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BORIS-TYPE EXPONENTIAL INTEGRATORS FOR

CHARGED-PARTICLE DYNAMICS IN STRONG MAGNETIC

FIELDS

MARLIS HOCHBRUCK AND SEBASTIAN MERK

Abstract. We study numerical time integration for the motion of a charged
particle in a strong magnetic field, focusing on the regime in which the fast

gyration is not resolved by the time step. Standard Boris-type methods are

structure preserving and accurate when the gyration is resolved, but their er-
ror constants deteriorate with increasing field strength; filtered Boris methods

improve this behavior but may suffer from singularities and resonance-induced

error blow-up. In this work we consider the case of a constant strong mag-
netic field and derive a broad family of one-step exponential integrators from

the variation-of-constants formula, formulated in terms of matrix-valued fil-

ter functions. This framework includes existing filtered Boris variants and
permits the construction of schemes with uniformly bounded filters. Using

a discrete variation-of-constants representation together with summation-by-
parts arguments, we establish error bounds whose constants are independent

of the magnetic field strength and characterize the filter conditions required

for first- and second-order accuracy. In particular, we show that bounded fil-
ters avoid resonance blow-up and allow arbitrary time steps, at the cost of a

controlled order reduction near resonant frequencies. Numerical experiments

confirm the predicted convergence behavior, the different accuracy of position
and velocity components, and the role of the leading error terms across a wide

range of step-size-field-strength products.

1. Introduction

We study time integration methods for the Euler–Lagrange system of a charged
particle in a strong magnetic field

q̇(t) = v(t), q(0) = q0,(1.1a)

v̇(t) = v(t)×B(t, q) + E(t, q), v(0) = v0,(1.1b)

where ∥B∥ ≫ 1. The particle gyrates about the magnetic field lines with period
2πδ, where δ = 1/ ∥B∥, and this gyration is superimposed on a motion of the
guiding center that takes place on the slow, O(1) scale fixed by E.

Systems of the form (1.1) arise as the characteristic equations of the Vlasov equa-
tion and, in particular, as the particle push in numerical solutions of the Vlasov–
Maxwell system [1, Sec. 15], and more recently in variational approximations of the
magnetic Schrödinger equation [14], that could be used to solve coupled Maxwell–
Schrödinger systems. In both settings, the electromagnetic field is not given but
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2 MARLIS HOCHBRUCK AND SEBASTIAN MERK

computed self-consistently, so that the field strength experienced by a particle is
not known a priori. Commonly used Boris-type pushers [2] are accurate only for
stepsizes τ ≲ δ resolving the gyration. In the coupled setting, this forces τ to be
chosen from a worst-case field strength, or requires adaptivity of the time step,
which sacrifices the structure preservation that motivates the use of Boris-type
methods.

We recall that the scheme in a formulation on a staggered grid reads

qn+1 − qn
τ

= vn+1/2, Bn = B(tn, qn),(1.2a)

vn+1/2 − vn−1/2

τ
= 1

2

(︁
vn+1/2 + vn−1/2

)︁
×Bn + En, En = E(tn, qn).(1.2b)

It is symmetric and volume-preserving [13], and it shows no drift in the energy
over long times [7]. It is of second order, but the corresponding error constants
grow with ∥B∥, and the accuracy of (1.2) deteriorates as soon as τ ∥B∥ ≳ 1, cf. [6,
Fig. 8.2].

This behavior is not particular to (1.2). Problems of the form (1.1) are stiff in
the second sense discussed in [9]: the linear part of (1.1b) has purely imaginary
eigenvalues 0 and ±i ∥B∥ of large modulus. An explicit method applied to (1.1)
is stable only for τ ≲ δ; implicit methods are stable for large stepsizes, but their
accuracy deteriorates once the gyration is no longer resolved. The difficulty also
affects the analysis. The usual convergence theory relies on Taylor expansion of the
exact solution, whose derivatives grow with powers of ∥B∥, cf. (1.1b), so that the
stepsize restriction reappears in the error constants. Bounds of this type yield the
classical order of a method, while we are interested in its stiff order, i.e., in error
bounds whose constants are independent of ∥B∥. This requires both a different
construction and a different analysis.

Closest to the present work are the filtered Boris methods. Hairer, Lubich,
and Wang [6] modify the velocity update (1.2b) by introducing a suitable filter
function. Hairer, Lubich, and Shi [5] study a filtered variational integrator with
the same filter, in the regime δ ≤ τ2 ≪ 1. The two constructions differ in how the
rotation and the approximations to the velocities on the full time grid are realized.
For a constant magnetic field, these methods are equivalent. The error analysis
in both references relies on modulated Fourier expansions and yields second-order
bounds for the positions and for the velocity component parallel to B, together
with first-order bounds for the perpendicular component.

Filters of this kind have a longer history in the analysis of highly oscillatory
second-order problems ÿ = −Ω2y + g(y) with ∥Ω∥ ≫ 1. Garćıa, Sanz-Serna, and
Skeel [3] introduced the mollified impulse method, in which the nonlinearity is eval-
uated at an averaged argument, and Hochbruck and Lubich [8] analyzed a Gautschi-
type integrator that is exact for linear problems with constant inhomogeneity. In
both cases, the error bounds are uniform in τ ∥Ω∥, and the analysis produces con-
ditions on the filter functions rather than bounds for a single scheme: the filters
must vanish at the resonant frequencies, and their remaining freedom can be used
to reduce the error constant. Grimm and Hochbruck [4] formulate such conditions
for a two-parameter family of trigonometric integrators and obtain second-order
bounds for the positions together with first-order bounds for the velocities. The
structure of these results, and the technique of summation-by-parts on which they
rely, is what we transfer to (1.1).
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A second line constructs exponential integrators for (1.1) with an emphasis on
geometric structure: explicit symmetric schemes of classical order up to four [16],
energy-preserving schemes for a constant strong field [15], and continuous-stage
energy-preserving methods designed to operate from normal to strong field regimes
[10]. Nguyen, Joseph, and Tokman [11, 12] pursue the same idea from a computa-
tional perspective, comparing exponential integrators with conventional pushers in
a particle-in-cell context and deriving Nyström-type exponential schemes of second
and third order. These constructions are likewise built from filter functions, but
the orders attained are classical, no bounds uniform in ∥B∥ are established, and no
conditions on the matrix functions themselves are formulated.

Among the Boris-type methods mentioned above, bounds of this kind are so far
available only for the single filter ψ(ζ) = tanch(ζ/2), which, unfortunately, has
singularities at integer multiples of 2π. As a consequence, the velocity error of the
scheme by Hairer, Lubich, and Wang [6] blows up like the reciprocal distance of
τ ∥B∥ to 2kπ, cf. Fig. 8.2 in their paper. Moreover, their second-order bounds of
the position error require both a coupling τ ∥B∥ ≲ 1 of the stepsize to the inverse
field strength and a nonresonance condition on τ ∥B∥. However, if B is not given
explicitly but via a Maxwell solver, it is not practical to ensure such a nonresonance
condition, since it might require adapting the time stepsize during the simulation,
which might lead to further disadvantages.

This motivated us to reconsider the construction of such integrators and to pro-
vide a scheme, which only uses uniformly bounded filter functions. We will prove
that the error close to resonances drops to order one, but does not lead to blow
up at any time stepsize. Order reduction and blow up already appear for con-
stant magnetic fields B and thus, as a first step towards an analysis of the general
scheme, we restrict ourselves to constant magnetic fields in the regimes described
above. ∥B∥ ≫ 1 is the only large parameter, while E = O(1) and v0 = O(1), where
here and throughout the whole paper, the notation O means that the constants are
independent of ∥B∥.

The extension to non-constant fields is left to future work.
We therefore consider a generic one-step exponential integrator

qn+1 = qn + τ
2

(︁
Ψ−vn +Ψ+vn+1

)︁
+ τ2

4

(︁
X−En +X+En+1

)︁
,(1.3a)

vn+1 = eτBvn + τ
2

(︁
Φ−En +Φ+En+1

)︁
,(1.3b)

with given filters defined on the eigenvalues 0,±iτ ∥B∥ of τB, where B denotes the
matrix representing v ↦→ v ×B:

Φ± = ϕ±(τB), Ψ± = ψ±(τB), X± = χ±(τB).

This class contains the filtered Boris variants of Hairer, Lubich, and Wang [6]
and Hairer, Lubich, and Shi [5] but also more general methods which are derived
from the variation-of-constants formula and applying exponential quadrature rules
up to order two. In contrast to modulated Fourier expansions used so far, our
error analysis is based on the (discrete) variation-of-constants formula and partial
integration/summation. This allows us to fully characterize the filter functions,
study the error constants, and the behavior of the integrator at resonant frequencies.

The filter functions of [6] are singular at τ ∥B∥ ∈ 2πN, and the velocity error
blows up like the reciprocal distance of τ ∥B∥ to 2kπ. Within our framework,
filters without such singularities are available. For these, the first-order bounds of
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Theorem 5.4 hold without any nonresonance assumption, so that arbitrary stepsizes
are admissible; the blow-up is avoided at the cost of an order reduction in the
velocity error.

The paper is organized as follows. Section 2 recalls the filtered Boris algorithms
and establishes their equivalence for a constant magnetic field. Section 3 derives the
family of exponential integrators from the variation-of-constants formula. Section 4
sets up the error recursion and the stability estimates, Sections 5 and 6 contain the
first- and second-order error bounds and the refined analysis of the velocity error.
In Section 7, we present numerical experiments which confirm the predicted orders
in the different regimes of τ ∥B∥ and the distinct behavior of the error components,
and also show that the leading error terms describe the observed error over the
whole range of τ ∥B∥.

2. Review on filtered Boris algorithms

We first review the recent work by Hairer, Lubich, Shi, and Wang [5, 6] on filtered
Boris-type integrators. The algorithm from [5] written in one-step formulation on
a staggered time grid is given as

v− = vn− 1
2
+
τ

2
ΨEn,(2.1a)

v+ − v− =
τ

2
Ψ
(︁
v+ + v−

)︁
×Bn,(2.1b)

vn+ 1
2
= v+ +

τ

2
ΨEn,(2.1c)

qn+1 = qn + τvn+ 1
2
.(2.1d)

It reduces to the classical Boris algorithm for ψ = 1. [5] and previously [6] suggest
to use the filter function

(2.2) Ψ = ψ(τBn), ψ(ζ) = tanch
(︁
ζ
2

)︁
=

tanh
(︁
ζ
2

)︁
ζ
2

,

where the matrix Bn is defined via

Bnv = v ×Bn, Bn =

⎛⎝ 0 b3 −b2
−b3 0 b1
b2 −b1 0

⎞⎠ , Bn =

⎛⎝b1b2
b3

⎞⎠ .

The filtered Boris algorithm can be written as in (1.2b) by adding and subtracting
(2.1a) and (2.1c). This shows that (2.1a)–(2.1c) can be replaced by

(2.3) vn+ 1
2
− vn− 1

2
=
τ

2
Ψ
(︁
vn+ 1

2
+ vn− 1

2

)︁
×Bn + τΨEn.

Interestingly, this update can be interpreted as the exponential midpoint rule [9]
applied to (1.1b). To verify this, we write

(2.4) ψ(ζ) = tanch(ζ/2) =
2

ζ

eζ/2 − e−ζ/2

eζ/2 + e−ζ/2
=

2

ζ

eζ − 1

eζ + 1
.

Using this relation in (2.3) and multiplying by (eτBn + Id)/2 yields the equivalent
form

(2.5) vn+1/2 = eτBnvn− 1
2
+ τφ1(τBn)En.

Here, the φ-functions are given by

(2.6) φk(ζ) =

∫︂ 1

0

e(1−σ)ζ σk−1

(k − 1)!
dσ, k = 0, 1, . . .
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The filtered version presented in [6] differs in the definition of v+. Instead of
(2.1b), it uses v+ = exp(τBn)v−. Approximations to v(tn) are computed as

vn =
(︁
sinch(τBn)

)︁−1 qn+1 − qn−1

2τ
− τΥ(τBn)En.(2.7)

In the special case of a constant magnetic field B, the integrator is equivalent to
(2.1). Lemma A.1 shows that the scheme in [6, eq. (2.12)]1 is equivalent to

qn+1 = qn + τφ1(τB)vn + τ2φ2(τB)En(2.8a)

vn+1 = eτBvn + τφ1(−τB)−1
(︁
φ2(τB)En + φ2(−τB)En+1

)︁
,(2.8b)

if ψ is chosen as in (2.2).

3. Exponential integrators for the Euler–Lagrange equations

From now on, we consider the situation that we have a strong, constant magnetic
field B, i.e., ∥B∥ = 1/δ ≫ 1 and a sufficiently regular, autonomous electrical field
E = E(q). In particular, we assume E to be locally Lipschitz continuous. Then, the
Euler–Lagrange equations (1.1) can also be stated as an autonomous, semilinear
system of ODEs

(3.1) ẏ = Ly + f(y), y =

(︃
q
v

)︃
, L =

(︃
0 Id
0 B

)︃
, f(y) =

(︃
0

E(q)

)︃
.

The variation-of-constants formula yields

(3.2) y(t+ τ) = eτLy(t) + τ

∫︂ 1

0

eτ(1−σ)Lf
(︁
y(t+ τσ)

)︁
dσ.

Due to the special structure of L, we have the following representation of the matrix
exponential, see also eq. (2.13) in [6]

(3.3) eτL =

(︃
Id τφ1(τB)
0 eτB

)︃
.

By (3.2), the components q, v satisfy

q
(︁
t± θ

)︁
= q(t)± θφ1

(︁
±θB

)︁
v(t) + θ2

∫︂ 1

0

(1− σ)φ1

(︁
±θ(1− σ)B

)︁
E
(︁
q(t± θσ)

)︁
dσ,

(3.4a)

v(t± θ) = e±θBv(t)± θ

∫︂ 1

0

e±θ(1−σ)BE
(︁
q(t± θσ)

)︁
dσ.

(3.4b)

The iteration (2.5) is obtained by setting t = tn−1/2, θ = τ in (3.4b), and approxi-
mating

E
(︁
q(t+ τσ)

)︁
≈ En = E(qn), σ ∈ [0, 1].

Setting t = tn+1/2 and θ = ±τ/2 in (3.4a) and approximating the electric field by
suitable constants En,± yields the approximations

qn+1 = qn+1/2 +
τ
2φ1

(︁
τ
2B

)︁
vn+1/2 +

τ2

4 φ2

(︁
τ
2B

)︁
En,+,(3.5a)

qn = qn+1/2 − τ
2φ1

(︁
− τ

2B
)︁
vn+1/2 +

τ2

4 φ2

(︁
− τ

2B
)︁
En,−.(3.5b)

1Note that a factor two is missing in the last sentence of Section 2 of this reference
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A natural choice would be to set

(3.5c) En,− = En, En,+ = En+1.

This makes the scheme implicit, but it should be possible to solve it by just a few
steps of fixed-point iteration because we assumed that E does not impose stiffness
to the differential equation. With this choice, subtracting (3.5b) from (3.5a) yields
with (A.1a)

(3.6) qn+1 = qn + τ sinch
(︁
τ
2B

)︁
vn+1/2 +

τ2

4

(︂
φ2

(︁
τ
2B

)︁
En+1 − φ2

(︁
− τ

2B
)︁
En

)︂
.

With the choice (3.5c) and the update (2.5), we obtain a symmetric method which
is exact for constant magnetic and electric fields B and E. The update (2.1d)
used in the classical and the filtered Boris algorithm corresponds to approximating
sinch

(︁
τ
2B

)︁
≈ Id and neglecting the terms involving the φ2-functions in (3.6).

Directly using the variation-of-constants formula (3.4b) yields a different scheme
than [6, eq. (2.12)] for the v-component on the full grid. A first simple choice, which
is possibly of order two, would be

vn+1 = eτBvn + τ
2φ1(τB)

(︁
En + En+1

)︁
.(3.7a)

Another possibly second-order method is obtained by using an exponential trape-
zoidal rule to approximate the integral, cf. [9, Ex. 2.6]

vn+1 = eτBvn + τ
(︁(︁
φ1(τB)− φ2(τB)

)︁
En + φ2(τB)En+1

)︁
.(3.7b)

If we do not want to work on a staggered time grid for the velocities as in (2.5), we
can combine (3.6) with one of the following variants

vn+1/2 = 1
2

(︁
e
τ
2Bvn + e−

τ
2Bvn+1

)︁
,(3.8a)

sinch( τ2B)vn+1/2 = 1
2

(︁
φ1(

τ
2B)vn + φ1(− τ

2B)vn+1

)︁
,(3.8b)

vn+1/2 = e
τ
2Bvn + τ

2φ1(
τ
2B)En.(3.8c)

The scheme (3.6) combined with the variants (3.7a), (3.7b), (3.8b), and (3.8c)
are exact for constant magnetic and electric fields B and E, respectively. Moreover,
(A.1d) shows that (2.8b) is exact if E is constant. However, the others fail to be
exact in this situation, because vn+1/2 is replaced by an approximation which does
not have this property. For (3.8a), exactness is only satisfied if E = 0.

4. Error analysis: recursion and stability

Our aim is an analysis of all different variants of filtered Boris-type algorithms in
a uniform way and to characterize filter functions which lead to beneficial properties.
Thus, we consider a generic exponential integrator (1.3). We are interested in the
situation that

(4.1) τ ∥B∥ ≥ ϑ0

for some given ϑ0 ∈ (0, 1). Otherwise, a standard, nonstiff error analysis yields
order two errors for the position and velocity errors of the Boris algorithm without
filters.

For the method (2.8) and some of our results, a nonresonance condition is re-
quired, so that one cannot take arbitrary stepsizes τ .
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Assumption 4.1 (Nonresonance condition). Let ϑ ∈ (0, π) be fixed. The time
stepsize τ satisfies the nonresonance condition

(4.2)
⃓⃓⃓
τ ∥B∥ − 2πk

⃓⃓⃓
≥ ϑ for all k ∈ Z \ {0}.

The notation O(τ j) always means that we consider τ → 0 with constants de-
pending on T , Kq ,Kv and bounds on E and its derivatives in a neighborhood of
Kq , but independent of τ and ∥B∥.

4.1. Definition of defects and error recursion. In the following, we use the
short notation for the exact solution˜︁E(t) = E(q(t)), ˜︁E(1)(t) = d

dt
˜︁E(t), ˜︁E(1)

n = d
dtE(˜︁qn)︁, M

(1)
E,n = max

0≤t≤tn

⃦⃦⃦ ˜︁E(1)(t)
⃦⃦⃦

˜︁qn = q(tn), ˜︁vn = v(tn), ˜︁En = E(˜︁qn).
We start by defining defects. Inserting the exact solution (3.4) of (1.1) into the

numerical scheme (1.3) yields defects dq,n+1 and dv,n+1 given by˜︁qn+1 = ˜︁qn + τ
2

(︁
Ψ−˜︁vn +Ψ+˜︁vn+1

)︁
+ τ2

4

(︁
X− ˜︁En +X+

˜︁En+1

)︁
+ τdq,n+1,(4.3a) ˜︁vn+1 = eτB˜︁vn + τ

2

(︁
Φ− ˜︁En +Φ+

˜︁En+1

)︁
+ τdv,n+1.(4.3b)

We denote errors and defects by
(4.4)

en =

(︃
eq,n
ev,n

)︃
=

(︃˜︁qn − qn˜︁vn − vn

)︃
, dn =

(︃
dq,n
dv,n

)︃
, gn =

(︃
eE,n

eE,n+1

)︃
, eE,n = ˜︁En −En.

Subtracting (1.3) from (4.3) we obtain the error recursion

(4.5a) R−en+1 = R+en + τSgn + τdn+1

with
(4.5b)

R− =

(︃
Id − τ

2Ψ+

0 Id

)︃
, R+ =

(︃
Id τ

2Ψ−
0 eτB

)︃
, S = 1

2

(︃
τ
2X− τ

2X+

Φ− Φ+

)︃
.

Solving this recursion and writing R = R−1
− R+ yields

(4.6) en = Rne0 + τ

n−1∑︂
j=0

Rn−j−1R−1
− Sgj +Σn, Σn = τ

n−1∑︂
j=0

Rn−j−1R−1
− dj+1.

Lemma 4.2. The matrix R = R−1
− R+ satisfies

(4.7a)

Rn =

(︃
Id τΥn

0 enτB

)︃
, RnR−1

− =

(︃
Id τ( 12Ψ+ +Υn)
0 enτB

)︃
n = 1, 2, . . . ,

where
(4.7b)

Υn = Υn(τB), Υn(z) =
1
2 (ψ−(z) + ψ+(z)e

z)ϱn(z), ϱn(z) =

n−1∑︂
j=0

ejz =
enz − 1

ez − 1
.

Proof. The block triangular structure of R implies

R =

(︃
Id τΥ1(τB)
0 eτB

)︃
, Rn =

⎛⎝Id τΥ1(τB)
n−1∑︁
j=0

ejτB

0 enτB

⎞⎠ .



8 MARLIS HOCHBRUCK AND SEBASTIAN MERK

As Υn(z) = Υ1(z)ϱn(z), the claim follows from the definition of ϱn and ϱ1 = 1. □

4.2. Stability. In order to study the stability, we investigate the function Υn de-
fined in (4.7b) for the different choices of ψ± from Section 3. Since Υn = Υ1ϱn, we
start with Υ1 and define the auxiliary function

(4.8) Ψ0(z) = sinch( z2 )−Υ1(z)e
− z

2 .

Lemma 4.3. Let Υn be defined in (4.7b) and Ψ0 in (4.8), respectively. If Ψ0 = 0,
e.g., for the filter functions of the schemes collected in Table 2, we have Υ1(z) =
φ1(z).

Proof. Using (A.1b), we have

Ψ0(z) =
(︁
φ1(z)−Υ1(z)

)︁
e−z/2.

Hence Ψ0 = 0 is equivalent to Υ1 = φ1 and the claim follows for (2.8), (3.8a),
(3.8b), and (3.8c). □

Theorem 4.4. For the filter functions of the schemes in Table 2, the power bounds
∥Rn∥ ≤ 1 + tn and

⃦⃦
RnR−1

−
⃦⃦
≤ 1 + tn+1/2 hold for n = 0, 1, 2, . . .. Moreover, for

all variants in (3.8) we have ∥S∥ ≤ CS. For (2.8), this bound only holds if (4.2) is
satisfied.

Proof. For an arbitrary matrix Υ we have the bound

(4.9)

⃦⃦⃦⃦(︃
Id τΥ
0 enτB

)︃⃦⃦⃦⃦
≤ 1 + τ ∥Υ∥ .

Note that by (4.7b) and Lemma 4.3, we can write

(4.10) τΥn(z) = τΥ1(z)ϱn(z) = τφ1(z)
enz − 1

ez − 1
= tnφ1(nz),

so that

(4.11) ∥τΥn∥ = max
z∈iR

|τΥn(z)| ≤ tn.

With (4.9), this proves ∥Rn∥ ≤ 1 + tn. The bound on
⃦⃦
RnR−1

−
⃦⃦

follows from
∥Ψ+∥ ≤ 1 and the bound on ∥S∥ follows directly from B being skew-symmetric. □

Since B is skew-symmetric, there exists a unitary matrix U ∈ C3×3 of eigenvec-
tors such that

B = U

(︃
B⊥

0

)︃
U∗, B⊥ =

(︃
i ∥B∥ 0
0 −i ∥B∥

)︃
, U =

(︁
U⊥ U∥

)︁
,(4.12)

with U∥ = B/ ∥B∥. The projector onto the kernel of B, i.e., the projection onto
span(B), will be denoted by P∥ = U∥U∗

∥ and the corresponding orthogonal projec-

tion by P⊥ := Id−P∥, respectively. Then, for a function ϕ defined on the spectrum
of τB, it holds

(4.13) ϕ(τB)P⊥ = P⊥ϕ(τB) = U⊥ϕ(B⊥)U
∗
⊥.

If the nonresonance condition (4.2) is satisfied, we can refine the stability bound.

Lemma 4.5. If τ is chosen such that the nonresonance Assumption 4.1 holds for
some ϑ ∈ (0, π) and (4.1) is satisfied, then ϱn defined in (4.7b) satisfies

(4.14) ∥P⊥ϱn(τB)∥ = ∥ϱn(τB)P⊥∥ ≤ ∥ϱn(τB⊥)∥ ≤ 1

|sin min{ϑ,ϑ0}
2 |

, n ∈ N.
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Proof. For x = ±τ ∥B∥ it holds

|(eix − 1)−1| = 1

2|sin( 12x)|
≤ 1

2|sin min{ϑ,ϑ0}
2 |

.

The bound (4.14) follows from the definition of ϱn. □

5. Error bounds of order one

In this section, we characterize filter functions in the general scheme (1.3) which
lead to error bounds of order one with constants independent of ∥B∥. Our analysis
requires the following assumption in the whole section without further mention.

Assumption 5.1. The trajectories of q, v remain in compact sets Kq ,Kv , inde-
pendent of ∥B∥, and E ∈ C1 in a neighborhood of Kq .

We start with deriving explicit expressions for the dominant term in the defects
in (4.3).

Lemma 5.2. The defects (4.3a) for the positions satisfy

dq,n+1 = Ψ0(τB)˜︁vn+1/2 + τΨ1(τB) ˜︁En+1/2 +O(τ2),(5.1a)

with Ψ0 defined in (4.8) and

Ψ1(z) =
1
2ψ1,sinh(

z
2 )−

1
4

(︁
ψ+(z)φ1(

z
2 )− ψ−(z)φ1(− z

2 )
)︁
− 1

4

(︁
χ−(z) + χ+(z)

)︁
,

(5.1b)

where ψ1,sinh(z) = (sinh(z)− z)/z2.

Proof. The proof relies on expansion of ˜︁E at tn+1/2

(5.2)

˜︁E(tn+1/2 ± τ
2σ) =

˜︁En+1/2 +
τ
2 r

(1)
E,n+1/2(±σ),

r
(1)
E,n+1/2(σ) =

∫︂ σ

0

˜︁E(1)(tn+1/2 +
τ
2 θ)dθ

within the variation-of-constants formula (3.4a). With t = tn+1/2 and θ = τ/2,
(3.4a) can be written as

˜︁qn+1 = ˜︁qn+1/2 +
τ
2φ1

(︁
τ
2B

)︁˜︁vn+1/2(5.3a)

+ τ2

4

∫︂ 1

0

(1− σ)φ1

(︁
τ
2 (1− σ)B

)︁ ˜︁E(tn+1/2 +
τ
2σ)dσ,˜︁qn = ˜︁qn+1/2 − τ

2φ1

(︁
− τ

2B
)︁˜︁vn+1/2(5.3b)

+ τ2

4

∫︂ 1

0

(1− σ)φ1

(︁
− τ

2 (1− σ)B
)︁ ˜︁E(tn+1/2 − τ

2σ)dσ.

Subtracting (5.3b) from (5.3a) and using∫︂ 1

0

(1− σ)φ1

(︁
± τ

2 (1− σ)z
)︁
dσ = φ2(± τ

2 z
)︁
,
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we obtain with (A.1a) and (A.1g)˜︁qn+1 = ˜︁qn + τ sinch
(︁
τ
2B

)︁˜︁vn+1/2(5.4)

+ τ2

4

∫︂ 1

0

(1− σ)φ1

(︁
τ
2 (1− σ)B

)︁ ˜︁E(tn+1/2 +
τ
2σ)dσ

− τ2

4

∫︂ 1

0

(1− σ)φ1

(︁
− τ

2 (1− σ)B
)︁ ˜︁E(tn+1/2 − τ

2σ)dσ

= ˜︁qn + τ sinch
(︁
τ
2B

)︁˜︁vn+1/2 +
τ2

2 ψ1,sinh(
τ
2B) ˜︁En+1/2 + τd′q,n+1,

where

d′q,n+1 = τ2

8

∫︂ 1

0

(1− σ)φ1

(︁
τ
2 (1− σ)B

)︁
r
(1)
E,n+1/2(σ)dσ

− τ2

8

∫︂ 1

0

(1− σ)φ1

(︁
− τ

2 (1− σ)B
)︁
r
(1)
E,n+1/2(−σ)dσ.

From

± 1
8

∫︂ 1

0

(1− σ)σφ1

(︁
± τ

2 (1− σ)z
)︁
dσ = φ3

(︁
± τ

2 z
)︁

and |φ3(ix)| ≤ 1/6 for x ∈ R, we conclude⃦⃦
d′q,n+1

⃦⃦
≤ τ2

3 max
0≤t≤tn

⃦⃦⃦ ˜︁E(1)(t)
⃦⃦⃦
= τ2

3 M
(1)
E,n+1.

Using (3.4b) and (5.2), we obtain

Ψ−˜︁vn +Ψ+˜︁vn+1 =
(︁
Ψ−e

− τ
2B +Ψ+e

τ
2B

)︁˜︁vn+1/2

+ τ
2

(︁
Ψ+φ1(

τ
2B)−Ψ−φ1(− τ

2B)
)︁ ˜︁En+1/2 + d′′q,n+1,

with

d′′q,n+1 = τ2

4

∫︂ 1

0

(︂
Ψ+e

τ
2 (1−σ)Br

(1)
E,n+1/2(σ) + Ψ−e

− τ
2 (1−σ)Br

(1)
E,n+1/2(−σ)

)︂
dσ.

Hence, we conclude for dq,n+1 defined by (4.3a) with the same calculations as above
for the corresponding expression involving E

dq,n+1 =sinch
(︁
τ
2B

)︁˜︁vn+1/2 − 1
2

(︁
Ψ−˜︁vn +Ψ+˜︁vn+1

)︁
+ τ

2

(︂
ψ1,sinh(

τ
2B) ˜︁En+1/2 − 1

2

(︁
X− ˜︁En +X+

˜︁En+1

)︁)︂
+ d′q,n+1

=
(︂
sinch

(︁
τ
2B

)︁
− 1

2

(︁
Ψ−e

− τ
2B+Ψ+e

τ
2B

)︁)︂˜︁vn+1/2

+ τ
2

(︂
ψ1,sinh(

τ
2B)− 1

2

(︁
Ψ+φ1(

τ
2B)−Ψ−φ1(− τ

2B)
)︁
− 1

2

(︁
X−+X+

)︁)︂˜︁En+1/2

+ d′q,n+1

where˜︁dq,n+1 = d′q,n+1 − d′′q,n+1,
⃦⃦⃦ ˜︁dq,n+1

⃦⃦⃦
≤ τ2

(︂
1
3 + 1

4 ∥Ψ+∥+ 1
4 ∥Ψ−∥

)︂
M

(1)
E,n+1.

This proves the claim. □

Lemma 5.3. The defects dv,n+1 for the velocities defined in (4.3b) satisfy

dv,n+1 = Φ0(τB) ˜︁En+1/2 + ˜︁dv,n+1, Φ0 = φ1 − 1
2 (ϕ+ + ϕ−),(5.5a)
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Table 1. Overview on functions ϕ± and Φ0,1 for the different
updates of the velocity.

ϕ−(z) ϕ+(z) Φ0(z) Φ1(z) Φ⊥(z)

(3.7a) φ1(z) φ1(z) 0 φ2(z)− 1
2φ1(z)

1
z (1− sinch(z))

(3.7b) 2
(︁
φ1(z)− φ2(z)

)︁
2φ2(z) 0 0 1

z (1− sinch2( z2 ))

(2.8b) 2 φ2(z)
φ1(−z) 2φ2(−z)

φ1(−z) 0 φ3(z)−φ3(−z)
φ1(−z) 0

Table 2. Overview on functions ψ±, χ± and Ψ1 for the different
updates of the position. For all the choices of filter functions in
the table, we have Ψ0 = 0.

ψ−(z) ψ+(z) χ−(z) χ+(z) Ψ1(z)

(3.8a) φ1(z) φ1(−z) −φ2(
−z
2 ) φ2(

z
2 )

z
4 sinch(

z
2 )ψ1,cosh(

z
2 )

(3.8b) φ1(
z
2 ) φ1(

−z
2 ) −φ2(

−z
2 ) φ2(

z
2 ) 0

(3.8c) 2φ1(z) 0 2φ1(z)φ1(
z
2 )− φ2(

−z
2 ) φ2(

z
2 ) − z

2ψ1,cosh(
z
2 )φ1(z)

(2.8a) 2φ1(z) 0 4φ2(z) 0 0

and

(5.5b)
⃦⃦⃦ ˜︁dv,n+1

⃦⃦⃦
≤ τ

4

(︁
2 + ∥Φ−∥+ ∥Φ+∥

)︁
M

(1)
E,n+1.

Proof. By (3.4b) with t = tn and θ = τ and (5.2), we obtain

(5.6a)
dv,n+1 =

∫︂ 1

0

eτ(1−σ)B ˜︁E(tn + τσ)dσ − 1
2

(︁
Φ− ˜︁En +Φ+

˜︁En+1

)︁
= φ1(τB) ˜︁En+1/2 − 1

2 (Φ− +Φ+) ˜︁En+1/2 + ˜︁dv,n+1,

with

˜︁dv,n+1 = τ
2

∫︂ 1

0

eτ(1−σ)Br
(1)
E,n+1/2(2σ − 1)dσ− τ

4

(︁
Φ−r

(1)
E,n+1/2(−1) + Φ+r

(1)
E,n+1/2(1)

)︁
.

(5.6b)

For the remainder we have with (5.2)⃦⃦⃦
r
(1)
E,n+1/2(σ)

⃦⃦⃦
≤ |σ|M (1)

E,n+1/2 ≤M
(1)
E,n+1/2, −1 ≤ σ ≤ 1.

This proves (5.5). □

We collect the formulas for the filters and the defect matrices for the filtered
Boris variant (2.8) and the update formulas (3.7) in the Tables 1 and 2, starting
with the velocities. The formulas for (2.8b) follow from the identities (A.1d) and
(A.1i) and Lemma A.2. Note that all variants satisfy Ψ1(0) = 0 which means
that the position defects (5.1a) are second order in τ , but possibly with a constant
depending on ∥B∥. Only for the variants with Ψ1 = 0, the defects are in O(τ2)
with a constant independent of ∥B∥.
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Theorem 5.4. Let Φ0 = Ψ0 = 0 and let LE be the Lipschitz constant of E.
Further assume τ to be sufficiently small s.t. 2τ(1+T )CSLE < 1 and that the filter
functions are chosen such that ∥S∥ ≤ CS. Then, the error of the approximation
(1.3) to the solution of (1.1) is bounded by

∥en∥ ≤ Cτ, 0 ≤ tn = nτ ≤ T,

where C = C(LE ,K,S, T ).

Proof. From the definition of gn in (4.4) we have ∥gn∥ ≤ ∥eE,n∥+ ∥eE,n+1∥. Then,
(4.6) and the power bound from Theorem 4.4 imply

∥en∥ ≤ τ(1 + T )
(︂n−1∑︂
j=0

∥dj+1∥+ 2CS

n∑︂
j=0

∥eE,j∥
)︂

≤ τ(1 + T )
(︂n−1∑︂
j=0

∥dj+1∥+ 2CSLE

n∑︂
j=0

∥eq,j∥
)︂
.

The claim now follows from Lemmas 5.2 and 5.3 together with a standard Gronwall
argument. □

Corollary 5.5. For the filter functions ϕ± given in (3.7a) or (3.7b) and χ± given
by one of the variants in (3.8), we have C2

S ≤ 1
2 (1 + τ2).

Proof. By definition (4.5b), we have

C2
S ≤ 1

4

(︂
τ2

4

(︁
∥X+∥2 + ∥X−∥2

)︁
+ ∥Φ+∥2 + ∥Φ−∥2

)︂
.

The statement now follows from ∥X+∥ ≤ 1/2, ∥X−∥ ≤ 2, ∥Φ±∥ ≤ 1 for all choices.
□

6. Error bounds of order two

Unfortunately, the analysis of the previous section cannot be generalized in a
straightforward way to second-order error bounds. The problem is that the second-
order expansion of v includes a second time-derivative of E(q(t)), which cannot be
bounded independently of ∥B∥ because of (1.1b). Hence, to prove second-order
error estimates for the position, we have to investigate the dominant error terms of
v and the error propagation more carefully.

Our analysis requires a stronger assumption than Assumption 5.1, which we
assume in the following without further mention.

Assumption 6.1. The trajectories of q, v remain in compact sets Kq ,Kv , inde-
pendent of ∥B∥, and E ∈ C2 in a neighborhood of Kq .

6.1. Refined representation of the velocity defect. In the following lemma
we show that the velocity defect can be split into two parts which can later be
handled differently in the error recursion.

Lemma 6.2 (Velocity defect). Suppose that the filter functions in (1.3) are chosen
such that Φ0 = 0 holds in (5.5a). Then the velocity defect dv,n+1 can be written as

dv,n+1 = τΦ1(τB)E′(˜︁qn+1/2)wn+1/2 + τd′v,n+1 +O(τ2),

(6.1a)
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where v⊥ = P⊥v and

Φ1 = φ2 − 1
2φ1 − 1

4 (ϕ+ − ϕ−) = φ2 − 1
2ϕ+,

(6.1b)

wn+1/2 = ˜︁vn+1/2 − etn+1/2Bv⊥(0),

(6.1c)

d′v,n+1 =
(︂∫︂ 1

0

(σ − 1
2 )e

τ(1−σ)BE′(˜︁qn+1/2)φ1

(︁
(σ − 1

2 )τB
)︁
dσ

− 1
4

(︁
Φ+E

′(˜︁qn+1/2)φ1(
τ
2B)− Φ−E

′(˜︁qn+1/2)φ1(− τ
2B)

)︁)︂
etn+1/2Bv⊥(0).(6.1d)

Proof. We start from the representation (5.5a), where by the assumption that Φ0 =

0, dv,n+1 = ˜︁dv,n+1 given by (5.6b). Since E ∈ C2, the remainder defined in (5.2),

where ˜︁E(1)(t) = E′(q(t))v(t), can be written as

r
(1)
E,n+1/2(σ) =

∫︂ σ

0

E′(︁q(tn+1/2 +
τ
2 θ)

)︁
v
(︁
tn+1/2 +

τ
2 θ

)︁
dθ

= E′(˜︁qn+1/2)

∫︂ σ

0

v(tn+1/2 +
τ
2 θ)dθ +O(τ)

= E′(˜︁qn+1/2)
(︂
σ˜︁vn+1/2

− τ
2

∫︂ σ

0

(θ − σ)
(︁
Bv(tn+1/2 +

τ
2 θ) +

˜︁E(tn+1/2 +
τ
2 θ)

)︁
dθ

)︂
+O(τ)

= E′(˜︁qn+1/2)
(︂
σ˜︁vn+1/2 − τ

2

∫︂ σ

0

(θ − σ)Bv(tn+1/2 +
τ
2 θ)dθ

)︂
+O(τ)(6.2)

For the third identity, we used integration by parts with 1 = d
dθ (θ− σ) and (1.1b).

Furthermore, as BP∥v(t) = 0, it suffices to consider v⊥(t) := P⊥v(t), which, by
(1.1b), evolves as

v̇⊥ = Bv⊥(t) + P⊥ ˜︁E(t).

Using the variation-of-constants formula, we thus obtain

v⊥(t) = etBv⊥(0) +
∫︂ t

0

e(t−s)BP⊥ ˜︁E(s)ds.

Multiplying by B and integration by parts yields

Bv(t) = Bv⊥(t) = BetBv⊥(0)− P⊥ ˜︁E(t) + etBP⊥ ˜︁E(0) +

∫︂ t

0

e(t−s)BP⊥ ˜︁E(1)(s)ds

= BetBv⊥(0) +O(1).

Using again E ∈ C2 and integration by parts we obtain

τ
2

∫︂ σ

0

(θ − σ)Bv(tn+1/2 +
τ
2 θ)dθ = σetn+1/2Bv⊥(0)−

∫︂ σ

0

e
τ
2 θBdθ etn+1/2Bv⊥(0)

+O(τ).

Inserting this into (6.2) and using

(6.3)

∫︂ σ

0

e
τ
2 θBdθ = σφ1

(︁
σ τ

2B
)︁
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yields

r
(1)
E,n+1/2(σ) = σE′(˜︁qn+1/2)

(︁
wn+1/2 + φ1(σ

τ
2B)etn+1/2Bv⊥(0)

)︁
+O(τ).(6.4)

Finally, we insert (6.4) into (5.6b) and evaluate the expression in front of wn+1/2

1
2

∫︂ 1

0

(2σ − 1)eτ(1−σ)Bdσ − 1
4 (Φ+ − Φ−) = φ2(τB)− 1

2φ1(τB)− 1
4 (Φ+ − Φ−)

= Φ1(τB).

Collecting the other terms in d′v,n+1 proves the claim. □

6.2. Errors in parallel and perpendicular direction. A crucial technique to
analyze the error is to decompose it into contributions parallel and perpendicular to
the magnetic field. Recall that the error in (4.6) splits into two terms: Σn resulting
from the defects and a second part coming from the error in the evaluation of E.
We start with Σn.

Lemma 6.3 (Parallel error contribution). Let Assumption 4.1 be satisfied. If the
filter functions are chosen such that Φ0(0) = Φ1(0) = Ψ0(0) = Ψ1(0) = 0, then the
P∥ projection of the defect contribution in (4.6) satisfies

Σ∥
q,n =

(︁
P∥ 0

)︁
Σn = O(τ2), Σ∥

v,n =
(︁
0 P∥

)︁
Σn = O(τ2).

Proof. We look at the position component first. Lemma 4.2 gives

Σ∥
q,n = P∥τ

n−1∑︂
j=0

(︂
dq,j+1 +

(︁
τ
2Ψ+ + τΥn−j−1

)︁
dv,j+1

)︂

= τ

n−1∑︂
j=0

(︁
P∥dq,j+1 + ( τ2ψ+(0) + tn−j−1)P∥dv,j+1

)︁
.(6.5)

Using (5.1a) and Ψ0(0) = Ψ1(0) = 0, we get P∥dq,j+1 = O(τ2). For the velocity
defect, we use the representation from Lemma 6.2 and note that by (5.5a) and
(6.1b), the assumptions Φ0(0) = Φ1(0) = 0 imply ϕ±(0) = 1. This yields

P∥dv,j+1 = P∥d
′
v,j+1 +O(τ2)

= τP∥E
′(˜︁qj+1/2)

(︂∫︂ 1

0

(σ − 1
2 )φ1

(︁
(σ − 1

2 )τB
)︁
dσ

− 1
4

(︁
φ1(

τ
2B)− φ1(− τ

2B)
)︁)︂
etj+1/2Bv⊥(0) +O(τ2),

= τP∥E
′(˜︁qj+1/2)e

tjB(φ2(τB)− 1
2φ1(τB))v⊥(0) +O(τ2).(6.6)

Since the projectors commute with the matrix functions, cf. (4.13), this yields

(6.7)
Σ∥

q,n = τ2
n−1∑︂
j=0

αjβj(φ2(τB)− 1
2φ1(τB))v⊥(0) +O(τ2),

αj = ( τ2ψ+(0) + tn−j−1)P∥E
′(˜︁qj+1/2), βj = ejτBP⊥.

Here, we apply summation by parts

n−1∑︂
j=0

αjβj = αn−1

n−1∑︂
j=0

βj +

n−2∑︂
j=0

(αj − αj+1)

j∑︂
k=0

βk.
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Using the definition of ϱn in (4.7b) we have

j∑︂
k=0

βj =

j∑︂
k=0

ekτBP⊥ = ϱj+1(τB)P⊥,

and conclude

αj+1 − αj = τP∥E
′(˜︁qj+3/2) + ( τ2ψ+(0) + tn−j−1)P∥

(︁
E′(˜︁qj+3/2)− E′(˜︁qj+1/2)

)︁
,

where we can write

E′(˜︁qj+3/2)− E′(˜︁qj+1/2) =

∫︂ tj+1

tj

E′′(︁q(s+ τ
2 )
)︁
[v(s+ τ

2 ), ·]ds.

As E ∈ C2 on a ∥B∥ independent domain, we get αj+1 − αj = O(τ) and together
with Lemma 4.5, this implies with αn−1 = τ

2ψ+(0)P∥E
′(˜︁qn−1/2)

(6.8) τ2
n−1∑︂
j=0

αjβj = τ2αn−1ϱn(τB)P⊥ + τ2
n−2∑︂
j=0

(αj − αj+1)ϱj+1(τB)P⊥ = O(τ2).

Finally, employing
⃦⃦
φ2(τB)− 1

2φ1(τB)
⃦⃦

≤ 1 in (6.7) proves the claim for the
position component. The velocity component can be treated analogously, as

Σ∥
v,n = P∥τ

n−1∑︂
j=0

e(n−j−1)τBdv,j+1 = τ

n−1∑︂
j=0

P∥d
′
v,j+1

and we can thus repeat the argument above with αj = P∥E
′(︁˜︁qj+1/2

)︁
. □

Lemma 6.4. Suppose that (4.1) holds and that the filter functions in Tables 1 and
2 are chosen such that Φ0 = Ψ0 = 0 and Φ± bounded. Then the defect contribution
of the perpendicular part of the position error in (4.6) is given by

Σ⊥
q,n =

(︁
P⊥ 0

)︁
Σn = τ2P⊥Ψ1

n−1∑︂
j=0

˜︁Ej+1/2 +O(τ2).(6.9)

Hence, for Ψ1 = 0, we get Σ⊥
q,n = O(τ2).

Proof. With Lemma 4.2, Ψ0 = 0, and (5.1a) we can write

Σ⊥
q,n = P⊥τ

n−1∑︂
j=0

(︁
dq,j+1 + τ

(︁
1
2Ψ+ +Υn−j−1

)︁
dv,j+1

)︁
= τ2P⊥

n−1∑︂
j=0

(︁
Ψ1

˜︁Ej+1/2 +
(︁
1
2Ψ+ +Υn−j−1

)︁
dv,j+1

)︁
+O(τ2)

From Lemma 4.3, (4.1), and Table 2 we have for x = ±τ ∥B∥
(6.10)

|Υn(ix)| = |φ1(ix)ϱn(ix)| =
⃓⃓einx − 1

ix

⃓⃓
≤ 2

|x|
≤ 2

ϑ0
and |ψ+(ix)| ≤ min{1, 4

|x|}.

Together with (5.5), Φ0 = 0, and the bound on the Φ±, we obtain P⊥
(︁
1
2Ψ+ +

Υn−j−1

)︁
dv,j+1 = O(τ), which gives (6.9). □
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Theorem 6.5. Let Assumptions 4.1 and 6.1 hold and assume that the filter func-
tions are chosen such that Φ0 = Ψ0 = Ψ1 = Φ1(0) = 0 and that a constant CS

exists such that ∥S∥ ≤ CS. Moreover, let LE be the Lipschitz constant of E and
assume τ be sufficiently small s.t. 2τ(1 + T )LECS < 1. Then for 0 ≤ tn ≤ T the
error of the approximation (1.3) to the solution of (1.1) satisfies

(6.11) ∥eq,n∥ = O(τ2),
⃦⃦
P∥ev,n

⃦⃦
= O(τ2), and ∥P⊥ev,n∥ = O(τ).

Proof. From the error recursion (4.6) and Lemma 4.2 we have

∥eq,n∥ ≤ 2τLECS(1 + T )

n∑︂
j=0

∥eq,j∥+
⃦⃦
Σq,n

⃦⃦
.

Lemmas 6.3 and 6.4 yield
⃦⃦
Σq,n

⃦⃦
= O(τ2). For the parallel velocity error the

statements follows similarly from the bound on the position error and Lemma 6.3.
In Theorem 5.4, we proved ∥ev,n∥ = O(τ), hence this bound also holds for ∥P⊥ev,n∥.

□

For the filter functions (2.8), Theorem 6.5 contains [6, Thm. 3.1] as a special
case for a constant magnetic field. The second-order bound proven there requires
a stepsize restriction coupling τ to the inverse strength of the magnetic field, i.e.,
τ ∥B∥ ≲ 1. In contrast, our smallness condition 2τ(1 + T )LECS < 1 only depends
on the filter functions χ±, ϕ± evaluated at τB. For the choices (3.7a), (3.7b), and
all choices in Table 2, CS is independent of B, cf. Corollary 5.5. In contrast, for
ϕ± given in (2.8b), the magnetic field enters via the nonresonance Assumption 4.1,
which bounds CS in terms of ϑ by Lemma 4.5. Since the constants in (6.11) are
independent of ∥B∥, Theorem 6.5 supplies error bounds uniformly in the strength
of the magnetic field, in particular in the large-stepsize regime τ ∥B∥ ≫ 1.

6.3. Detailed investigation of the velocity error. In this section we investigate
the perpendicular part of velocity error, which is only of first order by Theorem 6.5
in order to fully understand the error behavior for large τ ∥B∥. By (4.6), we have

ev,n = τ
2

n−1∑︂
j=0

etn−j−1B
(︁
Φ−eE,j +Φ+eE,j+1

)︁
+Σv,n.

The first term is in O(τ2) since E is Lipschitz and eq,n = O(τ2) and so Σ
∥
v,n .

Hence, by (6.1a), we need to study the perpendicular part of

(6.12)

Σv,n =Wn + τ2
n−1∑︂
j=0

etn−j−1Bd′v,j+1 +O(τ2),

Wn = τ2Φ1(τB)

n−1∑︂
j=0

etn−j−1BE′(˜︁qj+1/2)wj+1/2.

First we show that Wn = O(τ2), so that the dominant term is second one.

Lemma 6.6 (Error contribution of Wn). Suppose that the filter functions are cho-
sen such that Φ0 = 0 and Φ1(0) = 0 hold in (5.5a) and (6.1b), respectively and that
the nonresonance Assumption 4.1 holds. Then we have

P∥Wn = 0 and P⊥Wn = O(τ2).
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To be more precise, the first equation only requires Φ1(0) = 0 but not Assump-
tion 4.1, while for the second, it is the other way around.

Proof. The first identity follows immediately from Φ1(0) = 0 and (6.12).
For the orthogonal projection, we write

P⊥Wn = τ2P⊥Φ1(τB)

n−1∑︂
j=0

βjαj , αj = E′(˜︁qj+1/2)wj+1/2, βj = etn−j−1B .

Summation by parts implies

n−1∑︂
j=0

βjαj =

n−1∑︂
j=0

βjαn−1 +

n−2∑︂
j=0

j∑︂
k=0

βk(αj − αj+1)(6.13)

= ϱn(τB)αn−1 + etn−1B
n−2∑︂
j=0

ϱj(−τB)(αj − αj+1),

where we used (4.7b) in the last identity. Next, we apply the variation-of-constants
formula (3.4b) which gives

wj+1/2 = ˜︁vj+1/2 − etj+1/2Bv⊥(0)

= etj+1/2Bv∥(0) +
∫︂ tj+1/2

0

e(tj+1/2−s)B ˜︁E(s)ds

= v∥(0) +
∫︂ tj+1/2

0

e(tj+1/2−s)B ˜︁E(s)ds.

From this identity we conclude

αj − αj+1 = E′(˜︁qj+1/2)
(︂∫︂ tj+1/2

0

e(tj+1/2−s)B ˜︁E(s)ds−
∫︂ tj+3/2

0

e(tj+3/2−s)B ˜︁E(s)ds
)︂

+
(︁
E′(˜︁qj+1/2)− E′(˜︁qj+3/2)

)︁
wj+3/2

= E′(˜︁qj+1/2)(Id− eτB)

∫︂ tj+1/2

0

e(tj+1/2−s)B ˜︁E(s)ds+O(τ),

since E ∈ C2 on a ∥B∥ independent domain and wj+3/2 is bounded. Hence, we get
from yet another integration by parts

αj − αj+1 = τE′(˜︁qj+1/2)φ1(τB)etj+1/2B

∫︂ tj+1/2

0

(−B)e−sB ˜︁E(s)ds+O(τ)

= τE′(˜︁qj+1/2)φ1(τB)etj+1/2B
(︂
e−tj+1/2B ˜︁E(1)(tj+1/2)

− ˜︁E(1)(0)−
∫︂ tj+1/2

0

e−sB ˜︁E(1)(s)ds
)︂
+O(τ)

= O(τ).

The claim now follows from nonresonance condition which ensures (4.14). □

In order to determine the leading error term we make use of the diagonalization
(4.12) of B.

Lemma 6.7 (Perpendicular velocity error). Suppose that the filter functions defined
in (5.5a) and (6.1b) are such that Φ0 = 0 and Φ1(0) = 0. Furthermore, assume
that a nonresonance condition

⃓⃓
τ ∥B∥ − πk

⃓⃓
≥ ϑ2 > 0 holds for all k ∈ Z \ {0}.
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Then the defect contribution of the perpendicular part of the velocity error in (4.6)
behaves like

Σ⊥
v,n =

(︁
0 P⊥

)︁
Σn = τΦ⊥(τB)etnBDEv⊥(0) +O(τ2),(6.14a)

with

DE = τ

n−1∑︂
j=0

U⊥diag
(︁
U∗
⊥E

′(˜︁qj+1/2)U⊥
)︁
U∗
⊥,(6.14b)

Φ⊥(z) =
1

z

(︁
1− sinch( z2 )

)︁
− 1

2φ1(−z)
(︁
ϕ+(z)− φ1(

z
2 )
)︁
,(6.14c)

where diag denotes the diagonal of a matrix and U⊥ was defined in (4.12).

Proof. From (6.12), Lemma 6.6, and (6.1d) we have

Σ⊥
v,n = τP⊥

n−1∑︂
j=0

e(n−j−1)τBdv,j+1 +O(τ2)

(6.15)

= τ2P⊥

n−1∑︂
j=0

etn−j−1B
(︂∫︂ 1

0

(σ − 1
2 )e

τ(1−σ)BE′(˜︁qj+1/2)φ1

(︁
(σ − 1

2 )τB
)︁
dσ

− 1
4

(︁
Φ+E

′(˜︁qj+1/2)φ1(
τ
2B)− Φ−E

′(˜︁qj+1/2)φ1(− τ
2B)

)︁)︂
etj+1/2Bv⊥(0)

+O(τ2).

Having the projection P⊥ on the left and right of the leading order term, im-
plies that the expression in between is de facto two-dimensional. We write Fj :=
U∗
⊥E

′(˜︁qj+1/2)U⊥, and the above expression becomes

Σ⊥
v,n = U⊥GnU

∗
⊥v⊥(0)

with Gn ∈ C2×2 defined by

Gn = τ

n−1∑︂
j=0

etn−j−1B⊥τ
(︂∫︂ 1

0

(σ − 1
2 )e

(1−σ)τB⊥Fjφ1

(︁
(σ − 1

2 )τB⊥
)︁
dσ

− 1
4

(︁
ϕ+(τB⊥)Fjφ1(

τ
2B⊥)− ϕ−(τB⊥)Fjφ1(− τ

2B⊥)
)︁)︂
etj+1/2B⊥ .

Note that all φk are analytic, which implies that

φk(τB⊥) =

(︃
φk(ω) 0

0 φk(−ω)

)︃
, ω = iτ ∥B∥ .
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Thus the (1, 1)-entry G
(1,1)
n is given by

G(1,1)
n = τ2

n−1∑︂
j=0

e(n−1/2)ω
(︂∫︂ 1

0

(σ − 1
2 )e

(1−σ)ωφ1

(︁
(σ − 1

2 )ω
)︁
dσ

− 1
4

(︁
ϕ+(ω)φ1(

ω
2 )− ϕ−(ω)φ1(−ω

2 )
)︁)︂
F

(1,1)
j

= τ2enω
n−1∑︂
j=0

(︂ 1

ω

(︁
1− sinch(ω2 )

)︁
− 1

4e
−ω

2
(︁
ϕ+(ω)φ1(

ω
2 )− ϕ−(ω)φ1(−ω

2 )
)︁)︂
F

(1,1)
j

= τ2Φ⊥(ω)e
nω

n−1∑︂
j=0

F
(1,1)
j ,

where we used (A.1a), (A.1b), and (A.1c) together with Φ0 = 0, which implies
ϕ− = 2φ1 − ϕ+. Similarly we find

G(1,2)
n = τ2

n−1∑︂
j=0

e(n−3/2)ω
(︂∫︂ 1

0

(σ − 1
2 )e

(1−σ)ωφ1

(︁
( 12 − σ)ω

)︁
dσ

− 1
4

(︁
ϕ+(ω)φ1(−ω

2 )− ϕ−(ω)φ1(
ω
2 )
)︁)︂
e−2jωF

(1,2)
j

= τ2
n−1∑︂
j=0

e(n−2j−1)ω
(︂

1
ω

(︁
sinch(ω2 )− sinch(ω)

)︁
− 1

4e
−ω

2
(︁
ϕ+(ω)φ1(−ω

2 )− (2φ1(ω)− ϕ+(ω))φ1(
ω
2 )
)︁)︂
F

(1,2)
j

= τ2
n−1∑︂
j=0

e(n−2j−1)ωφ1(−ω)
(︂

1
ω

(︁
e
ω
2 − 1

2 (1 + eω)
)︁

− 1
2

(︁
ϕ+(ω)− e

ω
2 φ1(

ω
2 )
)︁)︂
F

(1,2)
j

= τ2
n−1∑︂
j=0

e(n−2j−1)ω 1
2φ1(−ω)

(︁
φ1(ω)− ϕ+(ω)

)︁
F

(1,2)
j

and the remaining two entries can be obtained similarly replacing ω with −ω. In
particular, we have

G(2,2)
n = τ2Φ⊥(−ω)e−nω

n−1∑︂
j=0

F
(2,2)
j

and therefore

diag(Gn) = τ2Φ⊥(τB⊥)e
tnB⊥

n−1∑︂
j=0

diag(Fj).

For the off-diagonal entry, we have

G(1,2)
n = τ2e(n−1)ω˜︁Φ⊥(ω)

n−1∑︂
j=0

e−2jωF
(1,2)
j
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with ˜︁Φ⊥(ω) = 1
2φ1(−ω)

(︁
φ1(ω)− ϕ+(ω)

)︁
(6.16)

and summation by parts (6.13) with αj = F
(1,2)
j and βj = e−2jω gives

G(1,2)
n = τ2e(n−1)ω˜︁Φ⊥(ω)

n−1∑︂
j=0

βjαj

= τ2e(n−1)ω˜︁Φ⊥(ω)
(︂
ϱn(−2ω)αn−1 +

n−2∑︂
j=0

ϱj(−2ω)(αj − αj+1)
)︂
.

As in (6.8), aj − aj+1 = O(τ), so if |ω| is bounded away from integer multiples of

π, we obtain G
(1,2)
n = O(τ2). □

We now derive the explicit expressions for Φ⊥.

Lemma 6.8. For (2.8b), (3.7a), and (3.7b), the leading order term in (6.14) is
given in Table 1.

Proof. For (2.8b), we have ϕ+(z) = 2φ2(−z)
φ1(−z) . Hence, (6.14c) becomes

Φ⊥(z) =
1

z

(︁
1− sinch( z2 )

)︁
− 1

2φ1(−z)
(︁
2φ2(−z)
φ1(−z) − φ1(

z
2 )
)︁

=
1

z

(︁
1− sinch( z2 )

)︁
−

(︁
φ2(−z)− 1

z sinch(
z
2 )(1− e−

z
2 )
)︁

=
1

z

(︁
1− sinch( z2 )− ((1− φ1(−z))− sinch( z2 ) + sinch( z2 )e

− z
2 )
)︁

using (A.1e) and (A.1b). The claim follows from (A.1b).
This implies that Φ⊥ for other choices of filter functions can be written as

Φ⊥(z) = − 1
2φ1(−z)

(︁
ϕ+(z)− 2φ2(−z)

φ1(−z)

)︁
= φ2(−z)− 1

2φ1(−z)ϕ+(z).

For (3.7a), we have ϕ+(z) = φ1(z), so

Φ⊥(z) = φ2(−z)− 1
2φ1(−z)φ1(z) = −ψ1,sinh(z)

using (A.1d) and (A.1g).
For (3.7b), we have ϕ+(z) = 2

(︁
φ1(z)− φ2(z)

)︁
so

Φ⊥(z) = φ2(−z)− φ1(−z)
(︁
φ1(z)− φ2(z)

)︁
= −ψ1,sinh(z)− sinch( z2 )e

− z
2
(︁
1
2φ1(z)− φ2(z)

)︁
using the derivation for (3.7a) and (A.1b). The claim then follows from (A.1j). □

The derivation above implies that the filter functions in (2.8) from [6, eq. (2.12)]
are the unique choice that satisfy Φ⊥ = 0 and thus Σv,n = O(τ2). In view of

Theorem 6.5, these are the unique filter functions that yield ∥en∥ = O(τ2) if the
nonresonance Assumption 4.1 is satisfied.

Our analysis as well as the experiments show that resonance effects cannot be
eliminated in general. However, in the special case, that E′(˜︁qn+1/2) commutes with
B for all n, they vanish.

Theorem 6.9. Assume that E′(˜︁qn+1/2) commutes with B for all n. Then Theo-
rem 6.5 and Lemma 6.7 hold without the nonresonance condition in Assumption 4.1.
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Proof. With the new assumption that E′(˜︁qn+1/2) commutes withB, we can give the
following more favorable representation for the velocity defect than in Lemma 6.2,
namely

d′v,n+1 =
(︂∫︂ 1

0

(σ − 1
2 )e

τ(1−σ)Bφ1

(︁
(σ − 1

2 )τB
)︁
dσ

− 1
4

(︁
Φ+φ1(

τ
2B)− Φ−φ1(− τ

2B)
)︁)︂
etn+1/2BP⊥E

′(˜︁qn+1/2)v⊥(0)

= Φ⊥(τB)etn+1BP⊥E
′(˜︁qn+1/2)v⊥(0)(6.17)

with Φ⊥ defined in (6.14c). Hence, if ϕ+(0) = 1, which is the case for all choices
in Table 1, then Φ⊥(0) = 0. Therefore, for the parallel error contributions in

Lemma 6.3, we obtain Σ
∥
q,n = O(τ2) and Σ

∥
v,n = O(τ2) immediately without a

nonresonance condition. Moreover, for the perpendicular velocity error, instead of
the technique used in the proof of Lemma 6.7, we can directly insert (6.17) into
(6.15) to obtain

Σ⊥
v,n = τ2Φ⊥(τB)

n−1∑︂
j=0

etn−j−1Betj+1BP⊥E
′(˜︁qj+1/2)v⊥(0) +O(τ2)

= τ2Φ⊥(τB)etnB
n−1∑︂
j=0

P⊥E
′(˜︁qj+1/2)v⊥(0) +O(τ2).

As for the parallel defects, we immediately obtain the result of Lemma 6.7 without
a nonresonace condition. □

7. Numerical examples

We illustrate the behavior of the exponential integrator (1.3) for different choices
of filter functions and visualize the error bounds of the previous sections.2 In
particular, we investigate robustness at resonances, the convergence order across
different τ ∥B∥ regimes, the distinct behavior of the error components parallel and
perpendicular to B, and the explicit leading-order terms derived in Lemmas 6.4,
6.7, and 6.8.

For all experiments, we use (1.1) with

q0 =

⎛⎝1
2
3

⎞⎠ , v0 =

⎛⎝1
0
0

⎞⎠ , and B =
1

δ

2√
21

⎛⎝1
2
1
2

⎞⎠ , δ > 0.

Hence we have ∥B∥ = 1/δ. We choose a smooth, anisotropic, electric potential

V (q) =
1

α2
sin2

(︂
α
√︁
q⊤Aq

)︂
, A = diag(1, 32 ,

7
10 ), α = 10,

which leads to the electric field

(7.1) E(q) = −∇V (q) = −2 sinc(2α
√︁
q⊤Aq)Aq.

To compare the qualitative behavior of linear and nonlinear fields we use

(7.2) Elin(q) = −2Aq,

2At https://gitlab.kit.edu/kit/ianm/ag-numerik/projects/filtered-boris we provide
access to the code used to conduct the experiments in this section. Parts of the Code and plotting

scripts were written with the help of AI, i.e., Claude Code using Claude Opus 4.8 and 5.
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Figure 1. Maximum position (left) and velocity (right) errors ver-
sus θ = τ ∥B∥ = τ/δ for δ = 10−3. Additional sample points are
placed near π, 3π, 5π and near the resonances 2kπ, k = 1, . . . , 10,
down to a distance of 10−5 from the respective multiple of π, to
resolve the spikes.

the harmonic field obtained from linearizing E at q = 0.
The potential is designed to exercise the full analysis. The genuine nonlinearity

with moderate oscillation is chosen to amplify the higher-order derivatives of E mak-
ing E-dependent terms in the error expansion numerically visible. The anisotropy
of A prevents the derivative E′ from commuting with the rotation generated by B,
which is necessary for a generic example as shown in Theorem 6.9. We visualize
this in Figure 5 below.

In all experiments we use a reference solution from an adaptive eighth-order ex-
plicit Runge–Kutta method (Dormand–Prince DP8 scheme) with relative tolerance
10−13 and dense output; all errors reported below are the maximal error on the
time-interval [0, 1] in the Euclidean norm.

First, we compare the error behavior of the filter functions in (2.8), corresponding
to [6, eq. (2.12)], with the choice (3.7b), (3.8b). The primary interest here is the
behavior in different regimes of τ ∥B∥ especially close to resonances τ ∥B∥ = 2kπ
for k ∈ N. Recall that the approximations from (2.8) are not defined at resonant
time steps because of the singularity of the filter functions ϕ±. For the position
error, the left panel of Figure 1 confirms the convergence behavior established in
the preceding sections. Away from the resonances, both filter choices exhibit clean
second-order convergence in τ , in agreement with Theorem 6.5: the error curves
run parallel to the O(τ2) reference line over the entire non-resonant range. At the
resonances themselves, the analysis in Theorem 5.4 only guarantees first order for
(3.7b), (3.8b). For (2.8), the singularities caused by the singular filter functions ϕ±
in S are not visible as for the filter functions (2.8) satisfy

τ( 12Ψ+ +Υn)Φ± = τϱn(τB)φ1(τB)Φ± = τϱn(τB)e±τBφ2(∓τB),

using (A.1c), which is bounded by 1
2 tn by (4.7b).
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Figure 2. Errors of (3.7b), (3.8b), decomposed into the compo-
nents parallel and perpendicular to B, versus θ = τ ∥B∥ for the
linear field (7.2) (left) and the nonlinear field (7.1) (right). The
stepsize τ = 0.005 is fixed and ∥B∥ is varied.

While for (2.8) we see the effect of the singularities of the filter functions ϕ±,
and indeed the error deteriorates in narrow spikes around resonances. The observed
peaks, however, remain visibly below the O(τ) envelope, i.e., the predicted loss of
order does not occur; this is a consequence of the precise form of the parallel defect
derived in (6.6) for fixed δ = 1/ ∥B∥ we have at resonances τ/δ = 2πk,

τ
⃦⃦
φ2(τB)− 1

2φ1(τB)
⃦⃦
= δ.

Finally, for large stepsizes the error is mainly driven by the non-resonant contribu-
tion, which grows like τ2 and eventually dominates the resonance spikes.

The velocity error in the right panel of Figure 1 shows a different picture. Away
from the resonances, the filter functions (2.8) again converge with second order,
whereas by Theorem 5.4, the choice (3.7b), (3.8b) leads to errors below the line
representing first order for all τ . The more precise error behavior results from the
leading order term Φ⊥(τB) in Lemma 6.7, which is given explicitly in Table 1 and
visualized in Figure 3 below.

At the resonances, the two methods differ fundamentally. For (2.8) we see the
effect of the singularities of the filter functions ϕ±, with error peaks growing like
the reciprocal distance of τ ∥B∥ to 2kπ. The choice (3.7b), (3.8b), in contrast, is
robust at resonances: no blow-up occurs, and, as for the position component, no
first-order behavior is visible. In addition, both methods exhibit smaller humps at
odd multiples of π, most pronounced for (2.8). As in the left panel, the errors are
eventually dominated by the O(τ2) contributions for large stepsizes.

In Figure 2 we show the contributions of the error of (3.7b), (3.8b) into com-
ponents parallel and perpendicular to B, for the linear field (7.2) (left) and the
nonlinear field (7.1) (right). Here the stepsize τ = 0.005 is fixed and θ = τ ∥B∥
is varied through ∥B∥, so that the panels directly display the θ-dependence of
the error for fixed τ . The qualitative behavior matches the leading-order terms of
Lemmas 6.3, 6.4 and 6.7 componentwise: the parallel position error is essentially in-
dependent of θ, the perpendicular position error decays with growing ∥B∥, and the
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Figure 3. Perpendicular velocity error for ϕ± filters (3.7b) and
(3.7a) (both with (3.8b)) versus θ = τ ∥B∥, together with the
leading-order error terms from Lemma 6.8, scaled by a constant
to match at θ = 1. For the errors, the stepsize τ = 0.01 is fixed
and ∥B∥ is varied.

resonances at τ ∥B∥ = 2kπ are visible predominantly in the velocity components.
The decay of the perpendicular position error is a consequence of (6.10), which
yields that it decays like 1/(τ ∥B∥) for large magnetic fields and shows no sign of
resonances. Moreover, we observe that the linear electric field already reproduces
all qualitative features of the general case, and the two panels differ only in the size
of the error constants.

Figure 3 examines the perpendicular velocity error in more detail and compares
it to the leading-order error terms derived in Lemma 6.8 and Table 1. The mea-
sured errors follow these curves closely over the whole range of θ, including the
non-monotone behavior up to the first resonance: position, height and shape of the
maximum near θ ≈ π are correctly predicted, as is the slow decay beyond it. In
particular, this confirms that for moderate values of θ the perpendicular velocity
error is completely described by the oscillatory leading-order term, which explains
the absence of a clear convergence order in this regime observed in Figure 1. Devia-
tions from the leading-order curves are visible only close to the resonances θ = 2kπ,
where the resonant terms resulting from the summation-by-parts step in the proof
of Lemma 6.6 become relevant. The additional resonances at odd multiples of π
arising from the off-diagonal terms in Lemma 6.7 vanish for the ϕ± filter functions

(3.7a), as ˜︁Φ⊥ = 0 if ϕ+ = φ1.
Figure 4 investigates the filter choice (3.7b), (3.8a), which is not covered by

the second-order result in Theorem 6.5 because Ψ1 ̸= 0 in Lemma 6.4. Thus,
the perpendicular position error drops to first order in general. The right panel
confirms that Ψ1 indeed constitutes the leading-order term: at fixed τ = 0.001, the
perpendicular position error follows the graph of

(7.3) |Ψ1(iθ)| =
⃓⃓⃓ sinc( θ2 )(cos( θ2 )− 1)

θ

⃓⃓⃓
across the whole range of θ, including the zeros at the resonances θ = 2kπ and the
decay for large θ. The left panel shows the convergence of all four error components
at the fixed non-resonant value τ ∥B∥ = 3. The perpendicular position error is of
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Figure 4. Filter choice (3.7b), (3.8a) with Ψ1 ̸= 0. The electrical
field was chosen 20 times larger for this experiment. Left: error
components versus τ at the fixed non-resonant value τ ∥B∥ = 3.
Right: perpendicular position error versus θ = τ ∥B∥ at fixed step-
size τ = 0.001, together with the leading-order term Ψ1 from
Lemma 6.4 given in (7.3) and scaled by a constant to match at
θ = 1.

first order throughout, as predicted. In contrast to the velocity error, however,
the order reduction propagates through eE,n in the error recursion (4.6), into the
remaining components. These therefore exhibit second-order behavior only as long
as the propagated first-order term is negligible, and drop to first order once it
becomes dominant visible in the left panel as a transition of the parallel error
terms from second to first order. The magnitude of the electric field was adjusted
to make the effect visible.

Lastly, we investigate the special case in which the derivative of the electric field
E′ commutes with the magnetic field matrix B. We pick a similar electric potential
as for (7.1), but varying in the direction of B and add an additional confinement
in direction orthogonal to B, i.e.

Vc(q) =
1

α2
sin2

(︂
αq⊤

B

∥B∥

)︂
+
β

2
∥P⊥q∥2 , α = 10, β = 0.03,

which leads to the electric field

(7.4) Ec(q) = −∇Vc(q) = − 1

α
sin

(︂
2αq⊤

B

∥B∥

)︂ B

∥B∥
− βP⊥q.

Its Jacobian is a sum of the parallel and perpendicular projection

E′
c(q) = −2 cos

(︂
2αq⊤

B

∥B∥

)︂
P∥ − βP⊥

and hence it commutes with B for all q. Nevertheless, the example is nontrivial as
E′

c is not a scalar multiple of the identity, P∥ or P⊥ and E′′
c ̸= 0.

In Figure 5 we compare the errors for Ec from (7.4) to the error for the generic
choice (7.1) and numerically verify Theorem 6.9. If E′ commutes with B then
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Figure 5. Error components of (3.7b), (3.8b) versus θ = τ ∥B∥
for a field pair in which E′ and B commute (squares) and do not
commute (circles). The stepsize τ = 0.01 is fixed and ∥B∥ is varied.

resonances effects are absent in the parallel errors, which are therefore constant in
∥B∥. The perpendicular velocity error shows leading order Φ⊥ behavior for both
choices, but again the resonant spike at τ ∥B∥ = π does not exist for the commuting
electrical field. Recall that the perpendicular position error does not suffer from
resonance effect in the general case, cf. Figure 2, hence we do not show it here.
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Appendix A. Useful identities

In this appendix we collect some identities and lemmas used in the proofs above.

sinch(z) = 1
2

(︁
φ1(z) + φ1(−z)

)︁
= 1

2φ1(±z)
(︁
1 + e∓z

)︁
,(A.1a)

sinch
(︁
z
2

)︁
= φ1(±z)e∓

z
2 ,(A.1b)

φ1(±z)e∓z = φ1(∓z)(A.1c)

φ1(z)φ1(−z) = φ2(z) + φ2(−z)(A.1d)

φ1(±z)φ1(∓ z
2 ) = sinch( z2 )φ1(± z

2 )(A.1e)

z
2 sinch(

z
2 )ψ1,cosh(

z
2 ) =

1
2

(︁
φ1(z)φ1(− z

2 )− φ1(−z)φ1(
z
2 )
)︁

(A.1f)

ψ1,sinh(z) =
sinh(z)− z

z2
= 1

2

(︁
φ2(z)− φ2(−z)

)︁
(A.1g)

φ2(z) =
1

4

(︁
φ2
1(

z
2 ) + 2φ2(

z
2 )
)︁

(A.1h)

φ2(z)φ1(−z)− φ2(−z) = φ3(z)− φ3(−z)(A.1i)

(φ2(z)− 1
2φ1(z))e

− z
2 =

sinch( z2 )− cosh( z2 )

z
(A.1j)

Lemma A.1. For ψ chosen as in (2.2) we have

ψ(z)∓ 2φ1(±z)Υ(z) = 2φ2(±z), Υ(z) =
sinch−1(z)− 1

z
.

Proof. First, note that by (2.4) and

sinch−1(z) =
2z

ez − e−z
= ± 2ze±z

(e±z − 1)(e±z + 1)

yields

ψ(z)∓ 2φ1(±z)Υ(z) =
2

z2

(︂
±z e

±z − 1

e±z + 1
−

(︁
e±z − 1

)︁(︁
± 2ze±z

(e±z − 1)(e±z + 1)
− 1

)︁)︂
=

2

z2

(︂
±z e

±z − 1

e±z + 1
∓ 2ze±z

e±z + 1
+ (e±z − 1)

)︂
=

2

z2
(︁
e±z − 1∓ z)

= 2φ2(±z).
This proves the identity in the lemma. □

Lemma A.2. For (2.8a) we have Ψ1 = 0.

Proof. Using (A.1h) and (A.1g) we have

Ψ1(z) =
1
2

(︁
φ2(

z
2 )− φ2(− z

2 )
)︁
+ φ1(z)φ1(− z

2 )−
1
2φ

2
1(

z
2 )− φ2(

z
2 )

= − 1
2

(︁
φ2(

z
2 ) + φ2(− z

2 )
)︁
+ φ1(

z
2 )
(︁
sinch( z2 )−

1
2φ1(

z
2 )
)︁

by (A.1e)

= − 1
2

(︁
φ2(

z
2 ) + φ2(− z

2 )
)︁
+ 1

2φ1(
z
2 )φ1(− z

2 ) by (A.1a).
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Finally, Ψ1 = 0 follows from (A.1d). □
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