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Optimization-Based Identification of Effective
Coefficients for Wave Equations in Spatio-Temporal
Metamaterials

Christian Déding"?, Vishnu Raveendran'?, Barbara Verfiirth!*

Abstract. We study the identification of effective coefficients for wave equations in heterogeneous
media. Such equations arise in the modeling of spatio-temporal metamaterials, where the underlying
material properties exhibit variations in both space and time. While homogenization provides effective
models in the asymptotic regime of vanishing microscopic scales, determining macroscopic parameters
from observations of wave propagation remains challenging. We introduce an optimization-based method
that identifies a constant effective coefficient by minimizing a cost functional. The approach is designed
for situations in which the underlying space-time-dependent coefficient is unknown, while the solution
is available in space and time by measurements. We extend optimization-based coefficient identification
techniques from elliptic multiscale problems to wave equations and prove that, provided a homogenized
limit exists, the identified coefficient converges to the homogenized coefficient as the microscopic scale
tends to zero. Furthermore, we establish convergence of the corresponding effective solution towards the
heterogeneous solution, including strong convergence in L? and weak convergence of first-order space and
time derivatives. Numerical experiments further demonstrate the performance of the method for non-
periodic space-time heterogeneous media, including cases for which a homogenized limit is not known to
exist.

Key words. Optimization-based identification; time-modulated wave equations; spatio-temporal
metamaterials; heterogeneous media; multiscale problems; effective coefficients; homogenization.
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1 Introduction

Metamaterials are artificially engineered materials whose effective properties can exhibit
phenomena not commonly observed in natural materials, including absorption, amplifica-
tion, non-reciprocity, negative refraction, and cloaking; see [3, 4, 7]. Their ability to control
wave propagation has led to applications in a variety of fields, including optics, electromag-
netics, acoustics, elasticity, and hydrodynamics. A particularly active research direction
concerns spatio-temporal metamaterials, where the material properties are structured both
in space and time |8, 11, 24].
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A basic mathematical model for wave propagation in such media is the wave equation with
a space- and time-dependent coefficient

Opue — div (pe(z,t)Vu.) = 0, (1.1)

subject to suitable initial and boundary conditions. The coefficient p.(x,t) describes the
material properties and may exhibit rapidly oscillating behavior in space and/or in time
on a microscopic length scale 0 < ¢ < 1. Such multiscale structures make direct numerical
simulation challenging and motivate the derivation of effective models that describe the
macroscopic wave dynamics through a wave equation with a space- and time-independent
coefficient.

Homogenization theory provides a rigorous framework for deriving effective coefficients
for highly oscillatory media in the asymptotic regime ¢ — 0. While spatial homogeniza-
tion has been extensively studied for hyperbolic problems [1, 13, 21|, homogenization with
time-modulated coefficients remains considerably less developed since the solutions can
be unstable due to strong temporal oscillations [6]. Formal homogenization of such time-
modulated wave equations has been investigated in [9, 23], while a rigorous homogenization
analysis for space-time-modulated wave equations under weak temporal modulation is de-
veloped in [5]. However, homogenization theory is inherently asymptotic: the homogenized
coefficient approximates the heterogeneous medium only in the limit of vanishing micro-
scopic scale. In practical applications, however, the microstructure is characterized by a
fixed positive length scale € > 0, so that homogenized models generally approximate the
heterogeneous dynamics only up to an error of order O(e).

In many applications, the heterogeneous coefficient is often unknown, and only measure-
ments of the propagating wave are available. This leads naturally to an inverse problem of
determining effective material parameters directly from observations of solutions to (1.1).
Recovering the full oscillatory coefficient . is generally ill-posed (cf. [16]), whereas identi-
fying a constant effective material coefficient is feasible. Several approaches to this problem
have been proposed for elliptic multiscale problems, including parameter estimation tech-
niques [17], separating oscillation methods [12], neural-network-based approaches [18|, and
optimization-based formulations introduced by Le Bris, Legoll, and Lemaire [14, 15| and
further developed in [2, 20]. To the best of our knowledge, no corresponding framework
has been developed for wave equations with space-time-dependent coefficients.

In this work, we extend the optimization-based framework to the wave equation (1.1).
Given a solution of the heterogeneous problem, we identify an optimal constant coefficient
such that the corresponding homogeneous wave equation reproduces the observed macro-
scopic dynamics. The coefficient is obtained by minimizing a cost functional measuring the
residual of the effective equation. A key step in constructing the cost functional consists of
applying the wave operator associated with the candidate coefficient and regularizing the
residual with an inverse wave operator. This yields a quadratic cost functional, enabling
efficient computation and rigorous analysis of the optimization problem.

We establish the asymptotic consistency of the proposed method by proving that, whenever
a homogenized limit exists, the identified coefficient converges to the homogenized coeffi-
cient as ¢ — 0. We emphasize that, in periodic homogenization, the oscillatory coefficient



generally does not converge to the effective coefficient either pointwise or weakly. Instead,
convergence is obtained in the sense of G-convergence (or H-convergence; see [22]). In
contrast, our method directly determines a constant coefficient that converges pointwise
to the homogenized coefficient.

Furthermore, we prove strong convergence in L? of the solution of the identified effective
wave equation to the heterogeneous solution. In addition, we establish weak convergence
of the first-order space and time derivatives in L2.

We highlight that the proposed method is also applicable even in setting where homoge-
nization is not available. Numerical experiments confirm our theoretical results and demon-
strate that the proposed method recovers meaningful effective coefficients also for unstruc-
tured space-time-dependent coefficients, where classical homogenization techniques are not
directly applicable.

Outline. In Section 2, we introduce the mathematical framework for the identification of
effective coefficients in the space-time-dependent wave equation. In Section 3, we present
the proposed optimization approach and establish the existence of minimizers for the asso-
ciated cost functional. Section 4 is devoted to the asymptotic analysis of the method under
the assumption that a homogenized limit exists as € — 0. Finally, in Section 5, we present
numerical experiments that validate the theoretical results and demonstrate the perfor-
mance of the proposed approach for both homogenizable and more general heterogeneous
coefficients.

2 Time-varying wave equation

We consider the wave equation in the absence of sources with a space-time modulated
coefficient
Opue — div (pe(x,t)Vu) = 0 in T¢ x (0,7)
Ue = Vg, Oz = U1 on T? x {t =0}.

Here T¢ = RY/Z% d = 1,2,3 is the d-dimensional torus, (0,T) is a finite time interval,
and vy, vy are sufficiently smooth initial values. Considering the above wave equation on
T¢ means that we impose periodic boundary conditions in space. The coefficient . €
CH([0, T, L>(T%, REx)), where REX? = {A € R4 : AT = A}, and there exists a constant
A > 0 such that

(2.2)

0 < MNP < pe(z, t)E- € for all € € RY and almost all (z,t) € T x (0,T).
For the initial data we assume throughout the work
vo € HY(TY), v, € L*(TY)
so that the solution u. of (2.2) satisfies the regularity properties (cf. [19])

u. € L*(0,T; HY(TY), 0. € L*(0,T; L*(T%), Oyu. € L*(0,T; H (T%)*),

u. € C([0,7], H'(T) n C* ([0, T], L*(T)). (2:3)
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Here we use the standard notation for Sobolev, Lebesgue and Bochner spaces.

In many physical applications, the explicit spatio-temporal dependence of the coefficient
1= is unknown. Instead, one can measure wave propagation through the modeled medium,
leading to the solution u. for prescribed initial data. Based on the knowledge of such a
solution u., we aim to recover an effective constant coefficient that describes the system
governed by (2.2). More precisely, our goal is to replace the spatio-temporally varying
coefficient p. with a constant symmetric positive semidefinite matrix 1z, € A = {u €
RZXd 0 < pé - € for all £ € R} such that the solution u(fi.) of the wave equation

Sym

attu(ﬁa) —div (ﬁsvu(ﬁs)) =0 in Td X (07 T)

wi.) =ve, Ou(@.)=v; on T x {t=0} (2.4)

is a “good” approximation of u.. Note that u(fi.) is at least as smooth as u. for any 7i, € A
and, in particular, satisfies (2.3). The constant coefficient matrix is determined by opti-
mizing a suitable cost functional, denoted by ®.. To rigorously assess the approximation
properties of fi. and the corresponding solution u (i, ), we assume that there is a family of
solutions {u.}e~o which is “rich” enough and that converges, in an appropriate sense, to
a homogenized limit satisfying a wave equation with a constant homogenized coefficient
matrix. We specify our assumptions later in our analysis and present a particular case
involving a periodic coefficient j. for which the assumptions are fulfilled. Nevertheless, we
emphasize that, from a computational perspective, the method is not restricted to settings
in which these assumptions hold.

3 Optimization approach
The optimization approach considers the minimization problem

Sym

inf (), A:={pe R4 pg - € >0 Ve € RY} (3.5)
e

where ®, : A — R is an cost functional on the admissible set A. The definition of the cost
functional involves the solution operator

Ot L*0,T; HY(TY*) — L*(0,T; H*(T?)) (3.6)

of the wave equation with unit speed and homogeneous initial data such that v = 07! f is
given by the solution of

8ttv — Av = f in Td X (O,T)
v=0, dv=0 onT?x{t=0}

In particular, (07! is a well-defined and bounded operator, cf. [10]. We define the cost
functional as

D.(1) = |07 Duete — div (V) 22 01,1200 (3.7)



Note that @, () is obtained by applying the operator (07 (d;; — div (uV)) to the difference
u. — u(p) and measuring the error in L?(0,T; L*(T%)). The key idea to first apply the
wave operator 0y — div(uV) to the defect u. — u(p), and then map the result back to
L*(0,T; L*(T%)) by means of the inverse wave operator yields an cost functional with an
explicit dependence on the coefficient . A similar strategy for elliptic problems was first
proposed in [14], and we adopt a similar idea in the present setting. Furthermore, as we
show below, the resulting cost functional is quadratic in u. Owing to this structure, the
existence of minimizers can be established and the computation of minimizers, particularly
by numerical methods, is straightforward.

We identify the finite dimensional space R%‘?¢ with R% where

sym
dld+1
d, = ding;n‘f = %

For this purpose, we define an enumerating map

that is bijective and so that [¢, j| = m enumerates the tuples of indices (7, 5), 1 <i < j <d.

Then, we identify any matrix p € R‘Siyxn‘f with the vector u € R% via
Hig = Mg, 1<i1<j<d (3.9)

A straightforward computation shows that the cost functional can be written as the
quadratic form on R%,

O(p) = p' Ap— 20" p+c, (3.10)
where ¢ = ||D*10ttu6||%2(0 .r2(ray and A € R and b € R% are given by
A[z’,j],[k,e] = (Oéij,@ke)LQ(o,T,m(Td)), b[z’,j] = (Dilattus,aij)LQ(Q’T,LZ(']I‘d)) (3.11)

for1<i<j<d 1<k</{<dand with

O 0u., 1<i=j<d
Y20 05u., 1<i<j<d’

In one spatial dimension (d = 1), the leading-order coefficient in (3.10) reduces to

187 Ouate | 20,72y

which is, without loss of generality, strictly positive. Consequently, the cost functional ®.
is strictly convex and therefore attains a unique minimizer on the admissible set A, namely

Jo (O~ 9y, D‘lamue)mm%dt} (3.12)

— _ 0
2 max{ ) HD’lamua

1220722y
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In higher spatial dimensions, the situation is considerably more subtle. The existence and
uniqueness of minimizers over the space Rg;n‘f are completely determined by the algebraic
properties of the matrix A and the vector b. More precisely, if A is positive semidefinite
and b € ran(A), then @, attains a minimizer over R4, If in addition, A is positive

sym *
definite the minimizer is unique and given by
a. = A" (3.13)

However, there is no a priori guarantee that this minimizer belongs to the admissible set
A of symmetric positive-definite matrices.

From a computational point of view, this is not a serious obstacle. Once the coefficients
in (3.10) have been assembled, it is straightforward to verify whether A is positive definite
and whether the corresponding minimizer belongs to A. Moreover, these computations are
cheap since the the system (3.10) is low dimensional. On the other hand, establishing the
required algebraic properties of A by means of an a priori analytical argument appears to
be considerably more challenging.

Nevertheless, it is possible to establish the existence of minimizers directly from the ab-
stract cost functional (3.7). The key requirement is that the measured solution u. is
sufficiently rich, in the sense that the wave equation (2.2) propagates a suitable family of
Fourier modes. This property is guaranteed, for instance, if the initial data contain such
a collection of Fourier modes. We formulate this requirement in the following assumption,
which seems to be a crucial ingredient for proving the existence of minimizers.

Assumption 1 (Richness of the initial data). Let

’U0<£L') _ Z Ck€27rik~ac’

kezd

be the Fourier series of the initial data vy € H'(T?). We assume that there is a collection
of wave vectors k; € Z%, j =1,...,d, such that cr, 7 0 and
span{kjk;jT cg=1,... ,d*} — Réxd

sym *

Assumption 1 may appear rather abstract at first sight. We first note that it is automat-
ically satisfied in one spatial dimension (d = 1), provided that the initial datum vy, and
hence the measured solution u,, is not identically zero.

In higher dimensions, Assumption 1 can be realized by combining at most d, measurements,
each corresponding to the propagation of a single Fourier mode under the wave equation
(2.2). Owing to the linearity of the wave equation, the resulting solution can subsequently
be obtained by superposition of the propagated Fourier modes. As an example, consider
the two-dimensional case (d = 2), for which d,. = 3. A suitable choice of wave vectors is

() o) nel)

These vectors satisfy span{kik; , kok, , kzks } = R2%2 and therefore Assumption 1 is ful-

Sym
filled by measuring the propagation of these three Fourier modes through the heterogeneous



medium.

Using Assumption 1 we now prove existence of a minimizer of (3.5). Note, however, that
the minimizer does not have to be unique.

Lemma 3.1. Suppose Assumption 1 holds. Then, it holds:

(i) ©.: A— R from (3.7) is well-defined and continuous.

(ii) There are C,a > 0 such that ®.(u) > a|p* — C for all u € A.
(111) . attains a minimum

1. = argmin O ().
HeEA

Proof. (i) As the regularity (2.3) holds, the cost functional ®. is well-defined. We note
that the operator 0! is bounded, i.e.,

107" fllz20.rz200)) < Cllfllr2o.:m1 9)-
Then, we have for py, s € A and with P.(p) := Oyu. — div (uVu,),
[ Dc(p1) — Po(p2)| = HDilPE(:ul)H%?(O,T;LQ(’W)) - ”DilPE(ILQ)H%?(O,T;L?('Jl‘d))
<NO7HP(p1) = Pe(p2)) 1720 12 ()

< ONP(p1) = Pe(pu2) 1220 11 (rayey
= C|div ((p11 — MQ)vua)H%?(O,T;Hl(’ﬂ“i)*)'

Now, for any ¢ € L?(0,T; H'(T%)), we have

[t = vt = [ [ o= o) vuvo daa
<1 — N2||||Vua||L2(0,T;L2(1rd))||V¢||L2(0,T;L2(Td))-
This implies
[div (11 = p2) Vue) |2, 1m1 (rayy < [ — pia| | Ve || 220 7,02 (7))

which proves the continuity of ..

(i) Let Q- (p) := O~ (div (uVu,)) for any p € A. Clearly Q. is a linear operator. We first
show that Q. is a one-to-one mapping. Let Q.(uo) = 0 for some py € A, then

O~ (div (oVu.)) = 0.



Since (0! is one-to-one mapping, we conclude
div (uoVu.) =0 in L*(0,T; H'(T%)"). (3.14)

We have u. € C([0,T], H(T?)), cf. (2.3), then the equation (3.14) holds pointwise for all
t € [0,7] and in H'(T?)*. In particular, we can set ¢t = 0 and obtain

div (Vo) =0 in H'(T?)*. (3.15)
Plugging in the Fourier series from Assumption 1 into (3.15), yields
kjpok; =0, j=1,....d.

By Lemma A.1 we conclude pg = 0, which shows that (). is a one-to-one mapping. Since
A is a finite-dimensional space and the linear map (. defined on A is one-to-one, there
exist a C' > 0, such that

| < CllQe()l L2 (0,712 (7e) -

It follows,
\ (I)E(,u) = ||D718ttu5 - |:|71<diV (MVUE)NLQ(O,T;LQ(Td))
> |07 H(div (pVu)) | 20,rsc2rey) — 107 Otte || 20,127y
> Clp| — “D_lattue||L2(0,T;L2(Td))-
(iii) follows from (i) and (ii). O

4 Asymptotic consistency analysis

The optimization approach proposed in Section 3 should be consistent with homogeniza-
tion theory in the sense that the identified effective coefficient recovers the homogenized
coefficient whenever the latter exists. Although homogenization theory for wave equations
with space-time-dependent heterogeneous coefficients is considerably less developed than
its counterpart for purely spatially varying media, rigorous homogenization results are
available in certain settings, see 5], while in other cases the existence of an effective limit
is supported by formal asymptotic arguments, see [9].

In this section, we establish the asymptotic consistency of the proposed identification
approach. More precisely, we show that the optimal coefficient 1, converges to the ho-
mogenized coefficient o as the microscopic length scale vanishes, ¢ — 0. Moreover,
we show convergence of the solution u(7.) of the identified effective model towards the
homogenized solution upey, strongly in L?(0,T’; L?(T¢)) and weak convergence for the first
space and time derivatives. Rather than relying on a specific homogenization result, our
analysis is formulated under an abstract assumption on the existence of a homogenized
limit.



Assumption 2. Let {j.}.~0 be a family of coefficients such that the associated family of
solutions {u.}e>o to (2.2) satisfies (2.3). We assume that there exists a function upem €
L0, T; HY(T?)) with ytunem € L*(0,T; L?(T9)) such that

Vi, = Vipom, Orte — Opnom (4.16)
weakly in L?(0,T; L?(T?)) as € — 0 and uyop, satisfies a homogenized wave equation

8ttuh0m — div (uhomVuhom) =0 n Td X (0, T)

) (4.17)
Upom = Vo, Oypom = v1  on T¢ x {t =0}

for some positive definite ppom € Rg;nff.

We denote by Y the unit cube (0,1)? € R% Then, an example coefficient family for which
Assumption 2 is satisfied is given by

pe(z,t) = po(x/e) + epa(t/e), >0, (4.18)

where pg € L*(Y, Rg}fdd) is periodic in Y and u; € C*((0, 1);Rg§dd) is 1-periodic. In this
case, we obtain a uniform energy bound for u. which implies the weak convergence (4.16)
(see [5]). The limit upep satisfies the homogenized equation (4.17), with the homogenized

coefficient pipom € Rg;dd is given by

J

(Hthom) ;; = /Yuo(y)(@i + Vw;) - (e + Vwy) dy, i,j=1,...,d

where ¢; € R? is the i-th canonical unit vector and w; € H*(Y) is the unique periodic
solution to the cell-problem

—div (uo(y)(e; + Vw;)) =0 inY, /sz(y) dy = 0.

We note that for d = 1 the homogenized coefficient is simply given by the harmonic mean

[ihom = (/Oluo(y)‘ldy>1-

Further, we emphasize that Assumption 2 does not require precise knowledge of the homog-
enized coefficient upe, and only assumes its existence. G-convergence or H-convergence to
a homogenized coefficient, as in [22], for which an explicit formula is typically not available,
is sufficient.

Finally, we note that if uy., from Assumption 2 exists, then it has the regularity

Unom € L*(0,T; HY(T?), Oyinom € L*(0,T; L*(T%)), Oytnom € L*(0,T; H'(T)*).



4.1 Convergence of the minimizing coefficient

In this section, we aim to prove the first main result regarding consistency, namely the
convergence of the minimizing coefficient towards the homogenized coefficient. As a first
step, we show that the cost functional converges to zero.

Theorem 4.1. Suppose that Assumption 2 holds. Then,

inf &, 0 0.
inf () =0 as e—

Proof. First, we show that @, (finom ) is uniformly bounded. Let v, := (71 (attug—div (MhomVuE)).
Then, using (2.2), we obtain that v. solves

Ouv. — Av, = div ((uhom — uE)Vug) in T¢ x (0,7),
ve =0, Ow.=0 on T¢ x {t = 0}.

Therefore, for any test function ¢ € H'(T¢) and all ¢t € (0,7
(Opv:(t), ) + /Td Vo (t) - Vo dz = (div ((fthom — pe(t)) Vue(t)), ¢). (4.19)

In the following we choose for ¢t € (0,T) the test function ¢(t) = —A71 (. (1)), i.e.,
o(t) € H'(T?) is the unique solution to

—A¢(t) = dy.(t) in T ngzﬁ(t)dx:

Then, we have |[V¢(t)|7. = (Dwve(t), #(t)). Furthermore, we have the identities

(D= (8), 60 = 5 L IV0(0) oy
1d

/Td Voo(t) - Vo(t) du = 5 [ve (Ol 12 ra),
<d1V ((/’Lhom - ﬂs(t>>VU5(t>)7¢(t)> = - /ﬂ‘d (,uhom — /Lg(t))VuE(t) . V(b(t) dr

We obtain from (4.19) with ¢ = —A~1(9,v.(t))

335 (IV OO+ 10Ol 00)) = = [ (thom = 1:0) Ve (0)- Tt d

Td
< lpe(t) = pnoml| poe (ray [ Vue () | 2 (ra) [V & (8) || L2(re)
Let p.(t) :== [[Vo(t)]|3. 2y + || ve(t )H%Q(Td) and since . is bounded, we have

1d

§£ps( ) < ClVue(t) || p2(ray /v (t).
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Therefore,

ccilt( P=(t)) < Cl[Vue(t)]| 2 (pa).-

Integrating the aforementioned inequality from 0 to 7" w.r.t. ¢, using the fact that p.(0) = 0
and the uniform bound for ||Vu.|| 2o 1;r2(re)) implied by Assumption 2, we conclude

P (fthom) = ||Ue||i2(o7T;L2(Td)) <p(T)<C.

Since @, (pnom) is uniformly bounded, we can extract a subsequence such that ®.(finom) —
®, as ¢ — 0. We show that ®, = 0. By the definition of v. and the weak convergence in
Assumption 2 we infer for an arbitrary test function ¢ € C*((0,7T) x T¢) with ¢(T,-) =0
that

/ / v, ¢ dedt = / (Opue — div (pnom Ve )) ¢ dxdt
Td Td

= / Oy, Oy daxdt + / / [hom Ve - Vb dzdt + / / v $(0) dzdt
Td Td Td

— — / O ihom 8tgz§dxdt+/ / Hhom VY Uhom * ngdxdt—i—/ / (R0) dxdt
Td Td Td

0, ase—0,
where we used that upey, solves (4.17). Therefore,
Ov. — 0 in L*(0,T; L*(T%)). (4.20)

Next, we define 71 : L2(0, T; H'(T)*) — L*(0,T; H'(T?)) to be the solution operator of
the wave equation with zero final time condition, i.e., w = [J~! f is the unique solution to

Opw — Aw = f  in T x (0,T)
w=0 Jdw=0 onTx{t=T}

Then, 07! is well-defined and the identity OO~'f = f holds in L2(0,7; H*(T%)*). With
w, =0 v, € L?(0,T; H'(T?)) we conclude using (4.20),

T T
O, (pnom) = / / [ve|? dadt = / / ve Dw, dadt
0 JTd 0 JTd

T T
= / / Ve Opw, dadt + / V. - Vw, dzxdt
0 Td 0 Td

T
= — / Oy, Oyw, dxdt + / (US(T) Oywe(T) —v-(0) 8tw5(0))dx
o Jrd —— N~

Td
=0 =0

T
+ / Vo, - Vw, dxdt
o Jrd

11



T
= / OV W, dxdt + / (00e(T) Oyw.(T) — Dyv.(0) Dyw.(0)) dz:
0 Td Td H,—/ R/_/

=0 =0

T
+ / Vo, - Vw, dxdt
0o Jrd

T T
= / / (Opve — Ave)w, dzdt = / / Ov, we dedt — 0 as e — 0.
0o Jrd 0o Jrd

This shows ®, = 0 and it follows

0 < inf &, (1) < Pe(pinom) > P =0 ase — 0.
neEA

]

As a next step, we show that if up., from Assumption 2 solves a wave equation with con-
stant coefficient, the coefficient already needs to be pipon. In other words, this means that
the constant coefficient in the wave equation is uniquely determined from the knowledge
of the solution.

Proposition 4.2. Suppose Assumption 1-2 and let

F R 120, T; HY(TY"), g~ Ontinom — div (4 Vupom)-

sym
Then F has a unique root at jt = fnom, i-€., F'(fhom) = 0.

Proof. By Assumption 2 we have F'(fipom) = 0, so it remains to show that fipem is the only
root of F. We consider the Fourier series for upem(-,t) € L?(T?) given by

Unom (2, 1) = Y iy, (£)e>™F .
kezd

For any k; € Z4, j = 1,...,d, from Assumption 1 we have, by (4.17), that ty,, € C*(0,T;R)
is the unique solution to

y, + (k] thomky )k, = 0, i, (0) = cx;, 4, (0) = by

Here ¢y, is the Fourier coefficient from Assumption 1 and by; is the corresponding Fourier
coefficient of vy, i.e., v1(z) = D cza bee®™ . Since ¢, # 0, by Assumption 1, there is
t. € (0,T) such that 1y, (t.) # 0. We conclude

0 < k) ftnomk; = —

Now let g € R¥X? be another root of F, i.e., Oytnom — div (1Vupom) = F (1) = 0. Then,

sym
using the Fourier series if uy,om, we obtain

alk,j + (k;r”kj)akj =0, ik, (0) = c,, a;ﬂj (0) = by,

12



and

We conclude
k]T(u — fhom)k; =0, j=1,...,d..
Now Lemma A.1 implies pt = pinom which proves the claim. O

We are now in the position to show the convergence of the minimizing coefficient.
Theorem 4.3. Suppose that Assumption 1-2 hold. Then,
e = Mhom as € — 0.

Proof. By Theorem 4.1, we have ®.(zi.) — 0 as ¢ — 0. Therefore, v. — 0 strongly in
L?(0,T; L*(T?)) where v, = O (9yu. — div (5. Vu.)). Let ¢ € C°((0,T) x T?). Using

the weak form for v., we have

T T T
/ (Opve, @) dt + / Vv, -Vodrdt = / (Opue. — div (m.Vue), @) dt.
0 0o Jrd 0

Using integration by parts and the Cauchy-Schwarz inequality, we estimate

T T T
/ / U0 dx dt + / / 1.Vu. - Vodx dt = / (Opue — div (p.Vu.), @) dt
0o Jrd 0o Jrd 0

_ /OT /T V(O — A) da di

< el L2022 (ray) || (1 — A)) || 20,712 (Ta)) -
Since v. — 0 strongly in L?*(0,T; L*(T?) as € — 0, we obtain

T T
/ / U0 dx dt + / / .Vu, -Vodrdt -0 ase— 0. (4.21)
o Jrd o Jra

Using the weak coercivity of ®. from Theorem 3.1 (ii) and the convergence from Theorem
4.1 it follows

ali,| —C < P () -0 ase—0.

Therefore, f, is uniformly bounded. Now we can extract any converging subsequence
(again denoted by 7i.) for which we have i, — p. € R. We now show that p, = fhom-
Again, using that u. converges strongly to upem in L?(0,T; L?(T¢)) and (4.21), we have

O:lim/ /ugattqﬁdxdt—i—hm/ /M€Vu5 Vo dxdt
e—0 0 Td Td

T
= / / Unom Oyt @ dx dt +/ / s VUpom - Vo dy dx dt.
0 JTd 0 JTd
Thus, it holds in L*(0,T; H*(T%)*) that

Osttnom — div (pe Vipom) = 0 in T x (0, 7).

Now, Proposition 4.2 implies p, = pinom Which proves the claim. O]

13



4.2 Convergence of the solution

In this section, we aim to prove our second main result regarding consistency, namely
the convergence of the solution associated with the minimizing coefficient towards the
homogenized solution. We will then conclude that the solution is also a good approximation
of the given solution u.. Naturally, the convergence of 7. to the homogenized coefficient
thom Will be a key ingredient. We first conclude uniform bounds for the space and time
derivatives of u(fz.) via standard energy estimates.

Proposition 4.4. Suppose that Assumption 1-2 hold. Then, there is C > 0 independent
of € such that

[0cu(Fi) | oo 0,7512 (7)) + 1 VU(B) || oo 0,702 (1)) < C.

Proof. Since [i, — fhom as € — 0 and since pinom is positive definite by Assumption 2,
there are constants g, a, f > 0 independent of € such that for all 0 < e < &g

0<al¢]? <T. €< BlEf? forall € € RY.

Standard energy estimates for the wave equation then yield uniformly on (0,7") and for
0<e<egg

10 Z2pa) + @l VU@ T2 (ray < N1l Zapay + BllvollEr pay.
This proves the claim. O

We are now in the position to prove our second main result, which is the L?-convergence
of u(f.) to the given solution u. from Assumption 2.

Theorem 4.5. Suppose that Assumption 1-2 hold. Then for e — 0, we have
w(fi.) — Unem strongly in L*(0,T; L*(T?)).
Moreover,

u. —u(f,) — 0 strongly in L*(0,T; L*(T%)).

Proof. To prove that u(fi.) strongly converges to upom, we consider w, := u(fi,) — upom and
proceed using energy estimates similar to the proof of Theorem 4.1. By (2.4) and (4.17),
w, solves for every t € (0,T) and all test functions ¢ € H'(T?),
<attw67 ¢> + / [ohom V We - Vodr = / (Nhom - Ee)vu(ﬂs) -Vod. (4'22)
Td Td

Choose ¢ = ¢(t) to be the solution of

~div (jmon VO(0)) = Ouue(0), | (1) de = 0.

14



Then, we have the identities

1d 1d
<attwaa ¢> = §£(Mhomv¢7 V¢) and /Td [ihom VWs - Vo dz = 5%”105”%,2(1”)'

Now let p.(t) = (thomVO(t), VO(t)) + [Jwe|2, ra)- Then, it follows from (4.22), the afore-
mentioned identities, and the uniform bound %rom Proposition 4.4 that

d _ _ —
21P=(0) < liom — V(@) )l 20 Vo) [ r2(ray < Clbtnom — Fiel v/p: (1).

Here we used that since pyon is symmetric and positive definite we have for some o > 0
that

Vo172 000y < @ H(tnom Vo (t), VO(1)) < @™ 'pe(t).
As in the proof of Theorem 4.1 we can now conclude
[well72 0,702 (payy < Pe(T) < Clpthom — ] =0 as e — 0.

This proves u(fi.) — tunom strongly in L*(0,T; L*(T%)). For the second assertion, we use
triangle inequality and obtain

lue = w(t) |2 0,7502(v0)) < [te = Unom || z2(0,7;L2(a)) + || Unom — w(Fe) [ L2(0,7;22(10))-

By Assumption 2, the first term on the right-hand side vanishes as € — 0. Since we proved
u(fi.) — Upom strongly in L2(0,T; L*(T?)), the second term also goes to 0 as ¢ — 0. This
proves the claim. O

Finally, we conclude weak convergence in L?(0,T; L*(T?)) of the first space and time
derivatives.

Corollary 4.6. Suppose that Assumption 1-2 hold. Then for e — 0, we have
i) V(u(fi.) — ue) — 0 weakly in (L*(0,T; L*(T7)))?,
i) Op(u(fi.) — us) — 0 weakly in L*(0,T; L*(T%)).
Proof. From Assumption 1 and Proposition 4.4, we have the uniform bounds
IVu(g,) — Vel 20,0):22rayy < C 0B, ) — Byue|| 20 y.22(ray < C,

for some C' > 0 independent of ¢. Then, there are wy € (L%(0,T; L*(T%)))¢ and w; €
L*(0,T; L*(T%)) such that, as ¢ — 0,

Vu(fi.) — Vu, — wy  weakly in (L?(0,T; L*(T%)))?,
Ou(fi.) — Opu. — wy  weakly in L*(0,T; L*(T9)).

By Theorem 4.5, it follows wy = 0 and w; = 0, which proves the claim. m
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5 Numerical results

In this section, we verify our theoretical findings and further assess the proposed optimiza-
tion approach in non-periodic settings that are not covered by our analysis. In Sections
5.1 and 5.2, we consider space—time modulations of the form (4.18) in one and two space
dimensions. In this setting, a limiting system satisfying Assumption 1 exists, and we
demonstrate that the optimization approach recovers the homogenized matrix as € — 0.
In Section 5.3, we study a spatially homogeneous but strongly time-modulated coefficient.
Although a rigorous homogenization result is not available in this case, formal homogenized
equations were derived in [9]. We show that the homogenized coefficients obtained are
accurately recovered by our optimization approach.

Finally in Section 5.4, we consider a non-periodic setting with a piecewise constant tempo-
ral modulation, where the modulation intensity is determined by random variables, thereby
breaking periodicity. We demonstrate that our approach still provides an effective descrip-
tion of the material properties, highlighting its applicability beyond periodic media and
supporting its use in more general, unstructured regimes.

The implementation of the experiments is available as a MATLAB code on https://
github.com/cdoeding/OptimizationTimeVaryingMedia.

5.1 Periodic coefficient with weak time modulation d =1

For the first model problem we consider (2.2) with d = 1, T = 0.5 and the space-time
coefficient from (4.18) that is

pe(z,t) = po(x/e) +em(t/e), 0<e<k1
with
po(y) =2+ sin(2ry), () = sin(277).

As discussed in Section 4, for this parameter set the system (2.2) satisfies Assumption 2,
cf. [5], with the homogenized coefficient

fhom = (/01 po(y) ™" dy) -3 (5.23)

We emphasize that the modulation of the coefficient p. in time is only weakly enforced due
to the e-scaling of the amplitude in the time modulation. This scaling allows one to derive
energy estimates of the solution, which enables one to rigorously find the homogenization
limit, e.g., by two-scale convergence. For the initial data we set

v0(@) = ¥(@,0), vi(x) = Fb(a,0), W(r,t) = eH O

and note that Assumption 1 is satisfied.
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Figure 5.1: Numerical results for the model problem of Section 5.1 with weak time mod-
ulation in d = 1. Left: The cost functional evaluated at the optimal parameter ®.(7,)
and at the homogenized coefficient ®.(ppom). Middle: Convergence of the optimal pa-
rameter fi, towards jinom. Right: Convergence of the errors |lu. — u(fi, )| r2(0,7;22(14)) and

||Ue - uhom||L2(0,T;L2(Td))~

We apply our optimization approach to the given setting to recover the homogenized
coefficient pipom from (5.23). Note that since d = 1 the optimal coefficient is given by
(3.12). We calculate the optimal constant coefficient for the choices

e=r"", xe{10,20,40,60,80,100,120,160,200}. (5.24)

The assumed to be given reference solution u. as well as the solution to the standard
wave equation introduced in (3.12) through the inverse operator [J-! are calculated by
numerical approximations. For the space discretization we use linear Lagrange finite ele-
ments in space on an equidistant mesh of mesh size h = T124 and for the time integration
we use a implicit midpoint approximation with time step size At = ﬁ. For comparison,

we calculate the homogenized solution uy,,, using the same discretization in space and time.

The results are presented in Figure 5.1. In the left plot of Figure 5.1, we observe that
the minimum of the cost function ®.(7i.) decays as predicted by Theorem 4.1. In par-
ticular, we obtain a first-order decay with respect to the microscopic length scale €. The
middle plot of Figure 5.1 demonstrates that the optimization approach successfully re-
covers the homogenized coefficient piy,0p,, in agreement with Theorem 4.3. Specifically, we
observe second-order convergence of the optimized parameter fi, towards pihom as € — 0.
Finally, the right plot of Figure 5.1 depicts the corresponding convergence of the solutions
w.r.t. L?(0,T; L*(T?)). Here we obtain a clear first order decay of the error. Since the
optimized coeflicient converges to the homogenized coefficient as ¢ — 0, the solution ob-
tained using the optimized coefficient closely matches the exact solution, with an accuracy
comparable to that of the homogenized solution. Overall, this experiment confirms our the-
oretical results and demonstrates the expected approximation properties of the proposed
approach in the periodic setting with weak temporal modulation.
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5.2 Periodic coefficient with weak time modulation d = 2

We now apply the optimization approach to a two-dimensional model problem similar to
the previous one-dimensional problem from Section 5.1. We set d = 2, T' = 0.5, and choose
a space-time coefficient with a weak time modulation according to (4.18) with

1 (24 sin(27y) 0 1
to(y) = 1 ( 0 (2+ sin(27ry2))1) . () = 2 sin(277) Id.

Again, due to the weak modulation in time, the systems converges to a limiting system
satisfying Assumption 2 with the homogenized coefficient matrix, cf. [5],

-1
1
1 (fO 2+sinl(27ry) dy> 0 1 (\/g
i -1
0 (fol 2+ sin(27ry)dy> 4

Hhom = 4 0

NI= O
~_

For the initial data we set
vole) = 9(,0), vi(z) = Ap(a, ), Y(a,t) = e~ zllamm)=et)’

witho =0.01,c=1andzy =k = (%, %)T In this case Assumption 1 is fulfilled so that the
initial data are rich enough to guarantee the existence of an optimal constant coefficient

matrix.

We apply the proposed optimization approach to compute the optimal constant coefficient
matrix [, € ngxn% for the length scales £ > 0 specified in (5.24). The optimal coefficient
matrix is determined according to (3.13), following the procedure described in Section 3.
Throughout the computations, we observed that the coefficient matrix A from (3.11) is

positive definite, implying that the minimizer 7i_ is unique.

For the numerical discretization, we employ linear Lagrange finite elements on a two-
dimensional uniform triangulation with mesh size h = T124. Time integration is performed
using the implicit midpoint method with time step size At =

m.

The numerical results for the two-dimensional problem are presented in Figure 5.2. The
top-left plot shows the three independent entries of 11, € ngxsz and illustrates their con-
vergence to the corresponding entries of the homogenized coefficient matrix pipon. This
convergence is quantified in the bottom-left plot of Figure 5.2, where we plot the error
between the optimized coefficient and the homogenized coefficient w.r.t. the ¢*°-matrix
norm. After an initial pre-asymptotic regime, we observe first-order convergence of the
error in €. The top-right plot of Figure 5.2 shows the decay of the cost functional. The
values are nearly indistinguishable from those obtained by evaluating the cost functional
at the homogenized coefficient, indicating that the optimized coefficient achieves a com-
parable level of accuracy. Finally, the bottom-right plot of Figure 5.2 depicts the error
between the solution of the wave equation with the optimized coefficient to the solution
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Figure 5.2: Numerical results for the model problem of Section 5.2 with weak time modula-
tion in d = 2. Top left: The components of the optimal constant coefficient matrix .. Top
right: The cost functional evaluated at the optimal coefficient matrix ®.(z.) and at the ho-
mogenized coefficient matrix ®. (inom ). Bottom left: Convergence of the optimal coefficient
matrix i, towards pipom. Bottom right: Convergence of the errors ||u. — u(fi. )| L2 (0.7;22(14))

and ||u€ — uhom||L2(0’T;L2(Td)).

u. in L?(0,T; L?(T9)). Although convergence is observed, we cannot clearly identify a
corresponding convergence rate. We note that a comparison with the homogenized solu-
tion yields a slightly smaller error. However, the small difference is not considered to be
significant. Overall, this experiment is consistent with our theoretical results and further
demonstrates the applicability of the proposed approach in higher dimensions.

5.3 Homogeneous coefficient with strong time modulation

In the next experiment we consider the system from Section 5.1 and keep all parameters
expect for the time-dependent coefficient ;.. We now enforce a strong time modulation in
the coefficient by choosing

te(z,t) = 0.25 4+ 0.24 sin (27t /¢).

In particular, the coefficient is spatially constant but oscillates in time on the small length
scale ¢ > 0. Due to the strongly enforced time modulation a rigorous homogenization
theory is to the best of our knowledge unknown due to the lack of energy estimates in
time of the time derivative of the solution u.. Nevertheless, a formal two-scale expansion
for this problem was elaborated in [9] where the authors derived the formal homogenized
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Figure 5.3: Numerical results for the model problem of Section 5.3 with strong time mod-
ulation in d = 1. Left: The cost functional evaluated at the optimal parameter ®.(7,)
and at the homogenized coefficient ®.(ppom). Middle: Convergence of the optimal pa-
rameter fi, towards jinom. Right: Convergence of the errors |lu. — u(fi, )| r2(0,7;22(14)) and

||Ue - uhom||L2(0,T;L2(Td))~

coeflicient

Mhom = / pe(x,t) dt = 0.25.
0

The numerical results are presented in Figure 5.3 and exhibit a behavior similar to that
observed in Section 5.1. As shown in the left plot of Figure 5.4, the minimum value of the
cost functional decays at first order with respect to €. Moreover, the optimal parameter
converges to the homogenized coefficient i, at first order, as illustrated in the middle
plot of Figure 5.4. The right plot shows the error between the solution corresponding to
the optimally determined constant coefficient and the given solution u.. Once again, we
observe a clear first-order decay. Notably, this error is slightly smaller than the corre-
sponding error between the homogenized solution and the reference solution wu..

Overall, this experiment demonstrates that the proposed approach remains applicable even
in problem settings for which a rigorous homogenization theory is unavailable and our
assumptions required for the consistency analysis are not satisfied. Nevertheless, the op-
timization procedure successfully identifies an optimal constant coefficient that accurately
captures the dynamics of the reference solution u. and which coincides with formally iden-
tified homogenized coefficients from [9].

5.4 Homogeneous coefficient with randomized time modulation

In our final experiment, we break the periodicity of the multiscale coefficient and instead
consider a spatially homogeneous, temporally piecewise constant coefficient whose intensity
is prescribed by a collection of random variables. More precisely, let /e = N € N and
define

N
:ua(x’ t) = Z Bjxlj (t)v
j=1

20



Optimal parameter 7, Decay of the cost functional Coonvergence error in L2(0,T; L?(2))

% 10

0.65 V;;?O/\:
0.6 . *YF N 10 ¥ "\<:
. N = AN
05 “\ - 0(V) Wi
0.45 5 +®.(7.) 10 f/ = [lue — u(ie)||
. 10°

107 1072 107 1078 1072 107 107 1072 107!

13 I3 1>

Figure 5.4: Numerical results for the model problem of Section 5.4 with randomized time
modulation in d = 2 for three different sample realizations. Left: The optimal coefficient
.. Middle: The cost functional evaluated at the optimal coefficient ®.(z.). Right: Con-
vergence of the errors |lu. — u(fi.) || 20,7:02(14))-

where 8, ~ U(0.1,1), j = 1,..., N, are independent and identically distributed uni-
form random variables, and x;, denotes the characteristic function of the subintervals
I; =[(j — 1)e, je), each of length € > 0. All other system parameters are again kept as in
Section 5.1.

We choose this system as a prototype of an unstructured coefficient for which no homog-
enization results are available to the best of our knowledge and demonstrate that our
optimization approach remains applicable. We apply the optimization procedure using the
same numerical discretization as in Section 5.1. The results are shown in Figure 5.4 for
three independent realizations of the random variables j3; for each prescribed length scale
e > 0 from (5.24).

From the left plot of Figure 5.4, we observe that as ¢ — 0 the optimal parameter 7,
approaches a value of approximately 0.55, which is consistent with the expected value of
the random variables 8;. Moreover, the individual realizations exhibit noticeable variability
due to the stochastic nature of the coefficient. The middle plot of Figure 5.4 shows the
decay of the cost functional, which appears to converge at a rate close to €'/2, again in
agreement with the expected behavior. Finally, the right panel of Figure 5.4 displays the
convergence error of the corresponding solutions, which likewise exhibits a relatively slow
decay. Overall, this experiment further demonstrates that our optimization approach is
not restricted to settings in which a homogenized limit is known to exist. Instead, it
remains applicable to systems with significantly less structure, such as coefficients without
periodicity or any known homogenization theory.

6 Conclusion

In this paper, we presented an optimization-based approach for identifying effective co-
efficients of wave equations with space-time heterogeneous coefficients. Unlike classical
homogenization, our method does not require knowledge of the coefficients or their under-
lying structures beforehand. Instead, it directly determines an effective constant matrix
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based on given data of the solution to the wave equation. This makes our method attrac-
tive for applications where the microscopic material structure or its temporal modulation
is unknown.

The effective matrix is obtained by minimizing a suitable cost functional. We have proven
the well-posedness of the optimization problem and the asymptotic consistency of the
approach. When a homogenized limit exists, the identified matrix converges to the ho-
mogenized coefficient as the microscopic scale approaches zero. Additionally, the solution
to the wave equation with the optimized constant coefficient converges to the homoge-
nized solution. Our numerical results confirm these observations and demonstrate the
applicability of the approach in cases where our analysis is not applicable.

Although we presented our analysis for periodic boundary conditions, the optimization
framework and analytical techniques naturally extend to other boundary conditions. Ad-
ditionally, we assumed that the given solution data were available exactly. In practice,
however, measurement data are affected by noise and experimental errors. Future research
may focus on extending the present framework to account for such perturbations. Finally,
we emphasize that the proposed method is not intended to be a computationally efficient
numerical homogenization technique. Rather, it complements existing multiscale methods
by addressing the inverse problem of identifying effective models directly from observed
wave propagation.

A Appendix
Lemma A.1. Letk; € Z%, j=1,...,d, := @ be a collection of vectors such that

span{k;k] :j=1,...,d.} = R&Y

Sym

and let ;i € R with

sym
kjpk; =0, j=1,....d. (1.25)
Then, =0 follows.

Proof. Recall the map (i,7) — [¢,7] from (3.8) that enumerates the set of index-tuples
{(¢,7) : 1 <i < j <d}. Asin (3.9), we identify the matrix p € R uniquely with the

vector pu € R% . Similarly, we define the vectors kf € R*, ¢ =1,...,d, by

W7 2(kek] )y, 1<i<j<d

¢ {(k’ek‘;)m 1<i=75<d

Since the matrices k¢k/, £ = 1,...,d, span the entire space R‘Siyxrff, it is a simple matter of
fact that the vectors k’, ¢ = 1,...,d, are linearly independent. Therefore, the matrix

K= (k' ... k™) ¢ Rt
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is invertible. We compute, for £ =1, ..., d,,

d
(Kp)e = Z Ko ijii Z ke)ipeis (ko) ; —kggkg.

[3,5]=1

Thus (1.25) reads, Kp = 0. Since K is invertible, this proves the claim. O
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