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Interface Conditions for Wave Propagation Through a
Time-varying Metasurface

Vishnu Raveendran® and Barbara Verfiirth®
“Institute for Numerical Simulation, University of Bonn, Germany.

Abstract

We study wave propagation through a time-modulated thin heterogeneous layer. The layer is
assumed to have a thickness of order ¢ < 1 and its material properties exhibit rapid oscillations
on multiple spatial and temporal scales. We aim to rigorously derive the effective model and
the corresponding interface conditions for wave propagation through the limiting interface.

To perform the homogenization together with dimension reduction, we generalize the notion
of two-scale convergence for thin layer introduced by Neuss-Radu and Jéger (2007) to a multiple
space-time scale framework. One of the main analytical difficulties arising in the homogenization
analysis is that, in general, a uniform energy estimate cannot be obtained for a wave equation
with time-varying coefficients. Therefore, we identify two physically relevant classes of coeffi-
cients for which we can derive a uniform energy bound. These include coefficients with traveling
wave-type modulations of their properties.

Using the energy estimates and the multiscale convergence for thin layer concept, we derive
the effective model, which consists of linear wave equations in the bulk domains coupled through
a nonstandard jump condition at the interface. This jump condition is governed by a wave-type
dynamical equation with effective macroscopic coefficients determined by suitable cell problems
of elliptic and hyperbolic type. Finally, we discuss the uniqueness of the effective model.

Keywords: Homogenization; metamaterial; time modulated wave equation; dimension reduction;
thin layer; multiscale convergence; reiterated homogenization.
MSC2020: 35B27; 78A40; 35L.05; 78-10.

1 Introduction

A metasurface is an artificially engineered ultra-thin surface made up of periodically arranged
substructures whose size is much smaller than the wavelength to manipulate wave propagation.
Depending on the physical situation, a metasurface can be used to control transmission, reflection,
phase separation, or the direction of wave propagation as they arise from electromagnetic, acoustic,
or elastic settings [14]. In recent years, increasing attention is given to adding time modulation to
such metasurfaces (or metamaterials) to generate dynamical effects that are generally not attain-
able by time-independent metasurfaces [22, B1, 13, 21, ]. Mathematically, this leads to a wave
propagation model with both space-time oscillating coefficients.

In this paper, we are interested in rigorously finding the effective model and the corresponding
effective interface conditions of wave propagation through a time-varying heterogeneous layer. We
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consider two bulk domains separated by a thin heterogeneous layer of thickness ¢, and assume a
wave is propagating from one bulk domain to another through this layer. In these domains, we
consider the wave equation of the type

o ( 0
En <paz:> —div(DVu) = f

with suitable scalings, initial and boundary conditions. Here the coefficients p and D determine
the material properties. We assume the material properties in the layer can rapidly oscillate with
respect to space as well as time such that p and D are highly oscillating space-time variables in
the layer. We aim to determine the effective behavior of the heterogeneous layer in the limit € — 0
and to derive the resulting interface conditions that describe the influence of heterogeneity and
temporal modulation of the layer for wave propagation.

Since the layer has a thickness of order €, to let ¢ — 0 in the microscopic model and derive the
upscaled model, we require a homogenization framework that accounts for homogenization with
multiple scales in space and time as well as dimension reduction. In the same spirit as the classical
two-scale convergence [2] generalized to multi-scale convergence [3], we generalize the concept of
two-scale convergence for thin layer [26] to a setting involving multiple spatial and temporal scales.
This leads us to the notion of multiscale convergence for thin layer.

To use the multiscale convergence for the thin layer, we require uniform energy estimates for our
microscopic model. In contrast to a static medium, a time-varying medium may transfer energy to
the propagating wave, leading to a blow-up of the wave energy. Consequently, in general, we cannot
obtain a uniform energy bound. Therefore, we characterize two physically relevant structures of
the coefficient for which we get a uniform energy bound. Then, using the energy estimates and
multiscale convergence for the thin layer, we derive the effective model and the associated interface
conditions along the limiting interface. We observe that the first interface condition gives the
continuity of the solution along the effective interface. But in the second interface condition,
which describes the jump of the normal flux across the interface, we obtain a dynamical wave-type
equation whose coefficients are determined by a suitable hyperbolic and elliptic cell problem. In
particular, the hyperbolic structure of the cell problem arises due to the time modulation of the
microscopic problem.

Homogenization problems related to wave propagation in spatially heterogeneous media are
widely studied [29, B, [16, 4]. However, finding the effective model for wave propagation in time-
modulated media is significantly less explored, even for a regular domain. One of the main reasons
is that the time modulation can cause instability in the solution [12]. Formal homogenization of
such problems is addressed in [15, B2], while a rigorous derivation is studied in [10], in which the
author considers strong spatial oscillation and weak temporal oscillation.

To the best of our knowledge, no previous work has addressed the derivation of interface condi-
tions via homogenization and dimension reduction for a time-modulated thin layer. Nevertheless,
homogenization and dimension reduction techniques have been successfully applied to find effective
models for a variety of physical problems [9, I8, 17, 27, 24]. In particular, spatially oscillating
wave equations are considered in [20, 19] and related problems for Maxwell’s equations have been
analyzed in [30, 1.

We organize the paper as follows: In Section E, we first introduce the microscopic model along
with the microscopic geometry. Then we present the suitable assumptions on the data and the weak
formulation of the problem together with the well-posedness result. In Section B, we discuss under



what additional conditions on the data the uniform energy estimates are guaranteed and provide a
discussion of why we cannot expect a uniform energy bound in a general temporal oscillation setting.
Later, we introduce the multiscale convergence for thin layer and derive the related compactness
result. We also establish the compactness result on the bulk as well as on the interfaces connecting
the bulk and the layer. Finally, in Section @, we derive the effective model and interface condition,
in addition, we study the uniqueness of the effective model.

2 Microscopic model

Let £,h,T,e > 0, and © C R? be a rectangular domain defined as (—¢,¢) x (0, h) consisting of three
subdomains and their interfaces (see Fig. E) We denote these subdomains by Q7 ,€5, and Q% in
which 9, contains a heterogeneous structure. We denote the interface between {27 and €25, as L,
and the interface between (13, and Q% as R°. Precisely, the subdomains and interfaces are given
by the following definition

—& £

e <—z,_25> % (0, h), e = (gz) % (0,h), Q5= (2,2> % (0, h)

Lf = {(‘2%2) Cxp € (O,h)}, R = {(%xz) C2 € (o,h)}.

Therefore, we have Q2 = Q7 U L® U Q35, U R° U Q%. For simplicity, we assume h = Ne for some
N eN.

Now to describe the heterogeneous structure of Q3,, we first define the standard cell Y as a
unit square (%1, %) x (0,1) made up of materials that may change their properties with respect to
time, for example we can consider the unit square (3}, ) x (0,1) with a time-modulated material
located at the center (see Fig. m) We denote the left vertical boundary of Y as Y7, and the right
vertical boundary as Yg.

(%1 (3,1

'ER

Figure 1: Schematic representation of a standard cell Y exhibiting a time-varying rectangular
material placed in the center.

The heterogeneous layer €25, can be described by periodically arranged in one direction e-scaled
versions of Y, that is



To describe the macroscopic geometry that will be utilized after homogenization, we have the
following definition of macroscopic subdomains

Q= (=£,0) x (0,h), Qg :=(0,0) x (0,h),
and the effective interface
Y :={(0,2):z € (0,h)},

as illustrated in Figure E
To reduce notational complexity, for any function g : Q2 — R, we write g7 as restriction of g on
Q7 , g5 as restriction of g on €, and g% as restriction of g on Q.
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Figure 2: Schematic representation of a microscopic model.
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Figure 3: Schematic representation of the macroscopic model.

In the domain €2, we consider the following system of wave equations for the unknown triplet
(ug,ufs,ug) : (0,7) x Q@ = R,

0 ouj . :
5 \PL o )~ div(DrVug) = fr in (0,T) x QF, (1a)
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1 3 1
19 </ﬁw 8“M> — —div (D, Vi) = 0 in  (0,7) x Q, (1b)

e ot ot
8 £
9 (22 _ div(Drvus,) = 0 in(0,T) x %, (1c)
ot ot
We endow the system (@)f(@) with the perfect transmission conditions
ug = ujy on (0,7) x L®, (1d)
up = ujy on (0,T) x R?, (le)
1
DrvVus -v = B uVuy, v on (0,T) x L*, (1f)
1
DrVug v = R uVuis - v on (0,T) x R7, (1g)

where v is the unit normal vector pointing from the left bulk region to the right. On the outer
boundary 952, we assume periodic boundary conditions (in other words, we can identify 2 with a
two-dimensional torus T). For the initial condition we consider u7 (0) = v1,u5,;(0) = u%(0) = 0 and
£ &€ 15
agtL (0) = vo, 8;”(0) = agtR (0) = 0 in their respective domains. Note that the source term as
well as initial conditions have support in €27, this is to ensure that the wave is excited from the left
bulk domain and transmitted through the heterogeneous layer. An analogous configuration could
be considered by placing the source term and the initial data in the right bulk domain.
Below, we list some of the notation and functional spaces that we use throughout the paper.
Additionally, standard notation on Lebesgue, Sobolve and Bochner spaces is employed throughout.

2.1 Notations and functional spaces

For simplicity, we set 7, Z := (0, 1), further more we have the following definitions

T
o We define z := (0, 22) and Vz := (0 i) .

) Oxo

e We denote I';, and I'g as left and right vertical boundaries of 2.

pr in [0,T] x Q3 Dy in [0,T] x Q3
e pFi=11p5, i [0,T]x Q5 De:=<{1p5, in [0,7] x Q5
pr in [0,7] x Q% Dr in [0,7] x Q%

e {e1, e} are the standard basis for R2.

o Hiy(2):={veH(Z): [vdz=0}.

o Hy(T,Y):={ve H(T xY):wv is periodic in 7 and ys}.

o Hyo(T,Y):={veHy(T,Y): [, [,vdydr =0}.

o Cy(T xY xZ):={v(1,y,2) € C(T xY x Z) : v is periodic in 7,y and z}.
o Hy(): {ve HY(Q;) : v is periodic in xy direction}, where i € {L, M, R}.
o H5,(Q):={ve L?(Q) : v’Qf € H"($X) for i = L, M, R}

Now, we list the assumptions on the data that we require to establish the result in the paper.



2.2 Assumptions on the data

(A1) The coefficients Dy, Dr,pr,pr > 0 are constants and we consider the time- and space-
dependent coefficients p3,(t, z) :== pm (t,xg, é, Z, i—%), D5, (t,z) == D (t, x9, é, Z, %), where
pa, Dy € WH((0,T) x B x T x Y x Z) are periodic in 7, y2 and z variable. In addition we
assume there exist positive constants ppin, Pmaz, Dmin and Dipee such that pp, < p5, (¢, z) <

Pmax and Dpn < Di/[(t,l') < Dmaz-

(A2) For the initial conditions and source term, we assume v; € CE(QL),UQ € C’Cl(QL) and fr, €
C2((0,T) x Q). Moreover, we assume that ¢ sufficiently small so that vy € C2(Q5),v2 €
CL(Q3) and fr, € C%((0,T) x Q3 ) for every .

(A3) For fixed (t,z2) € (0,T) x X, let L: Hy(T,Y) = H4(T,Y)* denote the wave operator

o (_ Ov . _
L(v):= P (pMaT> — divy (DMVyv)

with the periodic boundary condition with respect to the variables 7 and s and the homo-
geneous Neumann boundary condition
(DMVyv) cv=20 on Y, UYp

f _ fZ Djysdz 0
where pyr := |, ppdz and Dy = —1
z 0 <fz DLMdZ>

of £ is closed in Hy(7,Y)* and Ker(L) = span{1}.

. Then we assume the range

Remark 1. In our microscopic model, we consider the coefficients depending on two temporal
scales and three spatial scales. The variable 22 describes oscillations at scale ¢, and the variable Z3
represents a finer and more rapidly oscillating structure in the vertical direction. The additional
scale can be interpreted as stratification or finer substructure of the layer, naturally leading to a
reiterated homogenization analysis. Without much difficulty, the methodology and the analysis of
our paper can extend to an arbitrary number of well-separated spatial and temporal scales.

Remark 2. The Assumptions (A1) and (A2) are natural, and we use them throughout the paper.
The Assumption (A3) means a nonresonance condition at the microscopic scale. This assumption
is only used to write our macroscopic model in terms of suitable cell problems. Specifically, it is
needed for the uniqueness of the hyperbolic cell problem. However, if the coefficients p5, and D5, are
independent of the fast time scale g, then the assumption (A3) is no longer needed. Furthermore,
if the coefficients are independent of the higher-order spatial scale %%, then we get pypr = py and
Dy =Dyl

2.3 Weak formulation and solvability

Here we introduce the concept of a weak formulation to the microscopic problem and discuss the
solvability of the problem.

Definition 2.1. The weak formulation of the problem (B)f()zs to find u® € L?(0,T; Hﬁl(ﬂ)) with

851: € L%(0,T; L*(Q)) such that




T ous 09, dbnr Ous, Obdr
_pL/O /L ot 8tddt_/ /( t)&t dxdt_pR/ / ot ar wdt

T
+DL/ VUL Vordrdt + - / S Vuiy - qudedt-i-DR/ VU%V¢Rdl‘dt
0 Q7 0

0o Jog

T
:/ ngdexdt—l-/ prv2¢r(0)dz  (2)
o Jas Qf

L

QE

for all test function ¢ € L*((0,T; Hﬁl(Q)) with % € L2((0,T; L*(2)) and ¢(T) = 0 with u¢(0) = vy.

Equivalently, the identity (E) can be written as

/ /p a;?;fd:cdt—ir/ /Devu Vodrdt = /OT/Qngbdxdt—l—/Qva2¢(0)dx

The aforementioned problem is a linear wave equation with space-time-dependent coefficients.
From assumptions (A1) and (A2), for any fixed ¢, the existence and uniqueness of the weak solution
follow from energy estimates and the Galerkin method (we refer to [10] for details). Furthermore,
from the standard regularity lifting argument, we get the following additional regularity for the
solution

82 €
ot?

out
Ot

€ L*(0,T; L*(Q)) € L*(0,T; Hy, () u® € L*(0,T; H, ().

3 Uniform energy estimates and compactness results

In this section, we discuss the uniform energy estimates and related compactness results for the
microscopic problem. In the first part of the section, we examine the conditions under which
the uniform energy bounds can be obtained. We then study the microscopic solution in the bulk
domains. Using the energy estimates, we show that as e — 0, the solution converges strongly in L?
while its first-order spatial and temporal derivatives converge weakly in L?. Next, using the energy
estimate and the trace theorem, we derive a compactness result on the interface L and RE.

To find the limiting behavior of the solution in the heterogeneous layer, we require a tool
that simultaneously accounts for homogenization with multiple scales and dimension reduction.
Therefore, we introduce the concept of multiscale convergence for thin layer and derive associated

compactness results. Finally, we determine the homogenization limit of u3,, Vuj, and uM in the
layer.

3.1 Energy estimates

To find the effective model for the microscopic wave propagation problem, we require a uniform
energy bound of the form

1

| ui”LOO(O,T;L2(QE + |l U%HLoo(o,T;p(Q%)) + NG | U“§\4||Loo(o,T;L2(Q§w)) <C, (3a)
ous ous 1 || Ju§
8tL R + 7 8715\4 <C, (3b)
Lo (0,T;L2(0%)) Lo (0,T;L2(05,)) € L= (0,T;L2(05,))

7



1
[Vug || Lo (0,1;L2(05)) T ||VUR”L°°(0TL2(QE ) T %||VU§\4||Lw(0,T;L2(QiI)) <C, (3c)

where C' > 0 is a constant independent of €. Since we have a system of linear wave equations with
smooth data, one should expect the solution to have a uniform energy bound. But, in general, this
is not true due to the lack of energy conservation caused by the time-dependent coefficients. Here
we discuss two physically relevant choices of pp; and Dy for which we show that there exists a
uniform energy bound, but with an example, we discuss the possibilities of the non-stability of the
solution.

3.1.1 Case 1: no oscillation on the fast temporal scale

In this case, we assume that the data p* and D® do not oscillate with respect to the fast time

variable. In other words, we assume pps (t,xg, é, = %) = pm (t,xQ, Z, ?2) Dy (t To, L E, Z, %) =

Dy (t,a:g, z I—Q) We denote this assumption by (B1). Structures of this type are commonly

e g2
encountered in the modeling of metasurfaces and metascreens. We now show that under these
assumptions we obtain the required energy bound.

Lemma 1. Assume (Al),(A2) and (B1) holds. Then the weak solution u® to the microscopic
problem (Lla)—(|Lg]) satisfies the uniform energy estimates (Bal)—(Bd).

a S
Proof. Let t € (0,T"), we derive the energy estimate by choosing the test function ¢ = ]l((ma—ijt in

() We get
7 Oug ¢ 0 ous,\ ou§ t 0%us, Ous
dz dt — (p5 =M M qz dt // RBZ_R qgdt
'OL//E T +/0/§wat<pM8t>8t ratter | T
t a € t 8
+DL/ wgv( “L> dxdt+DR/ Vs, v( “R )dxdt
o Ja: ot ot
1 t
+/ AT Y (8“M) da dt = // fL< )d dt.
€ Jo Q;:VI 5
By rearranging the terms, we obtain
dt + o N dt
L2(0Q5) / dt H 81& L2(95,)
+DL/td/ v7f|2dxdt+/ / Vs dedt+/ | Vus, |* de dt
2 dt Jo: ' dt Joz T dt Joz, M U

) o oD%
//EfL<8t>d dt+//e gy(gy) dzdt + — // M|VuM|2dxdt

Fundamental theorem of calculus yields

2

pL ous ||?

@ Iup
o dt | ot

tg
dt
+ 5 at

LQ(QE ) dt

2 2

1

2(05) %€

ouy,
ot

oug 2
ot

PL
2

PR
L2z, 2

—=0ujy
Py~ gy

L2(Q%)



D D 1
+ L/ |Vus > dao + R/ |Vug|? dz + / D5 |Vui,|? dz

() g D
//gfL(8“L>d dt+//5 agé” <8gé”> dz dt+/ / 0 M\v &7l dadt

HU2”L2(QE) L HV’U1HL2 (@)

Now using the assumptions (A1) and (B1) together with Cauchy-Schwarz inequality, we obtain

PL ouy, 2 Pmin || Ous, 2 PR oug, 2
D D D,,;
+L/ \Vui|2dx+R/ IVus,|? dz + ’""/ Vs, |? da
2 Jos 2 Jas, 2 Jas,
ouj 2

2 2
+  10unllzz0,62205,)) + 2 VUM Z20,622005,))

< Il uary H Ot |l 2(0,522(05))

PL L
?HUQH%%QEL) + 7”01"%{1(92)'

From Gronwall’s inequality and (A2), we get the estimates (@) and (@) It remains to show the
estimate (@) From the fundamental theorem of calculus, for i € {L, M, R} we have

u; (t) = ui (0) + /0 8%5158) ds.

Taking L? norm on both sides, using Minkowski’s inequality together with (42) and (@), we get
(Ba)- O
3.1.2 Case 2: Moving heterogeneous layer

In Case 1, we avoided the fast temporal oscillation to derive the energy bound. Here we give a
physically relevant example, where we have both spatial and temporal oscillations. In this particular
scenario, at the microscale, we assume the material property of the periodic layer moves vertically in

a wave-like fashion with a velocity ¢. In other words, we assume pps (t, To, é, Z, %) =pup (xl 2 Ct)
and Dy (t,xg, é, Z, %) = Dy (%1, WT*“), where ¢ is a positive constant. In addition, we assume

there exists Az, Ay, Agp > 0 such that Dy, —CQpL > AL, DR—Csz > Ar and DY, —p‘j/[c2 > Ay We
denote these assumptions as (B2). Such models are useful to construct time-modulated laminated
media relevant to phononic metamaterials and metasurfaces designed for wave filtering, frequency
conversion, directional band gaps, asymmetric transmission, and non-reciprocal elastic or acoustic
wave propagation [25]. We show that under this space-time modulated structure, we get the uniform
energy bound.

Lemma 2. Assume (Al),(A2) and (B2) holds. _Then the weak solution u® to the microscopic
problem (@) —([lg) satisfies the energy estimates (@) f(@)

Proof. We first derive the energy estimate for our problem in a moving coordinate system. For
that, we use the following change of variables

X1 =T X2 =T2 — Ct,



and we denote

Wt X) = (b)) Rt X) = up(te) (LX) = it ),

fLt, X) = fr(t,z) ot X) = ¢(t,x).
From the change of variables, we have

Pu(t.e) =pu(Z)  Diy(t,z) = Du(),
and the following chain rules

Qus(t,w)  OWE(t,X) (1, X)

ot ot “Tox,
dgilt,x)  0bi(t,X)  i(t, X)
ot ot axy,
e 801 (X)

ot (0) = valX) +e 0Xs
Vu;(t,z) = Vxu,(t, X),

sthere i€ {L,M,R}and j € {L, R}. Moreover, using the change of variable in the weak formulation
(R), we get

—pL/T/E <aaig;,X) _Caai(t7X)> (aqEL(t,X) _C&EL(t,X)> X dt

0Xs ot 0Xo
auM (tX) 0wt X))\ [9oum(t,X) 8¢M(t X)
_/ / ( T X, >< ot 9X )dth
auR t,X) UGt X)\ [ 0or(t,X)  9¢r(t, X)
_pR/ /< T ax, )( o 9x, )dth

-I-DL/ VXuL qudeth-f- / / DMVXUM) VngMdth
0 QF, <)

T - T o~ ~ ~
+DR/ Vxﬁ%-vxchdth:/ fL¢Ldth+pL/ v2(X)or(0)dX
o Jas, 0

€
L

Qg

By rearranging the terms, we have

0us,(t,X)  9u(t, X))\ 9dp(t, X) LAGRS) AL (t, X)
_”L/ / [( T ax, > at ot 59X ]dth

0us, (t,X)  0us,(t,X)\ 0pu(t, X) 91 (t, X) Odas(t, X)
_/ / [( e ]gXQ > ot ot 59X, ]dth

X)) Ot X))\ 0pr(t, X) D (t, X) dor(t, X)
_pR/ / [( - ng ) ot "o X, ]dth

10



T T
- B ~ 1 - _ ~
+/ DLvXqu-medXng/ / ( ;ﬂxu%) Vxou dX dt
0 Qi 0 S

T N _ T e N
+ / DRrVxuy - VxordX dt = / frordX dt + PL/ v2(X)or(0)dX
o Joz, 0

€
L

Q%

~ ~ g
where Dy, := {DL 0 } S [DM 0 Dr 0 }

0 Dp—prLc? M= D5, — Mc}andDR::[O Dpg — prc?
By performing integration by parts with respect to the time variable as well as the X» variable,
and using ¢(7T") = 0, we arrive at

ous (t, X) us (t, X))\ ~
pL/ /e ot < TR 09X, ¢r(t, X)dX dt

o (ouy(t,X) 0 X
+e/ / ”%t( “Ma(f ) uﬂg% )>¢M(t X)dX dt
8“M(t X)

u O, (t, X
+pR/ / (%( Tl X) “gﬁ’; ))ch(t Yaxd

+/ DIVxT - Vo dX dt + - // DMVXuM> Vxdar dX dt
0 Qs s

T ~ ~ ~ o~
+/ DRVXﬂig-VXqﬁRdth:/ FrordX dt.
0 JOg 0o Jag

~ ou
To determine the energy estimates on the moving coordinates, we choose ¢ = ]l((ma.

Observe that, making use of integration by parts and the periodicity in the vertical direction,

we have
t ﬁzﬂi ouy, ous
TLgx L) dax
/O/EL<8X28t> o A= // 8X2< ) drd

Similarly,

t 826% oup
—dXdt =
/0/5 <8X28t> ot 0,
R
and we have

. 0*us, ous, /t 0 . Ouf,\ Ouyy,
dX dt dX dt = 0.
/ / - PMEX0t ot o Jos, 0% PV 0 ) o

Therefore, a = 11(07,5)?;;

yields

11



uj ouy t a%M auM % Ougy

X
pL//E 5o o X /0/ P dXerR//E 50 ot ¢
~ e 8uL ous,
+/ / (DLVXUL)'VX dX—l— DMVX >~VX ot dX
0o Jos :

- B o t
—I—/ / (DRVXU%)~V)(< gf) dX :/
0 Jog, 0

Since we assumed Dy, — c2pL > Ap, Dp — chR > Ar and D5, — p5 > Ay, we get lNDL,f)E and
M M M

8uL

dX

Dpg as uniformly positive definite matrices. Now, following a similar strategy as in the proof of
Lemma [lf, we obtain the energy estimates

Izl Lo 0,752200)) + I URll e 0,1522(05)) + NG I sl Lo 0,7 22(05,)) < C (4a)
~c e
ouy 8uR n 1 ouyy, <c (4b)
Ot || oo (0,112 (025 )) ~0r22) VeI 0 llpseorr2z,))
1 ~€
IVxUL || Lo 0.7;22(00 ) + IV XUl Lo (0,1;02(02,)) + %HVXUM”LOO(O,T;L%Q?M)) <C, (4c)

where C' > 0 is an e-independent constant. From the definition of uy,, uys and ug, fori € {L, M, R},
we have the following norm estimates

145 gy = g (50)
195l 2(0e) = 1V 20 (5b)
likewise, using the chain rule, we get
ous ous ~
[ I < L2 (50
L2(95) L2(95) '

Finally, using the norm estimates (@)f(@) and the energy estimates (@)f(@), we establish the
energy estimates (Ba))—(Bd). O

3.1.3 Discussion on nonstability

Let pf(¢) := (1 — Zsin ﬁ — (1 —cos = 2t . It is well known that for a wave equation of type
5 100

0%

@ — pe(t)A'U =0 in (0, T) x Q

with periodic boundary condition and the initial data v(0) = 0 and 2+(0) = sin £, the energy
blows up as ¢ — 0 (see [12] for details). Similarly, one may expect that by choosmg ,0 % =1 and
D5, = p° we can construct an initial condition such that the uniform energy estimate ( )f(@)
fails to hold. Proving such a result requires an additional detailed technical analysis of how the
initial conditions on the bulk domain affect the oscillation and non-stability in the layer through
the transmission condition. In this paper, our main aim is to derive the effective model, rather
than establishing the sharp conditions for the uniform energy estimates; such analysis falls beyond
the scope of the present work.
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3.2 Multi-scale convergence for thin layer

The subdomain 5, has a heterogeneous structure in multiple scales and has a thickness of O(¢). In
order to derive the homogenization limit, we require a homogenization framework that accounts for
multiple spatio-temporal scale homogenization together with dimension reduction. In this section,
inspired by the classical multiscale convergence [3] and the two-scale convergence for thin layers
[23, 26], we introduce the concept of the weak multi-scale convergence for thin layers.

Definition 3.1. A sequence v° € L?(0,T; L*(Q5,)) is said to be multi-scale convergent (with three
spatial and two temporal scales) to v°(t,%,7,y,2) € L2((0,T) x E x T XY x Z), if

lim - // S(t,2) (t te 2) dt dz
e—0 € E 6 8
///// (t,Z,7,y,2)0(t, T, 7,1y, z) dzdy dr dzT dt

for all ¢ € L*((0,T) x 3;C4(T x Y x Z)).

‘ =

Remark 3. The notion of multiscale convergence for thin layers can be extended naturally to an
arbitrary number of well-separated spatial and temporal scales.

Similar to the concept of classical multiscale convergence, we have an associated compactness
result related to the multiscale convergence for thin layers.

Theorem 1. Let v¢ € L%(0,T; L*(25,)) be a sequence of functions satisfying

1
7z [0l L20,7522(05,)) < C (6)

for some e-independent constant C' > 0, then up to a subsequence (still denoted by v¢), v°¢ converges
to some v° € L2((0,T) x £ x T x Y x Z) in the sense of Definition

The proof of the aforementioned Theorem follows an argument similar to [26, Proposition 4.2]
but extends to multiple scales. For completeness, we give the proof in the Appendix.

3.3 Convergence in the bulk regions and on the interfaces

To find the effective model, we require compactness results of the microscopic solution in the bulk
region, in the layer as well as on the interfaces. This section focuses on finding the limit of the
solutions to the microscopic problem in the bulk regions Qf and €%, and on the interfaces L® and
Rf. In the bulk region, we have the following compactness result.

Theorem 2. Assume (Al) — (A2) and (@)f(@) hold. Then for i € {L, R}, there exists u) €
L2(0,T; Hy (%)) N HY (0, T; L(Y)) such that up to a subsequence

Losu; — uy strongly in L2((0,T) x ),

Lo Vu; — v weakly in  L*((0,T) x ),
ous ou?

1 : j L2((0,T) x ;).

Qs 5, — ot weakly in ((0,T) x Q)

Moreover we have up|r, = ugr|ry.

13



Proof. We refer to [26, Proposition 2.1] for the detailed proof. O

Now, by the following theorem, we establish a compactness result on the interface L* and R°.

Theorem 3. Assume (Al) — (A2) and (@)f(@) hold. Then, on the interfaces connecting the bulk
domain and the layer, up to a subsequence, we have the following convergence results

¢
hm/ / ui,(t, )¢ ( :Exx2>d:1:dt
e—0 e P
T
:/ ////U%(tax)ds(t,f,ﬂ_21,y2,z)dzdyd7dxdt,
o JJTJY JZ

xTo

/////uRtx txv',2,y2, z)dzdy drdz dt,

for any ¢ € L*((0,T) x 3;C(T x Y x Z)).

and

li (t, 7!
11m U .1‘ -
e—0 & R 8

“)\8

Proof. The proof is analogous to the proof of [26, Proposition 2.1]. We define the map w : Q;, — QF
such that w(z) := ((1 — §)@1 — 5, 22), it follows that w(—{, z2) = (—¢, x2) and w(0, x2) = (-5, 2).
Define 47 (t, z) := u7 (t,w(z)). From the energy estimate and the Theorem P}, we have

ug — uOL strongly in LQ((O,T); Lz(QL)), (8)

and Va5 uniformly bounded in L?((0,7); L?(21)). Using the trace interpolation inequality, we
have

197, — w2l Z20.my:22(sy) < CINEL = ulllz2qoryc2@on @z — w220y @)

Applying (E) on the above inequality we arrive at
s — ul strongly in ~ L%((0,T); L*(2)).
Furthermore, using the definition of u7, we get
ug, (t _2€,w2> — ul(t,0,x9) strongly in  L2((0,T); L*((0, h))).

That leads to
. t r xo
hm/ / uf (t, ) < - = > dx dt
e—0 e "e'ee
_ ) 0.(£,0 )¢t‘£ 1wy m (o
—SI_I% U’L —, 9 ur\t,Y, T2 7$7€7 2’ 222 €L

14
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M\H

—}—ig% o uy (t,0,x2)¢ t,x,; 322 dr dt

T
:/ ////u%(t’m)d’(t’jvﬂ_zlay2,2)dzdyd7dg:dt,
o JJTJY JZ

3.4 Convergence in the layer

We now turn to establish the compactness result in the layer. By using the energy estimates and the
concept of multiscale convergence for thin layer, we show that the function u5, and its spatial and
temporal derivatives converge to the corresponding limit functions that capture the macroscopic
behavior as well as the oscillations associated with the different microscopic scales.

Theorem 4. Assume (Al) — (A2) and (@) 7(@) hold. Then there exist
Wl € L2((0,7); HE(S) NHY(0,T); L2(5)), uly € L2((0,T)x S Hyo(T X V) and w3, € L((0,T) x
ExTxY; Hﬁl,O(Z)) such that up to a subsequence
d
Vs, (t, x) — Vzul (4, T) + Vyub (¢, T, 7,y) + %u?w(t,f, T, Y, 2)e (9b)

ouf,(t, x) oud, (t,x)  oul,(t, 7, 7,y)
a ot or

where the convergences are in the sense of multi-scale convergence for the thin layer.

Proof. From the uniform energy estimates and the Theorem E], there exist u9;, &, &1 € L2((0,T) x
Y X T xY x Z) such that

ujy(t,x) — u(])\/[(t,f, T, Y, 2),
vu?\i(t’ l’) — go(t’ fv 7Y, Z)7

and

in the sense of multi-scale convergence for the thin layer. We first show that the function “?\4 is

independent of the variables 7,y and z.
Let &1 € C°((0,T) x %; CB’O(Z))Q, then by using the integration by parts with respect to the
space variable, we get

e—0

T
0 = lim E/ Vi (t,x) - @1(t,7, x—;) dz dt
0 JOs, €

——lime// s (t, )V O1(t, T )dxdt—hm // o (t, )V, (I>1(tx€—)d3:dt

e—0 e—0 €

_/ ////Ug/f(t,T,x,y,Z)Vz.él(t,m,z)dzdydemdt,
0 JEJTJY JZ

15



which shows that u, is independent of z. Similarly, let &5 € C°((0,T) x %; Cye (Y))? and ¢3 €

Co((0,T) x ;C9°(T)), we get

T
0 = lim Vi, (t, ) - Pa(t, 7,

e—0

QE
= —lime- // € (t,2)Vy - Oo(t, T, =) dz dt — lim - // © (t, )V, - ot T,
e—=0 ¢ 5 I e—0 ¢ 5

T
93

)dadt

yda dt
5
—/ ///u?\/l(t,T,x,y)Vy-CI’Q(t,x,y)dyde:rdt,
0o JuJTJy
and
0
O:Iim/ / “M (t, )3 (t, T, f)d:cdt
e—0 e
Z—iI_I)I[I)eS/ /E tx@tqﬁg(tx)dxdt—il_r)r(l)gf /E T¢3(tx7)dxdt

—/ //U%J(t,T,$)87¢3(t,$,7)d7'dxdt,
0 XJT

that shows u?v[ is independent of y and 7.

Now, we derive the multiscale convergence limit of aM and Vuj, as ¢ — 0. Let ¢ :=

(¢1,¢2, ¢3) € C((0,T) x ;C4(T x Y x Z))? and @1 := (¢, ¢3), we define

vta: @ _7¢1+v @17
VT,y ORES Ed)l + Vy . (1)1.
Assume that the function ® satisfies

d
—¢p3=0 d V., | ®dz=0.
P o3 an " /Z z

Now, using integration by parts, we have

1
€

From (@), we have V, - ®; = 0, using Lemma B together with (@), we obtain

1
A

<C
52

L2(0,T:HY(Q5,))

Since we have the uniform energy bound

2
g||u§\/[HL2(O,T;H1(Q§VI)) <G

16

T . e . 1 1
- Viotsy - ®dadt = —- ui [vm D4 -V, D+ SV, @1] da dt.
0 Jas, €Jo s € €

(10)

(11)



we obtain

. 1T o1
lim e— ; ) uM?Vﬁy@dxdy:O.
M

e—0 €

Using the preceding identity and taking the limit ¢ — 0 in (@) yields

T T
/ ////(50,51)'<I>dzdyd7'dxdt:/ ////u?\/lvt7x'<1>dzdyd7'dxdt.
0 2JTJIY JZ 0 2JTJIY JZ

Performing integration by parts with respect to the space and time variables, we obtain

/OT/E/T/Y/Z[(@’&) — V2] @ dzdydr dzdt = 0,

Since the function @ satisfies the conditions (@), using the above identity together with [3, Lemma
3.7], we get that there exists up, € L*((0,T7)x%; H} (T xY)) and u3, € L*((0, T)xXxT xY; H}(Z))
such that

(607 51) B Vt7ju9\/[ = v'r’yu}\/[ + [07 VZ]TU?W

By rearranging, we get

d
§O(t7j777 Y, Z) = VJ_UUS)M(LL?:E) + VyuM(tvja Tay) + %u?\/[(twfﬂ—?y, Z)€2

] 0, ]
51(t,x,7,y,z) - 8tuM(t7x) + 8TUM(tﬂx77—7 y)

4 Upscaling of the microscopic model

This section is devoted to deriving the effective model and the interface conditions. Relying on
the compactness results presented in the Section E, and using well-constructed test functions in
the microscopic weak formulation, we pass to the limit € — 0 and identify the homogenized limit
equation. Furthermore, under certain additional assumptions on the effective coefficients, such as
positivity and boundedness, we obtain the uniqueness result for the effective model.

4.1 Derivation of the effective model

In the following lemma, we derive the first effective interface condition. We show that the limits
u% and uOR that are defined in the bulk domains, and the limit u%/[ on the interface X coincide on
3. In other words, we get the continuity of the solution along the interface 3.

Lemma 3. Let u%,u% and u?w be the limit functions from Theorem B and Theorem . Then, it
holds that

uly = ul = ul, for a.e. (t,z) € (0,T) x X.
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The proof follows an argument similar to that in [[7, Theorem 5.3] with minor modifications.
For the reader’s convenience, we give the details in the Appendix.

In the next lemma, using the weak convergence results in the bulk domain and the multiscale
convergence results in the layer, we determine the homogenization limit and the second effective
transmission condition.

Lemma 4. Assume (Al)—(A2) and (%(@) hold. Then, in the distributional sense, the functions

u%,uOR,u%/[,u}\/[ and u?\/l from Theorem |3 and Theorem 4 satisfy
0 ouf
pr L) — div(DpVal) = f1 in (0,T) x Q (12a)
ot ot
0 0
5 (pR gf) —div(DrVu%) =0 in (0,T7) x Qg (12b)

(DrVU%) -n — (DLVuUY) -

ol (t,x)  oub,(t,T,7,y)
at///<pMmTy,)< b+ o ))dzdydT

— divm/ / / Dy (7, 7,y, 2) (Vaul (6T) + Vyuy (6,7, 7, y) + Voui, (6,7, 7,9, 2)) dedydr
TJY JZ

on (0,7) x . (12¢)

Proof. In the weak formulation of the microscopic problem, choose the test function ¢ = ¢g €

C((0,T) x Q). We get

T ous 0¢o 17 . dui ) g0 Ouf 0o
_pL/o /L 8t8td$_s/o /iI(pM 8t> == // o ot "

T T
+DL/ vui-v¢0dx+DR/
o Jas 0

Vug - Voodz + — / D5/Vuis - Voo da
€Jo Jas,

T
= / froodx
o Jas

Now, using Theorem E and Theorem @ and taking the limit as ¢ — 0, we obtain

—pL/ / 0uL (t,x (‘3¢0( d dt—pR/ / OuRt x) Oo(t, ) do dt
Qr Qg ot
oul, (¢, ) auM(t Z,7,y)\ 0do(t, x)
/ ////thxTy, )( 5t + e 5 dzdydr dz dt

T
+ DL/ Vaul (t,2) - Vo(t, ) dx + DR/ Vuly(t, ) - Vo (t, z) da dt
0 QL 0 QR

T
+ / / / / / Dur(t, T, 7.y, 2) (Vauly (t,T) + Vyubs (8,7, 7,9)
0 SJTJY JZ

+V U2, (4T, T, Y, z)) -Voo(t,x)dzdydr dadt

Qg
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T
_ / Fult ) ot ) dz dt.
0 Qr,

which is the weak form of the system ()—()
O

The preceding lemma derived the transmission condition involving the functions u(]]\/[, u}w, and

u?\/[ However, this condition cannot be evaluated explicitly without further characterization of
these functions. Therefore, in the following lemma, using well-constructed test functions, we derive
a system of partial differential equations that will later allow us to represent u}w and u?w in terms

of u9, and suitable cell problems of elliptic and hyperbolic type.

Lemma 5. Assume (Al)—(A2) and (@) 7(@) hold. Then, in the distributional sense, the functions

uly,ul, and u3, from Theorem satisfy

B B oul,(t,x)  Oul,(t, T, 7, y)
87_/2 (pM(t7$77—ay7z)< ot + T )> dz

- divy / (DM(ta:L‘a 7Y, Z) (Vfu%/[(tvj) + vyu}\J(t7T7 T, y) + Vzu?\l(tvfa 7Y, Z)) > dz =0
Z

for a.e.(t,z,7,y) € (0,T) x ¥ x (0,1) x Y, (13a)

along with the boundary condition

<DM(t,a;, T,Y, 2) (Vfu?w(t,f) + Vyuy (t, T, 7,y) + Voui (4,7, 7, y, z)) > n=0 on Y,UYg,
(13b)

and

- diVZ (DM(ta z,T,Y, Z) (vfu%/[(tv f) + vyu}W(t)fa T, y) + VZU%\J(ta z,T,Y, Z)) ) =0
fora.e. (t,T,7,y,2) € (0,T) x X x (0,1) xY x Z. (13c)
Proof. We first construct a test function in (0,7") x Q with suitable regularity and support in both

fast and slow variables, which is then used in the weak formulation of the microscopic problem.
Then, using the uniform energy estimates and the multiscale convergence for thin layer, as € — 0,

we deduce () and () Let

ar(t)oa(L)B(z) YL (E)p(2) in  (0,7) x Q3
¢1 = a1(t)az(L)B(Z) (L) in  (0,T) x Q5
ar(t)oa(L)B(@)Yr(2)p(=2) in  (0,7) x Q%,

where
e a1 € CX((0,7)) and g € C(X).

e az € C2°([0,1]) which extends periodically to whole R.
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o Yy € C°(Y) which extends periodically with respect to yo variable.

o For i € {L,R}, 1; is defined in (0,T") x Qf such that ; = ¢ps on ¢ and independent of z;
variable.

o p€ C™([0,00)) is a cut off function satisfying 0 < p <1, p=11n [0,1] and p =0 in [2,00).

In the weak formulation of the microscopic problem, we choose ¢ = ¢ as a test and obtain
the identity

2ug r, x
”L/ / 58 (o1 (t)az ()@ (2 )p(L)) dode

ot? 5 e’ e
I
T ué
[ g (%) e s
Ip)
T 2u€ T
reon [ [ Tt an D)@ n(Dp—) do
I3
r z
+€DL/O . VuL-V(al(t)ag(f)ﬁ(az)m(g) (—))dzdt
14
T t _ T 1
oD [ [ Vui- ieraa)a@)wn( Dol =) da dt
I

T . )
+/ aVudy - V(aa()as(2 m(x)wm )) dz dt
0 943

I

T T T
- /0 B Fulon oz (D)@ (D)oL dede. (10

~~

17

We study the limit of each term in the aforementioned identity separately. Using integration by
parts with respect to the time variable, we can write the term I; as

T us T
= [ G Oa)sE@ ) dr
T oug t T
o[, G s@en o) dar.

The terms in the first integral are uniformly bounded with respect to the L?-norm; therefore, using
the Cauchy-Schwarz inequality, the first term converges to 0 as € — 0. For the second term of Iy,
we have
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()| de dt

2¢e T 1
T(/ p(i)zdm) i
L2(0,T;L2(05)) 0 €

< \/EC-

Thus, the second term also converges to 0 as € — 0, this leads to Iy — 0 as ¢ — 0. Similarly,
I3 - 0ase— 0.
Next, we look at the term I4, and observe that

T
14=eDL/0 [ Vi axt)aa VB Do) o

T, x1
E) p(—)dxdt

T
Dy [ [ Vi ara()5(@) V.

T —
+ DL/O 0 VUi . al(t)ag(é)ﬁ(j)w[/(g)p/(%)el d dt.

it follows that the first term converges to 0 as € — 0. For the second term, we have

r t T 2e
DL/O o Vui . Oél(t)OQ(g)B(j)vxwL(g) ( )dl’ dt] < CHVULHLQ (0,T;L2(05)) (/0 p(ﬂ)Q dilfl)

< VeC,

where C' is independent of ¢, and for the third term, we have

2e 1
< CHVUi”B(O,T;L?(QEL))T(/0 p(=)? 013!71))2

< VeC,

where C is independent of £. Consequently, as ¢ — 0, we get I, — 0. In a similar way, we deduce
Is — 0 as ¢ — 0. For the term Iy, each term inside the integral is bounded; therefore, as ¢ — 0,
I7 — 0.

Now, we look at the term I and we have

//EpMat

T T T
Dy /0 / i aa (s 8@ ) (Dyer da i

(0 (Daz(2)B() o (2) der i

1/T/ . Oud
- PM
€ Jo ?\/I

Y oy (D)8 (2) dadt.

Relying on Definition @ and (@), we arrive at

i [ [ ot ey nar

e—0
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t)OQ(t)ﬂ( )T/JM( ) dz dt

=1i 1
50 !i%g/ / fir® 8t

and

5;11—I>I(1)5/ /E P 815 )%(tW(@WM( )) dx dt

0 1 (4 =
r / [ [ [nenn (les) , rhtene
o JeJrJtv )z ot or

(a1 (t)ay(1)B(z)¢m (y)) dz dy dr dz dt.

It remains to show the limit of the term Ig. It holds that

T
zﬁz/ Vi - (0 (Daa( D) VaB(@)war (D)) do de
o Jas,

T
+ 1/ uVuis - (al(t)ag(f)ﬂ(j)va( )) dz dt.
0 Jas, €

€

Using Definition @ and (@), for the first term we have

T
lim Vi <a1<t>a2<f>w<f>w<f>> didi
e— 0 in 3
=lime - hm D5/ Vusy - (aq(t )ozg( )VB(z )@ZJM( ))dzdt
e—0 e—=0¢ s,
=0,

and for the second term, we have

lim D5,V (ozl(t)OQ(t)B( V(D)) ddt

e—0 ¢

s,
:/0 /E/T/Y/ZDM(t’J;’T’y’Z) (Vfu%(taf)+vyu}\4( z,7,y) + Voui (4T, T, y, 2 ))
(a1 (t)a(7)B(Z)Vythr (y)) dz dy dr da dt.

Collecting the limits of I1 — I7, as ¢ — 0, from the identity (@) we arrive at

T ouly(t, ) | Oul(t,7,7,y) >
—_ t? E? T’ 9y z +
/0 /2/7_/1//ZPM( Y, z) ( ot or

(1 (t)ay(7)B(2)Yu (y)) dz dy dr dz dt

T
+/ ////DM(t,w,T,y,Z) (Vauls (t, %) + Vyui, (4,7, 7,9) + Voul, (4, T, 7,9, 2))
0 JuJTJIY JZ

(a1 (t)aa(1)B(2)Vyhu(y)) dz dy dr dedt = 0.
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That is the weak form of the identity ([L3g) and ()
We are left to show the identity () To do so, we construct a new test function ¢9 in (0,7) x 2.
Let

ar(t)az(2)B@)YL(E)p(E)v(H) in(0,T) x 9,
92 = q er(t)as(2)B@)Pr(2)1(3) i (0,T) x Q5
ar(t)az(2)B@)YR(E)P(=F )V () in(0,T) x Q,

where a1, g, B,%r1,Y¥nr, YR, p are functions defined as before and v € C2°([0, 1]) which extends peri-
thcally to whole R. Choosing this well-constructed test function ¢ = £2¢5 in the weak formulation
(), we get

T 2us T, x
o[ Sgienan s D) ded

Ig
T 0 ([ . ouj o €. oo
—1-5/0 /if 5 (,OM M> (0‘1(t)”(g)ﬂ(xWM(g)’Y(g))dw dt

ot
Io
T 2ug z x x
w2on [ [ i @ut0aDs@n Do () dedt
Io
2 r e t _ T I )
w20y [ [ 9o D8@en Dol L1 (E) de
I
2 r 5 t _ T —X1 )
w20 [ Vi Vi aa Q) s@)in( Do (5) dedr

I12

T t _ x )
e [0 ] Divuis - Vi @as 8@ (D) dedr
0 Q5

I3

T T T2

2 [T t ol
=2 [ f®axHs@un o) dede. (19
0o Jog

I14

Similar to the case of (@), we derive that Ig, Ig, I1g, I11, 12, I14 — 0 as € — 0. It remains to check
the limit of the term I13 as € — 0. It holds that
r . c t _ T, X2
Liz=e Dy Vg - (e (t)o2(2)VB(@)Ya (2)v(3)) dwdt
o Jas,

" / U D3 - (aas(H)B@ o (Dr(2)) deat
o Jos, MY Uy 1 2 c M - Y 2
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O U L2W T VI SR
+/0 — uly - (a1 (t)az(2)B(@)Ym (2)7 (T )e2) dz dt.

€

By means of Definition @ and (@), we see that the first two terms converge to 0. For the final
term, taking the limit ¢ — 0, we obtain

lim - / [, DAy (o (8@ (D1 (2))er

e—0 €

/ ////DMthy, 2) (Vaul (¢, 7) + Vyup, (6,7, 7, y) + Vo, (6T, 7,9, 2))
a1 (t)aa(7)B(2)¢m (y)7 (2)e2) dz dy dr da dt.

Therefore, taking the limit € — 0 in (@), we deduce the following identity

T
L L] putemri ) (Vaubitm) + 9y 0.7, 70) + o7, 7.0:)
0 »JTJIY JZ
(a1 (t)az () B(Z)Yu (Y)Y (2)e2) dz dy dr dz dt = 0.

This is precisely the weak form of () O

We now focus on deriving the initial conditions for the limit functions uOL, u?%, and u?\/[

Lemma 6. Assume (Al)—(A2) and (@) (@) hold. Then, the functions ul ,u%, ul, from Theorem@
and Theoreml satisfy the following initial conditions

u? (0) = v, uy (0) =0, ug(0) =0,
ouY B oul, B 8u0R B
W(O) = V2, W(O)—Oa W(O) =0.
oug, ouy, .
Proof. We have uj(0) = vi, u%(0) = —.-(0) = 0 with v1,v2 € C(Q7). In

( ) = U2,
t
the weak form of the microscopic problem, choose ¢ € C2°(]0,7") x Q) and € small enough such

that supp(¢) U supp(v1) U supp(ve) C [0,T") x 5. Integrating the weak form from 0 to 7', then
performing the integration by parts with respect to the time variable, we get

_pL/ / agthd dt+DL/ / Vs - Vo dadt

Oug,(0) e
+/EL T ¢(0) dx—/o o frodzdt.

That is

€ T
—pL/ / a“Lafd dt+DL/ Vu§ - Vo dz dt
6 0 QE

T
—l—/ivgqb(O) dz :/0 o frpdzdt. (16)
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Taking the limit € — 0, we get

(971% ¢ T 0 T
—pL dxdt + Dp, Vuy, - Veodxdt+ pr, v2¢(0) da = frodxdt.
QL t 0 QL QL 0 QL

Using integration by parts with respect to the time variable and () yields to

_ 0uy,(0)
PL /QL v9¢(0)dx = pr, /QL 5 »(0) dz.

oul (0) . Ou(0)

That is = vy. Similarly, we get

parts with respect to the time variable on the identity (@), and obtain

= 0. To derive u? (0), we again use integration by

T
pL/ / uL62 dxdt+DL/0 o Vui - Vodzdt
L

(0 T
+ﬂL/ U2¢(O)dx_ﬁ’L/ vy qg(t ) dI:/ frdodzdt
Qs 3 0 Jos

taking the limit € — 0, we have

T
pL/ / ul — 5 da:dt—l—DL/ Vi - Vedrdt
o, Ot 0

T
+pL/ v2¢(0 dx—pL/ / d dt = / frodxdt.
QL 0 QL
Rewriting this in terms of the initial condition, we get
T
pL/ / uf 2dxdt+DL/ Vaui - Ve dr dt
o, Ot o Ja,
9¢(0)

T
+ pL/ v2¢(0) dz — pL/ vy dx = / frodxdt.
Qr o O o Jag

Now, again using integration by parts with respect to the time variable, the initial condition

0
8u§t(0) = vy and (), we get
99(0) . _ / 0 920)
pL/QLvl Y dz = pr, QLuL(O) T dz.

Since ¢ € C2°([0,T) x §2z) is arbitrary, we deduce u (0) = vy. Similarly, we get u%(0) = 0.
Let ¢ € Cc([0,T) x 35 Cf°(Y)), we have

// auM igdxdt —/ / uM )dxdt—i—l/?wu?w(o)gb(o)dx
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Letting € — 0, yields

/////((%Mtx 6u}\/l(gf777y)>¢(t7x7y)d2’dyd7'dxdt
/ ////UM ttxy)dzdydrdxdt,

Applying the integration by parts with respect to 7 variable and using the periodic property of u}w
with respect to the 7 variable, we arrive at

/ ////thﬂU t,z,y)dzdydrdzdt
/ ////UM gtx y)dzdydeEdt,

Eventually, using the integration by parts with respect to the ¢ variable, we obtain u$,(0) = 0.
in

0
Finally, to derive the initial condition for 8;;” (0), we choose ¢ = ¢g € C.([0,T) x Q) i
weak form (E) take the limit € — 0 to get 61”” (0) = 0. O

We now state our main result concerning the effective model and the associated transmission
conditions. Using the preceding lemmas, we show that the effective model satisfies the structure of
a wave equation in both the bulk regions. As a first transmission condition, we obtain the continuity
of the solution along the effective interface ¥. More precisely, the traces of the bulk solutions u%
and u% coincide with the interfacial limit u?\/l on Y. For the second transmission condition, we
see a balance law for the jump of the normal fluxes across . This jump condition is governed by
a dynamical equation of ugﬂ, involving both its time derivative and the tangential gradient. The
corresponding effective quantities are characterized through suitable cell problems of elliptic and

hyperbolic type.

Theorem 5. Assume (Al) — (A3) and (@)7(@) hold. Let ul,u% and uS; be the limit functions
from Theorem |4 and Theorem . Then, in the sense of distributions, the following effective model

holds:

9 aUOL . 0 .

G div(DpVur) = frL in (0,7)xQp (17a)
0

% <pRaautR) — diV(DRVU%) =0 m (O,T) X QR (17b)

with the effective transmission conditions
ul = ul=ul, on (0,T) x 2 (17¢)
and
(DrVuR) -n— (DLVul) -n

0 oul . oul,
=5 <p1 8?4 +p5- quM> divg <D Veul; + D3 5t >
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on (0,7) x X.

The effective coefficients are,

Oh
o1 ::///pM (1—|—> dzdydr,
Tty Jz or
oY1
P ;:/ //pM [a%} dzdydr
TJYy Jz =
! 0 0 g Gia
DI::/ //DM<I—|—[O dw]) I+ % % dzdydr,
o Jy JZz dz dyz  Oya
" 0 O
D; ::///DM <I+[ dw])VyhdzdydT
Tty Jz 0 =

where w(t,Z, T,y,-) € Hul,o(Z) is the unique weak solution of the Z cell problem

(17d)

d dw .
= <DM (1 + dz)) =0 in Z, (17e)
w s z-periodic, / wdz =0, (171f)
Z
h(t,z,-) € Hyo(T,Y) is the unique weak solution of the cell problem
0 (_ Oh . - opv .
- ) = D = — Y 1
57 <'0M87> divy, (DaVyh) 5, " T x (17g)
(DMVyh) cv=0 on Y,UYkpg, (17h)
h is (T, yg)—periodic,/ / hdydr =0 (171)
TJY
and 1 (t, &,-),Y2(t,Z, ) € Hp are the unique weak solution of
9 (532 ~divy (DarVis) = divy (Dyrer) in T x Y (17))
or or
(DMVy¢Z) V= — (DMBZ) ‘v on YrUYRpg, (171{)
W; is (T, y2)-periodic, / / Y, dydr =0 (171)
TJY
- J; D dz 0
and pyr = fZ pymdz and Dy = 1 —1|. Further, we have the following
0 (fZ TM dZ)
initial conditions
u (0) = vy, ul,(0) =0, u%(0) = 0,
oY oul, 8u0R
W(O) = V2, W(O)—O, W(O) = 0.
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Proof. From Lemma H and Lemma E we get ()f() To show the second transmission condi-
tion, we first write u}, and u?w in terms of u%/[ and solutions of suitable cell problems. The structure
of the equation (@g/lallows us to express u?\/[ in terms of u(])w and u}w, as well as the solution of a
cell problem. Precisely, we can write

u?w(t,f, T, Y, 2) = (Vfu(])w(t,f) + Vyu}\/[(t,f, T,y)) -W(t,z,1,y,2),

where W := (0, w) and w is the weak solution to the cell problem ([L7¢).
Now, we aim to write u}w in terms of u(])w and suitable cell problems in 7 x Y. Let

_ fZDM(t,f,T,y,Z)dZ 0
Dyt T = Wt T TY.2 18
M( 7x7 T7 y) [ O fZ DM(t, E’ 7-’ y’ Z) <1 + d (tvd; 'Y, )) dZ ( )

and

pM(tajﬂ_vy) Iz/pM(t,l‘,T,y,Z)dZ-
Z

Then we can write () in the following simplified form:

dul _ o O _
9 (pM 5?4) — div, (DyVyuby) = —88’24;15‘4 +divy (DuVieudy) in (0,T)xEXTxY

(DmVyuy) -n = — (DyVzuly) - n on Y UYg (20)

d
Days <1+w> —p
dz

for some p independent of the variable z. Since w is a Z-periodic function, a simple calculation
gives

Observe that, from (), we have

1

P=—F""—7T">
fZDLMdZ

= (f )

Due to the presence of temporal and spatial derivatives of u?w in (@), we cannot directly construct
the cell problem for u]l\/[ Since ([L9) is a linear problem, we split the equation into two. Consider
the weak solution vy for the problem

and therefore

o (_ ou .  Opu oY, ,
- <pM 87'> — ley (DMVyvl) = — 9 ot in TxY (21)

(Dny’Ul) -n=20 on YrUYpR (22)
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together with the periodic boundary with respect to 7 and y2, and the zero mean condition
fol fY v1 dy d7 = 0 and the weak solution vy of the problem

o ( 0 _ ]
- (pMa”:) — divy (DarVyva) = divy (DasVaudy) n TxY  (23)
(Dny’UQ) n=— (DMV;@U(])VI) -n on Y, UYR (24)

together with the periodic boundary with respect to 7 and ys, and fol [y vadydr = 0. Then it
follows that, u}\/[ = v1 + va.
For any fixed (t,z) € (0,T) x X, let h(t,Z, T,y) be the weak solution of the cell problem ()

and ¢y (t,z,7,y),¥2(t, T, T,y) are the weak solutions of the problem () Then v; = ag—z‘/’h and
Vg 1= Vju(])\/[ -,

The compatibility condition (A3) guarantees the existence and uniqueness of both A and V.
Therefore, we get

au(])w
ot

Using the aforementioned structure, we have

oy,  oul, L oY, . ,

. B oh . _ Oty
i f o (e ) o | o

ul; = h+ Vaul, - 0.

where

and

///DM (Vzul, + Vyuy, + Vaouiy) dzdydT:/ / Dy (Vzuly + Vyuy) dydr
TJY JZ TJY

Bu(}w

ot

= D{Vzul, + D

1 0
D*::///DM[ w]VhdzdydT
? TIv )z 0 1+% "

10 10
" D v ) dzdydr.
! /7’/Y/Z M[O 1+f§i’}<[0 1}+vy> S

Therefore, the transmission condition (), can be written as

where

and

0 0 0 ( .ougy . 0 - L Ougy w7 _, 0
(DRVUR) n — (DLV’U,L> n = a plw + P9 - VEUM — le)‘( DQW + D1VEUM .
The initial conditions follow from Lemma B O
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4.2 Uniqueness of the effective model

In the aforementioned theorem, we established the existence of the effective model. We now look
for uniqueness of the model. Even though the effective model is formulated as a linear problem,
the presence of nonstandard transmission conditions makes the uniqueness not so obvious. Here,
under some additional assumptions on the effective coefficients, we prove the uniqueness of the
upscaled model. For that, we first prove a lemma that shows the symmetric structure of the
effective coefficient D7.

Lemma 7. The effective matriz D] is symmetric.

Proof. Using the structure of Dy, (@), and the definition of DJ, we get

- fou(f 4 o)

diy dr.

Therefore,

[Dﬂz’jZ/ / ei - Dy(ej + Vyt) dydr
Ty

://ei-DMejdydT—F//ei-DMqu/)jdydT.
TJY TJY

Since D)y is symmetric, the first term on the right-hand side is symmetric. It remains to show that
the second term is symmetric. Consider the weak formulation of the problem () for 1;, and use
the test function ¢;, we obtain

// (De;) y’gbjdydT—//(awZ) a%d dr // DV ;) Vytbj dy dr.

Similarly, taking the weak formulation for ¢; and testing with 1); gives

// De;) y@bldydT—//(an) ‘Md dr // DV ;) Vyi; dy dr.

From the aforementioned identities and since Dj; is symmetric, we have

/T /Y (Des) Vyty dy dr = /T /Y (De;) Vi dy dr.

Therefore we obtain [D7f];; = [D7];i. O

Next, under suitable additional structural assumptions on the effective coefficients, we establish
the uniqueness of the effective model.

Theorem 6. Assume (Al) — (A3) and (@)7(@) hold.  Assume further that pi,ps, DY, D5 €
Wl’oo((O,T) X E) and p] is strictly positive and D7 is uniformly positive definite. Then the
effective model admits a unique weak solution.
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Proof. We show the uniqueness of the effective model by assuming there are two solutions to the
effective model, and then showing that these solutions coincide.

Let (ur,upr,ur) and (v, var,vr) be two weak solutions to the effective model ()f()
Set (wp, wpr, wg) == (ur,upr, ur) — (vp, var, vR), taking the weak formulation of both solution sets
with the same test function and subtracting the two weak forms gives

T owr, O¢r, T Do bn
_pL/O /QLatatd dt+DL/ QvaLvd)Ldﬂ?dt pR/ /QRatatd xdt
! * aU)M 8’LUM
con [ [ vonvonasar— |7 [ (5% w050 ) Tt
ow -
+/ DiVawnr + Dy M) Vogar dzdt =0 (25)
0 J= ot

for all ¢ € LQ((O,T);HLTI(Q)) N HY((0,T); L*(Q)) with ®(T) = 0. Let r € (0, 7], we define

Vi (t) = {({t w(s)ds ii[o’r]

<t<T.

Then clearly, V" € L?((0,T); Hﬁl(Q)) NHY((0,T); L*(Q)) and % = —w. Choosing ¢ = V" in (@),

we arrive at

pL// dexdt—i—DL/ VwLVVLd:z:dt+pR// 8“’—%Rdmdt
QL 0 QL

T O
+DR/ VwRVVJQdSL'dt—I-/ / (pf Y +p§'vwa) wyr dz dt
o Jag 0o Js ot
r L Owns ro1-
+ DiVzwy + D5—— 5 ViVirdzdt =0. (26)
0 by

Since w(0) = 0, by integration by parts with respect to the time variable, we obtain the following
identities

" owr, PL 2 " Owp PR 2

and

r D
Dy / Vur YV drdt = DEIVVEO) e,
0 Qp,

r D
D [ [ VurvVidedt = SEIVVEO e,
0 L

For the interface terms, using integration by parts with respect to the space variable yields

" o o
[ [oi%tuazar=3 [ piolunPaz—3 [ [ BluPaza
/ /p’g‘-waMdea‘cdt:—/ /Vx-p§|wM|2d:Edt.
0o Jx 2/ Js

31




By Lemma B, we have D7 is symmetric, using Vzwy = —%(VEV]Q), we get

r 1
/ / DiVawn VsV didt = | / DIHO)V5VI(0) - VsV (0) dz
0 b >

// 1v Vi - ViV dz dt,

//Dzava Vi dzdt = — //81)2

Now setting

1 s
v da:dt—/ /vx.D;|wM12dxdt.
2 0 Jx

O,(t) = /0 Cwp(s)ds,  Ow(t) = /0 Vown(s)ds,  Op(t) = /0 " Vuwn(s)ds,
we have
OL(r) = VV[(0), Om(r) = VzVi(0),  Ogr(r) = VVg(0).

Let
1
E(r):=3 !PLH?UL(T)H%?(QL) + prllwr(r)| 72y + PLlOLMZ2q,) + DrIORM 72y

+/ZpT(T)IwM(T)I2dw+/EDT(O)@M(T)‘GM(T)dw]

Using (@) and the preceding identities, we get

o)
[/ / p1|wM\2dxdt+/ /vx pylwar)? dxdt—/ / OD1 . Vi ViV dz dt
T D* T
2/ /a 2 dedt+/ /Vx-DSIwMFdxdt .
0o Jy Ot 0 Jx

Applying the boundedness of the coefficients and Young’s inequality yields

N <O [ (o @) + IVaVir©l e ) dt
0
Since we have VzVi;(t) = O (r) — O (), we get

IVaVir (O)ll72(s) < 2002 ()[72(s) + 2102 (D172,

and

n<c / (eonr (8225 + 1O3 225 ) A + Crll@as (]335,
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From the ellipticity property of D} and the uniform positivity of p], and from the definition of
E(+), we obtain

B(t) > C(lhwn ()2 + 108 O sy)-

for some constant C' > 0.
Therefore we get

y<C / B dt -+ Cr©u(r) 2o,
< c/ E(t)dt + Cr E(r).
0

Choose r small enough such that Cr < %, then we get

r)gC/OTE(t)dt

Now, applying the Gronwall’s inequality, we deduce E(t) = 0 in [0,7]. Therefore, we conclude
w = 0 on [0,7]. Since w(r) = 0, the same argument can be applied to [r,2r],[2r,3r] and so on.
After finitely many steps, these intervals cover [0, 7], and hence w = 0 on [0, T]. O

We remark that, since the solution of the effective model is unique, the convergence results
presented in Theorems P} to ¥ hold for the whole sequence.

A Appendix

In this Appendix, we provide the proofs of Theorem m and Lemma E, along with two auxiliary
lemmas. These results follow arguments similar to [26, Proposition 4.2] and [, Theorem 5.3], with
minor modifications to accommodate the multiscale setting and the effects of dimension reduction.
For the reader’s convenience, we provide the proof here.

We first state a multi-scale oscillation lemma for thin layer and later use this to establish
Theorem

Lemma 8 (Multi-scale oscillation lemma for thin layer). Let

0] <t,x, g,g x2> € L*((0,T) x ;C4(T x Y x Z)) then we have

™

()

T
<[ [ s jearys)lded
0 JXE (ry,2)€ETXYXZ

(i1
25%5/ / < ngcz)dxdt /////gbtmTy, dz dy dr dz dt.
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Proof. (i) Since ¢(t,x,-,-,-) is periodic and continuous, we have

t
10) (t,a:, -, E 2) dx dt 5/ / sup lop(t, @, 7,y, 2)| dz dt
il g 6 7-y7 €T><Y><Z

=/ / sup lp(t, 7, 7, y, 2)| dT dt.
0 Y (1y,2)ET XY XZ

t
€

=
w‘w

9

Note that to ensure the above inequality, we used the fact ¢ (t z, , > is measurable,

o8
(U}

this measurability follows immediately from Lemma 3.2.2 of [].

(ii) We have

t t
/ / ( ‘ xﬂ) dz dt = / / / ( ° xlxzx;) Az dzs dt.
a 5 g € % 8 9 g

Using the change of variable 1 = €y;, we obtain

17T t h t
/ / ¢<t7$’ { xg) dedt = / / / ¢<t>$7ay17x21x;> dyl dwzo dt
g Jo s E 8 % 0 9 g &

Passing ¢ — 0 and using the oscillation Lemma (see [11, Theorem 2.6]), we get

lim ~ / / ( tx7x22> de di
e—=0 € < Telel e
/ /1/ // /¢ t, T, T, Y1, Y2, 2) dzdyy dya d7 dzp dt.
2

By rearranging the integrals, we have

lim — // < t$z>dxdt
e—=0 ¢ <) "e'ee

™

T
:/ ////(]ﬁ(t,x,T,y,z)dzdydexdt.
o JeJTJyJz

O]

We now give the proof of Theorem EI The proof follows in similar lines to [26, Proposition 4.2].
The only change is to extend the proof to higher-order oscillations.

Proof of Theorem B Let F. : C([0,T] x Z;Cy(T x Y x Z)) — R defined as

1T t
= / / v (t, x)p <t,a:, -, a:2> dx dt
€ Jo ?\4 g

m\H
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By Cauchy—Schwarz inequality, Lemma E and (B), we have

R0)] < 2o o (// o (1ot 2 %) dxdtf

< Clelleqo,rxs:c,xv=2))-

Now using Banach—Alaoglu theorem [28, Theorem 3.15], we get a subsequence of F. (again denoted
by F.) such that F. - Fp, where Fp is an element of dual space of C([0,T] x 5; C4(T x Y x Z)).

Fo(¢) = il_rf(l) F.(¢)
<cin || [, o(at
/////‘bth% dzdydrdz dt.

Since C([0,T] x 3;C4(T x Y x Z)) is dense in L2((0,T) x ¥ x T x Y x Z) (see [26, Lemma 4.3]),
for any ¢ € L?((0,T) x ¥ x T x Y x Z) there exists a vg € L2((0,T) x ¥ x T x Y x Z) such that

21355/ / tx( z§z>dxdt Fo(9)
///// (t, 2, 7,y,2)0(t, 2, 7,y,2) dz dy dr dz dt.

The last equality we obtained by using the Riesz representation theorem. O

x,x§> dz dt
E £

Lemma 9. Assume f € C°((0,T) x 3;C°(T X Y x Z)) and satisfies

/Zfdz =0. (27)

(LIRS

> then, there exists an e-independent constant C > 0, such that

W&

i 9

o |

Let fé(t,x) = f (t,x,

| 2 F 2o s, < C

Proof. The proof follows similar lines to [3, Theorem 3.3]. We have (@), therefore, there exists
FeCX((0,T) x X;C4(T xY x Z)) such that

%F f and LF@zO (28)
Let Fe(t,x) :=F <t T, E z x2> then
ele’e
0 10 1d
—F*=VF* +-——F° + —=—F".
Oza v + € Oy + €2 dz
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From (@), we have

—Fdz=0
/ 0y

therefore, there exist F € C°((0,T) x %; ;Cy(T xY x Z)) such that

d ~ 0 ~
—F=—F d Fdz=0. 29
dz Byg a /Z : ( )
- - t
Let Fe(t,x) :=F <t T, — E, x;) . By the chain rule and using (@), we get
g e’ e
0 10 1d~
—FE—V Fe 4+ - F¢ ——Fs
0o € Oy + e2dz
and
1
fiF = EiF6 —eVzF*® — ? F*
3 8y2 8x2 Y2
Now, from (@), we have
1. 8 10
i _ v F€ o 77F€
62f 8$2 e 8:1,/2
0 0 ~ 0 ~
= P ViF - (e FF - Vi F - )
8902 681'2 8y2

Now, let ¢ € L%((0,T); H*(Q5,)), with ¥l z2(0,1);1(02,)) < 1, then using integration by parts
with respect to the x5 variable, we get

‘/ o dt‘— // Feor wdxdt—/ QEVF%dxdt
T

. T
+5/ Fewdmdt—i—s/ v, F%dxdt+/ / F%dxdt
o Jos, Ox2 0 Jos, <
<C.

O]

Proof of Lemma B Let ®(t,z,y) € (C((0,T) x ¥ x (Y UYy)))? and extend Y periodically in yo
direction. From Theorem {4, we have

T
lim Vuy, - ®(t,z, 2)dedt =0

—0
€ 0 Q5

Integration by parts with respect to the space variable, we get

:—hm// uM ff)—i— V - D(t, a’c,%))dxdt

e—0
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T
+/ / uy®(t, 7, 2) - vdo, dt
0 Joas,

T 1
= — i e - O(t,z, L — -O(t,Z, L)) dedt
ma/O /i/luM(V (,x,€)+€vy (,.TU,E)) x

e—0

T
+/0 /auifb(t,:f,}l,’?)-udamdt

T
_/ ////u(])”(t’x)vy"I’(t:fay)dzdydrdjdt
0 JEJTJY JZ

T
—/ // ul (t, 2)®1(t, Z, y2) dyo dz dt
0 »JYL

again doing integration by parts and by density argument, we get u% = u% on (0,7) x X. A similar
argument yields u% = u}, on (0,T) x . O
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