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THE JUNCTION OF AN OPEN AND A CLOSED WAVEGUIDE FOR
PERIODIC MEDIA.

ANDREAS KIRSCH

ABSTRACT. In this paper we investigate the junction of a closed waveguide with an open
waveguide where the refractive indices of both waveguides are periodic with respect to
the axis of the waveguides. We allow also that the refractive index is locally perturbed.
We formulate a proper radiation condition for this problem which follows from a limit-
ing absorption principle and decribes the bahavior of the solution along the axis of the
waveguides (which we take to be the x; —axis) and also, for the open waveguide, normal
to it. Away from the junction the solution consists of linear combinations of propa-
gating modes travelling to the left or right, respectively, and a radiating parts which
decays (exponentially fast in the closed waveguide and of order O(1 /xi’/ 2) in the open
waveguide) along the x1—axis. We show well-posedeness of the problem by introducing
Dirichlet-to-Neumann operators and reducing the problem to a bounded region contain-
ing the junction of the waveguides. The Fredholm property of the problem is shown. By
intruducing the fluxes of this problem along the axis we show (partial) uniqueness.

MSC: 35J05

Key words: Helmholtz equation, open waveguide, closed waveguide, radiation condi-
tion, Dirichlet-to-Neumann operator, variational formulation,

1. INTRODUCTION

We first introduce some notations. We set RY = {x € R? : 25 > 0}. The waveguide
W is given by W = W~ U U WU~ UWT where W~ = (—o0,a) x (0,hg) denotes
the closed semi-waveguide on the left of 4 = {a} x (0, hy) for some hg > 0 and a < 0,
and W* = (0,00) x (0,00) denotes the open semi-waveguide on the right hand side of

= {0} x (0,ho) and W° = (a,0) x (0,hy) the bounded recatangle in between, see
Figure 1. Let w > 0 be the frequency, ny € L>°(W?) be the refractive indices which are
assumed to be the restrictions to W¥ of functions which are 27 —periodic with respect to
x1. Furthermore, let n, (z) = 1 for xo > hy for some hy > hy. Let n € L®(W) such that
n(x) > ng for some ng > 0 and

 n_(x) forxeW-
() n(x) = { ny(z) forx e I/I/”r
Without loss of generality we assume that a = —27( for some { € Z>1. We also define

the bounded rectangle Q" = (0,27) x (0, hy) as part of WT.

For any open set U C R? and m € {0, 1,...} the spaces H/".(U) are defined as
H(U) = {uly : U - C:ue HL(R*)}.

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID
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FIGURE 1. The geometry of the waveguide W = W~ U U W U~y U W™

loc (W#) are defined.

For some f~ € L*(W?) and f* € L*(QF) weset f = f~ in W° and f = f* in QF and
f=0in W\ (WoUQT) and consider the source problem to determine u € H,. (W) with

(2) Au+w?nu = —fin W, wu=0 for z, € OW,

and a radiation condition described in the following section.

(W) and H"

In particular, the spaces H]. o,

We finish this section by some remarks concerning the literature on this topic. The
coupling of closed waveguides of constant or layered (with respect to x3) media has a
long history, and it is impossible to list all of the relevant literature. The basic idea is to
reduce the problem to a boundary value problem in a bounded domain (the “junction”
of the waveguides) with the use of the Dirichlet-to-Neumann maps for the branches with
are closed semi-waveguides. We just mention the classical references [6, 8] and the more
recent works by [4, 3, 5] and the references therein. There exists much less work for the
coupling with open waveguides. The difficulty here is the correct choice of the trace space
on the vertical part {0} x (0,00) for solutions of the open waveguides. For a layered
medium an elegant approach has been suggested in [1]. The authors use a generalized
Fourier transform with respect to x5, based on the spectral decomposition of the vertical
differential operator % + n(xq), to construct the Dirichlet-to-Neumann map. We were

not able to treat the same problem for periodic media. Instead, our work was inspired
by the reference [2] where the same geometry as in Figure 1 was considered, but for local
perturbations of constant refractive indices.

The plan of this paper is as follows. In Section 2 we first formulate the correct radiation
condition corresponding to solutions of (2). This radiation condition consists of two parts.
With respect to z; — £o00 it combines the conditions for the closed semi-waveguide W~
and the open semi-waveguide W*. Furthermore, it contains a radiation condition as -
tends to infinity in the part W*. This radiation condition has been derived (separately
for both semi-waveguides) by the limiting absorption principle, see, e.g., [13, 14, 9]. Then,
in Theorem 2.7, we state the well-posedness of the problem.
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Section 3 is devoted to the proof of Theorem 2.7. In Subsection 3.1 we recall the results
for the closed semi-waveguide W~ (Theorem 3.1) and prove the corresponding result for
the open semi-waveguide W+ in Theorem 3.3 under the additional assumption that n*
is an even function with respect to z;. We consider the fluxes (which are used for the
proof of uniqueness) and show that are constant outside the supports of the sources. In
Subsection 3.2 we finish the proof of Theorem 2.7.

Finally, in Section 4 we add some remarks concerning possible extensions.

2. FORMULATION OF THE RADIATION CONDITION

First we recall the definitions of cut-off values and propagative wave numbers for periodic
open or closed waveguides. We recall that, for some a € R, a function ¢ : R — C is called
a—quasi-periodic if ¢ (x+27) = €2)(x) for all z € R. Obviously, 1 is a—quasi-periodic
if and only if the function x s e~**1)(x) is 2m—periodic.

Definition 2.1. (a) o € R is called a cut-off value if there exists { € Z with |a+ (] = w.
(b) a € R is called a propagative wave number_for the refractive index ny and frequency w
if there exists a non-trivial solution ¢ € H} (R2) of A¢p+w?ny¢ = 0 in R with ¢ =0 for
xo = 0 which is a— quasi-periodic with respect to x1 and satisfies the Rayleigh expansion
(3) Bla) = Y gpeVE IRl g, g

(e
for some ¢y € C where the convergence is uniform for xo > h for all h > hy.

(c) a € R is called a propagative wave number for the refractive index n_ and frequency w
if there exists a non-trivial solution ¢ € HL (R x [0, ho]) of Ap+w?n_¢ =0 in R x (0, hy)
with ¢ = 0 for xo = 0 and x9 = hy which is a—quasi-periodic with respect to 1.

The sets of propagative wave numbers o € R for ny are denoted by A*. For a € A* we
denote the space of (Floquet or Bloch) modes ¢ by M*(a).

The sets A* depend on the frequency w and on the refractive indices n., of course, but
we do not indicate this dependence.

We note that « is a propagative wave number or a cut-off value if, and only if, o + ¢ is a
propagative wave number or a cut-off value, respectively, for every ¢ € Z.

From the definition we observe directly that the set of all cut-off values is given by
{4w,~w} +Z = {ow+{ : 0 € {+1,—-1}, £ € Z}. Tt is obvious that « is a prop-
agative wave number with mode ¢ if, and only if, —« is a propagative wave number with
mode ¢. Finally, we note that M*(a) = M*(a +¢) for all £ € Z.

The following hermetian sesqui-linear forms play an important role.

(4) EX(u,v) = z/[u Oy 0 — 0 0pyu] dz for u,v € H'(Q)
Qi
where QT = (0,27) x (0,00) and @~ = (0,27) x (0, hg). We make the following assump-

tions.

Assumption 2.2. (a) Let tw not be propagative wave numbers for index n,, i.e. Tw ¢
AT,
3



(b) For every a € A* and every v € M*(a) with v # 0 let the linear form E%(-,v) be not
trivial on M*(a).

Frequencies w for which assumption (b) does not hold are sometimes called thresholds (or
cut-off values, see [5]), but we do not use these notations in the following. Then we have

Lemma 2.3. Let Assumption 2.2 hold.

(a) Let « € AY and ¢ € M™(«). Then the coefficients ¢, in the Rayleigh expan-
sion (3) wvanish for all ¢ € Z with | + «| < w. The corresponding modes ¢ are
evanescent, i.e. for every h > hqg there exist c,0 > 0 with |¢(x)| < ce "2 for
T2 > h.

(b) The mode spaces M*(«) are finite dimensional.

(¢) Let T} :={b}x(0,00) forb € R and letu € M* () andv € M*(B) fora, g € A"

and at least one of them is evanescent. Then E1(u,v) exists and
(5) Et(u,v) = 27Ti/(u8x117—278x1u) ds for anyb e R.
Iy
Furthermore, £ (u,v) =0 if « — B ¢ Z.
(d) LetT, = {b}x(0, hg) forb € R andletu € M~ (a) andv € M~ (B) fora,B € A™.
Then
(6) E (u,v) = 27Ti/(u8x117—278x1u) ds foranybeR.
Ty
Furthermore, £ (u,v) =0 ifa — ¢ Z.
(e) The sets AX N (=1/2,1/2] are finite.
Because of (e) we can number the propagative wave numbers in (—=1/2,1/2] by &5, j € J*,
where J* C Z are finite sets, i.e.
At (-1/2,1/2) = {aF:je J*}.
With the forms £ we construct a basis of the mode spaces Mi(df) for every j € J*.

Let j € J* and let ./\/li(dj[) # {0}. With the hermetian sesqui-linear form £* from (4)
and the inner product (u,v)+ = w’ [,: neuvdz in M*(6;7) we consider the self-adjoint

eigenvalue problem to determine )\jfj € R and non-trivial gbz%j € M(d]i), (=1,... ,m;-t =
dim M*(@;"), with
(7) EXNGi0) = A wZ/ni ¢y dx for all € M*(a7).

Q:i:
The eigenfunctions gbzt] are orthogonal with respect to the inner product (-,-)L. We
normalize the eigenfunctions such that <¢Zj,¢ij)i = 07p. Then {gbfj l=1,... ,m;-t}

is an orthonormal basis of M(&;) for every j € J. Furthermore, )‘Zj # 0 because of
Assumption 2.2 and, by part (d) of Lemma 2.3,

5*(@27 gbij,) = Opp b /\zj forall ¢ =1, ... ,m}t and ' =1,... ,m;.t/ .

We have shown in [10] that the Limiting Absorption Principle leads to this basis of
M= (&)
4



Now we can formulate the waveguide radiation condition.

Definition 2.4. Let v, € C*(R) satisfy Y (x1) = 1 for 1 > R and ¥y (x1) = 0 for
1 < R—1 for some R > 1. Define ¥_ by v_(x1) = ¥ (—x1). Then p_(z1) = 1 for
r1 < —Rand¢y_(x1) =0 forzy > —R+1.

Let W), == W nN (R X (O,h)) for any h > hy and let again f € L*(W) with support in
wouat.

A solution u € HL (W) of Au+ w?nu = —f in W with u = 0 on OW satisfies the
waveguide radiation condition if u has a decomposition in the form u = Upqq + Uprop SUCch
that

(&) Upaqa € HY (W) for all h > hy and

(&) upop(x) = Yilm) Y D afiofi(x) + vo(w) Y Y ap; ()

JeJ+eAﬁJ>o JEIT A ;<0

for x € W and some “Zj e C.
(b) Let

(Ftiraq) (&, x2) = \/7/umd (1, 22) sin(x1§)dzy, £ ER, x5 > hy,

be the Fourier transform of the odd extension of u,q.q(x) (or the sine transform of
Uraq if one drops the factor —i, see (19) below) for xo > ho.' Then u,qq satisfies
the generalized angular spectrum radiation condition

() lim / 100 (Ftrad) (€, 02) — iv/2 — € (Furaa) (€, 00)[2dé = 0.

To2—00

Remark 2.5. o We note that the choice of ¥+ has no influence of the form of az'fj
but only on Upeq-
e We observe that

Uprop(T) = Z Z a“ ¢gj forzy > R, o >0 and

JEST NS>0
Uprop(T) = Z Z ay; Gpi(w) forzy < —R, 0 <z9 < hg.
JEJT N, <0
It is the aim to prove well-posedness of the problem under the following additional as-
sumptions.
Assumption 2.6. (a) Let ny (-, x2) be an even function (i.e. ny(—x1,x9) = ny(x1,x2)
for almost all x € R2 :=R x (0,00)).
(b) Let w? not be an eigenvalue of —LA in HJ(W).

(¢) Let w? not be an eigenvalue of —==A for both closed semi-waveguides (—o0, 0) X (0, ho)
and for (0,00) x (0, hy) with respect to homogeneous Dirichlet boundary condition.

1t exists as a L2-Function because uyqq € HY(Wy).
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Assumption (a) is a technical assumption needed for our proof. We believe that it is not
necessary for the result to hold. Part (b) is a standard assumption and excludes resonances
w for the problem. Part (c) of Assumption 2.6 is also a technical assumption and is
always satisfied if n_ is an even function with respect to z1. (This follows from part (b)
of Assumption 2.2 and the finiteness of A_ by Lemma 2.3.) This assumption implies
that w is not a resonance for both closed semi-waveguides W~ = (—o0,a) x (0, hy) and
(a,00) x (0, ho) with respect to n_. Indeed if u € H} (W) satisfies Au+w?n_u = 0in W~
then v(zy, 22) = u(zy — 21l, z5) satisfies v € H{ ((—00,0) x (0,ho)) and Av + w?n_v =0
in (—00,0) x (0,h) because & = —2xf. The same argument holds for solutions u €
H{((a,00) x (0, hg)).

It is the aim to prove the following main result of this paper.

Theorem 2.7. Let Assumptions 2.2 and 2.6 hold. Then, for any f € L2(W) with support
in WO U QT there exists a unique solution u € H} (W) with Au+ w?nu = —f in W, the

loc
boundary condition u = 0 on OW, and the waveguide radiation condition of Definition 2.4

in W. Furthermore, the mapping f — uly is bounded from L*(W°U Q") into H*(V) for
all bounded domains V C W.

We will prove this theorem in Section 4.

3. THE SEMI-WAVEGUIDE PROBLEMS AND THE FLUX

We define the Sobolev space
Hy?(0,ho) = {lione) : ¢ € HYX(R), ¢(t) =0 for t ¢ (0,h)}

and identify Hé/Z(’y) and Hé/z(’?) with Hé/Q(O, ho) where 4 = {a} x (0, hy) and again
7= {0} x (0, ho).

We consider first the closed semi-waveguide W~ = (—o0,a) x (0,hg). The following
theorem has been proven in, e.g. [7, 14, 5].

Theorem 3.1. Let Assumption 2.2 and part (c) of Assumption 2.6 hold. For any ¢ €
(W) of Au™ +w?n_u~ =0 in W~ and

HS/2(’AY) there exists a unique solution v~ € H}.

u” =0 o0on IWNW~ and u™ = ¢ on 7y which has a decomposition into u™ = U, 4+ Up,,,
where u,,, € H'(W™) and u,,,, has the form
(10) Up(T) = D D gy byyla), ;<

JETT A ,<0

for some a, ; € C. Furthermore, for every bounded domain V-.C W~ the mapping ¢
u” |y is bounded from Hé/Q(ﬁ) into H*(V).

We turn to the open semi-waveguide W+ and want to prove an analogous theorem. First
we prove an auxiliary result.

Lemma 3.2. For any ¢ € H)*(y) there exists_a unique solution w* € H'(WT) of
Awt —wt =0 Wt and wt =0 on OW NW+ and w* = ¢ on . Furthermore, the
mapping ¢ — wt is bounded from Hé/z(’y) into H*(WT).

Proof. This follows easily from the coercivity of (u,v) — [ [Vu -V + uzﬂ dx. d
6



Under Assumption 2.6 the function zy +— ny(x1,z5) is even. Then we note that, if gbZ]
is right going, i.e. A\j; = E7(¢;,.0;;) > 0, then quj( ) = qbgj( T1,Ta) is also a solution
of the differential equation which is left going because 8+(¢M, @J) —8+(¢Zj, ¢Zj) < 0.

Furthermore, ¢, ; and gbjj do not coincide because otherwise /\2'] = 5+(gb;j.gz5jj) =0
which contradicts Assumption 2.2. Therefore, there are exactly the same number of
right going modes as there are left going modes (corresponding to the same dj), i.e.

mJr is an even integer. Therefore, it is convenient to renumber the modes such that
{¢“ (=1,. ;“/2} are right going and {QSZ] = —mj/Q, ..., —1} are left going
and ¢ (— xl,:cg) ¢Ly (w1, 29) and AT, - = =X/ for all £ and j.

Theorem 3.3. Let Assumption 2.2 hold and let ny be an even function with respect to
x1. For any ¢ € H&m(’y) and f+ € L*(QF) there exists a unique solution u* € HL (W)
of Aut +wnjut = —f* in VV+ and ut =0 on OWNW+ and ut = ¢ on v which has
a decomposz’tz’on into ut = ul ,+ut where ut , € H(W, N WT) for all h > ho* and
has the form

pTOP
pT’OP
m;’/2
(11) Upop(T) = Z Z ay; o4 ;(x), v >0, 23>0,
jeJt f=1
for some aZj e C.

Furthermore, for xo > hq the radiating part u , satisfies the generalized angular spectrum
radiation condition (9), the Sommerfeld radiation condition in the form

(12) sup /Jae] i ()] + sup VIel|gua(@)] < oo,

IET

for all T > 0 where A; = (0,00) x (ho + T, oo) and

(13) /1 sup |8 ul () — ik umd(x)‘ — 0, 7 — 00,
zeCr

for all T >0 whereC""—{a:ER2 x1 >0, my > ho+ 71, |2| =71}
Furthermore, w , has the following asymptoptic behavior as r; — 00 or x5 — 00:

o Let Qup = (20m — m),2¢m + 7)) x (0,h) for £ € Z. For every h > hq there exists
c(h) > 0 with

C
(14) ||U:_ad||H1(QLh) < |€|—3/2 ||f+||L2(Q+) forallt eN, {>1.

e There exists p € L'(R) with

(15) 0@ + [ Vtraale)] < 22 pa1)

for all x € W with o > hy + 1.
o For every b > 0 there exists c¢(b) > 0 with

c(b) c(b)
16 * < —= d |0zu < —= l 0,b dxzy>h 1.
( ) urad('%.)‘ = \/33_2 an ’ 1 'r’ad )| = 2 fO?” akt x1 € ( ) ana ra = g +
Finally, for every bounded domain V- C W the mapping (¢, fT) — u™|y is bounded from
H)? () x L2(Q*) into H'(V).

2Recall that W, N W+ = (0,00) x (0, h)



Proof. For given ¢ € Hé/Q(y) let wt € HY(WT) be the solution of Awt —wt = 0
in W and w™ = ¢ on v as in Lemma 3.2. Let n € C*°(R?) such that n(z) = 1 on
(—1,1) x (=1,ho+1) and n(z) = 0 for x ¢ (—2,2) x (=2, ho +2). We define the function
g€ L*(R x (0,00)) by

g :=A+wn)(nwt) = nut(l+w’ng)+2Vy-Vu' +w" Ap for z; >0
and g(x1,29) = —g(—x1,25) for 1 < 0. Then g(-,x2) is an odd function. Analogously,
we define f by f(z) = ft(z) for &; > 0 and f(zy,20) = —f(—x1, 22) for 1 < 0. Then
also f(-,x3) is odd.
Now we consider the open waveguide problem in R3 = R x (0, 00) with refractive index n.
and source f+g. Since f and ¢ have compact supports there exists a unique v € H, lloc(JRTi)
with Av + w?nyv = —f — g in R2 and v = 0 for x5 = 0, satisfying the open waveguide
radiation condition (see, e.g, [9]). That i, v = Vyaq + Vprop With v,q € H! (]R x (0, h)) for
all h > hy and

+
m; /2

Vprop() = Z Z ag; gsz(x) for x; > 1 and

jeJ+ =1
-1
Vprop(T) = Z Z ag,j(sz(x) for x; < —1,
JEIt t=—m] /2

where a,; € C are given by

271 ~ .

(7)) ay; = B f(x) +9(@)] () de, €=—-m]/2,....mf[2, jeJ.
£,j

R

Furthermore, v,,4 satisfies the generalized angular spectrum radiation condition

T2—00

(18) lim /’3x2(]:vrad)(§,x2) — iy w? — &2 (]—"vmd)(ﬁ,xg)|2d§ =0

where

(19> (—FU d)(é Ig) = L 7OU d(ﬂfl LUQ) e~ ®1é dxy EeR, x> hy
ra 9 . \/%_ ra bl ) 9 ?

denotes the Fourier transform with respect to x;. Finally, v,.q satisfies the Sommerfeld
radiation condition analogously to (12), (13) and has the asymptotic behavior (14), (15),
and (16). (For (12), (13), and (14) we refer to Theorem 6.1 of [9], for (15) to Lemma 2.7
of [9] or Theorem 2.10 of [11]. The first estimate of (16) has been shown in Theorem 6.2
of [9] or in Theorem 2.10 of [11], the second estimate in Theorem 3.2 of [12].)

Now we observe that v, v,qq, and vy, are odd functions with respect to z; because n4 is
even and g + f is odd with respect to z1. Indeed, the form (17) and the facts that f + g
is odd and gsz(—xl,xz) = gbf&j (21, x2) implies ay; = —a_y; which shows that vy (-, ¥2)
is odd. Since v,.q solves a source problem with the even index n* and an odd right hand

side also 0,44 has to be odd because of the uniqueness result.
8



Therefore, (18) is equivalent to (9) and v vanishes for x; = 0. The function ut €
H (W), defined as ut := nw*t + v, solves Aut +w?n,ut = g+ Av+w?n,v=—f*+in
W+ and ut =0 on OW N W+ and vt = ¢ on v, and has the asymptotic behavior (14),
(15), and (16) Furthermore, u™ has the decomposition u* = uf., + u’,, with w}.,  from

+ + + + + + +
(11) and u! , = ut — Uptrop = Vrad + MW" + Uprop — Uy, in W Since nw™ + vprop — g,

vanishes for r1 > 1 and decays exponentially to zero as x5 — 0o we conclude that also
wl, € HY (W, NWT) for all h > hg and satisfies (12)—(16).

Finally, the mapping ¢ — w™ is bounded, thus also ¢ — ¢ from Héﬂ(fy) into L? ((—2, 2) x
(—2, h0+2)). Since, for given bounded domain V' C W, the mapping (g, f) — vy is also
bounded we conclude that the mapping (¢, f*) — u*|y is bounded from H, 1/ (7)) x LX)
into H'(V). O

The following theorem shows that the fluxes are constant and negative on W~ and con-
stant and positive on W\ Q7.

Theorem 3.4. Let Assumptions 2.2 and 2.6 hold. Let again Ty := {b} x (0,00) for b >0

and I') = {b} x (0, hg) for b < 0.
(a) Let vt € H.L (W+) and v~ € H. (W~) be the solutions of the boundary value
problems described in Theorem 3.3 and Theorem 3.1, respectively, for some (¢, fT) €

Hé/Z(’y) X L2(QF) and ¢ € HS/Q(&), respectively. Then

EF(uF) = 2Im/u_ié?mujE ds
Ty
are well defined for every b > 0 or b < a, respectively.

(b) The fluzes & (u™) and & (u™) are constant with respect to b > 27 and b < a,
respectively, and

+/2
1 1
glj_(u—’_) = %S+(U+,U+):%S ( Upqds 'rad +_Z Z )\ ‘aZ] b>27’(’7
jeJt L=1

-1
o L., 1 Z Z - .
gb (u ) = % g (u 7u ) - g ( Tad, rad E )\£7J|a/e’]|2, b < a,,

jeJ— Z:—m+/2
with £ from . Furthermore, &% (u* > 0 and thus £E* (u*r, ut) > 0.
rad rad

ad u}op and u™ are right-going (their fluxes are non—negative)

We observe from (20) that
and U, 4, U,,,, and u~ are left-going (their fluxes are non-positive). This is exactly what

one expects.

Proof. (a) The existence of & (u,,,) and &(u~) for b < a are obvious by the trace

theorem and the boundedness of T';. The existence of & (v ;) for b > 0 follows since

wl (b, x2) Opyuf (b, :UQ) (1/x3/2) by (16). The existence of & (u™) is obvious by the

exponential decay of u,,.

We continue with &'. The case of &, is treated analogously (replace H by hg in the

application of Green’s theorem below). Let 27 < a < b and v = ut or v = u , or
9



v = uf,, Then Av + w?nv = 0 in (a,b) x (0,00) because f* vanishes in this region.

Application of Green’s theorem in the rectangle (a,b) x (0, H) for some H > hq yields

H H b

/[v@mlv—v@clvhl_admg — /[v@wlv—vﬁxlv]xl_bdmg = /[v(‘?mv—vﬁxzv}m_}[dxl.

0 0 a

Therefore £ (v) = & (v) follows for all choices of v since the integral on the segment
(a,b) x {H} tends to zero as H tends to infinity. From (5) we conclude that & (v) =
=& (v,0).

2 )

(b) We restrict ourselves again to &, (u™) for b > 27, By the decomposition u* = u} , +

u;mp we obtain & (u) = & (trad) + & (Uprop) + 2Im fr; [t 8m1u;;,,op + Ufrop Opuf lds.
We show that the integral vanishes. For R > b and H > hg we apply Green’s theorem in

(b, R) x (0, H) and obtain

H H
Im/[m a9731u;rrop + %awlujad]QUl:b dl’z = Im/[m a’/Ulu;;ﬂop - u;rrop aﬂ?lﬁ]xlzb dl’g
0 0
H R
= Im /[m axlu;;’op - uz—;’op 8551@]961:1% d[[’g +Im /[m axzuz—;’op - u;_rop 0552@]302:17 dxl
0 b

We keep H fixed and let R tend to infinity. Then the first integral on the right hand side
tends to zero and thus
H

ot + Py +
(2]') Im /[urad agUl uprop + uz_rop agUl urad]xlzb dIQ
0
00
— + + + e
- Im /[urad axQ uprop - uprop 8502 urad]Z'Q:H dxl
b

< cllu)g (- H) iy 4 100w H) | 1my) €77

where we used the estimates |w}., (z1, H)| + |0p,ut, (21, H)| < ce”". From (15) we

obtain the estimate [|u (-, H)||11®) + |0z t)oy (s H) || L1 r) < ¢ H. Therefore, the integral

(21) is estimated by cHe " which tends to zero as H tends to infinity. This shows
(c’,lj(u—’—) = Elj(u;rad) + gj(u;—rop)'
Next we compute & (u},,) for b > 27. From the form of w}. for z; > 27, and the

prop
orthogonaliy of {(ij} with respect to £7 we obtain

m7 /2
1 1 ’
g;_(u;rop) = %S—F(u;ﬂop?u;_rop) = % Z Z |aZj‘2g+(¢Zj7¢Zj)
jeJt+ (=1
1 mj/?
S 3P TATY
jeJt =1
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Finally, we show that & (u ;) > 0 for b > 27. For H > hg+ 1 we apply Green’s theorem
in the region

Dy = {xERi:|x|<H,b<x1<R

H)} where
(see Figure 2) and obtain

= VH? — (ho +1)2

T2
H ----- T~
S(H)-emnemm iy
\\\ C’H
h() +1 F-------mm- i \-‘\
i )
b R(H)
F1GURE 2. The region Dy
S(H) ho+1
Im / mdﬁxlumd _ydry = Im/umda ul  ds + Im / [@&Clu;d]m:mm dxs
0
where S(H) = VH? — b2 and C* = {z € R?

1o el =

H, b <z < R(H)}. The last
integral tends to zero as H — oo by the decay of v, and 9,,u , as 1 — co. We write
the first integral on the right hand side as

Im / ul Out

rad ds Im/m[ﬁlju;d_ikuxzd] ds + k/ |ujad‘2d8

CH CH
The first term on the right hand side converges to zero by the Sommerfeld radiation
conditions (12), (13). The second term is non-negative
The case of & (u~

) is treated analogously. The proof is simpler because x5 is restricted
to the bounded interval (0, hy).

O
4. REDUCTION TO A BOUNDED DOMAIN AND PROOF OF THEOREM 2.7

By Theorems 3.1 and 3.3 we can define the Dirichlet-to-Neumann operators A~ : H,, /2 () —
H2(3) and A* : Hy*(3) x LX(QY) = H™2(7) by ¢ = Op,u |5 and (9, f1) = Opyu],
respectively. We consider the following variational equation in the region W

11

= (a,0) x



(0, ho) to determine u € X with

/[Vu-w—w?nw} dx :/A+(u,f+)¢ds —/A‘uwds +W/Of—¢dx

(22> wo v ¥
= [ AT(w,0)ds — | Auds + [ AT(0, fN)bds + | fdx

for all ¢y € X where X = {u € H'W° :u=00n0WNW} = {u e H(W°) : u =
0 for To € {O,ho}}

Lemma 4.1. Let Assumptions 2.2 and 2.6 hold. Then A~ : 1/2( ) = H'%(%) and
AT(,0) H1/2( ) — H™'2(7) have decompositions into A~ = A~ + C~ and A*(-,0) =
At + C where C* are compact and FAE are coercive, i.e. f (A~ ¢) dpds > c||¢HHl/2

for all ¢ € H0/2( and — f7 (A ¢) pds > c||¢||H1/2 for all ¢ € Hl/Q( ).

Proof. We begin with A~ set Q= := (—o00,a) X (0, hg) for the moment, and define A-
by A~¢ = &Elw—‘& where w™ € H'(Q7) solves Aw™ —w™ = 0 in Q~, w~ = 0 for
x9 € {0,ho} and w~ = ¢ on 4. Existence and uniqueness is assured because (u, ) —
fQ_ [Vu - Vi) + uip] dz is coercive. We conclude that f (A= ¢) dpds = f Oy w™ w—ds =
Jo- IVw™? + [w™Pldz = [lw™[[fng-) > CH¢HH1/2 by the trace theorem.

We now choose p € C*°(R) with p(z1) = 1 for 2 Z a—1and p(z;) =0 for z; < a— 2.
Then A=¢ = Oy (pw‘)’&. We define the operator C~ by €~ = A~ — A~, thus C~¢ =
O, (u — pw‘)’ﬁ = 8$1v|ﬁ where v :=u~ — pw~ € H'(Q~) solves

Av+wnv = —(A+wn)(pw”) = —[(wn_+1)pw 420 Opw™ + p'w™]

in Q= and v = 0 on Q. Since the right hand side is compactly supported and in L*(Q~)
standard regularity results imply that v € H2_(Q~), which shows compactness of C'~.

Now we turn to At and proceed similarly. The operator At is defined as At¢ = 8m1w+}7
where wt € HY(WT) is given as the solution of Aw™ — w™ = 0 in W, wt = 0 on
OW N W+, and wh = ¢ on =, see Lemma 3.2. Then —AT is coercive by the same
arguments as above. Now we choose p = p(z1,23) as in the proof of Lemma 3.2 and

observe that Ct¢ := At — Atg = 8%1”‘7 where v := ut + pwt € HY (W) solves
Av+wniw = —(A+wny)(pwt) = —[(wny +1) pw™ +2Vp- V' + Apw]
in Wt and v =0 on OW™. O

The variational equation (22) is written as

ar(u, V) + as(u,v) = /A+(O,f+)1/_1ds - /f_zﬁdx for all ¢ € X
WO

v
12



where

ar(v,¢) = /[V%V@—i—vﬂ dx —/f\*v@ds —l—//A\mst
Y ¥

wo

as(v,) = —/(uﬂn—i—l)v@dm —/C’JFU@/_)ds +/C'_U1Z_)ds
wo gl gl

for v,7) € X. Using the theorem of Riesz, the compact embedding of X into L?(W?), and
the previous lemma we can write this as

Au+ Asu =7
with a coercive operator A; and a compact operator A, from X into itself.

Therefore, A; + A, is a Fredholm operator, and it remains to show injectivity of A; + As.
This is equivalent to showing that u = 0 is the only solution in X of (22) for f* = f~ =0
which in turn is equivalent to showing that u = 0 is the only solution in H} (W) of (2)
for f = 0 satisfying the radiation condition of Definition 2.4.

Therefore, let u € HL_(W) be a solution of (2) for f = 0 satisfying the radiation condition
of Definition 2.4. Then the restrictions u* := u|y+ and u~ := u|y - are solutions of the
semi-waveguide problems in W' and in W™, respectively, for ¢ = ul, and ¢ = uls,
respectively.

Let a < a and b > 27 and H > hg and define the part W,; g of the waveguide by

Wopn ={xeW:a<xz <b, vo < H}. Application of Green’s theorem in W, ; i yields

ho H
/ [[Vul> = w’n|ul’] dz = —/[u(‘)xlu]xla dry + /[u@xlu]xlb dxy
Wa bt 0 0

b
+/[u+ 8x2u+]x2:H dl‘l .

0

In this equation we can let H tend to infinity. Since u(xzy, H) O,,u(x1, H) converges to zero
as H — oo uniformly with respect to z; € (0,b) (use (16) for u' , and the exponential
decay of ul‘;nop) we observe that the third term on the right hand side tends to zero and
thus (taking the imaginary part) £, (u) = & (u). Since a — &, (u) is constant on (—oo, @)
and non-positive and a — & (u) is constant on (27, 00) and non-negative by Theorem 3.4
we conclude that £ (u,u) = ET(u, u) = 0 which implies from (20) that az'fj vanish for all ¢

and j. Therefore, u = u,qq € H' (W) for all h > hg where again W), := W N (R x (0, h))

Now we proceed as in the proof of Theorem 3.3. of [9]. For fixed h > hy we apply Green’s
Theorem to w in W}, which yields

Im/u*(ml,h) Opyu™ (21, h)dry = 0
0

because u vanishes on dW. Now we extend ut to an odd function u°¥ (with respect to

1) into the half plane R x (h,00). Then u*® € H'(R x (h, H)) for all H > h (since
u™ vanishes on {0} x (h,00)) and Im [*°_uo¥(zy, h) O,,u®™(x1, h) dzy = 0. We denote
13



by @ = Fu°®™ the Fourier transform of u° with F from (19). Since u°¥ satisfies the
Helmholtz equation Au® 4 w?u°% = ( for x5 > h we conclude that @(&, x5) has the form

a(E 1) = { i 1) T, <o

N (ea—h and x> h,
(&, h) em VETR ) e s )

and

X )i = A, h) etV e <
U(57$2) — { 52—(,()2 ( ) /€2 w2 (zo—h) |£| > w

Plancherel’s Theorem yields

:Im/ (&, h) Op,u(E,h) d /\/aﬂ £2|a(¢, h)|* dé

which implies that (¢, h) = 0 for |{| < w and thus also (£, z3) = 0 for |{] < w and
x9 > h. For || > w we compute
[ yom (e, h)[?
/ iléan) dre = fa(e 0 [ e VEFe g, - G
2\/E2 — 2
h h
Since u" is a solution of the semi-waveguide problem in W+ with ¢ = u|, € H1/2( )
Theorem 3.3 (estimate (14)) yields that = — u**(z) is in L'(R x (h, h + 1)). Therefore
the Fourier transform (5 ,Tg) — u(&, x9) is continuous and thus also & — (&, h). This

implies that & — [2EME g iy L'(R) and proves that (note that (-, h) is odd)

Vew?
//‘uodd(xl,xQ)Pd:cld:Cz = //y (&, 22)|P dE day = \/ﬁdf < 0.

h —oo w
The arguments for the derivatives with respect to x; and x5 follow the same arguments.

Therefore, u € H'(WW) and thus has to vanish by Assumption 2.6. This ends the proof of
uniqueness and thus also of the proof of Theorem 2.7.

5. EXTENSIONS AND REMARKS

5.1. A scattering problem. For given incident field u‘™® the scattering problem is to
determine the total field ' as a solution of Au't + w?nu’® = 0 in W and u'* = 0 on
OW such that the scattered field u® = u'® — u'™¢ satisfies the radiation condition. We
make the Assumptions 2.2 and 2.6. Let u" be a right-going mode with respect to n_, i.e.
u™ = ¢, . forsome jo € J~ and £y € {1,...,m; } with Ay, j, > 0. We choose p € C*(R)
with p(z1) = 1 for 21 < 24 and p(z1) = 0 for #; > 3a and make the ansatz u'(z) =
p(z1)u™(x) + u(x). Then u solves (2) with f(z) = 2p'(x1)0p,u™(x) + p"(21) u'™(z)
which is supported in (3a, 3a) X (0, hg). By Theorem 2.7 there exists a unique solution
U = Upad + Uprop Which satisfies the properties of Theorem 2.7. In particular u is right-
going for x; > 0 and left-going for x; < 0.

For € W~ with #; < 24 we have u'(z) = u™(z) + u(z), Le. u’(x) = u(z) =

14



Upad(T) + Uprop(x) Which is left-going. For x € W we have u'(z) = u(z), i.e. u’(z) =

u(x) = ¢y, o () = Uraa(T) + Uprop(®) — ¢y, 4, () Which is right-going.

5.2. Different periods of n_ and m . In this manuscript the periods of n; and n_
are both chosen to be 2. This is done by keeping the notations as simple as possible.
However, we can replace them by L™ and L™, respectively. The terms ¢ + « have to
be replaced by Eg—i in W+ and ff—’f in W™, respectively, which has implications in the
definitions of, e.g., quasi-periodicity, cut-off values, and the Rayleigh expansion. The

analysis, however, is the same, only the notations are more technical.

5.3. Changing the shape of the upper part of the boundary of W~. We can
replace the part (—o00,0) x {ho} of OW ™ by the graph {(x1, h(z1) : 21 < 0)} of a periodic
(with the same period as n_) Lipschitz continuous function h : R — Ry such that A
and 1/h are bounded on R. Then we set hy := h(0) in the coupling. This would not
change anything of the analysis — besides a bit more technical description including more
notations.

5.4. Junction of several closed semi-waveguides. The axes of the closed and open
waveguides don’t have to coincide. Also, the coupling of more than one closed semi-
waveguides with an open waveguide can be treated, such as, e.g., in the configuration of
Figure 3.

Wwo 4

Wy
FIGURE 3. A more general configeration
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