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SOLVING HIGHLY UNDERDETERMINED INVERSE PROBLEMS BY
AN INEXACT PENALTY METHOD AND LEARNED DISTANCES
WITH AN APPLICATION TO SEISMIC IMAGING

DAVID HAMMERLING' ® AND ANDREAS RIEDER

ABSTRACT. Inverse problems are often solved by minimizing problem-specific distance
functionals. In many applications, such as full waveform inversion (FWI), the leading
technology in seismic imaging, standard functionals are non-convex and thus hard to op-
timize. Consequently, many convex replacements have been proposed, including learned
distance functionals. However, even if one can find a minimizer of such a functional, it is
likely not unique, particularly when the inverse problem is underdetermined, as is often
the case in practical settings. To overcome this challenge, we propose and theoretically
backup an inexact penalty method, that is computationally realizable and finds a solu-
tion to the inverse problem with physically preferred properties, that are described by
a given regularization term. To validate this method, we apply it to FWI in the acous-
tic regime using the Marmousi model, a proven geophysical benchmark problem. We
observe a significant enhancement in the reconstruction quality compared to standard
methods.

1. INTRODUCTION

We consider a general inverse problem formulated as a nonlinear equation

(1) F(r) =y,

which is described by some operator F': D(F) C X — Y acting between Hilbert spaces
X and Y and a data vector y € Y. Our declared goal is to find a parameter vector
x € D(F), which fulfills (1), at least approximately. One way to address this type of
problem is to rewrite the strict equality in (1) as an optimization problem

2 in d

(2) i dy (),

with some objective functional d,: X — [0,00), that works as an abstract distance
functional to quantify the distance between the predicted data F'(x) and the measured
data y. An essential property of such a distance d, is that it only attains its minimal
value in a solution of (1), i.e.

dy(z) =0 <= F(x)=uy.
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2 D. HAMMERLING AND A. RIEDER
A common but generally poor choice is the standard least-squares functional
1 2
Jy(2) = 5 [|F(z) —yl”

In many areas of application this functional is known for being notoriously difficult to
minimize without knowledge of an unreasonably well-chosen initial guess. One of these
applications is full waveform inversion (FWI) in seismic imaging. The inverse problem
in FWI is to gain information about the earth’s subsurface by reconstructing a material
multi-parameter x, containing, for instance, wave velocity or mass density. The desired
subsurface information is encoded in seismogram data y measured on the earth’s exterior
and linked to the parameters by the used wave propagation model, such as the acoustic
wave equation, resulting in the nonlinear forward modeling operator F'.

This combination of the measurement process and the wave equation constructs a
nonlinearity F' for which the associated least-squares functional J, is highly non-convex.
As a result considerable effort has been devoted to replacing this non-convex objective
Jy, by a problem-tailored convex distance measure d,. Alternatives for reconstructing
better-suited distance functionals include:

e optimal transport based distances [11, 12, 16, 32, 33, 306, 45],
e cross-correlation based traveltime misfits [30, 4],
e machine-learning based distances [9, 20, 41, 12, 16].

The most recent and promising of these approaches are neural network based distances.
A common technique among the cited sources is training a neural network ®: Y — Z
that acts as a simplifier such that the new least squares functional

() = 5 |9(F () — 2 ()]

becomes convex.

However, even if we are given a convex objective functional d,, and we are able to solve
problem (2) with some optimization algorithm, two main issues remain, inherited by the
operator F"

e Equation (1) is typically ill-posed, which makes the inversion process unstable
when confronted with perturbed data 1%, since small variations in the measure-
ments can lead to huge errors in the reconstruction.

e In general we cannot expect F' to be injective. Or at least in a numerical realiza-
tion the inversion process can become almost singular, which results in (1) being
underdetermined, i.e., not uniquely solvable.

The first issue can be addressed by standard regularization techniques such as an appro-
priate early-stopping-criterion for an iterative method.

The second issue can be avoided by replacing the unconstrained optimization prob-
lem (2) with a constraint problem that includes a uniformly convex regularization term
R: X — [0,00) that encapsulates physical a-priori knowledge about the desired solu-
tion. The uniform convexity of R should ’injectify’ the problem, i.e., render it uniquely
solvable. A common strategy for such a constraint optimization problem is

min R(z), Fr=u, Mu=y,

T,u
in case the forward operator F' = MF consists of a (PDE) model operator F and a
measurement operator M. Such tasks can, for example, be solved by reinterpreting them
as a Tikhonov methods in an all-at-once setting [2, 38, 10], or by an alternating direction
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method of multipliers (ADMM), which works reasonably well for FWI [1, 2, 15], although
it lacks a theoretical justification. Introducing the second optimization parameter u can
alter theoretical restrictions on the forward operator F', but it also requires significantly
more computational effort. In the case of FWI, u corresponds to one wave field over the
full space-time domain, which often requires excessive computer memory.

To avoid this complication we rely on the following reduced optimization problem,
which only requires a one-dimensional constraint:
3 min R(z), d,(z)=0.
®) min R, d()
Under reasonable assumptions on R and d,, that will be thoroughly discussed in the next
section, we will verify that (3) admits a unique solution (Proposition 2.3). Our method of
choice to find this unique solution is the penalty method. Here the idea is to iteratively
approximate (3) by the unconstrained optimization problem,
4 min f,(z) = R(x) + v,d,(x),
(@ min fu(e) = R(2) + vdy @)
for progressively increasing parameters v, > 0. This is essentially equivalent to a non-
stationary iterated Tikhonov method, where one solves
5 in T,(r)=d wR(x),
(5) min T,(0) = dyf0) + @, R(o)
for parameters «,, > 0. This method has been thoroughly studied for linear inverse
problem [0, 17, 21, 22] as well as nonlinear problems [23, 34, 35, 47]. Despite the rigorous
and well-developed Banach space theory established in these sources, a few major caveats
regarding its computational side remain: The theory only considers norm-based distance
functionals of the form

4y(x) =~ (@)~

for which strong restrictions on the nonlinearity F' are required, such as the tangential
cone condition (TCC) (see [13, (3.1) & (3.2)] or [25]). Moreover, it does not cover the
newly emerged distance functionals addressed above. To the best of our knowledge, it
is always assumed that at the n-th iteration step the optimization problem (5) is solved
exactly, i.e., each iterate is defined as

x, = argmin T),(x),
z€D(F)

which is generally not realizable, since an explicit expression for this minimizer does not
exist. Lastly, the numerical examples of nonlinear inverse problems presented in the
above-cited literature are highly academic; they were fabricated with no connection to
real-world applications.

For these reasons we introduce an early-stopped inexact penalty method as a replace-
ment for the nonlinear iterated Tikhonov method which allows the following generaliza-
tions:

e We avoid the theoretical restriction of the TCC by replacing it with a local con-
vexity assumption on d,, a property that is more natural for a generalized distance
functional. This assumption can be demonstrated using constructed examples of
ill-posed problems, as shown in Appendix A or [19, Section 5.
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e We consider the penalty functional f, instead of the Tikhonov functional T,
which allows us to relax the exact solvability of (4) at the n-th optimization step
to finding an approximation x,, € D(F') close to a stationary point, that means
we only have to realize

IV ful@n)|l < éen,

for some tolerance level ¢, > 0. The idea for this relaxation and the associ-
ated theoretical results are inspired by inexact penalty decomposition methods as
presented in [20, 29].

In this paper we explore theoretical and computational aspects of the penalty scheme
(4). In particular,

e We conduct a full convergence analysis in Section 2 for inverse problems in Hilbert
spaces, given exact and noisy data. In case of noisy data the optimization method
becomes a regularization method by incorporating the discrepancy principle as
stopping rule.

e We discuss the numerical realization of the optimization step in Section 3 and we
prove global convergence of the penalty method under arguably weak assumptions
on the objective functional d,.

e Finally, in Section 4, we test our method on a well-established benchmark model
for full waveform inversion and numerically validate its clear improvement upon
standard methods when combined with the learned distance functionals from [20].

2. AN EARLY STOPPED INEXACT PENALTY METHOD

There is a huge variety of methods well suited to solve constrained optimization prob-
lems such as (3). In our case we choose the penalty method. Here we iteratively calculate
solutions x,, to the optimization problem

min f(x) = R(x) + vad, (x),

zeX
for an increasing sequence of penalty parameters v, — oo. Since this optimization
problem can in general not be solved exactly and not on the full space, we loosen the
problem to finding an z,, € U,, for some subset U,, C X such that ||V f,(x,)| < e, for
some tolerance &, > 0.

Since we are mainly interested in finding a solution of an ill-posed problem we addi-
tionally employ the discrepancy principle as a stopping criterion, which in the context
of a generalized distance functional d, means that for a given noise level 6 > 0 and a
proportionality constant 7 > 0 we choose the first N(0) € N as a stopping index for
which the corresponding () of the penalty method fulfills dy(xn()) < 706, i.e.,

dy(zne) <76, and  dy(z,) > 76, forne{0,...,N(5)—1}.

This regularizing solution approach for (3) results in total in Algorithm 1.

We will provide a convergence and regularization analysis of the penalty method under
certain hypotheses on R and d, which we collect in the following assumption and which
we discuss in Remark 2.2.

Assumption 2.1. For the reqularization term R: X — [0,00) we require:
(R1) R is continuously (Fréchet)-differentiable.
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Algorithm 1 Penalty method

Inpl'It: R7 dy: X = [07 OO), To € X7 7_76 2 07 <€n)n€Na<vn)n€N € (Oa OO)N7 (un)nGN €
)"
n:=20
while d,(z,) > 76 do
n—+ 4+
fn(x) = R(z) 4+ v, dy ()
Choose z,, € U, such that ||V f,(z,)| < e,
end while
N(0) =n
Output: zys)

(R2) R is u-strongly convex, i.e. there is an p > 0, such that for all z,z € X we have
R(z) > R(z) + (VR(z), z — ) + pu ||z — z|°.

(R3) The gradient VR: X — X is Lipschitz-continuous and hence bounded on bounded
sets.

For a given y € Y, the objective functional d,: X — [0,00) fulfills:

(D1) d, is continuously (Fréchet)-differentiable.
(D2) There is a non-empty, closed and convezr set U(y) C D(F') such that d, is convex

onU(y), i.e., for all x,z € U(y) we have
4,(2) 2 dy(2) + (Vdy(2), = — 2).
Further, d;*(0) C int(U(y)) if d,'(0) # 0 and, otherwise,

() # argmin d,(z) C int(U(y)).
z€U(y)

(D3) For all x € X,
dy(z) =0 <= F(z)=y.
(D4) There is a continuously (Fréchet)-differentiable functional d: Y x X — [0, 00) such

that d(y,x) = dy(x) for all v € X and y € Y. Further, there is a well-defined
functional n:' Y — [0,00) such that

10,d(F(x), 2)ly .z < n(F(x)), for all x € X.
As announced above, we now motivate and discuss the made hypotheses.

Remark 2.2. The assumptions (R1)-(R3) on the reqularization term are quite standard.
They are, for example, satisfied by any potentiated and translated Hilbert space norm

R(z) = |lz — 2|,

with p > 2 and a reference element T [5, Example 10.16]. In our analysis we will heavily
rely on the strong convexity (R2) which can be gquaranteed for more general R in a finite-
dimensional setting after an appropriate discretization. Indeed all LP-norms are strictly
convez and thus also strongly convex on non-empty, bounded and closed convex subsets |5,
Corollary 10.18]. Also, combining any convex function such as the total variation (TV)
with a strongly convex reqularization term always yields a strongly convex functional. So,
from a practical point of view, (R2) is less restrictive than it seems at first glance. In our
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numerical experiments we combine a smooth approrimation of the TV -seminorm with the
p-th power of an LP-norm, see (13), which is convex on the bounded domain D(F) in the
given example.

Requirements (D1), (D3), and (D4) on the distance functional are taken from [20,
Assumption 2.1 (i), (iii), and (v)], where they are also motivated in Remark 2.2. They

are met by the learned, neural-net-based distances proposed in [20, Section 3].
On the other hand, (D2) is non-trivial and requires additional justification. It is a
relazation of Assumption 2.1(ii) from [20] adapted to the highly underdetermined situation

we consider in this work, where we take into account that d;l(O) s not obliged to be
single-valued. Further, it is also a natural property of alternative distance functionals,
like those mentioned the introduction, since the whole idea behind replacing the standard
least-squares functional is to expand the area of convezity U(y) to include the set of exact
solutions d;l(O) or, in case it is empty, to include the set of minimizers.

Conditions similar to (D2) have for instance been discussed in [19] where the authors
also give (academic) examples of nonlinear operators F for which the resulting least-
squares functionals J, are locally convex. Moreover, they discuss the relation of the con-
vezity of J, to the tangential cone condition (TCC), a structural restriction on F, and
gave an example [19, Example 4.1] of an F for which the TCC does not hold, yet J, is
globally convez.

Whether the TCC of F implies local convexity of J, and thus local convexity is a
weaker assumption than the TCC or whether these concepts are fundamentally different
remains an open problem to date, see [19, Section 4| and the references therein for further
discussion.

Lastly to even further support Assumption 2.1, we give an academic ezample in Appen-
diz A of a non-injective operator F' for which d, := J, satisfies (D1)-(D4). This ezample
is heavily inspired by [19, Example 5.1].

The first result we can validate under above assumptions is the unique solvability of
(3).

Proposition 2.3 (Unique solvability). If d;l(()) C X is non-empty under Assump-
tion 2.1, then the optimization task (3) has a unique solution x+ € d*(0).
Proof. Since R is continuous (R1) and convex (R2), it is also lower semicontinuous [7,
Corollary 3.9]. Further, from (R2) we also find that
R(x) > R(0) + (VR(0),z = 0) + p |l = O|f* = — [VR(O)|| || + p [|x[|* — oo,
as ||z]| — oo,
which means that R is coercive. Next we know that the pre-image d,; 1(0) is closed since

{0} C R is closed and d, is continuous by (D1). From (D2) we further conclude that

d;'(0) is convex and thus by [7, Corollary 3.23] there exists a minimizer % € X, which

is unique due to R being strongly convex. U

To ensure that the iterates (z,)neny from Algorithm 1 are actually computable and
converge to T we impose a structural property on our sequence of subsets (U, )nen,
which we will call U-compatibility.

Definition 2.4 (U-compatibility). Let R: X — [0,00) and d,: X — [0,00) fulfill As-
sumption 2.1. Let (v,)nen be a sequence of positive numbers such that

Up — 00, N — 00.
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Then, we call a sequence (Uy)nen of closed and convex subsets of X U-compatible to R,
d, and (v,)nen provided the following three properties hold true:

(U1) For every n € N the penalty functional f,(x) = R(z) + vydy(z) is p,-strongly
convex on U,, i.e. there is a constant p, > 0 such that
Fa(2) > fulx) + (Vfu(@), 2 — @) + o |z — 2> Vo, 2 €U,
(U2) We have for every n € N: U(y) C U,.
(U3) There exists a K € N such that U, =U(y) for alln > K.
We highlight this definition with a few comments.

Remark 2.5.

(a) By Assumption 2.1(D2) there always exists a U-compatible sequence (Uy)nen for
any arbitrary sequence (vy)nen, namely the constant setting U, = U(y). However,
this choice is generally too restrictive. Therefore, in Algorithm 1, we allow a
relaxation with which the functional f, can be strongly convex on bigger subsets
for finitely many optimization steps.

(b) Note that for every U-compatible sequence by (U3) we have , > p for n > K or
equivalently

liminf u,, > p.
n—oo
This uniform boundedness of the moduli will be essential for the subsequent proofs.

In the following we distinguish between a sequence (x,,),en generated by Algorithm 1
and its output zy(s5). By a sequence generated by Algorithm 1 we denote any sequence

(n)nen satisfying
IV fulzn)ll < &n,

for a given input configuration (R, d, zo, 7, 6, (€4 )nen, (Un)nen, (Un)nen). The output z s
is defined by the first element of the sequence (z,,),en, for which the stopping criterion

dy(fL’N((;)) S 7’5

is fulfilled.
Having introduced the necessary terminology, we are in a position to verify the well-
definedness of Algorithm 1, i.e. the computability of the sequence (z,)nen.

Proposition 2.6 (Well-definedness). Let Assumption 2.1 hold and let the sequence (vy,)nen
be chosen such that

Up — 00, N — 00.

Further let (Uy)nen be U-compatible to R, d,, and (v,)nen. Then, there is an index M € N
such that for any n > M there ezists a x, € U,, with ||V f,(x,)|| < e for any given e, > 0.

Proof. By construction f,, is coercive, since
fo(z) = R(z) + vpdy(z) > R(x) > 00 as ||z|| = oo.

Further, by (U1), f,, is convex and continuous on U, and thus also lower semi-continuous
[7, Corollary 3.9]. In view of |7, Corollary 3.23] there exists a minimizer z} € U, of f,,
which is unique due to the uniform convexity. We now show that this minimizer z; lies
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in the interior of (U,) for n large enough: To this end let ™ € int(U(y)) be the unique
solution of

min R(z) for z € argmin d,(z),
zeU(y)

which coincides with the unique solution of (3) from Proposition 2.3 if d;'(0) # @ and
otherwise also exists and is unique according to (D2). Next, since U, is closed and convex
the minimizer x fulfills the variational inequality

(Vfu(ar),z—ay) >0 forall x € U,.

Combining this inequality with the uniform convexity of f,,, we can deduce for the unique
solution ™t € U(y) C U, (see (U2) and (U3)) of (3):

wp — 2t || < fula®) = fulal) — (Vfalah), ot — o)

< R(a*) — R(x}) + va(dy(a™) — dy ().
Rearranging the terms and taking the limit yields
o — 2|+ R(xl) + valdy(2) — dy(a*)) < R(a") < oo,

n —

fin |

lim sup g, ‘
n—oo

from which we immediately draw three consequences:

e The sequence (z7),en is bounded,
e limsup R(z}) < R(z™),

n—oo

e lim dy(z}) =d,(z")

, since v, — 00.

The boundedness yields the existence of a weak limit 7 — z. Since for convex sets
closedness in the strong and in the weak topology are equivalent [7, Theorem 3.7], we
derive from (U2) and (U3):

Felly)=)U.
neN
For this limit we conclude, based on the three properties of (2} ),en from above,
dy(T) = dy(T) — dy () + dy(27,) = v, " (fu(@) = falay,) + R(z}) — R(T)) + dy(x},)
< v, ((Vfal®), T = a7,) + R(z) — R(T)) + dy(x},)
VR(z),Z —z}) + R(x}) — R(T)

Un

— (Vdy(@),F — 2t + | dy(ah) > dy (o).

n

Hence, by (D2),

T € argmin d,(z) C int(U(y)) C int(U,,)
z€U(y)
and R(z") < R(x) by definition of x*. This inequality implies the strong convergence of
xk to T
lim sup e[l — 7 < limsup [R(z3) — R(F) — (VR(), 7, — 7)] < R(*) — R() <0.
n—o0 n—oo

Thus, z} € int(U,,) for n large enough. Next, since x} is an inner point we have z +
tV fu(xk) € U, for t > 0 small enough. With this knowledge the function ¢(t) =
fo(zt +tV fu(z})) attains its minimum in zero, which gives us

0=¢'(0) = IV fula})II"
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This finally yields the existence of a stationary point in U, for n large enough and con-
cludes the proof. O

Without loss of generality we identify (vy,)nen With (v, a7 )nen as well as (U, )peny with
(Un 11 )nen for M from Proposition 2.6 in the remainder of this work. Thus, we have a
well-defined Algorithm 1 that produces a sequence (z,,)nen. This sequence converges in
the case of noise-free data.

Theorem 2.7 (Noise-free convergence). Under Assumption 2.1 let y € Y such that
~1 _
d,'(0) # 0. Further, let 6 =0,

en— 0 and v, >0 as n— oo.

Additionally, assume (Up)nen to be a U-compatible sequence for R, d, and (vy)nen. Then,
the sequence (x,)nen generated by Algorithm 1 converges to the unique solution x+ € X

of (3)-
Proof. First, we assume for the limes superior of (R(x,,))nen the lower bound
(6) limsup R(x,) > R(z™).

n—o0

Now let (z,, )ren be a subsequence such that

lim R(x,,) = limsup R(x,).
k—o0

n—o0

We identify (@, )ken = (Tn)nen. Then, ||z, —2T|| > 0 and R(z,) > R(z™) for n large
enough. Using z* € U(y) C U, we, in combination with the uniform convexity of f,,
obtain

Hn ||In - ‘T+||2 S fn(l‘—’—) - fn(xn) - <an(l'n),l'+ - {L'n>
< R@") = Rlw,) — vudy () + |V ()| — 2
R

Dividing by ||x, — x|, recalling Remark 2.5(b), and taking the limit yields

lim Ha:n — x*H =0
n—oo
and, by continuity, R(z,) — R(z"), which contradicts (6).

Thus,
limsup R(z,) < R(z"),
n—oo

which implies that (R(x,))nen is bounded. Now, let * be the global minimizer of R,
which exists due to the uniform convexity (R2) and fulfills VR(z*) = 0, then we also get

plla, — 2*|]* < R(x,) — R(z") — (VR(2"),x, — 2*) < sup R(z,) — R(2") < o0,
neN
which immediately yields that also (z,)nen is bounded.

Next, the limit v, — oo and the boundedness of (||[VR(z,,)]|)nen (see (R3) in Assump-
tion 2.1) yield

194, ) = IR g,y < VR T g4
VRGN IVRE] 5

Un, Un, Unp, Un,
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So, Vd,(z,) — 0. With the convexity of d, on U,, = U(y) for n large enough and the
boundedness of (x,),eny We further get

dy(xn) < dy(x+) - (de(:rn),x+ —zn) < Hde(xn)H Hxn - x+H — 0.

Since (x,,)nen is bounded, there exists a weakly convergent subsequence (2, )reny With
weak limit € U(y) (see proof of Proposition 2.6). Again we set (2, )ken = (Zn)nen and
we estimate with the convexity of d, for n large enough

d,(z) < dy(z,) — (Vd,(T),z, — T) — 0.
Thus, d,(Z) = 0. Since z is the minimizer of (3) we have R(Z) > R(z™") and, combined
with the uniform convexity of R, we obtain

0 < limsup g ||z, — Z||* < limsup [R(z,) — R(F) — (VR(Z), z, — T)] < R(z*) — R(F) < 0.

n—oo n—oo
This inclusion simultaneously yields that (x,,),en converges strongly to = and that R(Z) <
R(x*), which gives us ¥ = 2t by uniqueness.
We have basically shown that any limit point of (x,,),eny must be . Hence, the whole
sequence (I, )nen converges to z7. O

Remark 2.8. The convergence in Theorem 2.7 only applies to the sequence (p)nen
generated by Algorithm 1. Note that the algorithm could terminate prematurely with an
iterate v such that dy(xx) = 0 but v # x+. We could avoid this nuisance by modifying
the stopping criterion to

while d,(z,) > 0 or ¢, > 0 do
Since we are primarily interested in the reqularization property of Algorithm 1, we re-
frained from doing so.

Having established the convergence in the case of noise-free data, we proceed by showing
convergence for noisy data. That is, we show that the output :E?V( 5) for noisy data v° is

well-defined and converges to the solution 2™ of (3) for § — 0:

Theorem 2.9 (Convergence under noise). Let y € Y be such that (3) has a unique
solution v+ € X and, for every 6 > 0, we are given noisy data y° €Y with

[y =yl <4

Let Assumption 2.1 hold for R, d,, and d,s for every d > 0. Choose T > n(y) (see
(D4))7 a’nd l6t (5n)n€N7 (Un)neN € (0, OO)N satisfy

en— 0 and v, >0 as n— o0,

as well as v, 1 — v, <V for some V > 0. We define
e == min{e,, 8}, forall§ > 0.

n

Let (Un)nen and (US)nen be U-compatible sequences to R, d, and (v,)nen and to R,
dys and (vn)nen, respectively. Moreover, let K = K(6) € N from (U3) for (U)nen be
uniformly bounded by some K € N:

K(0) < K for 6 > 0 sufficiently small,

and assume the compatibility condition
U =U, for § > 0 sufficiently small.
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Choose xy € D(F) such that d,(xo) > 0.

Then, a call of Algorithm 1 with input (R,ds, o, T,0, (en)neN, (Un)nen, (L{,‘i)neN) ter-

minates with SC?V((S) after finitely many steps N(6) € N for all 6 > 0 sufficiently small.
Moreover,

a:‘]sv((;) -zt as §—0.

Proof. In the subsequent analysis we denote by (29),cn a sequence generated with Algo-
rithm 1 for the input configuration (R, d,s, zo, T, 9, (5n)n€N7 (Un)nens (Z/{;f)neN)
We start with

dy(z7) = d(y’, %) — d(y,z%) — 0,d(y, = 1)[y° — y] + 0,d(y, z1)[y* — y] < o(6) + n(y)s,

where we used (D4) of Assumption 2.1.
By the choice of 7 we thus get d,s(z%) < 70 for ¢ small enough. For such d’s, we
assume Algorithm 1 not to terminate: d,s(z%) > 76 for all n € N. Hence, ||a:fl — .r+|| > 0.
The compatibility condition yields, for ¢ sufficiently small,

et eU(y) cU, =U,

and we may estimate, relying on the u-strong convexity of f¢ = R + Updys On U, as
follows

i Jad — ot || < ) — fAaS) — (Vi) 2t — x;i>
< R(z) = R(2)) + va(dys (x7) — dys (22)) + ||V 2 (20) ] || 29, — 2]
<(VR(z"), 2" —20) — 1 ||:1:n — x+|| +e, H[En — :E+H
< (|VR@)| +ea) |2 — 2| = a |25 — 2™

Rearranging the terms, dividing by 24’ Hxn — x*H and taking the limit with the knowl-
edge

liminf 2 > p,
n—oo

for sufficiently small ¢ yields

VR
limsupHa:fL—a:JrH < | (z )”,
n—00 Q,U
i.e., (2%)nen is bounded. From this boundedness and the convergence ||V fo(x2 H — 0

we conclude, as in the proof of Theorem 2.7, that Vd,s(z%) — 0 as n — oco. Slnce for
sufficiently large n € N and small § > 0, the objective d,s is convex on U(y°) = M,‘i =
U, = U(y) we obtain

dys (20) < dys(27) — (Vdys(2d), 27 — 2%) — dys(27) < 74,

contradicting the above assumed non-termination of Algorithm 1. Hence, ds(z%) < 76
for n sufficiently large. This implies that xf\,( 5) 18 well-defined for ¢ small enough, since
the while-loop terminates after finitely many steps, if it actually starts.

To guarantee the latter we prove that d,s(zg) > 70 for all § > 0 sufficiently small.
Since d,(z) > 0 there exist v, d; > 0 such that

v+ 76 < dy(z) forall 6 €[0,0].
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Next, with the continuity from (D4) in Assumption 2.1 we find a 2 > 0 such that
|dy(z0) — dys(z0)| < for all § € [0,65).
In total, for § < min {dy, o},
dys (z0) = dys(w0) — dy(z0) + dy(x0) > — |dy(m0) — dys (x0)| +y+ 76 > T0.

Thus, the while-loop starts for ¢ sufficiently small an terminates with a well-defined
x‘]sv(é) € D(F) and N(6) > 0.
Now to validate the convergence of x?v( 5) We distinguish two cases:

Case 1: N(0) — oo as § — 0. This allows us to choose a function m: (0,00) — N with
m(d) — ocoasd — 0and m(d) < N(0). By definition of N(6) we have ds (xfn((s)) > 76 and

additionally, for ¢ sufficiently small, we can make m(¢) large enough to ensure an( 5 = M
as well as 2t € Z/lr‘;(é). Then,

K ||Ifn(5) - $+H2 < f(S ( +) fm(a)( ) <Vf (5)($fn(5))737+ - x%(é))
R(z") — R(x), )+ V(o) (dys (&) = dys (,5))) + Emes) [|2ms) — 27|
||VR($+>H ot 2m@) [200) = 2| = sy — 2
+ Um(s) (0(8) +n(y)d — 76)
< (VR + o) [[#e) = || = b ey — 27|
This estimate implies as before boundedness of the set M = {xfn( 5 0 > 0 sufficiently small}.
With the same argument as in the beginning of Theorem 2.7 we first get

lim sup R(xg@((g)) < R(z™),
6—0

then

||Vd5 H —0 as 0—0,

Um(s)
and finally for 6 — 0:
d 5(xfn(5)) S dyé (er) — <de5 (xfn((;)), er — xfn((;)> — O

Y

The boundedness of M guarantees the existence of a weak accumulation point = € U (y)
with corresponding sequence 9, — 0. With xif:((sn), T € U(y’) for n large enough we
conclude

(7) dysn (B) < dypn (@5 )) = (Vdyou (), 2005 — T)
= d ( (5n ) - <de6n (5> - de<5>7 l‘i:((sn) — :f) — <de(ff), x%(én) _ :f>

and, by the the continuity due to (D4),

<de6n (5) - vdy<%>’ Iir?:((sn) - f) - amd(y6n7 f) [l’f; 5n) 5’1 - afcd(y’ N)[ f'7;(5 ) ﬂ

< [[0rdly® 7) = 0udly )| |[7305,) — 7| = 0.
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Taking the limit in (7) we find d,(z) = 0. As in the Theorem 2.7 we also have

2
< lim sup [R(:Efg(én)) — R(7) ~ (VR(@), 2% | — §>]

n—o0

< R(z") - R(Z) <0,

O<hrnsup,uH —f

n—oo

which yields R(Z) < R(z™") as well as the strong convergence xfj;( 5,y — & =" This also

implies 7 = z* for any accumulation point T of M, since the previous arguments apply
to any accumulation point as well. Therefore,

2o >t as 0 0.
For the next step we specifically choose m(9) := N(d)—1 and ¢ small enough to guarantee
xm((s),xN € U(y?). We have
H Hmm(é) - l’N(a)H2 < fgz(a) (CU?V(J)) - fgz(é) (xfnw)) - (Vfgl(a) (5’521(5))733%(5) - x%(a))
< R(2'%(s)) — R(3,5))
+ Un(s) (dys (x}sv(a)) —dys (9521(5))) + Em(s) fon(é) - x?v(a)H
as well as
1|08y — TN0s) H < fN 1 (#0,05)) = Ry @nesy) — (Vo) (@X@)s Tons) — Thes))
R(z m((s) R(‘TN(é)
) (dys — dys (2%5))) +en [|Tme — T ||

Summing up both inequalities and using v, 11 — v, < V we obtain

+’UN

201 [|785) = 2o | < (0n6) = vmi) (d (i) = dyp (@5)) + (Ex) + Eme)) [[ T = T |

< V{Vdys (Tm(s)), Tous) — Th()) + (En) +Em) || Ths) — 2|
<V Hde“ Lm(5) || +ENE) + Ems)) fon(é) - $§V(6)H :

Dividing by Hmfn(é) — x‘;\,(é) H and taking the limit yield

In total we have shown
Hx?\f(é) - 5"’+H < Hf’??\/(a) - xfn(&)” + ||£L‘il(5) - 37+|| —0 as d—0,

which is the claimed regularization property of Algorithm 1. B
Case 2: Now we assume N () — M € N. This is synonymous to N(0) = M for § < ¢
for some § > 0, since we are dealing with a sequence of natural numbers. For such a
§ < 4 sufficiently small we once more estimate with 2+ € Uy, = U3, for § > 0 sufficiently
small:
2
® g || — 2|7 < R(at) — R(2h,) + onr (dys (2F) — dys (23,)) + 9 |2 — 27|
< (IR + ondela) + €3) o =

which yields the boundedness of {x Yoo > O}. Rearranging the terms in (8), then taking
the limit, where we consider the continuity of d in (D4) and the definition of &,, yields

(9)  limsup R(z9;) < liminf [R(z*) + (vmdys(x™) +€5) |29 — 2T]|] = R(z™).
5—0 6—0
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Furthermore, dya(x(;\/[) < 76 — 0. The proof now proceeds by taking again a weak

accumulation point Z of {z9,: § > 0} assuming 23, — Z as § — 0. We conclude from
the boundedness of x4, and (D4) that

@) = far(aly) < (V@) 7 — 2f,)
= (V@) = Viu(@),7 = 2y) + (Viu(@), T = 2%)
< |V @) = V@) |7 = 2| + (Vfu (@), T — 23) — 0
implying

limsup f3,(Z) — fa () < 0.
6—0

Combining this bound with the uniform convexity of f3,, we obtain
112 ~ ~
0 < punr |2 = Z|° < @) = farlahs) = (Vu(ady), T —ahy)
< £2,(@) — £2,(25,) + €5 ||%— :c?wH —0 asd —0,
which is the strong convergence x$, — 7. Next we observe
7) = li 0 < —0.
dy(7) (151_I>I(1) dys(z9,) < llgl_I)T(l)T(; 0
In view of (9) and with the continuity of R we get
R(Z) = lim R(z9,) < R(2™).
6—0

Connecting the last two results to the uniqueness of 2™, gives T = x+ and thus

§ _ .0 ~ _ .t
.TN((;)—I'M—>.'L'—I' s

for every accumulation point x. O
We conclude the section with a remark on the assumptions of Theorem 2.9.

Remark 2.10. Assuming the existence of U-compatible subsets (US),en for every suffi-
ciently small noise level 6 > 0 is not a restriction on the degree of ill-posedness of the
problem, as it seems at first glance, but rather a restriction on the structure of the forward
operator F'. A justifying example would be the least-squares functional x > % | Az — yH2
for any linear operator A, which is globally convex and thus the existence of such subsets
1s trivial. In Section 3 we will present a general procedure for constructing such subsets
and in Appendiz A we will provide explicit examples. For more examples of nonlinear
problems for which such subsets exist, see [19, Section 5].

Note that the requirement d,(xzo) > 0 can be omitted if we change the while-loop in
Algorithm 1 to a repeat-until-loop.

3. NUMERICAL REALIZATION

We now turn our attention to the numerical realization of Algorithm 1. To this end
we assume that the forward operator F', the regularization term R, and the distance
functional d, are appropriately discretized. In particular, we consider X and Y to be
finite-dimensional Hilbert spaces..

The success of the proposed penalty method is solely determined by the realization of
the optimization step

Choose z,, € U,, such that ||V f,(z,)| < e,
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from Algorithm 1. Here we have to approximate a stationary point of the current penalty
objective f,,. The most natural way to compute a stationary point in finite dimensions
is to use an iterative optimization method like gradient descent, nonlinear cg, Newton’s
method, or BFGS. In the subsequent analysis we will mainly focus on Quasi-Newton
methods such as BFGS or L-BFGS. Fortunately, there is an abundance of convergence
results for these methods in finite-dimensional spaces (see standard literature on opti-
mization methods like [14, 27]). Therefore we will not go into detail on the convergence
analysis here. However, we must discuss how to guarantee the assumptions necessary for
the convergence of a standard optimization method to a minimizer of the strongly convex
functional f,.

Most of these iterative methods operate with descent directions. A common assumption

that ensures convergence to a minimizer of f,, is that the level set of the initial guess
2% € X, defined as

Lo(zy) ={z e X: fu(z) < fulz))},

is closed and convex (see [27, Theorem 4.1.9] for BEGS or [14, Satz 12.10] for L-BFGS).
In the context of our penalty method, we define U, as the smallest closed and convex
superset of U, == L,,(x%) UU(y), which is the closure of the convex hull:

Uy = cony Uy = {Xa+ (1= Nz | 2,2 €U, A€ 0,1]

Now, we can guarantee both convergence for the outer penalty iteration as well as for the
inner optimization method, as long as f,, is strongly convex on the whole of U,,.

Translating this observation into the setting of Section 2 means that, for a fixed se-
quence of penalty parameters (v,),en, we have to generate a sequence of initial guesses
(2%),en, for which the corresponding sequence (U, ) ey of optimization neighborhoods is
U-compatible. The simplest way to construct such a sequence of initial guesses using
an optimization algorithm is through the iterative procedure, which we describe in the
following.

For the time being we assume that we are at an iteration step n € N at which f, is
strongly convex on U, with some 22 € X. We denote by (2¥),cn the sequence generated
by a suitable optimization method, which fulfills

k *
T, =~ x,, as k— oo,

with x* being the unique minimizer of f, over U,. Since the optimizing sequence (z%)cy
only has to be generated until the gradient norm falls below the given tolerance threshold
€n, we define the output of the inner iteration 2% with the first index K,, for which we
have

Han(mff")H < g,

We use this inner output x%» as initial guess for the optimization method applied to the
next penalty functional, i.e.,
x?L—l—l = anna
and 2! = zy, for some well chosen xy € X.

The implicitly generated sequence of convex hulls U,, = conv(L,,(z%) UU(y)) automat-
ically satisfies assumption (U2). The other two requirements, (Ul) and (U3), do not
follow immediately and require further analysis.
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In order to achieve (U3) we need U,, = U(y) for n large enough and thus £, (z2) C U(y)
for v, large enough. This non-trivial yet natural property arises from certain additional
structural conditions on d,, combined with a technical estimate on R and (v, )nen.

Lemma 3.1. Let d'(0) # 0, Assumption 2.1 hold and x* be the unique solution of (3).
Further, assume the following properties of the objective functional:

e d, is globally weakly convez, that is,
dy(2) > dy(x) + (Vdy(x), 2 — x) — B, |lx — 2||*, for all z,z € X,

for some constant 3, > 0.
e d, is bounded from below on X \U(y), i.e.

= inf d > 0.
Yy me)l(riu(y) y(7)

If R and v, are chosen such that v,f, < ju (see (R2) for ) and

(10) R(=™) < Yy,

Un

then f, is globally uniformly convex on X. Moreover, for every penalty parameter v,,1 =
v+ V with V > 0 and initial guess x° we can find an e, > 0 small enough such that:

Ly () = Lopa(zf) CUY).

Proof. By the assumptions on d, and p the penalized objective f,, is globally p,-strongly
convex with p, = (¢ —v,5,). We define z}, to be the global minimizer of f,, and with

* . K
pn'_'HInn'_

dy(ek7) = 07 (Faleh™) = fula®) + R(a*) — R(zk))
<0t (fulae) = fule >+R<x+ ffn)
< o7t (T fal@h), 2l — a1 = o [[2f” )
o RE") +enpl un(p;i)2

Next, we find, for any z € L, 1 (xEm),
dy(m) = ;-il—l (fn+1($) Jns1(z ") + fn+1( ") — R(-T))
n+1 ( +1($n
_ %H (fo(af
vty (fa
This inequality regroups to

(1 _ ) 4y () < oy (fulen) + Vey (250) — fu(a2)

Un+1

Vv - ) i
= v 1dy($nKn) + ,Unil <<an<m§")’$nf(n B xn) — Hn ||$7Iz(n — Ty )
nt
\% n * n *)2
< L (o) 4 P M (pn)”

Y
Un+1 Un+1
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Using the identity (1 - ”—") = VY we obtain
Un+1 Un41
gnp:z - /*Ln(p:;y
%4
R(z) +enps, — pn(p})? ) 1 (05
Up, %4

R(x™ 1

)

1 * *\ 2
o o + V) (enpy — tinlpy)?)-

d,(2) < d,(25") +

n

<

Since ¢, can be chosen arbitrarily small and p} — 0 for ¢, — 0, the second term can be
made small enough to ensure with (10) d,(x) < v, and thus z € U(y). O

In the situation of Lemma 3.1, the sequence (U, ),en defined by
U =X, U,=Uy), foralln>2,

is U-compatible to R, d, and any sequence (v,,)neny With v < p/8,. Furthermore, it can
be generated with any standard optimization scheme as inner iteration for an arbitrary
initial guess xg € X provided £; > 0 is small enough. In this context, Algorithm 1 is
even globally convergent.

Remark 3.2. Lemma 3.1 is of limited practical use as condition (10) is hard to verify
in a concrete setting. Rather, it demonstrates that R and d, can, in principle, satisfy
a compatibility condition, enabling global convergence: If we choose v, = CLﬁy for some

C > 1, then we can rewrite the inequality (10) to
CByR(z™)

Yo

which we can interpret as follows. If

o R(x) is small enough, i.e., the global optimizer of R and xt are close enough,

® 1 1s large enough, i.e., R is "uniformly convex enough’,

e (3, is small enough, i.e., d, is ‘convex enough’,

® 7, 1s large enough, i.e., dy is ‘coercive enough’,
then we have global convergence for the penalty method, given a well chosen tolerance se-
quence (e,)nen. For an example of an inverse problem that makes estimate (10) realizable,
we refer to Appendix A.

Now for our implementation we chose the L-BFGS method as our optimizer to generate
the inner iteration and as described above we start the n-th call of this method with the
last penalty iterate x,_; as initial guess.

Further to realize the limit behavior €, — 0 and v, — oo of the parameter sequences,
we distinguish two cases: In the noise-free case 6 = 0, we want the convergence to be as
fast as possible, i.e., exponential. Therefore we choose g9, v9 > 0 and « € (0,1), 5 € (1,00)
to define

En = agg, v, = [ vg.
In the case of noisy data with 6 > 0 we are obliged to the requirements of Theorem 2.9.

Therefore we choose linear convergence for v° in n as well as for €% in 4:
5.

e ==min{e,,d}, v° = nwy.

This guarantees v,41 — v, = vy = V.
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Algorithm 2 L-BFGS-Penalty method
Input: R, dyI X — [0, OO), Zo c X7 NPenalty; NL—BFGS; €0, Vo, &, B7 T, 5 Z 0
n:=>0
while d,(z,) > 76 and n < Npeparty do
gn_;’_l = OéEn

if 6 =0 then
Unt1 = By,
else

Up+1 = Up + Vo
Ens1 = min{e, 1,0}
end if
n+ +
Fal@) = R(x) + vady ()
Ty = L_BFGS(fna Tn—1,En, NL—BFGS)
end while
N(§)=n
Output: zy

For practical reasons we limit the maximum numbers of iterations by Npenaicy and
Ni-gres for the penalty method and for each call of the L-BFGS method, respectively.
The resulting numerical implementation is summarized in Algorithm 2.

4. FULL WAVEFORM INVERSION

We apply our penalty method to full waveform inversion (FWTI) in the acoustic regime.
FWI entails the reconstruction of the pressure wave speed in the earth’s underground
from reflected wave fields. The operator involved in this nonlinear inverse problem is

F: X =Y,
defined as the concatenation F = MF of the following two components:
e The state-to-solution map
F:DF)CX =), v u,
defined between the spaces X = L>*(2,R) and Y = L?([0, T], L*(Q2)), which maps
a pressure wave velocity
veDWF) = {w € L R) : vpin < w0 < Vpax a.e.}

to the weak solution u: [0, 7] — L*(Q) of the acoustic wave equation,
1
(11) —0fu—Au=f, u(0)=0, du(0) =0.
v

Here, 0 < Vpin < Vmax are physically meaningful constants and f: [0, 7] — L?(£2)
is the source term. Under sufficient regularity assumptions on f and homoge-
neous Dirichlet boundary conditions the operator F is well-defined and Fréchet-
differentiable [25].

e The measurement operator

M:Y—=Y, wuw—s,
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FIGURE 1. Test model (left) with generated reflection seismograms (right).

maps a wave field u € ) to the observed collection of seismograms s € Y =
RNt>*Ns which is v sampled at Ng receiver locations and Np points in time.
In this finite-dimensional measurement setting we define the norm on Y as the
Frobenius-norm for matrices.

In our example we choose the spatial domain as the rectangle © = [0,4000] x [0, 2000]
and the terminal time is T = 4.0.

For our discrete parameter space X we use piecewise constant functions in a certain
region of interest Qror located inside of the full domain:

Qror = [0,4000] x [200, 2000] C €.

The piecewise constant discretization is taken with respect to a uniform grid defined by
the spatial discretization levels N1, Ny € N and thus X = RY>*2 and D(F) = D(F)NX.
In the sequel we identify a piecewise constant velocity v: Qror — [Vmin, Vmax] With its
piecewise constant values x € X and thus interpret it as a pixel image. To turn X into a
Hilbert space, we equip it with the Frobenius-norm and its corresponding inner product.
In the following, ||-|| always refers to the Frobenius-norm for matrices or the Euclidean
norm for column vectors on the respective finite-dimensional spaces.

This specific choice of Q2gor is motivated as follows: We assume that the excited wave
signal travels through a known homogeneous medium at first (e.g. water) in the region
0\ Qror and then hits a heterogeneous medium located inside Qgror which is represented
by the wave speed v|q,,, that we have to reconstruct.

Since this modeling means that all of the information about the unknown medium
is carried by the reflections of the emitted wave, we cut off the initial wave traveling
through the homogeneous medium = € X, which is the constant velocity z = 1500, and
thus define our forward operator F': X — Y by

F(z) = F(z) — F(z), forallze X.

The chosen example 2t € X for our numerical experiments is a cut off and rescaled
version of the Marmousi model [31], which is a widely used benchmark in geophysics. It
is shown in Figure 1 together with its corresponding reflection seismograms y = F'(z™").
The displayed seismograms as well as all other examples were calculated with the
utilities provided by the software package Deepwave [39]. For the source term f we used
10 identical Ricker wavelets with a central frequency of 10 Hz, as implemented in [39],
that are excited at 10 equidistant locations at the top of the spatial domain 2. The
reflected signal is measured at Ng = 200 receiver locations also on the top of the domain
at a total of Ny = 800 temporal sampling points. For the order of the spatial finite
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difference method (the used wave solver in [39]) we chose 8 and for the discretization
levels N; = 401 and N, = 181.

For further implementation details we refer to our GIT repository'. The code to pro-
duce the following examples heavily relies on utilities provided by the PyTorch library
[37]. Furthermore we used the L-BFGS method provided by the software package [13].
All of the following experiments were conducted on an NVIDIA RTX A4000.

4.1. Objective functional and regularization term. In our following tests we will
compare two choices for the objective functional. The first one is the standard L*-
objective

Ty(w) = 5 I1F@) — ol

which is known for its notoriously poor convexity properties and an abundance of local
minima.

For our second objective we will choose one that reduces the amount of local minima
and enlarges the locally convex neighborhood U(y) of the solution, see Assumption 2.1.
We favor a learned distance functional as proposed in [20], where every component of
F is concatenated with a neural network ®: R¥" — R™7. This network simplifies the
nonlinearity and non-convexity caused by the oscillating nature of waves such that the
resulting least-squares functional

4(0) = 5 S IB(F ) - ()

becomes convex. The success of this approach is solely determined by the training of the
network ®, which has been conducted in a supervised manner in [20]. The intended goal
is to achieve

[ (yi(- — ) — () ||* = *

for a given time-shifted version y;(- — ¢) of a measured seismogram y;. This approach
arguably worked well in the original work for the simple inclusion model with transmission
data, but it fails for the subsequent experiments without further adjustments. Since our
data stem from multiple scattered reflections in a highly heterogeneous medium, we train
the network to fulfill

@™ yi(- = 1) — ()| =~ 12

The rationale behind introducing the scaling parameter e~ is to dampen reflections that
occur later in time, since these are generally smaller in magnitude, see Figure 1. This is
an appropriate extension of the method from [20] to reflection data.

We train the network as in [20] with the use of synthetically generated training triplets

(yir e " i (- — te), ti)m

for a given set of time shifts {¢z: k= 1,..., K} by minimizing the L!-loss

1@) = 1o 3D flte it — 1) — o)~ 2.

=1 k=1

1https ://gitlab.kit.edu/david.haemmerling/inexact-penalty-method
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FIGURE 2. Results for the standard L-BFGS method applied to the L2-
and learned L?-misfit with respect to a shared colorbar on top.

For further details on the network architecture, its theoretical properties (inectivity and
Lipschitz continuity) as well as the training process we refer to [20, Section 3.1.1].

Before we introduce a useful regularization term, we must clarify the following: Regard-
less of the chosen objective, this example of an inverse problem is underdetermined?. We
experimentally justify this claim by optimizing both the L?-objective J, and the learned
objective d, for the exact data from Figure 1 with the L-BFGS method. We denote the
initial guess by o which is a blurred version of true model ™ using a Gaussian filter.
Moreover, we call the output of the L-BFGS method 2% for J, and x5 for d,. The
initial guess as well as the reconstructions are displayed® in Figure 2.

For quantitative comparisons of the reconstructions obtained in our experiments, we
compute the relative error with respect to the initial guess as our quality metric, which

’In [10, Section 4] it was shown that the discrete forward operator Fis locally injective, given a
feasible spatial discretization and an appropriate source term f. However, it is unclear whether the same
result holds for the given finite difference discretization or source term. We also do not know if our initial
guess is actually in the local injectivity neighborhood. Therefore, we cannot say whether the observed
”underdetermination” is due to the theoretical properties of F' or to numerical aspects.

3Note that for all plots in this section we clipped the values of the reconstructed models to the range
of values of the true model to ensure better visibility. For more details and unclipped plots we refer to
our GIT repository.
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|z — 27

err(x) = m

The reconstructions in Figure 2 have the relatively large errors

err(252F%) ~ 1.10  and  err(zg * %) ~ 0.95.

Here is an explanation: The L?-reconstruction is one of the many local minima of J,,
at which L-BFGS got stuck due to the non-convexity of J,. The learned reconstruction
fulfills d,(z5®%) ~ 0 but is still far from 2% indicating that this inverse problem is
underdetermlned In fact, F(2§®%) matches the seismograms y well with respect to d,,
but is not the intended true solution.

Therefore, a decent reconstruction requires a regularization term, that favors desired
physical properties of the ground truth. We build a regularization term based on a smooth
approximation of the total variation semi-norm

N1 1 N1 N2 1
\/xlﬂu Tij)? 6 \/xwﬂ zi5)* + 0

(N1 — 1)N2 Nl(N2 — 1) '

with 6 = 1078, which is a convex functional?. The uniformly convex regularization term
RP is now defined by

(13) RY(z) = TVg(x) + cllz — ol ,

where x; is the initial guess from above and
N1 No

161%: = &3 N SNl for all € € RN,

i=1 j=1

The latter norm is strongly convex for p > 1 on D(F) as D(F') is non-empty closed,
convex, bounded and finite- dimensional [0, Corollary 10.18]. In the following examples
we work below with R = Ry, that is, with p = 1.1 and ¢ = 0.01. This regularization
term promotes reconstructions being sparse with jump discontinuities along curves. Both
properties are shared by the Marmousi model.

4.2. Exact data. First, we test Algorithm 2 with the introduced objective functionals

and the regularization for exact data, that is, § = 0. The reconstructions 5"*"* and
275 for d, and J,, respectively, can be inspected in Figure 3. The parameters used

are listed in Table 1.
It is visually apparent that the reconstruction for the learned distance is superior to
that for the standard distance. This observation is confirmed by the relative errors

err(7,5"Y) ~ 1.07 vs. err(zg™™) ~ 0.57.

The penalty iteration with respect to the learned functional d, terminated because the
maximal number of 20 outer iterations has been reached. Increasing this number does
not reduce the error value much. In fact, the minimal value of 0.5699 is reached after 28
iterations, see the plot of the error history of the first 50 iterations at the above mentioned
GIT repository.

4This can be shown by proving that the Hessian of the two dimensional functional fy: R? —
R, (z,9)" = /(z — y)? + 0 is positive semidefinite at any (z,y)" € R2.
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FIGURE 3. Reconstructions obtained with Algorithm 2 for exact data.

Description Symbol | Value

Max. number of outer iterations | Npenaiey | 20
Max. number of inner iterations | Ni_gres | 1000
Initial tolerance €0 1074

Initial penalty parameter Vo 10°
Tolerance decay rate o 0.95

Penalty growth rate 15} 1.2
Proportionality constant T None

Noise level 0 0

TABLE 1. Input configuration for Algorithm 2 with exact data.

The penalty method with the L2-objective stagnates after 2 outer iterations, which
can be explained by it getting stuck in a local minimum of the now non-convex objective
functional f, = R + v,J,.

4.3. Noisy data. To numerically justify the applicability of Algorithm 2 to ill-posed
problems, we test it for perturbed data y° € Y. This perturbed data vector was again
generated with [39] but in order to mitigate the committed inverse crime, we changed
the spatial and temporal discretizations by reducing the spatial finite difference order
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Description Symbol | Value
Max. number of outer iterations | Npena1ty 9
Max. number of inner iterations | Ni_gres 5000
Initial tolerance €0 107°
Initial penalty parameter (2 104
Tolerance decay rate @ 0.95
Penalty growth rate I5; None
Proportionality constant T 1076
Rel. noise level o ~ 0.094

TABLE 2. Input configuration for Algorithm 2 with perturbed data.

to 4 and using 2000 temporal points for the seismograms, which afterwards have been
interpolated to Ny = 800 values. Further, we added 1% relative noise to the generated
seismograms, which resulted in a total relative error of roughly 9.4%, i.e.,

ly — ||
lyll

The reconstruction 37?\7(5) obtained for y° can be seen in Figure 4 (bottom right) with
parameters from Table 2.

We emphasize that, with the parameter configuration from Table 2, the discrepancy
principle is never triggered; that is, all iterates satisfy d,(z,) > 7. Nevertheless, N(0) is
well-defined as the stopping index formulated in Algorithm 2. Due to the lack of practical
selection rules for the parameter 7, we determined N(§) by the maximum number of
iterations Npena1ty since lowering 7 and raising Npena1ty are effectively equivalent.

~ 0.094.

Comparison with standard Tikhonov reqularization. One might argue that increasing the
penalty parameter iteratively does not add much value to the reconstruction process as
one might just optimize the penalized functional with the last penalty parameter vy s)
instead. However, solving the optimization task
(14) min  R(x) + vy (s)dys (x)

T€UN(5)
requires a well chosen initial guess. For instance, the Gaussian blur z is not a sufficiently
good initial guess to solve (14) with vy = ve. Figure 4 (bottom left) displays the
reconstruction 5?\/( 5+ Obtained by minimizing (14) using the L-BFGS scheme. Comparing
qualitatively both reconstructions of Figure 4 yields

err(xjs\,((g)) ~0.67 and err(T4 )) ~ 0.90.

Thus, we firmly summarize the following facts about our proposed penalty method:

e The regularization term increases the likelihood of finding physically meaningful
reconstructions (Figures 2 and 3).

e Successively updating the penalty parameters v, and the initial guesses ¥ enlarges
the convergence area compared to standalone minimization (14) at the highest
penalty level vy ) (Figure 4).
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FIGURE 4. Reconstructions obtained for the Tikhonov method (bottom
left) and penalty method (bottom right) in the case of noisy data.

e The use of a non-standard objective functional such as machine-learning based
ones with improved convexity properties is highly preferable over standard L2-
objectives (Figure 3).

5. CONCLUSION AND OUTLOOK

Under reasonably well-founded assumptions we established the inexact penalty method
as an efficient regularization scheme for highly underdetermined ill-posed problems. The
key was the successive, adequate minimization of a weighted sum of locally convex dis-
tance functions and well-chosen regularizing terms. Furthermore, we discussed its nu-
merical realizability and even proved global convergence under achievable conditions on
the distance functional (Lemma 3.1). Finally, we validated the method with a learned
distance functional from [20] on a variation of the Marmousi benchmark model from seis-
mic imaging. We observed significant improvements in the quality of the reconstructions
compared to standard regularization schemes.

Potential next research topics include:

e Extending the convergence analysis of Section 2 to a Banach space setting follow-
ing ideas from [23] for the nonstationary iterated Tikhonov method.

e Generalizing aspects of the numerical realizability from Section 3 to different
methods for the inner optimization such as FISTA, for which convergence in gen-
eral Hilbert spaces has been proven [3].
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e Using different distance functionals in the context of FWI or combining learned
functionals with knowledge-based functionals to accelerate the convergence speed
or improve the reconstruction quality. Also employing retraining strategies during
the reconstruction process as in [11, 12] could be beneficial and requires experi-
mental investigation.

e Applying the method to other (possibly underdetermined) inverse problems. One
feasible example would be electrical impedance tomography, for which convex-
ity has recently been observed for the standard least-squares distance in special
geometries [3].

APPENDIX A. AN ACADEMIC EXAMPLE

To justify Assumption 2.1 as well as the assumptions from Lemma 3.1, we explicitly
give an example of an objective functional d, and a regularization term R that satisfy
these assumptions for an inverse problem described by a non-injective operator F'. This
example is similar to Example 5.1 in [19] and the following results are inspired by this
reference but adapted to the context of underdetermined problems.

We consider a nonlinear diagonal operator F': 2 — ¢? which is defined component-wise
by

arctan(x,), n < M,
F(z),=—-10, n > M and n even, for x € (%
n
T, n > M and n odd,
for some fixed M € N. This operator not only makes the associated inverse problem

ill-posed due to its underdetermined nature, but it also makes the problem ill-posed in

the classical sense of local ill-posedness [18]: For any p > 0 and = € ¢* the sequence
(2™)pen in €2 defined by

Ty =T+ 552n+1’k, for all n, k € N,
fulfills 2™ € B,(x) C ¢* for all n € N and we have
F(z) # F(2") —» F(x), but 2" /4 x.

This makes F(z) =y for y € % a fitting example of an inherently ill-posed problem with
a severely non-injective forward operator.
We will need first and second order Fréchet-derivatives of F:

h ﬁ? n S M7
F'(x)[h], = Wn 0, n> M and n even, for z, h € (*
1, n > M and n odd,
~ hn’};n ﬂ’ < M) _
F"(z)[h, h], = )@y = for z,h, h € 02
n 0, n> M,

With these derivatives we derive local convexity result for the standard least-squares
misfit functional

Jy(@) =3 IF(@) —
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on the infinite dimensional cylinder

U= {xGKQ: |z Sg, fornSM}.
The following proposition is similar to Proposition 5.1 in |

].

Then J,s is convex on U for every
5 = 92
y° € 0% with

Proposition A.1. Let 27 € U with y = F(z™T)

Proof. Since J,;s is twice continuously differentiable, it is sufficient to show that the Hes-
sian operator is positive semidefinite for any = € U, i.e.,

IF'(2)[h]||” + (F(z) —y°, F"(z)[h,h]) > 0, forallz €U, he (>
To show this, we split the left hand side of the inequality into two terms:
IF' @) [R° + (F(2) =y, F"(x)[h, h]) = (Hl”’(%)[h]ll2 +(F(z) =y, F"()[h, h]>>
+(y —y’, F"(x)[h, h).
For the first term we estimate
1F"(@)[R][|” + (F(x) =y, F" () [h, h])

EEav (arctan(,) — arctan(z;)) (%)}

(22 + 1) [1 — 2z, arctan(z,,) — 2, arctan(z
T
n=1 n

)
zinzh—i)g[po.g—?ﬁ.l}

8 2

where we used the fact that 2¢arctan(t) < 0.3 and arctan(t) < 0.5 for [t| < T. For the
second term we find

=o' P (@) h) =3

Combining the two estimates yields the claimed convexity since § < %.

O
From Proposition A.1 we can conclude not only that J, fulfills Assumption 2.1, but
also that we can choose U(y) = U(y°) = U for 2+ € int(U) and § sufficiently small, which
was one of the requirements in Theorem 2.9.
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Next, we show the weak convexity and boundedness assumed in Lemma 3.1 to yield
the practical construction of a U-compatible sequence (U, ),en for suitably chosen R and

(Un)nen-

Proposition A.2. Let v € U with |v}| < & forn < M and y = F(a™). Then, J, is

Iyl

5 and we have

weakly convex with 8, <

M
1 2
(15) _OZ:: for all xz € =\ U.

Proof. Since J, is continuously differentiable with a Lipschitz-continuous gradient, it is
also weakly convex and to determine 3, we have to determine the Lipschitz constant of
VJ, [1, Proposition 2.4]. To this end, let =,z € X. Then,

IV Jy(2) = VI ()| = [ F'(2)*[F(x) = y] = F'(2)"[F(2) = o]l
< |F'(2) F(x) = F'(2)" F(2) ]| + |(F(x)" = F'(z)")yll

We now estimate both terms separately. Note that F”(z) is self-adjoint for every z € £2
and thus we find for the first term the bound

|F/(2)"F(z) — F'(z <Z (arctan Tn) arctan(%)) n Z l(% .

2 2
2 +1 z2+1 Ny

Since the function R > ¢ — arctan(t)/(¢*> +1) is Lipschitz-continuous with constant 1, we
find

|F' () F(x) = F'(z)"F(2)|| < [|lz = 2]

For the second term we estimate

M
F'(x)* < — 2,) 12
I = el < 3 (7 - )i Y e

n= M+1

As the function R > ¢ + 1/(#> + 1) is Lipschitz continuous with constant 3/3/8 we

conclude
[ 3V3
IV, (z) = VJ,(2)|| < 1Jr—llyll |z — =,

and, according to [/, Proposition 2.4],

VIH22 Il T
) < 5 <Y
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To verify (15), let z € 2\ U: |z,| > & for n < M. Then, by the strict monotonicity of
the arctangent,

| V

141 2
3 E — (arctan(z,) — arctan(z;)))
n
n=1

% (arctan(7/8) — arctan(r/64))”

[\

tvﬁs

1

3
I

1
20m2°

M-

i
L

Fix M = 100. Then, from (15),

1
Yy = nz S0z > 0.08.
Furthermore, let z* € U with ||z%] < 0.26 and |x+| < 7/64 for n < M. Choosing

= = > ;
R(z) = ||z|? /2 for which p = 1/2, we get, with v 2ﬁy T that

R(z™) 2 2
— < V1t |yl < v1.26-0.26* < 0.08 < v,

where we used |ly|| = ||[F(z")]] < ||[z*]]. Thus, (10) holds for this specific choice of
parameters.

REFERENCES

[1] H. S. AGHAMIRY, A. GHOLAMI, AND S. OPERTO, Implementing bound constraints and total-
variation reqularization in extended full-waveform inversion with the alternating direction method
of multiplier: application to large contrast media, Geophysical Journal International, 218 (2019),
pp. 855-872, https://doi.org/10.1093/gji/ggz189.

[2] H. S. AgHAMIRY, A. GHOLAMI, AND S. OPERTO, Improving full-waveform inversion by wavefield
reconstruction with the alternating direction method of multipliers, Geophysics, 84 (2019), pp. R139-
R162, https://doi.org/10.1190/ge02018-0093.1.

[3] G. S. ALBERTI, R. PETIT, C. POON, AND I. WALDSPURGER, On the nonconvezity issue in the
radial Calderdn problem, SIAM Journal on Imaging Sciences, 19 (2026), pp. 1300-1324, https:
//doi.org/10.1137/25M1781528.

[4] F. ATENAS, C. SAGASTIZABAL, P. J. S. SILvA, AND M. SoLODOV, A unified analysis of descent
sequences in weakly conver optimization, including convergence rates for bundle methods, STAM
Journal on Optimization, 33 (2023), pp. 89-115, https://doi.org/10.1137/21M1465445.

[5] H. H. BAUSCHKE AND P. L. COMBETTES, Conver Analysis and Monotone Operator Theory in
Hilbert Spaces, CMS Books in Mathematics, Springer, Cham, 2 ed., 2017, https://doi.org/10.
1007/978-3-319-48311-5.

[6] D. BiancHI, G. LAI, AND W. L1, Uniformly convex neural networks and non-stationary iterated
network Tikhonov (iNETT) method, Inverse Problems, 39 (2023), p. 055002, https://doi.org/10.
1088/1361-6420/acc2b6.

[7] H. BrEzIS, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Universitext,
Springer, New York, 2011, https://doi.org/10.1007/978-0-387-70914~7.

[8] A. CHAMBOLLE AND C. DOSSAL, On the convergence of the iterates of the “fast iterative shrink-
age/thresholding algorithm”, Journal of Optimization Theory and Applications, 166 (2015), pp. 968—
982, https://doi.org/10.1007/s10957-015-0746-4.


https://doi.org/10.1093/gji/ggz189
https://doi.org/10.1190/geo2018-0093.1
https://doi.org/10.1137/25M1781528
https://doi.org/10.1137/25M1781528
https://doi.org/10.1137/21M1465445
https://doi.org/10.1007/978-3-319-48311-5
https://doi.org/10.1007/978-3-319-48311-5
https://doi.org/10.1088/1361-6420/acc2b6
https://doi.org/10.1088/1361-6420/acc2b6
https://doi.org/10.1007/978-0-387-70914-7
https://doi.org/10.1007/s10957-015-0746-4

30
[9]

[10]

[11]
[12]
[13]

[14]

[15]

[16]

[18]

[19]

[26]

[27]

[28]

D. HAMMERLING AND A. RIEDER

W. DiNnG, K. REN, AND L. ZHANG, Coupling deep learning with full waveform inversion, 2026,
https://arxiv.org/abs/2203.01799.

M. ELLER, R. GRIESMAIER, AND A. RIEDER, Tangential cone condition for the full waveform for-
ward operator in the viscoelastic regime: The nonlocal case, STAM Journal on Applied Mathematics,
84 (2024), pp. 412-432, https://doi.org/10.1137/23M1551845.

B. EncqQuisT, B. D. FROESE, AND Y. YANG, Optimal transport for seismic full waveform inversion,
2016, https://arxiv.org/abs/1602.01540

B. ENGQUIST AND Y. YANG, Optimal transport based seismic inversion: beyond cycle skipping,
Comm. Pure Appl. Math., 75 (2022), pp. 2201-2244, https://doi.org/10.1002/cpa.21990

R. FEINMAN, Pytorch-minimize: a library for numerical optimization with autograd, 2021, https:
//github.com/rfeinman/pytorch-minimize.

C. GEIGER AND C. KaNzow, Numerische Verfahren zur Lésung unrestringierter Optimierungs-
aufgaben, Springer-Lehrbuch, Springer-Verlag, Berlin, Heidelberg, 1999, https://doi.org/10.
1007/978-3-642-58582-1.

A. Gaorami, H. S. AGHAMIRY, AND S. OPERTO, FExtended-space full-waveform inversion in the
time domain with the augmented Lagrangian method, Geophysics, 87 (2021), https://doi.org/10.
1190/ge02021-0186.1.

A. GORrszczyYK, R. BROSSIER, AND L. METIVIER, Graph-space optimal transport concept for time-
domain full-waveform inversion of ocean-bottom seismometer data: Nankai trough velocity struc-
ture reconstructed from a 1D model, Journal of Geophysical Research: Solid Earth, 126 (2021),
p. €2020JB021504, https://doi.org/10.1029/2020JB021504.

M. HANKE AND C. W. GROETSCH, Nonstationary iterated Tikhonov regularization, Journal
of Optimization Theory and Applications, 98 (1998), pp. 37-53, https://doi.org/10.1023/A:
1022680629327.

B. HOFMANN AND O. SCHERZER, Local ill-posedness and source conditions of operator equa-
tions in Hilbert spaces, Inverse Problems, 14 (1998), pp. 1189-1206, https://doi.org/10.1088/
0266-5611/14/5/007.

S. HUBMER AND R. RAMLAU, Nesterov’s accelerated gradient method for nonlinear ill-posed prob-
lems with a locally conver residual functional, Inverse Problems, 34 (2018), p. 095003, https:
//doi.org/10.1088/1361-6420/aacebe

D. HAMMERLING, L. PIERONEK, AND A. RIEDER, Learned distance functionals and the Landweber
method for inverse problems with an application to full waveform inversion, Inverse Problems, 42
(2026), p. 085007, http://doi.org/10.1088/1361-6420/2ae9004.

Q. Jin AND X. Lu, A fast nonstationary iterative method with convex penalty for inverse problems
in Hilbert spaces, Inverse Problems, 30 (2014), p. 045012, https://doi.org/10.1088/0266-5611/
30/4/045012

Q. JIN AND L. StALS, Nonstationary iterated Tikhonov regularization for ill-posed problems in
Banach spaces, Inverse Problems, 28 (2012), p. 104011, https://doi.org/10.1088/0266-5611/
28/10/104011.

Q. JIN AND M. ZHONG, Nonstationary iterated Tikhonov regularization in Banach spaces with
uniformly convex penalty terms, Numerische Mathematik, 127 (2014), pp. 485-513, https://doi.
org/10.1007/s00211-013-0594-9.

B. KALTENBACHER, Regularization based on all-at-once formulations for inverse problems, STAM
Journal on Numerical Analysis, 54 (2016), pp. 2594-2618, https://doi.org/10.1137/16M1060984.
B. KALTENBACHER, A. NEUBAUER, AND O. SCHERZER, lterative Regularization Methods for Non-
linear Ill-Posed Problems, vol. 6 of Radon Series on Computational and Applied Mathematics, De
Gruyter, Berlin, New York, 2008, https://doi.org/10.1515/9783110208276

C. Kanzow AND M. LApucct, Inezact penalty decomposition methods for optimization problems
with geometric constraints, Computational Optimization and Applications, 85 (2023), pp. 937-971,
https://doi.org/10.1007/s10589-023-00475-2.

C. T. KELLEY, [lterative Methods for Optimization, Society for Industrial and Applied Mathematics,
1999, https://epubs.siam.org/doi/abs/10.1137/1.9781611970920.

A. KIRSCH AND A. RIEDER, On the linearization of operators related to the full waveform inversion
in seismology, Math. Methods Appl. Sci., 37 (2014), pp. 2995-3007, http://dx.doi.org/10.1002/
mma . 3037.


https://arxiv.org/abs/2203.01799
https://doi.org/10.1137/23M1551845
https://arxiv.org/abs/1602.01540
https://doi.org/10.1002/cpa.21990
https://github.com/rfeinman/pytorch-minimize
https://github.com/rfeinman/pytorch-minimize
https://doi.org/10.1007/978-3-642-58582-1
https://doi.org/10.1007/978-3-642-58582-1
https://doi.org/10.1190/geo2021-0186.1
https://doi.org/10.1190/geo2021-0186.1
https://doi.org/10.1029/2020JB021504
https://doi.org/10.1023/A:1022680629327
https://doi.org/10.1023/A:1022680629327
https://doi.org/10.1088/0266-5611/14/5/007
https://doi.org/10.1088/0266-5611/14/5/007
https://doi.org/10.1088/1361-6420/aacebe
https://doi.org/10.1088/1361-6420/aacebe
http://doi.org/10.1088/1361-6420/ae9004
https://doi.org/10.1088/0266-5611/30/4/045012
https://doi.org/10.1088/0266-5611/30/4/045012
https://doi.org/10.1088/0266-5611/28/10/104011
https://doi.org/10.1088/0266-5611/28/10/104011
https://doi.org/10.1007/s00211-013-0594-9
https://doi.org/10.1007/s00211-013-0594-9
https://doi.org/10.1137/16M1060984
https://doi.org/10.1515/9783110208276
https://doi.org/10.1007/s10589-023-00475-2
https://epubs.siam.org/doi/abs/10.1137/1.9781611970920
http://dx.doi.org/10.1002/mma.3037
http://dx.doi.org/10.1002/mma.3037

[29]

[30]
[31]

[32]

[46]

[47]

SOLVING HIGHLY UNDERDETERMINED INVERSE PROBLEMS BY LEARNED DISTANCES 31

M. Lapucct, T. LEVATO, AND M. SCIANDRONE, Convergent inexact penalty decomposition methods
for cardinality-constrained problems, Journal of Optimization Theory and Applications, 188 (2021),
pp- 473-496, https://doi.org/10.1007/s10957-020-01793-9.

Y. Luo AND G. T. SCHUSTER, Wave-equation traveltime inversion, Geophysics, 56 (1991), pp. 645—
653, https://doi.org/10.1190/1.1443081,

G. MARTIN, R. WILEY, AND K. MARFURT, Marmousi2: An elastic upgrade for Marmousi, The
Leading Edge, 25 (2006), pp. 156-166, https://doi.org/10.1190/1.2172306.

J. MESSUD, R. PONCET, AND G. LAMBARE, Optimal transport in full-waveform inversion: analysis
and practice of the multidimensional Kantorovich—Rubinstein norm, Inverse Problems, 37 (2021),
p- 065012, https://doi.org/10.1088/1361-6420/abfb4c.

L. METIVIER, A. ALLAIN, R. BRASSIER, Q. MERIGOT, E. OUDET, AND J. VIRIEUX, A graph-space
optimal transport approach for full waveform inversion, in 80th EAGE Conference and Exhibition
2018, vol. 2018, European Association of Geoscientists & Engineers, 2018, pp. 1158-1162, https:
//doi.org/10.1190/segam2018-2997001.1.

G. MITTAL, Nonstationary iterated frozen Tikhonov regularization with uniformly convexr penalty
terms for solving inverse problems, Applied Mathematics and Computation, 468 (2024), p. 128519,
https://www.sciencedirect.com/science/article/pii/S0096300323006884.

G. MitTaL AND A. K. GIRI1, Nonstationary iterated Tikhonov reqularization: convergence anal-
ysis via Holder stability, Inverse Problems, 38 (2022), p. 125008, https://doi.org/10.1088/
1361-6420/ac99fb.

L. METIVIER, R. BROSSIER, F. KPaADONOU, J. MESSUD, AND A. PLADYS, A review of the use
of optimal transport distances for high resolution seismic imaging based on the full waveform, 2022,
https://arxiv.org/abs/2204.08514.

A. PASZKE, S. GROSS, F. MAssA, A. LERER, J. BRADBURY, G. CHANAN, T. KILLEEN, Z. LIN,
N. GIMELSHEIN, L. ANTIGA, A. DESMAISON, A. KOpPF, E. YANG, Z. DEVITO, M. RAISON,
A. TEJANI, S. CHILAMKURTHY, B. STEINER, L. FANG, J. BAI, AND S. CHINTALA, Pytorch:
An imperative style, high-performance deep learning library, 2019, https://arxiv.org/abs/1912.
01703.

C. RHEINBAY AND A. RIEDER, An all-at-once solver for wvisco-acoustic full waveform inversion
in the time-domain, Tech. Report 31, Karlsruher Institut fiir Technologie (KIT), 2025, https:
//doi.org/10.5445/IR/1000182886

A. RICHARDSON, Deepwave, Sept. 2023, https://doi.org/10.5281/zenodo.8381177

A. RIEDER, An all-at-once approach to full waveform inversion in the viscoelastic regime, Math-
ematical Methods in the Applied Sciences, 44 (2021), pp. 6376-6388, https://doi.org/https:
//doi.org/10.1002/mma.7190

O. M. SaAD AND T. ALKHALIFAH, F-SiameseFWI: A novel deep-learning framework for mul-
tisource full-waveform inversion, Geophysics, 90 (2025), pp. R221-R230, https://doi.org/10.
1190/GE02024-0785. 1.

O. M. Saap, R. HARSUKO, AND T. ALKHALIFAH, SiameseFWI: A deep learning network for
enhanced full waveform inversion, Journal of Geophysical Research: Machine Learning and Com-
putation, 1 (2024), p. e2024JH000227, https://doi.org/10.1029/2024JH000227.

O. SCHERZER, The use of Morozov’s discrepancy principle for Tikhonov regularization for solv-
ing nonlinear ill-posed problems, Computing, 51 (1993), pp. 4560, https://doi.org/10.1007/
BF02243828.

B. SuN AND T. ALKHALIFAH, Adaptive traveltime inversion, Geophysics, 84 (2019), pp. U13-U29,
https://doi.org/10.1190/ge02018-0595.1.

B. Sun AND T. ALKHALIFAH, The application of an optimal transport to a preconditioned data
matching function for robust waveform inversion, Geophysics, 84 (2019), pp. R923-R945, https:
//doi.org/10.1190/GE02018-0413.1.

B. Sun AND T. ALKHALIFAH, ML-misfit: A neural network formulation of the misfit function for
full-waveform inversion, Frontiers in Earth Science, Volume 10 - 2022 (2022), https://doi.org/
10.3389/feart.2022.1011825

7. ZHANG AND Q. JIN, Heuristic rule for non-stationary iterated Tikhonov regularization in Banach
spaces, Inverse Problems, 34 (2018), p. 115002, https://doi.org/10.1088/1361-6420/2ad918


https://doi.org/10.1007/s10957-020-01793-9
https://doi.org/10.1190/1.1443081
https://doi.org/10.1190/1.2172306
https://doi.org/10.1088/1361-6420/abfb4c
https://doi.org/10.1190/segam2018-2997001.1
https://doi.org/10.1190/segam2018-2997001.1
https://www.sciencedirect.com/science/article/pii/S0096300323006884
https://doi.org/10.1088/1361-6420/ac99fb
https://doi.org/10.1088/1361-6420/ac99fb
https://arxiv.org/abs/2204.08514
https://arxiv.org/abs/1912.01703
https://arxiv.org/abs/1912.01703
https://doi.org/10.5445/IR/1000182886
https://doi.org/10.5445/IR/1000182886
https://doi.org/10.5281/zenodo.8381177
https://doi.org/https://doi.org/10.1002/mma.7190
https://doi.org/https://doi.org/10.1002/mma.7190
https://doi.org/10.1190/GEO2024-0785.1
https://doi.org/10.1190/GEO2024-0785.1
https://doi.org/10.1029/2024JH000227
https://doi.org/10.1007/BF02243828
https://doi.org/10.1007/BF02243828
https://doi.org/10.1190/geo2018-0595.1
https://doi.org/10.1190/GEO2018-0413.1
https://doi.org/10.1190/GEO2018-0413.1
https://doi.org/10.3389/feart.2022.1011825
https://doi.org/10.3389/feart.2022.1011825
https://doi.org/10.1088/1361-6420/aad918

	1. Introduction
	2. An early stopped inexact penalty method
	3. Numerical realization
	4. Full waveform inversion
	4.1. Objective functional and regularization term
	4.2. Exact data
	4.3. Noisy data

	5. Conclusion and Outlook
	Appendix A. An academic example
	References

