,¢ € H,

that

éz(F). We conclude

EY =&, + 0,0 H*(F).

Repeating the argument in Q2 ends the proof, where the asserted estimate follows as in part 1). O
We define the spaces
H = H(dive, Q) x Ho(div,, Q),
V={(E,H)c#H|(E H) € Hy(curl,Q) x H(curl,Q), [cE.] € Hy)*(F)},

equipped with their graph norms. By Lemma 3.1 in [19], the embedding ¥ < PH(Q)S is continuous.
Building on the hidden regularity provided by Lemma 4.3, we obtain sufficient control of the normal
jump. Combined with the improved regularity of the tangential jump, this permits its removal via the
appropriate right inverse from Lemma 3.2. With the aforementioned embedding, we thus obtain the
following result.

Theorem 4.4. The domain D(M) CV embeds continuously into PH'(Q)S.

Proof. Let (E,H) € D(M) and U = —R,[H,] € PH(Q)?* N Hy(div,, Q), where R, is defined in
Lemma 3.2. By (1.4), we conclude that (E,H +U) € V — PH'(Q)?. Furthermore, Lemmata 3.2
and 4.3 imply

||(E,H < ||(E;H+ U)HP}—Il(Q)G + ||U||PH1(Q)3

S8 H + Ul + [[H- 2

II,00

<8 H+U)|l5 + |2, H),.

) ||PH1(Q)6

(F)

Similar, we estimate
|8 H 4 0) g < ([0, H 4+ 0] g+ letrt B g+ et H . g
FlearlO] g + 05 i s + (BT o, + B ED
Dy 4 0 s e < 110 D)

5. Stability

By Theorem 2.5, problem (1.1) is governed by a contraction semigroup, and Corollary 2.3 identifies
the tangential component of the electric field on the interface as the only dissipation mechanism. In
this section, we investigate for which initial values this dissipation drives the energy to zero as t — co.
Since the damping acts on the interface F' only, decay cannot be expected for all initial values. We
show the following decomposition result.

Proposition 5.1. There exists a closed subspace H., C H with orthogonal projection P, : H — Hy
such that

HetMUOH — HPuuo , t— oo, for all ug € H.

Moreover, the orthogonal decomposition H = H, & Hs into H, and Hs = 'Hi is maximal in the
sense that

(a) He={uecH||eMul|lpg > 0ast— o0}, and

(b) Hu={ueH||cMulls = |u|y forallt>0}.
In particular, Hs is the largest subspace of H on which the semigroup (6“”)
H,, is the largest subspace on which it acts isometrically.

0 is strongly stable, and
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The closed subspace H, is spanned by eigenfunctions {@f}je 7, of M with purely imaginary
eigenvalues that are unobserved by the damping.

In the non-refracting case MM = €22 we can explicitly calculate those eigenfunctions.
Under a non-resonance condition on the interface position ¢ € (—1,1), we can then characterize the
decaying initial fields by two moment conditions.

Theorem 5.2. Assume that eV = @) = v > 0. Let ¢ € (—1,1) with ¢ ¢ Q, and let ug =
(Eo, Hy) € H. Then HetMuoHH — 0 as t — oo if and only if

1
/ Ey-ejdr; =0 a.e on (0,1)2 dohs — O3ha =0 in D'((0,1)?), (5.1)
-1

where hy(xa, x3) = f_ll ,u(ml)(Ho . el)(xl,x%xg)dxl, forl e {2,3}.

The moment condition on the electric field admits a simple physical interpretation. For fixed
transverse position (ra,73) € (0,1)2, the segment z; + (1,22, 23) connects the two perfectly con-
ducting faces {1 = —1} and {x; = 1} of the cavity, and it crosses the interface F' orthogonally. The
quantity f_ll Ey - e; dzq is thus the line integral of the initial electric field along this segment, i.e.,
the initial voltage between the two plates measured at (x2,x3). The first condition in (5.1) therefore
states that the initial state carries no voltage across the cavity, for almost every transverse position.
This is precisely the information that the damping cannot detect: the interface feedback in (2.6b)
acts on the tangential component Ej only, whereas the unobserved modes EjM of Lemma 6.5
are proportional to e~ !(z1)e; at each transverse position, like the field of a plate capacitor containing
two dielectric layers. Such a field passes through F' without ever producing a tangential trace, so its
energy is not dissipated.

We prove Proposition 5.1 in the remainder of this section and Theorem 5.2 in Section 6. We
briefly outline our strategy. We adapt the ideas of [2], developed there for second-order systems with
collocated feedback, and derive an observability criterion for the eigenmodes of the undamped problem,
working directly with the Maxwell operator M from (2.6). The hidden regularity of Section 4 yields
compactness of the resolvent of M on all of H, so that the long-time behavior is governed by the
eigenvalues of M on the imaginary axis. For the corresponding eigenfunctions, the dissipation forces
the tangential trace of the electric field to vanish on F. They then carry no surface charge, and the
eigenvalue equation for M reduces to the eigenvalue problem for e~! curl = curl on divergence-free
fields. We realize the latter through an auxiliary self-adjoint operator Ay with compact resolvent and
split its eigenmodes into observed ones and unobserved ones, whose tangential component vanishes on
F so that they are invisible to the damping. The unobserved modes lift to an orthonormal system of
eigenvectors of M and of its adjoint, spanning a subspace on which the evolution is unitary, whereas
the Arendt—Batty—Lyubich—Vu theorem yields strong stability on the orthogonal complement. The
decaying initial values are therefore precisely those orthogonal to the lifted unobserved modes, and
computing the unobserved modes explicitly proves Theorem 5.2.

Spectral properties of the Maxwell operator

We begin with the spectral properties of the Maxwell operator M from (2.6). The key ingredient of
our analysis is the hidden regularity of Section 4, which yields compactness of the resolvent of M.

Lemma 5.3. The Mazwell operator M has compact resolvent. In particular, spec(M) consists of at
most countably many isolated eigenvalues with finite algebraic multiplicity.

Proof. By Theorem 2.5 we have 1 € p(M), and (I — M)~ : H — D(M) is bounded with respect
to the graph norm by the closed graph theorem. Theorem 4.4 provides the continuous embedding
D(M) < PHY(Q)® with respect to the graph norm. The Rellich-Kondrachov theorem on @Q; for
i = {1, 2} shows that PH*(Q)® — L?(Q)° is compact. Furthermore H is a closed subspace of L?(Q)°.
Hence, (I — M)~! is compact on H.

Discreteness of the spectrum is a standard consequence of the compact resolvent, see, e.g., [23,
Cor. IV.1.19].
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The next lemma shows that the first-order system possesses no equilibria.

Lemma 5.4. It holds that Ker(M) = {0}, hence 0 € p(M)

Proof. Let (E7 H) € Ker(M), i.e., curl E = 0 and curl H = 0. By the dissipativity in Corollary 2.3,
we conclude that

I Byll32ry = 7§R(M(E,H), (E,H))H =0
Corollary 3.6 then yields
[[eE [llz2(r) S |1 Eyllz2(r)2 + | curl Ef|p2(q)s = 0.
The field E thus belongs to
Hy(curl =0,Q) N H(dive =0,Q) = {0},
where the latter space is known to reduce to zero. Moreover, as [H,] = —oE) = 0, we similarly obtain
H € H(curl =0,Q) N Hy(div, = 0,Q) = {0}.

Lemma 5.3 shows that 0 € p(M). O

The following lemma analyzes the eigenfunctions of M associated with purely imaginary eigen-
values. Its main point is that these eigenfunctions carry no surface charge, although the state space
H permits charged fields: the dissipation forces E = 0, the interface condition then removes the
tangential jump of H, and the eigenvalue equation transfers the resulting global regularity to E.

In particular, the electric field solves an eigenvalue problem for ¢! curl 4! curl with homogeneous
transmission conditions, which is the starting point for the analysis in the next subsection.

Lemma 5.5. Let 3 € R\ {0} and (E,H) € D(M)\ {0} with M(E,H) = i3(E,H). We then have
E| =0, [H.] =0 on F, and E € Hy(curl,Q) N H(div, = 0,Q) with

e teurlp teurl E = B2E  in L*(Q)?, H = %,ufl curl E. (5.2)
In particular, E #0 in Q and [eE, ] =0 on F, i.c., the eigenfunction is surface charge-free.
Proof. The eigenvalue equations read as
e 'curlH =iBE, —p 'curlE =iBH. (5.3)
Taking real parts in Corollary 2.3, we deduce
—0 || Byl22(r)2 = R(M(E, H), (B, H)),, = RiB||(B, H)|72(q)e =0,

ie. B = 0 in L?(F)% The interface condition in (2.6b) then gives [H,] = 0, and (1.4) shows
H ¢ H(curl, Q) with curl H = curl H.

The first equation in (5.3) yields E = (i) "'e~! curl H, so that diveE = 0 holds distributionally
in all of Q. In particular, [eE,] =0 by (1.4) and E € Hy(curl, @) N H(div, = 0,Q). Equation (5.3)
implies curl E = —ifpuH and then

e leurlpy teurlE = —iBe tcurl H = B°E  in L*(Q)>.

Finally, E # 0, since E = 0 would imply H = ;%B curl £ = 0. (I
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The cavity eigenvalue problem

By Lemma 5.5, the electric field of an eigenfunction of M associated with a purely imaginary eigenvalue
is divergence-free in all of @, including the interface, and solves the eigenvalue problem (5.2). This
motivates the study of this eigenvalue problem on the spaces

H=H(div. =0,Q), V= Hy(curl,Q)n H(div. =0,Q), (5.4)

where H carries the L?(Q)3-inner product (e-, ) On V, the Weber inequality

L2(Q)3"
||VHL2(Q)3 < OwH CUI‘IV“Lz(Q)S, Ve V, (55)

is valid with a constant Cy = Cw (@, €) > 0, see, e.g., [4, Thm. 3.4.3]. Therefore, V is a Hilbert space
with the inner product

(U, V)V = (curl U, curl V) L3 U,V eV. (5.6)

(@)%

In contrast to the situation in Section 2, where the L?(F)-regularity of the tangential component
had to be encoded into the energy space via (2.2), this regularity is automatic on the space V, as the
following lemma shows.

Lemma 5.6. (a) The embedding V. — PH'(Q)? is continuous with ||V||pgr () < |V lv. In partic-
ular, the tangential component trace

V — L3(F)?, VeV,

is well-defined, bounded, and compact.
(b) The embedding V < H is dense and compact.

Proof. We prove (a). Proposition 9.3 in [42] shows the continuous embedding V. — PH!(Q)3. The
trace theorem then provides boundedness of V. — V|, € H 1/2(F)2, and the Rellich-Kondrachov
theorem shows compactness of H'/2(F)? — L?(F)2.

For part (b), the compactness follows from (a) and the Rellich-Kondrachov theorem, since H is
a closed subspace of L?(Q)3. It remains to show density. Note that H is the orthogonal complement of
grad H} (Q) in L?(Q)3, and denote the corresponding orthogonal projection by P : L2(Q)3 — H, cf.
[4, Prop. 6.1.12]. For U € C°(Q)3, it holds that PU = U — grad x, where x € H}(Q) is the unique
weak solution of

(grad X, grad v) = (U,grad v) for all v € H}(Q). (5.7)

L2(Q)? L2(Q)%

Indeed, (5.7) precisely states that dive(U — grad x) = 0 distributionally in Q. Since grad H}(Q) C
Hj(curl, Q) N Ker(curl), we conclude that PU belongs to V. The density of C2°(Q)? in L?(Q)? and
the continuity of P then imply that PC2°(Q)3 C V is dense in H. O

On V, we consider the sesquilinear form

a:VxV-—=C, a(U,V) = (;fl curlU, curl V) (5.8)

L2(Q)%

which is densely defined in H by Lemma 5.6 (b), symmetric, closed, and coercive by the Weber
inequality (5.5). The associated operator

D(Aw)={U eV |3F eHwitha(U,V) = (F,V), foral VeV},  AWU=F, (59)
is therefore self-adjoint and positive definite. Moreover, Ay 1. H — V is bounded by coercivity and
the embedding V — H is compact, so that the operator Ay has compact resolvent.

The following lemma identifies the eigenfunctions of Ay with the classical Maxwell cavity eigen-
modes of Q). They satisfy homogeneous transmission conditions at the material interface F'.

Lemma 5.7. Let ® € V\ {0} and 8> 0. Then ® € D(An) with Au® = 2@ if and only if
e teurly teurl® = B2® in L?(Q)>. (5.10)
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Proof. Let Au® = $%2® and U € C°(Q)3 be arbitrary. With P : L?(Q)* — H from the proof of
Lemma 5.6, the field PU = U — grad x belongs to V with y € H}(Q). Hence, we obtain
(u_l curl ®, curl U)

=a(®,PU) = p*(®, PU) = p*(e®,U)

L2(Q)? L2(Q)? L2(Q)%

as curlgrad y = 0 and P is a projection with respect to the L2(Q)? product. Equation (5.10) is thus
satisfied in the sense of distributions on all of @, with right-hand side in L?(Q)3.
Conversely, let (5.10) hold. Then p~! curl @ € H(curl, Q), and integration by parts shows

a(®,U) = (curlp ' curl @, U>L2(Q)3 = B*(®, U)LE(Q)?” for all U € V C Hy(curl, Q).
Since 32® € H, the definition (5.9) yields ® € D(An) with Ap® = 3?®. O
Note that (5.10) implies that
[(1 ' curl®),.] =0 on F. (5.11)

Since Ay is self-adjoint and positive definite with compact resolvent, the spectral theorem pro-
vides a countable set of eigenpairs

P={(8,®;)|jeN}, An®; = B7®;, ®;#0, B;>0, (5.12)

where the eigenvalues are repeated according to their multiplicity and the eigenfunctions form an
orthogonal basis of H. The Weber inequality (5.5) and the weighted Rayleigh quotient yield the
spectral gap 57 > (Cy |l€ll @) |l L=(q)) ' > 0 for all j € N. By Lemma 5.6 (a), every eigenfunction
possesses a tangential trace (<I>j) | € L?(F)?2, through which it is seen by the interface damping. We
choose the eigenbasis adapted to the damping, that is, within each eigenspace we first fix an orthogonal
basis of the closed subspace Ker(Ay —3%)N{® € V | ®; = 0} and complete it to an orthogonal basis
of Ker(Ap — 32) of eigenvalues i3 € iR. Moreover, we rescale the eigenfunctions such that

1
= by,
26:8;
This normalization is chosen such that the lifted eigenfunctions defined in (5.16) below are normalized

in #. By the adapted choice of the basis, we can separate N = J, LI J,, into observed and unobserved
eigenpairs, i.e.,

(®;,9)), i,jeN. (5.13)

€S & (B;), #0,  JEL & (2;), =0, (5.14)
and it holds that
Ker(AH—ﬂQ)ﬁ{<I>EV|<I’”:O}:span{'I']|j€Ju,ﬂ]:B}, 8> 0. (515)

All eigenpairs of P correspond to time-periodic solutions of the undamped Maxwell system. The
observed ones possess a nontrivial tangential trace on F and are therefore seen by the interface
damping, whereas the unobserved ones are invisible to it and give rise to unitary trajectories of the
damped semigroup (eM) _  as we show in Lemma 5.9 below. In particular, there is no chance of
strong stability on all of H if J, # (), and the proof of Proposition 5.1 below characterizes the decaying
states as those orthogonal to the unobserved modes.

The above results allow us to complete the classification of the imaginary spectrum of M started
in Lemma 5.5.

Corollary 5.8. Let 3 and (E,H) be as in Lemma 5.5. Then E € D(An) with AnE = B°E, and E
belongs to the span of the unobserved eigenmodes ®; with j € J, and B; = |5|.
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The unobserved subspace
For j € J,, we define the lifted unobserved eigenfunctions
O7 = (B;®;, £ip ' curl ;) € H. (5.16)

1

They arise from the unobserved eigenmodes via the substitution H = % u~curl E of Lemma 5.5,

and the normalization (5.13) renders them orthonormal.

Lemma 5.9. (a) For j € Jy, it holds ©F € D(M) with MO = +iB,;07.
(b) The family {@;IE | j € Ju} is an orthonormal system in H.
(¢c) For j € Jy we have ©F € D(M*) with M*O©7T = FiB;07.

Proof. We prove (a). Let j € J,. Lemma 5.7 yields e ! curl ! curl ®; = 6]2<I>j in L2(Q)?, so that
p~teurl®; € H(curl,Q). In particular, [(u~! curl ®;),] = 0 by (1.4). Moreover, divcurl ®; = 0 in
Q, and curl ®; - v = 0 on Q) since ®; x v =0, see, e.g., [4, Thm. 3.5.1]. Together with ®; € V and
(ij)u =0 for j € Jy, this shows ('-);-t €V with

Le., @;-t € D(M). We compute
MOj = (+ie ' curlp " curl @), —fju " curl ®)) = (£if;®;, —fju ' curl ®;) = +if;©7 .

For part (b), we use (;Fl curl ®;, curl @i) = a(@j, <I>¢) = BJQ (<I>j, <I>i)H and compute

L2(Q)?
+ + 2 + 2
(0707 )5 = (B8 +57) (25, ®i)yy, (07, 07) 5, = (88 = 57) (B, ®i)y-
For ¢ # j, both expressions vanish by the orthogonality in (5.13), and for i = j the second expression
is zero. Finally, the normalization (5.13) yields ||@Ji||§_t =2037(|®;lp = 1.
We prove (c). Part (a) implies etMGjF = etifit @jt for t > 0. Using ||®]i||?{ =1 from part (b),
we obtain
tM* o+ @t + tMg+ Bt
(M er,e7),, = (8;,¢Mer),, =
"ot ot
and thus, |(e'™ CHNCE ),H| =

contraction semigroup, we have ||e*™ ®;t||’H, < 1 and obtain

1. Since the adjoint semigroup ("), == ((e")*),  is also a

1=[(™0F,07F),,| <[ OF|y/|0Ff| < 1.

Therefore, equality holds in the Cauchy-Schwarz inequality, which implies linear dependence of the
two vectors, and we conclude that

eMOT =eTHTOT, t>0, €
Differentiation at ¢ = 0 proves the claim. (]

Lemma 5.9 shows that the lifted eigenfunctions form an orthonormal system of eigenvectors for
both M and M*. We define the unitary subspace of unobserved states as

H, = Span{ ('-);E ’ je Ju }, (5.17)
with the associated orthogonal projection
Po:HoHy,  Pa=Y ((,07),0f +(u,6),0;). (5.18)
J€Ju

The eigenfunction relations for M and M* imply that P, and M commute which is needed for
our stability analysis.

Lemma 5.10. For every w € D(M), it holds that Pyu € D(M) and
MPyu =P, Mu.
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Proof. Let w € D(M). By Lemma 5.9 (c), it holds that
+ ot : +
(Mu,G)j ),H: (u,M O; ),H::i:zﬁj(u,Qj )H. (5.19)
The finite-rank projections

N
Plu= > (u,0F), Of
J€Ju
J<N
satisfy PNu € D(M) by Lemma 5.9 (a) for N € N, and PYu — Pyu in ‘H as N — oo. Equation
(5.19) and Lemma 5.9 yield
MPYu=">"(u,~iB;0]),, O + (u,i;0;),, ©;

JEJu
J<N

+ (u, ®;>n e;

=Y (Mu,®}), 0} + (Mu,0;), 0; =PYMu.

JE€Ju
J<N

As N — oo, the closedness of M leads to the assertion. O

Strong stability

The following lemma splits the evolution into a unitary part on the unobserved subspace and a
strongly stable part on its orthogonal complement. The proof of the stability assertion is based on the
Arendt-Batty-Lyubich-Vu theorem, see [23, Cor. V.2.22].

Lemma 5.11. The subspaces H, and Hs = (I—Py)H = 'Hi are reducing for the semigroup (etM)t>0.
For every uw € ‘H it holds that
a) HetMPuuH,H = H’PuuHﬂ for allt >0, and
) ||e™M (I - Pu)uHH — 0 ast — oo.

Proof. By Lemma 5.10 and the standard equivalence between commuting orthogonal projections for
a generator and for its semigroup, the subspace H, is reducing for the semigroup (etM ) >0 and so
is the orthogonal complement . This equivalence follows, for instance, from the resolvent identity
and the exponential formula for C%-semigroups, see [23, Cor. IIL.5.5].
We prove (a). Lemma 5.9 yields
e a5, = [Puc™ullz, = 3 (™, ©F) " + (M u, ©7),,
JE€Ju
= 3 |(w ™ OF) [t [(w ™ @), [F = [[Puuilfy,.
J/H H
JjeJu
where we used etM*@ji = eijjt@jF from the proof of Lemma 5.9 in the last step.
We prove (b). We denote the restriction of the semigroup to #s by (etMS) >0 With generator
M, and domain D (M) = (I —P,)D(M). Since P, commutes with the resolvent of M, the restriction
M inherits the compact resolvent from Lemma 5.3, so that spec(Ms) = spec,(Ms) is countable.
Moreover, every eigenfunction of M with purely imaginary eigenvalue belongs to H,. Indeed,

let M(E, H) ZB(E H) with (E H) #0, where B #0 by Lemma 5.4. Corollary 5.8 provides the
representation E = c;®;, and Lemma 5.5 gives H = B Lcurl E, so that
Cj +
(E.H) = Z ﬂ—{e)j € H,.

jeda

B;5=18|
Therefore, Ker(if—M)NHs C HuNHs = {0}, i.e., spec, (M;)NiR = (). So the Arendt-Batty-Lyubich—
Vi theorem shows that (etMS)t>0 is strongly stable, see [23, Cor. V.2.22]. Since (I — Py)u € Hs,
assertion (b) follows. - O

JE€Ju
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We can now prove the decomposition result announced at the beginning of the section.

Proof of Proposition 5.1. We choose the closed subspace H,, from (5.17) with the orthogonal projec-
tion Py from (5.18), and put Hs = H . Since H,, and H, are reducing by Lemma 5.11, the trajectory
splits orthogonally as eMu = M Pyu + ™ (I — P,)u, and parts (a) and (b) of the lemma yield

e, = [Puul?, + (7 = Poyull, — [Paulfye ¢ oo, (520)
for every u € H. This is the asserted convergence.
We prove (a). By (5.20), the trajectory tends to 0 if and only if Pyu = 0, so that
{ueH| leMullgy — 0 ast — oo } = Ker P, = Hs. (5.21)

In particular, every subspace of H on which the semigroup is strongly stable is contained in Hg, and
H itself is strongly stable by Lemma 5.11 (b).

We prove (b). Let u € H with ||e"™ulj3, = [Ju]3 for all ¢ > 0. Since ||ul|, = ||Pyull, + [|(I —
Pu)ul|3,, the identity in (5.20) implies

e (1 = Pull,, = (T - Poul,, t>0.

Letting t — oo, Lemma 5.11 (b) yields (I —Py)u =0, i.e., u € H,. Conversely, every u € H, satisfies
llet™ |3 = ||ul/3 for all £ > 0 by Lemma 5.11 (a). Hence, any subspace of 2 on which the semigroup
acts isometrically is contained in H,. O

6. Eigenmodes of the cavity operator

Following the arguments from [13], we characterize the eigenmodes of the cavity operator Ay from
(5.9) in the non-refracting case

(W () = (2),@), (6.1)

Given Snell’s law [26, §7.3], this means that no refraction at the interface occurs. For brevity,
under the assumption (6.1), we set

v=eMpM =2,
We then identify the unobserved modes and prove Theorem 5.2.

6.1. Eigenmodes of one-dimensional operators
First, given ¢ € (—1,1), let us introduce the operator Bp;, in LZ(—1,1) defined by

D(Bpy,) = {w € Hy(—1,1) N PH?*(—1,1) | [p"'o1w](¢) =0}, Bppw = —e 101 (p ' o1w),

where [v](¢) := v(¢+) —v((—), and PH?(—1,1) is the set of functions in L?(—1, 1) whose restrictions
belong to H2(—1,() respectively H?(¢,1). We denote with d; the partial derivative with respect to
the variable z;. This operator is self-adjoint with compact resolvent in L?(—1,1) which is equipped
with the inner product

1
(w1, wa)e = / wiwzedry, Vwy, wy € L*(—1,1).
-1
Indeed, it is associated with the continuous, sesquilinear and coercive form
1 —_—
a(wy,wy) = / wiwhp ! day, Vwy, we € Hy(—1,1).
-1

Hence, the spectrum of Bp;, is discrete, and the associated eigenvectors form an orthonormal basis of
L?(—1,1). This set of eigenmodes is characterized in the next result.
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Lemma 6.1. The spectrum of Bpi, is the set of positive real numbers \* (with A > 0) that satisfy
M cos(vPA(C — 1)) sin(vVIA(C + 1)) — p® cos(vVIA(( + 1)) sin(vA(C = 1)) =0.  (6.2)

Each eigenvalue is simple and its associated eigenvector is given by
| arsin(yvA(z1 + 1)) if x <,
wlay) = { assin(y/vA(zy — 1))  if z1 > ¢, (6.3)
where the nonzero real coefficients a1 and as are determined up to a common scalar factor by the
transmission conditions.

Proof. Let A\? be an eigenvalue of Bp; (with A > 0). Then its associated eigenvector w € D(Bp,)
solves

—01(po1w) = eX*w in (=1,1).
Due to the Dirichlet boundary condition at —1 and 1, w is given by (6.3) for some real numbers a; and
asz. So it remains the transmission conditions at (. First the continuity condition of w is equivalent to

ay sin(v/vA(C + 1)) = ag sin(v/vA(¢ — 1)).

Second the jump condition [p~'8;w] = 0 here reduces to
ar (D)7 cos(VIAC + 1)) = az(u®) 7 cos(VIA(C — 1)),
since /v is positive. This means that a nontrivial solution exists if and only if
Sin(VIAC + 1) —sin(yZAC — 1) _
det (1)y—1 (2)y—1 - 07
(1) eos(VEAMC+ 1)) —(u'®) 7" cos(v/rA(¢ — 1))
which is equivalent to (6.2). Finally such an eigenvalue is simple because sin(y/vA(¢ + 1)) and
cos(y/VA(¢ + 1)) cannot both be equal to zero. O
Similarly, we introduce the operator Bye, in LZ(—L 1) defined by
D(Byew) = {w € H(=1,1) N PH*(—1,1) | [e '01w](¢) = 0 and w'(—1) = w'(1) = 0},
Breww = —p~ 101 (e O1w).

Again this operator is self-adjoint with compact resolvent in Li(—l, 1). As before, we can determine
the set of eigenmodes.

Lemma 6.2. Assume (6.1). First, 0 is an eigenvalue of Bnew with constant eigenvector. Second a
positive real number N2 (with X\ > 0) is an eigenvalue of Bxeu if and only if (6.2) holds. Each positive
etgenvalue is simple and its associated eigenvector is given by

[ arcos(vvA(z1+ 1))  ifz <,

wian) = { arcos(yAz — 1) ifm >, (6.4)
where the nonzero real coefficients ay and as are determined up to a common scalar factor by the
transmission conditions.

Proof. The quadratic form of Bye, shows that its kernel consists of the constant functions. For A > 0,
the equation Byeyw = A2w and the boundary conditions imply (6.4). Continuity of w and e~ !w’ at ¢
yields a nontrivial solution precisely when

e cos(VVA(C + 1)) sin(VEA(C — 1)) — €@ cos(vIA(¢ — 1)) sin(vVEA(C + 1)) = 0.
Substituting € = v/u(®) gives (6.2). The proof can be complemented as in the previous lemma. [

Assumption (6.1) gives the same longitudinal wavenumber /v on both sides of the interface, as
used in the preceding formulas. We denote by (\2), ey the common positive eigenvalues of Bp;, and
Bneu, in increasing order. The orthonormal set of Dirichlet eigenfunctions are denoted with (wy,)nen,
and the Neumann eigenfunctions with w,. The zero eigenvalue of By, is denoted with A\g = 0, and

—1/2
the associated eigenfunction is given by wy = ( f_ll udml) .
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6.2. TE and TM modes

For ny, mo, m3 € Ny, we define the wavenumbers

An ) 07 -
k1 = { SERE N ko = mom, ks = mam, 2 :k%—i—y 1(k§+k§) (65)

n1,M2,ms3
0, ny = 0, ’

The eigenmodes come in two families, the transverse electric (TE) and the transverse magnetic (TM)
modes, both with eigenvalue 32 The TE modes are defined for ny > 1 and my + mgz > 0 by

ni,mz,ms"
0
TE

ETL1,7VL2,WL3(£17 T, T3) = Wy, (x1) ms cos(kaxe) sin(ksxs) | (6.6)
—mg sin(koxs) cos(ksxs)

and the TM modes for n; > 0 and mg, m3 > 1 by

(k3 + k3)e™ Mg, (1) sin(kaw2) sin(kz3)

Egll\,/lmz,m:; (z1,29,23) =~ kge’l(f?}u?m (21) cos(koxa) sin(ksx3) . (6.7)

k3e 10110, (21) sin(koxo) cos(ksx3)
Here, ~ denotes equality up to a nonzero normalization constant, and
wM (zy), = <,
hw? (zy), =1 >,
is the piecewise derivative of w. It can be checked that these functions form an orthogonal set in

L?(Q), using also (6.1).
Indeed, as in [13] for the case e = 1 = u, we can prove the following results.

Dw(a,) = {

Lemma 6.3. Under the assumption (6.1), the TE-modes E};ij%my with ny > 1, mg+ms > 0 and the
TM-modes E™ with ny > 0,ma, m3 > 1 are eigenvectors of Ay. In both cases, the associated

ni,mz2,ms

eigenvalue is B3 . ms-

Proof. We first look for TE-modes in the form

) = (

where @ = (21, 22,23) = (21,2, ) and

curl, v(z,) = ( ?3521} >7

see [13, (2.7)]. In the following, we also use the differential operators for vector fields v = (v1, v2)

0
curl v

(z1) > w(xy), (6.8)

curl; v = 01v9 — Oav1, div| v = 01v1 + Oqvs.

We notice that div(ew) = 0 since u; = 0 and div, curl; = 0. From the definition of w the
electric boundary conditions on 9@ become

Ov=0 ond0,1)%  w(-1)=w(1)=0. (6.9)
Further the jump conditions
[u;] =0=[p *(curlu),] on F, (6.10)
are equivalent to
[w](€) = 0 = [~ ' d1w](C). (6.11)
As in equation (3.1) of [13], we see that

-1

e lteurlp™t

curlu = f%u, (6.12)

is satisfied if
—e ' Ao =X1v  in (0,1)% (6.13)
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and

—e 10 (p0w) = \jw  in (—1,1),
with Ay + A = 8% and A = 03 +03. Using the boundary condition (6.9) on v and ex = v, we deduce
that v(z ) ~ cos(kexs) cos(kszs) and

2 for my, m3 € N. (6.14)

The Dirichlet boundary condition (6.9) on w and the jump condition (6.11) imply that w €
D(Bpir), w =~ wy, and

A =v H(m3+m3)rm

Aj=X; forneN. (6.15)
This ends the proof for the TE-modes because the case mo = mg = 0 yields u = 0.
We now look for TM-modes in the form

atenas) = (G )Gt = (5470 Y ute) (6.16)

see [13, (2.8)], where
0
VJ_’U(.’L'J_) = ( azz >

First, using (1.4) we see that div(eu) = 0 if and only if Jeu;] = 0 on F or equivalently

[ew](¢) = 0. (6.17)
The electric boundary conditions on 9@ can be written as
v=0 ond0,1)% w'(—=1) = w'(1) = 0. (6.18)
Further the jump conditions (6.10) hold if
[Drw](€) =0, and  [o1 (" w)](Q) =0, and [~ w](C) = 0. (6.19)
Finally, from the equation (3.5) of [13], applied in @; each, we see that u solves (6.12) if (6.13) and
— 10 (p 0w = A\jw  in (-1,)U((, 1), (6.20)

with Ay + A = (? hold. From the boundary condition (6.18) on v and (6.13), we deduce that
v(x) ~ sin(koxs) sin(kszs) and

2

AL =v(m3+m3)r?  for mg,m3 € N.

The situation is more delicate for the eigenvalue problem for w. First we notice that assumption
(6.1) implies that the condition [u~'w](¢) = 0 in (6.19) is equivalent to (6.17). Further the condition
[01(p~t01w)](¢) = 0 is a consequence of (6.17) and of (6.20). In summary, the eigenvalue problem
for w reads

—e 1o (ptow) = Mjw - in (=1,) U ((, 1),
w'(—1) =w'(1) =0, (6.21)
[ew](¢) =0,  [01w](¢) = 0.

We now set w = ew, and notice that the previous system is equivalent to
—p7 o (e7t0iw) = Ny in (—=1,¢) U (¢, 1),
w'(-1) =w'(1) =0, (6.22)
[@](¢) =0, [e~'orw](¢) = 0.
We deduce that @ € D(Byeu) and Breu® = AW in Li(fl, 1). This shows that w ~ ¢!, with
A= )\,21, for n € Ny.
|

Theorem 6.4. Under the assumption (6.1), a complete family of eigenvectors of Awn is given by

E;fl}?m%m:i’ with n; > 1, mg +mg > 0, and Egll\ﬁnz’ma with ny > 0, mo,m3 > 1. In both cases,
2

the associated eigenvalue is By, ., m,- These eigenvectors form an orthogonal basis of H.
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Proof. We recall that by Lemma 5.6 the space V is dense in H, and that the embedding V < PH(Q)?
is continuous.

Let us fix a TM-mode E M forni > 0and mg,m3 > 1. We write v(z1) = sin(kaa2) sin(ksxs),
w(z1) = € 1, and choose the real representative in (6.7) without a normalization factor. We set

Inl,m2,m3(u) = / u(x) 'ng\,/[mmms (m) edz u € H.
Q

1

In a first step, we take w € V and transform I, . m,(@). As € = vu~', we have

Inhmz,ma (u> = V/

Q

The first term on the right-hand side is integrated by parts in the transverse variables. Since v = 0
on 9(0,1)2, no boundary term occurs, and (6.13) gives

In17m2,m3 (u) = V/

Q
Since 0 = divu = dyuy +divy u, on Q;,7 = 1,2, we obtain

In17m27m3(u) = V/
Q

We integrate the first term on the right-hand side by parts with respect to 21 on (—1,¢) and ({,1).
The endpoint terms vanish since w’(—1) = w’(1) = 0. The interface terms cancel because [u~tu;] =
v~ Heui] = 0 for w € V and [w’] = 0 by (6.21). Thus,

In177n27m3 (u) = V/
Q

The first identity of (6.21) and (6.1) imply

(w1(2) Viv(e)dw@) - n (@A v w)) p~ de.

(— div UJ_(J})U(Z‘J_)&'LU(l'l) +riiug (x)v(xj_)w(xl)) potde.

(U(xL)glulglw(xl) + V)\lul(as)v(zl)w(ml)) pot de.

(—U(xL)ul (2)(01)?w(x1) + vALug (x)v(xL)w(zl)) potde.

Ly imayms (@) = V(A +AL) /Q up(x)o(zy)w(z)e da.

Note that I, m,,m, and the right-hand side in the last identity are continuous linear forms on H. The
density of V in H then allows to extend this identity to all of H, obtaining

Iy ymo ms (w) = V(N + )\L)/ uy () sin(kexz) sin(kszxs)w,, dz, Yu € H. (6.23)
Q

This identity also proves orthogonality of the TM modes in H replacing w by another TM mode.
Its first component is a multiple of ¢~ 1wy, sin(famxs)sin(f3mas), and et = p/v. So orthogonality
follows from that of the Neumann eigenfunctions in Li(fl, 1) and of the transverse sine functions.
Since TE modes have zero first component, (6.23) also gives orthogonality between the two families.
The TE modes are mutually orthogonal by the corresponding transverse orthogonality and that of
the Dirichlet eigenfunctions in L?(—1,1).

We now show that w € H vanishes if it is orthogonal to all listed eigenvectors. First the set
sin(koxs) sin(ksas)w, forms an orthogonal basis of L2 (Q). The identity (6.23) thus yields u~'u; =0
or equivalently u; = 0. By means of the orthogonality of u to all TE-mode ngm2,m3 for ny > 1 and
ma + m3z > 0 and by (6.8), we directly obtain

/ / u, (z) - curly (cos(kaxs) cos(ksxs)) dzy | wy, (x1)e day = 0.
(—-1,1) (0,1)2
Since the set {w,, }nen forms an orthonormal basis of L2(—1,1), we deduce that

/ u ] (z) - curly (cos(kaza) cos(ksxs)) dzy =0, a.e. x1 € (—1,1), (6.24)
(0,1)2
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for all mo,m3 € Ny : mo + mg > 0. Furthermore, as curl; 1 = 0, this identity remains valid for
all ma, mg € Ny. Additionally, as the set {cos(k2x2) cos(ksxs) }ma,msen, forms an orthogonal basis of
H'((0,1)?), we deduce that

/ u,(z)-curly vdzy =0, Yo € H'((0,1)%), a.e. z; € (—1,1). (6.25)
(0,1)2
Taking first w, in D((0,1)?), this equation implies that
curl | wy (21,-) =0 in D'((0,1)?), a.e. z; € (—1,1). (6.26)
Second, integrating by parts in (6.25), we also obtain
wy (r1,-) -7 =00n0(0,1)% ae z; € (—1,1) (6.27)

for tangential vectors 7. Observe that div; uy; = 0 as u;3 = 0 and div(ew) = 0. This last property
combined with (6.26) and (6.27) allows us to conclude that u, = (0,0), because (0,1)? is simply
connected. [l

6.3. Eigenmodes of the cavity

It remains to compute the unobserved eigenpairs (5.14) and prove Theorem 5.2. We continue to
assume (6.1) and use the TE and TM modes from (6.6) and (6.7), which form an orthogonal basis by
Theorem 6.4.

Lemma 6.5. Assume (6.1), and let ¢ € (—1,1) with ¢ ¢ Q. Then the unobserved eigenmodes can be
chosen as
{@j |]€Ju} = {Eg:%z,m:; ‘ Mo, M3 > 1},

up to normalization. In particular, writing k; = mym for | = 2,3, they have the form
D,y ms = Cmpms€ (1) sin(kazo) sin(kszs) €1, Bgmbz,ma = v (k3 + k3), (6.28)
with nonzero real constants ¢y, mg-

Proof. Fix n > 1 and put g, = /A, > 0. The coefficients on both subintervals in (6.3) and (6.4) are
nonzero: otherwise the transmission conditions would force both the value and derivative on the other
side of the interface to vanish, giving the zero eigenfunction.

If w,(¢) =0, then (6.3) yields

qn (¢ + 1) = pm, gm(1—¢) =rm for some p,r € N. (6.29)

Consequently, ¢ = (p—r)/(p+7) € Q, a contradiction. Thus, w,({) # 0. Similarly, the transmission
condition for w, yield
dn = ((6(1))718111’”((7) = ((6(2))71817vbn)(<+)-
If d,, = 0, the derivatives from both sides vanish, and (6.4) leads to (6.29) and the same contradiction.
Hence d,, # 0 for every n > 1, whereas dy = 0.
The tangential traces of the TE and TM modes are, up to nonzero constants,

( TE ) ~ w (C) ( ms COS(szl’Q) Sin(kgxg) )
n1,ma,ms /|| e —mg sin(koxs) cos(ksxs) )’
™M ko cos(koxa) sin(ksxs3)
(Enl,m2,m3) Il = dn1 (k}g Sin(kgiEQ) COS(]CgQ?g)) ’
Therefore, every TE mode and every TM mode with n; > 1 has nonzero tangential trace, while the
TM modes with n; = 0 have zero tangential trace.

We must also exclude cancellation of nonzero traces within an eigenspace. Traces with distinct
transverse indices (m9,m3) are orthogonal in L?(F)2. For fixed transverse indices with ma, mz > 1,
the TE and TM traces are orthogonal as well. Indeed, suppressing normalization constants as above,
we obtain

((ETE i (En )|\)L2<F>2 L A S

ni,mz,ms ni,mz,ms 4
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Finally, for a fixed eigenvalue 82 and fixed transverse indices, (6.5) determines )\%1 uniquely. The
positive one-dimensional eigenvalues are simple by Lemma 6.1. Thus, the nonzero traces within each
eigenspace are pairwise orthogonal.

If {®,.}V | denotes the listed TE and TM modes with a fixed eigenvalue 32, then

b

Hence, a linear combination has zero trace only if every coefficient multiplying a mode with nonzero
trace vanishes. By Theorem 6.4, in each eigenspace the kernel of the trace is exactly the span of its
TM modes with ny = 0. Since Wy is constant, (6.7) gives (6.28). O

N
:Z|ar|2”(‘1’7«)“”i2(F)2, al,...,aNe(C.
H LQ(F)Z r=1

We can now evaluate the decay characterization (5.21) on these modes.

Proof of Theorem 5.2. By (5.21), the solution for ug = (Ey, Hp) decays if and only if Pyuy = 0.
Using (5.18) and (5.16), this is equivalent to

(UO, (")Ji),H_ = ,6]' (Eo, ¢])L2(Q)3 + i(HO,curl'IJj)Lz(Q)a = 0, ] € Ju.

Here the factor p in the magnetic part of the state-space inner product cancels the factor =1 in the
lifted eigenfunction. Adding and subtracting the equations for the two signs, and using §; > 0, gives
the equivalent conditions

(Eo, ®;) =0, (Ho,curl®;) =0, jel. (6.30)

L2(Q)® L*(Q)®

By Lemma 6.5, we may use the real representatives ®,,, m, = Cmy,ms eilgm%mg_el, where
Ima,ms (T2, 3) = sin(kqoxs) sin(ksxs), ma, mg > 1.
For the electric condition, Fubini’s theorem yields

(E07 sz,ma)Lg(Q)S = Cmayms /(071)2

1
(/ Ey-e; dxl)gmz,m3($27$3) d(xa, x3).
—1

Thus the weight e cancels the factor ¢! in the unobserved mode. The longitudinal electric moment
belongs to L?((0,1)?) by the Cauchy—Schwarz inequality. Since the functions gy, m, form a complete
orthogonal system in L2((0,1)?), the electric orthogonality conditions are equivalent to

1
/ EO - €eq dl‘l =0 a.e. on (O, 1)2.
-1

For the magnetic condition, we compute
curl®,,, 1. = Cimyoms 671(I1)(0, 939m,ms > *829m27m;>.)~

This identity holds in all of @), since the jump of ®,,, n, is purely normal to F' and hence produces

1

no interface term in the curl. Using e~ = p/v and the moments h; = f_ll w(Hy - e;) dzy from the

theorem, Fubini’s theorem gives

Cma,m
(H07 curl (I)mz,mg)Lz(Q)3 = % /( )2 (h2839m2,m3 - h382gm2,m3) d(.’L‘27 .’1,‘3)
0,1

I ;
= %<82h3 - 83h27gm27m3>'

Here ho,hz € L%((0,1)?), so dahs — d3he € H~1((0,1)?), and the bracket denotes its action on
H}((0,1)?). The span of the Dirichlet eigenfunctions gy, m, is dense in Hj ((0,1)?). Hence all magnetic
pairings vanish if and only if dxh3 — O3he = 0 in D’((0,1)?). Together with the electric condition, this
proves the equivalence with (5.1). O



30

Dorner, Nicaise and Schnaubelt

Acknowledgment

Julian Dérner and Roland Schnaubelt are funded by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) — Project-ID 258734477 — SFB 1173. JD thanks the French Institute
for Research in Computer Science and Automation (Inria) in Lille for the kind hospitality during his

research stay. This research stay was financially supported by the Karlsruhe House of Young Scientists
(KHYS).

References

(1]
2]

(3]

(4]
(5]
[6]
[7]
(8]
[9]
(10]

[11

[12

(13]
(14]
(15]

(16]

(17]
(18]
(19]

20

(21]

(22]

H. Amann, Linear and quasilinear parabolic problems. Vol. I, Monographs in Mathematics, vol. 89, Birkh&user
Boston, Inc., Boston, MA, 1995. Abstract linear theory. MR 1345385

K. Ammari and S. Nicaise, Stabilization of elastic systems by collocated feedback, Lecture Notes in Mathematics,
vol. 2124, Springer, Cham, 2015. MR3308343

A. Anikushyn and M. Pokojovy, Global well-posedness and exponential stability for heterogemeous anisotropic
Mazwell’s equations under a nonlinear boundary feedback with delay, J. Math. Anal. Appl. 475 (2019), no. 1, 278—
312. MR3944321

F. Assous, P. Ciarlet Jr., and S. Labrunie, Mathematical foundations of computational electromagnetism, Applied
Mathematical Sciences, vol. 198, Springer, Cham, 2018. MR3793186

A. Buffa and P. Ciarlet Jr., On traces for functional spaces related to Mazxwell’s equations. I. An integration by
parts formula in Lipschitz polyhedra, Math. Methods Appl. Sci. 24 (2001), no. 1, 9-30. MR1809491

, On traces for functional spaces related to Mazxwell’s equations. I1I. Hodge decompositions on the boundary
of Lipschitz polyhedra and applications, Math. Methods Appl. Sci. 24 (2001), no. 1, 31-48. MR 1809492

A. Buffa, M. Costabel, and D. Sheen, On traces for H(curl, Q) in Lipschitz domains, J. Math. Anal. Appl. 276
(2002), no. 2, 845-867. MR1944792

J. Cagnol and M. Eller, Boundary regularity for Mazwell’s equations with applications to shape optimization, J.
Differential Equations 250 (2011), no. 2, 1114-1136. MR2737826

D. Chicaud and P. Ciarlet Jr., Analysis of time-harmonic Mazwell impedance problems in anisotropic media, SIAM
J. Math. Anal. 55 (2023), no. 3, 1969-2000. MR4599320

W. Choi, I. Lahiri, R. Seelaboyina, and Y. S. Kang, Synthesis of graphene and its applications: a review, Crit. Rev.
Solid State Mater. Sci. 35 (2010), no. 1, 52-71. https://doi.org/10.1080/10408430903505036.

M. Costabel, A remark on the reqularity of solutions of Mazwell’s equations on Lipschitz domains, Math. Methods
Appl. Sci. 12 (1990), no. 4, 365-368. MR1048563

M. Costabel and M. Dauge, Singularities of electromagnetic fields in polyhedral domains, Arch. Ration. Mech.
Anal. 151 (2000), no. 3, 221-276. MR1753704

_, Mazwell eigenmodes in product domains, Maxwell’s equations—analysis and numerics, 2019, pp. 171-198.
MR4398317

M. Costabel, M. Dauge, and S. Nicaise, Singularities of Maxwell interface problems, M2AN Math. Model. Numer.
Anal. 33 (1999), no. 3, 627-649. MR1713241

, Corner singularities and analytic regqularity for linear elliptic systems. Part I: smooth domains, 2010.
HAL preprint hal-00453934.

R. Dautray and J.-L. Lions, Mathematical analysis and numerical methods for science and technology. Vol. 1,
Springer-Verlag, Berlin, 1990. Physical origins and classical methods, With the collaboration of Philippe Bénilan,
Michel Cessenat, André Gervat, Alain Kavenoky and Héléne Lanchon, Translated from the French by Ian N.
Sneddon, With a preface by Jean Teillac. MR1036731

R. A. Depine, Graphene optics: electromagnetic solution of canonical problems, IOP Concise Physics, Morgan &
Claypool Publishers, 2016. https://dx.doi.org/10.1088/978-1-6817-4309-7.

T. Dohnal, M. Ionescu-Tira, and M. Waurick, Well-posedness and exponential stability of nonlinear Mazwell equa-
tions for dispersive materials with interface, J. Differential Equations 383 (2024), 24-77. MR4668304

B. Dérich and K. Zerulla, Wellposedness and regularity for linear Mazwell equations with surface current, Z.
Angew. Math. Phys. 74 (2023), no. 4, Paper No. 131, 24. MR4599675

J. Eilinghoff and R. Schnaubelt, Error analysis of an ADI splitting scheme for the inhomogeneous Mazwell equa-
tions, Discrete Contin. Dyn. Syst. 38 (2018), no. 11, 5685-5709. MR3917784

M. Eller, J. E. Lagnese, and S. Nicaise, Decay rates for solutions of a Mazwell system with nonlinear bound-
ary damping, Comput. Appl. Math. 21 (2002), no. 1, 135-165. Special issue in memory of Jacques-Louis Lions.
MR2009950

, Stabilization of heterogeneous Mazwell’s equations by linear or nonlinear boundary feedback, Electron. J.
Differential Equations (2002), No. 21, 26. MR1884990



http://www.ams.org/mathscinet-getitem?mr=1345385
http://www.ams.org/mathscinet-getitem?mr=3308343
http://www.ams.org/mathscinet-getitem?mr=3944321
http://www.ams.org/mathscinet-getitem?mr=3793186
http://www.ams.org/mathscinet-getitem?mr=1809491
http://www.ams.org/mathscinet-getitem?mr=1809492
http://www.ams.org/mathscinet-getitem?mr=1944792
http://www.ams.org/mathscinet-getitem?mr=2737826
http://www.ams.org/mathscinet-getitem?mr=4599320
https://doi.org/10.1080/10408430903505036
http://www.ams.org/mathscinet-getitem?mr=1048563
http://www.ams.org/mathscinet-getitem?mr=1753704
http://www.ams.org/mathscinet-getitem?mr=4398317
http://www.ams.org/mathscinet-getitem?mr=1713241
http://www.ams.org/mathscinet-getitem?mr=1036731
https://dx.doi.org/10.1088/978-1-6817-4309-7
http://www.ams.org/mathscinet-getitem?mr=4668804
http://www.ams.org/mathscinet-getitem?mr=4599675
http://www.ams.org/mathscinet-getitem?mr=3917784
http://www.ams.org/mathscinet-getitem?mr=2009950
http://www.ams.org/mathscinet-getitem?mr=1884990

(23]
[24]
(23]
[26]

27]

(28]
29]
(30]
(31]
(32]

(33]
(34]

(35]
(36]
(37]
(38]

(39]

[40]
[41]
[42]
[43]

[44]

REFERENCES 31

K.-J. Engel and R. Nagel, One-parameter semigroups for linear evolution equations, Graduate Texts in Mathe-
matics, vol. 194, Springer-Verlag, New York, 2000. With contributions by S. Brendle, M. Campiti, T. Hahn, G.
Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli and R. Schnaubelt. MR 1721989
, A short course on operator semigroups, Universitext, Springer, New York, 2006. MR2229872
R. Hiptmair, J. Li, and J. Zou, Real interpolation of spaces of differential forms, Math. Z. 270 (2012), no. 1-2,
395-402. MR2875840
J. D. Jackson, Classical electrodynamics, 2nd ed., John Wiley & Sons, Inc., New York-London-Sydney, 1975.
MR436782
S. G. Krein, Yu. I. Petunin, and E. M. Seménov, Interpolation of linear operators, Translations of Mathematical
Monographs, vol. 54, American Mathematical Society, Providence, RI, 1982. Translated from the Russian by J.
Sztics. MR649411
S. Lohrengel and S. Nicaise, Singularities and density problems for composite materials in electromagnetism,
Comm. Partial Differential Equations 27 (2002), no. 7-8, 1575-1623. MR1924478
Jens Markus Melenk and David Worgotter, Regularity of vector fields with piecewise regular curl and divergence,
Anal. Appl. (Singap.) (2026).
J.-C. Nédélec, Acoustic and electromagnetic equations, Applied Mathematical Sciences, vol. 144, Springer-Verlag,
New York, 2001. Integral representations for harmonic problems. MR 1822275
S. Nicaise, Ezact controllability of a pluridimensional coupled problem, Rev. Mat. Univ. Complut. Madrid 5 (1992),
no. 1, 91-135. MR1183428
, Bxact boundary controllability of Mazwell’s equations in heterogeneous media and an application to an
inverse source problem, SIAM J. Control Optim. 38 (2000), no. 4, 1145-1170. MR1760064
, Stabilization of a Drude/vacuum model, Z. Anal. Anwend. 37 (2018), no. 3, 349-375. MR3826621
S. Nicaise and C. Scheid, Stability properties for a problem of light scattering in a dispersive metallic domain, Evol.
Equ. Control Theory 12 (2023), no. 1, 20-44. MR4509381
R. Nutt and R. Schnaubelt, Normal trace inequalities and decay of solutions to the nonlinear Mazwell system with
absorbing boundary, J. Math. Anal. Appl. 532 (April 2024), no. 1, 127915. MR4668343
D. Pauly and M. Schomburg, Hilbert complexes with mized boundary conditions part 1: de Rham complex, Math.
Methods Appl. Sci. 45 (2022), no. 5, 2465-2507. MR4395609
R. Schnaubelt and M. Spitz, Local wellposedness of quasilinear Mazwell equations with absorbing boundary condi-
tions, Evol. Equ. Control Theory 10 (2021), no. 1, 155-198. MR4191569

, Local wellposedness of quasilinear Mazwell equations with conservative interface conditions, Commun.
Math. Sci. 20 (2022), no. 8, 2265-2313. MR4521041
A. A. Tedstone, D. J. Lewis, and P. O’Brien, Synthesis, properties, and applications of transition metal-doped
layered transition metal dichalcogenides, Chem. Mater. 28 (2016), no. 7, 1965-1974. https://doi.org/10.1021/
acs.chemmater.6b00430.
H. Triebel, Interpolation theory, function spaces, differential operators, VEB Deutscher Verlag der Wissenschaften,
Berlin, 1978. MR500580
J. F. M. Werra, C. Wolff, C. Matyssek, and K. Busch, Current sheets in the discontinuous Galerkin time-domain
method: an application to graphene, Metamaterials X, 2015, pp. 95020E. https://doi.org/10.1117/12.2182571.
K. Zerulla, ADI schemes for the time integration of Mazwell equations, Ph.D. Thesis, 2021. https://doi.org/10.
5445/IR/1000128718.
, Analysis of a dimension splitting scheme for Mazwell equations with low regularity in heterogeneous media,
J. Evol. Equ. 22 (2022), no. 4, Paper No. 90, 46. MR4507219
K. Zerulla and T. Jahnke, Analysis of a Peaceman-Rachford ADI scheme for Mazwell equations in heterogeneous
media, J. Math. Anal. Appl. 527 (2023), no. 1, Paper No. 127355, 47. MR4587481

Julian Dérner

Department of Mathematics
Karlsruhe Institute of Technology
P.O. Box 6980

76049 Karlsruhe, Germany
e-mail: julian.doerner@kit.edu

Serge Nicaise

Univ. Polytechnique Hauts-de-France

INSA Hauts-de-France

CERAMATHS - Laboratoire de Matériaux Céramiques et de Mathématiques
F-59313 Valenciennes, France

e-mail: Serge.Nicaise@uphf.fr


http://www.ams.org/mathscinet-getitem?mr=1721989
http://www.ams.org/mathscinet-getitem?mr=2229872
http://www.ams.org/mathscinet-getitem?mr=2875840
http://www.ams.org/mathscinet-getitem?mr=436782
http://www.ams.org/mathscinet-getitem?mr=649411
http://www.ams.org/mathscinet-getitem?mr=1924478
http://www.ams.org/mathscinet-getitem?mr=1822275
http://www.ams.org/mathscinet-getitem?mr=1183428
http://www.ams.org/mathscinet-getitem?mr=1760064
http://www.ams.org/mathscinet-getitem?mr=3826621
http://www.ams.org/mathscinet-getitem?mr=4509381
http://www.ams.org/mathscinet-getitem?mr=4668343
http://www.ams.org/mathscinet-getitem?mr=4395609
http://www.ams.org/mathscinet-getitem?mr=4191569
http://www.ams.org/mathscinet-getitem?mr=4521041
https://doi.org/10.1021/acs.chemmater.6b00430
https://doi.org/10.1021/acs.chemmater.6b00430
http://www.ams.org/mathscinet-getitem?mr=500580
https://doi.org/10.1117/12.2182571
https://doi.org/10.5445/IR/1000128718
https://doi.org/10.5445/IR/1000128718
http://www.ams.org/mathscinet-getitem?mr=4507219
http://www.ams.org/mathscinet-getitem?mr=4587481

32

Roland Schnaubelt

Department of Mathematics
Karlsruhe Institute of Technology
P.O. Box 6980

76049 Karlsruhe, Germany
e-mail: schnaubelt@kit.edu

REFERENCES



	1. Introduction
	Physical relevance
	Literature review
	Contributions, challenges and methods
	Outline
	Basic function spaces & Notation

	2. Well-posedness
	State space
	Interface conditions
	Well-posedness
	Surface continuity equation

	3. Function spaces and their properties
	Hodge projections
	Trace spaces & right inverse
	Tangential spaces
	Normal spaces

	4. Regularity
	5. Stability
	Spectral properties of the Maxwell operator
	The cavity eigenvalue problem
	The unobserved subspace
	Strong stability

	6. Eigenmodes of the cavity operator
	6.1. Eigenmodes of one-dimensional operators
	6.2. TE and TM modes
	6.3. Eigenmodes of the cavity
	Acknowledgment

	References

