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BORIS-TYPE EXPONENTIAL INTEGRATORS FOR
CHARGED-PARTICLE DYNAMICS IN STRONG MAGNETIC
FIELDS

MARLIS HOCHBRUCK AND SEBASTIAN MERK

ABSTRACT. We study numerical time integration for the motion of a charged
particle in a strong magnetic field, focusing on the regime in which the fast
gyration is not resolved by the time step. Standard Boris-type methods are
structure preserving and accurate when the gyration is resolved, but their er-
ror constants deteriorate with increasing field strength; filtered Boris methods
improve this behavior but may suffer from singularities and resonance-induced
error blow-up. In this work we consider the case of a constant strong mag-
netic field and derive a broad family of one-step exponential integrators from
the variation-of-constants formula, formulated in terms of matrix-valued fil-
ter functions. This framework includes existing filtered Boris variants and
permits the construction of schemes with uniformly bounded filters. Using
a discrete variation-of-constants representation together with summation-by-
parts arguments, we establish error bounds whose constants are independent
of the magnetic field strength and characterize the filter conditions required
for first- and second-order accuracy. In particular, we show that bounded fil-
ters avoid resonance blow-up and allow arbitrary time steps, at the cost of a
controlled order reduction near resonant frequencies. Numerical experiments
confirm the predicted convergence behavior, the different accuracy of position
and velocity components, and the role of the leading error terms across a wide
range of step-size-field-strength products.

1. INTRODUCTION

We study time integration methods for the Euler-Lagrange system of a charged
particle in a strong magnetic field

(1.1a) q(t) = v(t), q(0) = qo,
(1.1b) 0(t) = v(t) x B(t,q) + E(t,q), v(0) = v,

where ||B]| > 1. The particle gyrates about the magnetic field lines with period
27§, where § = 1/||B||, and this gyration is superimposed on a motion of the
guiding center that takes place on the slow, O(1) scale fixed by E.

Systems of the form (1.1) arise as the characteristic equations of the Vlasov equa-
tion and, in particular, as the particle push in numerical solutions of the Vlasov—
Maxwell system [1, Sec. 15], and more recently in variational approximations of the
magnetic Schrodinger equation [14], that could be used to solve coupled Maxwell—
Schrédinger systems. In both settings, the electromagnetic field is not given but
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2 MARLIS HOCHBRUCK AND SEBASTIAN MERK

computed self-consistently, so that the field strength experienced by a particle is
not known a priori. Commonly used Boris-type pushers [2] are accurate only for
stepsizes 7 < 0 resolving the gyration. In the coupled setting, this forces 7 to be
chosen from a worst-case field strength, or requires adaptivity of the time step,
which sacrifices the structure preservation that motivates the use of Boris-type
methods.

We recall that the scheme in a formulation on a staggered grid reads

(1.2a) w = Upy1)2, B, = B(tn, qn),
Uy, — Uy
(12b) rlz  nlj2 = %(’Un+1/2 + Un—1/2) X By + En, E, = E(tn7Qn)'

T

It is symmetric and volume-preserving [13], and it shows no drift in the energy
over long times [7]. It is of second order, but the corresponding error constants
grow with || B]|, and the accuracy of (1.2) deteriorates as soon as 7 ||B|| 2 1, cf. [6,
Fig. 8.2].

This behavior is not particular to (1.2). Problems of the form (1.1) are stiff in
the second sense discussed in [9]: the linear part of (1.1b) has purely imaginary
eigenvalues 0 and =+i || B]| of large modulus. An explicit method applied to (1.1)
is stable only for 7 < §; implicit methods are stable for large stepsizes, but their
accuracy deteriorates once the gyration is no longer resolved. The difficulty also
affects the analysis. The usual convergence theory relies on Taylor expansion of the
exact solution, whose derivatives grow with powers of | B||, cf. (1.1b), so that the
stepsize restriction reappears in the error constants. Bounds of this type yield the
classical order of a method, while we are interested in its stiff order, i.e., in error
bounds whose constants are independent of ||B|. This requires both a different
construction and a different analysis.

Closest to the present work are the filtered Boris methods. Hairer, Lubich,
and Wang [6] modify the velocity update (1.2b) by introducing a suitable filter
function. Hairer, Lubich, and Shi [5] study a filtered variational integrator with
the same filter, in the regime § < 72 <« 1. The two constructions differ in how the
rotation and the approximations to the velocities on the full time grid are realized.
For a constant magnetic field, these methods are equivalent. The error analysis
in both references relies on modulated Fourier expansions and yields second-order
bounds for the positions and for the velocity component parallel to B, together
with first-order bounds for the perpendicular component.

Filters of this kind have a longer history in the analysis of highly oscillatory
second-order problems §j = —Q2y + g(y) with ||| > 1. Garcia, Sanz-Serna, and
Skeel [3] introduced the mollified impulse method, in which the nonlinearity is eval-
uated at an averaged argument, and Hochbruck and Lubich [8] analyzed a Gautschi-
type integrator that is exact for linear problems with constant inhomogeneity. In
both cases, the error bounds are uniform in 7 ||2||, and the analysis produces con-
ditions on the filter functions rather than bounds for a single scheme: the filters
must vanish at the resonant frequencies, and their remaining freedom can be used
to reduce the error constant. Grimm and Hochbruck [4] formulate such conditions
for a two-parameter family of trigonometric integrators and obtain second-order
bounds for the positions together with first-order bounds for the velocities. The
structure of these results, and the technique of summation-by-parts on which they
rely, is what we transfer to (1.1).
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A second line constructs exponential integrators for (1.1) with an emphasis on
geometric structure: explicit symmetric schemes of classical order up to four [16],
energy-preserving schemes for a constant strong field [15], and continuous-stage
energy-preserving methods designed to operate from normal to strong field regimes
[10]. Nguyen, Joseph, and Tokman [11, 12] pursue the same idea from a computa-
tional perspective, comparing exponential integrators with conventional pushers in
a particle-in-cell context and deriving Nystrom-type exponential schemes of second
and third order. These constructions are likewise built from filter functions, but
the orders attained are classical, no bounds uniform in || B|| are established, and no
conditions on the matrix functions themselves are formulated.

Among the Boris-type methods mentioned above, bounds of this kind are so far
available only for the single filter ¢({) = tanch(¢/2), which, unfortunately, has
singularities at integer multiples of 2. As a consequence, the velocity error of the
scheme by Hairer, Lubich, and Wang [6] blows up like the reciprocal distance of
7 ||B|| to 2km, cf. Fig. 8.2 in their paper. Moreover, their second-order bounds of
the position error require both a coupling 7 ||B|| < 1 of the stepsize to the inverse
field strength and a nonresonance condition on 7 ||B||. However, if B is not given
explicitly but via a Maxwell solver, it is not practical to ensure such a nonresonance
condition, since it might require adapting the time stepsize during the simulation,
which might lead to further disadvantages.

This motivated us to reconsider the construction of such integrators and to pro-
vide a scheme, which only uses uniformly bounded filter functions. We will prove
that the error close to resonances drops to order one, but does not lead to blow
up at any time stepsize. Order reduction and blow up already appear for con-
stant magnetic fields B and thus, as a first step towards an analysis of the general
scheme, we restrict ourselves to constant magnetic fields in the regimes described
above. || B|| > 1 is the only large parameter, while F = O(1) and vy = O(1), where
here and throughout the whole paper, the notation O means that the constants are
independent of || B.

The extension to non-constant fields is left to future work.

We therefore consider a generic one-step exponential integrator

(1.3a) Gnt1 = o+ Z(V_vn + Uivpp1) + 2 (X By + X4 Epp1),
(1.3b) Ung1 =€ v, + 5 (P_Ep + © 1 Eny1),

with given filters defined on the eigenvalues 0, +i7 || B|| of 7B, where B denotes the
matrix representing v — v X B:

(I)i:qéi(TB), \I/i:’(/}i(TB), Xi:Xi(TB>.

This class contains the filtered Boris variants of Hairer, Lubich, and Wang [6]
and Hairer, Lubich, and Shi [5] but also more general methods which are derived
from the variation-of-constants formula and applying exponential quadrature rules
up to order two. In contrast to modulated Fourier expansions used so far, our
error analysis is based on the (discrete) variation-of-constants formula and partial
integration/summation. This allows us to fully characterize the filter functions,
study the error constants, and the behavior of the integrator at resonant frequencies.

The filter functions of [6] are singular at 7 ||B|| € 27N, and the velocity error
blows up like the reciprocal distance of 7| B| to 2kw. Within our framework,
filters without such singularities are available. For these, the first-order bounds of
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Theorem 5.4 hold without any nonresonance assumption, so that arbitrary stepsizes
are admissible; the blow-up is avoided at the cost of an order reduction in the
velocity error.

The paper is organized as follows. Section 2 recalls the filtered Boris algorithms
and establishes their equivalence for a constant magnetic field. Section 3 derives the
family of exponential integrators from the variation-of-constants formula. Section 4
sets up the error recursion and the stability estimates, Sections 5 and 6 contain the
first- and second-order error bounds and the refined analysis of the velocity error.
In Section 7, we present numerical experiments which confirm the predicted orders
in the different regimes of 7 || B|| and the distinct behavior of the error components,
and also show that the leading error terms describe the observed error over the
whole range of 7 || B||.

2. REVIEW ON FILTERED BORIS ALGORITHMS

We first review the recent work by Hairer, Lubich, Shi, and Wang [5, 6] on filtered
Boris-type integrators. The algorithm from [5] written in one-step formulation on
a staggered time grid is given as

(2.1a) Vo =v,_1+ %\IJETL, (2.1¢c) Upyl =v4 + %\IJETL,
(2.1b) vy —wv_ = %\Il(mr +v_) X By, (2.1d) Gn+1 = Gn + TV, L.

It reduces to the classical Boris algorithm for ¢» = 1. [5] and previously [6] suggest
to use the filter function

tanh($
(2.2) U= p(rB,), () = tanch(§) = “E)
2
where the matrix B,, is defined via
0 b3 —b2 bl
an =0 X Bn, Bn = —b3 0 bl s Bn = b2
b2 —b1 0 bS

The filtered Boris algorithm can be written as in (1.2b) by adding and subtracting

(2.1a) and (2.1c). This shows that (2.1a)—(2.1c) can be replaced by

oy = %\Il(anr% +0, 1) X By + TUE,.

Interestingly, this update can be interpreted as the exponential midpoint rule [9]
applied to (1.1b). To verify this, we write

(2.3) Upyt — 0

QeC/2—67C/2 2€C—1
(2.4) W(Q) =tanch(¢/2) = = e Tt T

Using this relation in (2.3) and multiplying by (e”B» + Id)/2 yields the equivalent
form

(2.5) Unt1/2 = eTB"vn_% + 701(7BL) E,.

Here, the ¢-functions are given by

"o ot
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The filtered version presented in [6] differs in the definition of v,. Instead of
(2.1b), it uses v = exp(7B,,)v_. Approximations to v(t,) are computed as

(2.7) U = (sinch(TBn))_lW — 7Y (B, E,.

In the special case of a constant magnetic field B, the integrator is equivalent to
(2.1). Lemma A.1 shows that the scheme in [6, eq. (2.12)]" is equivalent to

(2.8a) 1 = Gn + 701 (TB)vy + 7202 (TB) E,

(2.8b) Vpy1 =€ Bu, + To1(—mB) 7! ((pg(TB)En + gog(—TB)EnH),

if ¢ is chosen as in (2.2).

3. EXPONENTIAL INTEGRATORS FOR THE EULER-LAGRANGE EQUATIONS

From now on, we consider the situation that we have a strong, constant magnetic
field B, i.e., |B|| =1/6 > 1 and a sufficiently regular, autonomous electrical field
E = E(q). In particular, we assume F to be locally Lipschitz continuous. Then, the
Euler-Lagrange equations (1.1) can also be stated as an autonomous, semilinear
system of ODEs

31  y=Ly+fy), y—<g>’ L—<8 I]S)’ f(y)_(E(()q)>'

The variation-of-constants formula yields

(3.2) y(t+71) = e ly(t) + 7'/0 eT(l_")Lf(y(t + 70))do.

Due to the special structure of L, we have the following representation of the matrix
exponential, see also eq. (2.13) in [6]

- Id 7¢1(7B
(3.3) ek = (0 SDQT(B )) .
By (3.2), the components ¢, v satisfy
(3.4a)

a(t£0) = g(t) = 01 (£0B) o (t) + 0 /0 (1 - 0)p1 (£0(1 - 0)B) E(q(t £ 60)) do,
(3.4b)
v(t£6) = eTBou(t) + 9/ eie(l_")BE(q(t + 0o))do.

0

The iteration (2.5) is obtained by setting ¢ = t,,_1 /2, @ = 7 in (3.4b), and approxi-
mating

E(q(t+70)) = E, = E(qn), o €[0,1].
Setting ¢ = t,, 412 and 0 = +7/2 in (3.4a) and approximating the electric field by
suitable constants E,, 1+ yields the approximations

(3.5a) Gnt1 = Gny1/2 + 501 (5B) Vg2 + %2802(53)En,+’
(3.5D) Gn = dus1/2 = 591 (=3B)vnr1je + T2(—5B) B,

INote that a factor two is missing in the last sentence of Section 2 of this reference
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A natural choice would be to set
(350) En77 = En, En7+ = En+1.

This makes the scheme implicit, but it should be possible to solve it by just a few
steps of fixed-point iteration because we assumed that E does not impose stiffness
to the differential equation. With this choice, subtracting (3.5b) from (3.5a) yields
with (A.la)

(8:6) Qo1 = G+ 75inch(3B)vnt1/ + 5 (#2(3B) Bt — 92(~3B) En )

With the choice (3.5¢) and the update (2.5), we obtain a symmetric method which
is exact for constant magnetic and electric fields B and E. The update (2.1d)
used in the classical and the filtered Boris algorithm corresponds to approximating
sinch(%B) ~ Id and neglecting the terms involving the yo-functions in (3.6).

Directly using the variation-of-constants formula (3.4b) yields a different scheme
than [6, eq. (2.12)] for the v-component on the full grid. A first simple choice, which
is possibly of order two, would be

(3.7a) Unt1 = € Pv, + 201 (TB) (B, + Eppa).

Another possibly second-order method is obtained by using an exponential trape-
zoidal rule to approximate the integral, cf. [9, Ex. 2.6]

(3.7b) Ung1 =€ 20, + 7((01(7B) — 02(TB)) Ep, + 02(TB) Eppy1).

If we do not want to work on a staggered time grid for the velocities as in (2.5), we
can combine (3.6) with one of the following variants

(38&) Unt1/2 = %(eéan + e_§B1}n+1),
(3.8b) sinch(5B)vnt12 = 5(p1(5B)vn + @1 (=5B)vni1),
(3.8¢) Unti/2 = €200, + Z201(3B)E,.

The scheme (3.6) combined with the variants (3.7a), (3.7b), (3.8b), and (3.8¢)
are exact for constant magnetic and electric fields B and F, respectively. Moreover,
(A.1d) shows that (2.8b) is exact if E is constant. However, the others fail to be
exact in this situation, because v, 1,7 is replaced by an approximation which does
not have this property. For (3.8a), exactness is only satisfied if E = 0.

4. ERROR ANALYSIS: RECURSION AND STABILITY

Our aim is an analysis of all different variants of filtered Boris-type algorithms in
a uniform way and to characterize filter functions which lead to beneficial properties.
Thus, we consider a generic exponential integrator (1.3). We are interested in the
situation that

(4.1) T{|B] = o

for some given ¥y € (0,1). Otherwise, a standard, nonstiff error analysis yields
order two errors for the position and velocity errors of the Boris algorithm without
filters.

For the method (2.8) and some of our results, a nonresonance condition is re-
quired, so that one cannot take arbitrary stepsizes 7.
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Assumption 4.1 (Nonresonance condition). Let ¢ € (0,7) be fized. The time
stepsize T satisfies the nonresonance condition

(4.2) T||B|| = 27k| >0 forall ke€Z\{0}.

The notation O(77) always means that we consider 7 — 0 with constants de-
pending on T', K, K, and bounds on E and its derivatives in a neighborhood of
K, but independent of 7 and || B]|.

4.1. Definition of defects and error recursion. In the following, we use the

short notation for the exact solution

~ ~ ~ ~ ~ 1
E(t) = B(q(t)), EW(t)=4E(t), EY =4EG,), MY) = Jax

E(l)(t)H

Gn = q(tn), Up = v(tn), E, = E(qn)-
We start by defining defects. Inserting the exact solution (3.4) of (1.1) into the
numerical scheme (1.3) yields defects dg 41 and dy 41 given by

~ ~ ~ ~ 2 jod jod
(43&) dn+1 = Qn + %(\I’—Un + \I/—&-Un-&-l) + TT (X—En + X+E71,+1) + qu,n-‘rla
(4.3b)  Tnp1 = € BV, + Z(P_Ep, + D1 Epi1) + 7yt

We denote errors and defects by
(4.4)

_ [€qn\ _ an —qn _ dq,n _ €En _ o
€n = <€v$n> = (5n _ Un) , dp = (du,n> )y 9n = <6E,n+1> , egn=En— Ey,.

Subtracting (1.3) from (4.3) we obtain the error recursion
(4.5a) R_enr1 =Rye, +7Sgn + 7dnta

with
(4.5b)

Id —-IU Id ZW_ IX_ IX
_ 2 *+ — 2 —_1(2 24+
- (0T me= (0 ) s (R R,

Solving this recursion and writing R = RZ'R. yields

n—1 n—1
(46) ey = Rneo + 7 Z Rnijilelsg]‘ + 27” Zn =T Z Rnijileldj_i_l.
=0 =0
Lemma 4.2. The matric R = RZ'R. satisfies
(4.7a)
n __ Id TTn np—1 __ Id T(%\P++Tn) _
R _<0 en‘rB)a RR— _<O en‘rB n_1727~-~7
where
(4.7b)
n—1
. - enz _ 1
Tu=TulrB), Yal) = 3= () + 01 (2)e)on(z),  enlz) = 36 = S
=0

Proof. The block triangular structure of R implies

n

-1
JjTB
R — (Id TTl(TB)) , R" — Id 7Y:(rB) 3:06

B j
0 € 0 e’l’LTB
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As 1, (2) = T1(2)0n(2), the claim follows from the definition of g, and o1 =1. O

4.2. Stability. In order to study the stability, we investigate the function Y, de-
fined in (4.7b) for the different choices of ¥4 from Section 3. Since Y,, = Y10, we
start with T; and define the auxiliary function

(4.8) Wo(z) = sinch(2) — Ty (2)e 2.

Lemma 4.3. Let T, be defined in (4.7b) and g in (4.8), respectively. If ¥o =0,
e.g., for the filter functions of the schemes collected in Table 2, we have Y1(z) =
p1(2).

Proof. Using (A.1b), we have

Uo(z) = (<p1(z) — Tl(z))e_z/Q.
Hence ¥y = 0 is equivalent to T; = ¢ and the claim follows for (2.8), (3.8a),
(3.8b), and (3.8c). O

Theorem 4.4. For the filter functions of the schemes in Table 2, the power bounds
IR"|| <14t, and HR”R:lH <1 +tyi1/2 hold forn =0,1,2,.... Moreover, for
all variants in (3.8) we have ||S|| < Cs. For (2.8), this bound only holds if (4.2) is
satisfied.

Proof. For an arbitrary matrix T we have the bound

Id 77
<

(19) (5 o)< aemim
Note that by (4.7b) and Lemma 4.3, we can write

e —1
(4.10) TYn(2) = 7Y1(2)0n(2) = To1(2) pranc e tnp1(nz),
so that
(4.11) 7Ty = max [T (2)] < tp.

With (4.9), this proves |R™|| < 1 + ¢,. The bound on HR”R:lH follows from
¥ 1] <1 and the bound on ||S|| follows directly from B being skew-symmetric. O

Since B is skew-symmetric, there exists a unitary matrix U € C3*3 of eigenvec-
tors such that

_u(B e om, (B0 _

(4.12) B—U< O)U7 Bl—< 0 —i|B|) U—(UL U”),
with Uy = B/||BJ|. The projector onto the kernel of B, i.e., the projection onto
span(B), will be denoted by P| = U ||U|"k and the corresponding orthogonal projec-
tion by P, := Id — P, respectively. Then, for a function ¢ defined on the spectrum
of 7B, it holds
(4.13) ¢(tB)PL =P ¢(7B) = UL ¢(BL)UT.

If the nonresonance condition (4.2) is satisfied, we can refine the stability bound.

Lemma 4.5. If 7 is chosen such that the nonresonance Assumption 4.1 holds for
some ¥ € (0,m) and (4.1) is satisfied, then o, defined in (4.7b) satisfies
1

(4.14)  [|PLon(TB)[| = [len(TB)PL[| < [len(7BL)|| < |sin (000 neN.
2
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Proof. For x = 47 || B]| it holds

€ 1) = o :
2lsin(3z)| ~ 2|Sin%‘.
The bound (4.14) follows from the definition of g,,. O

5. ERROR BOUNDS OF ORDER ONE

In this section, we characterize filter functions in the general scheme (1.3) which
lead to error bounds of order one with constants independent of || B||. Our analysis
requires the following assumption in the whole section without further mention.

Assumption 5.1. The trajectories of q,v remain in compact sets Ky, K,, inde-
pendent of ||B||, and E € C' in a neighborhood of K,,.

We start with deriving explicit expressions for the dominant term in the defects
in (4.3).

Lemma 5.2. The defects (4.3a) for the positions satisfy
(513.) dq,n+1 = \IJQ(TB)?}'n+1/2 + T\Pl(TB)En+1/2 + 0(72),
with Wo defined in (4.8) and

(5.1b)
U1 (2) = 3¢1sinn(5) — 1 (W4 (2)91(5) — - (2)p1(=3)) — 1 (x=(2) + x+(2)),

where 1 sinn(2) = (sinh(z) — 2)/2%.
Proof. The proof relies on expansion of E at bng1/2

- T - T 1
Eltuy1/2 % 50) = Engija + 5750011 o (£0),

(5.2) o
TJ(El,)nJrl/Q(J) - /0 EW (b2 + 50)d0

within the variation-of-constants formula (3.4a). With ¢t = t,.,,,5 and 0 = 7/2,
(3.4a) can be written as

(5.3a) In+1 = Gnt1/2 + 501 (5B) Vg2
1
2 ~
45 [1= 0050 - 0)B)Eltussja + Jo)dor
0
(5.3b) Gn = Gny172 — 501 (—5B)Upgr )2

1
Lz / (1 - )1 (=51 — 0)B) Etns1/2 — S0)do.
0

Subtracting (5.3b) from (5.3a) and using

/0 (1—0)p1 (:I:%(l — a)z)da = wg(i%z),
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we obtain with (A.la) and (A.1g)
(54) an+1 = Z]vn + Tsinch(%B)§n+1/2

*/ 1 — U)B)E(tn+1/2 + %U)d(f

- —/ (1-0)p1(—3(1— O’)B)E(t,L+1/2 — 5o)do

2 ~
= G + 75inch(3B) 01172 + FU1s0n(§B) Enyrye + 7dg 4,

where
1
d/ I / (1- 0)901(%(1 — U)B)Tg)nJrl/?( Ydo
2 . M
- ; (1- o)gpl(fg(l - CT)B)TEm_‘_l/Q(*U)dCT.
From

1
ié/o (1—0)op1(£Z(1 —0)z)do = p3(+%2)
and |p3(iz)] < 1/6 for € R, we conclude

[0l < 5 s [EOO] = 52180

Using (3.4b) and (5.2), we obtain
\Ij—?jn + \Ij-i-%/n-l-l = (\Il_e_%B + ‘P+€%B)5n+1/2
+ 5 (¥re1(3B) — ‘I’—Spl(_%B))En+1/2 +dy 1
with
1
T2 o 1 -L(l-0o 1
dl ey = T/o (\I/+e2(1 )BT(E)nH/z( )+ W_e 20 )Br1(57)n+1/2(—0'))d0'.

Hence, we conclude for d, ,,4+1 defined by (4.3a) with the same calculations as above
for the corresponding expression involving F

dq7n+1 ZSinCh(%B)in_,_l/g - %(q/_fﬁn + \I’+f17n+1)
+ 3 (V1500 (3B)Enyiys = (X Bu+ X4 Bus1)) + dji
:<sinch(gB)—%(\I/,eng—i-\Iqe%B))%}nHm

+3 (?/Jl,sinh(%B) — 2 (W1 (3B)—V_¢(—3B))— 5 (X +X+))En+l/2

+ di],n+1
where
= 1)
Qo = Dy =i |y <72 (5 1 10+ 10 ) MG
This proves the claim. O

Lemma 5.3. The defects dy n41 for the velocities defined in (4.3b) satisfy
(5.5a) o1 = Po(TB)Epy1j2 + dy i1, D) =1 — (o1 +¢-),
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TABLE 1. Overview on functions ¢4 and @y, for the different
updates of the velocity.

¢—(2) d+(2) | Po(2) ®1(2) P (2)
(7)) @) o12) | 0 | ea(s)— tor(2) | L(1—sinch(2))
(3.7b) 2(@1(2) — <p2(z)) 2p9(2) 0 0 %(1 — sinchQ(g))
esb)| 2l 2R ] o | eiRE 0

TABLE 2. Overview on functions ¢4, x+ and ¥; for the different
updates of the position. For all the choices of filter functions in
the table, we have ¥y = 0.

Y_(2) | ¥+(2) X-(2) X+(2) Wy (z)
(3.8a) | ¢i1(z) | p1(—2) —p2(5°) @2(3) | 5 sinch(3)¥1 cosn(3)
(3.8b) | ¢1(3) | ¢1(57) —p2(5°) ¢2(3) 0
(38¢) [2¢1(2) | 0 | 201(2)91(3) — 2(F) | ¥2(3) | —F¥1.cosn(5)1(2)
(2.8a) | 2p1(2) 0 4pa(2) 0 0
and
(5.5b) o | < 5@+ N0+ 04 1) MED),

Proof. By (3.4b) with ¢t = ¢,, and § = 7 and (5.2), we obtain

1
dy i1 = / e IBE®, + 10)do — L(P_E, + ©1 Ept)
(5.6&) 0

= <P1(TB)En+1/2 s (I)+)En+1/2 + Ev,n+1,
with
(5.6b)

1
7 _ T 7(1-o)B,.(1) T 1) 1)
dynsr =% /O OB (20— Ddo— T (rl) L (1) ) L)),

For the remainder we have with (5.2)

H ey

1) 1)
TE,n+1/2(U)H < |U|ME,n+1/2 < ME,n+1/27 -l<o<1

This proves (5.5). O

We collect the formulas for the filters and the defect matrices for the filtered
Boris variant (2.8) and the update formulas (3.7) in the Tables 1 and 2, starting
with the velocities. The formulas for (2.8b) follow from the identities (A.1d) and
(A.1i) and Lemma A.2. Note that all variants satisfy ¥;(0) = 0 which means
that the position defects (5.1a) are second order in 7, but possibly with a constant
depending on ||B||. Only for the variants with ¥; = 0, the defects are in O(7?)
with a constant independent of || B].



12 MARLIS HOCHBRUCK AND SEBASTIAN MERK

Theorem 5.4. Let &5 = VYo = 0 and let L be the Lipschitz constant of E.
Further assume 7 to be sufficiently small s.t. 27(1+T)CsLg < 1 and that the filter
functions are chosen such that ||S|| < Cs. Then, the error of the approzimation
(1.3) to the solution of (1.1) is bounded by

lenl <CT,  0<t,=n7 <T,
where C = C(Lg, K,S,T).

Proof. From the definition of g,, in (4.4) we have ||g,|| < |leg.n|l +]l€E n+1]/- Then,
(4.6) and the power bound from Theorem 4.4 imply

n—1 n

lenll < 7L+ D) (3 Idjsall +2Cs Y llem,l)

Jj=0 Jj=0

n—1 n
< (1 +T) (Y sl +2CsLe Y lleg,
j=0

=0

).

The claim now follows from Lemmas 5.2 and 5.3 together with a standard Gronwall
argument. ([l

Corollary 5.5. For the filter functions ¢+ given in (3.7a) or (3.7b) and x+ given
by one of the variants in (3.8), we have CF < £(1+72).

Proof. By definition (4.5b), we have
2 2 2 2 2
C3 < H(F XL+ 1X 1) + 124 + o).

The statement now follows from || X || < 1/2, | X_|| < 2,||P+|| <1 for all choices.
O

6. ERROR BOUNDS OF ORDER TWO

Unfortunately, the analysis of the previous section cannot be generalized in a
straightforward way to second-order error bounds. The problem is that the second-
order expansion of v includes a second time-derivative of E(g(t)), which cannot be
bounded independently of ||B|| because of (1.1b). Hence, to prove second-order
error estimates for the position, we have to investigate the dominant error terms of
v and the error propagation more carefully.

Our analysis requires a stronger assumption than Assumption 5.1, which we
assume in the following without further mention.

Assumption 6.1. The trajectories of q,v remain in compact sets K4, K, , inde-
pendent of ||B||, and E € C? in a neighborhood of K,.

6.1. Refined representation of the velocity defect. In the following lemma
we show that the velocity defect can be split into two parts which can later be
handled differently in the error recursion.

Lemma 6.2 (Velocity defect). Suppose that the filter functions in (1.3) are chosen
such that 9 = 0 holds in (5.5a). Then the velocity defect dy, 41 can be written as

(6.1a)

doni1 =TP1(TB)E (Gny1/2)Wns1/2 + 7dy 1 yy + O(T?),
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where v, = P, v and

(6.1b)
D=3 — 51 — §(d4 — 0—) = p2 — 304,
(6.1c)

_ = tni1/2B
Wpi1/2 = Upyr/2 — €220 (0),

1
i = ([ (0= DO E G121 (0 - §)7B)do

(6.1d) — 1 (P4 B (@ny1/2)91(5B) — ¢7El(q~n+1/2)901(—%]3)))et"“/zBUL(O)-

Proof. We start from the representation (5.5a), where by the assumption that ®g =
0, dynt1 = dynt1 given by (5.6b). Since E € C?, the remainder defined in (5.2),
where EM (t) = E'(q(t))v(t), can be written as

rg,)n+1/2(a) = /OU E'(q(tns1/2 + 50))v(tns1/2 + 56)do
= E'(Gn41/2) /0‘7 V(tng1/2 + 50)d0 + O(T)
= E'(Gn+1/2) (05n+1/2
—3 /00(9 —0)(Bu(tny1yz + 50) + Eltni1/o + ga))de) +0O(r)

(6.2) = B'@u1y2) (7Tnsrjp = § [ 0 0)Bultussya + 30)0) + O(r)
0

For the third identity, we used integration by parts with 1 = 4 (§ — o) and (1.1b).
Furthermore, as BPjv(t) = 0, it suffices to consider v, (t) := P v(t), which, by
(1.1b), evolves as
b, = Buo, (t) + PLE(t).

Using the variation-of-constants formula, we thus obtain

t
vy (t) = By (0) + / =B P, E(s)ds.
0

Multiplying by B and integration by parts yields

t
Bu(t) = Buy (t) = BeBo, (0) — PLE(t) + B P E(0) + / =B p, W (s)ds
0

=BeBo, (0) +0(1).

Using again £ € C? and integration by parts we obtain

z / (0 — 0)Bo(t,, 412 + 30)d0 = oe' /2By, (0) — / 2B df etn+1/2By | (0)
0 0

+ O(7).
Inserting this into (6.2) and using
(6.3) / 2B d = o1 (03 B)
0
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yields
(6:4) 15 1/2(0) = OE (@us1/2) (Wai1j2 + @1 (05 B)et1/2Bu (0)) + O(7).

Finally, we insert (6.4) into (5.6b) and evaluate the expression in front of w;, 1,2

1
! / (20 = 1)eT=Bdg — L@, — d_) = 3(rB) — L1 (rB) — (0, —d_)
= (I)l (TB)
Collecting the other terms in d;, ,,,; proves the claim. O

6.2. Errors in parallel and perpendicular direction. A crucial technique to
analyze the error is to decompose it into contributions parallel and perpendicular to
the magnetic field. Recall that the error in (4.6) splits into two terms: X, resulting
from the defects and a second part coming from the error in the evaluation of E.
We start with 3,,.

Lemma 6.3 (Parallel error contribution). Let Assumption 4.1 be satisfied. If the
filter functions are chosen such that ®(0) = ®1(0) = ¥Uo(0) = ¥1(0) = 0, then the
Py projection of the defect contribution in (4.6) satisfies

Shn= (PH 0) X, = 0(72)5 E‘J,n = (0 PH) X, = 0(7'2).

qn

Proof. We look at the position component first. Lemma 4.2 gives

n—1
S =P (dq,jﬂ + (304 + TTnfjfl)dv,jH)
=0

I
-

n

(6.5) =7 (Pydg 1+ (594 (0) + tn—j—1)Pjdu js1).

J
Using (5.1a) and Wo(0) = ¥1(0) = 0, we get Pydg j+1 = O(72). For the velocity
defect, we use the representation from Lemma 6.2 and note that by (5.5a) and
(6.1b), the assumptions ®¢(0) = ®1(0) = 0 imply ¢4 (0) = 1. This yields

Pydy,j11 = Pyd,, ;1 +O(7%)
1
_ TP“E/@H/Q)(/O (0 — g1 ((0 — 3)rB)do

= 1(»1(3B) - p1(~3B)) Je'r+12B 0, (0) + O(r2),
(6.6) = TP|E'(§j41/2)€""B (p2(7B) — 31(7B))v L (0) + O(7?).

Since the projectors commute with the matrix functions, cf. (4.13), this yields

Il
=)

n—1

Shn =7 a;Bi(¢2(rB) — §01(7B))uL(0) + O(r%),
§=0

aj = (504(0) + ty—j—1) P E' (Gj41/2), Bj=€"BPL.

Here, we apply summation by parts

(6.7)

J

n—1 n—1 n—2
doaiBi=an1 ) Bi+ Y (aj—a1) ) B
j=0 j=0 Jj=0

k=0
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Using the definition of g, in (4.7b) we have

J J
Bj =Y €"BP| =g;(TB)PL,
k=0 k=0

and conclude

aji1 — oy = TP E (Giq372) + (594 (0) + taj 1) Py (E'(Gj43/2) — E'(Gj41/2)),
where we can write
!~ !~ tj+1 1
BGsa2) =BG = [ B (als+ D)ol -+ ). 4ds

As E € C? on a || B|| independent domain, we get aj 11 — a; = O(7) and together
with Lemma 4.5, this implies with a,—1 = Ztp4(0)P|E'(Gr—1/2)

n—1 n—2
(6.8) 72 Z a;Bj = T2 an_10n(TB)PL + 7 Z(aj —aj1)0j+1(TB)PL = O(7?).
7=0 j=0

Finally, employing Hcpg(TB) - %(pl(TB)H < 1 in (6.7) proves the claim for the
position component. The velocity component can be treated analogously, as

n—1 n—1

Sl =P Z en=i—UTBg 7 Z P, ;.
j=0 j=0
and we can thus repeat the argument above with a; = P”E/(q~j+1/2). (Il

Lemma 6.4. Suppose that (4.1) holds and that the filter functions in Tables 1 and
2 are chosen such that &g = Vo = 0 and @+ bounded. Then the defect contribution
of the perpendicular part of the position error in (4.6) is given by

n—1
(6.9) San=(PL 0)3, =m"PLU1 > Ej i1+ 0(%).
=0

Hence, for U1 =0, we get ¥, = O(7?).

Proof. With Lemma 4.2, ¥y = 0, and (5.1a) we can write

n—1

Sy =Pim Y (dgjir + (31 + Tojo1)dujsn)
=0

n—1
= TQPJ_ Z(\IllﬁjJrl/Q + (%\Ij+ + Tnf‘jfl)dv’jJ’»l) + 0(7’2)
=0

From Lemma 4.3, (4.1), and Table 2 we have for x = 7 || B||
(6.10)
einx -1

T

T (i)| = |ip1 (i) on (i)| = | | < % <= and [y (iz)] < min{l, 4},

SYES

Together with (5.5), &9 = 0, and the bound on the ®, we obtain Pl(%\lu_ +
Yn—j—l)dv7j+1 = O(T), which giVQS (69) O
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Theorem 6.5. Let Assumptions 4.1 and 6.1 hold and assume that the filter func-
tions are chosen such that &9 = g = ¥; = &1(0) = 0 and that a constant Cgs
exists such that ||S|| < Cs. Moreover, let Lg be the Lipschitz constant of E and
assume 7 be sufficiently small s.t. 27(1 + T)LgCs < 1. Then for 0 <t, <T the
error of the approximation (1.3) to the solution of (1.1) satisfies

(6.11) legnll = O(T?), ||P|‘ev,n|| =0(1%), and ||PLeyn| = O(1).

Proof. From the error recursion (4.6) and Lemma 4.2 we have
legnll < 27LpCs(1+1T) Z leq.ill + || Zq.n]l -
j=

Lemmas 6.3 and 6.4 yield ||%,,| = O(r?). For the parallel velocity error the
statements follows similarly from the bound on the position error and Lemma 6.3.
In Theorem 5.4, we proved ||e, || = O(7), hence this bound also holds for || P1 eyn||.

O

For the filter functions (2.8), Theorem 6.5 contains [6, Thm. 3.1] as a special
case for a constant magnetic field. The second-order bound proven there requires
a stepsize restriction coupling 7 to the inverse strength of the magnetic field, i.e.,
7||B|| < 1. In contrast, our smallness condition 27(1 4+ T')LrCs < 1 only depends
on the filter functions x4, ¢+ evaluated at 7B. For the choices (3.7a), (3.7b), and
all choices in Table 2, Cg is independent of B, cf. Corollary 5.5. In contrast, for
¢+ given in (2.8b), the magnetic field enters via the nonresonance Assumption 4.1,
which bounds Cs in terms of ¥ by Lemma 4.5. Since the constants in (6.11) are
independent of || B||, Theorem 6.5 supplies error bounds uniformly in the strength
of the magnetic field, in particular in the large-stepsize regime 7 || B|| > 1.

6.3. Detailed investigation of the velocity error. In this section we investigate
the perpendicular part of velocity error, which is only of first order by Theorem 6.5
in order to fully understand the error behavior for large 7 || B||. By (4.6), we have

§ tn—j—1B
€yn = % j—1 (P ep.,j + ®+6E,j+1) + Ev,n'
7=0

The first term is in O(7?) since E is Lipschitz and e, , = O(7?) and so Z‘Jyn .
Hence, by (6.1a), we need to study the perpendicular part of

Som =Wn + 72 Z eln-i-1Bg’ a1t O(7?),
(6.12)

n—1

Wi =201 (7B) ) e BB (i1 p2)wjs1 0.
=0

First we show that W,, = O(7?), so that the dominant term is second one.

Lemma 6.6 (Error contribution of W,,). Suppose that the filter functions are cho-
sen such that ®9 = 0 and ®1(0) = 0 hold in (5.5a) and (6.1b), respectively and that
the nonresonance Assumption 4.1 holds. Then we have

PW, =0 and P.W,=0(r?).
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To be more precise, the first equation only requires ®;(0) = 0 but not Assump-
tion 4.1, while for the second, it is the other way around.

Proof. The first identity follows immediately from ®;(0) = 0 and (6.12).
For the orthogonal projection, we write
n—1

P W, =1*P, ®(7B) Z Biay, aj = E'(G12)wi12, B =B
=0

Summation by parts implies

n—1 n—2 j
(6.13) Zﬁja] Zﬂjan 1+225k — ®jt1)
j=0 j=0 k=0
n—2
0n(TB)an_1 + "B Y " 0, (—7B) (0 — aj41),
7=0

where we used (4.7b) in the last identity. Next, we apply the variation-of-constants
formula (3.4b) which gives

~ tj41/2B
Wit1/2 = Vjy1/2 — €7+1/220, (0)

tjt1/2 ~
= etHl/?BU” (0) + / e(tj“/rs)BE(s)ds
0

j+1/2 ~
=) (0) + / e(tf+1/2_5)BE(s)ds.
0

From this identity we conclude

L tit1/2 ~ tj+3/2 ~
o; — aji1 = E'(Gj11/2) (/ eltit12=9B B(g)ds — / e(t-7+3/2*S)BE(s)ds)
0 0

+ (B Gaay2) = B G y72)) wysso
tivi/2
= E'(412)(1d — ™) / (ti1/2=5)B (5)ds + O(7),
0

since E € C? on a || B|| independent domain and w; 35 is bounded. Hence, we get
from yet another integration by parts

i+1/2 _
aj = aji1 = TE (@1 2)p1 (TB)elr+1/28 / (—B)e~*BE(s)ds + O(r)
0
= TE,(QNj+1/2)<P1(TB)€t”1/2B (e_t”l/QBE(l)(th/z)

. tit1/2 .
— EM(0) - / e’SBE(l)(s)ds) + O(1)
0
= O(7).
The claim now follows from nonresonance condition which ensures (4.14). (]

In order to determine the leading error term we make use of the diagonalization
(4.12) of B.

Lemma 6.7 (Perpendicular velocity error). Suppose that the filter functions defined
n (5.5a) and (6.1b) are such that ®o = 0 and ®1(0) = 0. Furthermore, assume
that a nonresonance condition |7 ||B|| — k| > 92 > 0 holds for all k € Z\ {0}.
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Then the defect contribution of the perpendicular part of the velocity error in (4.6)
behaves like

(6.14a) Ein =(0 PL)%E, =712, (rB)e"BDgv,(0)+ O(r?),
with
n—1
(6.14b) Dp =1Y Uidiag(U E'(§j41/2)UL)U7,
§=0
1
(6.14c) P, (2) = ;(1 —sinch(3)) — 301(=2) (64 (2) — ¢1(3)),

where diag denotes the diagonal of a matriz and U, was defined in (4.12).

Proof. From (6.12), Lemma 6.6, and (6.1d) we have

(6.15)
n—1
Son=7PLYy IR, 0 4 O
j=0

n—1 1
=72P, Z eln-i—1B (/0 (0 — %)eﬂl*g)BE’(@jH/g)gﬁl ((cr — %)TB)dO’
§=0

— 1 (P4 E"(@j41/2)91(3B) — ‘P—El(ajﬂ/z)%@l(—QB)D@”“”BM(O)
+ O(72).

Having the projection P, on the left and right of the leading order term, im-
plies that the expression in between is de facto two-dimensional. We write F; :=
Ut E'(qj41 s2)UL, and the above expression becomes

Etn = ULGntvl(O)

with G,, € C?*2 defined by

n—1 1
Gr=7Y etnomBir( / (0 = el =B Fipy (0 — 4)7B ) do
j=0

~1(64(rBL)Fy1(3B1) — 6 (TBL) Fjor (—3BL)) Jelrr/aBe,

Note that all ¢ are analytic, which implies that

@k(TBL)=<%£‘“) %(Ow)), w=ir||B|.
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Thus the (1, 1)-entry G s given by

n—1 1
G =2 3 el 1 ([ (g = Helt= (o~ dw)do
j=0

0

— o+ (w)er (%) - ¢—(w)s01(—%)))pj<1’1>
72 "“Z( (1 — sinch(%))
~ 372 (01 @)er(5) — - @er(-9)) ) FY
=2 (w)em "Z )

where we used (A.la), (A.1b), and (A.lc) together with ®; = 0, which implies
¢_ = 2p1 — ¢4. Similarly we find

1
G119 = 72357 sz [ 0= D=1 (4 - aw)do

j=0 0

— %(¢+(w)<ﬁ1(—§) - ¢,(w)¢1(%)))e—2ijj(1,z)

=723 =20 (L (sineh(3) — sinch(w))
j=0
— 173 (1 (@pr (—§) — (201 (0) — 91 (@)er (5)) ) FL
=S e (6 - )
— 104 (@) — T (3) ) B
—T2§e<nzﬂl>w;¢1<—w>< (@) = 64 (@) F™

and the remaining two entries can be obtained similarly replacing w with —w. In
particular, we have

G5L2 2) TZ‘I)L oW Z F (2,2)
and therefore
n—1
diag(G,) = 2@, (7B )el"B+ Z diag(F}).
j=0

For the off-diagonal entry, we have

n—1
Gg,z) — 2p(n— 1)w&)l(w) Z e*Qj“’Fj(l’”
7=0



20 MARLIS HOCHBRUCK AND SEBASTIAN MERK

with
(6.16) 3, (w) = 1o1(—w) (p1(w) — ¢4 (w))

and summation by parts (6.13) with o = Fj(l’2) and B; = e %1% gives

.
G =720 (0) ) Biay

— 72— 1)wq)J_( )(Qn(—Zw)an_l + Z_: 0j(—2w)(a; — aj+1)).
j=0

Asin (6.8), aj — a;11 = O(7), so if |w| is bounded away from integer multiples of
7, we obtain G2 = o(r?). O
We now derive the explicit expressions for @ .

Lemma 6.8. For (2.8b), (3.7a), and (3.7b), the leading order term in (6.14) is
given in Table 1.

Proof. For (2.8b), we have ¢, (z) = Zifg 2 Hence, (6.14c) becomes

@ (2) = = (1 —sinch(3)) — %501(72)(2% —p1(%))

(
(1 —sinch(%)) — (@2(—2) — L sinch($)(1 — e_%))
(

wm

= —(1 —sinch(3) — ((1 = p1(—2)) — sinch(3) + sinch(5)e™

))

1
z
1
z
1
z

using (A.le) and (A.1b). The claim follows from (A.1b).
This implies that ®, for other choices of filter functions can be written as

B1(2) = — Lo (=2) (64 () — 22252) = ga(—2) — bor(—2)o ().
For (3.7a), we have ¢4 (2) = ¢1(2), so
P (2) = pa(—2) — 5p1(—2)@1(2) = =1, 5inn(2)

using (A.1d) and (A.1g).
For (3.7b), we have ¢ (2) = 2(p1(2) — ¢2(z)) so

P (2) = pa(—2) — p1(—2) (01 (2) — 92(2))

= —th1sinn(2) — sinch(£)e™2 ($¢1(2) — ¢2(2))
using the derivation for (3.7a) and (A.1b). The claim then follows from (A.1j). O

The derivation above implies that the filter functions in (2.8) from [6, eq. (2.12)]
are the unique choice that satisfy ®; = 0 and thus X, ,, = O(7?). In view of
Theorem 6.5, these are the unique filter functions that yield ||e,|| = O(72) if the
nonresonance Assumption 4.1 is satisfied.

Our analysis as well as the experiments show that resonance effects cannot be
eliminated in general. However, in the special case, that E'(q,, 1 /2) commutes with
B for all n, they vanish.

Theorem 6.9. Assume that EI(Z]Vn+1/2) commutes with B for all n. Then Theo-
rem 6.5 and Lemma 6.7 hold without the nonresonance condition in Assumption 4.1.
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Proof. With the new assumption that E'(q, 1 /2) commutes with B, we can give the
following more favorable representation for the velocity defect than in Lemma 6.2,
namely

1
dy i1 = (/ (o — %)eT(l_U)Bgol((U - 3)7B)do
0

—1(®191(3B) - <I>7<p1(—%B>))et"“/zBPLE’(%H/z)vL(O)
(6.17) =&, (rB)e" "B P E' (Goy1/2)v1 (0)

with @, defined in (6.14c). Hence, if ¢4 (0) = 1, which is the case for all choices

in Table 1, then ®, (0) = 0. Therefore, for the parallel error contributions in

Lemma 6.3, we obtain E‘ql,n = O(7?) and le,n = O(r?) immediately without a

nonresonance condition. Moreover, for the perpendicular velocity error, instead of
the technique used in the proof of Lemma 6.7, we can directly insert (6.17) into
(6.15) to obtain
n—1
Ev{n =729, (1B) Z et"*jleetf“BPJ_E'(@jH/Q)UJ_(O) +0(7%)
j=0
n—1
=7°®, (rB)e" B > " PLE (§j11/2)v1(0) + O(r?).
j=0
As for the parallel defects, we immediately obtain the result of Lemma 6.7 without
a nonresonace condition. (I

7. NUMERICAL EXAMPLES

We illustrate the behavior of the exponential integrator (1.3) for different choices
of filter functions and visualize the error bounds of the previous sections.? In
particular, we investigate robustness at resonances, the convergence order across
different 7 || B|| regimes, the distinct behavior of the error components parallel and
perpendicular to B, and the explicit leading-order terms derived in Lemmas 6.4,
6.7, and 6.8.

For all experiments, we use (1.1) with

1 1 1 9 1

=12|, v=|[(0], and B=—-—1—1[2]|, 4d>0.
q0 5 0 0 NG 1
2

Hence we have ||B|| = 1/§. We choose a smooth, anisotropic, electric potential

Vig) = % sin? (a\/qTAq), A = diag(1, %, %), a =10,
which leads to the electric field
(7.1) E(q) = —=VV(q) = —2sinc(2a/q T Ag) Aq.
To compare the qualitative behavior of linear and nonlinear fields we use

(7.2) Eyin(q) = —24q,

2At https://gitlab.kit.edu/kit/ianm/ag-numerik/projects/filtered-boris we provide
access to the code used to conduct the experiments in this section. Parts of the Code and plotting
scripts were written with the help of Al i.e., Claude Code using Claude Opus 4.8 and 5.
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FIGURE 1. Maximum position (left) and velocity (right) errors ver-
sus § = 7||B|| = 7/§ for § = 1073. Additional sample points are
placed near 7, 37, 57 and near the resonances 2kmw, k = 1,...,10,
down to a distance of 107° from the respective multiple of 7, to
resolve the spikes.

the harmonic field obtained from linearizing E at g = 0.

The potential is designed to exercise the full analysis. The genuine nonlinearity
with moderate oscillation is chosen to amplify the higher-order derivatives of E mak-
ing E-dependent terms in the error expansion numerically visible. The anisotropy
of A prevents the derivative E’ from commuting with the rotation generated by B,
which is necessary for a generic example as shown in Theorem 6.9. We visualize
this in Figure 5 below.

In all experiments we use a reference solution from an adaptive eighth-order ex-
plicit Runge-Kutta method (Dormand-Prince DP8 scheme) with relative tolerance
10713 and dense output; all errors reported below are the maximal error on the
time-interval [0, 1] in the Euclidean norm.

First, we compare the error behavior of the filter functions in (2.8), corresponding
to [6, eq. (2.12)], with the choice (3.7b), (3.8b). The primary interest here is the
behavior in different regimes of 7 || B|| especially close to resonances 7 || B|| = 2kn
for k € N. Recall that the approximations from (2.8) are not defined at resonant
time steps because of the singularity of the filter functions ¢4. For the position
error, the left panel of Figure 1 confirms the convergence behavior established in
the preceding sections. Away from the resonances, both filter choices exhibit clean
second-order convergence in 7, in agreement with Theorem 6.5: the error curves
run parallel to the O(72) reference line over the entire non-resonant range. At the
resonances themselves, the analysis in Theorem 5.4 only guarantees first order for
(3.7b), (3.8b). For (2.8), the singularities caused by the singular filter functions ¢4
in S are not visible as for the filter functions (2.8) satisfy

T(%‘I/_:,_ +71,.)PL =70,(7B)p1(7B)PL = Tgn(TB)eiTBgag(qZTB),

using (A.1c), which is bounded by 1t, by (4.7b).
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FIGURE 2. Errors of (3.7b), (3.8b), decomposed into the compo-
nents parallel and perpendicular to B, versus § = 7| B|| for the
linear field (7.2) (left) and the nonlinear field (7.1) (right). The
stepsize 7 = 0.005 is fixed and || B|| is varied.

While for (2.8) we see the effect of the singularities of the filter functions ¢,
and indeed the error deteriorates in narrow spikes around resonances. The observed
peaks, however, remain visibly below the O(7) envelope, i.e., the predicted loss of
order does not occur; this is a consequence of the precise form of the parallel defect
derived in (6.6) for fixed § = 1/ || B|| we have at resonances 7/ = 27k,

T ||<p2(TB) — %(pl(TB)H = 4.

Finally, for large stepsizes the error is mainly driven by the non-resonant contribu-
tion, which grows like 72 and eventually dominates the resonance spikes.

The velocity error in the right panel of Figure 1 shows a different picture. Away
from the resonances, the filter functions (2.8) again converge with second order,
whereas by Theorem 5.4, the choice (3.7b), (3.8b) leads to errors below the line
representing first order for all 7. The more precise error behavior results from the
leading order term @, (7B) in Lemma 6.7, which is given explicitly in Table 1 and
visualized in Figure 3 below.

At the resonances, the two methods differ fundamentally. For (2.8) we see the
effect of the singularities of the filter functions ¢4, with error peaks growing like
the reciprocal distance of 7 ||B|| to 2kw. The choice (3.7b), (3.8b), in contrast, is
robust at resonances: no blow-up occurs, and, as for the position component, no
first-order behavior is visible. In addition, both methods exhibit smaller humps at
odd multiples of 7, most pronounced for (2.8). As in the left panel, the errors are
eventually dominated by the O(72) contributions for large stepsizes.

In Figure 2 we show the contributions of the error of (3.7b), (3.8b) into com-
ponents parallel and perpendicular to B, for the linear field (7.2) (left) and the
nonlinear field (7.1) (right). Here the stepsize 7 = 0.005 is fixed and 6 = 7| B||
is varied through ||B||, so that the panels directly display the 6-dependence of
the error for fixed 7. The qualitative behavior matches the leading-order terms of
Lemmas 6.3, 6.4 and 6.7 componentwise: the parallel position error is essentially in-
dependent of 0, the perpendicular position error decays with growing || B||, and the
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FIGURE 3. Perpendicular velocity error for ¢4 filters (3.7b) and
(3.7a) (both with (3.8b)) versus § = 7| B||, together with the
leading-order error terms from Lemma 6.8, scaled by a constant
to match at & = 1. For the errors, the stepsize 7 = 0.01 is fixed
and || B]| is varied.

resonances at 7 || B|| = 2kn are visible predominantly in the velocity components.
The decay of the perpendicular position error is a consequence of (6.10), which
yields that it decays like 1/(7 ||B||) for large magnetic fields and shows no sign of
resonances. Moreover, we observe that the linear electric field already reproduces
all qualitative features of the general case, and the two panels differ only in the size
of the error constants.

Figure 3 examines the perpendicular velocity error in more detail and compares
it to the leading-order error terms derived in Lemma 6.8 and Table 1. The mea-
sured errors follow these curves closely over the whole range of 6, including the
non-monotone behavior up to the first resonance: position, height and shape of the
maximum near # = w are correctly predicted, as is the slow decay beyond it. In
particular, this confirms that for moderate values of € the perpendicular velocity
error is completely described by the oscillatory leading-order term, which explains
the absence of a clear convergence order in this regime observed in Figure 1. Devia-
tions from the leading-order curves are visible only close to the resonances 6§ = 2k,
where the resonant terms resulting from the summation-by-parts step in the proof
of Lemma 6.6 become relevant. The additional resonances at odd multiples of 7
arising from the off-diagonal terms in Lemma 6.7 vanish for the ¢4 filter functions
(3.7a), as &DJ_ =0if ¢5 = 1.

Figure 4 investigates the filter choice (3.7b), (3.8a), which is not covered by
the second-order result in Theorem 6.5 because Wi # 0 in Lemma 6.4. Thus,
the perpendicular position error drops to first order in general. The right panel
confirms that ¥; indeed constitutes the leading-order term: at fixed 7 = 0.001, the
perpendicular position error follows the graph of

sinc(4)(cos(4) — 1)
0
across the whole range of 6, including the zeros at the resonances 6 = 2km and the

decay for large 6. The left panel shows the convergence of all four error components
at the fixed non-resonant value 7 ||B|| = 3. The perpendicular position error is of

(7.3) W1 (i0)] =
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FIGURE 4. Filter choice (3.7b), (3.8a) with ¥y # 0. The electrical
field was chosen 20 times larger for this experiment. Left: error
components versus 7 at the fixed non-resonant value 7 || BJ| = 3.
Right: perpendicular position error versus 6 = 7 || B|| at fixed step-
size 7 = 0.001, together with the leading-order term W; from
Lemma 6.4 given in (7.3) and scaled by a constant to match at
0=1.

first order throughout, as predicted. In contrast to the velocity error, however,
the order reduction propagates through eg , in the error recursion (4.6), into the
remaining components. These therefore exhibit second-order behavior only as long
as the propagated first-order term is negligible, and drop to first order once it
becomes dominant visible in the left panel as a transition of the parallel error
terms from second to first order. The magnitude of the electric field was adjusted
to make the effect visible.

Lastly, we investigate the special case in which the derivative of the electric field
E’ commutes with the magnetic field matrix B. We pick a similar electric potential
as for (7.1), but varying in the direction of B and add an additional confinement
in direction orthogonal to B, i.e.

1 . B B 2
Velq) = = sin? (aq—r—> + = |PLqll”, a = 10, B =0.03,
a? 1B/~ 2
which leads to the electric field

_ _ 1. T BB _
(7.4) E.(q) = -VV.(q) = " sm(?aq ||BH) 151 BP.q.

Its Jacobian is a sum of the parallel and perpendicular projection
1)

)P, - P,

i3]/

and hence it commutes with B for all q. Nevertheless, the example is nontrivial as
E, is not a scalar multiple of the identity, P or P and Ell' #0.

In Figure 5 we compare the errors for E, from (7.4) to the error for the generic
choice (7.1) and numerically verify Theorem 6.9. If E’ commutes with B then

El(q) = -2 cos(2aqT
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FIGURE 5. Error components of (3.7b), (3.8b) versus 8 = 7| B||
for a field pair in which E' and B commute (squares) and do not
commute (circles). The stepsize 7 = 0.01 is fixed and || B|| is varied.

resonances effects are absent in the parallel errors, which are therefore constant in
|IB||. The perpendicular velocity error shows leading order ®,; behavior for both
choices, but again the resonant spike at 7 || B|| = 7 does not exist for the commuting
electrical field. Recall that the perpendicular position error does not suffer from
resonance effect in the general case, cf. Figure 2, hence we do not show it here.
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In this appendix we collect some identities and lemmas used in the proofs above.

(A.1a) sinch(z) = 3 (¢1(2) + ¢1(=2)) = 3¢1(£2) (1 +€77),
(A.1b) sinch(%) = (pl(iz)e%,

(A.1c) p1(£2)e™ = p1(F2)

(A.1d) e1(2)p1(—2) = p2(2) + p2(—2)

(A.le) p1(F2)p1(F3) = sinch(5)e1(£35)

(A.1f) 5 sinch(3)¥1,cosn(3) = 3 (01(2)01(=3) — w1(=2)@1(3))

(A1g) Pram(2) = TG ZE 1 (0,(2) — a(-2)

(A1h) p2(2) = 1 (F5) +262(5))

(A1) @2(2)p1(—2) — wa(—2) = p3(z) — ps(—2)

sinch(3) — cosh(3)

(A.15) (#2(2) = Spr(2))e ™2 = P

Lemma A.1. For chosen as in (2.2) we have

sinch™1(z) — 1
W(2) T 200 (£2)T(2) = 200 (2),  T(2) = %
Proof. First, note that by (2.4) and

2z 2ze+2

yields

e —1 z
V() F 21 (22)T(2) = (iz a (eiz - 1) (i (exz —1)(e*= + 1) - 1))

Il
—

e —172)
= 2o (£2).
This proves the identity in the lemma.

Lemma A.2. For (2.8a) we have ¥y = 0.

|

Proof USlng (A.1h) and (A.1g) we have
= 3(2(3) = 92(=3)) + 1(2)p1(=3) — 3¢5 (3) — ¥2(3)
:*%(902 +¢2(=3)) +¢1(5) (sinch(5) — 5¢1(5)) by (A.le)
= —3(p2(3) +92(=3)) + 31 (3) 1 (=3)

by (A.la).
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Finally, ¥; = 0 follows from (A.1d). O
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