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A HYBRIDIZABLE DISCONTINUOUS GALERKIN METHOD
FOR WAVE PROPAGATION IN ELASTIC BEAM NETWORKS

MORITZ HAUCK→, JOSEPH HOLTEN→, AXEL MÅLQVIST†, ANDREAS RUPP‡,
LUCIA SWOBODA†

Abstract. This paper studies the numerical solution of elastic wave propa-
gation on networks, modeled by elastodynamic equations posed on each edge,
coupled at the nodes through suitable transmission conditions. We propose
and analyze a hybridizable discontinuous Galerkin method that exploits the
network structure to reduce the global problem at each time step to a linear
system whose size depends only on the number of network nodes and not on
the polynomial degree of the discretization. Combining it with an energy-
conservative implicit time discretization, we derive a priori error estimates of
optimal order in space and time. The implicit time discretization avoids the se-
vere CFL restriction caused by the large variation in fiber segment lengths. To
e!ciently solve the resulting, typically ill-conditioned global system, we intro-
duce a two-level overlapping additive Schwarz preconditioner. Under suitable
assumptions on the network, we establish uniform convergence of the resulting
preconditioned conjugate gradient method. Numerical experiments confirm
the theoretical findings.

1. Introduction

Many applications in science and engineering involve geometrically complex
structures composed of slender, e!ectively one-dimensional components. Promi-
nent examples include blood vessels [BWD+14], porous media [CEPT12], and fiber-
based materials [KMM+20]. For such systems, resolving all microscopic details in
a fully three-dimensional simulation is often computationally prohibitive. A nat-
ural alternative is to represent the geometry as a spatial network, described by
a graph G = (N , E) consisting of nodes and edges embedded in a bounded do-
main ” → R3. The resulting spatial network model comprises one-dimensional dif-
ferential equations posed along the edges, which are coupled via algebraic conditions
at the nodes. In fiber-based materials, nodes are typically placed at fiber intersec-
tions, while edges represent the fiber segments connecting them; see [Pic11, KU12]
for an overview of such models. To accurately capture the complex mechanics
of fiber interactions, the graph topology may be refined by introducing additional
nodes and edges at intersections. In the context of paper-based materials, this strat-
egy has been employed in [KMM+20, GKM+22, GKM+25] to accurately capture
the sti!ness of fiber bonds. While spatial network models can be naturally coupled
with bulk PDEs to describe, for example, fiber-reinforced composites [KSK+21] and
vascular networks interacting with surrounding tissue [FKO+22], this work focuses
on pure network models for fiber-based materials such as paper and cardboard.

In this paper, we consider elastic wave propagation in fiber networks as a model
problem. The corresponding spatial network model comprises dynamic Timoshenko
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beam equations governing the elastic vibrations of individual beams [Tim21], cou-
pled at the network nodes by continuity conditions on displacements and rotations,
as well as balance conditions for forces and moments [LLS94]. To discretize the
spatial network model, we employ a hybridizable discontinuous Galerkin (HDG)
method combined with an energy-conservative implicit time stepping scheme. For
an overview of HDG methods, we refer to [CGL09]; for applications to single Tim-
oshenko beams and static networks of such beams, see [CCS10] and [HMR25],
respectively. The primary advantage of such a hybrid approach in the network set-
ting stems from the zero-dimensional nature of the coupling points: at each time
step, the global system of equations can be reduced to a system defined only on the
network nodes, independently of the polynomial degree of the discretization. The
additional nodes introduced by the spatial discretization of the fiber segments can
also be condensed out locally. A similar condensation strategy for di!usion-type
PDEs on networks of hypersurfaces is detailed in [RGK22]. The resulting condensed
system of equations enforces balance conditions for the numerical fluxes at the net-
work nodes. Here, independent local solvers on the edges map nodal unknowns
to numerical fluxes, and the condensed system determines the unknowns that en-
sure these fluxes satisfy the balance conditions. The resulting semi-discrete system
is then advanced in time using an energy-conservative implicit time integration
scheme, such as the Crank–Nicolson method. Although this choice is non-standard
for wave-type problems, it is motivated by the large disparity in fiber segment
lengths: with length ratios spanning several orders of magnitude, classical explicit
schemes become impractical because of the severe Courant–Friedrichs–Lewy (CFL)
time step restriction.

As an alternative to HDG, beam finite elements can be employed for the dis-
cretization of Timoshenko beam networks; see [Kap66, DHW72, TA75, LT82] for
representative examples from the extensive literature. If too few degrees of free-
dom are used, these methods can su!er from numerical issues such as shear locking;
see, for instance, the theoretical study in [MP01]. Furthermore, for the stationary
problem, in the special case of constant material coe#cients and homogeneous or
constant loads, analytical ansatz functions can be constructed from exact solutions
of the beam equations on each edge; see, for example, [Red97, JP09, KLS+18].

In this paper, we present an a priori error analysis of the proposed HDG method
for the elastic beam network wave propagation problem, establishing optimal-order
convergence rates for both spatial and temporal discretization errors under mesh
and time step refinement. To this end, we employ a projection-based error analy-
sis for HDG methods, which goes back to [GCS10]. The analysis combines tech-
niques developed for HDG discretizations of wave equations [CQB14] with argu-
ments tailored to the Timoshenko beam network setting. Due to the complex
geometry of the spatial network and potentially highly varying material coe#-
cients, the linear systems arising from the HDG method at each time step are
typically ill-conditioned. Numerical experiments indicate that standard black-box
preconditioners, such as algebraic multigrid methods (see, e.g., the review [XZ17]),
may fail to significantly accelerate convergence. This is likely because such ap-
proaches do not adequately capture the geometric structure of the underlying spa-
tial network. Limitations are also encountered with existing HDG-specific precon-
ditioners [CDGT13, FKMR19, LRK21, LRK22, LRK23, WMBT19], which rely on
coarsening strategies that would fundamentally alter the topology of the network
graph, thereby rendering the associated injection operators inapplicable. To over-
come these challenges, we employ a preconditioner based on the observation that
the network behaves essentially as a continuous object at su#ciently coarse scales.
This perspective enables one to bridge across scales by introducing an artificial
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Figure 2.1. Illustration of a fiber network model of paper.

coarse mesh over the network. Classical finite element preconditioning techniques,
such as a two-level overlapping Schwarz preconditioner, can then be employed;
see [GHM24, HMR25, GHM+25] in the context of spatial network models. The
convergence analysis of this two-level preconditioner relies on a spectral equivalence
result between the global system matrix at each time step and suitably weighted
graph operators. Under assumptions on the network homogeneity and connectiv-
ity on coarse scales that are reasonable in the present setting, quasi-interpolation
bounds can be established. Moreover, the spectral equivalence result allows one
to transfer classical analysis techniques for Schwarz methods from the continuous
setting (cf. [TW05]) to the network case, thereby proving uniform convergence of
the corresponding preconditioned conjugate gradient method.

Other scale-bridging approaches have also been developed for spatial network
models, in particular multiscale methods such as the (Super-)Localized Orthogonal
Decomposition; see [EGMP13, MP14, HP13, HP23, FHKP24] in the continuous
setting and [EGH+24, HMM26, HM24] in the context of spatial network models.
For these methods, quasi-interpolation operators or related quantities of interest
are explicitly employed in the construction. Relying on a compression property,
they allow for a significant reduction in the size of the resulting linear systems,
thereby making them tractable again, for instance by classical sparse direct solvers.

The rest of this paper is organized as follows: In Section 2, we introduce a Timo-
shenko beam network model describing elastic wave propagation. Section 3 presents
a hybrid dual mixed formulation, and Section 4 describes the spatial discretization
using an HDG method, including an a priori error analysis for the semi-discrete
problem. In Section 5, we carry out a time discretization and conduct the cor-
responding fully discrete error analysis. An e#cient preconditioner is presented
in Section 6, and numerical experiments are reported in Section 7. The paper
concludes with a summary and outlook in Section 8.

2. Timoshenko beam network model

In this section, we introduce the model problem considered in this work: a
Timoshenko beam network model describing elastic wave propagation in fiber-based
materials. Such network models provide a powerful tool for representing fiber-
based materials, such as paper (see Figure 2.1 for an illustration). The underlying
Timoshenko beam model, originally introduced in [Tim21], extends the simpler
Euler–Bernoulli beam model by incorporating shear deformation. This makes it
applicable not only to slender beams but also to short and thick beams, where
cross-sectional rotation and shear e!ects play a significant role.

2.1. Geometry. The underlying geometry is represented by a graph G = (N , E)
embedded in a bounded domain ” → R3, where N denotes the set of nodes and E
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denotes the set of initially straight, locally one-dimensional edges. The nodes rep-
resent fiber junctions, while the edges correspond to the fiber segments connecting
pairs of nodes. We assume that the graph G is connected, with the incidence set

I := {(e, n) ↑ E ↓ N | n is an endpoint of e}.

The network domain is denoted by

$ :=
⋃

e→E
ē,

where ·̄ denotes the closure of a set. We describe the orientation of the beams
by the edgewise constant function i : $ ↔ R3, which assigns to each edge its unit
tangent vector, oriented according to a fixed beam parametrization. Subsequently,
the canonical restrictions of a function v and a space V to an edge e ↑ E are denoted
by ve := v|e and Ve := V |e, respectively.

2.2. Governing equations. The governing equations of the network model are
obtained by coupling the equations of motion on individual edges with suitable
coupling conditions at the nodes. We consider the evolution of the system on
the time interval (0, T ) with final time T > 0. On each edge, we employ the
Timoshenko beam model [Tim21], which is based on the kinematic assumptions
that cross-sections remain rigid in their own plane and may rotate. In addition,
the material is assumed to be linearly elastic, i.e., Hooke’s law applies. The elastic
and inertial properties of the network are characterized by the four coe#cients
Cn, Cm, Cu, Cr : $ ↔ R3↑3

sym, which are assumed to be edgewise su#ciently smooth,
uniformly bounded, and uniformly positive definite. More precisely, there exist
constants 0 < c•,min ↗ c•,max < ↘ such that, for all ω ↑ R3 and almost every
x ↑ $,

c•,min|ω|2 ↗ ω↓C•(x)ω ↗ c•,max|ω|2,(2.1)

for each • ↑ {n, m, u, r}, where | · | denotes the Euclidean norm.
The unknowns u, r, n, m : (0, T )↓$ ↔ R3 of the beam network model represent

the displacement, rotation, force resultants, and moment resultants, respectively.
On each edge e → $ and for almost every t ↑ (0, T ), they satisfy the equations

≃Cn(ωxu + i ↓ r) = n, ≃Cmωxr = m,(2.2a)
Cuωttu + ωxn = fn, Crωttr + ωxm + i ↓ n = fm;(2.2b)

see, e.g., [DS13]. Here, fn, fm : (0, T ) ↓ $ ↔ R3 are given distributed forces and
moments, ↓ denotes the standard cross product in R3, ωx the derivative with respect
to the parameter x varying along the edge e → $ with unit speed, and ωt the partial
derivative in time. We impose the following initial conditions:

u(0, ·) = u0, r(0, ·) = r0, ωtu(0, ·) = v0, ωtr(0, ·) = s0,(2.2c)

for given functions u0, r0, v0, s0 : $ ↔ R3.
To couple the Timoshenko beam equations on the individual edges, we partition

the set of nodes into a non-empty set of Dirichlet nodes ND → N and the remaining
nodes. At Dirichlet nodes, prescribed boundary conditions are imposed, while at the
remaining nodes, continuity and balance conditions are enforced. The continuity
conditions require the displacements and rotations at each node to be identical
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on all incident edges. Specifically, for each node n ↑ N \ ND and incident edges
e, e↔ → $, we impose, for almost all t ↑ (0, T ), the conditions

ue(t, n) = ue→(t, n), re(t, n) = re→(t, n).(2.2d)

The balance conditions enforce equilibrium of forces and moments at non-Dirichlet
nodes. To state them, we introduce the sign function ε : I ↔ {+1, ≃1} defined by

ε(e, n) =
{

+1, if the tangent vector ie points towards n,

≃1, otherwise.

We use the notation εe(n) := ε(e, n). Moreover, for a ε-weighted quantity defined
on the edges, the jump operator [[·]](n) denotes the sum of its traces at n, that is,

[[n ε]](n) =
∑

e : (e,n)→I

ne(n)εe(n).

Then, for every n ↑ N \ ND, the balance conditions read, for almost all t ↑ (0, T ),

≃[[n ε]](t, n) = 0, ≃[[m ε]](t, n) = 0.(2.2e)

Together, the coupling conditions (2.2d) and (2.2e) enforce rigid connections be-
tween the fibers, which is why they are also referred to as rigid joint conditions.

The system is closed by Dirichlet boundary conditions. Specifically, for each
n ↑ ND and almost every t ↑ (0, T ), we impose

(2.2f) u(t, n) = uD(t, n), r(t, n) = rD(t, n),

where uD, rD : (0, T ) ↓ ND ↔ R3 denote the prescribed Dirichlet data, which we
identify with their zero extensions to N \ ND.

3. Hybrid dual mixed formulation

In this section, we introduce a hybrid dual mixed weak formulation that serves as
the basis for the spatial HDG discretization developed in Section 4. For notational
convenience, pairs of functions in $ ↔ R3 are identified with functions $ ↔ R6.
Specifically, we introduce the following vector notation:

q = (n, m), y = (u, r), f := (fn, fm),

where q, y, and f encode the force and moment resultants, the displacement and
rotation fields, and the external loads, respectively. Similar notation is applied
for the boundary and initial data, denoting εD := (uD, rD), y0 := (u0, r0), and
y1 := (v0, s0). Furthermore, we introduce the block matrices

Cq := diag(Cn, Cm), Cy := diag(Cu, Cr).(3.1)

3.1. Function spaces and norms. On each edge e → R3, we use the standard
Lebesgue and Sobolev spaces L2(e) := L

2(e;R6) and Hp(e) := H
p(e;R6), p ↑ N↗1,

where all integrals are taken with respect to the one-dimensional Hausdor! measure.
Integrals over the network domain $ are understood as the sum of the corresponding
edge integrals. Accordingly, we define the global space L2($) := L

2($;R6). We
denote by (·, ·)e and ⇐ · ⇐e the L2(e) inner product and induced norm, respectively,
and use analogous notation on $. The edgewise Sobolev space is defined by

Hp

pw($) :=
{

ϑ ↑ L2($) | ϑe ↑ Hp(e) for all e ↑ E
}

.
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A globally continuous version of this edgewise Sobolev space is defined by

Hp($) := Hp

pw($) ⇒ C
0($;R6).

For p ⇑ 1, we denote by ⇐ · ⇐e,p the Hp norm on e and by ⇐ · ⇐!,p the corresponding
piecewise H

p-norm on $. Note that, since H1(e) embeds continuously into C
0(e;R6)

in one dimension, nodal traces are well defined.
We further define the nodal spaces

! := {ε : N ↔ R6 | ε = 0 on ND},

!D :=
{

ε : N ↔ R6 | ε = 0 on N \ ND
}

.

Here, ! consists of nodal functions satisfying homogeneous Dirichlet boundary con-
ditions on ND, while !D represents the space for Dirichlet data supported on ND.

For vector-valued quantities ϑ, ϖ : $ ↔ R6 with well-defined nodal traces, we
introduce the following discrete inner products:

⇓ϑ, ϖ⇔e :=
∑

n: (e,n)→I

ϑe(n) · ϖe(n),

⇓ϑ, ϖ⇔E :=
∑

e→E
⇓ϑ, ϖ⇔e,

⇓ϑ, ϖ⇔N :=
∑

n→N
ϑ(n) · ϖ(n).

The first two bilinear forms act on edgewise functions through their nodal traces,
whereas the third one is defined for functions with unique nodal values. Note that
in ⇓·, ·⇔E each nodal contribution is counted with multiplicity equal to the degree of
the corresponding node. If ϖ is single-valued at the nodes, the edge-based scalar
product weighted by the orientation factor ε can be interpreted as the nodal inner
product of the corresponding jump with the test function, i.e.,

⇓ϑ ε, ϖ⇔E =
∑

e→E

∑

n: (e,n)→I

ϑe(n) εe(n) · ϖe(n) = ⇓[[ϑ ε]], ϖ⇔N .(3.2)

3.2. Hybrid dual mixed formulation. Given the initial data y0, y1 ↑ H1($)
(cf. (2.2c)), the force term f ↑ H

1(0, T ; L2($)), and the boundary data εD ↑
H

2(0, T ; !D) (cf. (2.2f)), we seek the dual, primal, and hybrid unknowns

q ↑ L
2(0, T ; H1

pw($)), y ↑ H
2(0, T ; L2($)), ε ↑ L

2(0, T ; !),

where εN := ε + εD, satisfying the initial conditions

y(0) = y0, ωty(0) = y1,

such that, almost everywhere in (0, T ), the saddle-point system

a(q, wq) + b(wq, y) = ≃⇓εN , wqε⇔E ,(3.3a)
≃ b(q, wy) + c(ωtty, wy) = (f , wy)!,(3.3b)

≃ ⇓q ε, µ⇔E = 0(3.3c)

holds for all test functions (wq, wy, µ) ↑ H1
pw($) ↓ L2($) ↓ !. Here, (3.3a) en-

forces the continuity conditions (2.2d) together with the boundary conditions (2.2f),
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whereas (3.3c) enforces the balance conditions (2.2e); see also the identity (3.2).
The bilinear forms are defined as

a : H1
pw($) ↓ H1

pw($) ↔ R, a(q, wq) := (C↘1
q q, wq)!

b : H1
pw($) ↓ L2($) ↔ R, b(q, y) := ≃(ωxq + i↑q, y)!

c : L2($) ↓ L2($) ↔ R, c(y, wy) := (Cyy, wy)!,

where i↑ denotes the block matrix defined for all q = (n, m) by i↑q := (0, i ↓ n),
whose block transpose acts as i↓

↑y = (≃i ↓ r, 0).
Remark 3.1 (Spatial regularity of primal solution). Equation (3.3a) implies that, for
almost every t ↑ (0, T ), the unknown y admits the spatial regularity y(t) ↑ H1

pw($)
and that its nodal traces coincide with εN (t). Since the latter is single-valued, in
fact y(t) ↑ H1($).

For the well-posedness of (3.3), compatibility conditions must be imposed be-
tween the initial data and the Dirichlet boundary data. We define the initial dual
data induced by the constitutive relation (3.3a) as

q
m

:= ≃Cq
(
ωxy

m
≃ i↓

↑y
m

)
for m ↑ {0, 1}.(3.4)

For m ↑ {0, 1}, the compatibility conditions require

ω
m

t
εD(0) = y

m
on ND,(3.5a)

⇓q
m

ε, µ⇔E = 0 ↖µ ↑ !,(3.5b)

where the last condition implicitly requires q
m

↑ H1
pw($).

The algebraic constraints linking the dual and hybrid variables preclude standard
well-posedness results for the hybrid dual mixed formulation (3.3). Consequently,
we state the following well-posedness result.
Lemma 3.2 (Continuous well-posedness). Assume that f ↑ H

1(0, T ; L2($)) and
εD ↑ H

2(0, T ; !D), and that the compatibility conditions (3.5) hold. Then, the
hybrid dual mixed formulation (3.3) admits a unique solution satisfying

q ↑ L
≃(0, T ; H1

pw($)), y ↑ W
2,≃(0, T ; L2($)), ε ↑ W

1,≃(0, T ; !),

with initial values y(0) = y0 and ωty(0) = y1.

Proof. For completeness, a proof sketch is provided in Section A. ↭

3.3. Energy conservation. For su#ciently smooth solutions we define the energy

E[q, y](t) := 1
2 a(q, q)(t) + 1

2 c(ωty, ωty)(t).(3.6)

Di!erentiating (3.3a) with respect to time, testing the result with q, testing (3.3b)
with ωty, and summing the two equations yields

d

dt
E[q, y](t) = (f , ωty)! ≃ ⇓ωtεN , qε⇔E .

In particular, for zero external forces (f = 0) and time-independent Dirichlet data
(ωtεD = 0), applying the balance conditions (3.3c) yields global energy conserva-
tion:

d

dt
E[q, y](t) = 0,(3.7)

as physically expected from the wave-like character of the underlying system.
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4. Semi-discrete problem

In this section, we derive a semi-discrete scheme by discretizing the hybrid dual
mixed formulation (3.3) in space while keeping time continuous. We establish its
well-posedness and energy conservation, and derive spatial error estimates.

4.1. HDG discretization. A natural choice of discretization in the present net-
work setting is the HDG method. Let Pp[x] denote the space of univariate polyno-
mials of degree at most p in the arclength parameter x. Given an edge e ↑ E and
any unit-speed parametrization ϑe : [0, len(e)] ↔ e, we define the local vector-valued
polynomial space as

V p

e :=
{

w : e ↔ R6 | wi(ϑe(x)) ↑ Pp[x] for i = 1, . . . , 6
}

.

The global polynomial approximation space V p → {$ ↔ R6} is then given by the
broken polynomial space over the network domain,

V p :=
{

w : $ ↔ R6 | w|e ↑ V p

e for all e ↑ E
}

.

In addition, the discretization involves a stabilization parameter, which we take
as a strictly positive, edgewise constant function ϖ ↑ L

≃($). Here and in what
follows, a bar accent (̄·) denotes discrete quantities.

Given suitable discrete approximations ȳ0, ȳ1 ↑ V p of the initial data y0, y1, we
seek the discrete dual, primal, and hybrid unknowns

q̄ ↑ L
2(0, T ; V p), ȳ ↑ H

2(0, T ; V p), ε̄ ↑ L
2(0, T ; !),

where ε̄N := ε̄ + εD. The discrete unknowns are required to satisfy the initial
conditions

ȳ(0) = ȳ0, ωtȳ(0) = ȳ1,

as well as the semi-discrete saddle-point system

a(q̄, w̄q) + b(w̄q, ȳ) = ≃⇓ε̄N , w̄qε⇔E ,(4.1a)
≃ b(q̄, w̄y) + c(ωttȳ, w̄y) + ⇓ϖ(ȳ ≃ ε̄N ), w̄y⇔E = (f , w̄y)!,(4.1b)

≃⇓q̄ ε + ϖ(ȳ ≃ ε̄N ), µ̄⇔E = 0(4.1c)

for all test functions w̄q, w̄y ↑ V p and µ̄ ↑ !, and almost every t ↑ (0, T ). Here,
(4.1a) enforces the discrete continuity and boundary conditions, whereas (4.1c)
enforces the nodal balance conditions (2.2e) in terms of the HDG numerical flux

q̄ε + ϖ(ȳ ≃ ε̄N ).(4.2)

The stabilization parameter ϖ penalizes the jump between the primal trace ȳ and
the hybrid unknown ε̄. By the identity (3.2), (4.1c) is equivalent to the balance
conditions (2.2e) evaluated with the numerical flux (4.2).
Remark 4.1 (Role of stabilization). Throughout, we assume that the stabilization
parameter satisfies ϖ > 0. Its strict positivity is used in the semi-discrete well-
posedness analysis and provides the trace control required for the error analysis in
Section 4.3. The case ϖ = 0 is not considered.

The semi-discrete counterpart of Lemma 3.2 reads as follows. It provides one
additional order of temporal regularity and requires no compatibility conditions on
the data, and its proof is considerably more direct: after the spatial discretization,
the algebraic constraints can be eliminated explicitly, which reduces the problem
to a system of ordinary di!erential equations.
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Lemma 4.2 (Semi-discrete well-posedness). Assume that f ↑ H
1(0, T ; L2($)) and

that εD ↑ H
2(0, T ; !D). Then the semi-discrete problem (4.1), together with the

initial and boundary conditions, admits a unique solution, which satisfies

q̄ ↑ H
2(0, T ; V p), ȳ ↑ H

3(0, T ; V p), ε̄ ↑ H
2(0, T ; !).

Proof. The bilinear form a defines an inner product on L2($) and, consequently, on
the finite-dimensional subspace V p. By the Riesz representation theorem, equation
(4.1a) uniquely determines the dual variable q̄ = R̄(ȳ, ε̄N ) for given ȳ and ε̄N
through a linear solution operator, which we denote by R̄. Inserting q̄ into (4.1c)
yields a linear system for ε̄ with the bilinear form

B(ε̄, µ̄) := ≃⇓R̄(0, ε̄) ε ≃ ϖ ε̄, µ̄⇔E , ε̄, µ̄ ↑ !.

This system is well-posed, as B is symmetric positive definite. Indeed, given ȳ = 0
and ε̄N = ε̄, testing (4.1a) with R̄(0, µ̄) and exploiting the definition of R̄ yields

≃⇓R̄(0, ε̄) ε, µ̄⇔E = a(R̄(0, ε̄), R̄(0, µ̄)).

For any ε̄ ↙= 0, this identity implies the strict inequality

B(ε̄, ε̄) = a(R̄(0, ε̄), R̄(0, ε̄)) + ⇓ϖ ε̄, ε̄⇔E > 0,

as every node has an incident edge and ϖ > 0. Substituting q̄ and ε̄ into (4.1b)
yields a linear second-order system of ordinary di!erential equations for ȳ in V p

with symmetric positive definite mass form c(·, ·). Since f ↑ H
1(0, T ; L2($)) and

εD ↑ H
2(0, T ; !D), the Picard–Lindelöf theorem yields a unique solution ȳ ↑

H
3(0, T ; V p) attaining the initial conditions, and the eliminated variables q̄ and

ε̄ inherit H
2-regularity in time. Here, no compatibility conditions arise, since

the algebraic constraints (4.1a) and (4.1c) determine the discrete dual and hybrid
variables from any initial state rather than restricting the admissible data. ↭

4.2. Semi-discrete energy conservation. We define the semi-discrete energy

Es[q̄, ȳ, ε̄N ](t) := 1
2 a(q̄, q̄)(t) + 1

2 c(ωtȳ, ωtȳ)(t) + 1
2 ⇐ϖ

1/2(ȳ ≃ ε̄N )⇐2
E .(4.3)

Di!erentiating (4.1a) with respect to time, testing the result with q̄, testing (4.1b)
with ωtȳ, and summing the two equations yields

d

dt
Es[q̄, ȳ, ε̄N ](t) = (f , ωtȳ)! ≃ ⇓ωtε̄N , q̄ε + ϖ(ȳ ≃ ε̄N )⇔E .

For zero external forces (f = 0) and time-independent Dirichlet data (ωtεD = 0),
applying the nodal balance conditions (4.1c) yields global energy conservation:

d

dt
Es[q̄, ȳ, ε̄N ](t) = 0,(4.4)

analogous to the continuous setting (3.7).

4.3. Semi-discrete error analysis. The error analysis presented below relies on
the projection-based HDG framework from [GCS10]. To analyze the dynamic Tim-
oshenko beam network problem, we combine this framework with techniques from
the HDG error analysis for acoustic wave equations [CQB14] and the static beam
network setting [HMR25]. Central to this framework is the projection operator

”e = (”q
e , ”y

e ) : H1(e) ↓ H1(e) ↔ V p

e ↓ V p

e ,
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which preserves moments up to degree p ≃ 1 and mimics the discrete coupling
structure at the endpoints through the stabilization parameter ϖ . Specifically, for
any (q, y) ↑ H1(e) ↓ H1(e), the projection is defined as the unique pair satisfying

(”q
e (q, y), w̄q)e = (q, w̄q)e,(4.5a)

(”y
e (q, y), w̄y)e = (y, w̄y)e,(4.5b)

”q
e (q, y)(n)εe(n) + ϖe”y

e (q, y)(n) = q(n)εe(n) + ϖey(n) for (e, n) ↑ I,(4.5c)

for all test functions w̄q, w̄y ↑ V p↘1
e . The following lemma, an adaptation of

[GCS10, Thm. 2.1], establishes error estimates for this projection operator. Here
and in what follows, he := len(e) denotes the length of an edge e ↑ E , and ϖe :=
ϖ |e > 0 represents the local stabilization parameter on e.
Lemma 4.3 (Projection error). For any pq, py ↑ {0, . . . , p} and all q ↑ Hpq+1(e),
y ↑ Hpy+1(e), the projection errors satisfy the bounds

⇐q ≃ ”q
e (q, y)⇐e ↫ ϖeh

py+1
e ⇐y⇐e,py+1 + h

pq+1
e ⇐q⇐e,pq+1,

⇐y ≃ ”y
e (q, y)⇐e ↫ h

py+1
e ⇐y⇐e,py+1 + ϖ

↘1
e h

pq+1
e ⇐q⇐e,pq+1.

Globally, we split the error as

q ≃ q̄ = ϱq + ςq
, y ≃ ȳ = ϱy + ςy

,

where the projection errors ϱq
, ϱy and the discrete errors ςq

, ςy are given by

ϱq := q ≃ ”q(q, y), ςq := ”q(q, y) ≃ q̄,

ϱy := y ≃ ”y(q, y), ςy := ”y(q, y) ≃ ȳ.

We next derive the error equations for the semi-discrete problem that form the
foundation of our subsequent error analysis.
Lemma 4.4 (Error equations). For all test functions w̄q, w̄y ↑ V p and almost all
t ↑ (0, T ), the following identities hold:

(ωxw̄q, ςy)! = a(q ≃ q̄, w̄q) ≃ (i↑w̄q, y ≃ ȳ)! + ⇓εN ≃ ε̄N , w̄q ε⇔E ,

(ωxςq
, w̄y)! = ≃(i↑(q ≃ q̄), w̄y)! ≃ c(ωtt(y ≃ ȳ), w̄y) + ⇓y ≃ ε̄N ≃ ςy

, ϖw̄y⇔E .

Proof. The error equations follow directly by subtracting the continuous formula-
tion (3.3) from the semi-discrete problem (4.1), integrating by parts, and applying
the projection properties (4.5). ↭

The following theorem establishes the spatial convergence of the semi-discrete
approximation with respect to the global mesh size parameter h, defined as

h := max
e→E

he.

Theorem 4.5 (Semi-discrete convergence). Assume that the exact solution (q, y)
satisfies q ↑ W

2,≃(0, T ; Hp+1
pw ($)) and y ↑ W

2,≃(0, T ; Hp+1($)), and choose
ȳ0, ȳ1 ↑ V p as the L

2-projections of y0, y1, respectively. Let the stabilization
parameter satisfy ϖe ∝ h

s

e for all e ↑ E and some s ↑ {≃1, 0, 1}. Then, the semi-
discrete HDG approximation (q̄, ȳ) converges to the exact solution with

ess sup
t→[0,T ]

(⇐y(t) ≃ ȳ(t)⇐! + ⇐q(t) ≃ q̄(t)⇐!) ↫ h
p+1↘|s|

.

The hidden constant is independent of h and depends on the coe!cient bounds,
quadratically on T , and on suitable norms of the exact solution.
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Proof. By (3.2), the discrete balance condition (4.1c) holds pointwise at every non-
Dirichlet node. Taking its di!erence with (2.2e) and using the projection property
(4.5c), we obtain the condition

[[ςq
ε + ϖςy ≃ ϖ(y ≃ ε̄N )]](t, n) = 0,(4.6)

for almost all t ↑ (0, T ) and all n ↑ N \ ND.
In view of (3.2), this equation can be used when testing the time derivative of

the first error equation in Lemma 4.4 with ςq, as well as the second equation with
ωtς

y. Since the primal unknown y belongs to H1($) by Remark 3.1, its nodal traces
are single-valued and coincide with the hybrid unknown εN at the network nodes.
Comparing the expressions yields

≃⇓ωt(y ≃ ε̄N ), ςq
ε + ϖςy ≃ ϖ(y ≃ ε̄N )⇔E = a(ωt(q ≃ q̄), ςq) + c(ωtt(y ≃ ȳ), ωtς

y)
≃(i↑ςq

, ωt(y ≃ ȳ))! + (i↑(q ≃ q̄), ωtς
y)! + ⇓ςy ≃ (y ≃ ε̄N ), ϖωt(ςy ≃ (y ≃ ε̄N ))⇔E ,

where the term ⇓ωt(y ≃ ε̄N ), ϖςy ≃ ϖ(y ≃ ε̄N )⇔E was added and subtracted so that
(4.6) can be applied to the left-hand side. Furthermore, the term (i↑ςq

, ωtς
y)!

cancels. We obtain the identity

a(ωtς
q
, ςq) + c(ωttς

y
, ωtς

y) + ⇓ςy ≃ (y ≃ ε̄N ), ϖωt(ςy ≃ (y ≃ ε̄N ))⇔E

= ≃a(ωtϱ
q
, ςq) ≃ c(ωttϱ

y
, ωtς

y) + (i↑ςq
, ωtϱ

y)! ≃ (i↑ϱq
, ωtς

y)!.

This motivates the definition of the energy functional

Eh(t) := 1
2 a(ςq

, ςq)(t) + 1
2 c(ωtς

y
, ωtς

y)(t) + 1
2 ⇐ϖ

1/2(ςy ≃ (y ≃ ε̄N ))(t)⇐2
E .

Taking the derivative of Eh yields

ωEh

ωt
(t) = ≃a(ωtϱ

q
, ςq) ≃ c(ωttϱ

y
, ωtς

y) + (i↑ςq
, ωtϱ

y)! ≃ (i↑ϱq
, ωtς

y)!

↫ (⇐ωtϱ
q⇐! + ⇐ωtϱ

y⇐!)⇐ςq⇐! + (⇐ωttϱ
y⇐! + ⇐ϱq⇐!)⇐ωtς

y⇐!.

Using coercivity of a and c and the approximation bounds for the projection terms
from Lemma 4.3, we obtain

ωEh

ωt
(t) ↫

√
Eh(t) h

p+1↘|s|
.

Therefore,

ess sup
t→[0,T ]

[
⇐ςq(t)⇐2

! + ⇐ωtς
y(t)⇐2

!
]1/2 ↫ ess sup

t→[0,T ]

√
Eh(t) ↫ Th

p+1↘|s| +
√
Eh(0).

By the choice of the discrete initial data ȳ0 and ȳ1 as the L
2 projections of y0 and

y1 onto V p, the initial dual and hybrid variables are recovered from (4.1a) and
(4.1c) by solving the edgewise defined local problems. Consequently,

Eh(0) ↫ h
2(p+1↘|s|)

.

The estimate

⇐ςy(t)⇐! ↗ ⇐ςy(0)⇐! +
ˆ

t

0
⇐ωt̃ς

y(t̃)⇐! dt̃

completes the proof. ↭
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Remark 4.6 (Sharpness of the error estimate). The estimate in Theorem 4.5 is
optimal for the relevant choice ϖe ∝ 1 (s = 0), where it yields the rate h

p+1. For
ϖe ∝ h

↘1
e (s = ≃1), the bound gives only the rate h

p. Numerical experiments in
Section 7, however, indicate one additional order of convergence in this case. This
is consistent with the corresponding static Timoshenko beam problem considered
in [HMR25], where the optimal rate of h

p+1 can be proved.

Remark 4.7 (Comparison with existing HDG formulations). The first-order for-
mulation considered here di!ers from existing formulations in the literature, such
as those analyzed in [GM14]. There, two HDG formulations are proposed: a
dissipative method based on the standard HDG numerical flux and an energy-
conservative method based on a modified flux involving time derivatives. While
the dissipative formulation admits optimal-order error estimates, the analysis of
the energy-conservative formulation yields a convergence rate reduced by half an
order; see [GM14, Thm. 6]. This reduction is, however, not observed in their numer-
ical experiments. In contrast, the present formulation is energy-conservative and,
for the standard choice ϖe ∝ 1, admits optimal-order error estimates. We also note
that additional superconvergence results could be obtained for HDG methods by lo-
cal postprocessing together with a duality argument; see, e.g., [CQB14]. We do not
pursue this here, since increasing the polynomial degree provides a straightforward
way to improve the accuracy of all variables.

5. Fully discrete problem

In this section, we derive a fully discrete scheme by discretizing the semi-discrete
formulation in time. As a representative yet straightforward choice, we employ the
Crank–Nicolson method. We emphasize that the following analysis extends natu-
rally to the higher-order Gauss collocation methods, i.e., the collocation Runge–
Kutta methods based on the Gauss–Legendre points, whose high-order convergence
properties are demonstrated numerically in Section 7.

Throughout this section, we additionally assume that Cu and Cr, equivalently
Cy, are edgewise constant. This assumption is made for simplicity, so that the
second-order semi-discrete HDG formulation can be reformulated as an exactly
equivalent first-order system in time using the auxiliary variable z̄ = Cyωtȳ.

5.1. Time stepping. Let (tk)K

k=0 be a uniform partition of [0, T ] with time step
%t > 0 and midpoint times t

k↘1/2 = 1
2 (tk + t

k↘1). We introduce the bilinear form

d : L2($) ↓ L2($) ↔ R, d(y, wy) := (C↘1
y y, wy)!.

The initial conditions for ȳ and z̄ are prescribed by

ȳ(0) = ȳ0, z̄(0) = z̄0,

where z̄0 ↑ V p satisfies

d(z̄0, w̄z) = (ȳ1, w̄z)! ↖w̄z ↑ V p
,

with ȳ0, ȳ1 ↑ V p denoting the discrete initial data from the second-order semi-
discrete formulation. This condition is the discrete counterpart of

z̄(0) = Cyωtȳ(0) = Cyȳ1,

matching the initial auxiliary state of the first-order system.
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Remark 5.1 (Equivalence to second-order formulation). The edgewise constancy of
Cy ensures that CyV p → V p. Hence, z̄ ↑ V p, and we obtain the exact equivalence
of first- and second-order formulations. For spatially varying Cy, the weak defini-
tion of z̄ introduces a projection of Cyωtȳ onto V p, so that the exact equivalence
is lost up to a consistency error, which would then have to be accounted for in the
error analysis.

In the first-order formulation, the semi-discrete saddle-point problem (4.1) is
replaced by seeking (q̄, ȳ, z̄, ε̄), with ε̄N := ε̄ + εD, such that

a(q̄, w̄q) + b(w̄q, ȳ) = ≃⇓ε̄N , w̄qε⇔E ,

≃b(q̄, w̄y) + ⇓ϖ(ȳ ≃ ε̄N ), w̄y⇔E + (ωtz̄, w̄y)! = (f , w̄y)!,

≃ (ωtȳ, w̄z)! + d(z̄, w̄z) = 0,

≃⇓q̄ε + ϖ(ȳ ≃ ε̄N ), µ̄⇔E = 0

holds for almost every t ↑ (0, T ) and all test functions w̄q, w̄y, w̄z ↑ V p and µ̄ ↑ !.
To formulate the Crank–Nicolson time stepping scheme, we introduce some no-

tation: for a time-dependent function g and an integer k, we write gk := g(tk)
whenever pointwise evaluation is well defined. Furthermore, for any integer-indexed
family (yk)K

k=0, in particular for the samples (gk)K

k=0 of a time-dependent function,
we define the midpoint average and discrete time derivative by

yk↘ 1
2 := 1

2 (yk + yk↘1), D
k↘ 1

2
t

y := yk ≃ yk↘1

%t
.

In addition to the initial values ȳ0 and z̄0, the initial dual and hybrid variables
(q̄0

, ε̄
0), with ε̄

0
N := εD(0) + ε̄

0, must also be computed. They are obtained from
the initial constitutive relation and balance condition as follows:

a(q̄0
, w̄q) + b(w̄q, ȳ0) = ≃⇓ε̄0

N , w̄qε⇔E ↖w̄q ↑ V p
,

≃⇓q̄0
ε + ϖ(ȳ0 ≃ ε̄

0
N ), µ̄⇔E = 0 ↖µ̄ ↑ !.

This system is uniquely solvable by the same static condensation and elimination
arguments used in the proof of Lemma 4.2.

The Crank–Nicolson scheme yields the following discrete problem at time level t
k:

seek q̄k
, ȳk

, z̄k ↑ V p and ε̄
k ↑ !, setting ε̄

k

N := εD(tk) + ε̄
k, satisfying

a(q̄k
, w̄q) + b(w̄q, ȳk) = ≃⇓ε̄k

N , w̄qε⇔E ,(5.1a)

≃b(q̄k↘ 1
2 , w̄y) + ⇓ϖ(ȳk↘ 1

2 ≃ ε̄
k↘ 1

2
N ), w̄y⇔E + (Dk↘ 1

2
t

z̄, w̄y)! = (fk↘ 1
2 , w̄y)!,(5.1b)

≃(Dk↘ 1
2

t
ȳ, w̄z)! + d(z̄k↘ 1

2 , w̄z) = 0,(5.1c)

≃⇓q̄k
ε + ϖ(ȳk ≃ ε̄

k

N ), µ̄⇔E = 0(5.1d)

for all test functions w̄q, w̄y, w̄z ↑ V p and µ̄ ↑ !.
Multiplying the second and third equations by two and moving all terms that

depend on the previous time step to the right-hand side gives the equivalent for-
mulation:

a(q̄k
, w̄q) + b(w̄q, ȳk) = ≃⇓ε̄k

N , w̄qε⇔E ,(5.2a)

≃b(q̄k
, w̄y) + ⇓ϖ(ȳk ≃ ε̄

k

N ), w̄y⇔E + 2
”t

(z̄k
, w̄y)! = (fk

, w̄y)! + ϱ
k↘1
y (w̄y),(5.2b)

≃ 2
”t

(ȳk
, w̄z)! + d(z̄k

, w̄z) = ϱ
k↘1
z (w̄z),(5.2c)

≃⇓q̄k
ε + ϖ(ȳk ≃ ε̄

k

N ), µ̄⇔E = 0(5.2d)
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with the linear functionals ϱ
k↘1
y and ϱ

k↘1
z :

ϱ
k↘1
y (w̄y) := (fk↘1

, w̄y)! + b(q̄k↘1
, w̄y) ≃ ⇓ϖ(ȳk↘1 ≃ ε̄

k↘1
N ), w̄y⇔E + 2

”t
(z̄k↘1

, w̄y)!,

ϱ
k↘1
z (w̄z) := ≃d(z̄k↘1

, w̄z) ≃ 2
”t

(ȳk↘1
, w̄z)!.

In contrast to the semi-discrete setting of Lemma 4.2, the well-posedness of
the fully discrete system (5.2) at each time step follows from a purely algebraic
argument, as established in the following lemma.

Lemma 5.2 (Fully discrete well-posedness). Let (q̄k↘1
, ȳk↘1

, z̄k↘1
, ε̄

k↘1
N ) be given

at the previous time level. Then, the fully discrete system (5.2) admits a unique
solution q̄k

, ȳk
, z̄k ↑ V p, ε̄

k ↑ !.

Proof. The system is a square linear system on the finite-dimensional space V p ↓
V p ↓ V p ↓ !, so it su#ces to show that the homogeneous problem admits only the
trivial solution. Testing the four equations with the respective unknowns q̄k, ȳk,
z̄k and ε̄

k and adding them leaves only the discrete energy (5.3) of the solution,
while the right-hand side vanishes by the homogeneity of the data, yielding

a(q̄k
, q̄k) + d(z̄k

, z̄k) + ⇐ϖ
1/2(ȳk ≃ ε̄

k)⇐2
E = 0.

By the coercivity of a and d, this yields q̄k = 0 and z̄k = 0, whence (5.2c) gives
ȳk = 0. The remaining term then yields ε̄

k = 0, since ϖ > 0 and every node has
at least one incident edge by the connectedness of the graph. ↭

Remark 5.3 (Non-uniform time step). This method extends naturally to non-uniform
time steps, upon replacing %t by %tk := t

k ≃ t
k↘1 in the definitions above.

5.2. Fully discrete energy conservation. We define the fully discrete energy

Ed[q̄, z̄, ȳ, ε̄N ] := 1
2 a(q̄, q̄) + 1

2 d(z̄, z̄) + 1
2 ⇐ϖ

1/2(ȳ ≃ ε̄N )⇐2
E .(5.3)

As shown in the following lemma, the Crank–Nicolson scheme directly inherits
the energy-preserving structure of the semi-discrete formulation.

Lemma 5.4 (Fully discrete energy identity). Let (q̄k
, ȳk

, z̄k
, ε̄

k

N )k solve (5.1) with
the right-hand sides of (5.1b) and (5.1c) replaced by (gk↘ 1

2y , w̄y)! and (gk↘ 1
2z , w̄z)!,

respectively (the scheme itself is recovered for gy = f and gz = 0). Then, with

Ek

d
:= Ed[q̄k

, z̄k
, ȳk

, ε̄
k

N ],

we obtain the discrete energy identity

Ek

d
≃ Ek↘1

d
= %t (gk↘ 1

2y , D
k↘ 1

2
t

ȳ)! + %t (gk↘ 1
2z , D

k↘ 1
2

t
z̄)!

≃ %t⇓q̄k↘ 1
2 ε + ϖ(ȳk↘ 1

2 ≃ ε̄
k↘ 1

2
N ), D

k↘ 1
2

t
εD⇔E .

(5.4)

Proof. We test the di!erence quotient of (5.1a) at the time levels k and k ≃ 1 with
w̄q = q̄k↘ 1

2 , equation (5.1b) with w̄y = D
k↘ 1

2
t

ȳ, and (5.1c) with w̄z = D
k↘ 1

2
t

z̄.
Adding the three identities cancels the terms involving b and (Dk↘ 1

2
t

z̄, D
k↘ 1

2
t

ȳ)!.
Subtracting ⇓ϖ(ȳk↘ 1

2 ≃ ε̄
k↘ 1

2
N ), D

k↘ 1
2

t
ε̄N ⇔E on both sides yields

a(Dk↘ 1
2

t
q̄, q̄k↘ 1

2 ) + d(Dk↘ 1
2

t
z̄, z̄k↘ 1

2 ) + ⇓ϖ(ȳk↘ 1
2 ≃ ε̄

k↘ 1
2

N ), D
k↘ 1

2
t

(ȳ ≃ ε̄N )⇔E

= (gk↘ 1
2y , D

k↘ 1
2

t
ȳ)! + (gk↘ 1

2z , D
k↘ 1

2
t

z̄)!

≃ ⇓q̄k↘ 1
2 ε + ϖ(ȳk↘ 1

2 ≃ ε̄
k↘ 1

2
N ), D

k↘ 1
2

t
ε̄N ⇔E .
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Averaging (5.1d) at the time levels k and k ≃1 and testing it with µ̄ = D
k↘ 1

2
t

ε̄ ↑ !
shows that only the Dirichlet part D

k↘ 1
2

t
εD of D

k↘ 1
2

t
ε̄N = D

k↘ 1
2

t
εD + D

k↘ 1
2

t
ε̄

contributes to the last term. The identity

g(Dk↘ 1
2

t
v̄, v̄k↘ 1

2 ) = 1
2”t

(
g(v̄k

, v̄k) ≃ g(v̄k↘1
, v̄k↘1)

)

holds for any symmetric bilinear form g. Applying it to a with v̄ = q̄, to d with
v̄ = z̄, and to ⇓ϖ ·, ·⇔E with v̄ = ȳ ≃ ε̄N then yields the desired discrete energy
identity (5.4). ↭

As a consequence of Lemma 5.4, the fully discrete Crank–Nicolson scheme con-
serves energy in the case of vanishing external forces (f = 0) and time-independent
Dirichlet data (Dk↘ 1

2
t

εD = 0). In this case, we obtain

Ek

d
= Ek↘1

d
↖k ⇑ 1.

This is the fully discrete counterpart of the energy conservation on the semi-
discrete level, cf. (4.4). It reflects the general fact that, for linear autonomous
problems, the Crank–Nicolson scheme coincides with the implicit midpoint rule,
i.e., the one-stage Gauss collocation Runge–Kutta method, which conserves all
quadratic invariants exactly; see, for example, [HLW06, Thm. IV.2.1–2.2].

5.3. Static condensation. Given the hybrid unknown ε̄
k

N , we introduce local
solvers to reconstruct the interior state variables (q̄k

, ȳk
, z̄k) inside each edge:

Qk : (ε̄k

N , fk
, ϱ

k↘1
y , ϱ

k↘1
z ) ′↔ q̄k

,

Y k : (ε̄k

N , fk
, ϱ

k↘1
y , ϱ

k↘1
z ) ′↔ ȳk

,

Zk : (ε̄k

N , fk
, ϱ

k↘1
y , ϱ

k↘1
z ) ′↔ z̄k

.

The local solvers are well defined and operate locally on each edge. Indeed, for given
data, the first three equations of (5.2) decouple into independent edgewise problems,
because all involved bilinear forms are edgewise, and each of these problems is
uniquely solvable by the argument in the proof of Lemma 5.2, applied on a single
edge with ε̄

k

N prescribed at both endpoints. By linearity of the problem, splitting
the Dirichlet data, external forcing, and data from previous time steps from the
hybrid unknown yields

(ε̄k

N , fk
, ϱ

k↘1
y , ϱ

k↘1
z ) = (ε̄k

, 0, 0, 0) + (εk

D, fk
, ϱ

k↘1
y , ϱ

k↘1
z ),

Qk(ε̄k

N , fk
, ϱ

k↘1
y , ϱ

k↘1
z ) = Qk(ε̄k) + Qk

D.

Analogous notation is introduced for Y k and Zk.
Substituting the local solvers into the equilibrium condition (5.1d) yields the

fully discrete condensed formulation: at each time step t
k, find ε̄

k ↑ ! such that

Â(ε̄k

, µ̄) = F̂
k(µ̄) ↖µ̄ ↑ !,(5.5)

where

Â(ε̄k

, µ̄) := ≃⇓Qk(ε̄k) ε + ϖ(Y k(ε̄k) ≃ ε̄
k), µ̄⇔E ,(5.6)

F̂
k(µ̄) := ⇓Qk

D ε + ϖY k

D, µ̄⇔E .(5.7)

Although its definition (5.6) is not manifestly symmetric, the bilinear form Â can
be rewritten in terms of the local solvers alone, which reveals it to be symmetric
positive definite.
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Lemma 5.5 (Properties of the fully discrete condensed HDG problem). The bilin-
ear form Â admits the equivalent representation

Â(ε̄k

, µ̄) = a(Qk(ε̄k), Qk(µ̄)) + d(Zk(ε̄k), Zk(µ̄))

+ ⇓ϖ(Y k(ε̄k) ≃ ε̄
k), Y k(µ̄) ≃ µ̄⇔E .

(5.8)

Proof. By definition, the triple (Qk(µ̄), Y k(µ̄), Zk(µ̄)) solves (5.2a)–(5.2c) with ε̄
k

N
replaced by µ̄ and vanishing source terms (fk = 0, ϱ

k↘1
y = 0, ϱ

k↘1
z = 0). Testing

the first equation (for datum µ̄) with w̄q = Qk(ε̄k), the second (for datum ε̄
k)

with w̄y = Y k(µ̄), and the third (for datum µ̄) with w̄z = Zk(ε̄k) yields

a(Qk(µ̄), Qk(ε̄k)) + b(Qk(ε̄k), Y k(µ̄)) = ≃⇓µ̄, Qk(ε̄k) ε⇔E ,

≃ b(Qk(ε̄k), Y k(µ̄)) + 2
”t

(Zk(ε̄k), Y k(µ̄))! = ≃⇓ϖ(Y k(ε̄k) ≃ ε̄
k), Y k(µ̄)⇔E ,

≃ 2
”t

(Zk(ε̄k), Y k(µ̄))! + d(Zk(ε̄k), Zk(µ̄)) = 0.

Adding the first two identities and inserting the third one, we rearrange and subtract
⇓ϖ(Y k(ε̄k) ≃ ε̄

k), µ̄⇔E on both sides, which yields (5.8). ↭

5.4. Fully discrete error analysis. The following error analysis for the fully
discrete scheme relies on the L

≃-error estimate of the semi-discrete formulation
and standard energy techniques for the Crank–Nicolson scheme.

Theorem 5.6 (Fully discrete convergence). Assume that the exact solution satisfies

q ↑ C
4([0, T ]; Hp+1

pw ($)), y ↑ C
4([0, T ]; Hp+1($)).

Let the stabilization parameter satisfy ϖe ∝ h
s

e for s ↑ {≃1, 0, 1} and all edges e ↑ E.
Then, the fully discrete HDG approximation (ȳk

, q̄k) at time t
k converges to the

exact solution with the error estimate

max
0⇐k⇐K

(⇐q(·, t
k) ≃ q̄k⇐! + ⇐y(·, t

k) ≃ ȳk⇐!) ↫ h
p+1↘|s| + (%t)2

.

The hidden constants depend on the coe!cient bounds, the final time T and the
regularity of the exact solution, but are independent of h and %t.

Remark 5.7 (Regularity requirements). The assumed temporal regularity can be
proved using a standard semigroup bootstrap argument: each additional time
derivative of the solution requires one more time derivative of the data together
with a compatibility condition on the initial data, cf. [Mug14, §2.2.4, Prop. 4.51,
Prop. 7.28]. Since ω

2
t
y solves the same equation, these conditions amount to higher

piecewise spatial regularity and to the requirement that the acceleration field sat-
isfies the same transmission conditions as the displacement.

Proof. The result is obtained by a standard error splitting into spatial and temporal
error components, i.e.,

⇐q(·, t
k) ≃ q̄k⇐! ↗ ⇐q(·, t

k) ≃ q̄(tk)⇐! + ⇐q̄(tk) ≃ q̄k⇐!,

and analogously for y. In both cases, the first term can be estimated by Theo-
rem 4.5. For the second term, we set ek

q
:= q̄(tk) ≃ q̄ k and analogously for ek

y
, ek

z
,

and ek

ω
; since both formulations use the same Dirichlet data, the Dirichlet parts

cancel and ek

ω
↑ !. The proof proceeds in three steps: we first show that the
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discrete energy of the error controls all error components, then bound this energy
by the temporal consistency error, and finally show that the latter is of the asserted
order. The temporal consistency error of a function v ↑ C

1([0, T ]; L2($)) is the
defect of the trapezoidal rule, viewed as a function of the midpoint,

φ[v](t) := 1
2
(
ωtv(t + ”t

2 ) + ωtv(t ≃ ”t

2 )
)

≃ (%t)↘1(
v(t + ”t

2 ) ≃ v(t ≃ ”t

2 )
)
,(5.9)

where we define φ
k↘ 1

2
y := φ[ȳ](tk↘ 1

2 ), and analogously φ
k↘ 1

2
z . Evaluating the first

and fourth semi-discrete equations at t
k, averaging the second and third equations

at the time levels t
k and t

k↘1, and subtracting the fully discrete equations give the
system

a(ek

q
, w̄q) + b(w̄q, ek

y
) = ≃⇓ek

ω
, w̄q ε⇔E ,(5.10a)

≃b(ek↘ 1
2

q , w̄y) + ⇓ϖ(ey ≃ eω)k↘ 1
2 , w̄y⇔E + (Dk↘ 1

2
t

ez, w̄y)! = ≃(φk↘ 1
2

z , w̄y)!,(5.10b)

≃(Dk↘ 1
2

t
ey, w̄z)! + d(ek↘ 1

2
z , w̄z) = (φk↘ 1

2
y , w̄z)!,(5.10c)

≃⇓ek

q
ε + ϖ(ek

y
≃ ek

ω
), µ̄⇔E = 0.(5.10d)

The first and the last equations carry no consistency error, as they hold at every
time level for both formulations. Thus, the error system is the fully discrete scheme
of Lemma 5.4 with vanishing Dirichlet data and right-hand sides gy = ≃φ

z
and

gz = φ
y
, and all errors vanish for k = 0, since the initial values of the fully discrete

scheme are defined by the same relations as those of the semi-discrete solution. We
denote the error energy by Ek

d
:= Ed[ek

q
, ek

z
, ek

y
, ek

ω
] as in (5.3) and abbreviate

E := max
0⇐k⇐K

√
Ek

d
.

Step 1 (The energy controls the error). Since Ek

d
⇑ 1

2 a(ek

q
, ek

q
) + 1

2 d(ek

z
, ek

z
), the

coercivity of a and d gives ⇐ek

q
⇐! + ⇐ek

z
⇐! ↫ E for all 0 ↗ k ↗ K. For ey, testing

(5.10c) with w̄z = D
k↘ 1

2
t

ey ↑ V p and using the boundedness and coercivity of d

yields

⇐D
k↘ 1

2
t

ey⇐! ↫ ⇐e
k↘ 1

2
z ⇐! + ⇐φ

k↘ 1
2

y ⇐! ↫ E + ⇐φ
k↘ 1

2
y ⇐!.(5.11)

Since e0
y

= 0, the telescoping identity en

y
= %t

n∑

k=1
D

k↘ 1
2

t
ey and n%t ↗ T give

max
0⇐k⇐K

(
⇐ek

q
⇐! + ⇐ek

z
⇐! + ⇐ek

y
⇐!

)
↫ E + max

1⇐k⇐K

⇐φ
k↘ 1

2
y ⇐!,(5.12)

so that it su#ces to bound the error energy and the temporal consistency error.
Step 2 (The consistency error bounds the energy). The discrete energy identity

(5.4) and summation over k = 1, . . . , n give

En

d
= ≃

n∑

k=1
%t (φk↘ 1

2
z , D

k↘ 1
2

t
ey)! +

n∑

k=1
%t (φk↘ 1

2
y , D

k↘ 1
2

t
ez)!.

In the second sum, D
k↘ 1

2
t

ez is not controlled by the energy, and we use summation
by parts instead; since e0

z
= 0, this gives

n∑

k=1
%t (φk↘ 1

2
y , D

k↘ 1
2

t
ez)! = (φn↘ 1

2
y , en

z
)! ≃

n↘1∑

k=1
(φk+ 1

2
y ≃ φ

k↘ 1
2

y , ek

z
)!.
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Abbreviating

R := max
1⇐k⇐K

(
⇐φ

k↘ 1
2

y ⇐! + ⇐φ
k↘ 1

2
z ⇐!

)
+

K↘1∑

k=1
⇐φ

k+ 1
2

y ≃ φ
k↘ 1

2
y ⇐!,

the Cauchy–Schwarz inequality, the estimate (5.11), the bound ⇐ek

z
⇐! ↫ E of Step 1

and n%t ↗ T yield En

d
↫ R E + R

2 for all n ↗ K. Taking the maximum over n

gives E
2 ↫ R E + R

2 and therefore, by Young’s inequality,

E ↫ R.(5.13)

Step 3 (The consistency error is of the asserted order). For v ↑ C
3([0, T ]; L2($))

and w ↑ C
1([0, T ]; L2($)), the defect (5.9) satisfies

⇐φ[v](tk↘ 1
2 )⇐! ↫ (%t)2 max

t→[tk↑1,tk]
⇐ω

3
t
v(t)⇐!,

⇐φ[w](tk↘ 1
2 )⇐! ↫ max

t→[tk↑1,tk]
⇐ωtw(t)⇐!,

the first one by the error representation of the trapezoidal rule, the second one since
D

k↘ 1
2

t
w is an average of ωtw over [tk↘1

, t
k]. Since ωtφ[v] = φ[ωtv], the increments

φ[v](tk+ 1
2 ) ≃ φ[v](tk↘ 1

2 ) =
ˆ

t
k+ 1

2

t
k↑ 1

2
φ[ωtv](t) dt

obey the same two bounds with one more derivative and an additional factor %t.
Splitting the semi-discrete solution as ȳ = y + (ȳ ≃ y) and z̄ = z + (z̄ ≃ z), where
z := Cyωty, and applying the first estimate to the exact solution and the second
one to the semi-discrete error, we obtain

R ↫ (%t)2 max
t→[0,T ]

(
⇐ω

3
t
y⇐! + ⇐ω

4
t
y⇐!

)

+ max
t→[0,T ]

(
⇐ωt(ȳ ≃ y)⇐! + ⇐ω

2
t
(ȳ ≃ y)⇐! + ⇐ωt(z̄ ≃ z)⇐!

)
,

where we used ω
3
t
z = Cyω

4
t
y and absorbed the factor K%t = T stemming from

the sum of the increments into the constant. The first term is of order (%t)2 by
the assumed regularity of the exact solution. For the second one, note that, by
the linearity of the problem and the time independence of all bilinear forms, ω

j

t
ȳ

is the semi-discrete approximation of ω
j

t
y for the data ω

j

t
f and ω

j

t
εD; the assumed

regularity is the one required in Theorem 4.5 for j = 1, 2. The di!erentiated
problems start with an initial error of the corresponding order, since their initial
data is obtained from ȳ0, ȳ1 by the semi-discrete equations, which reproduce the
corresponding relations of the continuous problem up to the projection error. That
theorem thus gives

max
t

⇐ω
j

t
(ȳ ≃ y)⇐! ↫ h

p+1↘|s|
.

The bound for ωt(z̄ ≃ z) follows from d(z̄, w̄z) = (ωtȳ, w̄z)!, which also holds for
z and all w̄z ↑ L2($): the coercivity of d bounds the di!erence of ωtz̄ and the
d-orthogonal projection of ωtz onto V p by ⇐ω

2
t
(ȳ ≃ y)⇐!, while the projection error

is of order h
p+1. Altogether,

R ↫ h
p+1↘|s| + (%t)2

.

By the definition of R, inserting (5.13) into (5.12) bounds all error components
by R, which is the asserted estimate. ↭
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Figure 6.1. An artificial mesh TH (black) overlaid on the network
(gray), with a coarse basis function ςi.

6. Domain decomposition preconditioner

A practical implementation of the proposed HDG method requires solving the lin-
ear system of equations corresponding to (5.5). In the present context of simulating
paper-based materials, cf. Figure 2.1, this can easily become intractable for direct
solvers due to their large size. In addition, these systems are typically poorly con-
ditioned, requiring appropriate preconditioners when using iterative methods. This
section introduces a two-level overlapping additive Schwarz preconditioner similar
to [GHM24], which we use within a preconditioned conjugate gradient method.

The domain decomposition and coarse space used by the proposed preconditioner
are constructed using an artificial (coarse) mesh TH of a bounded domain ” → R3

containing the spatial network. For simplicity, we assume that ” is a box equipped
with a uniform Cartesian mesh. Note that for thin materials such as cardboard,
the corresponding artificial mesh may contain far fewer elements in one spatial
dimension than in the others. With respect to the artificial mesh, we then introduce
the set of trilinear basis functions {ςi}m

i=1, where m is the number of nodes of the
artificial mesh, and corresponding supports Ui := supp(ςi). An illustration of
an artificial mesh and corresponding basis functions can be found in Figure 6.1.
The space of continuous piecewise trilinear functions with respect to TH , satisfying
Dirichlet boundary conditions on boundary segments where the network nodes are
fixed, is denoted by VH . Note that the domain of the functions in VH is considered
to be the nodes of the spatial network.

We employ a preconditioner based on the subspace decomposition

! = !0 + !1 + · · · + !m,

with the coarse space !0 := V
6

H
and local subspaces defined for i = 1, . . . , m by

!i := {v ↑ ! | supp(v) → Ui}. Given this decomposition, for each subspace we
introduce a corresponding projection operator Pi : ! ↔ !i such that

Â(Piε, µ) = Â(ε, µ),

holds for all µ ↑ !i, cf. (5.6). Note that the existence and uniqueness of such an op-
erator are a direct consequence of Â being an inner product on !. A preconditioned
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version of the operator Â can then be defined as follows:

P := P0 + P1 + · · · + Pm.

The preconditioner, denoted by B, is then given by the relation P = BÂ. Note that
the preconditioner is never explicitly formed. In practice, only the preconditioned
operator must be computed, which requires the direct solution of a coarse global
problem and m local problems, all of which can be solved independently. Because
this approach involves direct solves, it is sometimes called semi-iterative. In the
following, we use this preconditioner for the conjugate gradient method.

In this section, we prove that the operator Â is spectrally equivalent to a com-
bination of graph mass-type and weighted graph Laplacian-type operators; for the
static setting, see [GHM24, Ass. 3.1]. Certain homogeneity, connectivity, and local-
ity assumptions on the spatial network at coarse scales [GHM24, Ass. 3.5, Lem. 3.7]
then yield uniform convergence of the resulting preconditioned conjugate gradient
method [GHM24, Thm. 4.3]. The proof in [GHM24] is inspired by classical Schwarz
theory (see, e.g., [Xu92, TW05, KY16]) and constructs a quasi-interpolation oper-
ator in the spatial network setting, whose approximation and stability properties
can be proved using Friedrichs’ and Poincaré’s inequalities on subgraphs [GHM24,
Lem. 3.6]. In practice, this preconditioner has demonstrated its ability to cope
with the typically complex geometry of spatial networks and highly varying ma-
terial properties; see, e.g., [GKM+25]. The spectral equivalence announced above
is formulated in terms of two bilinear forms, which we introduce first. Both are
assembled from local contributions associated with an edge e ↑ E with endpoints
ni, nj ↑ N : a mass-type form and a weighted graph Laplacian-type form. For
ε, µ ↑ !, we define

MG,e(ε, µ) := 1
2 he(ε(ni) · µ(ni) + ε(nj) · µ(nj)),

LG,e(ε, µ) := 1
2 h

↘1
e (ε(ni) ≃ ε(nj)) · (µ(ni) ≃ µ(nj)).

The corresponding global bilinear forms are obtained by summation over all
edges, i.e.,

MG(ε, µ) :=
∑

e→E
MG,e(ε, µ), LG(ε, µ) :=

∑

e→E
LG,e(ε, µ).(6.1)

The following theorem establishes that the condensed problem (5.5) is spectrally
equivalent to a combination of the mass-type form MG and the weighted graph
Laplacian LG . This is exactly what one would typically expect from discretizations
of wave-type problems. For classical finite element discretizations, for example, the
graph operators would be replaced by corresponding mass and sti!ness matrices.

Theorem 6.1 (Spectral equivalence). Assume that the polynomial degree satisfies
p ⇑ 1, that the time step satisfies h ↫ %t, and that the material coe!cients C•(x)
are edgewise constant for • ↑ {n, m, u, r}. Then, there exist 0 < φ ↗ ↼ < ↘ such
that for all ε ↑ !, we have

φ

(
MG(ε, ε)

(%t)2 + LG(ε, ε)
)

↗ Â(ε, ε) ↗ ↼

(
MG(ε, ε)

(%t)2 + LG(ε, ε)
)

,(6.2)

where the constants φ, ↼ depend only on the material parameters, the diameter of
the domain, the final time T , and the constant implicit in the assumed scaling of
%t.
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Proof. We set

cq,min := min{cn,min, cm,min}, cq,max := max{cn,max, cm,max},

and analogously define cy,min and cy,max. For a fixed time step, we suppress the
superscript k and denote by Q(ε), Y (ε), and Z(ε) the edge-local solvers from
(5.2a) to (5.2c) with hybrid datum ε and zero data. To prove the desired bounds,
we use a variational representation in terms of a local energy of the edge-local
condensed bilinear form

Âe(ε, ε) = ae(Q(ε), Q(ε)) + de(Z(ε), Z(ε)) + ϖe⇓Y (ε) ≃ ε, Y (ε) ≃ ε⇔e.

For any ↼ ↑ V p

e , let Qω, Zω ↑ V p

e be determined by (5.2a) and (5.2c), respectively,
with primal variable ↼ and hybrid datum ε; in particular QY (ε) = Q(ε) and
ZY (ε) = Z(ε). Explicitly, we have Zω = 2

”t
Cy↼ and integration by parts on the

edge yields for all ↼, w̄q ↑ V p

e

(6.3)
ae(Qω, w̄q) = (ωxw̄q + i↑w̄q, ↼)e ≃ ⇓ε, w̄qε⇔e

= ≃(ωx↼ ≃ i↓
↑↼, w̄q)e + ⇓↼ ≃ ε, w̄qε⇔e.

The local energy is defined as

Ee(↼) := 1
2 ae(Qω, Qω) + 1

2 de(Zω, Zω) + 1
2 ϖe⇓↼ ≃ ε, ↼ ≃ ε⇔e.

Di!erentiating and using (5.2a) and (5.2c) gives, for every ω ↑ V p

e ,

E↔
e(↼)[ω] = ≃be(Qω, ω) + 2

”t
(Zω, ω)e + ϖe⇓↼ ≃ ε, ω⇔e.

Hence, by (5.2b), Y (ε) is a stationary point of Ee. By the coercivity of de and
(5.2c), Ee is strictly convex, and hence Y (ε) is its unique minimizer. Therefore

Âe(ε, ε) = 2Ee

(
Y (ε)

)
↗ 2Ee(↼) ↖↼ ↑ V p

e .(6.4)

The upper bound follows directly by choosing as competitor the componentwise
a#ne interpolant of the endpoint values of ε, denoted by ↼ε. This choice makes
the stabilization term in the local energy vanish and makes (6.3) yield Qωω

=
≃Cq(ωx↼ε ≃ i↓

↑↼ε), the discrete counterpart of the constitutive relation (3.4).
This allows us to write the upper bound as

Âe(ε, ε) ↗ 2Ee(↼ε) =
∥∥∥C1/2

q (ωx↼ε ≃ i↓
↑↼ε)

∥∥∥
2

e
+ 4

(”t)2

∥∥∥C1/2
y ↼ε

∥∥∥
2

e
.

The properties of the a#ne interpolant and the bounds on the material coe#cients
yield the upper bound

Âe(ε, ε) ↗ 4cq,maxLG,e(ε, ε) +
(

2cq,max + 4cy,max
(%t)2


MG,e(ε, ε),

where %t ↗ T allows absorption with ↼ := max{4cq,max, 2cq,maxT
2 + 4cy,max}.

For the lower bound, we disregard the non-negative stabilization term in the
representation of Âe, yielding

Âe(ε, ε) ⇑ ae(Q(ε), Q(ε)) + 4
(%t)2 cy,min⇐Y (ε)⇐2

e .(6.5)
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To bound the first term from below, we use the dual representation of a norm in
a Hilbert space: taking any scalar polynomial 0 ↙∞ ↽(x) ↑ Pp[x] and a constant
0 ↙= c ↑ R6, we can write

ae(Q(ε), Q(ε)) ⇑ ae(Q(ε), c↽)2
ae(c↽, c↽)↘1

.

Applying (6.3) yields ae(Q(ε), c ↽) = ≃c · F ε where

F ε := ⇓↽, εε⇔e ≃
ˆ
e

(
↽

↔ I + ↽ i↓
↑

)
Y (ε) dx.

Substituting this yields

ae(Q(ε), Q(ε)) ⇑ cq,min|F ε|2⇐↽⇐↘2
e ,(6.6)

where we bound

|F ε|2 ⇑ 1
2 |⇓↽, εε⇔e|2 ≃


ˆ
e
(↽↔I + ↽i↓

↑)Y (ε) dx


2
.

We choose

↽0 ∞ 1, ↽1(x) := x

he
, ↽2(x) := 1 ≃ x

he
,

compute ⇐↽0⇐2
e = he, and ⇐↽i⇐2

e = he
3 , |↽↔

i
| = h

↘1
e for i ⇑ 1, and apply the Cauchy–

Schwarz inequality, to bound the integral terms

ˆ
e

↽0 i↓
↑Y (ε) dx


2

↗ he⇐Y (ε)⇐2
e ,


ˆ
e
(↽↔

i
I + ↽ii

↓
↑)Y (ε) dx


2

↗ h
↘1
e

(
1 + he

)2⇐Y (ε)⇐2
e ↗ C#h

↘1
e ⇐Y (ε)⇐2

e

for i ⇑ 1, with C# := (1 + diam ”)2; here we used that he ↗ diam ”.
Let c0, c1 = c2 ↑ (0, 1], and consider a convex combination of (6.6) for ↽0, ↽1, ↽2

with weights c0/2, c1/4, c2/4 summing to at most 1. Substituting this into (6.5)
yields

Âe(ε, ε) ⇑ c0cq,min
2 LG,e(ε, ε) + 3c1cq,min

4h2
e

MG,e(ε, ε)

+
( 4

(%t)2 cy,min ≃ c0cq,min
2 ≃ 3C#c1cq,min

2h2
e


⇐Y (ε)⇐2

e .

The choices

c0 := min


1,
4cy,min

cq,min(%t)2


, c1 := min


1,

4cy,minh
2
e

3C#cq,min(%t)2



bound each of the two subtracted terms by 2cy,min(%t)↘2 and hence render the
last bracket non-negative. Using %t ↗ T and h

↘2
e ↬ (%t)↘2, the two remaining

coe#cients are bounded from below by

c0cq,min
2 ⇑ min


cq,min

2 ,
2cy,min

T 2


,

3c1cq,min
4h2

e

↬ min{3cq,min, 4cy,minC
↘1
# }

4(%t)2 .

Summing over all edges e ↑ E yields the desired lower bound of (6.2). ↭
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We are now in a position to extend the classical condition number bounds for
two-level overlapping Schwarz preconditioners [TW05] to the network setting. The
corresponding proof depends on the aforementioned spectral equivalence result, as
well as on two constants: the homogeneity constant ⇀, measuring the variation
of the network density across subdomains, and the constant µ of a Friedrichs–
Poincaré inequality on the network, which quantifies its connectivity. For their
precise definitions, we refer to [GHM24, Ass. 3.5, Lem. 3.6], while the bound on the
condition number, stated below, can be found in [GHM24, Thm. 4.3].

Theorem 6.2 (Condition number bound). Under the assumptions of Theorem 6.1
and [GHM24, Ass. 3.5, Lem. 3.7], the condition number ⇁ of the preconditioned
operator P is bounded by

⇁ ↗ Cd↼φ
↘1

⇀µ
2
,

where Cd only depends on the dimension of the ambient space, and φ, ↼ are the
spectral equivalence constants of Theorem 6.1.

The proof is given in [GHM24, Thm. 4.3] for the static case, in which Â is spec-
trally equivalent to LG alone, and carries over verbatim to the present equivalence
with LG + (%t)↘2MG : the mass term is invariant under the stable decomposition
and is therefore bounded by Â on every subspace, while the coarse interpolation is
estimated as before, so that the constants remain independent of %t.

7. Numerical examples

In this section, we present numerical experiments that support the theoretical
predictions of this paper. The code to reproduce the numerical experiments of this
paper is available at https://github.com/HyperHDG/, and the data describing the
fiber network model of paper used in the second set of numerical experiments can
be found at [HHSM26].

7.1. Optimal-order convergence of the method. The first numerical exam-
ple considers a toy problem to study the convergence properties of the proposed
HDG method for Timoshenko beam networks. Specifically, we consider a network
representing the three-dimensional coordinate cross

(
[≃1, 1] ↓ {0} ↓ {0}

)
∈

(
{0} ↓ [≃1, 1] ↓ {0}

)
∈

(
{0} ↓ {0} ↓ [≃1, 1]

)
,

consisting of six arms of unit length aligned with the directions ±e1, ±e2, ±e3.
Before mesh refinement, the network consists of six edges and seven nodes. Dirichlet
boundary conditions are imposed at the six nodes located at the tips of the cross.
The bounding domain is chosen to be ” = [≃1, 1]3. To construct suitable data
and corresponding solutions, we use the method of manufactured solutions. More
precisely, we consider homogeneous material coe#cients, i.e., Cn = Cm = Cu =
Cr = 1, and choose the force terms as well as the Dirichlet and initial data such
that the problem admits the following displacements and rotations as its solution:

ui(t, x) = Ai sin(ωx̂) cos(ωt + ai), ri(t, x) = Bi sin(ωx̂) cos(ωt + bi),

for components i = 1, 2, 3, where ω = 2π and x̂ = x1 + x2 + x3 coincides on each
arm with the signed axis coordinate, since exactly one coordinate is nonzero there.
The amplitudes and phase shifts are chosen as

A = (1, 2, 3), a = (0.3, 0.8, 1.3), B = (5, 7, 11), b = (0.5, 1.1, 1.7).

https://github.com/HyperHDG/
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Since the profile sin(ωx̂) vanishes at the center vertex, displacements and rotations
are continuous there, cf. (2.2d), and since the arms come in pairs of opposite ori-
entation carrying a solution that is smooth across the center, the internal forces
and moments satisfy the balance conditions (2.2e). The profile also vanishes at
the six tips, so the Dirichlet data is identically zero for all times; in particular,
the compatibility conditions hold to arbitrary order. The distinct per-component
phase shifts ensure that all components of the primal and dual variables, as well as
of their time derivatives, are nonzero, so that all couplings in (2.2), in particular
the cross-product terms, are active in this numerical experiment.

We study the convergence behavior of the primal variables with respect to both
discretization parameters, using uniform refinement of the graph, i.e., repeated
recursive subdivision of the edges, and uniform time steps. Moreover, we repeat the
experiments for di!erent choices of polynomial degree p and stabilization parameter
ϖ ; see Figure 7.1.

The observed convergence behavior agrees with the theoretical predictions of
Theorem 5.6. In time, cf. Figure 7.1A, the Crank–Nicolson scheme converges with
order two, as predicted, while the Gauss collocation methods with two and three
stages attain their classical orders four and six. In space, cf. Figure 7.1C, the pri-
mal variables converge with the predicted rate h

p+1↘|s| = h
p+1 for ϖ ∝ 1 and all

tested polynomial degrees p = 1, 3, 5. When the stabilization is varied at p = 3,
cf. Figure 7.1B, the predicted rate h

p is attained for ϖ ∝ h, whereas for ϖ ∝ h
↘1

the observed rate exceeds the predicted one by at least one order, as discussed in
Remark 4.6. The numerical experiments further indicate that the hybrid variable
converges with order p + 2 in the norm induced by MG . This resembles the super-
convergence of numerical traces established for related HDG methods in [CDG08].

7.2. Verification of the spectral properties of the preconditioner. The pur-
pose of the second numerical experiment is to verify the theoretical properties of
the preconditioner introduced in Section 6, namely the robustness of the precondi-
tioned conjugate gradient method with respect to the subdomain size and to the
time step size, cf. Theorems 6.1 and 6.2. As a realistic test case, we simulate elas-
tic wave propagation in an approximately 8 mm ↓ 8 mm piece of paper, for which
our collaborators at the Fraunhofer-Chalmers Centre (FCC) provided the spatial
network and material parameters.

The spatial network consists of about 1.72M nodes and 3.31M edges. The initial
data is the network at rest, while the right-hand side fn is constant. All outer
boundaries are clamped with trace displacement and rotation set to zero. We use
polynomial degree 3 on all edges for the HDG discretization. The resulting linear
system of equations is solved by the preconditioned conjugate gradient method with
the domain decomposition preconditioner as described in Section 6. The number
of subdomains is varied in the experiments below, and the corresponding local
problems are solved independently and fully in parallel, each using a direct solver.

Two frames of the simulation are shown in Figure 7.2. Figure 7.3A shows the
convergence of the preconditioned conjugate gradient method for varying relative
subdomain diameter H: the iteration counts remain nearly uniform, as predicted
by Theorem 6.2. The mild increase of iterations required to reach the same relative
error in the energy norm is due to a deterioration of the homogeneity constant ⇀

and of the constant µ related to the Friedrichs–Poincaré inequality; see Table 7.1
for estimates computed following [GHM24, Sec. 6.2]. In Figure 7.3B, the iteration
counts are seen to remain robust as the time step is reduced, in accordance with
the %t-independence of the constants in Theorems 6.1 and 6.2. The observed
improvement for smaller time steps is not predicted by these bounds; it reflects the
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Figure 7.1. Maximum L
2-errors for the primal variables in (A)–

(C), and for the hybrid variable ε, measured in the norm induced
by MG , in (D). Panel (A) shows the error with respect to the time
step size %t, varying the number of stages of the Gauss colloca-
tion method. The remaining panels show the error with respect to
the discretization size h (beam length): panel (B) varies the stabi-
lization parameter ϖ ∝ h

s with s = ≃1, 0, 1 (blue, orange, green)
at p = 3, while panels (C) and (D) vary the polynomial degree
p = 1, 3, 5 (blue, orange, green) at ϖ = 1.

increasing dominance of the mass term (%t)↘2MG , which renders the condensed
operator progressively more local.

7.3. Realistic experiment. The purpose of the final experiment is to demonstrate
that the proposed solver scales to industrially relevant problem sizes. We consider a
20 mm↓20 mm fiber network realization comprising about 10.2M nodes and 14.6M
edges, again provided by the FCC. All nodes within 0.4 mm of the four lateral
boundaries are clamped, with trace displacement and rotation set to zero. Starting
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Figure 7.2. Two frames of
a zoomed-in simulation at
times 0 and T/2 are shown,
where T = 2.3 µs is the pe-
riod.

Table 7.1. Esti-
mates of constants
in Theorem 6.2.

H
↘1

⇀ µ

4 1.11 0.63
8 1.25 0.70
16 1.58 0.83
32 2.37 1.24
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Figure 7.3. The relative error in the energy norm with respect
to the iteration number is shown. Figure 7.3A shows results for
varying relative subdomain diameter, for a single time step equal
to half a period T/2 = 1.15 µs, while Figure 7.3B shows varying
time step sizes relative to the period for H = 1/16.

from the network at rest, the sheet is excited by a tap at its center: a transverse
body force, Gaussian in space and time with widths ⇀x = 250 µm and ⇀t = 0.15 µs.

We again use polynomial degree 3 for the HDG discretization, resulting in a trace
system of 6.1 ·107 unknowns with 1.3 ·109 nonzero entries, and the Crank–Nicolson
scheme with time step %t = ⇀t/2 = 75 ns, simulating until T = 6.3 µs, shortly
before the wave front reaches the clamped boundary. The preconditioner uses an
artificial coarse mesh of 16 ↓ 16 cells, inducing 256 subdomains of diameter H △
1.2 mm. The subdomain problems are solved by sparse Cholesky factorizations,
and the coarse problem by a direct solve.

Across all 84 time steps, the preconditioned conjugate gradient method requires
on average 44.0 iterations to reach a relative tolerance of 10↘9; one iteration takes
about 4.2 seconds on 128 MPI ranks of a dual-socket AMD EPYC 7713 system.
The Krylov iterations thus account for 90% of the total runtime of about five
hours, with the preconditioner setup taking 141 seconds and the remaining 21
seconds per time step spent on local reconstruction, error and energy evaluation,
and the in-situ output of the trajectory and per-edge energies (61 GB in total).
Figure 7.4A shows the transverse displacement at the final time: the ellipsoid wave
front has traveled about 9.6 mm from the tap, reflecting the anisotropy of the fiber
orientation. The required memory is around 840 GB, with the direct local solves for
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Figure 7.4. Wave propagation on the large network. Figure 7.4A
shows the network warped by the displacement field (scaled by
4.6 · 104) and colored by the transverse component at the final
time T = 6.3 µs. Figure 7.4B shows the strain, kinetic, hybrid
(stabilization), and total energy over time, as percentages of the
maximum total energy, which is attained at the end of the tap.

the subdomains accounting for over 90%. Figure 7.4B shows the evolution of the
discrete energy (5.3), split into strain, kinetic, and hybrid contributions. The tap
injects energy until about 1 µs; afterwards strain and kinetic energy equilibrate, the
hybrid (stabilization) part remains below 0.2% of the total, and the total energy
is essentially conserved, decaying by about 1.3% over the remaining 5 µs. This
drift does not contradict the exact conservation established in Section 5.2, which
presumes exact solution of the linear system (5.2) at each step: the algebraic error
admitted by the Krylov tolerance of 10↘9, amplified by the conditioning of the
multiscale trace system, perturbs the conservative scheme slightly at every step
and accumulates over the 84 steps.

8. Conclusions and future work

We proposed and analyzed a hybridizable discontinuous Galerkin method for
elastic wave propagation in Timoshenko beam networks, a model for the dynamics
of fiber-based materials such as paper. The resulting semi-discrete system was dis-
cretized in time using a Crank–Nicolson scheme. Exploiting the zero-dimensional
nature of the network junctions, the global system at each time step was condensed
to a system posed only on the network nodes, with a size independent of the poly-
nomial degree. An implicit scheme was chosen because the large disparity of fiber
segment lengths renders the CFL condition of explicit schemes prohibitive.

We carried out a projection-based a priori error analysis, establishing optimal-
order convergence of the semi-discrete scheme and of the fully discrete scheme. The
formulation is energy-conservative, and the Crank–Nicolson discretization preserves
this property exactly. For the typically ill-conditioned condensed systems, we in-
troduced a two-level overlapping additive Schwarz preconditioner on an artificial
coarse mesh, whose analysis is based on a spectral equivalence between the con-
densed HDG operator and weighted graph operators. The numerical experiments
confirmed the optimal convergence orders and the robustness of the preconditioner
with respect to subdomain size and time step size, as well as scalability to indus-
trially relevant problem sizes.
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Several directions are left for future work. On the algorithmic side, we plan
to investigate multilevel variants of the preconditioner based on algebraic coars-
ening strategies and requiring less overlap between subdomains. On the modeling
side, the linearly elastic beam network could be extended to account for nonlinear
phenomena, such as geometric nonlinearities, or nonlinear constitutive laws.
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Appendix A. Well-posedness

Proof of Lemma 3.2. We outline the standard Rothe argument.
Step 1 (Discretization in time). We discretize (3.3) in time by the Crank–

Nicolson scheme of Section 5, applied without discretizing in space and with the
notation introduced there. Since the dual and hybrid variables carry no initial data
of their own, they are placed at the staggered points as (qk+ 1

2 , εk+ 1
2 )k, while (yk)k

sits at the grid points tk = k%t; the scheme is initialized from y0, y1 and (3.4).
Step 2 (Solvability). Each time step is uniquely solvable by the condensa-

tion argument of Lemma 5.2: the equations decouple into edge-local problems,
which are the static problem of [HMR25, Lem. 3.2] perturbed by the coercive term
(%t)↘2

c(·, ·), and the condensed nodal problem is symmetric positive definite.
Step 3 (Energy identity). The discrete energy

Ek+ 1
2 := 1

2 a(qk+ 1
2 , qk+ 1

2 ) + 1
2 c(Dk+ 1

2
t

y, D
k+ 1

2
t

y)

obeys the analogue of the identity of Lemma 5.4, driven only by the source term
and the Dirichlet data.

Step 4 (Nodal trace estimate). Though not controlled by Ek+ 1
2 at any fixed time,

the nodal traces of the dual variable satisfy

%t

∑

k

⇐qk⇐2
E ↫ (1 + T )Emax + ⇐f⇐2

L2(0,T ;L2(!)), Emax := max
k

Ek+ 1
2 ,

the time-discrete counterpart of the hidden-regularity estimates for hyperbolic prob-
lems; we follow the multiplier argument of [LLT86, Thm. 2.1], see also [Lio88,
MMM88], with an edgewise a#ne multiplier.

Step 5 (Energy bound). Summing the identity of Step 3 and bounding the source
term by a Riemann sum and the Dirichlet term by the Cauchy–Schwarz inequality
and Step 4, Young’s inequality bounds Emax by the data, uniformly in %t.
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Step 6 (Passage to the limit). By linearity, the di!erence quotients satisfy the
same scheme with di!erenced data, so that Steps 3 to 5 bound them uniformly
in %t; the momentum and constitutive equations bound the remaining norms of
the dual and hybrid variable. A standard weak-▽ compactness argument for the
interpolants yields a limit solving (3.3) with the asserted regularity and initial
values; uniqueness follows as in Lemma 5.2, since vanishing data force the energy
of Step 3, and hence the solution, to vanish. ↭
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gence of a discontinuous Galerkin multiscale method. SIAM J. Numer.
Anal., 51(6):3351–3372, 2013.

[FHKP24] P. Freese, M. Hauck, T. Keil, and D. Peterseim. A super-localized
generalized finite element method. Numer. Math., 156:205–235, 2024.

[FKMR19] M. S. Fabien, M. G. Knepley, R. T. Mills, and B. M. Rivière. Manycore
parallel computing for a hybridizable discontinuous Galerkin nested
multigrid method. SIAM J. Sci. Comput., 41(2):C73–C96, 2019.
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[HMR25] M. Hauck, A. Målqvist, and A. Rupp. Arbitrary order approximations
at constant cost for Timoshenko beam network models. ESAIM Math.
Model. Numer. Anal. (M2AN), 59(6):3107–3130, 2025.

[HP13] P. Henning and D. Peterseim. Oversampling for the multiscale finite
element method. Multiscale Model. Simul., 11(4):1149–1175, 2013.

[HP23] M. Hauck and D. Peterseim. Super-localization of elliptic multiscale
problems. Math. Comp., 92(341):981–1003, 2023.
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