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DOMAIN SPLITTING WITH LOCALIZED IMPLICIT PREDICTION FOR
WAVE EQUATIONS

TIM BUCHHOLZ AND ROLAND MAIER

ABSTRACT. We propose and analyze a non-iterative domain decomposition time integrator for
the linear acoustic wave equation. The method is based on an overlapping decomposition in
space and uses a localized implicit prediction to provide artificial boundary data at the interfaces.
We use conforming finite elements of arbitrary order to discretize in space and allow spatially
varying material coefficients. We prove an error bound relative to the global Crank—Nicolson
approximation that decays exponentially with the size of both the subdomain and prediction
overlaps. Compared to earlier work, this new method avoids a CFL-type step size restriction
and allows the use of finite elements of arbitrary order. The analysis combines a discrete Saint-
Venant principle with new decay and truncation estimates for the localized prediction. Numerical
experiments support the analysis and demonstrate stable behavior for all tested time step sizes,
accuracy comparable to that of the global Crank—Nicolson approximation, and the potential for
efficient parallel execution.

1. INTRODUCTION

We consider the first-order formulation of the linear acoustic wave equation given by
(1) 0w = v, O = B~ div(AVu) + f  in Q x (0, 7]

on a bounded polygonal or polyhedral domain Q C R? d € {1,2,3}, and for a final time 7" > 0.
The material coefficients A, B € L*°(£) are assumed to satisfy

a<Al@)<pf,  a<B)<p

for almost every x € €2, with constants 0 < a < '. Here, the coefficient A models the inverse
density of the material, while B is a positive compressibility coefficient. The generally space-
dependent wave speed is determined by the square root of the ratio B~'A. The system (1) is
complemented by the initial conditions u(-,0) = u° and v(-,0) = v° in €, and homogeneous
Dirichlet boundary conditions u(-,t)|aq = 0 for ¢t € (0,7], which simplify the presentation but
impose no real restriction.

After spatial discretization, the choice of a time integrator involves a fundamental tradeoff.
Explicit methods such as the leapfrog scheme [29, 10] are computationally inexpensive per time
step, but their stability requires a CFL-type condition that couples the time step size to the spatial
mesh size. Implicit methods such as the Crank—Nicolson scheme [12, 30] avoid this restriction, but
require the solution of a globally coupled linear system at every time step [16].

A natural approach is therefore to decompose the spatial domain, replace the global implicit
problem by several smaller subdomain problems, and combine their solutions to a global approx-
imation. This is the basic idea of domain decomposition (DD) methods. Many established DD
methods are iterative: they repeatedly solve the subdomain problems while updating the coupling
conditions at their artificial interfaces; see, e.g., [42, 21, 22]. Here, we instead focus on non-iterative
DD methods, which require no additional fixed-point or interface iteration within a time step.

2020 Mathematics Subject Classification. 656M12, 351.20, 65M55, 65N30, 35L05.
Key words and phrases. Domain decomposition, wave equation, time integration, exponential decay.
INote that the common bounds on A and B only simplify the presentation and are not a restriction.
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2 TIM BUCHHOLZ AND ROLAND MAIER

Non-iterative DD time integrators include several distinct approaches. Domain decomposition
operator splittings, also known as regionally additive schemes, were introduced in [43] and subse-
quently analyzed mainly for dissipative and parabolic problems [27, 18]. For hyperbolic systems,
tent pitching methods provide a local space-time construction, with both mapped [25, 26, 17] and
unmapped variants [11, 5]. Most closely related to the present work is the domain splitting method,
introduced for parabolic equations in [4]. It combines an overlapping spatial decomposition with
temporal extrapolation to predict the artificial interface data and provides the starting point for
our method. A related method was developed in [14] and extended to hyperbolic problems in [15].

In [8], a domain splitting method for the wave equation was constructed, based on the method
of [4], but using a leapfrog-based prediction of the artificial interface data. Second-order conver-
gence relative to the global Crank—Nicolson approximation was proved under a CFL-type condition
in which the admissible time step size scales linearly with the width of the subdomain overlap. The
explicit prediction also restricted the conforming spatial discretization because it required mass
lumping. Consequently, only linear finite elements were considered, as higher-order mass-lumped
methods on simplicial meshes would generally require enriched finite element spaces, see, e.g., [23].

In the present work, we replace the explicit predictor with a localized implicit prediction inspired
by [20]. The key difference from the approach in [20] lies in the localization mechanism. While
that approach uses a partition of unity to localize the data entering the prediction, we apply a
cutoff to the test functions in the variational formulation of the prediction problem. The resulting
domain splitting scheme with localized implicit prediction is a non-iterative domain decomposition
time integrator. Both the localized prediction solves and the implicit solves on the overlapping
subdomains can be carried out independently for each subdomain and thus in parallel. Compared
with the explicit prediction scheme in [8], the analysis no longer requires a CFL-type step size
restriction. Instead, we prove that the error relative to the global Crank—Nicolson approximation
decays exponentially in both the subdomain and prediction overlap widths, yielding a prescribed
algebraic convergence rate under a suitable overlap condition. Moreover, the new scheme supports
standard conforming finite elements of any fixed order £ > 1 without mass lumping, and the
analysis allows for spatially varying material coefficients A, B € L>(Q).

The theoretical results combine ideas from [8, 7, 20], but the localized implicit prediction and
the absence of a CFL-type restriction make a novel error analysis necessary. The proof has three
principal ingredients. First, we adapt the error recursion and averaging framework from [8]. Second,
the discrete Saint-Venant principle from [7] controls how errors introduced at the artificial interfaces
decay across the subdomain overlap. Third, inspired by [20], we develop new decay and truncation
estimates for the prediction error generated by the modified localization mechanism.

Decay estimates and localization arguments form the heart of our analysis. Such arguments
go back to the Saint-Venant principle in linear elasticity [39] and later developments for elliptic
boundary-value problems [28]. Related exponential decay and localization phenomena also arise
in multiscale methods such as [34, 35, 33, 1, 37, 38], and are used to show the energy decay of the
Green’s function for linear Schrédinger operators [2].

The remainder of the paper is organized as follows. Section 2 introduces the notation and the
global discretizations in space and time, while Section 3 constructs the domain splitting method
with particular emphasis on the localized implicit prediction. Section 4 states the convergence
result relative to the global Crank—Nicolson approximation and summarizes its three main ingredi-
ents. Sections 5-7 establish the required ingredients, namely the localized prediction estimate, the
discrete Saint-Venant principle, and the averaging stability. Finally, Section 8 discusses the overlap
condition, while Section 9 presents one- and two-dimensional numerical experiments supporting
the theory and illustrating the potential for efficient parallel implementation.
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2. PRELIMINARIES

In this section, we introduce the analytical and discrete framework for this paper. We first derive
a variational formulation of the model problem (1) and then discretize it in space using conforming
Lagrange finite elements of arbitrary fixed order £ > 1. Next, we introduce the required mesh-layer
geometry for the subsequent localization arguments. Finally, we present the global Crank—Nicolson
scheme, which serves as a reference method in our analysis, and establish a stability bound in the
discrete energy norm.

2.1. Spaces, norms, and bilinear forms. We denote the Lebesgue space of square integrable
functions by L?(2) and write (-,-)q and ||-||o for its inner product and norm. We mostly work
with a version of the inner product, which is weighted by the material coefficient B, given by

(2) bQ(u,w) ::/QBuwdx,

and denote the associated norm by |-|lp.o. By H'(2), we denote the Sobolev space of functions
with weak derivatives up to order one in L?(Q) and write HE () for the closure of the compactly
supported C2°(Q) functions in H*(£2). As usual, we denote the respective norm and semi-norm
by ||| 1 () and |-| g1 (o). Motivated by our model problem (1), we also introduce the bilinear form

(3) ag(u,w) = / AVu - Vwdz,
Q

and its associated norm ||||4,o. With these definitions, and for sufficiently regular solutions
with u(t) € H(Q) and v(t) € L*(Q) for almost every ¢t € (0,7), the variational formulation
of (1) reads

ba (Owu, @) = ba (v, @) for all ¢ € HS(Q),
bQ (atvaw) = —aq (Ua¢) + bQ (fa w) for all w € H(%(Q)

almost everywhere in time. Throughout this work, we will gather the components in a solution
vector (u v) ", whenever possible.

(4)

2.2. Conforming finite elements. To discretize the model problem in space, we introduce con-
forming Lagrange finite elements together with the auxiliary operators and estimates needed in the
subsequent analysis. Let T, = 7,(2) be an affine, shape-regular, matching simplicial mesh of €2,
see, e.g., [19, Definition 8.11], where h denotes a spatial parameter tending to zero for finer meshes,
typically the largest diameter of all elements. Throughout, we also assume quasi-uniformity of the
mesh?. That is, h is up to a constant also a lower bound on the diameters of the elements.
Let P (K) denote the set of polynomials in d variables of degree < k on an element K € Ty, for
some k > 1. Based on this, we define the finite-dimensional approximation spaces

Pr(Th) = {vn € L*(Q) | vn| . € Pr(K) for all K € T, } N C°(9),
Pro(Th) = Pr(Tn) N Hy(Q).

For each K € Tj, we introduce the nodal degrees of freedom

NK = {JK,DH"O—K,N]?}’

consisting of the point evaluations o ;(u) = u(ax ;) at suitable nodal points ax,; € K for in-
dices i = 1,...,N{, as introduced, e.g., in [19, Section 7.4]. We follow the usual convention
that mesh cells are closed sets. Hence, (K,Py(K),Nk) is the standard Lagrange finite element of
degree k.

A standard ingredient for the error analysis of finite element methods is the inverse inequality.

()

2Assuming quasi-uniformity is not a restriction and only simplifies the presentation to avoid an additional
parameter hyiy = minge7;, diam K. In a non quasi-uniform setting, bounds using 1/h must use 1/hpi, instead.
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Lemma 2.1 (Inverse inequality). There exists a constant ¢y > 0, depending only on the polyno-
mial degree k, the spatial dimension, and the shape regqularity of Ty, such that

|0n |7 (1) < cinvh ™2 0nll%
for all K € Ty, and all ¢p, € Pr(Tr).

Proof. The proof of this standard inverse inequality can be found, e.g., in [19, Lemma 12.1, Example
12.3] or [6, Lemma 4.5.3]. O

For a function u € C°(K), we define a local interpolant by

N Ny
IKU = ZO-K,'L-(U)SDGKJ: = ZU(G’KJ)SOGK,“
=1 =1

where ¢, , denotes the local shape function associated with the nodal point ar ;. With these local

interpolants, the standard Lagrange nodal interpolation Z,u € Pi(75) of a function u € C°(9Q) is
defined by

(6) (Ihu) |K =Tgu, forall K €Ty
Moreover, we define the weighted L?-projection IIj,: L2(Q) — Px(Ts) for u € L?(Q) by
(7) b (Hhu, wh) =bg (u, wh) for all wy, € 'Pk(n)

Similarly, for u € H}(Q), we define the Ritz projection Rpu € P o(7s) based on the bilinear
form agq(-,-) by

(8) aq (’Rhu, wh) =aq (u,wh) for all wy, € Pro(Tr)-

We relate the two bilinear forms aq(-,-) and bo(-,-) by the linear operator Ly: Py o(Tn) —
Pr.o(Tr), defined for up € Py o(7n) by

9) bo (Lpun, wp) = ag (up, wy) for all wy, € Py o(Th).

2.3. Discrete variational formulation. Applying the finite element setting from above to (4)
leads to a spatially discrete variational formulation posed in the discrete energy space

(10) X = Xn(Q) = (Pro(Ta): [lla) x (Pe(Tn) I lls)

with the associated discrete energy norm

1/2
(1) lonllx, = lonllxo @ = (lunl2 + lonl?)

for a solution vector x;, = (uj vp)". Throughout the paper, omitted domain indices for norms
always refer to the full domain Q. For instance, we write ||-||o = |||la,0 and ||-||s = ||‘]l»,0-

To quantify the size of the data, we work with a constant Cqata = Cgata(u®,v°, f,T) given in
the definition below.

Definition 2.2 (Well-prepared data). We call the initial data u® € Hg(Q2), v° € L*(Q), and the
right-hand side f € C([0,T]; L*(Q2)) well-prepared if

(12) Caata =l + |l + T _smax|£(t5)

18 finite and independent of h and T.

Let u°,v°, and f be well-prepared according to Definition 2.2. We project the initial data to X},
using the projections IT;, and Ry, from (7) and (8), respectively, and define the discrete forcing by

(13) ugn = Ruu®, vy = 00, fn(@®) =1 f(t) forte[0,T].

For j =0,...,np, we abbreviate f}{ = fn(t;).
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FIGURE 1. Patches P;(w) around the subdomain w C Q, for £ =1 (red), £ = 2
(green), and £ = 3 (orange).

In the discrete energy space X, (€2), the semi-discrete counterpart of (4) reads

Up 0 T Up 0
14 0 = 4 ,
- ()= (o 0) G+ (o)
where Z denotes the identity operator.

2.4. Patches and mesh layers. The localization arguments in the later error analysis require
local norms and a notion of distance expressed in layers of mesh elements. Thus, we also use
the bilinear forms and norms from above on subdomains D C 2, which will always match the
underlying mesh 7;. That is, there exists a subset Dy, C Tj with

(15) D =dom Dy, .= int(UKeDhK).

For example, X, (D) denotes the discrete energy space on D, and we write

lenllx, oy = (lunl o + lonll? )

for the respective norm.
For an arbitrary subset w C Q, we define Py(w) as the smallest subset of 7, whose union
contains w. For £ > 1, we define the /-th order patch recursively by

(16) Pyw)={KeT,|3K € P/_1(w) such that KN K #0}.
We illustrate this definition in Figure 1. The ¢-th boundary layer of cells is denoted by
(17) Yy = Po(w) \ Py (w).

For notational simplicity, we identify cell sets such as Py(w) and X, with their associated domains,
i.e., with the interiors of the unions of their cells.

2.5. Crank—Nicolson time integration scheme. The classical implicit second-order Crank—
Nicolson (CN) scheme serves as the global reference solution in our analysis. We record equivalent
formulations that are advantageous for the localized prediction and derive a stability bound in the
discrete energy space Xp,(£2).

To discretize in time, let 7 > 0 be the time step size and assume, for simplicity, that T = np7
for some ny € N. If necessary, a shorter final time step can be used instead. We write ¢, = nr

for n = 0,...,np. We denote the CN approximation at time t,, by 28y = (udy v&x)' € Xn
for n = 0,...,np. The n-th step of the CN scheme is written in componentwise operator form
on (Pi(Tn), [Il[») as

-1, T -1
(18a) uéy = ucn + ) (vex + i) s

_ T _ —n
(18b) veN = ven — =Ln (ugn + uTéNl) + 71,

2
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with f, = L(f2 + f7~"). One way to implement the scheme is to insert (18a) into (18b) to
eliminate v@y. In this way, we may rewrite (18) as an operator equation on (Px o(75), ||-||») for the
increment of the first component suly = uly — ugy € Pr.o(Th), which yields
2 2 2

T T 1 TP
(19) (I+ ZLh)éugN = T'UgNl — ?LhugNl + ?fh
After computing dufy, we obtain the next iterate via ufy = ugy' + dufy and update vy by
rearranging (18a).

Yet another way to rewrite (18) can be found in [16, Section 11.1]. With

7 -I7 z T
— 2 _ 2 _ p—1
(20) R_= (;Lh 2 ) R, = (_th I) , and R=R_'R.,

the system (18) can be rewritten in matrix form as

U ult 0
21 R_ §N> =R < N ) +7 (n)
1) (UCN * UCNl fn

for n = 1,...,ny. This formulation is especially advantageous when investigating the stability of
the CN scheme, since

—1 o
(22) 1B s, cx, <1 and By oy =1,

see, e.g., [16, Section 11.1]. Iterating this representation gives the following standard stability
estimate.

Lemma 2.3 (CN stability). Let the data be well-prepared according to Definition 2.2. Then,
(23) ||x8;11||xh + TH?h”b < Caata
for everym =1,... ,np, with Cqasa defined in (12).

Proof. We use (21) to expand 2py' = R" tady + 7‘2;;1 R 1IRZY(0 fil)—'— With (22), we
derive

n—1 .
(24) 228 5, < llzexlx, + 7 DMl
j=1
By (24) and the definition of u2y, vy, and ?; for j =1,...,np, we get

n .
lzentllx, +7IFnll, < leewll, +7 Il
j=1

< [[Rau|lq + TR0, + Tj;%%?FnHth(tj)Hb

.....

The claim follows directly by the definition of Cyata, see (12). O

3. DOMAIN SPLITTING WITH LOCALIZED IMPLICIT PREDICTION

In this section, we construct a non-iterative domain decomposition time integrator in the spirit
of [8], but replace the mass lumping-dependent leapfrog prediction by a localized implicit CN
prediction inspired by the localized implicit time stepping scheme from [20].

The method is based on an overlapping domain decomposition. On each overlapping subdomain,
we perform one local CN step. Before, we predict the artificial boundary values required on the
subdomain interfaces. Each prediction is computed on a local strip consisting of only a few mesh
layers around the corresponding interface. The prediction and the subdomain CN solves are local
operations and can be parallelized over the subdomains. The final coupling step then restores
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Q3 o
B £
0 7 Q9 1
FIGURE 2. Left: Decomposition into overlapping subdomains Qf, ie{l,...,N}.

Starting from non-overlapping subdomains €);, we extend each subdomain by ¢,
mesh layers. Here, ¢/, = 2 and N = 4. Right: Overlap around the prediction
interface I'? for £, =2 and £, = 1.

conformity by a nodal averaging procedure. Compared with the scheme from [8], replacing the
explicit prediction with a localized implicit one means that the analysis no longer requires a CFL-
type step size restriction and permits standard conforming finite elements of any fixed order k£ > 1.

The section is organized as follows. We first introduce the overlapping decomposition and the
boundary liftings used to handle artificial interface data. We then describe the localized implicit
prediction and the local CN subdomain solves. Finally, we define the averaging step and summarize
the full time stepping algorithm, fixing the notation used in the later error analysis.

Overlapping domain decomposition. Let

N

a-Um

=1

be a non-overlapping decomposition of Q. For an overlap parameter £, € N, we denote by Q¢ the
subdomain obtained by extending €2; by £, layers of mesh elements, i.e.,

07 = dom Py, (Th (%)),

with the definition of patches from (16), see also Figure 2. The physical width of the overlap is
denoted by § ~ hf,. The interface of the overlapping subdomain is given by

¢ =00 NQ.

The localized implicit prediction step uses two additional overlap parameters ¢, 1,4, 2 € N with
the minimal condition £, 1 + £, 2 > 2 for the method to be well-defined. The parameter £,
determines how far information is collected around the interface I'! when forming the localized
right-hand side. The parameter £, determines the size of the prediction domain, so that the
artificial boundary conditions of the prediction problem are sufficiently far away from the interface.

Boundary liftings. Before turning to the description of the non-iterative time integrator, we
comment on the lifting property used to handle inhomogeneous interface data in the local sub-
domain problems. The analysis requires that traces prescribed on the artificial boundary T'? can
be extended into Q¢ without affecting the physical boundary and with support restricted to a
fixed strip near the interface. This allows boundary contributions to be estimated by local norms
near I‘?, uniformly with respect to the global domain.

Assumption 3.1 (Stable boundary liftings). For each interface 'Y, i € {1,..., N}, there exists a
linear lifting operator

St PelTi) s = PelTa (@),
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such that for every trace datum 7; € Pk(ﬁ)hﬂﬁ;,

SiTils = Ti,  SiTi 0, suppS;r; C S(Ff) - Qf,

’rf |aﬂfman -

where S(T'Y) is a fized strip around I'?, and

(25) ISirills < csh™Plrnllsersy  for all vy € Pp(Ta(€X)) with rp|ps = ri.

Here, for D C Q, the || - | p-norm is given by

) 4 o \1/2
(26) bllp = (Jlul o + S5 il )
For D = Q, we again omit the domain index and simply write || - |.

Remark (Existence of appropriate liftings). Assumption 3.1 is satisfied by standard discrete trace
lifting constructions. For example, one may first construct a harmonic lifting in a tubular strip of
width e € O(h), extend it by zero, and apply Scott-Zhang quasi-interpolation [40], as done in |7,

Appendix A]. Such a construction gives a discrete lifting supported in the strip around F? and is

stable with respect to the standard Hgé2(1"f)-tmce norm?®. To obtain (25), one combines this with

a local trace estimate bounding the trace norm of
ri = Thlrs

by a local H'-norm of r, on S(I'?), which is controlled by the || - ||-norm on the discrete space. In
that case, cs depends on the shape reqularity of the mesh.

Description of the method. For the mathematical description and the subsequent error anal-
ysis, it is convenient to write the method in terms of a global approximation

n
. = Ups
DS — 7
DS

at each time step ¢, = n7 forn = 0,...,ny. Note that 21}g is only a theoretical global object used
for the analysis; computationally, it is represented by local restrictions.
With this convention, one step of the method consists of the following three stages.

1) Localized implicit prediction. For each artificial interface Ff, a local implicit predic-
tion z7 ; is computed on a strip around I'?. Only its displacement component uy ,; is used
as Dirichlet data for the following subdomain solve.

2) CN solves on overlapping subdomains. On every 2!, one CN step is performed

with initial value xggl | os» With homogeneous boundary data on 002 N 09, and with the

predicted boundary value ﬂiﬂp@ on the artificial boundary. The result is denoted by

3) Averaging. The local solutions are restricted to the non-overlapping subdomains €;.
At nodes shared by several 2;, their values are averaged, which gives the new global
approximation z3g.

The method is non-iterative because each time step uses exactly one prediction, one set of inde-
pendent subdomain solves, and one averaging operation.

3The space HééQ(Ff) contains all the functions in H'/2(I'?) whose extension by zero has a stable H'/2(9Q9)-
trace, see also [32].
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3.1. Localized implicit prediction. The localized implicit prediction is the new component
compared with the domain splitting scheme from [8]. It is built only from data near the inter-
face I'Y. We formulate the localized prediction based on the Crank—Nicolson formulation for the
displacement increment similar to (19).

For each overlapping interface Ff, the localized implicit prediction approximates the displace-
ment increment produced by a global Crank—Nicolson step (19), but using only data and compu-
tations from a neighborhood of that interface. The construction involves two localization steps:

(1) A cutoff restricts the right-hand side of the displacement increment problem.
(2) We truncate the domain in which the increment is calculated.

This localization is done for each I' individually to obtain the respective boundary data on the
interface. For a fixed interface T'?, we take a cutoff function

Xi € Prp(Tn) with 0<y; <1, suchthat y; =1 on the lifting strip S(F?)

from Assumption 3.1. The support of 1 — y; is separated from S(I'?) by £, 1 layers, and there
exists a bound ||V x;|| L~ (o) < c;h~! for a constant ¢; > 0 only depending on the spatial dimension
and the shape regularity of the mesh. We illustrate the choice of the cutoff y; in Figure 3.

For notational convenience, we set

DY := dom P, , (supp x;)-
With 4
ICDf(wawh) = app (Zh,wh) + ﬁbpﬁ (Zh7wh)a

the locally computed increment Sﬂ; € Pr,o(Tn(D?)) is defined by

7—2 T~n n—1 7-2 n—1

- Cop(duy,, wn) = bpr (vDs s Zn(xiwn)) — 5 apr (ups > Zn(xiwn))
(27)

7'2 —n
+ ?bDf (fthh(Xiwh))7

for all wy, € Py o(Tn(DY)). On the boundary of DY, we impose homogeneous boundary conditions

on the increment. Thus, after extending gﬂ;t by zero outside DY, the predicted displacement is
(28) ar, =gt oul .

Localizing the CN increment by applying the cutoff x; to the test function is a new technique
compared to [20]. Note, however, that on the full domain 2, the right-hand sides corresponding
to x; and 1—x; still add up to the original right-hand side of the global CN increment formulation.
Thus, this localization could also be used in a superposition argument similar to [20]. We further
restrict the computation to the enlarged domain D} and impose homogeneous boundary conditions
on the increment. Since 51721 € Pr,o(Tr(Dy)), the prediction u} ; = ugglﬁagi coincides with ujyg!
on the boundary of DY. The locally computed increment can therefore be extended by zero
beyond DY without affecting conformity. The influence of the artificial boundary condition decays
across the £, o layers, which motivates this localization. These two steps, namely splitting the
right-hand side by cutoffs for the test functions and then exploiting the decay away from the
boundary, are reflected in the later error analysis.

The velocity component v} ; can be reconstructed from the CN relation if needed, but the CN

step on the subdomains only uses u”

*,i’rf'

Remark (Realization of localized right-hand sides). The localized right-hand side in (27) does
not require a separate assembly procedure. Since x; and wy are finite element functions, nodal
interpolation of their product is obtained by pointwise multiplication of their nodal values. Hence,
one may first assemble the CN increment right-hand side on the full prediction domain DY and
then multiply the resulting nodal entries by the respective values of the cutoff function.
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1—x: Xi 1—x:
> Pt
£y, 1layers
|
S(ry
|
I
o

FI1GURE 3. Sketch of the geometric requirements on the cutoff function y; for a
regular rectangular mesh. Here, the lifting strip S (I‘f) is contained in the first
layer of cells next to the interface and £, ; = 2.

3.2. Subdomain CN solves. With the localized prediction that provides the artificial boundary
data, the remaining computation is a standard CN step on each overlapping subdomain. For
each i € {1,..., N}, we therefore compute z on Qf based on xggl as the previous approximation
and with boundary data prescribed by the prediction on I‘?. That is, 7 is the result of one step
of (18) on Q¢ with

“?‘Fg = ﬂg,i’rg’ “ﬂaﬂgmag =0.

Equivalently, the inhomogeneous trace can be incorporated by the lifting operator from Assump-

tion 3.1. Since the local problems are posed on the overlapping domains 09, all linear systems are
smaller than the global CN system and can be solved in parallel.

3.3. Averaging. To combine the local functions z}' from the last step, we first restrict them to
the non-overlapping subdomains. However, summing these restrictions yields a broken function
that is generally not conforming. To restore conformity, we average all available nodal values at
nodes shared by several subdomains. The following definition makes this procedure precise.

Adopting the notation in [19, Section 19.1], we denote by A the set of connectivity classes
of the Lagrangian nodes of the mesh. That is, each class a € Ay, is represented by tuples (K, j)
that correspond to the same global degree of freedom. We denote the corresponding global shape
function by @,.

The averaging operator ¢ maps local functions on the overlapping subdomains to a global finite
element function by its nodal values. For local functions u; defined on Q¢, for i € {1,..., N},

let ug = Zf\il ;| o, be the corresponding (not necessarily continuous) global function. We set

ot = 3 g X o] )

h (K,j)€a
29
. “ Y e X (] e
card (a) 4 QK o
€A (K,j)€a

In fact, this definition just encodes the averaging operator J&V from [19, Section 22.2] applied to
the broken polynomial u?; and coincides with the averaging in [8, Section 3.3]. The definition is
applied componentwise to solution vectors. Thus,

(30) ThHg = C({xﬂgf 5\41)

In particular, if a finite element function is already globally continuous, then restricting it to the
overlapping subdomains and applying ¢ leaves it unchanged.
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Remark (Distributed update). Although (30) is written in global form, it is only a compact nota-
tion for a distributed update. In practice, each subdomain keeps the values on its non-overlapping
part Q;. Values needed only in the overlap or prediction domain are obtained from the neighboring
subdomains that own the corresponding non-overlapping parts. At the interfaces of non-overlapping
subdomains, neighboring subdomains exchange their local nodal values and replace them by the av-
erage prescribed in (29). Thus, global vectors never need to be assembled.

3.4. Full time-stepping algorithm. Before we can perform the first time step, we need to
transfer the initial data to the discrete spaces we work in. Here, we use again the Ritz projection Ry
from (8) and the L?-projection IIj, from (7), so that the initial values of the domain splitting method
coincide with the initial global CN approximation, i.e.,

0
20— Rnu — 0
DS I, 0° CN-

Other, in particular local, choices are possible. We refer, e.g., to the analysis in [8], where we
initialized with a nodal interpolation Z; in both components. The specific choice of the Ritz
projection is advantageous for the CN stability result and simplifies the overall analysis. This is,
however, not a restriction. After this first projection, we provide each subdomain with the local
restrictions x%s‘ﬁa and J:ODS|5p. For a later time step n, the available data is given by x%§1|ﬁ§

and x%§1|51_) instead.
With these local restrictions, the prediction and subdomain CN solves can be assembled as
described above. We summarize the full non-iterative time integrator in Algorithm 1.

Algorithm 1: Domain splitting with localized implicit prediction

input: local initial data {xODS|§;s }N | and the corresponding restrictions on the prediction

patches, overlapping decomposition = Uf\il ﬁ?, time step size 7, final
time T' = np7, prediction parameters £, 1, £; 2
n=1
while n < ny do
for i=1,...,N do (in parallel)
choose the interface cutoff x; around I'?
compute gﬂ;i from (27) on DY using the local restriction of xggl
set u},; = upst + gﬂ;
end
fori=1,...,N do (in parallel)
compute z7 by one CN step on QJ with boundary data ﬂfﬂ»|r§ on I¢
end 1
average nodal values on the non-overlapping interfaces according to (29)
exchange neighboring data to update mgs’ﬁf and x%s‘ﬁ? for the next step

update n < n+1
end
result: 2§ ~ z(-,T)

3.5. Approximations within the error analysis. Before we present the error analysis of our
scheme, we gather the notation for the different relevant approximations. The solution vectors T &y
and 57*’1 are both one-step objects obtained from the same domain splitting approximation xggl
in the previous step. The former is computed on the full domain and used only for theoretical
purposes, whereas the latter is computed only near the interface Ff and provides the boundary
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data for the local subdomain solve on . These local subdomain solves yield the local subdomain
solutions z7', which are finally averaged to obtain the next domain splitting approximation xfg.

4. MAIN RESULTS

In this section, we present the main result of this work, which shows convergence of the do-
main splitting method with localized implicit prediction from Section 3 against the global CN
approximation, i.e.,

e — 2, € O(P)

for some p > 0, which depends on the parameter choices within the method. Instead of a typical
CFL condition, which requires a time step restriction of the form 7 < ch for some constant ¢ > 0,
we pose a condition on the overlap parameters £, ¢, and £, » ensuring a suitable accuracy for a
desired order p, whereas stability is always satisfied. This new result applies to standard conforming
finite elements of arbitrary fixed order £ > 1 and includes the material coefficients A and B in the
analysis.

The convergence proof is organized around three main ingredients. First, we bound the local-
ized prediction error on the artificial interfaces. To this end, we adapt localization and decay ideas
inspired by [20] to CN increments. A central point is that the localization is imposed through the
test functions, which allows us to control the resulting prediction error in the Xj-based frame-
work. This novel localization approach requires several adjustments compared to [20]. Second, the
localized prediction error has to be propagated through the local subdomain solves. We estimate
how this boundary error enters the subdomain error by means of a discrete Saint-Venant principle
from [7]. Here, we also include the additional material parameter B and combine the result with
the lifting stability from Assumption 3.1. Finally, we control the error introduced by the nodal
averaging step. In contrast to [8], the averaging stability cannot rely on a CFL condition. Hence,
factors and constants depending on 7/h have to be tracked explicitly throughout the argument. To
combine these ingredients, we use the domain splitting error mechanism from [8], again with mod-
ifications due to the material parameters A and B, the higher-order finite element discretization,
and the absence of a CFL condition.

The presented fully discrete convergence analysis against the CN approximation can be extended
to error bounds against the exact solution, by also accounting for the error of the global CN method.
The corresponding error analysis follows the same lines as in [8, Theorem 4.2].

Let the coefficients A, B € L*®(Q) satisfy o < A(x), B(z) < f, as introduced in Section 1.
The mesh family 7,(Q2) is affine, matching, shape-regular, and we consider a conforming finite
element space discretization with fixed polynomial degree & > 1. The domain decomposition
has a fixed finite number N of subdomains, overlap of ¢, mesh layers, and prediction overlap
parameters ;1,45 2.

We now state the rather technical convergence result, which in essence shows that the difference
between the domain splitting approximation and the global CN approximation decays exponentially
as the overlap parameters 4o, £}, 1, ;2 increase. The result does not rely on a CFL-type step-size
restriction and reads as follows:

Theorem 4.1 (Convergence under an overlap condition). Let u® € H}(Q), v° € L?(Q) and f €
C([0,T); L*(Q)) be well-prepared according to Definition 2.2 and let Assumption 3.1 hold.
Then, the fully discrete domain splitting error satisfies

(31) E" = Ha:%s — x??NHxh < Cyatant exp(nd) foralln=1,...,nr
with Cqata from Definition 2.2 and

9 = Q:T,th/QpZO (,Ylp,l 4 ’yep’2).
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The factor €., > 0 depends on 7 and h but does not depend on the overlap parameters £y, 0y 1, lp 2.
Further, €. 1, depends on k, the spatial dimension, the material bounds «, 5, and the shape reqularity
of the mesh. Both p and v are contraction factors with p,~y < 1.

If by, 0y 1,4y 2 are chosen large enough such that 9 < TP for some p > 0, it follows that

(32) E" < 17Caen T exp(Tr?)
i.e., the domain splitting error with respect to the global CN approzimation is O(7P).
Note that the overlap condition
9 < 7PTL for some p > 0

in Theorem 4.1 has a simple interpretation and balances two effects. The prediction overlap has
to gather enough information along the relevant wave characteristics so that the localized implicit
prediction is accurate at the artificial interfaces. Thus, we typically choose ¢, and ¢, 2 of the
order 7/h, which is theoretically and physically reasonable. The subdomain overlap then further
damps the remaining interface error before the next time step. This is typically already achieved
with a fixed small number of overlap layers. Together, these requirements ensure that the localized
prediction is sufficiently accurate. We refer to Section 8 for a more detailed discussion of the
overlap condition and the scaling with respect to 7 and h.

The proof of Theorem 4.1 is presented in Section 4.4. Before that, we collect the main ingredients
in Sections 4.1-4.3 below.

4.1. Prediction estimate on the lifting strip. The first ingredient is a bound for the prediction
error made at the interface Ff. More precisely, we estimate the difference between the localized
implicit prediction @} ; and ugy. Here, ufy is the u-component of a global CN step started
from the same previous domain splitting approximation xggl‘ Note that we only need to bound
the resulting error in the u-component on the lifting strip S(I'?), the fixed strip around I'¢ from
Assumption 3.1, because the boundary condition is only formulated in the first component. To
derive the following estimate, we introduce a cutoff function x; and use localization techniques
similar to those from [20].

Lemma 4.2 (Localized prediction error at the interface). Let S(T'?) C QO be the strip from
Assumption 3.1. Let u} ; be the localized prediction as defined in (28) with the cutoff x; satisfying
the conditions stated in Section 3.1. Then, the prediction error at the interface I‘f measured in
the || - |-norm defined in (26) can be bounded by

(33) Jiiz s — ienhses) < Com (701 +9%2) (285" x, ) + 71 l02) -

Here, the factor C, depends only on the bounds of the coefficients (o and 3), the shape regularity
of the mesh, the spatial dimension, and at most quadratically on the ratio max{r/h,1}, but not on
the overlap parameters.

The result quantifies the error introduced by the localized implicit prediction. It shows that the
difference from a global CN approximation is small on the lifting strip around the interface Ff,
and decreases exponentially with the prediction overlap widths ¢, ; and £, >. The proof is based
on localization arguments similar to techniques from [20] and carried out at the end of Section 5.

4.2. Discrete Saint-Venant principle. The second ingredient is an application of a discrete
Saint-Venant principle (cf. [7, Theorem 3.1]) to the difference between the local subdomain solu-
tion uf" and the global CN approximation u%y (again obtained from x%gl in the previous step).
Here, we use the boundary lifting assumption, see Assumption 3.1, to represent the predicted

artificial boundary value by the lifting on S(T'9).
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Lemma 4.3 (Local subdomain error). Let Assumption 3.1 hold. Then, the local difference on
each non-overlapping subdomain $); satisfies

e — eile, < 20 (@ — oy log < 202 — aillcrs
with ,
_ MT/h 1/2 N ﬁl 2 T
p_(1+MT/h) , and MT/h_CW(1+E)’

Here, C > 0 depends only on the polynomial degree k, the spatial dimension and the shape reqularity
of the mesh Tp,. It is independent of h, T, and the material parameters A and B.

The estimate in Lemma 4.3 follows by applying [7, Theorem 3.1] to the local difference ] —ufy
and combining the result with (25). Although the estimate is stated in the elliptic || - ||-norm of
the u-component, the local error 2] —z&y has a special structure that later lets us recover control
in the full X;-norm, meaning that

(34) |27 = Zéwllx, @, = e = @énlla. -

In Section 6, we derive Lemma 4.3 in detail, verify the necessary conditions that u} — ufy has to
satisfy and justify (34).

4.3. Averaging stability in X};. The third ingredient for Theorem 4.1 is a stability estimate for
the averaging operator ¢ defined in (29) in the discrete energy norm ||-||x,. The presented result
is a slight modification of [8, Lemma 7.1], where we used a CFL-type condition to omit the 7/h
ratio. Instead, we now keep this ratio and include it in the later estimate within the proof of
Theorem 4.1.

Lemma 4.4 (Averaging estimate for local errors). The difference xq — Z&y is bounded in
the X5 (Q)-norm by

n ~n |2 6 T2 Y n ~ 2
(35) J2bs = Zéxlx, @) < Cavg“nv;(ﬁ + 1) Dol =zl o)
i=1

with a constant cavg > 0 and ciny from Lemma 2.1, which are both independent of h and T.

In essence, Lemma 4.4 is an averaging stability result tailored to the local error structure of the
method. It uses the relation between the local u- and v-errors to control the global Xj-error after
averaging. As mentioned above, the proof of this result is motivated by [8, Lemma 7.1]. It will be
presented in detail in Section 7.

4.4. Proof of the convergence result. We now have the three ingredients needed to prove
Theorem 4.1. In essence, the following proof combines Lemmas 4.2, 4.3, and 4.4. The prediction
estimate controls the interface error, the discrete Saint-Venant estimate transfers this control to
the subdomain interiors, and the averaging estimate turns the local bounds into a global Xp,-error
bound.

Proof of Theorem 4.1. Let 2%y be the global CN approximation after one time step using a:ggl as

previous approximation and with the same right-hand side f. By the triangle inequality, we have
(36) BE" = ||laps — 2tnlly, < l2bs — Ténlly, + 1FEx — 2enlly, -

With the CN propagation operator R defined in (20), we can rewrite the second difference as

~n n o __ n—1 n—1
TeN —ZoN = R(xDS —ToNn )

Since the CN propagation operator R is unitary in the Xp-norm, this implies

n—

(37) HggN - l’%NHXh < nggl - xCNIHXh'
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For the difference between z}q and Z{&y, we first use Lemma 4.4 and (34) to obtain

H n ~n |12~ B 1 3 Pz :
Tpg — wCNHXh > Cavgcinva (ﬁ + ) ZHxZ - xCNHXh(Qi,)
i=1

BT\ v
= Cavgcinva (ﬁ + 1) Z’”U? - ﬂCN H
1=1

On each subdomain Q;, ¢ € {1,..., N}, we now apply Lemma 4.3 and Lemma 4.2, which together
yield

2
Q;

|||U;n — ﬂgNsz < QCSh*1/2pfoC'T/h (,y[p,l + ,Ylp.,2) (Hx%§1HXh(Q) + T”?Z”va) .
To bound against the data, we apply the CN stability bound from Lemma 2.3 and get
s x, + 7lFRlls < lloBs" — 28 |y, + 288 |k, + 71 Falle < B*™" + Casea,

with Cyata = Caata(u®, 0%, f,T). Applying these estimates for every interface Ff separately yields

(38) (B 58NHXh <€ NY2phe (v +9%2) (B" " + Cuata) »
where
1/2
— 1 2ﬁ T —1/2
(39) @T,h = (Cavgcinv) / a1/2 (E + 1)205h / OT/h‘

Recall that C; depends at most quadratically on 7/h. By combining (38) and (37) with (36),
we get

(40) E" = |laps — atx| x, < A+ 9E" +9Cqasa,

with ¥ = €T7hN1/2pe° (’yep’l +’yep’2). Since the initial values 2y and z{q coincide, the initial error
vanishes, i.e., EY = 0, and the iterated use of (40) gives

n—1
(41) E" < (1+9)"E°+ ) (1 +0)f0Cqata = Caaa (1 +9)" — 1).

k=0
Finally, we use that

(14+9)" —1 < ndexp(nd)
to obtain (31). Choosing £, {51, ¢p 2 such that ¥ < 7P+ for some p > 0 further yields
(1+9)" —1 < ndexp(nd) < TrPexp(TT?),

since nT < T. Together with (41), this proves (32). O

The following three sections prove the main ingredients used above, each addressing one distinct
part of the convergence argument. Section 5 derives the localized prediction estimate at the
artificial interfaces. Section 6 shows how this boundary error propagates into the local subdomain
solves by means of the discrete Saint-Venant principle. Finally, Section 7 proves the stability of
the averaging operator in the discrete energy space Xjy,.

5. LOCALIZED IMPLICIT PREDICTION

5.1. CN with localized data. In this section, we investigate properties of the CN approxima-
tion xdy at time t, under the assumption of localized data at time ¢,_;. More precisely, we
assume that x%ﬁl and later also the right-hand side f(t) for ¢t € [t,,—1,t,] are supported in w C Q.
We derive bounds for zgy in suitable norms away from w, i.e., on Q \ w. These bounds are the
key ingredients for the prediction error estimate of the localized implicit prediction in Section 5.3.
These results are motivated by previous work from [20]. However, the transfer to the present CN
setting with localized data requires several adjustments, which is why we present the arguments
from scratch.
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First, we show that we can switch between the || - ||o\,,-norm of the u-component and the energy
norm ||-|| x, @\w) of the full approximation vector, when the underlying data is supported in w.

Lemma 5.1 (CN elliptic control away from data). Assume u’é&l, vgﬁl to be supported in w C Q.

Then, the CN approzimation 8y = (uly v&y) ' satisfies
luenlloww < lzénllx, @\w):-

Remark (No uniform norm change for arbitrary discrete functions). Let us emphasize that a norm
change between || - || and ||-||x, as in Lemma 5.1 is not possible for general up, € Pr.o(Tp). Recall
that
2 2, 4 2

lunll™ = llunlla + = llunlle-
Bounding ||up|| by the Xp,-norm of an associated vector xj, = (up v)' would require controlling
the weighted L?-term by the ||-||a-norm of up. A Poincaré-type estimate yields, at best,

lunlla < lunll < car "l

with a constant ¢, > 0 independent of T, so the resulting factor T=1 would spoil the subsequent
estimates for small 7. The preceding lemma avoids this loss by exploiting the CN relation between
the two components of the full vector xdy.

Proof of Lemma 5.1. Recall that

(42) luenllovw = (luen ]2 0w + S5 lueslZaw)

Using the CN scheme, we can rewrite
_ T _
ey, o\ = H“gN1 B 5(”31\1 + “gNl)Hb,Q\w

IN

_ T _ T
||UgN1 b0\ T 5””&\11 b,\w T §||U8N||b,ﬂ\w

-
= 5”’08N”b,9\w7

since upy', vey" are supported in w. Thus, we obtain with (42)

1/2
lusllovs < (llun 2o + ldxlBan) = l2dxllx, - 0

The following lemma gives a stability bound for nodal interpolation applied to products of
functions in the discrete space Py (7p). The result is also stated in [7, Lemma 4.1], but we include
it here because it is used repeatedly below.

Lemma 5.2 (Interpolation stability for discrete products). Let K € Tp,. For m = 0,1 there exists
a constant ¢z uniform in K and h, such that

|Zn (onton)lam (i) < |on¥nlam k) + 1(Z = Tn)(ontn) am (i) < czlonnlmm k),

for all ¢p, ¥y € Pr(Tn). The constant cz depends on the polynomial degree k, the spatial dimen-
sion d and the shape regularity of the mesh Tr,. For convenience, we denote here H(K) = L*(K).

Proof. For the second inequality, see [7, Lemma 4.1]. The first holds by the triangle inequality. O

The next result is a decay estimate for the CN approximation away from the support of the
data and based on [20]. It is analogous to decay estimates in the context of multiscale methods,
where local right-hand sides generate solutions whose energy decreases across successive element
layers; see, e.g., [35, 34]. Similar ideas are also used in [2].
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Lemma 5.3 (CN decay for localized data). Assume ugﬁl, vgﬁl, jig ,?_1 to be supported in w C €.

Then, for £ € Ny, we have
¢ ¢
luenllovpew) <7 lutnllovw <" llzexlx, @\w),
with the contraction factor

e = () < wmc(ie)

/
where the constant C > 0 depends only on the material contrast %, the polynomial degree k, the
spatial dimension, and the shape reqularity of the underlying mesh.

Proof. The case ¢ = 0 holds trivially. For ¢ > 1, let D C Q match 7}, in the sense of (15).
For uy, € Py(Tr), ¢ € H' () we write

(4) Knnd)= 3 ax(un ) + b (un, ).

KeTr(D)
Next, we define a cutoff ny € Pr(Tr), 0 < 1y < 1 with

45 0. in Poy(e) d |V < eph™!
( ) e = 1’ in Q \ Pg(W) ] a1l || T]ZHL"C(Q) = 877

Then, using this cutoff function 7, we derive with the product rule
HlugNHI?)\Pg(w) = Ka\ Py (w) (N, uén)
4
(46) < (AVUgM WVUgN)Q + ﬁbﬂ (ugNa "7@“8N)

= Ka(udn, In(neugy)) + Ka(udy, (T — In) (neugn)) — (AVudy, ugn Vne) -
We now treat each of the three occurring terms individually.
For the first term, we reformulate the CN scheme (18) to
T2 n n—1
ZKQ(UCNa wp) = bo (“CN ,wh)

T2 n—1 n—1 T2 grald
— g (ug' wn) + Tho (Vi wn) + gbn (fhwn),

for all wy, € Py,0(Tr). The choice wy, = Iy (neuy) € Pr,o(Tr) is valid, but since supp Zp, (neugy) <
Q\ Py_1(w) and by the assumption on the support of ugﬁl, vgﬁl, i and fﬁ_l, we have
(47) Ka(uén, In(neuén)) = 0.

Similarly, since

supp(Z — Zp,) (neudsy) U K
Keyy

also the second term from (46) vanishes on every element K € Ty, \ 3.
On K € ¥y, the Cauchy-Schwarz inequality, Lemma 5.2, the product rule, and (45) yield
n n n n 4 n n
K (s (Z = Tn) o)) < ex8"2 (ol clmer e + = llalb.climeull )

51/2

4
< er g (Gl sl i+ s e + 5w ).

We estimate the mixed term further with a weighted Young inequality, i.e.,

-
(48) [ug *ludnlZ i+ = IIU%NIIiK = pllvenl,

which together with the previous inequality combined on all K € ¥, leads to

(49) Ka(uln, (= Tn) ) < ez (

S5 )l
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Lastly, since also supp(Vne) € Ugcy, K, the last term from (46) is estimated directly on the
transition layer, using again (48), from which we obtain

n n B1/2 Cn n n ﬂ1/2 Cn T n 2
(50) ‘(AVUCN7UCNV77K)Q| < A2 h Z ||UCN||a,KHUCN||b,K < ngmuCNmze'
Ke¥y
Applying (47), (49), (50) to (46) yields with ¢z > 1
(51) lalltn poo) < ez (7 +1) hubslld, = Wognlues I3,

Using that
B¢ = Py(w) \ Pe-1(w) = (Ta() \ Pe—1(w)) \ (Ta () \ Pe(w)),

the inequality (51) can be rewritten to

e llén p ) < W"'/h(mugNm??\Pefl(w) - W“@N\H%\Pzw))v
which is equivalent to
(REON VPRI CN] FAVEORR
with v2 = We i/ (1 + Wy )p). Iterating this estimate yields

lutnllonpe @) < 7 llunllonp -

Since w C dom Py(w), the right-hand side can be enlarged to

llucn ”|Q\w .

The final estimate follows from Lemma 5.1. O

Next, we prove a localization theorem in the spirit of [20, Theorem 3.2] but restricted to one
time step only. Here, we investigate the difference between a global CN approximation and one
that is computed only on the domain associated with the patch P;(w) around the area w, where
the data is supported. Let T2y = (U D&y) ' be the CN approximation based on the given data
on w, but computed locally on dom P;(w) with homogeneous boundary conditions on the artificial
boundary faces. We then extend this approximation by zero to 2 to compare it to the global CN
approximation z¢y. We have the following localization result.

Lemma 5.4 (CN localization error). Assume ugﬁl,vgﬁl, i }7;_1 to be supported in w C ).

Then, for £ € N,
s = sl < Cmax{F 1ol

T n
< Cmax{ﬁ, 1}’7e||ch||Xh(Q\w)’

with v from Lemma 5.3 and a constant C' > 0, which only depends on the material bounds «, f3,
the polynomial degree k, the spatial dimension, and the shape reqularity of Tp.

(52)

Proof. For a test function wy, € Py o(7Tp) with suppw, C Py(w) we can subtract the weak formu-
lations of z@y and Z¢y, which yields

(53) ; )
bo (UgN - 6ngwh) = —300 (ugN — uTéN,wh).

By combining both lines we get
2
-

(54) bo (u%N — UGN wh) + Zag (u’éN — UGN, wh) =0.
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Thus, since supp Uy € Pr(w), we can also write
~ ~ ~ 4 ~ ~
”‘UgN - U%ngz = aq (udy — UGN UGy — UeN) + ﬁbﬂ (ulx — N, N — UeN)
. 4 .
= ag(uln — U UGN — wh) + —bo (uln — U ulN — Wh).-
Next, we choose wy, = Zp,((1 — no)ugy) with ¢ as defined in (45), such that indeed supp wy, C

Py(w). Then, by the discrete Cauchy—-Schwarz inequality and the identity ugy—Zn ((1—n¢)ugy) = 0
on Py_1(w), we have

o = el < o = @l = Zo (1 =m0y
+ %HUrcLN - aCNHb,Q %HU?JN —Zn((d W)ugN)Hb’Q\P“I(w)

(55) < fluen = aenleluen = Zn((@ = nouen)ove, @)

We can simplify the second factor of (55) and get

[l = Zn((1 = ne)ue)llovp sy = [ Zameut) flove. . w)-
We again apply Lemma 5.2 to obtain
1/2
IZn(neu)lone, @) < ez g llutnllove. @),

and by the product rule and (45) also
V2 e
IZn(neuen)loeonpe ) < ez 173 (ﬁ”ugN”Q\PZ—l(W) + ||UTcLN||a,Q\Pg,1(w))~

Together, these bounds yield

T

(56) 1 Z0 (neutn) [l e ) < ‘I 173 (1 + 5" h) luénllonrp, ;i w)-
We can thus combine (56) with (55) and the definition of W/, from (51) to obtain

fluex — en|le < Wenllugallonr, @) = WT//h(l + WT/h)1/27|||UCN llovpPe_ s (o)

with v = WTl//i(l + WT/h)_l/2 as in Lemma 5.3. In the case 7 > h, which is mostly of interest in
this work*, we can further bound

n ~n 1/2 n
[luex — x|l < W‘r//h(l + Weyn) 2 ludllon e o)
T n
< Cprllucnllonp. ),

with a constant C' > 0 which only depends on the polynomial degree k, the spatial dimension, the
material bounds «, 8 and the shape regularity of 7p,. If 7 < h we just bound 7/h by 1. Together
with Lemma 5.3 and Lemma 5.1 this yields the claim. O

Lemma 5.3 and Lemma 5.4 provide the two main mechanisms used below to bound the prediction
error. First, if we are separated from the support of the data, as in Lemma 5.3, we obtain a
layer-wise contraction until we reach the data. Second, if we compare a globally computed CN
approximation with one computed only on a patch around the support of the data, we obtain decay
with respect to the number of layers in this patch, as in Lemma 5.4.

Both mechanisms enter the prediction error bound in Lemma 4.2, which we prove in Section 5.3.
Before proving this result, we transfer these findings to the CN increments underlying the localized
prediction from Section 3.

4All results remain valid also in the case T < h, where the factor 7/h can be bounded by 1. This regime is less
relevant for the present discussion, since an explicit CFL restriction would typically already be satisfied.
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5.2. Variationally localized increments. Inspired by [20], Lemma 5.3 and Lemma 5.4 estab-
lished two localization mechanisms, adjusted to the first-order formulation of a standard CN step
with localized data. We keep these results separate because they isolate the basic decay arguments
in the simplest setting.

For the localized prediction used in the domain splitting method, however, the data are not
localized directly. Instead, the prediction is formulated for the CN increment, and localization
is introduced through the right-hand side by applying a cutoff to the test function. This new
localization technique is crucial because it preserves the variational structure of the increment
problem and localizes only the corresponding right-hand side. This allows us to estimate the
prediction error in the discrete energy norm ||-||x, . A direct localization of the data would instead
lead to estimates in the || - ||-norm, and the required conversion to the X,-norm would introduce
a factor of order 771,

Within this section, we transfer the preceding localization mechanisms to this increment formu-
lation. This is the setting needed for the prediction step in Section 3: the cutoff selects the part of
the increment right-hand side associated with one prediction interface, and the resulting localized
increment is then computed only on a patch around that interface.

Throughout this section, let A € Py(Ty) satisfy 0 < A < 1 and ||[VA[[pe(q) < Cpah™! with
a constant Cj that only depends on the shape regularity of the mesh. Recall the increment
formulation of the CN method from (19). We first define du}y € Py o(71) by

7'2 _ 7'2 _ 7'2 —n
(57) ?ICQ((SUX7 wh) = TbQ (’UgNl,Ih(Awh)) — ?G;Q (UgNl,Ih(Awh)) + ?bg (fh,Ih(A’wh))

for all wy, € Pyo(Tp) with Kaq(-,-) as defined in (44). Note that dujy is still computed on Q.
Thus, we also define a locally computed increment on

DY = dom Py(suppA) = int U K,
KePy(supp A)
which is denoted by gux € Pro(Tn(DY)) and defined by
2

72 ~ . e T e 72 —n
(58) ZICDf\(duA?wh) = TbDﬁ (UClezh(Awh)) - ?aDﬁ (UCval.h(Awh)> + ?ng (fh,Ih(Awh))

for all test functions wj, € Pk7o(ﬁ(Dﬁ)). The goal of this subsection is to derive an estimate
for |Jouk — duR|lq. To start, we state a stability result for dufy.

Lemma 5.5 (Stability of localized increments). For duly from (57), we have

-1
ol <o(1+7) ([(1)], .+ T
- h ’UgN Xn(€2) b )

with a constant C' > 0 that only depends on the material bounds o, 3, the polynomial degree k, the
spatial dimension, and the shape reqularity of the mesh.

Proof. Lemma 5.2, the product rule, and the bound on VA yield
1/2 1/2 .
IZn(Awn)llo.0 < ez 75 lwnllbsuppa < ez 75 S llwnllsupp 2

51/2 CA
(59) I1Zu(Awn)lla.c < ez 75 (Ilwnllasupp s + 7 lnlsupp o)

1/2
SCIB (1+CAT

5 (1+ 5 ) lwnllsupp a-
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Testing (57) with wy, = du}, using the Cauchy—Schwarz inequality, and (59), we obtain

163 = Kl o)

BL/2 72 C’A T
<ol (S loa+ T (1 P gl + 1T ) 03 o
Dividing by %\H(Su}{ llo and rearranging the constants yields the result. O

Next, we show a decay result similar to Lemma 5.3 for the global CN increment du}.

Lemma 5.6 (Decay of localized increments). Let du’y be defined by (57). Then, for £ € Ny,

T Ut —n
ot = cfi F (15| |
louilloype < + w7 vint ) @) +7Hthb,Q

with the same 7y as in Lemma 5.53. The constant C' depends only on the material bounds «, 3, the
polynomial degree k, the spatial dimension, and the shape regularity of the mesh.

Proof. The proof is very similar to the one from Lemma 5.3. The case £ = 0 holds trivially.
For ¢ > 1, we introduce a cutoff 1, as in (45), now with w = supp A.

Thus, 7, = 0 on K € Py_y(suppA), ne = 1 on K € T, \ Pe(suppA), and ||V g < cyh™t.
With z, = d0uR, we insert Zy (ne25) and use V(nezr) = 1eVzn + 2, Ve to get

(60) (ED \||?2\D5\ < Ka(zn, In(nezn)) + Ka(zn, (T — Zn) (nezn)) — (AVzn, 2. Vi)

The first term vanishes because, for wy, = Zy,(n¢21), the localization removes the right-hand side
of (57). Indeed, all Lagrange nodal values of Zp, (Awy,) vanish, since

T (Awp)(az) = Aaj)ne(a;)zn(a;).

If A(a;) # 0, then a; € supp A C 5i and n¢(a;) = 0. Otherwise, the factor A(a;) is already zero.
Hence, Z;,(Awy) = 0, and (57) gives

(61) /CQ (Z}th(néZh)) =0.

Similarly, the second term is only non-zero on cells contained in Xy = Py(supp A)\ Pr—1(supp A).
By the same derivation as for (49), we obtain

51/2 ey T )
(62) Kaalen, (= Tu)(mezn)) < exmrzs (27 +1) a3,

Following the steps from (50), we finally get for the third term

(63) |(AVzh, 20 V10) |
Substituting (61), (62), and (63) into (60) yields

< BTk,

llza oy, < Wosm (llznllz et = NonllEog )
from which the claim follows as in Lemma 5.3 with a final application of Lemma 5.5. |

Our next goal is to also recover an estimate similar to Lemma 5.4 for the difference of the global
increment duj} and the locally computed increment dujy as defined in (58).

Lemma 5.7 (Truncation error of localized increments). Let guﬁ be the local increment on DY,
defined in (58), with ¢ € N. Then,

o =Gl < € (1 7 )mas{Fa b (| (82 o + 717500

with v from Lemma 5.3 and a constant C depending on the material bounds «, 3, the polynomial
degree k, the spatial dimension, and the shape reqularity of the mesh.
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Proof. We extend Su’,( by zero outside DY, and set ej, = dul — gux. For every wy, € Pr.o(Th(DY)),
the global problem (57) and the local problem (58) have the same right-hand side, because it holds
that supp Zp, (Awy) € Py(supp A). Hence,

’CQ(eh, wh) =0 for all wy, € ’P}“o(’ﬁl(Dﬁ)).

We now proceed similarly to the proof of Lemma 5.4 and choose wp, = Zp, ((1 — n¢)du} ) with n, as
defined in (45). Then wy, € Py o(Tn(DY)), and therefore

lenlld = Kalens en) = Ka(en, Suf —wa).
The difference in the second argument is supported only on K € Ty, \ Py—1(supp A), because
duy — Zn((1 = ne)duy) = Zn(neduy).
Using the Cauchy—Schwarz inequality in the || - |-associated inner product gives
(64) lealln < BT (nedu) I i1+
with D{™! = dom P,_;(supp A). As for (56), we derive

n ﬁ1/2 Cn T n
H‘Ih(nféuA)WQ\Df(l < Cfm(l + %E)HMUA”\Q\Dﬁ*»

from which it follows with (64) as in Lemma 5.4 that

-
lenlla < Cmax{ . 1}700uR gy pi+

with a constant C' > 0 depending only on «, 3, k, the spatial dimension, and the shape regularity

of T. The application of Lemma 5.6 then yields the result. |

5.3. Estimate for the localized implicit prediction. After the preparatory work from Sec-
tions 5.1 and 5.2, we are now in a position to derive the prediction bound stated in Lemma 4.2,
which is used within the proof of the convergence result in Theorem 4.1. The last missing step is
taking the boundary lifting from Assumption 3.1 into account. The idea behind that is natural:
The prediction u} ; does not have to be accurate on the full overlap Q9. Tt is sufficient to control it

on the lifting strip S(I'?), because (25) turns such a strip estimate into a bound for the local dif-
ference. The cutoff x; is therefore chosen with a plateau on & (Ff), while the additional buffer ¢ »
is used only to localize the increment calculation.

Proof of Lemma 4.2. Our goal is to derive an estimate for
a2, — s,

where w7 ; is the localized prediction, and udfy denotes a global CN step (18) with ups! as the
previous approximation. The localized prediction uf ; is defined as

=gt out
with gﬂ; characterized by (27). For ufy, we denote the corresponding increment by

OuCN = Uucn — ug§1~
Since

Tn(xswn) + Zn((1 — xi)wn) = In(wy) = wp for all wy, € Pro(Th),

we can decompose 6udy by superposition as

~n __ ~n ~n
dudy = duy, +ouy_,

using (57) with A = x; and A = 1 — x; to define duy, and uf_, , respectively. Therefore, since

both udy and a7, start from a7y5", we have

(65) Ul — T, = 0T, + ((mgi - Sa;gi) :
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We estimate the two terms separately. For the first term, the support of 1 — y; is separated
from S(I'?) by £,1 layers. Thus, Lemma 5.6, applied with A = 1 — y;, gives

T e —n
s < C(l + E)le’l (Hfﬂnsleh(m + THthb,Q) :

For the truncation contribution, Lemma 5.7 with A = x; and ¢ = £, » gives

~n ~n ~ T T 5 n— —=n
©n o, 5 lle < E(1+ ) max{ T b (s g + 71T )

Thus, we set

(66) ll6ut_y,

Cryp = max{C’(l + %),5(1 + %) max{%, 1}}

Applying the triangle inequality to (65) together with the bounds (66) and (67) yields the claim
i, = alnlsws < Com (1704 +92) (235" |, 0 + 71 Fhl00) - O

6. EXPONENTIAL DECAY OF LOCAL ERRORS

The goal of this section is to prove Lemma 4.3 from Section 4. The lemma bounds the local
subdomain error

||x? _%gNHXh(m)

by the prediction error on the lifting strip S(I'?). Both the subdomain solution 27 and the com-
parison solution z &y are obtained from one CN step starting from x%§17 the former locally on Q2
and the latter globally on €.

The argument consists of three steps. First, we identify the elliptic problem satisfied by the
local difference between v} and uly on Qf. Second, we apply the discrete Saint-Venant principle
from [7, Theorem 3.1] to bound the discrete energy on the non-overlapping subdomain €; by the
discrete energy on the overlapping subdomain 9?7 multiplied by an exponentially decaying factor
in the overlap width. Third, using the well-posedness of the elliptic problem and Assumption 3.1,
we bound the discrete energy of the local difference on Q2 by the prediction error on the lifting
strip. We start with the first step and characterize the local difference on Q¢ variationally.

Lemma 6.1 (Local difference problem). Leti € {1,...,N} and consider the subdomain Q2. The
difference zy, ; = ui — ﬂgN|m satisfies

2

.
bas (2000 93) + ags (205 9:) =0 for all @; € Pro(Th(2)),
(68) = -ady ol
2y ;=0 on 902\ T?.

n o _ ,n_ on
Moreover, for z; = vj UCN|Q?, we have

(69) Zhi= s i Pu(Th(@))):
Proof. As in [8, Lemma 6.1], the proof follows by straightforward calculations. O

Let Dy, == T(Q;) and recall that 75 (Q) = Py, (Dy) by construction. As in [7, Section 4.2] and
similar to [34, Definition 3.3], we define a cutoff function 1, € Pk (7p) for each Py(Djy) with

(703’) 0 < e < 1a on Q7

(70b) e = 0, on K € 77L \ Pz+1(Dh)7
(70c) ne =1, on K € Py(Dy),

(70d) Vel e ) < enh™"
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with a constant ¢,, > 1 independent of h. Using this construction we show that the discrete elliptic
energy with respect to the variational problem (68) contained in successive element patches around
the initial cell set Dy, = T (€2;) contracts with a factor strictly smaller than one. This implies an
exponential decay of the discrete energy with respect to the number of mesh layers, in our case
the overlap parameter /.

Lemma 6.2 (Discrete Saint-Venant principle). Let z;;; € Pr(Th (92)) be the discrete solution to
the variational formulation (68). Then,

_ M, 1/2
(71) llz2ille: < Ntalles,  with o= (Tf\;/h) h
and
c 61/2 T
M, = czmax{l, En}m(l + E)

Proof. Compared with [7, Theorem 3.1 a)] with A = 2/7, the only additional point is the presence
of the material coefficient B in the weighted L?-term. The proof carries over after replacing the
unweighted L2-bounds by the corresponding B-weighted bounds. More precisely, one only has to
adapt the integral bounds in [7, Theorem 4.2 ¢) and d)]. This changes only the constants, through
the material bounds o and 3, and leads to the stated definition of M, ;. O

With Lemma 6.2 at hand, we can prove the main result of this section.

Proof of Lemma 4.3. By the well-posedness of the variational problem (68), we estimate the || - ||os-
norm of the solution zy; ; against the respective norm of the boundary lifting

(72) 22 illes < 2[: (@2 = T rs) s
Combining (72) with Assumption 3.1 gives
(73) Iz illos < 2esh™ [l ; — aéxllsrs)-

The discrete Saint-Venant principle from Lemma 6.2 together with (73) yields

I22 illo: < Pl illas < 2esh™ 2% @y, — udnllscrs):

which is the estimate stated in Lemma 4.3. O

7. AVERAGING IN THE DISCRETE ENERGY SPACE

In this last theoretical section, we prove Lemma 4.4, which is a stability result for the averaging
operator ¢ from (29) in the discrete energy space Xj. The averaging operator itself is the same
as in [8, Section 3.3]. On the interface nodes of the non-overlapping subdomains it coincides with
the standard nodal averaging operator J;V from [19, Section 22.2]. As a preparatory step, we first
derive a weighted L2-stability estimate in the ||-|[;-norm, which is used to control the v-component
in the subsequent Xj-stability argument.

Lemma 7.1 (Weighted L2-stability of averaging). The averaging operator ¢ from (29) satisfies a
stability estimate in the weighted L*-norm for v; € Py(Tn(22)), i € {1,..., N}, in the sense of

N
2 2
(74) ||<({”i}i:1,.“,1v) Hb,ﬂ S Cavg ZHUiHb,Qi
i=1

with a constant cavg > 0 which is independent of h and .

Proof. The averaging operator ¢ from (29) coincides by definition with J2V from [19, Section 22.2].
The proof follows as in [8, Lemma 7.1], see also [19, Corollary 22.4]. |
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Lemma 7.1 now allows us to prove the stability of ¢ in the ||-||x,-norm. The key idea of this
proof is to change from the u-component into the v-component, use an inverse estimate to bring
everything into the ||-||;-norm and then apply Lemma 7.1.

Proof of Lemma /.4. Our goal is to convert the local subdomain error bounds from the previous
sections into a global ||-||x,-estimate after averaging. More precisely, we derive the bound (35)
given by
2 B 72 N 2
[2bs — Zonll x, @) < CavgCinv (ﬁ + 1) > ll=f =y,
i=1
with Cavg and ciny defined in Lemma 7.1 and Lemma 2.1, respectively. For that, let i € {1,...,N}
and set
(75) zi =) — T gs = (Zu’> .

Zu,i

Recall that a globally continuous function is preserved when restricting it to the overlapping
subdomains and applying ¢ on these restrictions. By (30) and componentwise linearity of ¢ we

thus have
aths o =C({aihisy )

T

5 2y,i On Qf. Hence, again by linearity of (,

Moreover, (69) in Lemma 6.1 gives z,; =
-

n ~n __ n ~n
Ups — UoN = §(UDS — Uén)-

Using the definition of the X}, (2)-norm and the inverse inequality (Lemma 2.1), we therefore obtain

2 _ _
Hfﬁs - 'TgNHXh(Q) = |lups — U(?NHEL,Q + [[vps — Ve %,Q
B2 .
< (Cinvaﬁ +1)|lvps — UgN||z2z,Q~

Applying Lemma 7.1 to the scalar averaged velocity component yields

N N
vo = 16 ({niimt,n ) Il < cave D llzuallb, < o Doll2i]%, 0,
i=1 i=1

Combining the last two estimates proves (35). ]

[vps — Vén

8. DISCUSSION ON THE OVERLAP CONDITION

In the main result of this work, Theorem 4.1, we impose a condition on the overlap parame-
ters 4o, ¢p.1, and £, 2. More precisely, the error bound (31) depends on

0= CopN2phe (et 4 yfr2),

where N is the number of subdomains and the factor €, 5, is given in (39) by

1/2 T
Qt*r,h = (Cavgcinv)1/2 51/2 <E + 1) QCShil/ch/l,”

where C7 /), grows at most quadratically in the ratio 7/h, but depends neither on 7 nor on h
individually. The factor €, is thus independent of the overlap parameters ¢,,%;1,¢,2. The
polynomial convergence rate in (32) is obtained once 9 < 7P for some p > 0.

In this section, we discuss how this condition should be understood. The main point is that
it is not an artificial time step restriction, but a natural resolution requirement on the overlap
widths. The prediction overlaps ¢, and ¢, > have to be large enough to capture the physical
information that can reach the artificial interfaces during one time step, while the subdomain
overlap ¢, provides the required decay to damp the remaining interface error. This interpretation
also motivates the practical parameter choices used in the numerical experiments in Section 9.
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By choosing £, 1 > £, » the expression for ¥ can be bounded by
9 < 2€T’hN1/2pe°7£P*2.
Here, v < 1 is the localization factor from Lemma 4.2 and p < 1 is the decay factor from Lemma 4.3.
The error stays small on a fixed time interval if npd < 1, i.e., it is sufficient to require

).

TP+l

(o by o
ontr2 € O(—
Py (2¢T,hN1/2

For o and g fixed, if 7/h > 1, then
V2= (7/h)/(1+7/h),

and thus [logv| ~ h/7. Hence, for moderate ¢,, the prediction overlap has to satisfy
T B/T N1/2
> (0= iy
(76) fo2 2 Oy log (a G+ V) )
with a constant C' > 0 that depends on p and the additional decay gained from p‘e. This means
that the additional overhead from the factor €, ; only scales logarithmically in NV and h. In the

numerical experiments reported in the next section, we use an even simpler practical choice. We
do not include the logarithmic factor suggested by (76). Instead, for large 7/h, we choose

Zp’l = fp)g ~ T/h

In essence, we bound the logarithmic overhead by a fixed constant. Moreover, when 7 is compa-
rable to h, we only enforce a small minimal prediction overlap so that the construction remains
meaningful; in the experiments below, we typically use ¢, ; = 2 and ¢, » = 1 in this regime. These
choices are sufficient in our tests to make the domain splitting scheme with localized prediction
well-defined and accurate enough to compete with global implicit methods. At the same time, the
method retains the structural advantages of local subdomain solves and is therefore well suited for
parallelization. The next section illustrates these observations numerically.

9. NUMERICAL EXPERIMENTS

In this section, we illustrate the behavior of the proposed domain splitting method with localized
implicit prediction (DSLP). The implementation is based on the FEniCSx framework [3, 41]. We
compare DSLP with the domain splitting method from [8], study the influence of the overlap
parameters {,, ¢, 1, and £, 2, and test the method in one and two spatial dimensions. We close
with a short discussion of the parallel implementation and first work-precision experiments.

The code corresponding to the experiments in this section is made publicly available at

https://github.com/tim-buchholz/dslp-acoustic-wave.git .

Throughout the section, CN denotes the global Crank—Nicolson method, LF the leapfrog method,
and DS the domain splitting scheme from [8]. Unless specified otherwise, the prediction overlaps
are chosen according to

(77) lp1 = max{my, [nrTh™ '}, lpo = max{my, [nrTh ™'},

where k is the maximal characteristic wave speed induced by the material parameters. In the
homogeneous examples below, A = B = 1, and therefore k = (B~'A)Y/2 = 1. The integer
pair (mq,mg) gives a minimal prediction width. In the experiments, we generally use (mq,ms) =
(2,1), which keeps the construction of the prediction domains and cutoff functions well-defined
also for small values of 7h~!'. The parameter 7 scales the prediction width in the regime 7 > ch
for some ¢ > 0; it plays the role of the logarithmic safety factor suggested by the analysis, but in
the experiments already the choice n = 1 is often sufficient.


https://github.com/tim-buchholz/dslp-acoustic-wave.git
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FIGURE 4. Traveling pulse example from [8, Section 9.1]. First-order finite ele-
ments with mass lumping, ¢, = 8, 7 = 1, and minimal prediction width (mq, mq) =
(2,1). Left: errors with respect to the exact solution. Right: differences from the
global CN approximation depicted by the dashed lines with solid markers.

9.1. Traveling pulse example from [8]. We first revisit the one-dimensional traveling pulse ex-
ample from [8, Section 9.1], originally inspired by [31]. On Q = (0, 1), we consider the homogeneous
wave equation with A= B =1. For £ € (0,1) and s > 0, let

_ (2= (E+s) \°
(78) pe,s(2) = Lyj.—¢|<s} s1n(T7r) ,
where 1g denotes the indicator function of the set S. The initial displacement is chosen as

(79) u’(z) = p(z), 1(2) = pe, s(2) — pey,s(2), & =055, & =045 s5=0.2,
and the initial velocity is v*(z) = du(z — t)| +—o- The error is measured at the final time 7' =1 as
a relative H} x L? error.

This example is useful as a direct comparison with the earlier DS method. Since that method
uses a leapfrog prediction with mass lumping, the direct comparison is restricted to first-order finite
elements with mass lumping. For both domain splitting schemes we choose the overlap ¢, = 8.
For DSLP, we use (77) with n = 1 and (my,m2) = (2,1).

Figure 4 shows the error with respect to the exact solution and the difference from the global
CN approximation, both measured in the same relative Hi x L? norm. The original DS method
improves the stability range compared with the fully explicit leapfrog method, but it still exhibits
a CFL-type restriction. In contrast, the DSLP method remains stable for all tested time steps. Its
error is essentially indistinguishable from the CN error on the log-log scale. The same behavior is
visible in the differences from CN: the DS—CN difference is stable only below a CFL-type threshold,
whereas the DSLP-CN difference remains bounded throughout the tested range and is smaller than
the error of CN with respect to the exact solution.

The localized implicit prediction is not tied to mass lumping or to first-order finite elements.
We therefore repeat the same experiment with standard conforming finite elements of degrees k =
1,2,3,4, again using ¢, = 8, n = 1, and (mj,ma2) = (2,1). The results are shown in Figure 5.
The DSLP method is robust with respect to the polynomial degree. No stability deterioration
is observed when the degree is increased. This is in clear contrast to explicit schemes, whose
admissible time step becomes even more restrictive for higher-order finite elements. Moreover, the
DSLP-CN difference tends to decrease for higher polynomial degrees in this experiment.

9.2. Influence of the overlap parameters. Next, we investigate how the parameters ¢, ¢, 1,
and /;, » affect the difference between DSLP and CN. The experiment again uses the one-dimensional
traveling pulse example, now with standard finite elements of degree & = 2 and mesh size h = 1073,
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FIGURE 5. Traveling pulse example with standard conforming finite elements of
degrees k = 1,2,3,4, {, = 8, n = 1, and minimal prediction width (my,mg) =
(2,1). Dashed lines with solid markers show the difference from the global CN
approximation.

Since the previous figures already show that the total DSLP error is dominated by the global CN
discretization error for the parameter choices used there, we focus here only on the difference
between DSLP and CN. Figure 6 reports on three different experiments each investigating the
influence of different parameters.

The parameter ¢, controls the width of the overlap used for the subdomain CN solves. Increas-
ing ¢, produces a nearly uniform reduction of the DSLP—CN difference over all tested time steps.
This agrees with the factor p‘ in Theorem 4.1.

The parameter 7 scales the prediction widths in (77). Its effect is most visible for 7 > h,
where the term [nr7Th™!] determines £, 1 and ¢, 5. Larger values of 7 reduce the error made in
the prediction stage and therefore lower the DSLP-CN difference in this regime. For the present
example, n = 1 already gives a satisfactory accuracy, but increasing n provides a simple way to
further reduce the prediction error.

Finally, the minimum values (m1,mg) primarily influence the regime 7 < h, where the scaled
term [nxTh~1] is small. The baseline choice (mi,ms) = (2,1) is sufficient for the geometric
requirements of the prediction construction, in particular for the cutoff functions used near the
interfaces. Larger minimum widths reduce the DSLP—CN difference for small time steps. This can
be useful in examples where the CN error itself is very small and one wants the splitting error to
remain even smaller.

Overall, the three parameters affect complementary parts of the error. The subdomain overlap ¢,
reduces the splitting error globally, the scaling n controls the prediction accuracy for 7 > ch for
some ¢ > 0, and the minimum prediction widths determine the small-7 baseline. This makes it
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FIGURE 6. Parameter study for the traveling pulse example. Shown are dif-
ferences between DSLP and the global CN approximation for standard finite
elements of degree k = 2 and h = 1072, Top: sweep over /, with n = 1
and (mq,ms) = (2,1). Middle: sweep over i with ¢, = 4 and (mq,mz2) = (2,1).
Bottom: sweep over the minimum prediction width (mj,ms) with ¢, = 4
and n = 1.

possible to tune the method so that the DSLP—CN difference is below the error of the global CN
method with respect to the exact solution.

9.3. Two-dimensional example. We now consider the two-dimensional extension of the trav-
eling pulse example from [8, Section 9.2]. Let Q = (0,1)%, ¢ = 0.5, and s = 0.2. With the
one-dimensional pulse p¢ s from (78), we prescribe the exact displacement by

U(:L’, Y, t) = ulD(x» t)u&,s(y) + u1p (ya t),uf,s(x)a

where u1p solves the homogeneous one-dimensional wave equation on (0,1) with initial displace-
ment p¢ ;. The right-hand side f is obtained by inserting this expression into the wave operator.

The computational domain is discretized by a triangular mesh with A = 0.005. We use standard
conforming finite elements of degree k = 2, choose n = 1 and (my, m2) = (2,1), and compare the
overlap choices ¢, = 4 and £, = 8. The prediction overlap parameters ¢, ; and ¢ 2 are again chosen
according to (77). The domain is decomposed into 16 subdomains in a checkerboard configuration,
so the decomposition includes cross-points. As in the one-dimensional case, the error is measured
at the final time 7' = 1 as a relative H} x L? error.
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FIGURE 7. Two-dimensional traveling pulse example from [8, Section 9.2]. Unit
square, triangular mesh with A = 0.005, standard finite elements of degree k =
2, n =1, and (my,mg) = (2,1). Top: errors with respect to the exact solution
for /, = 4 and ¢, = 8. Bottom: dashed lines with solid markers show the differ-
ences from the global CN approximation.

The results in Figure 7 are consistent with the one-dimensional observations. The leapfrog
method suffers from a strict CFL condition. For the tested mesh, it is stable only for time-step
sizes at which the error is already dominated by the spatial discretization. The errors of DSLP
with /, = 4 and ¢, = 8 agree closely with the error of the global CN method, while no stability
restriction is observed for the tested time steps. The difference between DSLP and CN remains
smaller than the CN error with respect to the exact solution. Increasing the overlap from ¢, = 4
to ¢, = 8 further reduces this difference, in agreement with the exponential overlap damping
predicted by the analysis.

These results indicate that the parameter choices established in the one-dimensional experi-
ments transfer robustly to the two-dimensional setting. In particular, the method retains the
stability behavior of the global implicit scheme while using only localized implicit predictions and
independent subdomain solves.

9.4. Parallel implementation. We also implemented the method with distributed-memory par-
allelism. For this implementation, meshes are generated with Gmsh [24] and partitioned with
PT-Scotch [9]. The local finite element problems are assembled and solved with FEniCSx [3, 41]
and PETSc through petscdpy [13]. Communication between subdomains is organized explicitly by
point-to-point MPI communication [36]. This communication layer exchanges the data needed on
neighboring overlaps and prediction patches.

The execution is split into two phases. In the first phase, the mesh is generated, partitioned,
and the communication pattern between subdomains is set up. In the second phase, the local
finite element spaces, solvers, and data structures are initialized, followed by the time loop, error
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for time steps between 1072 and 10~%. The dashed line corresponds to a speedup
of 3 compared to the parallel implementation of the CN scheme.

evaluation, and optional plotting. The global CN reference uses the parallel finite element and
linear algebra infrastructure provided by FEniCSx and PETSc.

For the parallel work-precision test, we consider the traveling pulse example from the previous
section; see also [8, Section 9.2]. The global CN and DSLP computations use a mesh size h = 2-1073
and finite elements of degree k = 2 (without mass lumping). Errors are measured relative to a
reference solution computed with CN on a finer mesh with h = 1073, degree k = 2, and time
step 7 = 2.5 -107°. All parallel runs use 64 MPI ranks, corresponding to 64 subdomains. For
DSLP we set {, = 4, n = 1, and use the minimal prediction overlaps (mi, mg) = (2,1). The actual
prediction overlaps are chosen separately for each time step according to the heuristic described in
(77). The time step is varied logarithmically between 10~2 and 10~%, with minor adjustments so
that the final time 7" = 1 is reached exactly. The computations were run on a bwUniCluster node
of type cpu_il, using one Ice Lake node with 64 MPI ranks.

Figure 8 compares the work-precision behavior of DSLP with the parallelized implementation of
the global CN method. The left plot reports only the measured wall time spent in the time loop,
while the right plot includes the external wall time and therefore also reflects the different setup
and meshing costs. In the time-loop comparison, DSLP reaches essentially the same accuracy as
CN for sufficiently small time steps, but with a reduced wall time per step. The speedup compared
to the parallelized CN is about 3 as visualized by the dashed gray line.

The structural benefits for parallelization compared to the parallelized implementation of the
global CN scheme become even clearer in a strong scaling experiment. In Figure 9 we plot the wall
time spent in the actual time loop against the number of MPI ranks used for the simulation. In
the case of the DSLP method, the number of MPI ranks coincides with the number of subdomains.
At 64 MPI ranks, the DSLP time loop takes 10.7 seconds, compared with 34.6 seconds for CN,
corresponding to a relative speedup of 3.2.

In summary, based on the presented results we can conclude that the proposed domain splitting
method with localized implicit prediction attains stability and accuracy comparable to global
implicit time integration while providing structural benefits for parallelization.
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