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A HYBRIDIZABLE DISCONTINUOUS GALERKIN METHOD
FOR WAVE PROPAGATION IN ELASTIC BEAM NETWORKS

MORITZ HAUCK*, JOSEPH HOLTEN*, AXEL MALQVIST!, ANDREAS RUPP?,
LUCIA SWOBODAT

ABSTRACT. This paper studies the numerical solution of elastic wave propa-
gation on networks, modeled by elastodynamic equations posed on each edge,
coupled at the nodes through suitable transmission conditions. We propose
and analyze a hybridizable discontinuous Galerkin method that exploits the
network structure to reduce the global problem at each time step to a linear
system whose size depends only on the number of network nodes and not on
the polynomial degree of the discretization. Combining it with an energy-
conservative implicit time discretization, we derive a priori error estimates of
optimal order in space and time. The implicit time discretization avoids the se-
vere CFL restriction caused by the large variation in fiber segment lengths. To
efficiently solve the resulting, typically ill-conditioned global system, we intro-
duce a two-level overlapping additive Schwarz preconditioner. Under suitable
assumptions on the network, we establish uniform convergence of the resulting
preconditioned conjugate gradient method. Numerical experiments confirm
the theoretical findings.

1. INTRODUCTION

Many applications in science and engineering involve geometrically complex
structures composed of slender, effectively one-dimensional components. Promi-
nent examples include blood vessels [BWD™14], porous media [CEPT12], and fiber-
based materials [KMM'20]. For such systems, resolving all microscopic details in
a fully three-dimensional simulation is often computationally prohibitive. A nat-
ural alternative is to represent the geometry as a spatial network, described by
a graph G = (N, &) consisting of nodes and edges embedded in a bounded do-
main © C R®. The resulting spatial network model comprises one-dimensional dif-
ferential equations posed along the edges, which are coupled via algebraic conditions
at the nodes. In fiber-based materials, nodes are typically placed at fiber intersec-
tions, while edges represent the fiber segments connecting them; see [Picl1l, KU12]
for an overview of such models. To accurately capture the complex mechanics
of fiber interactions, the graph topology may be refined by introducing additional
nodes and edges at intersections. In the context of paper-based materials, this strat-
egy has been employed in [KMM*20, GKM*22, GKM™25] to accurately capture
the stiffness of fiber bonds. While spatial network models can be naturally coupled
with bulk PDEs to describe, for example, fiber-reinforced composites [KSK*21] and
vascular networks interacting with surrounding tissue [FKO™22], this work focuses
on pure network models for fiber-based materials such as paper and cardboard.

In this paper, we consider elastic wave propagation in fiber networks as a model
problem. The corresponding spatial network model comprises dynamic Timoshenko
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beam equations governing the elastic vibrations of individual beams [Tim21], cou-
pled at the network nodes by continuity conditions on displacements and rotations,
as well as balance conditions for forces and moments [LLS94]. To discretize the
spatial network model, we employ a hybridizable discontinuous Galerkin (HDG)
method combined with an energy-conservative implicit time stepping scheme. For
an overview of HDG methods, we refer to [CGL09]; for applications to single Tim-
oshenko beams and static networks of such beams, see [CCS10] and [HMR25],
respectively. The primary advantage of such a hybrid approach in the network set-
ting stems from the zero-dimensional nature of the coupling points: at each time
step, the global system of equations can be reduced to a system defined only on the
network nodes, independently of the polynomial degree of the discretization. The
additional nodes introduced by the spatial discretization of the fiber segments can
also be condensed out locally. A similar condensation strategy for diffusion-type
PDEs on networks of hypersurfaces is detailed in [RGK22]. The resulting condensed
system of equations enforces balance conditions for the numerical fluxes at the net-
work nodes. Here, independent local solvers on the edges map nodal unknowns
to numerical fluxes, and the condensed system determines the unknowns that en-
sure these fluxes satisfy the balance conditions. The resulting semi-discrete system
is then advanced in time using an energy-conservative implicit time integration
scheme, such as the Crank—Nicolson method. Although this choice is non-standard
for wave-type problems, it is motivated by the large disparity in fiber segment
lengths: with length ratios spanning several orders of magnitude, classical explicit
schemes become impractical because of the severe Courant—Friedrichs—Lewy (CFL)
time step restriction.

As an alternative to HDG, beam finite elements can be employed for the dis-
cretization of Timoshenko beam networks; see [Kap66, DHW72, TA75, LT82] for
representative examples from the extensive literature. If too few degrees of free-
dom are used, these methods can suffer from numerical issues such as shear locking;
see, for instance, the theoretical study in [MPO01]. Furthermore, for the stationary
problem, in the special case of constant material coefficients and homogeneous or
constant loads, analytical ansatz functions can be constructed from exact solutions
of the beam equations on each edge; see, for example, [Red97, JP09, KLST18].

In this paper, we present an a priori error analysis of the proposed HDG method
for the elastic beam network wave propagation problem, establishing optimal-order
convergence rates for both spatial and temporal discretization errors under mesh
and time step refinement. To this end, we employ a projection-based error analy-
sis for HDG methods, which goes back to [GCS10]. The analysis combines tech-
niques developed for HDG discretizations of wave equations [CQB14] with argu-
ments tailored to the Timoshenko beam network setting. Due to the complex
geometry of the spatial network and potentially highly varying material coeffi-
cients, the linear systems arising from the HDG method at each time step are
typically ill-conditioned. Numerical experiments indicate that standard black-box
preconditioners, such as algebraic multigrid methods (see, e.g., the review [XZ17]),
may fail to significantly accelerate convergence. This is likely because such ap-
proaches do not adequately capture the geometric structure of the underlying spa-
tial network. Limitations are also encountered with existing HDG-specific precon-
ditioners [CDGT13, FKMR19, LRK21, LRK22, LRK23, WMBT19], which rely on
coarsening strategies that would fundamentally alter the topology of the network
graph, thereby rendering the associated injection operators inapplicable. To over-
come these challenges, we employ a preconditioner based on the observation that
the network behaves essentially as a continuous object at sufficiently coarse scales.
This perspective enables one to bridge across scales by introducing an artificial
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FIGURE 2.1. Tlustration of a fiber network model of paper.

coarse mesh over the network. Classical finite element preconditioning techniques,
such as a two-level overlapping Schwarz preconditioner, can then be employed;
see [GHM24, HMR25, GHM"25] in the context of spatial network models. The
convergence analysis of this two-level preconditioner relies on a spectral equivalence
result between the global system matrix at each time step and suitably weighted
graph operators. Under assumptions on the network homogeneity and connectiv-
ity on coarse scales that are reasonable in the present setting, quasi-interpolation
bounds can be established. Moreover, the spectral equivalence result allows one
to transfer classical analysis techniques for Schwarz methods from the continuous
setting (cf. [TWO05]) to the network case, thereby proving uniform convergence of
the corresponding preconditioned conjugate gradient method.

Other scale-bridging approaches have also been developed for spatial network
models, in particular multiscale methods such as the (Super-)Localized Orthogonal
Decomposition; see [EGMP13, MP14, HP13, HP23, FHKP24] in the continuous
setting and [EGHT24, HMM26, HM24] in the context of spatial network models.
For these methods, quasi-interpolation operators or related quantities of interest
are explicitly employed in the construction. Relying on a compression property,
they allow for a significant reduction in the size of the resulting linear systems,
thereby making them tractable again, for instance by classical sparse direct solvers.

The rest of this paper is organized as follows: In Section 2, we introduce a Timo-
shenko beam network model describing elastic wave propagation. Section 3 presents
a hybrid dual mixed formulation, and Section 4 describes the spatial discretization
using an HDG method, including an a priori error analysis for the semi-discrete
problem. In Section 5, we carry out a time discretization and conduct the cor-
responding fully discrete error analysis. An efficient preconditioner is presented
in Section 6, and numerical experiments are reported in Section 7. The paper
concludes with a summary and outlook in Section 8.

2. TIMOSHENKO BEAM NETWORK MODEL

In this section, we introduce the model problem considered in this work: a
Timoshenko beam network model describing elastic wave propagation in fiber-based
materials. Such network models provide a powerful tool for representing fiber-
based materials, such as paper (see Figure 2.1 for an illustration). The underlying
Timoshenko beam model, originally introduced in [Tim21], extends the simpler
Euler—Bernoulli beam model by incorporating shear deformation. This makes it
applicable not only to slender beams but also to short and thick beams, where
cross-sectional rotation and shear effects play a significant role.

2.1. Geometry. The underlying geometry is represented by a graph G = (N, )
embedded in a bounded domain Q € R3, where A/ denotes the set of nodes and &
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denotes the set of initially straight, locally one-dimensional edges. The nodes rep-
resent fiber junctions, while the edges correspond to the fiber segments connecting
pairs of nodes. We assume that the graph G is connected, with the incidence set

Z:={(e,n) € £ X N | nis an endpoint of ¢}.

The network domain is denoted by

where -~ denotes the closure of a set. We describe the orientation of the beams
by the edgewise constant function ¢: ¥ — R3, which assigns to each edge its unit
tangent vector, oriented according to a fixed beam parametrization. Subsequently,
the canonical restrictions of a function v and a space V' to an edge ¢ € £ are denoted
by v, = v, and V, := V]|, respectively.

2.2. Governing equations. The governing equations of the network model are
obtained by coupling the equations of motion on individual edges with suitable
coupling conditions at the nodes. We consider the evolution of the system on
the time interval (0,7) with final time T" > 0. On each edge, we employ the
Timoshenko beam model [Tim21], which is based on the kinematic assumptions
that cross-sections remain rigid in their own plane and may rotate. In addition,
the material is assumed to be linearly elastic, i.e., Hooke’s law applies. The elastic
and inertial properties of the network are characterized by the four coefficients
c,,C,C.,C,: ¥~ Rffrg, which are assumed to be edgewise sufficiently smooth,
uniformly bounded, and uniformly positive definite. More precisely, there exist
constants 0 < Ce,min < Co,max < 00 such that, for all £ € R? and almost every
L SIDIN

(2.1) Cominl€]? < ETC ()€ < Comaxl€]?,

for each e € {n, m,u,r}, where | - | denotes the Euclidean norm.

The unknowns u, r,n,m: (0,7)x ¥ — R? of the beam network model represent
the displacement, rotation, force resultants, and moment resultants, respectively.
On each edge ¢ C ¥ and for almost every t € (0,7T), they satisfy the equations

(2.2a) —CL(0zu+1ix71)=mn, —C 0T =m,
(22b) Cuattu + 83;71 = fn, Crattr + aa:m + 7’ Xn = fm;

see, e.g., [DS13]. Here, f,, fn: (0,T) x ¥ — R? are given distributed forces and
moments, x denotes the standard cross product in R?, 9, the derivative with respect
to the parameter z varying along the edge ¢ C ¥ with unit speed, and 0; the partial
derivative in time. We impose the following initial conditions:

(22c)  w(0,)=wo, 7(0,-)=ro,  Ou(0,:)=vo,  Gr(0,) = so,

for given functions wug, 7o, vo, So: & — R3.

To couple the Timoshenko beam equations on the individual edges, we partition
the set of nodes into a non-empty set of Dirichlet nodes Np C N and the remaining
nodes. At Dirichlet nodes, prescribed boundary conditions are imposed, while at the
remaining nodes, continuity and balance conditions are enforced. The continuity
conditions require the displacements and rotations at each node to be identical
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on all incident edges. Specifically, for each node n € N\ Ap and incident edges
¢, ¢’ C X, we impose, for almost all ¢ € (0,T), the conditions

(2.2d) U (t,n) = uy (t,n), re(t,n) = ro(t,n).

The balance conditions enforce equilibrium of forces and moments at non-Dirichlet
nodes. To state them, we introduce the sign function v: T — {41, —1} defined by

(e,n) +1, if the tangent vector 4. points towards n,
V b = .
—1, otherwise.

We use the notation v, (n) := v(e,n). Moreover, for a v-weighted quantity defined
on the edges, the jump operator [-](n) denotes the sum of its traces at n, that is,

[nvf(n) = Y mne(n)re(n).

e: (e,n)eT
Then, for every n € N'\ Np, the balance conditions read, for almost all ¢ € (0,T),
(2.2e) —[nv](t,n) =0, —[mv](,n) =0.

Together, the coupling conditions (2.2d) and (2.2e) enforce rigid connections be-
tween the fibers, which is why they are also referred to as rigid joint conditions.

The system is closed by Dirichlet boundary conditions. Specifically, for each
n € Mp and almost every ¢ € (0,7'), we impose

(2.2f) u(t,n) = up(t,n), r(t,n) = rp(t,n),

where up,rp: (0,T) x Np — R? denote the prescribed Dirichlet data, which we
identify with their zero extensions to N\ Np.

3. HYBRID DUAL MIXED FORMULATION

In this section, we introduce a hybrid dual mixed weak formulation that serves as
the basis for the spatial HDG discretization developed in Section 4. For notational
convenience, pairs of functions in ¥ — R? are identified with functions ¥ — RS.
Specifically, we introduce the following vector notation:

q:(n,m), y:(u,r), f= (fnvfm)v

where q, y, and f encode the force and moment resultants, the displacement and
rotation fields, and the external loads, respectively. Similar notation is applied
for the boundary and initial data, denoting Ap = (up,rp), Yo = (ug, 7o), and
Yy, = (vg, Sp). Furthermore, we introduce the block matrices

(3.1) C, = diag(C,,Chn), C, = diag(C,,C,).

3.1. Function spaces and norms. On each edge ¢ C R3 we use the standard
Lebesgue and Sobolev spaces L?(¢) := L?(¢; R®) and HP(¢) :== H?(¢; RY), p € N>,
where all integrals are taken with respect to the one-dimensional Hausdorff measure.
Integrals over the network domain ¥ are understood as the sum of the corresponding
edge integrals. Accordingly, we define the global space L*(X) := L?(%;R%). We
denote by (-,-)c and || - || the L(¢) inner product and induced norm, respectively,
and use analogous notation on X. The edgewise Sobolev space is defined by

H? (3) = {¢p e L*(Z) | ¢, € HP(e) for all e € £}.
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A globally continuous version of this edgewise Sobolev space is defined by
o 0(y. 6
HP(¥) = Hb, (¥) N C*(E;R”).

For p > 1, we denote by | - ||¢,, the H? norm on ¢ and by || - |5, the corresponding
piecewise HP-norm on ¥.. Note that, since H' (¢) embeds continuously into C°(¢; R%)
in one dimension, nodal traces are well defined.

We further define the nodal spaces

A={X: N=R | X=0o0nANp},
Ap={Xx: N =R’ | A=00on N \Ap}.
Here, A consists of nodal functions satisfying homogeneous Dirichlet boundary con-
ditions on Np, while Ap represents the space for Dirichlet data supported on Np.

For vector-valued quantities 1, ¢p: ¥ — R® with well-defined nodal traces, we
introduce the following discrete inner products:

(P, ). = Z P (n) - @ (n),

n: (e,n)€T

(W, Pe =D (1, d)e,
ecé

(P, P)n = > _ ¥(n)- p(n).
neN

The first two bilinear forms act on edgewise functions through their nodal traces,
whereas the third one is defined for functions with unique nodal values. Note that
in (-, -)¢ each nodal contribution is counted with multiplicity equal to the degree of
the corresponding node. If ¢ is single-valued at the nodes, the edge-based scalar
product weighted by the orientation factor v can be interpreted as the nodal inner
product of the corresponding jump with the test function, i.e.,

(3.2) Wr,d)e=>_ Y. () re(n)- ¢ (n) = ([pv] @)

e€€ n:(en)eT

3.2. Hybrid dual mixed formulation. Given the initial data y,,y, € H'(X)
(cf. (2.2¢)), the force term f € H'(0,T;L*(X)), and the boundary data Ap €
H?(0,T; Ap) (cf. (2.2f)), we seek the dual, primal, and hybrid unknowns

g€ L*(0,T;Hy, (%),  yeH0,T;L%(%),  AeL*(0,T;A),
where Ay == A 4+ Ap, satisfying the initial conditions
y(0)=yo,  9y(0) =y,

such that, almost everywhere in (0,T"), the saddle-point system

(3.3a) a(q,wq) +b(wg,y) = —(An, wqV)s,
(3.3b) — b(q, wy) + c(Ony, wy) = (f, wy)s,
(3-3¢) —(qr,ple =0

holds for all test functions (wg, wy, u) € H] (X) x L*(Z) x A. Here, (3.3a) en-
forces the continuity conditions (2.2d) together with the boundary conditions (2.2f),
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whereas (3.3¢) enforces the balance conditions (2.2e); see also the identity (3.2).
The bilinear forms are defined as

a: HII)W(E) X HéW(Z) — R, a(q,wy) = (C;lq,wq)g

b: Hlljw(Z) X LQ(E) — R, b(q,y) = —(0x9 +ixq,¥Y)s

c: LX) x LX) —R, c(y, wy) = (Cyy, wy)s,
where iy denotes the block matrix defined for all ¢ = (n, m) by ixq := (0, i X n),
whose block transpose acts as i,y = (—i x 7, 0).

Remark 3.1 (Spatial regularity of primal solution). Equation (3.3a) implies that, for
almost every t € (0,T'), the unknown y admits the spatial regularity y(t) € HII)W(E)
and that its nodal traces coincide with Ax(¢). Since the latter is single-valued, in
fact y(t) € H (D).

For the well-posedness of (3.3), compatibility conditions must be imposed be-
tween the initial data and the Dirichlet boundary data. We define the initial dual
data induced by the constitutive relation (3.3a) as

(3.4) 4, = —Cq(0:Y,, —ixYm) for m € {0, 1}.
For m € {0,1}, the compatibility conditions require

(3.5a) "Ap(0) = y,, on Np,

(3.5b) (g v, t)e =0 Y € A,

where the last condition implicitly requires q,,, € Hlljw(E).

The algebraic constraints linking the dual and hybrid variables preclude standard
well-posedness results for the hybrid dual mixed formulation (3.3). Consequently,
we state the following well-posedness result.

Lemma 3.2 (Continuous well-posedness). Assume that f € H'(0,T;L*(X)) and
Ap € H?(0,T;Ap), and that the compatibility conditions (3.5) hold. Then, the
hybrid dual mized formulation (3.3) admits a unique solution satisfying

q € L>(0,T;H] (%)), y € W2(0,T;L*(%)), A€ Wh(0,T; A),
with initial values y(0) = y, and Oyy(0) = y;.
Proof. For completeness, a proof sketch is provided in Section A. O
3.3. Energy conservation. For sufficiently smooth solutions we define the energy
(3.6) €lg, y(t) = 5a(q, a)(t) + 5¢(Ory, Dry)(2).

Differentiating (3.3a) with respect to time, testing the result with g, testing (3.3b)
with 0y, and summing the two equations yields

%Q[q, yl(t) = (f,0ry)s — (O AN, qV)e.

In particular, for zero external forces (f = 0) and time-independent Dirichlet data
(0:Ap = 0), applying the balance conditions (3.3¢) yields global energy conserva-
tion:

(3.7 < elayl() =0,

as physically expected from the wave-like character of the underlying system.
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4. SEMI-DISCRETE PROBLEM

In this section, we derive a semi-discrete scheme by discretizing the hybrid dual
mixed formulation (3.3) in space while keeping time continuous. We establish its
well-posedness and energy conservation, and derive spatial error estimates.

4.1. HDG discretization. A natural choice of discretization in the present net-
work setting is the HDG method. Let P,[z] denote the space of univariate polyno-
mials of degree at most p in the arclength parameter x. Given an edge ¢ € £ and
any unit-speed parametrization . : [0,len(e)] — ¢, we define the local vector-valued
polynomial space as

VP={w:e—R° | wi(ve(z)) EPyla] fori=1,...,6}.

The global polynomial approximation space V¥ C {¥ — R} is then given by the
broken polynomial space over the network domain,

VP={w: L >R’ | w.eV:forallec&}.

In addition, the discretization involves a stabilization parameter, which we take
as a strictly positive, edgewise constant function 7 € L°°(X). Here and in what
follows, a bar accent (-) denotes discrete quantities.

Given suitable discrete approximations y,, y; € V? of the initial data y,, y,, we
seek the discrete dual, primal, and hybrid unknowns

g e L*0,T;V?), y e H*0,T;VP), X € L*(0,T; A),

where Ays = A + Ap. The discrete unknowns are required to satisfy the initial
conditions

Q(O) = @07 atg(o) = 'gla

as well as the semi-discrete saddle-point system

(4.1a) a(q, wq) + b(wg, y) = *<5\Na wqv)e,
(4~1b) - b((_Lﬂ’y) + C(att'!_%ﬁ’y) + <T@ - S\N)ﬂi’y)é’ = (f,@y)z:,
(4.1c) —(qv+7(m = An), e =0

for all test functions wq,wy € V¥ and 1 € A, and almost every ¢t € (0,7"). Here,
(4.1a) enforces the discrete continuity and boundary conditions, whereas (4.1c)
enforces the nodal balance conditions (2.2¢) in terms of the HDG numerical flux

(4.2) qv +71(9 — An).

The stabilization parameter 7 penalizes the jump between the primal trace y and
the hybrid unknown X. By the identity (3.2), (4.1c) is equivalent to the balance
conditions (2.2e) evaluated with the numerical flux (4.2).

Remark 4.1 (Role of stabilization). Throughout, we assume that the stabilization
parameter satisfies 7 > 0. Its strict positivity is used in the semi-discrete well-
posedness analysis and provides the trace control required for the error analysis in
Section 4.3. The case 7 = 0 is not considered.

The semi-discrete counterpart of Lemma 3.2 reads as follows. It provides one
additional order of temporal regularity and requires no compatibility conditions on
the data, and its proof is considerably more direct: after the spatial discretization,
the algebraic constraints can be eliminated explicitly, which reduces the problem
to a system of ordinary differential equations.
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Lemma 4.2 (Semi-discrete well-posedness). Assume that f € H'(0,T;L*(X)) and
that A\p € H?*(0,T;Ap). Then the semi-discrete problem (4.1), together with the
initial and boundary conditions, admits a unique solution, which satisfies

g€ H*(0,T;V?), y € H*0,T;VP), X € H*(0,T; A).

Proof. The bilinear form a defines an inner product on L?(X) and, consequently, on
the finite-dimensional subspace V?. By the Riesz representation theorem, equation
(4.1a) uniquely determines the dual variable g = R(y, Ay) for given g and Ay
through a linear solution operator, which we denote by R. Inserting g into (4.1c)
yields a linear system for A with the bilinear form

B\ i) = —(R(0,\) v — T\, 1), A EA.

This system is well-posed, as B is symmetric positive definite. Indeed, given y = 0
and Ay = A, testing (4.1a) with R(0, i) and exploiting the definition of R yields

_<R(0a 5‘) v, I]>5 = G,(R(O, 5‘)’ R(Ov p’))

For any A # 0, this identity implies the strict inequality

B(A,A) = a(R(0,X), R(0, \)) + (TX, A)g > 0,

as every node has an incident edge and 7 > 0. Substituting g and X into (4.1b)
yields a linear second-order system of ordinary differential equations for y in V?
with symmetric positive definite mass form c(-,-). Since f € H*(0,T;L?*(X)) and
Ap € H?*(0,T;Ap), the Picard-Lindelof theorem yields a unique solution gy €
H3(0,T; V?) attaining the initial conditions, and the eliminated variables g and
X inherit H?2-regularity in time. Here, no compatibility conditions arise, since
the algebraic constraints (4.1a) and (4.1c) determine the discrete dual and hybrid
variables from any initial state rather than restricting the admissible data. O

4.2. Semi-discrete energy conservation. We define the semi-discrete energy
(43) &g, 9. A1) = 30(a, Q1) + 50y, 09) (1) + 572 = Aw)IZ.

Differentiating (4.1a) with respect to time, testing the result with g, testing (4.1b)
with 0;y, and summing the two equations yields

e @A) = (£.08)5 — (Odn@v + (7 — An))e.

dt
For zero external forces (f = 0) and time-independent Dirichlet data (O;:Ap = 0),
applying the nodal balance conditions (4.1¢) yields global energy conservation:

(14) @ e.[a.9,70](1) = 0.

analogous to the continuous setting (3.7).

4.3. Semi-discrete error analysis. The error analysis presented below relies on
the projection-based HDG framework from [GCS10]. To analyze the dynamic Tim-
oshenko beam network problem, we combine this framework with techniques from
the HDG error analysis for acoustic wave equations [CQB14] and the static beam
network setting [HMR25]. Central to this framework is the projection operator

I, = (I3 I1Y): HY(e) x H'(¢e) » VP x V2,
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which preserves moments up to degree p — 1 and mimics the discrete coupling
structure at the endpoints through the stabilization parameter 7. Specifically, for
any (q,y) € H'(¢) x H'(¢), the projection is defined as the unique pair satisfying

(4.5a) (I3 (q,y), wq)e = (g, Wq)e,
(4.5b) (I} (q,y), wy)e = (y, wy)e,
(4.5¢) I (g, y)(n)ve(n) + 7.ITY (g, y)(n) = g(n)ve(n) + 7ey(n)  for (e,n) € Z,

for all test functions wy,w, € V27!, The following lemma, an adaptation of
[GCS10, Thm. 2.1], establishes error estimates for this projection operator. Here
and in what follows, h, := len(e) denotes the length of an edge ¢ € £, and 7, =
7| > 0 represents the local stabilization parameter on e.

Lemma 4.3 (Projection error). For any pq,py € {0,...,p} and all ¢ € HP<(e),
y € HPyTl(e), the projection errors satisfy the bounds

+1 +1
lg — T2 (q, v)lle S 7ehe ™ [Yllepy 1+ HET Nlgllepgras

+1 - +1
ly =T (@, y)lle S 7S Nyllepy+r + 70 BT e g1
Globally, we split the error as
q—q=06"+¢€, y-y=6"+¢,

where the projection errors 89,60 and the discrete errors €4, €’ are given by

69 = q—1I%(q,y), el =11%q,y) -
6" =y —1I(q,y), e =1 (q,y) - ¥.
We next derive the error equations for the semi-discrete problem that form the
foundation of our subsequent error analysis.
Lemma 4.4 (Error equations). For all test functions wq, wy € V¥ and almost all
€ (0,T), the following identities hold:
(Oawq, €)x = a(q — q,Wq) — (ixWq, ¥ — Yz + (A — An, Wq Ve,
(0r€, wy)x = —(ix(q — @), wy)x — c(Ouly — 9), wy) + (y — Ay — €, Twy)e.
Proof. The error equations follow directly by subtracting the continuous formula-

tion (3.3) from the semi-discrete problem (4.1), integrating by parts, and applying
the projection properties (4.5). O

The following theorem establishes the spatial convergence of the semi-discrete
approximation with respect to the global mesh size parameter h, defined as

h = maxh,.
eel

Theorem 4.5 (Semi-discrete convergence). Assume that the exact solution (q,y)
satisfies q € Wz’m(O,T;Hgvtl(Z)) and y € W0, T;HPTY(X)), and choose
Yo, Y1 € VP as the L2-projections of Yo, Y1, respectively. Let the stabilization
parameter satisfy 7. ~ hi for all ¢ € € and some s € {—1,0,1}. Then, the semi-
discrete HDG approximation (q,y) converges to the exact solution with

esssup ([ly() = g(O)lx + lg(t) — g@)=) < A1,
t€(0,T)

The hidden constant is independent of h and depends on the coefficient bounds,
quadratically on T, and on suitable norms of the exact solution.
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Proof. By (3.2), the discrete balance condition (4.1c) holds pointwise at every non-
Dirichlet node. Taking its difference with (2.2e) and using the projection property
(4.5¢), we obtain the condition

(4.6) [etv + 1€ —7(y — An)](t,n) =0,

for almost all ¢ € (0,7) and all n € A"\ Ap.

In view of (3.2), this equation can be used when testing the time derivative of
the first error equation in Lemma 4.4 with €9, as well as the second equation with
O€¥. Since the primal unknown y belongs to H'(X) by Remark 3.1, its nodal traces
are single-valued and coincide with the hybrid unknown Axr at the network nodes.
Comparing the expressions yields
—(0(y = An), €M v+ 7€ —7(y — Av))e = a(D:(q — @), ) + (i (y — B), e’
(i€, Duly — 9))s + (i (a — @), 00)s + (€ — (y = An), 70 — (5= ),
where the term (9;(y — A7), 7€’ — 7(y — Ax))e was added and subtracted so that
(4.6) can be applied to the left-hand side. Furthermore, the term (iy€%, 0:€’)x
cancels. We obtain the identity

a(0:€%, €Y) + c(Oy€¥,0,€) + (€ — (y — An), T0:(e¥ — (y — An)))e
= —a(@tﬁq, €q) — c(@t,ﬂy, 8t€y) —|— (’l:xéq, (‘3t0y)g — (ix0q, 8tey)g.

This motivates the definition of the energy functional
(1) = jale, €)(t) + 5c(dre”,0,€")(t) + 572 (e — (y — An)) (D) 13-
Taking the derivative of &, yields

0¢y,

W(t) = —a(3t0q7 Eq) - C(att0y7at€y) + (lx €q7at0y)2 — ('iXBq, atey)g

S (19:6%] + 1067 [[2)l1€%]2 + (10::67 |2 + [[0%]12)[[0c€” |-

Using coercivity of a and ¢ and the approximation bounds for the projection terms
from Lemma 4.3, we obtain

08 (1) < /& E) hr+ilel

ot
Therefore,
esssup [[[€9(t)]13 + [0’ (£)[3]* < esssup /€, (1) S TR0 4 /€, (0).
te[0,T) te[0,T]

By the choice of the discrete initial data y, and y; as the L? projections of Yy, and
y, onto VP the initial dual and hybrid variables are recovered from (4.1a) and
(4.1¢) by solving the edgewise defined local problems. Consequently,

&, (0) < p2PHI=lsh,
The estimate

le"®)]ls < [l€7(0)]ls +/O 10" (£)]|s: dE

completes the proof. O
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Remark 4.6 (Sharpness of the error estimate). The estimate in Theorem 4.5 is
optimal for the relevant choice 7. ~ 1 (s = 0), where it yields the rate hPTt. For
7. ~ h;' (s = —1), the bound gives only the rate h*. Numerical experiments in
Section 7, however, indicate one additional order of convergence in this case. This
is consistent with the corresponding static Timoshenko beam problem considered
in [HMR25], where the optimal rate of h**! can be proved.

Remark 4.7 (Comparison with existing HDG formulations). The first-order for-
mulation considered here differs from existing formulations in the literature, such
as those analyzed in [GM14]. There, two HDG formulations are proposed: a
dissipative method based on the standard HDG numerical flux and an energy-
conservative method based on a modified flux involving time derivatives. While
the dissipative formulation admits optimal-order error estimates, the analysis of
the energy-conservative formulation yields a convergence rate reduced by half an
order; see [GM14, Thm. 6]. This reduction is, however, not observed in their numer-
ical experiments. In contrast, the present formulation is energy-conservative and,
for the standard choice 7, ~ 1, admits optimal-order error estimates. We also note
that additional superconvergence results could be obtained for HDG methods by lo-
cal postprocessing together with a duality argument; see, e.g., [CQB14]. We do not
pursue this here, since increasing the polynomial degree provides a straightforward
way to improve the accuracy of all variables.

5. FULLY DISCRETE PROBLEM

In this section, we derive a fully discrete scheme by discretizing the semi-discrete
formulation in time. As a representative yet straightforward choice, we employ the
Crank—Nicolson method. We emphasize that the following analysis extends natu-
rally to the higher-order Gauss collocation methods, i.e., the collocation Runge—
Kutta methods based on the Gauss—Legendre points, whose high-order convergence
properties are demonstrated numerically in Section 7.

Throughout this section, we additionally assume that C and C|, equivalently
Cy, are edgewise constant. This assumption is made for simplicity, so that the
second-order semi-discrete HDG formulation can be reformulated as an exactly
equivalent first-order system in time using the auxiliary variable z = C0,y.

5.1. Time stepping. Let (tk)kKZO be a uniform partition of [0, 7] with time step
At > 0 and midpoint times t*71/2 = %(tk + tk=1). We introduce the bilinear form

d: L2(2) x (%) = R, d(y,wy) = (Cy_ly,wy)z.
The initial conditions for y and z are prescribed by
y(0) =9p,  2(0) = 20,
where zo € V? satisfies
d(zo,w,) = (Y1, w,)s Yw, € VP,

with yy,y; € V? denoting the discrete initial data from the second-order semi-
discrete formulation. This condition is the discrete counterpart of

z(0) = Cy0,y(0) = Cyy,,

matching the initial auxiliary state of the first-order system.
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Remark 5.1 (Equivalence to second-order formulation). The edgewise constancy of
Cy ensures that C,V? C V. Hence, z € V?, and we obtain the exact equivalence
of first- and second-order formulations. For spatially varying C', the weak defini-
tion of z introduces a projection of Cy 0,y onto V¥, so that the exact equivalence
is lost up to a consistency error, which would then have to be accounted for in the
error analysis.

In the first-order formulation, the semi-discrete saddle-point problem (4.1) is
replaced by seeking (g, y, zZ, A), with Ay := A + Ap, such that

a(g, wq) + b(wg, Y) = —(An, wev)e,
71)((7],11)},) + <T('g - S‘N)7ﬁ]y>5 + (atia ﬂ)y)E == (.fa ﬁ)y)Ev
— (0y, w,)s +d(z,w,) =0,

—(qu+7(G —An), )e =0

holds for almost every t € (0,T) and all test functions wq, wy, w, € V¥ and pt € A.
To formulate the Crank—Nicolson time stepping scheme, we introduce some no-
tation: for a time-dependent function g and an integer k, we write g* = g(tk)
whenever pointwise evaluation is well defined. Furthermore, for any integer-indexed
family (y*)X_,, in particular for the samples (g")&_, of a time-dependent function,
we define the midpoint average and discrete time derivative by
k k-1
k—1 k—3% y -y
, D, 2y=""-——"—.
+y") i Y A7
In addition to the initial values y° and z°, the initial dual and hybrid variables

(q°, 5\0), with 5\?\/ = Ap(0) + 5\0, must also be computed. They are obtained from
the initial constitutive relation and balance condition as follows:

1
Ytz =5y

0 - o <0 _ _
a(qo,wq) + b(wq,yo) = —(A, WyV)e Vwg € VP,

_ _ <0, _
—(@ v+ 75" = An), e =0 Vi€ A.
This system is uniquely solvable by the same static condensation and elimination

arguments used in the proof of Lemma 4.2.
The Crank—Nicolson scheme yields the following discrete problem at time level ¢*:

seck g%, y", 2" € VP and A € A, setting S\f\/ = Ap(t*) + Xk, satisfying

(5.1a) a(q@", q) + b(ig, 7*) = — Ny, Wqv)e,
(5.1b)  —b(g "t wy) + (r(@ AN D) wye + (DF 2wy = (7 wy)n,
(5.1c) —(D g, w,)s +d(EEw,) =0,
(5.1) (@ v+ (G~ AN, e ~0

for all test functions wq, wy,w, € V¥ and p € A.

Multiplying the second and third equations by two and moving all terms that
depend on the previous time step to the right-hand side gives the equivalent for-
mulation:

(5.2a)  a(@", wq) + b(wg, ¥*) — Ny e,

(5~2b) _b(‘_]ka ﬂ7y) + <7'(3_/k - S‘f\/’)vﬂ’yk + %(Zkva)z = (fk7my)2 + el;il(ﬂ’y)a
(5.2¢) ~ 2 (7" w,)s +d(ZFw,) =4 (w,),
(

_ _ <k _
5.2d) —(@"v+ 1" = AN), e =0
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with the linear functionals E;f—l and 51

_ _ _ _ e _ L <k—1 _ e
gl; 1(“’}/) = (fk 1awy)2+b(qk 17'wy)*<7'(yk 1*)‘N )va>5+%(zk lawy)ilv

o (w,) = —d(z" 1 w,) - Z @ w,)s.

In contrast to the semi-discrete setting of Lemma 4.2, the well-posedness of
the fully discrete system (5.2) at each time step follows from a purely algebraic
argument, as established in the following lemma.

,kf
Lemma 5.2 (Fully discrete well-posedness). Let (g"~ %, g*~ 1, zF !, A 1) be given
at the previous time level. Then, the fully discrete system (5.2) admits a unique
ko <k
solution @*,y*,zF e VP, X" € A.
Proof. The system is a square linear system on the finite-dimensional space V? x

VP x VP x A, so it suffices to show that the homogeneous problem admits only the
trivial solution. Testing the four equations with the respective unknowns q*, g*,

2% and A* and adding them leaves only the discrete energy (5.3) of the solution,
while the right-hand side vanishes by the homogeneity of the data, yielding

_ _ _ A _ -k
a(g", q") +d(z*, 2F) + |72 (gF = X)|E = 0.

By the coercivity of a and d, this yields g* = 0 and 2*¥ = 0, whence (5.2c) gives
y® = 0. The remaining term then yields A= 0, since 7 > 0 and every node has
at least one incident edge by the connectedness of the graph. O
Remark 5.3 (Non-uniform time step). This method extends naturally to non-uniform
time steps, upon replacing At by Aty := t¥ — t*~! in the definitions above.

5.2. Fully discrete energy conservation. We define the fully discrete energy
(5.3) €4lq. 2. 9. Ax] = 50(q,9) + 5d(2. 2) + 5|7 (7 - Av) 2

As shown in the following lemma, the Crank—Nicolson scheme directly inherits
the energy-preserving structure of the semi-discrete formulation.
Lemma 5.4 (Fully discrete energy identity). Let (g*,y", 2", Xf\/)k solve (5.1) with

the right-hand sides of (5.1b) and (5.1c) replaced by (gl;i%,fuy)g and (g]ZF , W)y,
respectively (the scheme itself is recovered for g, =f and g, = 0). Then, with

Nl=

65 = ed[qk7 zka gk7 AN])
we obtain the discrete energy identity

_ 1 _ 1 _ 1 _ 1
- ¢k — ekl = At(gy %, D g)s + At(gs %, Dy z)y
—AHG T+ (g — ;\f\fi),Df_%)\Dﬁ.

Proof. We test the difference quotient of (5.1a) at the time levels k and k — 1 with

Wy = g"~ 7, equation (5.1b) with wy = Dfiég, and (5.1¢) with w, = foéi.
Adding the three identities cancels the terms involving b and (DiC _%2, Df _%3_/)2.
Subtracting (T(Qk_% - ;\f\;%), Df_%jxj@g on both sides yields
oDy ta.g ) a0y P E ) + (r@ AT Dl - Aw))e
— (g5 %D} Ty)s+ (gh 2. Df P2)x
— (@ v+ @ A ). D A



AN HDG METHOD FOR WAVE PROPAGATION IN ELASTIC BEAM NETWORKS 15

1o
Averaging (5.1d) at the time levels k and k — 1 and testing it with pr = Df *AeA

1 1 1 1
shows that only the Dirichlet part Df *Ap of Df AN = Df *Ap + Df A
contributes to the last term. The identity

k—1_ _p_1 k- kel —k—
9(D; 2,0"72) = 555 (9(0",0") — g(¥* 1, 0" 7))

holds for any symmetric bilinear form g. Applying it to @ with v = q, to d with
v = z, and to (7-,-)¢ with ¥ = y — Ay then yields the desired discrete energy
identity (5.4). O

As a consequence of Lemma 5.4, the fully discrete Crank—Nicolson scheme con-
serves energy in the case of vanishing external forces (f = 0) and time-independent

_1
Dirichlet data (Dlic 2Ap = 0). In this case, we obtain
eh=c¢"'  vk>1

This is the fully discrete counterpart of the energy conservation on the semi-
discrete level, cf. (4.4). It reflects the general fact that, for linear autonomous
problems, the Crank—Nicolson scheme coincides with the implicit midpoint rule,
i.e., the one-stage Gauss collocation Runge-Kutta method, which conserves all
quadratic invariants exactly; see, for example, [HLW06, Thm. IV.2.1-2.2].

<k
5.3. Static condensation. Given the hybrid unknown A,;, we introduce local
solvers to reconstruct the interior state variables (Z]k, Tl ) inside each edge:

Q' (N 147 07 - g

Yh O £ TG o

AT OV LN N
The local solvers are well defined and operate locally on each edge. Indeed, for given
data, the first three equations of (5.2) decouple into independent edgewise problems,

because all involved bilinear forms are edgewise, and each of these problems is
uniquely solvable by the argument in the proof of Lemma 5.2, applied on a single

<k
edge with Ay, prescribed at both endpoints. By linearity of the problem, splitting
the Dirichlet data, external forcing, and data from previous time steps from the
hybrid unknown yields

(X,]/C\f? fk7€§—17€§—1) = (S‘kaovovo) + (AIICM fk,€§—17glzc—1),
<k <k
Q" Ny, f5 8571 571 = QF (N + Qb

Analogous notation is introduced for Y* and Z*.
Substituting the local solvers into the equilibrium condition (5.1d) yields the

<k
fully discrete condensed formulation: at each time step ¢*, find A" € A such that

(5.5) AN @) =F*)  VaeA,

where

(5.6) AN B = (@ (W) w+ 7(¥ (A = XY, e,
(5.7) F*() = (Qbv +7YD, it)e.

Although its definition (5.6) is not manifestly symmetric, the bilinear form A can
be rewritten in terms of the local solvers alone, which reveals it to be symmetric
positive definite.
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Lemma 5.5 (Properties of the fully discrete condensed HDG problem). The bilin-
ear form A admits the equivalent representation

o<k

A g

() = a(@ (A, Q@ () + d(ZF(\"), Z¥ ()

(5.8) ~ ~
+ (YY) = AT, Y (@) — e

Proof. By definition, the triple (Q" (@), Y* (i ) | )) solves (5.2a)—(5.2¢) with Xf\/
replaced by fr and vanishing source terms (f* = E =0, (*71 = 0). Testing

the first equation (for datum f) with w, = Q*(A ) the second (for datum Xk)
with w, = Y*(f1), and the third (for datum ) with w, = Zk()\ ) yields

a(@" (1), Q"A")  +HQ A, Y @) = (. Q"(\")v)e,
b (NN, Y () + Z(Z" AT, Y (@)s = —(r(YF ") = X, YF(@))e,
— Z(ZFO), YR()s + d(Z2F (W), ZFw) =0

Adding the first two identities and inserting the third one, we rearrange and subtract
<7'(Yk(5\k) - S\k), ) on both sides, which yields (5.8). O

5.4. Fully discrete error analysis. The following error analysis for the fully
discrete scheme relies on the L°-error estimate of the semi-discrete formulation
and standard energy techniques for the Crank—Nicolson scheme.

Theorem 5.6 (Fully discrete convergence). Assume that the exact solution satisfies
4 . +1 4 . +1
q € CN([0, T HEL (%)), y € C7([0, T (X))

Let the stabilization parameter satisfy 7, ~ hs for s € {—1,0,1} and all edges ¢ € E.
Then, the fully discrete HDG approzimation ('gk,tjk) at time t* converges to the
exact solution with the error estimate

. tk _ =k . tk _ =k < hp+1—|s| At 2'
e (laC, ) = s + ly, )~ ll0) < + (a1
The hidden constants depend on the coefficient bounds, the final time T and the
reqularity of the exact solution, but are independent of h and At.

Remark 5.7 (Regularity requirements). The assumed temporal regularity can be
proved using a standard semigroup bootstrap argument: each additional time
derivative of the solution requires one more time derivative of the data together
with a compatibility condition on the initial data, cf. [Mugl4, §2.2.4, Prop. 4.51,
Prop. 7.28]. Since 5‘t2y solves the same equation, these conditions amount to higher
piecewise spatial regularity and to the requirement that the acceleration field sat-
isfies the same transmission conditions as the displacement.

Proof. The result is obtained by a standard error splitting into spatial and temporal
error components, i.e.,

lg(-,t*) — @"lls < lla(-,t*) — @)= + la(t") — a"|x,

and analogously for y. In both cases, the first term can be estimated by Theo-
rem 4.5. For the second term, we set e]; = q(t*) — @" and analogously for e?’j, e,

and e’f\; since both formulations use the same Dirichlet data, the Dirichlet parts
cancel and e’f\ € A. The proof proceeds in three steps: we first show that the
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discrete energy of the error controls all error components, then bound this energy
by the temporal consistency error, and finally show that the latter is of the asserted
order. The temporal consistency error of a function v € C*([0,T]; L*(X)) is the
defect of the trapezoidal rule, viewed as a function of the midpoint,

(5.9) pI(t) = 3(Ow(t+ 5) + dv(t — 51)) — (AT (vt + 5) —v(t = 5)),

1 1
where we define pZ 2= p['y}(tk’%), and analogously plzC 2. Evaluating the first
and fourth semi-discrete equations at t*, averaging the second and third equations

at the time levels t* and t* !, and subtracting the fully discrete equations give the
system

(5.10a) (e’C Wq) + b(wy, e’;) = —(e’i,ﬁ)q Ve,
(5.10b) b(e§_77@y) + (T(ey — ek)k_%awy>5 + (Df_%ez»'wy)i = _(plzc_% wy)x,
(5.100) (D ey )y Hdel @) = (o) w)s,
(5.10d) —(efv+T1(el —eX), e =0.

The first and the last equations carry no consistency error, as they hold at every
time level for both formulations. Thus, the error system is the fully discrete scheme
of Lemma 5.4 with vanishing Dirichlet data and right-hand sides g, = —p, and
g, = p,, and all errors vanish for k£ = 0, since the initial values of the fully discrete
scheme are defined by the same relations as those of the semi-discrete solution. We

denote the error energy by &% = éd[elg, e’ e’;, e}] as in (5.3) and abbreviate
E = max y/€k.
0<k<K
Step 1 (The energy controls the error). Since & > (e’;,e’;) + Ld(ef, e¥), the

coercivity of a and d gives |ef||s + |ef]|s < E for all O <k < K. For ey, testing

(5.10¢) with w, = Df 7%ey € V? and using the boundedness and coercivity of d
yields

k—
(5.11) IDF Feylls S llet s + lloh *lls S E+lloy -

n
1
Since eg = 0, the telescoping identity e; = At Z Df *e, and nAt < T give

k k ki ) < 3
612 max (lebls + lebls + leblls) S B+ max o5 ¥l

so that it suffices to bound the error energy and the temporal consistency error.
Step 2 (The consistency error bounds the energy). The discrete energy identity

(5.4) and summation over k =1,...,n give
" k-3 k-1 = k=3 k-1
¢ = _ZAt (p= 2, Dy 2ey)E+ZAt(Py *,Dy e:)s.
k=1 k=1

_1
In the second sum, Df % e, is not controlled by the energy, and we use summation
by parts instead; since e(z) = 0, this gives

n n—1

k=1 g1 n—1 . ki k—1
> At(py 2D Ce)s=(py 2.l —> (py > —py >.€b)s.
k=1 k=1
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Abbreviating

K—1
— ki% kf% k+2 _ 2
Ri= max (llpy " s +lle="% 1) + ; oy B
the Cauchy-Schwarz inequality, the estimate (5.11), the bound ||e*||s < E of Step 1
and nAt < T yield €7 < RE + R? for all n < K. Taking the maximum over n
gives E? < RE + R? and therefore, by Young’s inequality,

(5.13) E<R.

Step 3 (The consistency error is of the asserted order). For v € C3([0, T]; L3(%))
and w € C'([0,T]; L(X)), the defect (5.9) satisfies

lplo) (5 2)lls < (A1 _max ([0fv ()]s,
E[tk l,tk]

lplew] (£~ )Ilz< max ]Ilatw(t)llz:,

[ th—

the ﬁrst one by the error representation of the trapezoidal rule, the second one since

Df w is an average of dyw over [t*71 t*]. Since 9;p[v] = p[dv], the increments

ot g
1 1
plol(t4) ~ plol(e ) = [ pldiol(0)a
S
obey the same two bounds with one more derivative and an additional factor At.
Splitting the semi-discrete solution as y =y + (y —y) and z = z + (2 — z), where
z = Cy0uy, and applying the first estimate to the exact solution and the second
one to the semi-discrete error, we obtain

< (At)? max, (193 ys + 19} yls)

+ max (10 = 9> + 107 =~ y)lls + 102 - 2)),

where we used 97z = Cy0}y and absorbed the factor KAt = T stemming from
the sum of the increments into the constant. The first term is of order (At)?
the assumed regularity of the exact solution. For the second one, note that, by
the linearity of the problem and the time independence of all bilinear forms, 87y
is the semi-discrete approximation of ag y for the data 872 f and ag Ap; the assumed
regularity is the one required in Theorem 4.5 for j = 1,2. The differentiated
problems start with an initial error of the corresponding order, since their initial
data is obtained from y,, y; by the semi-discrete equations, which reproduce the
corresponding relations of the continuous problem up to the projection error. That
theorem thus gives ‘
ma [0 (5 — )l < W

The bound for 9;(z — z) follows from d(z,w,) = (0;y, w,)s, which also holds for
z and all w, € L*(X): the coercivity of d bounds the difference of 9,z and the
d-orthogonal projection of d;z onto V? by ||02(y — )|, while the projection error
is of order hPT™!. Altogether,

R < RISl (Ar)2,

By the definition of R, inserting (5.13) into (5.12) bounds all error components
by R, which is the asserted estimate. U
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FIGURE 6.1. An artificial mesh Ty (black) overlaid on the network
(gray), with a coarse basis function ;.

6. DOMAIN DECOMPOSITION PRECONDITIONER

A practical implementation of the proposed HDG method requires solving the lin-
ear system of equations corresponding to (5.5). In the present context of simulating
paper-based materials, cf. Figure 2.1, this can easily become intractable for direct
solvers due to their large size. In addition, these systems are typically poorly con-
ditioned, requiring appropriate preconditioners when using iterative methods. This
section introduces a two-level overlapping additive Schwarz preconditioner similar
to [GHM24], which we use within a preconditioned conjugate gradient method.

The domain decomposition and coarse space used by the proposed preconditioner
are constructed using an artificial (coarse) mesh 7z of a bounded domain Q C R?
containing the spatial network. For simplicity, we assume that {2 is a box equipped
with a uniform Cartesian mesh. Note that for thin materials such as cardboard,
the corresponding artificial mesh may contain far fewer elements in one spatial
dimension than in the others. With respect to the artificial mesh, we then introduce
the set of trilinear basis functions {p;}*, where m is the number of nodes of the
artificial mesh, and corresponding supports U; = supp(y;). An illustration of
an artificial mesh and corresponding basis functions can be found in Figure 6.1.
The space of continuous piecewise trilinear functions with respect to 7T, satisfying
Dirichlet boundary conditions on boundary segments where the network nodes are
fixed, is denoted by V. Note that the domain of the functions in Vy is considered
to be the nodes of the spatial network.

We employ a preconditioner based on the subspace decomposition

A=Ag+Ar++ A,

with the coarse space Ay = V5 and local subspaces defined for i = 1,...,m by
A; = {v e A | supp(v) C U;}. Given this decomposition, for each subspace we
introduce a corresponding projection operator P;: A — A; such that

A(PiAa H) = A()‘7 /*l’)7

holds for all g € A;, cf. (5.6). Note that the existence and uniqueness of such an op-
erator are a direct consequence of A being an inner product on A. A preconditioned
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version of the operator A can then be defined as follows:
P:P0+P1+—|—Pm

The preconditioner, denoted by B, is then given by the relation P = BA. Note that
the preconditioner is never explicitly formed. In practice, only the preconditioned
operator must be computed, which requires the direct solution of a coarse global
problem and m local problems, all of which can be solved independently. Because
this approach involves direct solves, it is sometimes called semi-iterative. In the
following, we use this preconditioner for the conjugate gradient method.

In this section, we prove that the operator A is spectrally equivalent to a com-
bination of graph mass-type and weighted graph Laplacian-type operators; for the
static setting, see [GHM24, Ass. 3.1]. Certain homogeneity, connectivity, and local-
ity assumptions on the spatial network at coarse scales [GHM24, Ass. 3.5, Lem. 3.7]
then yield uniform convergence of the resulting preconditioned conjugate gradient
method [GHM24, Thm. 4.3]. The proof in [GHM24] is inspired by classical Schwarz
theory (see, e.g., [Xu92, TWO05, KY16]) and constructs a quasi-interpolation oper-
ator in the spatial network setting, whose approximation and stability properties
can be proved using Friedrichs’ and Poincaré’s inequalities on subgraphs [GHM24,
Lem. 3.6]. In practice, this preconditioner has demonstrated its ability to cope
with the typically complex geometry of spatial networks and highly varying ma-
terial properties; see, e.g., [GKM*25]. The spectral equivalence announced above
is formulated in terms of two bilinear forms, which we introduce first. Both are
assembled from local contributions associated with an edge ¢ € £ with endpoints
n;,n; € N: a mass-type form and a weighted graph Laplacian-type form. For
A, € A, we define

Mg (A, ) = 5he(A(n) - p(ni) + A(ny) - p(ng)),
Lg.e(A p) = 3h (A1) — A(ny)) - (p(ng) — p(ny)).

The corresponding global bilinear forms are obtained by summation over all
edges, i.e.,

6.1) Mg\ p)=> MgcAmpn), Lo p) =) L\ mp).

ecé ecé

The following theorem establishes that the condensed problem (5.5) is spectrally
equivalent to a combination of the mass-type form Mg and the weighted graph
Laplacian Lg. This is exactly what one would typically expect from discretizations
of wave-type problems. For classical finite element discretizations, for example, the
graph operators would be replaced by corresponding mass and stiffness matrices.

Theorem 6.1 (Spectral equivalence). Assume that the polynomial degree satisfies
p > 1, that the time step satisfies h < At, and that the material coefficients Co()
are edgewise constant for @ € {n,m,u,r}. Then, there exist 0 < o < < 00 such
that for all X € A, we have

6.2) « (W + ﬁg(,\,)\)) <A <B (W + Eg(A,A)> ,

where the constants «, B depend only on the material parameters, the diameter of

the domain, the final time T, and the constant implicit in the assumed scaling of
At.
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Proof. We set

Cq,min ‘= min{cn,min7 Cm,min}a Cq,max ‘= max{cn,maxa cm,max}a

and analogously define ¢y min and ¢y max. For a fixed time step, we suppress the
superscript k& and denote by Q(X), Y(A), and Z(A) the edge-local solvers from
(5.2a) to (5.2c) with hybrid datum A and zero data. To prove the desired bounds,
we use a variational representation in terms of a local energy of the edge-local
condensed bilinear form

Ae(AA) = (@A), Q(N)) + de(Z(A), Z(A)) + 7e(Y(A) = A, Y (A) = A)e.

For any n € V{, let Q,,, Z,, € V¥ be determined by (5.2a) and (5.2c), respectively,
with primal variable i and hybrid datum A; in particular Qy(»y = Q(A) and
Zy ) = Z(A). Explicitly, we have Z,, = %Cyn and integration by parts on the
edge yields for all n,w, € V¥

ae(Qy; Wq) = (pWq + ExWq; M)e — (A, Wqv).

(6.3) v .
= _(aﬂvn - 'anawq)e + <"7 — )\,wqy)e.

The local energy is defined as
Qfe(n) = %ae(Qm QTI) + %de(znv Zn) + %R(U - )‘777 - }‘>e-
Differentiating and using (5.2a) and (5.2¢) gives, for every & € V2,

@i(n)[ﬁ] = _be(ng) + %(Zmé)e + Te<"7 - )‘7£>e'

Hence, by (5.2b), Y'(A) is a stationary point of &,. By the coercivity of d. and
(5.2c), €&, is strictly convex, and hence Y () is its unique minimizer. Therefore

(6.4) Ac(A ) =2€.(Y(N) <2€(n) VeV

The upper bound follows directly by choosing as competitor the componentwise
affine interpolant of the endpoint values of A, denoted by 1. This choice makes
the stabilization term in the local energy vanish and makes (6.3) yield Q, =

—Cy(D:my — iLmy), the discrete counterpart of the constitutive relation (3.4).
This allows us to write the upper bound as

A~

2 2
AdAN) < 2€0(my) = ||CY2(@amy —ilma) |+ it €37 ma| -

The properties of the affine interpolant and the bounds on the material coefficients
yield the upper bound

1 dc max
A N) = A0 maclg.e 0 N) + (2 + 255 ) MaeA V)

where At < T allows absorption with 8 := max{4cq max, 2cq,maxT2 + 4¢y max }-
For the lower bound, we disregard the non-negative stabilization term in the
representation of A., yielding
N 4 2

(6~5) Ae()\7 )\) Z ae(Q()\)7 Q()‘)) + ch,minHY(A)”e'
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To bound the first term from below, we use the dual representation of a norm in
a Hilbert space: taking any scalar polynomial 0 # ¢(z) € P,[x] and a constant
0 # ¢ € R®, we can write

ae(Q(A)a Q()‘)) Z (Le(Q(A), C¢)2a¢(c¢7 C(b)_l'

Applying (6.3) yields a.(Q(X),c¢) = —c- Fy where

Fy = (¢, A), — /(¢’I+¢iI)Y()\) dz.

4

Substituting this yields

(6.6) ae(Q(N), QX)) = cqminl Fol*[[ 01|52,

where we bound

2 1 2 / T 2
Fol? > L(6 W) [? /<¢I+¢ZX>Y<A> da
We choose
po=1,  ¢i(z)=355,  dalx)=1-3,

compute [|¢o[|? = he, and [|gy]|2 = B¢, |¢7| = b ' for i > 1, and apply the Cauchy-
Schwarz inequality, to bound the integral terms

Ty del <y oo
ot Y (A)dz| < h Y (N,

J@r+ oYW da| <hc (14 b YOI < Cab Y V]2

for i > 1, with Cq := (1 + diam Q)Q; here we used that h, < diam €.

Let ¢g,¢1 = ¢ € (0,1], and consider a convex combination of (6.6) for ¢o, 1, P2
with weights ¢p/2, ¢1/4, c2/4 summing to at most 1. Substituting this into (6.5)
yields

n min 3 min
A 0) 2 DR LG (A X) + TEEERE Mg (A N)
4
4 CoCq,min 30961 Cq min) 2
min — - - : Y (A :
+((At)26y7 2 2h§ ” ( )He

The choices

4Cy,min }
b

4Cy,minhf }
Cq,min(At)?

=ming 1, —————F—
@ mm{ " 3CqCqmin (A1)

co = min{l,

bound each of the two subtracted terms by 2c¢y min(A ~2 and hence render the

t)
last bracket non-negative. Using At < T and h;2 2> (At ~2. the two remaining
coeflicients are bounded from below by

. -1
C0Cq,min . Cq,min 2Cy,min 3Clcq,min mln{'gcq,min; 4Cy,minC’Q }
- a8 Z mms§ —(—, ) Z

2 T2 4h2 4(At)2

Summing over all edges ¢ € £ yields the desired lower bound of (6.2). U
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We are now in a position to extend the classical condition number bounds for
two-level overlapping Schwarz preconditioners [TWO05] to the network setting. The
corresponding proof depends on the aforementioned spectral equivalence result, as
well as on two constants: the homogeneity constant o, measuring the variation
of the network density across subdomains, and the constant p of a Friedrichs—
Poincaré inequality on the network, which quantifies its connectivity. For their
precise definitions, we refer to [GHM24, Ass. 3.5, Lem. 3.6], while the bound on the
condition number, stated below, can be found in [GHM24, Thm. 4.3].

Theorem 6.2 (Condition number bound). Under the assumptions of Theorem 6.1
and [GHM?24, Ass. 3.5, Lem. 3.7], the condition number k of the preconditioned
operator P is bounded by

k< Cafalop?,

where Cy only depends on the dimension of the ambient space, and «, 3 are the
spectral equivalence constants of Theorem 6.1.

The proof is given in [GHM24, Thm. 4.3] for the static case, in which A is spec-
trally equivalent to Lg alone, and carries over verbatim to the present equivalence
with Lg + (At)"2Mg: the mass term is invariant under the stable decomposition
and is therefore bounded by A on every subspace, while the coarse interpolation is
estimated as before, so that the constants remain independent of At.

7. NUMERICAL EXAMPLES

In this section, we present numerical experiments that support the theoretical
predictions of this paper. The code to reproduce the numerical experiments of this
paper is available at https://github. com/HyperHDG/, and the data describing the
fiber network model of paper used in the second set of numerical experiments can
be found at [HHSM26].

7.1. Optimal-order convergence of the method. The first numerical exam-
ple considers a toy problem to study the convergence properties of the proposed
HDG method for Timoshenko beam networks. Specifically, we consider a network
representing the three-dimensional coordinate cross

(I=1.1) % {0} x {03) U ({0} x [=1,1] x {0}) U ({0} x {0} x [1.1]),

consisting of six arms of unit length aligned with the directions +e;, ey, fes.
Before mesh refinement, the network consists of six edges and seven nodes. Dirichlet
boundary conditions are imposed at the six nodes located at the tips of the cross.
The bounding domain is chosen to be Q@ = [~1,1]*>. To construct suitable data
and corresponding solutions, we use the method of manufactured solutions. More
precisely, we consider homogeneous material coefficients, i.e., C,, = C, = C, =
C; = 1, and choose the force terms as well as the Dirichlet and initial data such
that the problem admits the following displacements and rotations as its solution:

u;(t, ®) = A; sin(wz) cos(wt + a;), r;(t,x) = B; sin(wi) cos(wt + b;),
for components ¢ = 1,2,3, where w = 27 and & = x1 4+ x2 + x3 coincides on each
arm with the signed axis coordinate, since exactly one coordinate is nonzero there.

The amplitudes and phase shifts are chosen as

A=(1,2,3), a=(03,0813), B=(5711), b=(0.511,17).
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Since the profile sin(w3) vanishes at the center vertex, displacements and rotations
are continuous there, cf. (2.2d), and since the arms come in pairs of opposite ori-
entation carrying a solution that is smooth across the center, the internal forces
and moments satisfy the balance conditions (2.2e). The profile also vanishes at
the six tips, so the Dirichlet data is identically zero for all times; in particular,
the compatibility conditions hold to arbitrary order. The distinct per-component
phase shifts ensure that all components of the primal and dual variables, as well as
of their time derivatives, are nonzero, so that all couplings in (2.2), in particular
the cross-product terms, are active in this numerical experiment.

We study the convergence behavior of the primal variables with respect to both
discretization parameters, using uniform refinement of the graph, i.e., repeated
recursive subdivision of the edges, and uniform time steps. Moreover, we repeat the
experiments for different choices of polynomial degree p and stabilization parameter
T; see Figure 7.1.

The observed convergence behavior agrees with the theoretical predictions of
Theorem 5.6. In time, cf. Figure 7.1A, the Crank—Nicolson scheme converges with
order two, as predicted, while the Gauss collocation methods with two and three
stages attain their classical orders four and six. In space, cf. Figure 7.1C, the pri-
mal variables converge with the predicted rate A?T1715l = pP*! for 7 ~ 1 and all
tested polynomial degrees p = 1,3,5. When the stabilization is varied at p = 3,
cf. Figure 7.1B, the predicted rate h? is attained for 7 ~ h, whereas for 7 ~ h™1
the observed rate exceeds the predicted one by at least one order, as discussed in
Remark 4.6. The numerical experiments further indicate that the hybrid variable
converges with order p+ 2 in the norm induced by Mg. This resembles the super-
convergence of numerical traces established for related HDG methods in [CDGO0S].

7.2. Verification of the spectral properties of the preconditioner. The pur-
pose of the second numerical experiment is to verify the theoretical properties of
the preconditioner introduced in Section 6, namely the robustness of the precondi-
tioned conjugate gradient method with respect to the subdomain size and to the
time step size, cf. Theorems 6.1 and 6.2. As a realistic test case, we simulate elas-
tic wave propagation in an approximately 8 mm x 8 mm piece of paper, for which
our collaborators at the Fraunhofer-Chalmers Centre (FCC) provided the spatial
network and material parameters.

The spatial network consists of about 1.72M nodes and 3.31M edges. The initial
data is the network at rest, while the right-hand side f, is constant. All outer
boundaries are clamped with trace displacement and rotation set to zero. We use
polynomial degree 3 on all edges for the HDG discretization. The resulting linear
system of equations is solved by the preconditioned conjugate gradient method with
the domain decomposition preconditioner as described in Section 6. The number
of subdomains is varied in the experiments below, and the corresponding local
problems are solved independently and fully in parallel, each using a direct solver.

Two frames of the simulation are shown in Figure 7.2. Figure 7.3A shows the
convergence of the preconditioned conjugate gradient method for varying relative
subdomain diameter H: the iteration counts remain nearly uniform, as predicted
by Theorem 6.2. The mild increase of iterations required to reach the same relative
error in the energy norm is due to a deterioration of the homogeneity constant o
and of the constant p related to the Friedrichs—Poincaré inequality; see Table 7.1
for estimates computed following [GHM24, Sec. 6.2]. In Figure 7.3B, the iteration
counts are seen to remain robust as the time step is reduced, in accordance with
the At-independence of the constants in Theorems 6.1 and 6.2. The observed
improvement for smaller time steps is not predicted by these bounds; it reflects the
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FIGURE 7.1. Maximum L?-errors for the primal variables in (A)-
(C), and for the hybrid variable A, measured in the norm induced
by Mg, in (D). Panel (A) shows the error with respect to the time
step size At, varying the number of stages of the Gauss colloca-
tion method. The remaining panels show the error with respect to
the discretization size h (beam length): panel (B) varies the stabi-
lization parameter 7 ~ h® with s = —1,0,1 (blue, orange, green)
at p = 3, while panels (C) and (D) vary the polynomial degree
p=1,3,5 (blue, orange, green) at 7 = 1.

increasing dominance of the mass term (At)~"2Mg, which renders the condensed
operator progressively more local.

7.3. Realistic experiment. The purpose of the final experiment is to demonstrate
that the proposed solver scales to industrially relevant problem sizes. We consider a
20 mm x 20 mm fiber network realization comprising about 10.2M nodes and 14.6M
edges, again provided by the FCC. All nodes within 0.4mm of the four lateral
boundaries are clamped, with trace displacement and rotation set to zero. Starting
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TABLE 7.1. Esti-
mates of constants
in Theorem 6.2.

H—l

o I
FIGURE 7.2. Two frames of 4 1.11 0.63
a zoomed-in simulation at 8 1.25 0.70
times 0 and T'/2 are shown, 16 1.58 0.83
where T' = 2.3 us is the pe- 32 237 124

riod.

I I
107 H B H
< 1074 Il I Il
3
\
= 1| 1] ]
10—10 | | | | | | | |
0 20 40 60 0 20 40 60
iteration iteration

(A) varying subdomain size (B) varying time step size
FI1GURE 7.3. The relative error in the energy norm with respect

to the iteration number is shown. Figure 7.3A shows results for
varying relative subdomain diameter, for a single time step equal

to half a period T/2 = 1.15 us, while Figure 7.3B shows varying
time step sizes relative to the period for H = 1/16.

from the network at rest, the sheet is excited by a tap at its center: a transverse
body force, Gaussian in space and time with widths o, = 250 um and o; = 0.15 us.

We again use polynomial degree 3 for the HDG discretization, resulting in a trace
system of 6.1-107 unknowns with 1.3-10° nonzero entries, and the Crank-Nicolson
scheme with time step At = 0,/2 = 75ns, simulating until 7" = 6.3 us, shortly
before the wave front reaches the clamped boundary. The preconditioner uses an
artificial coarse mesh of 16 x 16 cells, inducing 256 subdomains of diameter H =
1.2mm. The subdomain problems are solved by sparse Cholesky factorizations,
and the coarse problem by a direct solve.

Across all 84 time steps, the preconditioned conjugate gradient method requires
on average 44.0 iterations to reach a relative tolerance of 107Y; one iteration takes
about 4.2 seconds on 128 MPI ranks of a dual-socket AMD EPYC 7713 system.
The Krylov iterations thus account for 90% of the total runtime of about five
hours, with the preconditioner setup taking 141 seconds and the remaining 21
seconds per time step spent on local reconstruction, error and energy evaluation,
and the in-situ output of the trajectory and per-edge energies (61 GB in total).
Figure 7.4A shows the transverse displacement at the final time: the ellipsoid wave
front has traveled about 9.6 mm from the tap, reflecting the anisotropy of the fiber
orientation. The required memory is around 840 GB, with the direct local solves for
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FIGURE 7.4. Wave propagation on the large network. Figure 7.4A
shows the network warped by the displacement field (scaled by
4.6 - 104) and colored by the transverse component at the final
time T = 6.3 us. Figure 7.4B shows the strain, kinetic, hybrid
(stabilization), and total energy over time, as percentages of the
maximum total energy, which is attained at the end of the tap.

the subdomains accounting for over 90%. Figure 7.4B shows the evolution of the
discrete energy (5.3), split into strain, kinetic, and hybrid contributions. The tap
injects energy until about 1 us; afterwards strain and kinetic energy equilibrate, the
hybrid (stabilization) part remains below 0.2% of the total, and the total energy
is essentially conserved, decaying by about 1.3% over the remaining 5us. This
drift does not contradict the exact conservation established in Section 5.2, which
presumes exact solution of the linear system (5.2) at each step: the algebraic error
admitted by the Krylov tolerance of 107°, amplified by the conditioning of the
multiscale trace system, perturbs the conservative scheme slightly at every step
and accumulates over the 84 steps.

8. CONCLUSIONS AND FUTURE WORK

We proposed and analyzed a hybridizable discontinuous Galerkin method for
elastic wave propagation in Timoshenko beam networks, a model for the dynamics
of fiber-based materials such as paper. The resulting semi-discrete system was dis-
cretized in time using a Crank—Nicolson scheme. Exploiting the zero-dimensional
nature of the network junctions, the global system at each time step was condensed
to a system posed only on the network nodes, with a size independent of the poly-
nomial degree. An implicit scheme was chosen because the large disparity of fiber
segment lengths renders the CFL condition of explicit schemes prohibitive.

We carried out a projection-based a priori error analysis, establishing optimal-
order convergence of the semi-discrete scheme and of the fully discrete scheme. The
formulation is energy-conservative, and the Crank—Nicolson discretization preserves
this property exactly. For the typically ill-conditioned condensed systems, we in-
troduced a two-level overlapping additive Schwarz preconditioner on an artificial
coarse mesh, whose analysis is based on a spectral equivalence between the con-
densed HDG operator and weighted graph operators. The numerical experiments
confirmed the optimal convergence orders and the robustness of the preconditioner
with respect to subdomain size and time step size, as well as scalability to indus-
trially relevant problem sizes.
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Several directions are left for future work. On the algorithmic side, we plan
to investigate multilevel variants of the preconditioner based on algebraic coars-
ening strategies and requiring less overlap between subdomains. On the modeling
side, the linearly elastic beam network could be extended to account for nonlinear
phenomena, such as geometric nonlinearities, or nonlinear constitutive laws.
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APPENDIX A. WELL-POSEDNESS

Proof of Lemma 3.2. We outline the standard Rothe argument.

Step 1 (Discretization in time). We discretize (3.3) in time by the Crank-
Nicolson scheme of Section 5, applied without discretizing in space and with the
notation introduced there. Since the dual and hybrid variables carry no initial data
of their own, they are placed at the staggered points as (q’”% , )\k"’%)k, while (y*)y
sits at the grid points ¢, = kAt; the scheme is initialized from y,, y; and (3.4).

Step 2 (Solvability). Each time step is uniquely solvable by the condensa-
tion argument of Lemma 5.2: the equations decouple into edge-local problems,
which are the static problem of [HMR25, Lem. 3.2] perturbed by the coercive term
(At)"%¢(,-), and the condensed nodal problem is symmetric positive definite.

Step 3 (Energy identity). The discrete energy

1 1 1 k+1 k+1
ghts — %a(qk*‘z’qk""z) + %C(Dt y,D, " ?y)

obeys the analogue of the identity of Lemma 5.4, driven only by the source term
and the Dirichlet data.

Step 4 (Nodal trace estimate). Though not controlled by EF s at any fixed time,
the nodal traces of the dual variable satisfy

max max . 1
At E 1612 S (1 +T)E™ + || £ 220,712 ¢ = max ¢t
k

the time-discrete counterpart of the hidden-regularity estimates for hyperbolic prob-
lems; we follow the multiplier argument of [LLT86, Thm. 2.1], see also [Lio88,
MMMSS]|, with an edgewise affine multiplier.

Step 5 (Energy bound). Summing the identity of Step 3 and bounding the source
term by a Riemann sum and the Dirichlet term by the Cauchy—Schwarz inequality
and Step 4, Young’s inequality bounds €™ by the data, uniformly in At.
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Step 6 (Passage to the limit). By linearity, the difference quotients satisfy the
same scheme with differenced data, so that Steps 3 to 5 bound them uniformly
in At; the momentum and constitutive equations bound the remaining norms of
the dual and hybrid variable. A standard weak-* compactness argument for the
interpolants yields a limit solving (3.3) with the asserted regularity and initial
values; uniqueness follows as in Lemma 5.2, since vanishing data force the energy
of Step 3, and hence the solution, to vanish. O

REFERENCES

[BWD™14] P.J. Blanco, S. M. Watanabe, E. A. Dari, M. A. R. F. Passos, and R. A.
Feij6o. Blood flow distribution in an anatomically detailed arterial net-
work model: criteria and algorithms. Biomech. Model. Mechanobiol.,
13(6):1303-1330, 2014.

[CCS10] F. Celiker, B. Cockburn, and K. Shi. Hybridizable discontinuous
Galerkin methods for Timoshenko beams. J. Sci. Comput., 44(1):1-37,
2010.

[CDGO8] B. Cockburn, B. Dong, and J. Guzman. A superconvergent LDG-
hybridizable Galerkin method for second-order elliptic problems. Math.
Comp., 77(264):1887-1916, 2008.

[CDGT13] B. Cockburn, O. Dubois, J. Gopalakrishnan, and S. Tan. Multigrid for

an HDG method. IMA J. Numer. Anal., 34(4):1386-1425, 2013.
[CEPT12] J. Chu, B. Engquist, M. Prodanovi¢, and R. Tsai. A multiscale method
coupling network and continuum models in porous media I: steady-state
single phase flow. Multiscale Model. Simul., 10:515-549, 2012.
[CGL09] B. Cockburn, J. Gopalakrishnan, and R. Lazarov. Unified hybridization
of discontinuous Galerkin, mixed, and continuous Galerkin methods
for second order elliptic problems. STAM J. Numer. Anal., 47(2):1319—
1365, 2009.
[CQB14] B. Cockburn and V. Quenneville-Belair. Uniform-in-time supercon-
vergence of the HDG methods for the acoustic wave equation. Math.
Comp., 83(285):65-85, 2014.
[DHWT72] R. Davis, R.D. Henshell, and G.B. Warburton. A Timoshenko beam
element. J. Sound Vib., 22(4):475-487, 1972.
[DS13] C.L.Dym and I. H. Shames. Solid Mechanics: A Variational Approach,
Augmented Edition. Springer New York, 2013.

[EGH"24] F. Edelvik, M. Gértz, F. Hellman, G. Kettil, and A. Malqvist. Numeri-
cal homogenization of spatial network models. Comput. Methods Appl.
Mech. Engrg., 418:116593, 2024.

[EGMP13] D. Elfverson, E. H. Georgoulis, A. Malqvist, and D. Peterseim. Conver-
gence of a discontinuous Galerkin multiscale method. SIAM J. Numer.
Anal., 51(6):3351-3372, 2013.

[FHKP24] P. Freese, M. Hauck, T. Keil, and D. Peterseim. A super-localized
generalized finite element method. Numer. Math., 156:205-235, 2024.

[FKMR19] M. S. Fabien, M. G. Knepley, R. T. Mills, and B. M. Riviére. Manycore
parallel computing for a hybridizable discontinuous Galerkin nested
multigrid method. SIAM J. Sci. Comput., 41(2):C73-C96, 2019.

[FKO"22] M. Fritz, T. Képpl, J. T. Oden, A. Wagner, and B. Wohlmuth. 1D-0D—
3D coupled model for simulating blood flow and transport processes in
breast tissue. Int. J. Numer. Methods Biomed. Eng., 38(7):e3612, 2022.

[GCS10] J. Gopalakrishnan, B. Cockburn, and F.-J. Sayas. A projection-based
error analysis of HDG methods. Math. Comp., 79(271):1351-1367,
2010.



30

[GHM?24]

[GHM 25

[GKM™T22]

[GKM™*25]

[GM14]

[HHSM26]

[HLWO6]

[HM24]

[HMM?26]

[HMR25]

[HP13]
[HP23]

[JP0Y]

[Kap66]

[KLS'18]

[KMM*20]

[KSK*21]

[KU12]

M. HAUCK, J. HOLTEN, A. MALQVIST, A. RUPP, L. SWOBODA

M. Gortz, F. Hellman, and A. Malqgvist. Iterative solution of spatial
network models by subspace decomposition. Math. Comp., 93:233-258,
2024.

M. Gortz, M. Hauck, A. Malqgvist, A. Rupp, and L. Swoboda. Nu-
merical simulation of beam network models. ArXiv e-print 2512.12062,
2025.

M. Gortz, G. Kettil, A. Malqvist, M. Fredlund, K. Wester, and
F. Edelvik. Network model for predicting structural properties of pa-
per. Nord. Pulp Pap. Res. J., 37(4):712-724, 2022.

M. Gortz, G. Kettil, A. Mélqvist, M. Fredlund, and F. Edelvik. TIt-
erative method for large-scale Timoshenko beam models assessed on
commercial-grade paperboard. Comput. Mech., 75(1):1-13, 2025.

R. Griesmaier and P. Monk. Discretization of the wave equation using
continuous elements in time and a hybridizable discontinuous Galerkin
method in space. J. Sci. Comput., 58(3):472—498, 2014.

M. Hauck, J. Holten, L. Swoboda, and A. Malqvist. Paper fiber network
models for elastic wave simulation. Zenodo, 2026.

E. Hairer, C. Lubich, and G. Wanner. Geometric Numerical Integra-
tion: Structure-Preserving Algorithms for Ordinary Differential Equa-
tions, volume 31 of Springer Series in Computational Mathematics.
Springer, Berlin, 2 edition, 2006.

M. Hauck and A. Malqvist. Super-localization of spatial network mod-
els. Numer. Math., 156:901-926, 2024.

M. Hauck, R. Maier, and A. Malqvist. An algebraic multiscale method
for spatial network models. Math. Comp., 2026. published electroni-
cally.

M. Hauck, A. Malqvist, and A. Rupp. Arbitrary order approximations
at constant cost for Timoshenko beam network models. ESAIM Math.
Model. Numer. Anal. (M2AN), 59(6):3107-3130, 2025.

P. Henning and D. Peterseim. Oversampling for the multiscale finite
element method. Multiscale Model. Simul., 11(4):1149-1175, 2013.

M. Hauck and D. Peterseim. Super-localization of elliptic multiscale
problems. Math. Comp., 92(341):981-1003, 2023.

G. Jeleni¢ and E. Papa. Exact solution of 3D Timoshenko beam prob-
lem using linked interpolation of arbitrary order. Arch. Appl. Mech.,
81(2):171-183, 20009.

K. K. Kapur. Vibrations of a Timoshenko beam, using finite-element
approach. J. Acoust. Soc. Am., 40(5):1058-1063, 1966.

T. Kufner, G. Leugering, J. Semmler, M. Sting, and C. Strohmeyer.
Simulation and structural optimization of 3D Timoshenko beam net-
works based on fully analytic network solutions. ESAIM Math. Model.
Numer. Anal. (M2AN), 52(6):2409-2431, 2018.

G. Kettil, A. Malqvist, A. Mark, M. Fredlund, K. Wester, and
F. Edelvik. Numerical upscaling of discrete network models. BIT,
60(1):67-92, 2020.

U. Khristenko, S. Schuf; M. Kriiger, F. Schmidt, B. Wohlmuth, and
C. Hesch. Multidimensional coupling: A variationally consistent ap-
proach to fiber-reinforced materials. Comput. Methods Appl. Mech.
Engrg., 382:113869, 2021.

A. Kulachenko and T. Uesaka. Direct simulations of fiber network
deformation and failure. Mech. Mater., 51:1-14, 2012.



AN HDG METHOD FOR WAVE PROPAGATION IN ELASTIC BEAM NETWORKS 31

[KY16]

[Lio88]

[LLS94]

[LLTS6]

[LRK21]

[LRK22]

[LRK23]

[LT82]

[MMMSS]

[MPO1]

[MP14]
[Mug14]
[Pic11]
[Red97]

[RGK22]

[TA75]

[Tim21]

[TW05]

[WMBT19]

[Xu92]

R. Kornhuber and H. Yserentant. Numerical homogenization of ellip-
tic multiscale problems by subspace decomposition. Multiscale Model.
Simul., 14(3):1017-1036, 2016.

J.-L. Lions. Exact controllability, stabilization and perturbations for
distributed systems. SIAM Rev., 30(1):1-68, 1988.

J. E. Lagnese, G. Leugering, and E. J. P. G. Schmidt. Modeling, Anal-
ysis and Control of Dynamic Elastic Multi-Link Structures. Systems &
Control: Found. Appl. Birkhduser Boston, 1994.

I. Lasiecka, J.-L. Lions, and R. Triggiani. Non homogeneous boundary
value problems for second order hyperbolic operators. J. Math. Pures
Appl. (9), 65(2):149-192, 1986.

P. Lu, A. Rupp, and G. Kanschat. Homogeneous multigrid for HDG.
IMA J. Numer. Anal., 42(4):3135-3153, 2021.

P. Lu, A. Rupp, and G. Kanschat. Analysis of injection operators in
geometric multigrid solvers for HDG methods. SIAM J. Numer. Anal.,
60(4):2293-2317, 2022.

P. Lu, A. Rupp, and G. Kanschat. Two-level Schwarz methods for
hybridizable discontinuous Galerkin methods. J. Sci. Comput., 95(1):9,
2023.

A.W. Lees and D.L. Thomas. Unified Timoshenko beam finite element.
J. Sound Vib., 80(3):355-366, 1982.

M. Milla Miranda and L. A. Medeiros. Hidden regularity for semilinear
hyperbolic partial differential equations. Ann. Fac. Sci. Toulouse Math.
(5), 9(1):103-120, 1988.

S. Mukherjee and G. Prathap. Analysis of shear locking in Timoshenko
beam elements using the function space approach. Comm. Numer.
Methods Engrg., 17(6):385-393, 2001.

A. Malqvist and D. Peterseim. Localization of elliptic multiscale prob-
lems. Math. Comp., 83(290):2583-2603, 2014.

D. Mugnolo. Semigroup Methods for Evolution Equations on Networks.
Understanding Complex Systems. Springer, 2014.

R. C. Picu. Mechanics of random fiber networks—a review. Soft Matter,
7(15):6768, 2011.

J.N. Reddy. On locking-free shear deformable beam finite elements.
Comput. Methods Appl. Mech. Engrg., 149(1-4):113-132, 1997.

A. Rupp, M. Gahn, and G. Kanschat. Partial differential equations
on hypergraphs and networks of surfaces: Derivation and hybrid dis-
cretizations. ESAIM Math. Model. Numer. Anal. (M2AN), 56(2):505—
528, 2022.

J. Thomas and B.A.H. Abbas. Finite element model for dynamic anal-
ysis of Timoshenko beam. J. Sound Vib., 41(3):291-299, 1975.

S.P. Timoshenko. On the correction for shear of the differential equa-
tion for transverse vibrations of prismatic bars. London Edinburgh
Philos. Mag. & J. Sci., 41(245):744-746, 1921.

A. Toselli and O. Widlund. Domain decomposition methods—
algorithms and theory, volume 34 of Springer Series in Computational
Mathematics. Springer-Verlag, Berlin, 2005.

T. Wildey, S. Muralikrishnan, and T. Bui-Thanh. Unified geometric
multigrid algorithm for hybridized high-order finite element methods.
SIAM J. Sci. Comput., 41(5):S172-5195, 2019.

J. Xu. Iterative methods by space decomposition and subspace correc-
tion. SIAM Rev., 34(4):581-613, 1992.



32 M. HAUCK, J. HOLTEN, A. MALQVIST, A. RUPP, L. SWOBODA

[XZ17] J. Xu and L. Zikatanov. Algebraic multigrid methods. Acta Numer.,
26:591-721, 2017.

* INSTITUTE FOR APPLIED AND NUMERICAL MATHEMATICS, KARLSRUHE INSTITUTE OF TECH-
NOLOGY, ENGLERSTR. 2, 76131 KARLSRUHE, GERMANY

Email address: moritz.hauck@kit.edu

Email address: joseph.holten@kit.edu

T DEPARTMENT OF MATHEMATICAL SCIENCES, CHALMERS UNIVERSITY OF TECHNOLOGY & UNI-
VERSITY OF GOTHENBURG, CHALMERS TVARGATA 3, 412 96 GOTEBORG, SWEDEN

Email address: axel@chalmers.se

Email address: lucias@chalmers.se

¥ DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICS AND COMPUTER SCIENCE, SAAR-
LAND UNIVERSITY, CAMPUS E1.1, 66123 SAARBRUCKEN, GERMANY
Email address: andreas.rupp@uni-saarland.de



	1. Introduction
	2. Timoshenko beam network model
	2.1. Geometry
	2.2. Governing equations

	3. Hybrid dual mixed formulation
	3.1. Function spaces and norms
	3.2. Hybrid dual mixed formulation
	3.3. Energy conservation

	4. Semi-discrete problem
	4.1. HDG discretization
	4.2. Semi-discrete energy conservation
	4.3. Semi-discrete error analysis

	5. Fully discrete problem
	5.1. Time stepping
	5.2. Fully discrete energy conservation
	5.3. Static condensation
	5.4. Fully discrete error analysis

	6. Domain decomposition preconditioner
	7. Numerical examples
	7.1. Optimal-order convergence of the method
	7.2. Verification of the spectral properties of the preconditioner
	7.3. Realistic experiment

	8. Conclusions and future work
	Acknowledgments
	Appendix A. Well-posedness
	References

