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SCATTERING FROM THIN-COATED OBJECTS: A
HIGH-ORDER FINITE ELEMENT METHOD

THEOPHILE CHAUMONT-FRELET AND JULIAN DORNER

ABSTRACT. We study the scattering of a time-harmonic acoustic wave by a
thinly coated object. The coating is replaced by an effective boundary con-
dition of second order, which involves the Laplace—Beltrami operator on the
surface of the object. Conditions of this type are also known as Ventcel bound-
ary conditions. For a coating made from a metamaterial with negative effective
density, the usual “coercive + compact” framework degenerates as the absorp-
tion of the coating tends to zero, and it fails for a lossless coating. In this work,
we introduce new arguments to show that the problem is well-posed even in
the degenerate case. We then analyze its finite element discretization by La-
grange elements of degree p on a curved mesh and show that a quasi-optimal
solution under an optimal resolution condition already known in the absence
of Ventcell boundary conditions. The second-order boundary condition in the
metamaterial regime therefore degrades neither the resolution condition nor
the achievable order of convergence.

1. INTRODUCTION

1.1. Motivation. Scattering objects can be coated by a thin reactive layer in or-
der to tailor their response to acoustic waves. From a computational perspective,
resolving a thin layer by a mesh is prohibitively expensive. The layer is therefore
often replaced by an effective boundary condition on the surface of the coating.
Such a condition is obtained from an asymptotic expansion in the layer thickness
J, going back at least to [21]. We briefly sketch this expansion for time-harmonic
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F1GURE 1. Close-up of the coating. The boundary Iy of the scat-
tering object carries the layer T's = { z+sn(z) | € Ty, s € (0,9) }
of thickness . The hatched region is the rigid core.

acoustic scattering. The acoustic wave is assumed to be time-harmonic with the
convention e~** where w > 0 is the frequency. The material is assumed to be
homogeneous throughout, described by the density pg and compressibility «¢ in
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2 THEOPHILE CHAUMONT-FRELET AND JULIAN DORNER

(2, and the relative density p; and relative compressibility #«; in the thin film I's.
Then, the wave pressure u satisfies the following Helmholtz equations in €2 and T's:

Au+k*u=0, inQ, Au+ k;u =0, inTy,
with the wavenumbers k2 = w2p0,‘$0 and k]% = pf/sfk2. At the material interface,
the pressure satisfies the transmission conditions
_ -1
(ulo)[r.. = (ulry)|r.. (po " Onula)Ir.. = ((pops) ™ Onulr,)
To expand u around Ty, in the direction of the normal n, we assume that the layer
is thin compared to the wavelength inside the film, i.e. kfé < 1, and thin compared

to the radii of curvature of I's.. This allows for a parametrization of the thin layer
relative to the scattering objects boundary T'g.:

I's={z+sn(z) |z €T, s €(0,0)}.

Thus, we employ the ansatz

.., on Is.

u=1ug + suj + %uQ +O(s%).

It remains to match the transmission condition at s = 0, the film equation inside
T's, and the sound-hard boundary condition of the core at s = §. The latter, i.e.
dsu = 0 at s = 4, implies that u; = —dus + O(62). For the film equation inside
the layer, we write A = 82 + H(x,s)0s + Ar.., where H denotes the sum of the
principal curvatures. Evaluation at s = 0 gives ug = —(Ar,, +kfc)uo+0(§). Finally,
continuity of the normal velocity at s = 0 gives ijlul = Opu. Chaining the three
relations and using k‘?/pf = msz provides

1 0 1)
Opu = —uy = ——uy + 0(6%) = — (A, + k‘?)u + 0(6%).
P P P
The coating is replaced, to leading order in §, by the effective boundary condition
ko
Onu — aku + %pru =0, onlg, a = kdry, = o (1)
f

The same condition, with py and sy replaced by the relative permittivity and per-
meability, governs the electromagnetic problem of a TM-polarized wave scattered
by a coated perfect conductor.

Both coefficients in (1) are dimensionless and carry the small thickness kd <
1 of the layer, so that they are of order one only for a so-called metamaterial.
Indeed, 8 = O(1) forces |ps| < 1. Metamaterials exhibit properties beyond those
found in nature and are typically built from fine structures that can be modeled by
effective, continuous material parameters. For example, materials with near-zero
or even negative effective density p; have been realized, and we refer to [16] for a
comprehensive introduction to sonic metamaterials.

Mechanically, 1/p is a measure of mobility. The tangential term is therefore large
precisely when the layer is easy to move along the surface, so that it can transport
energy tangentially. This non-locality allows for evanescent surface waves on the
scattering object, see, e.g., [29,35]. In contrast, an ordinary lining has p; = O(1),
hence 8 = O(kd), and one recovers the classical impedance condition, in which
every point of the surface responds independently of its neighbors. The surface
term is thus exactly what makes the coating non-locally reacting.

In this manuscript, we are interested in materials that exhibit a negative effective
mass density, i.e. Repy < 0. Such a negative effective density is realized by locally
resonant [29] and by membrane-type [34] metamaterials.

Likewise, a = O(1) forces |/f]71| = |Ky| = O(ké), a near-zero effective bulk
modulus. Such a metamaterial is realized in [22]. Materials that exhibit both a
negative density and a negative modulus are described in [16,30].
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Assuming that the layer is passive, i.e. Impy > 0 and Im sy > 0, we arrive at
the following parameter regime, which we cover in this manuscript,

a€eC, Ima>0, seC, Ref>0,Imp>0. (2)

Generalized impedance boundary conditions like (1) have been studied thoroughly
in the literature. See, e.g., [2,6,7] for the Helmholtz case, or [11,27] for the Maxwell
case. To the best of our knowledge, a parameter regime like (2) has not been covered
yet. It breaks or degenerates the ellipticity assumption on the principal part of the
equation as Im 8 — 0, so the problem no longer fits into the “coercive + compact”
framework.

Our model problem (3) below truncates the domain 2 at an exterior boundary
T'ex with an absorbing boundary condition and is reformulated as a scattering prob-
lem. Furthermore, we are interested in the high-frequency regime k& > 1. We show
that the problem is still well-posed in the sense of Fredholm, and that a unique
solution exists under the passivity assumption in (2). The remainder of the manu-
script is then concerned with the finite element discretization of the problem. On
a curved mesh of mesh size h, we show that Lagrange elements of degree p are
quasi-optimal subject to the common resolution condition. Precisely, if

kh < 1 and k(kh)PCso1 < 1,
then the finite element discretization wu;, satisfies

I — wn | S minfu — onl],
Uh

with a constant independent of k& and h. Here, C, denotes the normalized norm
of the solution operator. In particular, the second-order boundary condition with
the non-standard parameter regime (2) degrades neither the resolution condition
nor the achievable order of convergence.

1.2. Setting. We consider for d € {2,3} a bounded domain Q C R? with boundary
I' = 9Q € C7!, where v € N;. The boundary is further divided into two disjoint
parts I' = I'ex UT.. Here, I'ey is the connected exterior boundary of Q, and Ty,
is the connected interior boundary of the scattering object. We assume that both
boundaries are well separated, i.e. dist(Tex, I'sc) = 1. Note that we restrict ourselves
to the case of one scattering object to keep the presentation tight.

We seek a solution u : 2 — C of the scattering problem

—k%u — Au = f, in Q, (3a)
Ot — aku + %Arscu = Gsc» on [y, (3b)
8nu —thu = Jex» on FeX7 (3C>

where k£ > 1 denotes the wavenumber and n the outer unit normal. The functions
f:Q—=C, gox : T'ex = C, and g5 : I'sc = C are given data. The two material
parameters «, 3 € C on the scattering boundary Iy satisfy (2). Note that we are
only interested in the high-frequency regime and assume that the wavenumber is
bounded from below, i.e. kK > kg > 0. Hidden constants might depend on k.

1.3. Notation. Throughout the manuscript, we consider the Lebesgue space L?(Q2)
of square integrable, complex valued functions u : € — C. The inner product is
denoted by ( . | . ) o+ Which is assumed to be linear in the first component, and
anti-linear in the second component.

Similarly, we denote by L?(I') the space induced by the surface measure with
inner product ( . | . )F7 following the same convention with respect to linearity.

For real s > 0 we denote by H*(2) the fractional Sobolev spaces and follow
the convention that H°(Q) = L?(2). For s € (1/2,1], we denote by H§(Q2) the
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completion of compactly supported test functions CS° () with respect to the H*(2)
norm, and by H~*(Q) its topological dual.

The dual pairing is always denoted with angled brackets < . | . > and an additional
index if necessary.

We use the notation K € Q) for a compact inclusion, and write A < B for
A, B € R if there exists a k-independent constant C' > 0 such that A < CB. We
write A = B if the inequality holds in both directions.

Wavenumber scaled norms. Throughout the manuscript, we make use of Sobolev
norms that scale appropriately with respect to the wavenumber k. For m € N and
u € H™(Q) we define

||UH§{,T(Q) = Z o 2lelt Haau”QL‘Z(Q) . (4a)

a€eN?, |a|<m

This definition is extended to H; () for real s > 0 via interpolation.
Let T € {Tex, I'sc}. We introduce k-scaled Sobolev spaces on the boundary T in
the fashion of [31, Sec. 3]. Since T is a compact and boundary-less hypersurface,

there exists a finite C7!-atlas Ay = {(UiaXi>}£v:17 where UZ]\LI U; =7 and x; :
Uy —V,cR¥1isa homeomorphism, called chart. The inverse 6; = le Vi = U;
of the chart is called the parametrization. Given a subordinate partition of unity
it ie. n; € CV1(Y), suppn; C U; and Zivzl n; = 1, we say that a measurable
function ¢ : T — C is an element of H*(Y), where ¢ € {0,...,v + 1}, if the
following norm is finite,

N
2
||¢||?qf;(r) = Z Z R Hak((m@ © ‘92’) HLQ(Vi) : (4b)
i=1 AeNd—1,|A|<¢

We emphasize the different k-scaling in the latter definition compared to (4a), which
accounts for the loss of differentiability while taking traces. This definition does not
depend on the specific choice of atlas, and we refer to [31, Sec. 3] for details. We
extend this definition via interpolation to H}(Y), where s € [0,y+1]. Furthermore,
H, *(Y) are defined as the topological dual spaces, realized through the L?(Y) inner
product.

Surface differential operators. Similar to the Sobolev norms, the tangential gradient
Vy @ HY(Y) — L%*(Y) and the Laplace-Beltrami operator Ay : H'(Y) — H~1(Y)
can be defined in terms of charts and a subordinate partition of unity. Alternatively,
they are defined in terms of projections from a tubular neighborhood. We refer to
the review in [19, Sec. 2] for details, or to Appendix B where we use the chart-based
definition. Note that k ||¢>||iz(T) +k~! HVY¢||2L2(T) is equivalent to the H () norm
as defined in (4b).

2. VARIATIONAL SETTING AND WELL-POSEDNESS

To derive a variational formulation of (3), we have to accommodate the Laplace
operator in the interior (3a) as well as the Laplace—Beltrami operator on the scat-
tering boundary (3b). This leads naturally to the energy space

V:{UGHI(Q) }U‘FSC EHl(Fsc)} (5&)
with associated norm
ull® = k2 )22y + VUl + &l 22, + k2 IVl 2ap, - (5D)

Note that [|ul|® is equivalent to the sum norm ||u\|§1é(9) + Hu”?i,i(l“sc)' We obtain
a weak formulation of (3) by multiplying (3a) with a test function and integrating
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by parts, taking the boundary conditions (3b) and (3¢) into account. A second
integration by parts, now for the Laplace-Beltrami operator in (3b), leads to the
following variational problem:

Seek u € V such that b(u|p) = €(¢), forallp €V, (6a)

with the sesquilinear form b : V' x V — C defined by

b(u,6) = (Vu[V6) g~k (u]6) g~k (u]6),_~ik(u]6), > (Vru|Vro), . (6b)
and the antilinear form ¢ : V — C defined by

Ue) = (f18)q + (9sc|9)r, + (9ex|9)p, - (6c)

Lack of coercivity. We briefly review why the usual “coercive + compact” framework
does not work in our situation. Let ¢ = u in (6b). Taking the real part gives

2 2 2 - 2
Reb(ulu) = ||VU||L2(Q) — K ||UHL2(Q) —Reak HUHL?(FSC) —Refk™! ||VFuHL2(FSC) :

The second and the third term are compact perturbations, since both embed-
dings H'(Q) — L*(Q) and H'(Ts.) < L*(Ts) are compact. The fourth term
ReBk~! ||Vpu||iz(rsc) is not coercive, because Re > 0 by assumption (2). It
is not a compact perturbation either, since no residual regularity is left on the
boundary. Hence, Re b(u|u) is not coercive up to a compact perturbation.

One usually deals with this by taking the imaginary part of (6b) as well, which
reads

2 2 — 2
Imb(ulu) = —Imak |[ull g2y = Kk llull 2@y —mBE ™ [Vrulz .y -

This gives control over the indefinite boundary term. If Im 8 > 0, we can choose
an angle 6 € [0,27) such that

Re(eb(ulu)) > cllul]® = Cllul72q), weV, (7)

with constants C' > ¢ > 0, i.e. the problem is coercive up to a compact perturbation.
This argument does not cover the case Im 3 = 0, however. Moreover, the ratio Cc™!
grows like (Im 8)~!, which is undesirable if Im /3 is positive but small.

In the remainder of this section, we show that problem (6a) is well-posed in the
Fredholm sense, cf. [4, Def. 4.2.21]. To cover the parameter range in (2), we use
ideas from the so-called T-coercivity, cf. [10], which was developed precisely for
sign-changing material coefficients. Together with a unique continuation principle,
this allows us to prove the following well-posedness result at the end of the section.

Proposition 1. Let f € L?(Q), g« € L*(Ts), and gex € L*(Tex). Then (6a)
admits a unique solution u € V. Moreover, the solution depends continuously on
the data, i.e.

el < #Coon (11672l gy + 15 el gy + IF Gl ) (®)

where Csop = k™1 HB and B is the operator associated with (6b).

- ||V<—V’

Remark 1. The constant Cyo depends on the wavenumber and can grow at most
exponentially in k. The factor k=1 in the definition normalizes Cso to the best pos-

sible behavior of the solution operator: for mon-trapping configurations one expects
Csol ~ 1.
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2.1. T-Garding inequality. In this subsection, we restore a Garding inequality
like (7). We insert an isomorphism into the second argument of the sesquilinear
form b. It flips the sign of the boundary term that is neither coercive nor compact.
The constants we obtain do not depend on Im 3, so the argument also covers the
case Im g3 = 0.

We first introduce an extension operator for boundary data on I'y. that addi-
tionally minimizes the energy norm |[|-|| of (5).

Definition 1. For s € [0,1/2] let
Ey : HY?H3 (D) — H'™(Q),  hw—u,
where u is the unique solution of k*u — Au =0 in Q with u|r,, = h and u|r_ = 0.

Note that this definition implicitly demands elliptic regularity of the Laplace
operator. Such regularity already holds on Lipschitz domains, and in particular
on domains with C7l-regular boundary for v > 1, cf. [31, Thm. 4.16,4.18]. The
bounds derived in [1, Thm. 2.17] are k-explicit and read for h € H*(Ts.)

||Ekh||Hg/2(Q) + Hk_lanEthHg(F) SJ ||hHH,1(FbL) ) (9)

with a hidden constant that depends only on €.

Composing Ej, with the trace on Iy isolates the boundary part of a function
u € V. We use this to define an operator that flips the sign of the trace on the
scattering boundary.

Definition 2. Let T}, : V — V be defined by u — u — 2Eulr,..

Like E}, the operator T} depends on the wavenumber k. We collect the properties
of T}, that we need in the following lemma.

Lemma 1. For all uw € V the operator Ty, satisfies
(i) TpTru = u, in particular Ty, is an isomorphism with T,;l =T},
(ii) | Teul|l < Crllull, where Cp, > 0 depends only on £,

)
(iti) Thulr,, = —ulr,,,
(iv) Trpulp,, = ulr,, -

Proof. Properties (iii) and (iv) follow directly from Definition 1. For (i), we use
(iii) and compute

Tkau = Tku - 2Ek(Tku)

Tee = Tru + 2Eku|psc = Uu.

Hence, Ty is bijective and its inverse is T} itself, so the bound (ii) also applies to
the inverse. It remains to prove this bound. Using (iii) once more, we obtain

2 2 2
ITeull™ < lull” + &2 | Brulr. 720y + IV Exulr..

2
L2 (@)
The estimates (9) prove the claim since

| Exu

S [lu

rellp) S 1Bktlrecll gz ) S lulre gy e S el
O
With Lemma 1(iii) at hand, we can prove the following Garding inequality.
Lemma 2. For all uw € V it holds
Reb(u|Teu) > calull® — Cak® fuljaq) (10)

with constants Cq > cq > 0 that depend on Q, |a|, and Ref, but not on k and
Im§.
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Proof. Definition 2 together with Lemma 1(iii) and (iv) gives
b(u|Tpu) = (Vu|VTiu),, — & (u|Teu),
— g(Vpu}VFTku)FSC — ozk(u|Tku)FSC — ik(u|Tku)Fex

= |Vul7aiq) — K ul7ai) — 2(Vu|VERulr,. ), + 26> (u| Exu

Fsc>Q
B 2 & llull2 e llull2
+ % IVrullzer, )+ aklullzer,) — ik llullz2 ) -
Taking the real part and estimating from below, we obtain
Reb(u|Tyu) 2 min{1,Re 8} ||ul|® — 247 [|u] 72 (g,
2
= lofk ullzsr,.) = (Vu[VEwu

Fsc)ﬂ‘ - k2|(u’Eku|Fsc)Q|?

where the contribution on I'ex drops out since it is purely imaginary.

It remains to estimate the last three terms against the energy norm and the
L?(Q)-term. The trace inequality in product form, see, e.g., [26, Thm. 1.5.1.10],
gives for every €; > 0

2 2 - 2
|a|k HU”Lz(rSC) S elaf ||VU||L2(Q) +& 1|O‘|/€2 ||u||L2(Q) :

We choose €; such that e;|a] < min{l,ReS} and absorb the first term on the
right-hand side into the energy norm.

Next, we treat the L?-term. The Cauchy-Schwarz and the Young inequality give
for every €5 > 0

k2|(u|Eku|rsc)Q| S 62k‘2 HEku

2 - 2
Leellz2(o) T €2 'k [ull 720 -
We bound the first term with the estimate (9), i.e.

e2k? | Exu

2 2 2
reellz2() S € lulre gy, S ellull”,

and absorb it into the energy norm by choosing €2 < min{l, Re 5}.

The last term cannot be estimated directly. Instead, we use the additional
regularity 0, Exulr,, € L?(T). Testing the equation in Definition 1 with 7 and
integrating by parts gives

(Vu’VEku FSC)Q = —k? (u|Eku

FSC)Q + (u|5‘nEku

Fsc)r'

We have already treated the first term on the right-hand side, so only the second
one is left. Again, Cauchy—Schwarz, Young, and (9) give for every ez > 0

k| (u|k™" 0n Eru

Fsc)p| S., €3 Hk_lanEku

2 - 2
Cec |l HO(I) et ||u||Hg(F)
2, - 2
S esllull” + €5 llullzgr) -

We absorb the first term into the energy norm by choosing €3 < min{1,Re 8}. The
second term is handled as in the first estimate above with the trace inequality in
product form. This proves the claim. (]

2.2. Well-posedness. We now combine the Garding inequality (10) with the iso-
morphism property of Ty from Lemma 1(i). This shows that the problem is well-
posed in the Fredholm sense.

Lemma 3. The operator B : V — V' defined by
(Bul§)y . =blule), ¢V
is Fredholm with index ind(B) = 0.
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Proof. Let J : V. — V' be defined by (Ju|p),, , = (u|¢), for all ¢ € V.
The operator .J is compact. Indeed, the embedding V «— H'(2) is bounded, and
HY(Q) — L*(Q) is compact by the Rellich-Kondrachov theorem.
We denote the adjoint of T} by Ty : V' — V', which is again an isomorphism.
Hence, the operator A =1} B + Cgk?J is bounded. Moreover, Lemma 2 gives
Re<Au|u> = Re<T,:‘Bu|u>V,XV + Cgk2<Ju|u>
= Reb(u|Tyu) + Cak®(u|u)

VIxV VIixV

Q
2
> cafuf”

Thus, A is bounded and coercive, hence invertible. Since J is compact, T} B =
A — Cgk?J is therefore Fredholm with index ind(7}B) = 0. Finally, T} is an
isomorphism, and we conclude that B is Fredholm with index ind(B) = 0. g

It remains to show that B is injective, since Lemma 3 then makes it invert-
ible. For such problems, injectivity is commonly shown with a unique continuation
principle (UCP). The passivity condition (2) allows us to apply a UCP here.

Lemma 4. Ifu € V satisfies b(u|¢) =0 for all ¢ € V, then u = 0.

Proof. We follow the lines of [32, Sec. 8] or [25, Thm. 2.1], where first-order
impedance conditions are treated.

First, the passivity condition (2) on the parameters gives control over the exterior
trace. Indeed, taking the imaginary part of b(u|u) = 0 yields

_Imp
Tk

since Im 8,Ima > 0. Thus, the solution has homogeneous trace on the exterior
boundary, i.e. u|r,, = 0.

Next, we extend u by zero across I'ex. Let D be the scattering object, i.e. the
bounded domain with 8D = Iy, and fix a ball B with Q C Br. We consider the
bounded open set Q* = B \ D. It decomposes into Q* = Q U T, UQ, with the
open shell Q; = Br\ (DUQ). Since the hypersurface ['s. is connected, the set Q*
is connected as well.

Let u denote the extension of u by zero. Then @ € H(Q*), and we show that u
satisfies the homogeneous Helmholtz equation in Q*. Let v € H}(Q*). The trace of
v vanishes on 9Q* D Ty, so that v|g € V with v|p, = 0. Together with u|p_ = 0,
all boundary terms in b(u|v|g) vanish, and we conclude

2 2 2 2
0 IVrullza o+ Imak lull e,y +Ellullze @,y = Ellullizr,,)

eX) -

Vi - Vo —k?uv dz = b(ulv|q) =0,  for all v € Hy(Q%).
Q*

Interior elliptic regularity then shows that u|x € H?(K) for all K € QF, see,
e.g., [31, Thm. 4.16], and therefore

|AT(z)| = k2 |u(x)), a.e. in Q.
Hence, the unique continuation principle of [3] applies. The extension u vanishes
on the non-empty shell €2, and therefore on all of Q*. In particular, u = 0. O

Both lemmas together give unique solvability for every right-hand side in V”.

Theorem 1. The operator B is an isomorphism. In particular, for every £ € V'
there is a unique u € V' with b(u|p) = £(¢) for all ¢ € V, and this solution satisfies

lull < kCso 1]y, Csar =k~ || B7H|y, - (11)

The same holds for the adjoint operator B*, with the same constant Cso).
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Proof. By Lemma 3, B is Fredholm with index ind(B) = 0. Hence, B is an isomor-
phism if and only if it is injective, which is Lemma 4. The solution of Bu = ¢ then
satisfies [|ul| < ||B*1HV%V, 1€llv/; = kECsor ||€]]y,- Finally, B* is an isomorphism as
well and [|(B* =B~

which covers the adjoint problem. O

)71HV<—V' |VeV”

Proposition 1 is the special case of Theorem 1 where the right-hand side is given
by (6¢).

Proof of Proposition 1. It remains to estimate ¢ from (6¢) in V’'. By (5) we have
||¢||H2(Q) < ||#| and ||¢HH2(FSC) < ||#]l, while the trace inequality in product form,

see, e.g., [26, Thm. 1.5.1.10], gives ||¢||H,2(Fex) < |loll- With the Cauchy—Schwarz
inequality, (6¢) therefore yields
-2 -1 -1
NS (1Rl rrgy + 16 gsell g,y + 1 x| g ) I
Hence, £ € V', and (11) proves (8). O

Following the idea in [32, Prop. 8.2.7], we combine Theorem 1 with the operator
Ty, from Definition 2 to obtain an inf-sup condition.

Corollary 1. For all k > 0 it holds

1
inf sup Reb(ul¢) e ,
ueV\{0} gev\{o} llulllloll ™ kCsar

where the hidden constant depends on cg,Cq, and Cr,, but not on Im 3.

Proof. Let w € V' \ {0} and let ¢, € V be the solution of the adjoint problem
b(glCu) = k*($|u)g, P EV.
Theorem 1 provides the stability bound
lIGull < kCor Ikull 12 0y < kCsotlu]l-
We set u* = Tpu + Cg(y. Lemma 1(ii) and the latter estimate then give
eIl < |1 Teull + CallCull < (Cr, + CakCoon)[|ull- (12)
Finally, we bound the supremum from below with the candidate uv*, i.e.

Re b(ulp) < Re b(u|Tju) + Cck® Hu”izm)

sup >
seviior llullligll (|
The inequality in Lemma 2 and (12) prove the claim. O

3. FINITE ELEMENT METHOD

3.1. Discrete space. For spatial discretization, we consider a curved mesh 7;, of
Q. The mesh T}, is a finite collection of closed curved elements K. Every element
is equipped with a bi-Lipschitz reference map Fx : I?d — K, so that the elements
do not overlap and cover Q. We further assume that the mesh is matching. Let
K. € Ty be distinct, and let F = K_ N K, be a (d — 1)-manifold. Then Fy ! (F)

are faces of K. 4, and the two maps coincide up to an affine reparametrization. We
define the mesh size h as the maximal diameter hx = diam(K) of the individual
elements. Finally, we define the shape-regularity of an individual element K as

Myc = max{hc [|(JFr) ™ | oo, e 1 Frcll om0} (13)

where JF is the Jacobian of Fk, and we use the 2-norm for matrices. The mesh 7},
is shape-regular if My, = maxx M is bounded independently of h. Note that the
reference maps Fx are not assumed to be polynomial. We refer to the construction
in [13, Def. A.1] or to Appendix A.
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For fixed p € N, we define the Lagrange finite element space associated with
the mesh 7}, as

Vi ={wn € C(Q) | vnlg o Fx € Pp(Kq), K €T}, (14)

where IPP(IA(d) denotes the space of polynomials in d variables of total degree at
most p.

Mesh regularity. The shape-regularity (13) controls only the first derivatives of the
reference maps. High-order approximation on a curved mesh needs control over the
higher derivatives as well. We therefore define for > 1 the mesh quantities

Mg(r) = max A |0°Fk| M, (r) = max Mg (r).  (15)

1<|al<r (Ka)?

A mesh is called r-regular if i € C"(Ky, K) and My, (r) is bounded independently
of h.

Remark 2. (a) The abstract description of curved finite elements in Section 3.1 is
in line with the construction of Bernardi in [9]. The reference map Fr = ﬁK+¢K :
K4 — K with affine Fx and bi-Lipschitz ®;, in (2.1) of [9] is recovered by Taylor.
For any @ € Kq we set Fi(X) = Fi(d)+ JFx(A)(X—2) and P = Fx — F. The
mesh constants cx of (2.2) and ¢, of (2.7) in [9] are equivalent to (13) and (15)
respectively.

(b) Furthermore, in Section 6 of [9], different algorithms for the construction of
reqular curved elements for a smooth domain are discussed, with the procedure due
to Lenoir in Section 6.2 guaranteeing the existence of a (y+1)-regular curved mesh
for a CYY-smooth domain.

3.2. Discrete problem. The mesh and the discrete space are now fixed. We
discretize (6a) by replacing V with V}, and obtain:

Seek uyp, € V3, such that b(up|opr) = €(¢pr), for all ¢y, € V. (16)

The remainder of this subsection proves a discrete counterpart of the inf-sup
stability in Corollary 1. The argument is standard once the Garding inequality in
Lemma 2 is available. Section 3.3 then proves high-order quasi-optimality. Two
auxiliary results are stated along the way. We prove them in Section 3.4 and in
Section 3.5.

Approximability. We introduce two quantities that measure how well the finite el-
ement space resolves the problem. The first one concerns the adjoint problem. We
define the adjoint approximability as

min Oy — U
Yapp = k sup UhEth g h|H’ (17)

geL2(Q)\{0} ||9HL2(Q)
where o, € V solves b(¢loy) = (¢|g),, for all ¢ € V. The embedding V < L*(Q)
is compact. This ensures that vapp — 0 as h — 0.
The second quantity concerns the operator Ty. We only have a Garding inequal-
ity with respect to Tj,. We therefore measure how far T} moves a discrete function
out of V},. Hence, we define

minthVh |HT’€uh — Un ‘H
max
un€Vi\{0} [ wnll

T = (18)

We prove the following approximation result in Section 3.4.

Theorem 2. Let Tj, be 2-regular. Then vy, < Vkh, where the hidden constant
depends on 2, d, p, and on M, (2), but not on h, k, and Csq.
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The assumption that the mesh is 2-regular is not a restriction. We only deal
with C7-'-regular domains 2, where v € N,. In that case, a 2-regular mesh can be
constructed, cf. Remark 2 (b).

Discrete inf-sup condition and well-posedness. The analysis repeatedly compares
a function in V with its best approximation in Vj. We therefore introduce the
best-approximation mapping

Iy : V= W, IIpv = arg min [lv — vp]|. (19)
VhEVR

The space V}, is a closed subspace of V. Moreover, V' is complete with respect to
the inner product induced by the energy norm (5). Hence, II; is the orthogonal
projection onto Vj,. In particular, it is linear with ||II;|\,_,, < 1.

We are now able to prove the discrete inf-sup stability. The argument follows
along the lines of Corollary 1. The candidate u* constructed there is not discrete, so
we replace it by its best approximation. The two quantities (17) and (18) measure
the error of this replacement.

Lemma 5. Let Ty be 2-regular. If kh < 1 and vapp < 1 sufficiently small, then
min max Re b(un|vn) > ! ,
un€Vi\{0} va €V \ {0} [|unlllvnll ™ kCsor

(20)

where the hidden constant depends on cq, Cq, Ct,, and on the continuity constant
of b. In particular, it remains bounded as Im 8 — 0, with o and Re B > 0 fized.

Proof. Let up € V3. We define u* = Tpup, + Caly, €V, where ¢, € V solves
b(0[Cus,) = K (¢|un) s peV.

Theorem 1 gives ||y, |l S kCsol ||uh||H2(Q). We approximate u* in Vj, by its best
approximation, i.e.
UZ =Ipu* = Trup + Cgﬂhg“uh.
Then || Tyun — T Tunl] < v, unl] by (18) and
Sun = WnGun I o N1Cun = MnGualll _ HICuhé— ITh G |l < Yoo
llwnll kllun 20 Ik2unll p2(q)

by (17). Hence, ||u* —ufl| S (vr, + Yapp) lun [l With Lemma 2 it holds

Re b(un[uj,) = Reb(unlu*) — Reb(up|u® —ujy) 2 (C =1, — Yapp) llunl|®,

with a constant C' > 0 that depends on the continuity constant of Reb, on Cg, and
on c¢g. We further obtain with ||II;||,,_,,, <1 that

bl S W Tkunll + NICun Il S Crillunll + kCsot llunll goqy < (Cry + ECsor) [[unll-

~

It remains to bound the maximum in (20) from below by the candidate u};, that is

e Reb(up|vp) > Re b(up|uy) > C — 1, — Yapp > 1 7
vn€Vi o} [[unllllvnll — flunillug Cr, + kCsol kClyol

where we used the smallness assumption and 1 < kCj,). [l

Trial and test space in (16) coincide, and V}, is finite dimensional. The discrete
inf-sup condition (20) therefore already gives discrete well-posedness.

Corollary 2. Let T;, be 2-regular, and let kh < 1 and vapp << 1 be sufficiently
small. For any ¢ € V}, the discrete problem (16) has a unique solution up € Vy,
and this solution satisfies

H|uh|H S/ kosol HEHV}I’ )

with the hidden constant of Lemma 5.
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3.3. High-order quasi-optimality. We prove high-order quasi-optimality of the
discretization in this section. The argument uses ideas from [12,14,23]. Its start-
ing point is a spectral low-pass filter that keeps only the frequencies below the
wavenumber k. The filter improves the Garding inequality of Lemma 2, since it
replaces the compact perturbation. It also maps into a space of smooth functions.
This is what makes the duality step of the usual Schatz argument pay off.

The main result of this section reads as follows.

Theorem 3. Let p < v and Ty, be (p+1)-regular. Letu € V and uy, € Vj, denote the
solutions of (6a) and (16), respectively. If kh < 1 and k(kh)PCyo < 1 sufficiently
small, then

— < i —
= unll S min [ = vl

where the hidden constant and the two implicit thresholds are independent of k, h,
u, up, and of the data (f, gsc, Jex)-

The proof needs three ingredients. The first one is the low-pass filter. We use it
only through the following two properties. Section 3.5 constructs an operator with
these properties.

Theorem 4. Let p <. We denote by II5 : V — Ay, the L?-orthogonal projection
onto a subspace Ay, C V. The subspace is finite dimensional and has the following
two properties.

(i) For alluw €V it holds
Re b(u|Tiu) > Ca|ull® — Cak? [Maull;2q) ,

with constants 6’@ > ¢g > 0 that depend on ), ||, and Re 3, but not on k
and Im 3.
(ii) The subspace Ay is contained in HPT1(Q), and for all u € V it holds

||HAU||H£+1(Q) S ||HAU||H2(Q) J

where the hidden constant depends on £, p, and on the constants in the
T-Garding inequality (10), but not on k or Im .

Property (i) improves Lemma 2, since it replaces the full L?(2)-norm by the
norm of the filtered function. Property (ii) is what makes the improvement pay off.
It states that the filter maps into a space of smooth functions. On this space, all
k-scaled Sobolev norms up to order p + 1 are equivalent.

The second ingredient is elliptic regularity of the adjoint problem. We use it in
a duality argument where the right-hand side is in the range of II, and therefore
smooth. Theorem 6 and Corollary 3 in Section 4 give the following result. Indeed,
their proofs also apply to the adjoint boundary conditions 0, +ik¢{ = 0 on I'ex and
OnC + Bk~YAr, ¢ — @k = 0 on Ty, since the signs and phases of the coefficients
do not enter the regularity estimates.

Proposition 2. Let f € HP~1(Q) and let ¢ € V solve the adjoint problem
blO) = (¥|f)g, eV (21)
Then ¢ € HPTY(Q) and (|r,, € HPTY(Tg.) with
—2
||C||H£+1(Q) + ”CHH}:'H(FSC) 5 kCSOlHk f”Hg_l(Q)’ (22)

where the hidden constant is independent of k, f, and C.

The third ingredient is a pair of bulk and surface interpolation operators.
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Proposition 3. Let p < v and T, be (p + 1)-reqular. There exists a pair of
interpolation operators

(T, Z,) = HPYH(Q) x HPPH (Do) — Vi X Vilr.,
such that for m € {2,...,p+ 1} it holds

Tse
r. = Lo

lo = Znvll gy ) + [0 Cecllmrp ey S R (10l argn ) + W0l r,oy)-

The hidden constant is independent of v and h.

An Oswald-type interpolator that realizes Zj in our mesh setting is constructed
in [13, App. A]. Remark 2 (b) places our description in the setting of Bernardi. The
Clément-type quasi-interpolator of [9, Thm. 4.1] is therefore a second realization of
Tr. A Lagrange-type interpolator that realizes I,I;“ is constructed in [17, Prop. 2.7],
choosing I = I, in the notation of that paper. This construction is compatible with
[9], and hence with our setting. We also refer to [20, Prop. 5.4] for a bulk surface
interpolator in the fashion of Proposition 3.

All three ingredients are in place, and we can prove the main result.

Proof of Theorem 3. All hidden constants in this proof are independent of k, h,
and the data. Theorem 4(i) gives

llu = unl|* < Reb(u — un|Ti(u — un)) + & |Ta(u = un)l|7z g - (23)

We treat the first term on the right-hand side. We add and subtract the best
approximation (19) and obtain

Reb(u — up|Ti(u — up)) = Reb(u — up|Tk(1 — Ip) (v — up) + TiIlg (u — up)).
For the first term, the uniform bound in Lemma 1(ii) gives
Reb(u — un [Ty (1 = n)(u = un)) S flu = wnl[[| Tt = ) (u — un) |

S e = wn I (0 =TTk (u = )|
S e = wn I (1 = TTx )],

where we used that (1 — IIj,)up, = 0. For the second term, Galerkin orthogonality
and the definition (18) of 7, give

|b(u — wp | Tl (uw — up))| = rnelg |b(w — up | TiIlp (u — up) — vp)|
Vh h
S vrellw = wn [T (w — ws)|
2
S melle — unll” 4+ v llw = wall[ I (1 = )]l

where we used that IT(u — up) = u — up — (1 — Iy )u.
We now divide the first term in (23) by |[|u — up||. The previous two estimates
then give

Reb(u — up|Ty(u — up)) :
S — 1 —up|. 24
‘Hu — uth ~ VT \HU Uh\H + ( + VTk) villel\r}hmu Uhm ( )

Theorem 2 gives vy, < Vkh. The condition kh < 1 therefore lets us absorb the
first term on the right-hand side into the left-hand side. It remains to treat the
second term of (23) with a duality argument.

Let ¢ € V denote the solution of

b(Y[C) = k(¢|Ha(u—up)),,  ®EV. (25)
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Theorem 4(ii) gives kIIx(u — up) € HPT(Q) ¢ HP~1(Q). Proposition 2 therefore
provides ¢ € HPTY(Q) and (|r,, € HPT!(Ty.), together with the estimate

HCHH;;“(Q) + ||C||Hg+1(rsc) < kCuon ||k KIT5 (u — “h)HHg—l(Q)
= Usol ||HA(U - uh)HH,’:*l(Q) (26)
< Csot M (u = un) | oy »

where we used Theorem 4(ii) for the latter estimate.
Next, we insert ¢ = u — uy, into (25). Galerkin orthogonality then shows

2 . .
T (= ) 2y = i (b = nl€ = on)] S lle— ] mmin 1€ = vl (27)

Since the Scott—Zhang operator of Proposition 4 is uniformly stable and is a pro-
jection both onto Vj and onto its discrete trace space, the stable discrete-lifting
argument of [18, Thm. 2.1 and Rem. 4] allows the bulk and surface approximations
to be chosen independently. The interpolation results in Proposition 3 therefore
provide

i (16 = onll S ¢ = ZnC g oy + llSlr.c = ZuC

S (k)P (¢l p1 @y + 1Sz )
With (26) we conclude that

Peell 1} (Do)

i ¢ = ol £ (W) Curt [T = ) g
= k(hk)P Coor [[TTa (v = un)| L2(q) -
We insert this into (27) and divide by |[IIz(u — up)||f2(q)- This gives
BT G — )l gy S BOAR) ot — .

The condition k(kh)PCso < 1 therefore lets us absorb the second term of (23) into
the left-hand side. Together with (24), this proves the claim. O

3.4. Approximation of the operator 7j. It remains to prove Theorem 2 and
Theorem 4. We start with the approximation of 7. The main tool is the Scott—
Zhang quasi-interpolator of [33]. It is a projection onto V},, and it is also a projection
on the discrete trace space. To the best of our knowledge, such an operator has not
been constructed on curved meshes yet. We provide a construction in Appendix A
and collect the properties that we need below.

Proposition 4 (Scott—Zhang interpolator). Let kh < 1. There is a linear operator
sz : HY(Q) — Vi, with the following properties.
(i) It is a projection onto Vy,, that is lszvy, = vy, for all vy, € V.
(ii) It is a projection on the discrete trace space, that is (Ilgzv)|r = vi|r when-
ever v € HY(Q) and vy, € V}, satisfy v|r = vir.

(iii) It is stable in HY(Q), that is ||Hsz1}||Hi(Q) hS HU”H;(Q) for allv e HY(R).
The hidden constant in (iii) depends on d, p, and on the shape-regularity of T, but
not on h and v.

Proof of Theorem 2. Let up, € V3 \ {0}. The image Trup = up —2Eup|r,. is a sum
whose first summand is discrete. Hence, 7, reduces to
miny, ev;, || Extnlr.. — wal
max
un €V \{0} [l

1, =2 (28)

Set w = Eyup|r,,. Definition 1 together with Lemma 1(iii) shows that Ej repro-
duces discrete traces. Indeed, w|r = (Erup|r..)|lr € Vilr. Let Iz denote the
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Scott—Zhang operator from Proposition 4. With Proposition 4(ii) and (iii), we
obtain for any v, € V},

[I(1 = Hsz)w||* = |

2 2
(1- Hsz)wHH;(Q) Slw - vh”Hé(ﬂ) ’

since (1 — Igz)vy, = 0 by Proposition 4 (i).

Definition 1 gives w € H>/2(Q). We make use of this fractional regularity by
choosing vy, as the image of w under a suitable interpolation operator. For example,
we can interpolate the Clément-type quasi-interpolator ¢, : H'(Q) — Vj of
[9, Thm. 4.1] between H'(Q) and H?(Q). With vj, = I[Icpw we obtain

2 2 2
flw— HCLU)HH;(Q) =k |lw - HCLwHL2(Q) +|w— HCLw\Hl(Q)
< kh(k*h? + 1)k~ Jwl}arnq) < kh(K*h? + 1) ”“’”22/2(9) .

We do not interpolate here between Sobolev spaces with prescribed boundary con-
ditions. The half-integer case therefore causes no problem.
It remains to estimate the last factor. The bounds in (9) give

[wll 372y S lunlrecllm ey < llunll-

Tse

With (28) this proves the claim. O

3.5. Construction of the low-pass filter. It remains to prove Theorem 4. We
build the filter from the eigenfunctions of the Neumann Laplacian. These functions
are smooth, and this is what property (ii) of Theorem 4 rests on.

Let {(1j, \3)};>0 denote the eigenpairs of

—A; = A, inQ, Onj =0, onT, j>0, (29)

where the eigenvalues are sorted as 0 = Ay < A\; < ... and repeated according to
their multiplicity. The eigenfunctions corresponding to Ag = 0 are the constant
functions. In particular, fQ ¥j dz = 0 for j > 1. We choose the eigenfunctions so
that they are orthonormal with respect to the L2-product, i.e.

(%!W) dje, (V| Voe), = )\?5]'[7 J,¢>0. (30)

We obtain the second identity in (30) by multiplying the first expression of (29)
with 1, and integrating by parts. Consequently, every u € H!() has the expansion
u=73 59 (u|¢j)ﬂwj. With (30) this gives the identities

lulay = S 1le)gls  IVulaq = S X(le) o2 (3D)
7=>0 j>0

Let C* = cél(CG —c¢g) > 0, where Cg > ¢g > 0 denote the constants from
Lemma 2. We define the low-pass filter as

My : HY(Q) = Ag =span{ ¢ | A} <207k}, wr Y (ufy) 0. (32)
A2<20+ k2

We choose the cut-off 2C*k? since the frequencies above it already carry enough
coercivity. This is the content of Lemma 6 below.

Lemma 6. For all u € V it holds
Re b(u|Tyu) > Callul® — Cak? |TMaul7s ) ,

with constants 5(; > ¢g > 0 that depend on Q, |a|, and Re B, but not on k and
Im§.
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Proof. Let v € V. Lemma 2 gives
cG' Reb(u|Teu) + 2k°C™ [Haul72 o
> Jlull* = cg' Cak® fullz ) + 2K*C* [Taull7z o
>k Vel za e, + Kl Ze,
+ (IVullFaa) = C*F lullfz(q) + 24°C" Maullfa(g )-

It remains to bound the last term from below. The identities (31) and the definition
(32) give

IVull 20y —Ck? |[ullf2 0y + 2K2C* [[Tau] 75 g
_ Z )\2 C*k2 |,L/JJ)Q|2 +2k‘20* Z |(U|¢J)Q|2

j>0 AZ<2C* k2
= 2 WOl + > - CRI(uly) ol
A2<2C " k2 A2>20%k?
1
> 7 2 OF + R (uly) o,
720

where we used in the last inequality that
1
2 * 1,2 2 * 2 2 *7.2
A >207k = A - C'k Z()\j+0k)'
This proves the claim. O

The second property concerns the smoothness of the filtered functions. It rests
on the following regularity of the eigenfunctions.

Lemma 7. For any non-constant eigenfunction 1 in (29) it holds
G € HQ), [l gmy SN m <1,
where the hidden constant depends on Q0 and 7y, but not on j.

Proof. Let j > 1. The claim for m = 0 and m = 1 holds by (30). Assume that it
is true for some 0 < m < v — 1. Elliptic regularity, see, e.g., [31, Thm. 4.16,4.18],
gives

151l g2y S 1A gy + 1850y = A2 19050 ggom gy + 1511 1y
The induction hypothesis and the case m = 1 then show that
1950l sz gy S AT+ S AT+ AT,

where we used that 1 < )\flAj. Interpolation then provides the intermediate esti-
mate

1/2 1/2 m/2\m/2 1
15 s gy < 5 ey 105 gy S AF 2T

This proves the claim. Il
Lemma 8. For all f € Ay, it holds

||f|\Hg+1(Q) S ||fHH2(Q) ’

where the hidden constant depends on €2, v, and on the constants in the T-Garding
inequality (10), but not on k, Im B, or the dimension of Ay.
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Proof. Let f =3 2cocep2 ¢ € Ap with ¢; = (f|1;),- By the definition (4a) of
2<
the k-scaled norms, it suffices to show

Hf”Hm(Q) SE™ ||f||L2(Q)a 0<m<~vy+1, (33)
with a constant independent of k and of dim Ag. For ¢ € N we set
ge=(=0)f= Y Meuy; ey,
A2<20 k2
so that
Age = —ger1, inQ, Onge =0, onl.
We have A < 2C*k?, so the identities (31) give

2 * 2¢ 2
lgellz20) = Z Xjes? < (207K 1220 »
A2<20 k2

2 * 20+1 2
IVaelzay = D, A Plel? < @CFR) T £z »
A2<2C*k?

(34)

ie. [lgell grm oy S fmt2t [fllz2(q) for m € {0,1} and all £ € N. The orthonormality
(30) gives a constant that does not deteriorate with dim Ag. A triangle inequality
would give a constant that does.

We show ||gell gm0y < Emt2e [fllp2(q) for all £ € N and m + 20 < v+ 1 by
induction over m. The cases m € {0,1} are (34). Assume that the assertion holds
for some m > 0 and all admissible /. We apply elliptic regularity for the Neumann
problem, see, e.g., [31, Thm. 4.16,4.18], to go. With the induction hypothesis for
ge+1 this gives

9ell g2y S NAGell gm ) + 19ell 11 ()

= lgeall gm oy + l9ell 11 @)
< (ke 20

~

SE P2 fll 2 »

11220

where we used k> 1 in the last step. The choice £ = 0 gives (33) and thus

v+1
||f||?{,j+1(sz) S Z fo2me? ||f||§1m(9) S K’ Hf||2L2(Q) = ||f||§zg(9) : 0

m=0

The three lemmas together prove Theorem 4.

Proof of Theorem /. We take the operator I, of (32), which is linear and maps
V C HY(Q) into Ay, C V. Property (i) is Lemma 6. For (ii) we note that Ay is
spanned by finitely many eigenfunctions. Lemma 7 therefore gives A, C HY*1(Q) C
HPT1(Q). The norm bound is Lemma 8 applied to f = IT,u. O

4. WAVENUMBER-EXPLICIT ELLIPTIC REGULARITY

We first introduce norms that are localized to a relatively open subset of the
boundary. The definition (4b) of Section 1.3 extends to relatively open subsets
w C Y. For integer orders, we restrict the integrals in (4b) to x;(U; Nw). Fractional
orders follow again by interpolation. For negative orders, we let

ﬁg(w) = closure of {(b € H;(T) ’ supp ¢ € w} in HJ(T), (35)
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and define H, *(w) as the topological dual of H; (w), realized through the pivot
space L?(w) and equipped with the scaled norm
[{f19)..|

oy =k sup P feH (w), (36)
e @n\o}y 1Pl Hg ()

which matches the k-scaling of (4b). We emphasize that the test functions in (36)
are measured in the ambient norm of H}}(T). For s < 1/2, this is equivalent to the
intrinsic norm of Hj}(w), since the extension by zero is bounded in this range. For
w =T, the definition reduces to the one of Section 1.3.

The regularity close to I'sc rests on two local ingredients: a shift theorem for
the Laplace-Beltrami operator, and a k-explicit estimate for the normal trace. We
state both here and prove them for completeness in Appendix B and Appendix C,
respectively.

Theorem 5. Let G1,Gy C R? be open with G1 € Go, G1NT # 0 and GoNT C
Ty, and let s € [0,7]. If ¥ € H(G2NT) with Ar, ¢ € Hi ' (G2 NT), then
Y e HPY Gy NT) and

WHH;“(Gmr) S WHH;(Ger) + |}k72AFsc¢’|H2—l(Gmp)~ (37)
The hidden constant depends on d, s, v, ko and dist(G1,0G2), but not on k or 1.

The proof rests on a calculus of the scaled norms in the charts of I'y., which we
develop in Appendix B.

Lemma 9. Let G1,Go be open subsets of R with G1 € Gy and G1 N Ty, # 0.
Define
0, =0NnG;, T;=T.NG, j=12

(1) If u € HY() with Au € L*(Qy), then O,u € H~/2(Ty) with
-1 -2
Hk aﬂ“HH,;l/z(Fl) S ”uHHé(Qz) + Hk A“HHg(sb)' (38)
(ii) Ifu € H™2(Qy), form € {0,...,v — 1}, then O,u € H™/2(T'y) with
||k716nu||H;”+1/2(F1) < Hu||H;n+2(Q2) . (39)

In both cases, the hidden constant depends on Q, m, v, dist(G1,0G2) and ko, but
not on k or u.

The proof is given in Appendix C.
A bootstrapping argument combines Theorem 5 and Lemma 9 into the following
local regularity result near the scattering boundary I's.

Lemma 10. Let G, Gy be open subsets ofRd with G1 @ G and Gy NTs. # 0. Let
m € {0,...,v— 1} and define

O, =QnG;, T;=T.NG; j=12

Assume u € HY(Qg) with Au € H™(Qg), and u|r, € HY(T3). If Ou + %AFSCU -
akulr, =0 on Ty, then u € H™ 2(Q) and ulr, € H™2(T) with

-2
lull vz, + lull g e,y S lull gy + ull g ey + |k AUHHEL(%),

with the hidden constant only depending on d, m, v, Q, on |37 and |aB~1], on
dist(G1,0Gs), and on kg, but not on k or u.

The proof is given at the end of this section. Our main result now reads as
follows.
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Theorem 6. Letm € {0,...,y—1}, u € HY(Q) with Au € H™(Q) and d,u—iku =
0 on Dex. Furthermore, let u|r,, € H'(T's.) with Opu + %Arscu —aku =0 on Tg..
Then uw € H™2(Q) and u|r,, € H™?(Ty.) with

||“||H;ﬂ+2(g) + ||UHH;”+2(FSC) S ||u||H;(sz) + ||“HH,§(FSC) + ||kj_2AuHH{Cﬂ(Q)’ (40)

where the hidden constant depends on d, m, v, Q, on the material parameters «
and B, and on kg, but not on k or u.

Proof. We abbreviate the right-hand side of (40) by
A= llull g1 ) + lull g,y + Hk_2A“HH,;n(Q) < 00

We cover Q by finitely many pairs of balls and apply a local regularity result on
each pair. Set ¢ = dist(Tex, I'sc) > 0 and define, for = € Q,

= {Hdist(@ D), dist(a D) > /4,
c/8, otherwise.

In the first case B(z, 2r,) C Q. In the second case thereis a z € T" with |z—z| < ¢/4,
and every y € B(z,2r,) NT' = B(z,c¢/4) NT satisfies |y — z| < ¢/2 < ¢, so that y
and z lie in the same connected component of I'. Hence, B(z,2r;) NT" is contained
in I'ex or in I'yc, but never in both.

The balls {B(z,74)},cq cover the compact set £, so that finitely many of them,

Bi:B(xi;ri)7 B;:B('Izazrz)v Ty = Txy, 7::1,...,N,

already do. Since 7, > ¢/16 for every x € Q, the number N and the distances
dist(B;,0B;) = r; are bounded in terms of  alone. In particular, they do not
depend on k or on u. By construction, each pair B; € B} is of one of the three
types

(4) B/ Q,

(B) BiNT # 0 and B, NT C Tex,

(C) BiNT # 0 and B/NT C Ty,
and we abbreviate Q; = QN B;, Q, =QN B, T; =T NB;, I, =Ty N Bl

Next, we apply local estimates for the different cases. Let i be of type (A). Since
Au € H™(BY), the interior shift theorem [31, Thm. 4.7], extended to k-dependent
norms, gives u € H™*2(B;) with

HUHH;;“(Qi) S HUHH;(Q;) + |’k_2Au"H;ﬂ((2(i) <A (41)

Lemma B.3 below proves a k-explicit estimate that can be used instead of [31,
Thm. 4.7]. The norm (65) needs a different scaling there, but the proof carries
over.

Let i be of type (B). Then u satisfies the homogeneous impedance condition
Onpu — iku = 0 on the whole of B, NT'. The corresponding local regularity result
near an impedance boundary of class C71, see [23, Thm. 3.4], gives u € H™ 2({;)
with

[ull g2,y S Null o) + Hk‘_zAuHH};’L(Q;) <A (42)

Finally, let ¢ be of type (C). Then B, NI C Iy, so that Lemma 10, applied with
Gy = B; € B, = G4, provides u € H™%(Q;) and u|p, € H™2(T;) with

||U’HH;”+2(QI-) + HUHH;"“(H) S HUHH;(Q;) + ||UHH;(F;) + Hk_2AuHH;€’"v(QE) <A (43)
In all three cases the hidden constant depends on dist(B;,dB}) = r;, on «, 3, and
on kg, but not on k > kg or u.

Note that m < v — 1 keeps m in the admissible range of Lemma 10 and of the
local results near I'ey.
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It remains to sum over the cover. The definition (4a) of the scaled norm gives

_ 2
”u”?{?H(Q) - Z L Ha)\uHm(Q)
[A[<m4-2
N ) N
<SS kRl =D ||“||§1;"+2<m) ’
=1 |A\|[<m+2 i=1

that is, the scaled norms of integer order are subadditive with respect to a covering
of the domain. Together with (41), (42), and (43) this shows v € H™*2(Q) with
||U||H;”+2(Q) S VNA.

For the boundary norm we first note that every € I's. belongs to some B;, and
that this ¢ is necessarily of type (C). Hence, the sets I'; with i of type (C) cover
I'se, and consequently x;(U; NTse) C U, x;(U; NT) for every chart index j. Since
the localized norm of integer order is given by (4b) with the integrals restricted to
X;(U; NT;), the same argument as above yields

2 2
lull g2y < > el 2,y S NAZ,
i of type (C)

where we used m + 2 < v + 1, so that the left-hand side is covered by (4b). This
proves ulr,, € H™2(Tg.). O

Corollary 3. Let m € {0,...,7— 1} and let u € V' be the solution of (6a) for the
data f € H™(Q) and gsc = gex = 0. Then u € H™2(Q) and u|p,, € H™?(Ty)
with

el g2y + el gy S el + 572l e - (44)
In particular, the stability estimate (8) gives
Hu||H)';”+2(Q) + HUJ”HL"”(FSC) SO+ kcsol)Hk_QfHHL,L(Q)~ (45)
The hidden constants are those of Theorem 6.

It remains to prove Lemma 10.

Proof of Lemma 10. We prove the claim for m = 0. Let G1,1,G1,2,G1,3,G14 C R¢
be open sets that form a cascade G; € G14 € G1,3 € G1 2 € G1,1 € Ga. Define

Q1 =N Gy, I'y=T«NGrs, 1=1,2,3,4.

We bootstrap along the cascade to obtain the final regularity. Throughout, we
abbreviate the right-hand side of the lemma by

A= llull g1 gy + llull g2 ry) + ’|k72AuHH2(Qz)'

Note that the number of intermediate sets Gy ; is fixed and therefore, there exists
a fixed constant C' € [1,00) such that

dist(Gl,an) é CdiSt(Gl’haGg), L= ]., 2, 3,4

Hence, the hidden constants below do not degenerate.
First, Lemma 9 (i) gives 0,u € H~Y/2(T'; ;) with

-1 —2
& an“HH,;W(Fl,l) S lull ) + % AUHH,?(QQ) SA (46)
Hence, the boundary condition provides

Ar.u=—kB '0,u+ k*8 taulr, € H Y*(I'y,),
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Theorem 5 then gives ulr, , € H3/?(I'y 2) with
-2
el sz e,y S Ml oy + B2 Arsul| gz,
-1
Sl gy e,y + [ Onu
SA,

(47)

|H,;1/2(r1,1)

where we use (46) for the last estimate.

Second, we use a Dirichlet boundary result to gain regularity in the domain.
It states that u € H'(Qs) with Au € L?(Q) and ulr,, € H3?(T12) implies
u € H2(91’3) with

-2
lull g2, ) S Il 0y + 1% A“||Hg(nl,2) Fllull garzr, ) S A

where we use (47) for the last estimate. See [23, Thm. 3.2] for the homogeneous
k-explicit regularity estimate. The inhomogeneous case is treated similarly with a
k-explicit boundary lifting, cf. (75) in Appendix C.

Third, since u € H?( 3), Lemma 9 (ii) gives d,u € H/2('; 4) with

-1 -1
167 0nul o,y S 57 Onul 12, ) S Tullz ey, S A
Thus, Theorem 5 provides u|p, € H?(I';) with
||u||H,§(F1) S ||u||H,§(r1,4) + Hk_QAFSCUHHg(pM) SA

This proves the claim for m = 0.
For m > 0 we argue by induction. The first step is then replaced by Lemma 9 (ii).
O

5. NUMERICAL EXPERIMENTS

We complement the analysis with a numerical study of the resolution condition
of Theorem 3. For a non-trapping configuration we expect Cy, ~ 1, cf. Remark 1,
so that the condition k(kh)PCse < 1 reduces to k(kh)? < 1. The coarsest mesh
on which the discretization is still quasi-optimal should therefore behave like

khew ~ k1P, ie. Reriy =~ k~PTV/P, (48)

We measure hei for p € {1,2,3} and compare the observed decay with the expo-
nents —2, —3/2, and —4/3 predicted by (48). These are the exponents known for
the Helmholtz equation without a second-order boundary condition, cf. [23].
Following the Guidelines for Safeguarding Good Research Practice of the Deutsche
Forschungsgemeinschaft,! we make the software underlying this section publicly
available. The experiments are implemented in FEniCSx [5], and the meshes are
generated with Gmsh [24]. The source code, a version-pinned environment, and the
parameter sets that reproduce the results reported below are available at

https://github.com/juliandoerner/thin_scattering_code.

5.1. Setting. We consider a scattering object of circular shape in two dimensions.
Let B denote the unit disk centered at the origin and let Q = (—L, L)%\ B, so that
T'sc is the unit circle and I'ex is the boundary of the square. We choose L = 2 for
p € {1,2} and L = 5/2 for p = 3. The material parameters on I'y. are & = 1 and
B = 1. In particular Im 8 = 0, which is the degenerate case of (2) that the classical
“coercive 4+ compact” framework does not reach.

The data of (3) are chosen such that v is the field scattered by an incident plane
wave ui, (z) = e*®® with direction d = (1,0). For a circular obstacle, this scat-
tered field is known in closed form. The incident wave is expanded into cylindrical

IDeutsche Forschungsgemeinschaft, Guidelines for Safequarding Good Research Practice. Code
of Conduct, https://doi.org/10.5281/zenodo.3923601.
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harmonics by the Jacobi-Anger expansion, and the scattered field is the Mie series
whose coefficients are fixed by the boundary condition (3b), cf. [15]. Accordingly,
we set f = 0 and let g5 be the negative of the boundary operator in (3b) applied to
Uin, SO that the total field u + u;, satisfies the homogeneous condition on I's.. We
prescribe gex by evaluating (3c) for the Mie series. The exact solution of (3) is thus
known, and the error we report below contains no contribution from the truncation
of the domain at T'ex. The discrete problem (16) is solved with Lagrange elements
of degree p on triangular meshes whose elements along I'y. are curved of geometric
order p.

5.2. Measured quantity. For a wavenumber k£ and a mesh of size h, we compute
the quasi-optimality ratio
llu — ua
D) = I )

where II}, is the best-approximation mapping (19). We evaluate the denominator
by computing the orthogonal projection of u onto Vj, with respect to the inner
product induced by (5). We call a mesh resolved if R(k,h) < 1.2 and define ht (k)
as the largest h with this property.

For every wavenumber, we sweep 20 geometrically distributed values of kh within
a fixed window, and obtain A by log-linear interpolation between the two neigh-
boring values of kh at which the threshold is crossed. The window is kh € [0.25, 3]
for p=1, kh € [0.5,3] for p = 2, and kh € [1,3.5] for p = 3. For p = 1 we use nine
equidistant wavenumbers in [6,14], for p = 2 nine in [10, 26], and for p = 3 eleven
in [60, 110].

5.3. Results. Figure 2 shows h.; against £ on a doubly logarithmic scale, one
panel per polynomial degree, together with the decay predicted by (48). A least-

T T — 0.3 [-4 ‘ ‘ N 0.05 7 T
0.2 - S
0.2 - =
s O1p 1% £ 0.03
< 2 | D | -
0.05 |- h 0.1 a
2 J—3/2 0.02 —4/3
| | | L ! ! | - | I I
6 8 10 12 14 10 14 18 22 26 60 80 100
k k k

FIGURE 2. Critical mesh size h¢t against the wavenumber k for
p = 1,2,3. The hatched triangle indicates the decay predicted by
(48).

squares fit of the exponent gives —2.14 for p = 1, —1.50 for p = 2, and —1.33 for
p = 3. The two high-order cases match the predicted exponents —3/2 and —4/3 to
two digits. For p = 1 the measured decay is slightly steeper than predicted.

The experiment confirms the prediction of Theorem 3. The second-order bound-
ary condition in the parameter regime (2), and in particular in the critical case
Im 8 = 0, does not degrade the resolution condition.
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APPENDIX A. A SCOTT-ZHANG OPERATOR ON CURVED MESHES

We construct a Scott—Zhang operator on a curved mesh. The construction fol-
lows the original one in [33]. Our curved finite element framework is the one of
[13, App. A]. We prove that this operator is stable in integer Sobolev norms. The-
orem A.l gives a local estimate. Proposition A.1 gives the global counterpart that
we use in the manuscript. We close with the proof of Proposition 4.

A.1. Setting and notation. We restate the setting, so that this appendix can
be read on its own. Throughout, Q C R? with d € {2,3} is a domain of diameter
L = 1. We fix a reference d-simplex IA(d with |[A(d| < 1 and a reference (d—1)-simplex
ﬁd—l c Ra-1,

Definition A.1 ([13, App. A]). A curved matching mesh T, of Q is a finite col-
lection of elements K. Fvery element is equipped with a bi-Lipschitz reference map

Fr I/(\'d — K. The elements do not overlap and cover Q. We further assume
that the mesh is matching. Let Ky € T be distinct, and let ' = K_ N K, be

a (d — 1)-manifold. Then f;i(F) are faces of I/(\'d, and the two reference maps
coincide on F up to an affine reparametrization of the reference face.

For K € T, we write hg = diam(K). The mesh size is h = maxger, hi, and in
particular hx < h < L =1. We quantify the shape-regularity of an element K by

My = max{hi |(JFx) 7| (2, D T F el oo (23 (50)

where JFg is the Jacobian of Fx and we use the 2-norm for matrices. The mesh
Ty, is shape-regular if My, = maxgeT, M is bounded independently of h. Higher
order norms need control over the higher derivatives of the reference maps as well.
For r» > 1 we therefore define

Mic(r) = bl 0% Ficll ooy M) = max Mic(r). - (51)

A mesh is called r-regular if Fx € C™(Kq, K) for all K € T, and Mr, (r) is bounded
independently of h. Throughout this appendix, the mesh is assumed to be shape-
regular. All hidden constants depend only on d, p, M7, , and on the order of the
norms involved. Wherever higher order norms appear, they also depend on M, (7).
They never depend on h or on the function at hand.

The patch of K € Ty is ;X :={K' € T, | K' N K # (0} with associated patch
domain wg := int UK'eT,LK K'.

Lemma A.1 ([13, Lem. A.4]). The cardinality of T,X is bounded, and hy' = hg
for all K' € ’EK. Both constants depend only on M, . In particular, the patch
domains have finite overlap, i.e. #{ K € Ty, | x € wx } <1 for a.e. © € Q.

For fixed p € N, the Lagrange finite element space associated with 7y, is
Vi = {vn € C(Q) | vn|x 0 Fi € Pp(Ky) for all K € T, } € HY(Q).

It admits a nodal basis { ¢ | a € Dy, } associated with a finite set of nodes Dh c Q.
On the reference element we fix a PP (K «4)-unisolvent set of reference nodes DcC Kd,

together with the associated reference shape functions ® = { ¢ |a€ D} C IP’p(Kd).
The nodes contained in an element are the images of the reference nodes,

Dy(K):=DyNK = Fx(D), Ke€T, (52)
and the basis functions are the transported reference shape functions,
Galk = ¢ao Fx' with a=Fgl(a), aeDy(K), KeT,. (53)
Finally, ¢, vanishes identically on every element K with a ¢ K.
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A.2. Scaling of volume and surface measures. Let K € 'E be an element,
and let F be a (d — 1)-dimensional face of K. There is a face F of the reference
element Kd and an affine map A : Fd 11— F with

]:K,F Z]:KOA : Fd—l — F.

We transform integrals over faces to the reference face. This requires the square
root of the determinant of the first fundamental form,

\/gKF \/det JFL p@) - JFxp(@), & €Fy1.

As in the affine case, we expect /gx (7)) = h '. Singular values and an inter-
lacing inequality prove this.

Lemma A.2. There exists ux > 1 depending only on My such that
pth% < |det JFk ()| < pxh, for a.e. T € Ky. (54)
Moreover, with the same constant it holds
,uf_(lh;l(_l <\ /9r,Fp(@) < uth(_l, for a.e. T’ € Fy g (55)

Proof. Let 01(Z) > 02(Z) > ... > 04(Z) denote the singular values of JF k(%) for
Z € K4. The largest singular value is the spectral norm, so that

01(7) = [JFx(@)lly < TFkll ooz, < Michk-

For the smallest one, we use the spectral norm of the inverse, so that

~ 1 1
ad(x) = > ZME-lhK.

[z @], wzo™

Lo (Ka)
Every singular value therefore satisfies
My h,K<0'd( ) < 04(Z) < 01(2) < Mghg, i=1,...,d. (56)

In particular My > 1, and hence pux > 1. The well-known formula
d
Hai(f) = | det JFk(Z)]

therefore proves (54).
Let v1(Z") > v2(Z') > ... > v4_1(2") denote the singular values of JFk (Z') for

7' € F;_1. Without restrlctlon, we can assume that

fK,F('/r\/) = ]:K((./IZV,O)), ' e ﬁd—l-

Hence, JFx r arises from JFg by deletion of a column. The Cauchy interlace
theorem, see, e.g., [28, Thm. 4.3.17], shows that

0i11((,0)) <vi(@) < 0i((@,0)), i=1,....,d—1, & €Fs..
With (56), every v;(Z’) lies between Mf(lhK and Mghg as well. The identity

—1
[[w@) = \/det JFL p(@) - JFxp(@), & €Fy,
=1

therefore gives (55) with the constant M& ' < k. O
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A.3. Change of variables. We collect the transformation properties of Sobolev
norms under the reference maps. In contrast to affine maps, a single power of hg
per differentiation order is not available for curved maps. Instead, each estimate
couples all lower order seminorms.

Lemma A.3 ([13, Lem. A.5,A.6]). Let Ty, be r-reqular, K € Tp, and £ € {1,...,7}.
For v € L*(K) it holds

—-1/2;, —d/2 1/2, —d/2
P ol ey < Moo Frcllpozyy < i b ol oy (57)
and for v € H*(K) it holds
£
—d/2
0o Frclyey S b hic [0l ey » (58)
t=1
L
d/2 _
|U|H€(K) S hK/ Zth v 0-7:K|Ht(1?d) ) (59)

t=1
where the hidden constant depends on Mk and Mg (0).

A.4. Construction. We follow the construction of [33]. The set of mesh faces is
Fr,. Every F € Fr, is a face of at least one element K € 7;. For every node
a € Dy, we choose an associated control volume o,, which is either an element or a
face. The choice follows the rules below.

Rule 1: If there exists an element K € 7Ty, such that a € int(K), then o, = K.
Rule 2: If there exists F' € Fr;, such that a € int(F'), then o, = F.

Else: There exists at least one F' € Fr, such that a € F.

Rule 3a: If a € 99, then choose F' C 992 and define o, = F'.

Rule 3b: Else, choose g, = F'.

In all cases a € 7,. We fix an element K, € T, with 04 C Ka.

For every node a € D;, we denote by Dy (0a) = Dy, N7, the set of nodes within
the control volume. The restrictions of the associated basis functions are collected
in

CI)Ua = {¢b|ga | b e Dh(O'a) }
These restrictions are linearly independent. Composed with the reference map,
they coincide by (53) with the reference shape functions, respectively with their
restrictions to the reference face. Linear independence is therefore the unisolvence
assumption of the Lagrange element on IA(d, respectively on ﬁd,l. Hence, V,, =
span ®,_ has dimension n,, = #D,(0a). There exists a unique L?(c,)-dual basis

U, ={tap € Vs, | b€ Dy(oa) } CV,,,

characterized by
/ 'l/)a7b(t)¢)c(t) d?](t) = 61,70, b,C S Dh(Ja), (60)

where the measure 7 is either the d-dimensional Lebesgue measure or the induced
(d — 1)-dimensional surface measure. We abbreviate s = 105 a for all a € Dj,.
The Scott—Zhang operator is now defined for s > 1/2 as

Mep : HY(Q) = Vi, Tsgo(a) = 3 pala) / Vet dn().  (61)

aeDy,

The integrals are well-defined. For a control volume of dimension d, this follows from
ta € L®(0a) and v € L*(0a). On a face 04 C 0Ka, the trace of v|gk, € H*(Ka)
with s > 1/2 belongs to L?(c,).
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A.5. Stability. We collect three lemmas from which the stability of IIgy follows.

Lemma A.4. For every a € Dy, it holds ||1/}a||Loo(a = < hy dimoa_

Proof. Write K = K, and assume first that o, is a face, i.e. dimo, = d — 1. We
transform (60) to the reference face. With ¢, := ¢p0Fk o, and ¥n = Ya b0 FK 0.,
the orthogonality reads

U (F)Pe(F)\/9K.00 (@) AT = Ope;  b,c € Dy(0a).

Fq_1

Since ¥ € V,,, we can expand zZa =3, chgc. The coefficient vector 3 solves
G = ey with the weighted Gram matrix

Ghe = | bbbe/TK,on 7.

Faq_1

With the weight bounds of Lemma A.2 this gives, for every coefficient vector &,
£7GE = / Zm Ve i > b Zm

Hence |3] < HG_1H2 S h;((d_l). With the uniform bound ‘ be

conclude

2 hi el

L2(Fan)

<1 we

Loc(ﬁd_l)

/‘Za (gc Ne, ,S h (d=1)

L‘X’(Fdil)

< |B|max‘
[

[Yall Lo (o0) = ‘ Lo (Fy_1)

If 04 = K is an element, the same argument applies with Fg ,, replaced by Fx
and the weight |/gx .. replaced by |det JFx| ~ h%, cf. (54). O

Lemma A.5. Let Tj, be r-regular, a € Dy, and £ € {1,...,r}. Forv € H'(K,) it
holds

di a—d/2 i
0l 1 gy S BT ZhﬂKa 0] () -
7=0

Proof. Write K = K, and assume first that o, is a face. With the reference map
Fr,on @ Fa—1 — 04 and Lemma A.2 we obtain

lolls(ony = /F [0 Frtoa @)\ 900 @) 47 S B 00 Fitral iy ) -
d—1

We have Fg ,, = Fix o A with an affine map A : ﬁd,l — F onto a face F of I?d,
and there are only finitely many such reparametrizations. This gives

[[v O‘FK,aaHLl(ﬁdﬂ) S ||U°]:K||L1(ﬁ) S ||U°]:K||L2(ﬁ) S ||U°]:K||Hf(f<d)a

where the last step is the trace theorem on the reference element, see, e.g., [31,
Thm. 3.38]. It is applicable in L2(8I?d) since £ > 1 > 1/2. If 0, = K is an
element, the same argument applies with Fx ,, replaced by Fg and the weight
V9K o, Teplaced by |det JFk| =~ h¢., cf. (54). In both cases the claim follows with
Lemma A.3. O

Lemma A.6. Let Ty, be r-regqular, K € Ty, m € {0,...,r} and let v € H*(Q) for
s>1/2. Then

d2m
IMsz0l ey S 1™ / v di

aceDy(K)
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Proof. On K, only the basis functions of the nodes Dy, (K) do not vanish, so that
(Mszv)|x = Z (/ TﬂaUdU)(Zﬁa\K-
a€Dy(K) “%2

By (53), (57), and (59), the basis functions satisfy

d/2—m d/2—m
16all s i) S BEZ T 60 0 Frcllgmezeyy S 0™

where we used hx < 1. This proves the claim. O

It remains to bound the nodal functionals.

Theorem A.l. Let Tp, be r-reqular, K € T, m € {0,...,r} and v € H (wg) for
¢ e {max{1,m},...,r}. Then

14

szl g iy S BE™ D 2o 10 113 o) (62)
(K) (wk)
=0

Proof. Holder’s inequality together with Lemma A.4 and Lemma A.5 gives

| [ mvn] < Wl oy Pl

£
—dim o, 7 dimoa—d/2 j
5 hKa hKa :: h a |U|Hj(Ka) :
j=0

Since a € K N K, implies K, € T, Lemma A.1 gives hx, ~ hg. Finite overlap

of the patches wy and Lemma A.6 prove the claim. (]

Summation over the elements gives the global counterpart. We only need it for
the first order wavenumber scaled norm.

Proposition A.1. Let T}, be 1-reqular and kh < 1. For all v € HY () it holds
1520l 1y oz
where the hidden constant depends on d, p, and My, (1), but not on h, k, and v.

Proof. We first treat the L?(Q)-part. Here we square (62) with m = 0 and sum
over K € T,. The patch domains have finite overlap by Lemma A.1, and hg < h,
so that

Msz0l1 720y S I0l720) + 22 [0l @) -
. . 2 2
With kh < 1 this gives k2 Mszv[[720) < ||UHH%(Q).
It remains to estimate the H'-part. Let K € T, and ¢ € C. Constants belong to
Vi, so that IIszc = ¢ by the projection property. With (62) and m = 1, we obtain

2 2 - 2 2
|HSZU|H1(K) < sz (v — C)HHl(K) S th v — CHL?(WK) + |U|H1(WK) ‘

We choose ¢ = |wg |7} fwk v dz as the mean value of v on the patch. The Poincaré
inequality then provides
2 . 2 2
v — C||L2(WK) < diam(wk ) |U|H1(wk) S Pk |U|H1(WK) ]

where the hidden constant in the last inequality depends only on M7, , cf. Lemma A.1.
Summation over K € 7T and the finite overlap of the patch domains provides
Msz0| g1 () S [0] 1 (q)- This proves the claim. O
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Proof of Proposition 4. Part (iii) is Proposition A.1.
It remains to prove the projection properties (i) and (ii). Let v, € V},. Then,
Uh = ) _pep, Cb®b With coefficients ¢, € C. Hence, by (61), we obtain for ¢ € Dy,

Zcb/ Gelt)u (t) dn(t) =

beDy,

Hszvp(c /wc vp (t) dn(t)

Thus, v, and its interpolation agree at every node. Hence v, = Hgzv,. Part (ii)
follows in the same way. Let v € H*(Q)) and v;, € V}, with v|p = vp|r. Rule 2 and
Rule 3a give g, C 90 for every boundary node a € D N 9. The value Igzv(a)
therefore depends on v only through v|r, so that Ilszv(a) = Iszun(a) = vp(a).
A discrete trace is determined by the nodal values on 92, and hence (Ilgzv)|r =
Uh|p. O

APPENDIX B. THE LAPLACE-BELTRAMI OPERATOR

In this appendix we establish the local shift theorem for the Laplace—Beltrami
operator on I'y. with constants that are explicit in the wavenumber.

We work in the setting of Section 1.2 and fix open sets G1, G2 C R? with G €
Go, G1NT # (), and GoNT C I'y.. Throughout, {(UZ-7 Xi)}i\; denotes the atlas of
Iy from Section 1.3, with subordinate partition of unity {n;}2,. Recall that the
transition maps 7;; = x; o 6; are C7!, cf. [31, Sec. 3]. All hidden constants in this
appendix are independent of the wavenumber k.

We follow the ideas of [19, Thm. 3.3], but keep track of the wavenumber. Our
argument flattens every boundary patch, localizes, and then uses a global k-explicit
regularity result.

Surface differential operators. As for the Sobolev norms, we define the surface dif-
ferential operators in terms of charts and a subordinate partition of unity. We recall
the definition for a single chart (U;, x;) = (U, x). Let € V and define

Gmn = 0, 0(x) - 05, 0(z), mn=1,...,d—1.

Then, G = (gm, n)fln?lb | is the first fundamental form. We denote by G=! =
(g™ ")fn L , the inverse and by g = det G the determinant. Note that the regularity

assumptlons give § € CV}(V) and therefore g,,,, € C?~11(V). For a smooth
[+ T — C we define the tangential gradient and the Laplace—Beltrami operator as

d—
(Vrf)o Z T (O, (f ©0)) 0,0, (63a)

(Axf)o = fm;azn("”f G0, (f 00)). (63b)

Scaled norms on R%~!. The proof of Theorem 5 rests on flattening every boundary
patch and applying elliptic regularity of the full-space problem on R?~!. To this
end, we introduce k-scaled norms of real order on R?~!. We then collect the calculus
rules and the regularity result that we need.

Let S(R9™1) be the Schwartz space and S’(R?~1) its dual, the space of tempered
distributions. Following the convention of Section 1.3, we write <v|¢>Rd,1 = (o)
for v € S'(R?!) and ¢ € S(R?"!). The pairing reduces to the L?(R?~!)-inner
product whenever v € L2(R?¢~1). The Fourier transform F : S(R?~!) — S(R?1)
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is an isomorphism with inverse F*, defined by

9(8) = (Fu)(§) = /R dilv(w)e_%i‘”{ dz, ¢eR¥, (64a)
o(z) = (F*o)(z) = /R P w e R (64b)

We use the standard facts about the Fourier transform, like Plancherel’s theorem,
without further notice. For details, we refer to the subsection “Fourier Transform”
of Section 3 in [31].

For 0 € R we set

_ O~ 2
Iolfg sy = & [ (4 E7216R) ot e (65)
and define the Sobolev space of order ¢ as
HY(RI1) = {ve S'(R1) | ¥ measurable, HU”H;'(RM) < oo} (66)

By Plancherel’s theorem this is a Hilbert space, and S(R~1) is dense in it. Note
that the k-scaling matches (4b), i.e. it accounts for the loss of differentiability when
taking traces.

The following lemma gathers all the k-scaled auxiliary results we need.

Lemma B.1. Let 0 € R and v € HZ (R41).
(i) For og,01 €R and ¥ € (0,1) it holds

[Hgo (Rd_l), Hz'l (Rd_l)] ngl—ﬁ)f’o-i-ﬁm (Rd_l)

9
with equal norms, where [-, -]19 denotes the complex interpolation functor.
In particular, the interpolation theorem for linear bounded maps applies to
this scale.

(ii) Form € {1,...,d — 1} it holds O,,v € HY ' (RI~1) with

||amv||H;c’—1(Rd71) Sk ”U”HZ(JRGFI) :

(iii) The pairing < ‘ '>Rd*1 extends uniquely to a sesquilinear form on HZ (R~1)x
H,_°(R¥Y), and w — k‘<w‘ . >]Rd*1 identifies HZ (RY™1) isometrically with
the antidual of H,;”(]Rdil), In particular,

v -1
||U||HU(Rd—1) =k sup w
K ¢eH, 7 (RI-1)\{0} ||¢||H;”(]Rd*1)

(iv) Letr € N, b€ W">(R41) and |o| < r. For o >0, let bv be the pointwise
product. For o <0, define bv € HZ (R~1) by duality,

(0] @)gas = (v[bd)ga 1 for all ¢ € H_7(R™1). (68)
It holds

(67)

150 1g -y S Dbl sy N0l g sy -
uniformly in k.

Proof. Assertion (i) follows from complex interpolation of weighted L?-spaces, see,
e.g., [8, Thm. 5.4.1]. The same theorem contains the interpolation theorem.
Assertion (ii) follows from the identity F(0,,v)(§) = 27i&,,0(€) and the estimate

[l (L4 k2(E11) D2 < k(14 k21E7)72,
For (iii), Plancherel’s theorem and the Cauchy—Schwarz inequality give

|<w|¢>Rd—l| <kt ||w||Hg(Rd—1) ”d’HH,:“(Rd*l) ) (69)
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for w € HZ(R*1) and ¢ € S(R?1). Since S(R?1) is dense in H, 7(RI1),
the pairing extends uniquely to H (R%1) x H, “(R%!) with the same bound, so
w = k(w| ) maps into the antidual of H, “(R?"!) with norm at most one.

This shows
U —
ey Msuvnmwl).
¢eH, 7 (RI-1)\{0} H¢H}{;U(Rd—1) k

Rd—1

If v # 0, the function ¢ with ¢ = (1 + k~2|¢[2)°% belongs to H, (R*1)\ {0} and
satisfies
01|

= ||V o 1y -
161 41— a1 [0l g (a-1)

||¢HH;”(R¢—1) = ||U||H,3(Rd*1)>

This proves the reverse inequality. Hence, (67) follows.

For (iv) and integer o € [0,r], the uniform equivalence with the derivative-
based norms, the Leibniz rule, and k~(M=I#D < 1 for 4 < X give the claim. For
integer ¢ € [—r,0), the previous case applied with the order —o € (0,r] gives
by € H, 7(R1) and

’<U’B¢>Rd*1’ < k_l HU”H;(R“Fl) HB‘éHH;"(Rd*I)

SETHbllyroo (a1 10l o (ma—1) 191l - a1y

for ¢ € S(R?~1). The right-hand side of (68) is therefore an antilinear functional on
S(R471) that is bounded with respect to ||'HH,:<7(]R(1—1), and (iii) provides a unique
bv € HY(RY™1) representing it, with the asserted bound. The remaining cases
follow by interpolation with (i). O

Localization. The next lemma transports functions on a boundary patch to R%1
and back, with bounds that are uniform in k.

Lemma B.2. Let w C Ty be relatively open and i € {1,...,N}. Recall that the
atlas consists of N charts (U;, x;) with parametrization 0; = Xi_l Vi = U, of.
Section 1.3.

(i) Let r € {0,...,y + 1}, b € W™ (RI1) with suppb € x;(U; Nw). For
o €[0,7] and ¢ € HJ (w) it holds

16(6 0 0l g a1 S 1911112 -

(i) Let r € {0,...,v+ 1}, ¢ € W">(R41) with suppc € x;(U; Nw). For
o € [0,7r] and v € HZ (RI™1) the zero extension of (cv) o x; satisfies

(ev) o Xl S 0l oy -

(iii) For real-valued b € W1 (R4~1) with suppb € x;(U; Nw), o € [~1,0), and
¢ € HY (w), the tempered distribution defined by

(Vgb(¢o 9¢)’U>Rd,1 = (¢|(bv) o Xi),,» ve SR,
satisfies ||\/§b(¢091-)||Hg(Rd_l) < ||¢||H,g(w) and coincides with the point-
wise product of (i) if ¢ € L*(w).
The hidden constants depend on b and c, but not on k.
Proof. For (i) and integer o = £ < r, set

Dj = x;(U; Nw), w; = (n;¢)06; on D;.
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We work with these functions locally. The product b(¢ o 6;) is extended by zero
outside x;(U; Nw). This preserves its regularity because suppb € x;(U; Nw). On
Xi(Ui Nw) we have the pointwise identity

N

$o; = (n;¢) 00, (70)
j=1
because » ;mj =1on Isc. The transition map 7;; is defined on x;(U; N U;) only,
so we localize before changing charts.

Fix i and j and set A;; = x; (Qi(supp b) Nsupp 77j)- Since supp b € x;(U; Nw), the
set 0;(suppb) is a compact subset of U; Nw, so A;; is compact, and suppn; € U;
gives A;; € x;(U; NU;). Hence, A;; is a compact subset of the open domain of 7;;.
Since 7;; € C71, this gives 7;; € WYT1°°(A;;). The hidden constant depends on
supp b, but not on k or ¢.

The j-th summand of (70), multiplied by b, is supported in A;; and satisfies

b((n;®) 0 0;) = b((n;¢) 0 ;0 755) = b(w; o155)  on x;(Us NU;Nw).

By the Leibniz and chain rule, 9* (b(w; 07;;)), |A| < ¢, is a finite sum of products of
derivatives of b and of 7;; up to order ¢, which are bounded on A;; by the above, and
of terms (9"w;) o 7;; with || < |A|, which are evaluated on 7;;(A4;;) C x;(U; Nw).
Hence, using k= (A=) <1 yields

N
k*|>\|+1/2||8)\ (b(¢o 0i))||L2(Rd_1) < Z Z kf|u|+1/2||3uwjHL2(XJ_(UJW))
J=Lp|<e

< 19l -
Since ¢ — b(¢ 0 6;) is linear, fractional orders follow with Lemma B.1 (i), because
the patch spaces are defined via interpolation too.

The proof of (ii) is analogous.

For (iii), the test function (bv) o x; has compact support in w. The definition of
the negative order norms, Lemma B.1 (iii), and Part (ii) with » = 1 therefore give

[{2[(®v) o xi),, |
veS(RI-1)\{0} HUHH;“(Rd*U
1(bv) © Xill == r,.
< ||¢||Hf{(w) sup ;
£ pes@i-ngoy 0l goe @ay

Sl g ) -

For ¢ € L?(w), transforming the surface integral to the chart produces exactly the
factor /g, which shows the consistency. O

IV © )l 1y sy = b

A shift theorem on R4~1. Flattening leads to a full-space elliptic equation on R4~
The next lemma provides the k-explicit shift theorem that we need for it.
Lemma B.3. Leta € W7 (R4~ RUE-DXE=D)) be symmetric-valued with cq|(|?* <
a(z)C - ¢ < Cyl¢|? for all x € R, ¢ € R and some 0 < ¢, < C,. Define
Apv = v — k™2 div(aVv).

For every o € [0,7], ifv € HZ(RY™Y) and Ayv € HJ ' (RYY), thenv € HYTH(RI7Y)
and

HU”H"C’“(R%I) S HAkaqu(Rd,l).
The hidden constant depends only on d, v, o, ¢q, Ca, ko, and Ha||W%m(]Rd,1), but
not on k or v.
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Proof. For every o € [0,7], Lemma B.1 (ii),(iv) componentwise give

Hk}*Z div(avv)HH,‘:_l(Rd_l) < k1 HarvaHg(]Rd—l)

Sk HVUHHg(Rd—l) < ||U||Hg+1(ugd*1) )

which proves the a-priori bound.
Let 0 = 0. By (65) and Plancherel’s theorem, the sesquilinear form

<Akv|w>Rd_1 = B(v,w) = (v|w)ga-1 + k™ *(aVv|Vw)ga-1,

defined on H}(R?"!) is bounded and coercive. Hence, the Lax-Milgram lemma
shows invertibility of Aj, : H}(R?"1) — H, '(R?1). The bounded inverse theorem
then provides that Ay is an isomorphism with the k-uniform lower bound.

Next, we apply elliptic regularity in the case that ¢ = m € {1,...,v}. Let
fe HMYRITY ¢ HY(RYY) and let v € Hf(RYY) solve Ayv = f, so that
div(aVv) = k%(v — f). The interior regularity result [31, Thm. 4.16], applied on
the balls By(z) C Ba(z) with z € Z3~!, provides

H’U”Hjﬂ(Rd*l) 5 H diV(aV’U)Hijl(Rdfl) + ”'UHHl(IRd*l) ) JE {L s ,m}, (71>

with constants that do not depend on k, since the operator div(aV-) contains no k.

For w € H’~'(R%!), the elementary inequality k=73/2 < k=IM+1/2 for |\ <
j — 1 gives k7 +3/2 lwll -1 (ra-1) S ||11)|\1L1,£—1(]Rd,1?7 by the uniform equivalence of
the integer order norms. Multiplying (71) by k~7~1/2 and inserting div(aVv) =
k(v — f) therefore yields

I 0]l i1 Ra-1)
S ||’UHH£71(]R4*1) + Hf“H,{il(Rdfl) +k HUHH;(RM) :
Summing over j = 1,...,m gives

||v||H;“+1(]Rd71) S ||fHH;€"—1(Rd71) + HU”H;"(Rdfl) .

Iterating this estimate down to the case 0 = 0 proves the claim.

For o € (m,m + 1), interpolating A,;l between the integer orders m and m + 1
with Lemma B.1 (i) shows that A, ' : H7 '(R¥1) — HJT(RY!) is bounded,
uniformly in k. The identity AkAlzl =1= A;lAk holds on dense subspaces,
and all involved operators are continuous. Hence, Ay is an isomorphism for every
o €[0,7].

It remains to prove the shift. Let v € HZ(R?™1) with f = Ayv € HJH(RI1),
and let o = A, ' f € HTTH(R?™1). Then 2z = v — v € L2(R?!) and Ajz = 0 in the
sense of distributions. We show that this implies z = 0. Let g € C°(R?"1), and
use the already established case o = 1 to define ¢ = A,;lg € H?(RI71). Choose
¢, € CX(RI¥Y) with ¢, — ¢ in H*(R?"!). Since a € WH°(RI1), we have
Apgn — Apq = g in L2(R%1). The symmetry of a therefore gives

(2]g)ra—1 = nli_{r;o(dAan)]Rd*l = nh_)néo <Akz|Qn>Rd71 =0.

Since C°(R?71) is dense in L2(R971), it follows that z = 0. Thus v = ¥ €
H{TH(RY71), and the asserted estimate follows from the bound for A;'. O

The next lemma extends a coefficient from the parameter domain V; to all of
RA-1,

Lemma B.4. Let v € Ny and let V. C Rt be bounded and open. Furthermore,
let a € W (V; Réﬁ;”x(d*”) be pointwise positive definite on V. For any K € V
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there exist k € [1,00) and a € W’Y’OO(Rd_l;RggI;UX(d*l)) such that
i=a onk, R < C-alx)C < wlCP, xeRITL CeRITL
The constant k depends on a, V and K.
Proof. Let § = dist(K,0V) > 0 and define K, = {z € RI™! | dist(x, K) < s}. We
choose a smooth cut-off p € C°(R4~1) with
0<p<1l, omn R, p=1, on Ksy, supp p C Ks/a.
The extended coefficient is defined as
a=1+0b, b=pla—1) onV, b=0 on R\ suppp.

The sets V and R4\ supp p cover R4~!, and the two formulas agree on the overlap.
Hence, a is well-defined and symmetric, with a = a on Ks5/4 O K.

Furthermore, a is continuous and positive definite on suppp € V. Hence, it
attains a minimum A > 0 and a maximum A > 0 such that

MCP <¢ra(@)¢ < A[CP, z esuppp, (€ R
Set K = max{A,A\71, 1} € [1,00). Let x € R?"! and write t = p(z) € [0,1]. If
t =0, then ¢ - a(x)¢ = [¢|?>. Otherwise, z € supp p and we obtain
¢-a(z)¢ =1¢ - a(@)C + (1 - 1)
€ [min{A, 1}|¢[*, max{A, 1}[¢]*] [+~ "|¢|%, w[¢[?]-
Since p € C®(R41) and a € WY (V), the product b = p(a — I) belongs to
W7 (R4=1). This proves the claim. O

Proof of Theorem 5. Fix n € C>°(Gs) with n = 1 on a neighborhood of G and
set ¢; = (nim)|r.., so that supp¢; € U; N G NT and Ziil ¢ =mnr, =1ona
neighborhood of G; NT. Since 1 is smooth on R? and n; € C"!(Ty.), the zero
extensions of (; = (; o ; belong to W +hee(RI-1),

Fix ¢, write E: El-, zz =1 ob;, and let w; = &Z, extended by zero to R4~1.
Lemma B.2 (i) with b = ¢ gives

w; € Hy(RT™), with (lwill g a1y S 191 s @anry - (72)

The matrix a = \/gG~! € W*“’(%,Rg;nx(d*l)) is symmetric and positive
definite on V;. Lemma B.4 applied with K = suppz € V; provides a uniformly
elliptic extension @ € W7 (R4~ R(@-1x(@=1)) that agrees with a on supp E The
coeflicient a satisfies the assumptions of Lemma B.3.

The formal commutator identity

Ar,.(Gv) = GAr, ¥ + 2divr, (¥Vr, G) — YA, G,
reads in the chart
div(aVw;) = /gl (Ar, ) 0 0; + 2div(¢ave) — ¢ div(ave),
where for s < 1 the first term on the right is understood as in Lemma B.2 (iii).
Consequently, using the operator Ay from Lemma B.3 gives

Apw; = w; — k72/g¢(Ar ) 0 6; — 2k~ 2 div(¢aV¢) + k2 div(ave).  (73)

We estimate the four terms on the right-hand side of (73) in H;~'(R?~!) individ-
: _ Z2
ually. Throughout, we abbreviate A = H¢||H£(G2nr) + ||% AFscwHH;*(GmF)'

For the first term, we obtain with (72) that

||wiHH,§*1(Rd71) < ||U’i||H,j(Rd—1) SA
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For the second term, we distinguish two cases. First, let s < 1. Then, we apply
Lemma B.2 (iii) with 0 = s —1,b = ( and ¢ = k= 2Ar_1¢ € H*"}(Gy NT). This
provides

[F2val(ar, v 0 0) = IV/8b(9 0 0:) 111 rary S A

Hy 7' (RA-1)

The case s > 1 follows by Lemma B.2 (i) with b = \/gg

We treat the third term componentwise. Let b = (aV(),, € W?>(RI"!) for
m € {1,...,d —1}. Applying Lemma B.1 (ii) and Lemma B.2 (i) then gives

720 sy 79 ey £

s— _ _ ~Y
Hy ™M (Ra-1 Hi(RI-1)

For the fourth term, we define b = div(aV¢) € WY=L(R4-1). If o = s—1 > 0,
we apply Lemma B.2 (i). Otherwise, 0 = s — 1 € [—1,0), and the monotonicity
||-HH£71(R(1,1) < ||'||H,2(Rd—1) reduces this to the previous case. In both cases, we
obtain

k2 div(@v )| = 20| <A
|2 div (@) o1 et O et oy S

Collecting the four bounds gives ||Ak'UJZ‘||HZ:—1(Rd,1) < A. By the shift property

in Lemma B.3, w; € H ™' (R41) with

il s oy S IAkwill s oy S A i€ {1, N},

Finally, w; o x; = ;% on U;, and both sides vanish outside U;. Since Zfil G=1
on G; NT, this gives ¥ = Zf\il w; o x; there. Choose 3; € C® (Xi(Ui NGy N F))
with 5; =1 on suppz,;, so that f;w; = w;. By the triangle inequality, monotonicity
of the norm in the domain, and Lemma B.2 (ii) with ¢ = 8; and w = G2 N T, we
conclude

N N
||¢HH;+1(G1F1F) < Z [|wi o Xz‘HH;“(GmF) S Z ||wiHH,j+1(R”"1) SA
i=1 1=1

This proves the claim. O

APPENDIX C. THE NORMAL TRACE

In this appendix we prove the local, k-explicit normal trace estimates of Lemma 9.

Classically, the normal trace of a function v € H'(Q) with Au € L*(Q) is
well-defined as an element of H~'/2(I"). It satisfies [Onull gr-1/2ry S Nlullgr) +
||Au|\L2(Q), see, e.g., [31, Lem. 4.3]. We first replicate this result globally with
k-explicit norms, and then localize.

Throughout, we use the k-explicit trace estimates

lelell o2y S Wollarg ey, 1/2 <0 <, (74)

uniformly in & > kg. They follow by flattening the boundary and applying the
Fourier transform. We omit the details and refer to [31, Lem. 3.35, Thm. 3.37].
Finally, we recall that for 0 = 1 the trace has a right inverse £

L:HPO) = HQ,  (Lole=96, 1Ll SIolgagy,  (75)

uniformly in k& > kg. We obtain this from the Fourier transform on the flat-
tened boundary and the k-explicit norms. The version without explicit k is [31,
Thm. 3.37]. Alternatively, one constructs £ in the same way as the operator Ej in
Definition 1, and uses k-explicit regularity estimates.
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Proof of Lemma 9. We start with Part (i). By (35) and (36), the assertion means
-2
‘<8nu|¢)>pl| 5A H(b”Hi/z(FM)’ A= ||uHH,1(Qz) + Hk Au||H2(Q2)a (76)

for all ¢ € H;/Q(FSC) with supp ¢ € I';. Note that the factor k=1 in (38) cancels
the factor k in the definition of the negative order norm (36).
First, we show the global k-explicit estimate. Let w € H(Q) with Aw € L*(Q)

and ¢ € H;/z(l“). We define
(Onw|g). = (Vw|Vv), + (Aw|v),,  veHY(Q) witho|p=¢.  (77)

The right-hand side does not depend on the choice of v. Indeed, the difference of two
liftings has vanishing trace, and by the definition of the distributional Laplacian the
right-hand side vanishes for such functions. For smooth w, Green’s formula shows
that 0, w defined by (77) is the classical normal derivative. Choosing v = L¢, the
Cauchy—Schwarz inequality and (75) yield

[(Onw|o)r| < [Vl 2 VLA 120 + 1AW 2y 1£0Ml 120
< lwll g2 ) 1€ M 3 o) + ka72AwHH2(Q)k71 L& 113 0

< (Nollsyen + 15280l 0y ) 1611272

Note that the powers of k match exactly.

Next, we localize. Fix n € C2°(G2) with n = 1 on a neighborhood of Gj,
and let w be the extension of nu by zero to Q. Then w € H'(Q) and Aw =
nAu + 2Vn - Vu + uln € L*(Q2). Hence,

Il S (L4 ko i) Il o [R72A0] o) S A
where the second bound follows from
k! [V - VU”LZ’(QQ) < kal [17llyy1.00 ||u||H,§(QQ) )
K7 [ulnll 2,y < Ko Inllwe.cs 1l oy -
Thus, the global result shows that |<8nw|¢>r| SA ||¢HH;/2(F).

Finally, let ¢ € H;/Q(FSC) with supp¢ € I'y, extended by zero to I'. In (77)
we use the lifting v = xL¢, where x € C°(G1) with x = 1 on a neighborhood of
supp ¢. Then v € H(Q) with v|r = x¢ = ¢. Since suppv € G and 1 = 1 there,
we have Vw - VU = Vu - VU and Awv = Au7 a.e. in G1. Hence,

<anw‘¢>r = (Vu’Vv)% + (A“’”)QQ = <8n“’¢>1‘1'

This quantity depends on w only through ulg,. As above, it is independent of the
choice of x and of the lifting. This proves the claim.

For Part (ii), we apply the k-explicit trace estimates (74) to Vu and localize as
above.

First, let n and w be as above. Multiplication by the fixed cut-off 1 is bounded
on H**?(Q) uniformly in k > ko,

||wHH£”+2(Q) S nllmere.o ”UHH,Z"“(QQ):

since by (4a) every derivative falling on 7 in the Leibniz rule carries a factor k=1 <
ky'. This is the domain analog of Lemma B.1 (iv).
Second, (4a) gives

IVollge ) < Ellvllgeer gy, £

Third, since I' € C*!, the components of the normal vector n belong to W7:°°(T")
in every chart. By Lemma B.1 (iv) and Lemma B.2, multiplication by n is therefore
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bounded on HY (T") for 0 < o < ~. Note that the restriction m + 1 < v enters here.

The trace estimate below is applied with ¢ = m+ 1, which lies in the range of (74).

Since 7 = 1 on a neighborhood of Gy, we have d,u = n - (Vw)|r on T';.
Combining the three estimates in reverse order with (74) for o = m + 1 shows

Hanu”H;nJrlM(Fl) =[n- (vw)‘FHH;"HM(pl) S H(Vw)lFHHL"“/Z(F)
S ||V7UHH,T+1(Q) Sk HU’HH;"“(Q) Sk ||U||H,:71+2(92) :
Dividing by k proves the claim. O
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