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Abstract

We study the dynamics of periodic waves in a damped-driven nonlinear Schrodinger
(NLS) equation perturbed by a small spatially dependent transport term. This equation
arises in nonlinear optics as a model for light propagation in a passive optical cavity driven by
a bichromatic laser source. Our main result shows that, for initial data close to a stable sta-
tionary wave of the translation-invariant unperturbed problem, the solution of the perturbed
problem remains close to translated copies of this wave, with the translation parameter
evolving according to an effective ordinary differential equation. If this effective equation
admits a stable equilibrium, we prove that the solution of the perturbed NLS converges
to a stationary state associated with that equilibrium. In particular, the asymptotically
selected state attracts solutions with initial data that are not necessarily close to it, showing
that its basin of attraction extends far beyond a small neighborhood of the state. The
analysis is complicated by the loss of derivatives caused by the heterogeneous transport and
combines the renormalization group method with a refined bootstrap argument that exploits
parity-induced cancellations of quadratic nonlinear terms. Numerical simulations illustrate
the analytical results.
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1 Introduction

In this paper, we study the dynamical behavior of dissipative periodic optical waves in an external
potential. The model considered is the damped-driven nonlinear Schrédinger (NLS) equation
perturbed by a heterogeneous transport term,

up = idugy + eV (x)up — (1 4 iw)u + iju>u + f, (t,x) €[0,00) x T

u(0) = ug € H(T), 1)

where T = R/(27Z) is the one-dimensional torus of length 27, u: [0,00) x T — C, V: T — R
is a smooth periodic potential, and € > 0 is small. The parameters d,w, f are real and satisfy
d# 0 and f > 0. If d > 0 then the nonlinearity is focusing, whereas for d < 0 it is defocusing.
The NLS (1.1) with periodic potential has been derived in nonlinear optics [5] to describe the
light field inside a circular cavity which is excited by a bichromatic external laser source, see
Section 1.1 for more details on the physical derivation. In this context, (1.1) is also known as the
Lugiato-Lefever equation. Here, we address the following problem:

Let 1pg be a stable stationary solution of (1.1) for e =0, and let uy = 1bg. Determine the
dynamics of (1.1) for small e > 0.

The related problem of describing the motion of solitary waves under external potentials has
been studied for purely dispersive systems, including the nonlinear Schrodinger equation [11]



and the Korteweg-de Vries equation [7], using modulation theory. In these works, the solution is
shown to remain close to a manifold of solitary waves over long but finite time intervals, while the
evolution along this manifold is governed by an effective finite-dimensional system. For equations
with dissipation that are second order in space, the renormalization group method was used
in [24] to analyze the dynamics of localized solutions under perturbations that are bounded in
H'(R). It was shown that the solution remains for all times close to a translated localized profile
whose position evolves according to a first-order ordinary differential equation.

Let us now recall some relevant results for (1.1). If ¢ = 0, equation (1.1) is invariant under
spatial translations,

u(t,z) — u(t,x + o), z,0€T, t>0.

This yields that every stationary solution vy for € = 0 generates a one-dimensional family of
solutions, which we denote by

VYo (2) :=Yo(x — o), x,0€T.

In both dispersion regimes d > 0 and d < 0 the existence of stationary solutions for ¢ = 0 has
been obtained in [4,8,9,12,14, 19, 21] using bifurcation theory and spatial dynamics techniques.
In the focusing case, the solutions constructed include periodic Turing rolls bifurcating from
spatially constant states [9,21], as well as far from equilibrium periodic 1- and multi-pulses [4, 14].
Spectral stability in this case has been obtained for small periodic solutions [9,21] and the 1- and
multi-pulse solutions [2,4,14]. In the defocusing case, only existence results for small amplitude
waves have been established rigorously while spectral stability has so far only been verified
numerically [23]. Finally, nonlinear stability of spectrally stable solutions for both d > 0 and
d < 0 has been proven in [15,25].

When € > 0, the external potential breaks the translation invariance and introduces a spatially
dependent transport term. The persistence of stationary solutions of the unperturbed problem
for small £ > 0 has been studied in [5]. It was shown that stationary solutions bifurcate from the
shifted solutions 9, provided that the shift o is a simple zero of the effective potential Veg (see
also eq. (1.7) below) which is an averaged version of V' and depends on . If in addition vy
is spectrally stable and V(o) > 0, then the bifurcating solutions are shown to be spectrally
stable for £ > 0 and also nonlinearly asymptotically stable. In particular, every solution of (1.1)
with € > 0 whose initial condition is sufficiently close to such a bifurcating state converges to
this state as t — oo.

Next, we explain the main contribution of the present paper, which is a detailed description
of the dynamics of periodic waves under the heterogeneous perturbation.

The first part of our main result can be stated informally as follows. If the initial datum
satisfies

[uo = Yoy [l < Coe,

for some Cy > 0,009 € T and a stable stationary solution 1 for € = 0, then the H!(T)-solution u
of (1.1) with 0 < e < 1 is global in time and obeys

lu(t) — Yo(- — o ()| < Che, l6(t) + eVerr(a(t))] < C1€2, forallt >0 (1.2)

with C; > 0 and |0(0) — 0¢| < Cie. This means that the solution stays close to the family of
spatial translates {1, }scT, While its motion along this family is, to leading order, governed by
the reduced equation

o= _5Veff(0)' (13)

The result is illustrated in a subsequent simulation section, where we find excellent agreement
between numerical computations and theory. Let us remark that if ¢g is strongly localized in
space, its dynamics under (1.1) is expected to resemble that of a particle subject to the spatially



dependent drift induced by the external potential [3, Chap. 7]. This is consistent with the fact
that Veg approximates V' for pulse-like solutions, see [5, Rem. 14]. To establish our result, we
extend the renormalization group method from [24] to (1.1). The main challenge of the proof is
that the perturbation term eV (z)u, is not bounded in H'(T) and thus (1.1) does not fit into
the framework considered in [24|. Indeed, if eV (x)u, is treated as an inhomogeneity in the
mild formulation of (1.1), one encounters a loss of one spatial derivative. This loss cannot be
recovered from the linear evolution, since the linearized flow of (1.1) is not smoothing in H!(T).
To overcome this problem, we use the fact that the perturbation is linear in  and prove uniform
(in € and o) decay estimates for the linear problem

up = (L +eV(x)0;)u,

where £ denotes the linearization of (1.1) with e = 0 about the spectrally stable state 1,. That
is, instead of treating the perturbation as an inhomogeneity as in [24], we include it into the linear
part and analyze its influence there. Once the uniform linear decay estimates are established, we
employ the renormalization group method to establish (1.2).

The second part of our main contribution concerns the asymptotic behavior of solutions. Let
o« be a simple zero of Veg with V/z(0,) > 0. Then o, is a stable equilibrium of (1.3) and it follows
from [5] that, for € > 0 small, there exists a stable stationary solution tgtat to (1.1) which is O(e)-
close to 1, . In view of (1.2), these two observations suggest that solutions are first transported
close to 1stat according to (1.2) and then converge to this stationary state as t — oo according
to the local asymptotic stability result from [5]. Establishing this conclusion, however, involves a
significant difficulty. The local stability analysis in [5] guarantees asymptotic convergence only
for initial data lying in a O(e)-neighborhood measured in H'(T) of the stationary state. By
contrast, the estimates in (1.2) provide an O(e) description of the solution v with no control
ensuring that the constant in this bound is sufficiently small. Consequently, these estimates
alone do not imply that the solution u eventually enters the local basin of attraction of gtat.
Nevertheless, under the additional assumption that g is even, we overcome this problem and
prove asymptotic convergence of u to the stationary solution. The main idea is to improve an
estimate of the form

u(t1) — ¥stat | 1 < Ce, t1 20

to
||U(t2) - wstatHHl < 053/2, to > 11

over a time interval of length ¢9 — ¢; &~ —log(e)/e. The improved estimate ensures that u(t2) lies
within the local basin of attraction of ¥g,t. To obtain this estimate, we exploit parity-induced
cancellations of quadratic terms in the nonlinearity, which allow us to close the argument.
Altogether, this shows that the basin of attraction of the asymptotically selected stationary state
extends beyond a small neighborhood of that state, since the initial condition ug need not be close
to it. Although the convergence result is established for (1.1), the underlying technique should
extend naturally to a broader class of dissipative systems subject to heterogeneous perturbations.

1.1 Physical background of the problem

In nonlinear optics, the damped-driven NLS without an external potential has been derived
as an amplitude equation to describe the light field in a circular optical cavity driven by a
monochromatic external laser source [13]|. Such an experimental set-up can be used to generate
optical signals known as frequency combs [17], which have revolutionized frequency metrology
and, more recently, enabled significant advances in optical communication [20] or optical neural
networks [27]. In this context, the normalized parameters have the following physical meaning: d
is the dispersion parameter, f is the strength of the laser input, and w = wy — wy, is the frequency
mismatch between the laser source frequency wy, and the closest resonant frequency wp of the
cavity. The linear damping term models cavity losses experienced by the light field.



The model with periodic potential (1.1) was derived in [5] for a cavity driven by a bichromatic
laser source consisting of a dominant frequency wy, of strength f and a second frequency component
wp of strength f which is much weaker in the sense that | f | < |f]. In the simplest setting,
the bichromatic source generates a trapping potential of the form V(z) = wp — wp + wrsr —
2d f cos(z)/f, where wpsgr denotes the free spectral range determined by the cavity dispersion
relation. The parameter € controls the strength of the potential and is typically small. For details
on the derivation of (1.1), we refer to [5, Appendix A]. We note that (1.1) is formulated in the
co-moving frame with speed ws — wp,.

Bichromatic pumping has been used in experiments to synchronize the repetition rate of
frequency combs with an external laser source, thereby enabling chip-scale low-noise microwave
generation [18|. To achieve synchronization, one first generates a stable optical signal using a
monochromatic laser, corresponding to a stable stationary solution of (1.1) for € = 0. Once this
signal has formed, the second, weaker laser is switched on. If the frequency of the second laser
is suitably tuned such that w, — ws = wrsr, the cavity field synchronizes with the resulting
bichromatic source [26]. Since (1.1) is formulated in the co-moving frame determined by the
two laser frequencies, a synchronized signal corresponds to a stationary solution for £ > 0 and
synchronization occurs if the cavity field u converges towards such a stationary state as t — oo.
In particular, our main result establishes synchronization for a large class of initial signals.

1.2 Set-up, spectral assumption, and the main result

We denote by C,C1,--- > 0 absolute constants. For non-negative «, 8 we use the notation
a S pif a < Cpf and write a < S to indicate that this constant is small. For a quantity v and
non-negative 0 we write v = O(9) if ||| < ¢ in some norm that will be clear from the context.
Moreover, we identify C-valued functions u with R2-valued functions u = (Re(u),Im(u))" using
boldface symbols. Spatial derivatives are sometimes denoted by u' and time-derivatives by .
For functions u defined on T we sometimes write u(- — o) with o € R where the argument is then
understood modulo 27. Finally, with B.(z) we denote the open ball of radius ¢ around x € X in
a normed space X, which will be clear from the context.
Introducing u = (Re(u), Im(u)) ", we can write (1.1) as a real system

u = —dJug, +eV(z)uy + N(u),

1.4
u(0) = uy, (1.4)
where ug = (Re(ug), Im(ug)) ", N(u) = J(wu — (u? +ud)u) —u+ fey, e; = (1,0)", and
0 1
J= (_ 1 O) |
The unperturbed equation is obtained by setting ¢ = 0 and reads

Throughout the proofs of this paper, we work with the formulation (1.4), which has the advantage,
that the linearization about a stationary state is a C-linear operator. For u € L*°(T) we define

L.(u): HYT) c L*(T) - L*(T),  L.(u) = —dJd? + eV (2)9, + 0uN(n). (1.6)

If u is a stationary solution of (1.4), then the linearization about u is given by L£.(u). Since
the embedding H?(T) < L?(T) is compact, L.(u) is a Fredholm operator of index zero and has
compact resolvents. Thus, its spectrum consists entirely of isolated eigenvalues of finite algebraic
multiplicity.

Next, we state the spectral assumption on the stationary state. Let 1 € H?(T) be a
stationary solution of (1.1) for e = 0 and write 1, = (Re(t), Im(¢p))".



Assumption 1. For 1, = (Re(¢),Im(v)y)) " € H?(T) we require the following properties.

(i) Spectral stability: There exists p > 0 such that

o(Lo(thg)) C {A € C: Re(A) < —p} U{0};
(ii) Nondegeneracy: 0 € o(Lo(v)) is an algebraically simple eigenvalue and we denote by
o4 € H%(T) the unique solution of Ly(1p,)* @5 = 0 which satisfies (1(,, ¢g) 2 = 1.

Examples of stationary solutions for d > 0 satisfying Assumption 1 can be found in [4,9, 14].

Let us fix a stationary solution ¢g € H?(T) of (1.1) for £ = 0 which satisfies Assumption 1
and denote the family of shifts by {1, },er and let ¢} := ¢j(- — o). Then, Lo(¢,)*ps =0
as well as (Y., ¢%) 2 =1 for all 0 € R. We now define the effective potential Vog: R — R by
setting

V(o) = /T V() (4 (). 85 ())ee dy. (L.7)

Note that Veg is 2m-periodic and smooth. We recall from [5] existence and stability results for
stationary solution for e > 0 that bifurcate from {t,},er and demand the existence of a simple
zero of Veg.

Corollary 1 ([5, Thms. 3,8,9]). Let 1o € H?(T) be a stationary solution of (1.1) for ¢ =0 that
satisfies Assumption 1. Assume that the effective potential Veg admits a simple zero o.. Then
there ezists €9, C > 0 such that for all € € (0,eq) the following holds.

(i) There exists a stationary solution vy, . € H*(T) of (1.1) that satisfies the estimate
V0,6 = Yo, || g2 < Ce.
Moreover, ), o is strongly spectrally stable if V.g(o.) > 0, that is
0(Le(Yg, ) C{A € C:Re(N) < —n}

for somen >0 and 1, . = (Re(Yq, ), Im(¢s, ). Conversely, Vo,  is spectrally unstable
if Vig(oy) <O0.

(i3) If 1,  is spectrally stable, then it is also locally asymptotically stable in HY(T). That is,
there exist constants ,C, 8 > 0 such that for all ug € H*(T) with

|uo — ¢o*,s”H1 <90

there exists a unique global H'(T)-solution u € C([0,00), H*(T)) of (1.1) that obeys the
estimate

lw(t) = Yo, el < C’e*"t||u0 — Yo, el g for allt > 0.

We are now ready to formulate the main result of the present paper.

Theorem 1. Let ¢g € H*(T) be a stationary solution to (1.1) for e = 0 which satisfies
Assumption 1. Then there ezist constants €g,Cy, C1, Kk, K > 0 such that for any ¢ € (0,¢) the
following holds. Let vg € H'(T) with

lvoll g1 < Coe

and let og € R.



(i) Modulational dynamics: There exists a unique global H'(T)-solution u € C(]0, 00), H'(T))
to (1.1) with initial condition
U = Yoy + 00

and it admits the decomposition

u(t) = o) +v(t), ()| < Cie for allt > 0.
Here, 0 € C1([0,0),R) and satisfies
|6(t) + eVer(a(t))] < Cre? forallt >0 (1.8)

and |o(0) — 0| < Cie.

(ii) Asymptotic stability: Let o, € R be a simple zero of Veg with Veg(ox) = 0 and V.g(oy) >
0. We define

Iy, = U{(O'* —0_, 06+ 04):

Let further 1o be an even function and o(0) € Z,,. We denote by o, - the stationary
solution of (1.1) bifurcating from 1, given in Corollary 1. Then, we obtain the asymptotic
convergence

6_,64 >0, Vi ([-2C16,2C1€]) N (04 — 6—, 04 + 4) }
is connected for all € < gq '

-1
eKe

|u(t) — Yo, cllgr < Ch e ent for all t > 0.

Remark 1. If all assumptions of Theorem 1 are satisfied, we can combine the statements (i) and
(ii) to obtain a global description of the solution. Then for all t < e72 — 2log(e)/(ek), part (i)
yields that the solution evolves according to (1.8) which, since 0(0) € Z,, holds, transports the
periodic wave to the neighborhood of 9, .. For e72 — 2log(e)/(ex) < t the estimate in (ii) is
sharper than the solution bound in (i) and yields that u converges asymptotically fast towards
Yo, e at a slow exponential rate.

Remark 2. If Vg has no zero, then the ODE ¢ = —&Veg(0) has no equilibrium. Thus, o is
strictly monotone and since we are solving (1.1) on the torus, the solution u is to leading order
time-periodic. In particular, u does not converge to a stationary solution of (1.1) as t — oo.

Remark 3. Let V(z) = a + bcos(z) with a,b € R and b # 0. By [5, Rem. 13|, the effective
potential is generically of the form V.g(o) = a + fcos(o) with g # 0. We compute Z,, for
this specific example. Assume for simplicity that § > 0, let |a| < 8 and set 6 := arccos(—a/[3).
Then o, = 27 — 0 is the unique zero of Veg on T satisfying V/g(o,) > 0. Set 1y := 2C1e9 > 0
and assume that 79 < 8 — |a|. The subset of V' ([~10,70]) containing the unstable zero 6 is
given by [0_, 0], where 0_ = arccos((no — a)/f) and 0, = arccos(—(no + a)/3). Consequently,
Z,, =T\ [0, 04]~, where ~ indicates the identification modulo 27. In particular, Z,, is not a
small O(g)-neighborhood of o,.

Remark 4. The parity assumption in (ii) imposed on g is used in the proof of Lemma 7 and
helps us to improve an estimate due to the cancellation of [ 92N (v)[4pg]*dpdz = 0.

1.3 Organization of paper

The remainder of this paper is organized as follows. Section 2 contains numerical simulations
illustrating our main result. In Section 3 we derive a spectral decomposition of the linearized
operators Lc(1,,) and Lc(1,, ) and prove uniform linear decay estimates for the corresponding
semigroups. In Section 4.1 we present the proof of Theorem 1. Part (i) is established in Section 4.1.
The proof of part (ii) is presented in Section 4.2, which is again divided into an analysis in
the intermediate time regime (Section 4.2.1) and in the asymptotic time regime (Section 4.2.2).
Finally, Appendix A contains a version of the implicit function theorem with uniform constants
which is needed for the proofs.



2 Numerical simulations

In this section, we present numerical simulations to illustrate the two dynamical scenarios
described by Theorem 1: persistent spatially dependent drift when the effective equation has no
equilibrium and trapping when it admits a stable equilibrium. We consider both the focusing and
defocusing regimes. We first computed stable bright (for d > 0) and dark (for d < 0) stationary
pulse solutions to (1.1) with € = 0 using numerical bifurcation methods. In the focusing case, we
obtained a stable pulse for d = 0.1,w = 4.8 and f = 2, while in the defocusing case, we obtained
a stable pulse for d = —0.1,w = 3.5 and f = 2. We imposed symmetry constraints to ensure that
both solutions are even in x and verified that they satisfy Assumption 1. We then used these
stationary pulses as initial data for the time integration of (1.1). In each simulation, we compare
the observed pulse position with the solution of the reduced equation & = —&Veg(0).

Figure 1 presents the results for the bright pulse in the focusing case. In the left column, we
set eV (x) = 0.1 4 0.02 cos(x). For this choice, the numerically computed effective potential has
no zeros. Panel (a) shows the space-time evolution of the solution, which exhibits a nonuniform
spatially dependent drift around the torus over the full simulation time. The dashed line indicates
the solution o of the reduced ODE and closely follows the numerically observed pulse position.
Panel (c) shows that the error [[u(t) — ¥g(y)l|L remains small and oscillatory. In the right
column, we set eV (z) = 0.01 4 0.02 cos(z). Here, the numerically computed effective potential
admits a stable zero o, and hence the reduced equation predicts transport towards o,. Panel (b)
confirms this prediction as the pulse initially drifts and subsequently becomes trapped at o,.
Once again, the reduced trajectory closely agrees with the observed pulse position. As the
pulse relaxes towards the stationary state, the error visible in panel (d) approaches the plateau
[tbe, — ¢U*,a||L°°~

Figure 2 presents the simulation results for the defocusing case and with the dark pulse as
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Figure 1: Panels (a) and (b) show the space-time evolution |u(z,t)| starting from a stable pulse
in the focusing case for two choices of the external potential: eV (z) = 0.1 4 0.02 cos(z) in the
left column, and eV (x) = 0.01 + 0.02 cos(z) in the right column. The dashed line indicates the
position computed from the ODE 6(t) = —eVeg(o(t)). Panels (c) and (d) show the L*-error
|[u(t) — Yo(r)llLee which is controlled by Theorem 1. Parameters used in this simulation are
d=0.1,0=48,f =2
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Figure 2: Same as in Figure 1 but for the defocusing case. Parameters are d = —0.1,w = 3.5, f = 2

and eV (z) = 0.1 + 0.02 cos(z) (left column), eV (z) = 0.01 4 0.02 cos(z) (right column).

initial data. As before, only the potential V is varied with the choice eV (x) = 0.1 + 0.02 cos(x)
for the left column and eV (z) = 0.01 4 0.02 cos(z) for the right column. Panels (a) and (c) show
the oscillatory behavior of the dark pulse together with the approximation error in the case
where the effective potential is sign-definite. Again, the position is accurately predicted by the
effective ODE for o. Panels (b) and (d) show that, when the effective potential possesses a stable
zero, the dark pulse becomes trapped and approaches a stationary solution as ¢ — oo.

3 Spectral and linear analysis

Throughout this section, ¥, € H?(T) satisfies Assumption 1. In order to prove Theorem 1, we
first need to establish some preliminary results on the spectrum of £.(1,) as well as on linear
estimates for the semigroup that is generated by L£-(%,). In addition to that, the proof of part
(ii) of Theorem 1 uses spectral information and linear decay estimates for the stationary solution
of Corollary 1. These results were established (in a slightly different form than needed here)
in [5], and are therefore stated again in this section.

3.1 Spectral analysis

We start with the following perturbation result for the simple zero eigenvalue of Lo(,,).

Lemma 1. There exist €9, 09 > 0 such that for all 0,01,02 € R, € € [0,20) the following holds.
(a) There exists ¢, ., Gy € H?(T) and Ay € R such that

- 0(Le(¥,)) N By (0) = 0(Le(th5)") N By (0) = {Agc};

. 55("/’0)9%,5 = )‘U,E¢U,a and ‘CE(,lnbO')*¢;,€ = )‘U,Ed);,s;

NAoel I = ol 7 — 5 llm S e

196, — Yol 165, — @5, llm2 < o1 — oal;

: <¢U,€7¢;,6>L2 =1

S O S N



(b) Assume in addition that o, is a simple zero of Veg and denote by v, . € H*(T) the
associated stationary solution obtained in Corollary 1. Then there exist ., ot € H*(T)
and \e = —\ie + O(e%) € R, Ay = V(o) such that

1. 0(Le(g, ) N Bsy (0) = 0(Le(¥,, £)) N By (0) = {Ac}

2. Le(o, )pe = Acpo and Le(,, )" pZ = Aepl;

3. o, — @cllmz: 5. — @illue S e

4 Apes Pt = 1.
Moreover, @, ., @y ., Pe, r depend smoothly on e.
Proof. We start with the proof of part (a). The claims 1.-3. for the operator L.(v,) follow as
in [16, Prop. 1.7.2]. However, to obtain uniform bounds in o, we need to apply a version of

the Implicit Function Theorem 2 with uniform bounds, which is stated in Appendix A, to the
function

G: Ran(P) x R x R — L3(T), G(v,\e) := Lo(,)(l, +v) — MNP, + v),

where the projection P: L?(T) — L?(T) is given by Pu = u — (u, ¢%);2%,. Checking the
hypothesis of Theorem 2 is straightforward and thus we omit the details here. For the adjoint
operator L(1,)*, we proceed similarly. Moreover, 4 is an application of the mean value theorem,
where we note that 1 is in fact H*-smooth and § € H3(T). Assertion 5 is a normalization,
which is possible since A. is a simple eigenvalue.

For part (b) we refer to [5, Sect. 5]. O

We define the spectral projections

Hzcr,z-:: L2(T) - L2(T)7 Hccr,su = (u, ¢Z,5>L2 (tba,a? Hfr,s =1 —1I5

g,
’ 3.1
M T) o IA(T),  Tue=(wgf)pe, =1 T, 3
onto the central and stable spaces Ran(Ilg ) =: X7, Ran(II) =: X{ and Ran(IL; ) =: X3 _,
Ran(II8) =: X3, respectively. Using the spectral projections, we will decompose the C°-semigroups
of the corresponding operators, which will be useful in the upcoming nonlinear analysis.

3.2 Linear estimates

In this section we derive exponential decay estimates for the linearized equations. To this end, let
u € H%(T). It follows from [5, Sect. 5.9] that the operator £.(u) generates a C°-semigroup on
Hpe,(0,27) for s =0,1,2. We denote the semigroup on L*(T) by {e*<(W#},54 and note that the

semigroup on H3., (0, 27) for s = 1,2 can be obtained by restriction to the respective invariant

spaces. In case where the assumptions of Corollary 1 are satisfied, let 9, . be a spectrally stable
solution for e sufficiently small. For 0 € R we define the C?-semigroups

Soe(t) := eﬁs(wa)tnz . and S.(t) = oLe(Wo, o)t
Then, the following exponential decay estimates hold.

Lemma 2. There exists k € (0, p), €9 > 0 such that for all € € (0,e0) and all 0 € R the linear
estimates

L |[Soc()|l gy S e
2. ||Se()IE | g1y pn S e

3. NSl S e



hold for all t > 0.

Proof. We start with the proof of the first statement and note that the second statement can
be proven by the same arguments. The idea is to use the stability theorem of Gearhart-Priiss-
Greiner [10, Sect. 5 Thm. 1.1]. However, we need to track the ¢ and o-dependencies of the
constants in the estimates.

It follows from [5, Lem. 19] that there exist constants w,C > 0 (g,0 independent) such that
10 (8) 202 < Ce=t and

(A = Le(tp,) I |l 22 < C, for all A € C with Re(\) > —

a

(NS

provided € < 1. Thus, following word by word the proof in [10, Sect. 5 Thm. 1.1] we find C" > 0
independent of €, such that ||Syc(t)|| 122 < C't7L. Using [10, Sect. 2 Prop. 2.2, Lem. 2.3]
we then obtain ||Syc(t)| 22 < Ce " for ,C > 0 independent of o and €. To upgrade the
L? — L2-estimate to an H' — H!'-estimate, we exploit complex interpolation as in [5, Lem. 22].
This yields the first estimate upon noting that the constants remain ¢ and o-independent after
interpolating.

To prove the third statement, we decompose the C?-semigroup and apply the estimate (ii) to
obtain

1Se(®)l et < NSeOIE || g1 sprn + [Se O g S €™ + ¢, 02 ol S e

upon adjusting the value of k > 0 if necessary. Here we note that the last estimate follows
by combining the expansion from Lemma 1 (b), A. = —Aie 4+ O(e?) with the spectral stability
assumption \; = Vg(0y) > 0. O

4 Nonlinear dynamics: proof of Theorem 1

In this section, we give the proof of Theorem 1. The section is structured as follows. We
start with a lemma that allows us to decompose initial data into a stable part and a central
part according to the decompositions established in Section 3. Then, in Section 4.1 we employ
the renormalization group method to prove part (i) of Theorem 1. In Section 4.2, we prove
the asymptotic stability result of Theorem 1 by establishing refined nonlinear estimates and
improving errors on an intermediate time regime.

Let us assume that 1, € H?(T) satisfies Assumption 1 and let Y, ¢ be given as in Theo-
rem 1 (ii). Throughout the proof, we repeatedly employ a change of coordinates in a neighborhood
of the manifold {%,},cr. This will allow us to decompose the solution of (1.4) into a part that
can be controlled through the use of linear estimates of Lemma 2 and a part that evolves on the
manifold {¢,}scr. The following lemma establishes this decomposition.

Lemma 3. There exist ng,c0 > 0 such that for all ¢ € [0,¢0) and all v € HY(T) with ||v|; <1
the following holds.

1. For all g € R and n € [0,1n0), there exists a unique o € R with |0 — og| S 1 and
77b0'0 + 77V - 'l,ba. € Xs',e’
Furthermore, if there is o1 € R such that v € X3, _, then [0 — oo| S n(lo1 — ool +¢).

2. If oo — 04| S €0, then for alln € [0,m0) there exists a unique ¢ € R with | —og| <1 and

¢O’0+77V71lb§ GXES
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Proof. (i): Let g > 0 be as in Lemma 1. For ¢ € [0,&09) we define the map G: R? — R,
G(o,n) = (Yoo +nv—1p,, P, ) 2. Note that ¢, +nv—1p, € X5 _if and only if G(o,7) = 0. On
the one hand, we have G(go,0) = 0 and on the other hand it holds 9,G(00,0) = (Y, d5, )12 =
14 O(e) # 0 upon choosing £y > 0 smaller if necessary. By Theorem 2, there exists ny > 0
depending only on g¢ and a smooth branch [0,79) > n — o(n) € R with ¢(0) = o¢ such that
G(a(n),n) = 0 for all n € [0,m0). If further v € X3, ., we have using Hélder’s inequality and
Lemma 1,

’aﬂG<07n)| = ‘(Vv ¢;,5>L2| < ‘(Vv d);l,s - ¢;,5>L2’ < Hd):j,s - ¢;,EHL2 g ’0-1 - U‘ +e.

Thus, using 0,0(n) = —0,G(c(n),n)"18,G(c(n),n) and the mean value theorem we obtain

lo(n) — ool < sup |Oya(sn)ln < sup [0,G(o(sn),sn)ln < (sup |or —o(sn)| +€)n
s€[0,1] s€[0,1] s€[0,1]

Sno sup |o(sn) — ool + nlor — ool + &n,
s€[0,1]

which yields sup,e(o1) lo(sn) — 0ol S n(lo1 — ool + €), provided ng > 0 is sufficiently small. Thus,
we arrive at

lo(n) — ool < sup |o(sn) — oo| S nllor — ool + ).
s€[0,1]
(i) We define G: R? — R by G(s,n) := (¥, +nv — 1, @) 2 and find G(og,0) = 0 as well
as 0.G(00,0) = (¢, ¢i)2 = 1+ O(Jog — 04| + ) # 0. This yields the claim upon applying
again the implicit function theorem. ]

4.1 Modulational dynamics: proof of Theorem 1 (i)

Under the assumptions of Theorem 1 (i) we construct a solution of the form u(t) = v, ) + v(?)
for all ¢ > 0. We prove that v is of order O(e) for all ¢ > 0 provided o satisfies the ODE for
the position (1.8) and e < 1. This part of the proof follows the approach in [24] and employs
the renormalization group method (see also [6,22] for further applications of this method). The
challenge in our setting is that we need to extend the arguments in [24] to equations with a linear
perturbation that is unbounded as an operator acting in H'(T).

Inserting the solution ansatz into (1.4) we obtain

—ho0 +V = Le(hy)v + Ny, (V) + Vi, (4.1)

where NVy(v) := N(u+v) — N(u) — 8,N(u)v for u,v € R2. To write the principal linear part
as a time-independent operator, let us define for og, 01 € R the e-independent, bounded operator
B(o1,00) := L (Y,,) — Le(,,): H(T) — H'(T). Then, we rewrite (4.1) as

V= Le(Pg,)V+ Blo,00)v + Ny, (v) + 9,0 + eV, (4.2)

If |[u(0) — | g1 < Cn < no for some 6 € R we find according to Lemma 3 (i), og € R, with
09 = & + O(n) such that vo := u(0) — 1, € X . and [[vo|[z1 <, provided C € (0,1) is small
enough. We then equip (4.2) with the initial condition (v(0),c(0)) = (vo,00) € X5, . x R. The
value of 7 will be determined later in the proof, but let us already note at this point that n = O(e).
Let us further set G(o, 00, V) := B(o,00)v +Ny_(v) +eVp,,. Then the mild formulation of (4.2)

is given by

t
v(t) = efs o)ty +/0 oL (o) (t=s) (g(a(s),oo,v(s)) ‘|—’1/J,U(S)O"(S)> ds, (4.3)

a(0) = op.
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Projecting onto X7 _ and X7 _, respectively, we arrive at

00,€ ag0,&’

V() = Swoc(t)vo + /0 St = )T, (G(0(5),00,v(5)) + W6 (s) ) s,

O.—(t) <¢:7(t)7 ¢:,O’0>L2 - —<g<0(t), 00, V(t))a ¢:;0,5>L2
c(0) = op.
(4.4)

In order to control the solution of (4.4) we need the estimates collected in the following lemma.
Lemma 4. For ||v||g1, |01 — 00| <1 the following estimates hold.

1. |13, G(o1, 00, V)l S €+ lo1r — ool [V + [[vIIF;

2. MG, ¥, [l S 15

3. (g, gy cde — 1l Se+on — ool

4. 1(G(01,00,v), ¢y o) 12 — eVett(o1)| S €% +elor — oo| + |o1 — ool[[v[|a + (V][5
Proof. We have, using the mean value theorem,

115, B(o1,00)v[ g S I1B(o1, 00)v][ g < lo — ool [[v]] -

Moreover,

05, Ny, Dl S IWNg, D S IvIEn, I, eV, [l Se,

00,

which together prove the first estimate. The second estimate follows directly, and for the third
estimate we observe that by Lemma 1,

5,0 = Popcllzz S €+ o1 — ool

Thus, the Cauchy-Schwarz inequality yields

’<¢:71’¢z'0,6>[/2 - ]‘| = ‘<17b:717 ¢):'(),€ - ¢Z’1,0>L2’ S € + ’0-1 - UO N

Finally, we compute

‘(g((jl? 00, V)v ¢;0,5>L2 - EVeﬁ(01)| = ‘(B(Ulv JO)V +N¢gl (V) =+ EV’lp:n: ¢;o,a>L2 - €<V¢:717 d);l)LQ‘
S el VL, @y e — o) 12l + lo1 — ool [IVI g + [Iv]F0
<& +elor — ool + o — ool VI + VI3

This completes the proof. ]

Local well-posedness of (4.4) in H'(T) x R is established in the next lemma and follows from
a standard fixed point argument.

Lemma 5. For all (vo,00) € H'(T) x R there exists a unique mazimal solution
(v, 0) € C([0. Trnax), H'(T)) x C'([0, Tinax), R)

of (4.4) satisfying the alternative:

1
Topax = OO or lm ||v(t)|| g1 + |o(t)] + - — 0.
max t—Tmax ’<¢,O'(t)’ ¢€,00>L2 |

12



Using Lemma 4, we may write the ODE for the position as
(1) = —eVer(o(1)) + O(e? + elo(t) — ool + [ (t) — ool [V a1 + VD7) (4.5)

provided ¢, |o(t) — o¢| < 1.

Now we are in the position to close a nonlinear stability estimate. Let us fix g > 0 and
assume that u(to) = v(to) + v, with v(to) € X7 ., [[Vv(to)l 1 < n. We define the template
functions

()= sp D v@m,  BD) = sup Jo(s)— oo
sE[to,t] SE€[to,t]

for all t > ¢ for which the solution exists. Then, a1, 81 are continuous and a(to) < 1, B1(tg) = 0.
As long as aq(t), f1(t) < 1, we find, using (4.4) and Lemmas 2, 4,

t
IV (Bl S ety 4 e7=t0) [ en(5710) (& 4 |v(s)|| ] (s) — 00| + [[V(s) 1 F1) ds
to

t
Serltmto)y 4 emrlt=to) [ erls=to)e 4oy ()81 (t) + e 70y (t)2ds
to
< e rltto)y 4o e ) (¢ — o) (£)Br(t) 4+ e ")y (£)2

and thus, there exists C' > 1 such that
a(t) < C (n +eett) 4 (¢ — to)an ()1 (E) + al(t)2) .
Now we set n = 6Ce and
H = sup {t > to: (t—to) B (t) < % k(t — to) < log (i”) —log (12C), an(t) < 6(177}.
(4.6)
Then, for all ¢ € [tg, 1] we find
a1 (t) < 20(2n 4 a1 (t)?) < 4Cn + 72C3n* < 5Cn (4.7)

provided ¢ < 1. Next, we show that for € small, t; = x~!log(12C) + to. Utilizing (4.5) we find
for t € [to, t1],

lo(t) —oo| < t lo(s)|ds < /t e+o(s) — ool [Iv(s)lr + [[v(s) I3 ds
Se(t —to) + ar(t)Bi(t) + ax(t)?,

and thus there exists C’ > 1 such that (t; — t9)B1(t1) < C’e. In particular, choosing £ > 0
smaller if necessary we infer (t; — t)B1(t1) < (C4)~! which means, taking into account (4.7),
t; = K 1log(12C) + to. Then, using again (4.7) we obtain
—r(t1— n
vt < 6Cne ) =T and u(ty) = gy + vlt), ViE) € X5, o
Combining the last estimate with Lemma 3 (i), there exists o1 € R such that
V1= ) + V() =, € X5, o, |on—o(t)] S nloo —o(t)| +ne S0P
From this we infer, provided ¢ (and hence also 1) is sufficiently small,

n n
Vil < IVEDat +1¥o@) = Yo llm < 5 +lo(t) —or] < 5 + C'n* <.
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Now we can iterate the argument with the updated initial condition v(¢;) = vy, o(t1) = o1 at
time t; = tg + x~'log(12C). Setting tg = 0 and t,, := nk~!log(12C) for n € N we have proved
the following. There exists o € C1([0,00) \ Upen{tn}) with discontinuities of size O(n?) and

[u(t) = Yo)llm < 6Cn  for all t > 0. (4.8)
Moreover, from (4.5) we find that o satisfies
|6+ Vest(0)] < C* on [0,00)\ | {ta}, (4.9)
neN

upon choosing C' larger if necessary. Finally, following verbatim the arguments of |24, Sect. 2.2.2]
we can replace the piecewise smooth o by & € C1([0,00)) such that [|o — 6| oo (0,00) S 7° and (4.8)
as well as (4.9) continue to hold for & (with C replaced by 2C). This proves the first part of
Theorem 1.

4.2 Asymptotic convergence: proof of Theorem 1 (ii)

Throughout this section, let the assumptions of Theorem 1 (i) and (ii) be satisfied. The first
lemma establishes the initial transit of the solution to an e-neighborhood of the asymptotic
solution realized by following the flow of the ODE (1.8) for o.

Lemma 6. There exists 0 < t; < €72 such that
lo(t) —oul Se and |[u(t) =Y, g Se forallt >t

Proof. We start with the proof of the o-estimate. First note that Z,, is a positive invariant set
for the ODE (1.8) and hence o(t) € Z,, for all t > 0. Now, let o € Z,, with [Veg(o)| < 2C1e.
By Taylor’s theorem, there exists C' > 0 for which Veg(c) — (0 — 04)Vig(04)| < C(0 — 04)%
If |0 — 04| = 4C1e/V.4(0x) we obtain [Veg(c)| > 3C1e provided ¢ is sufficiently small. Hence,
we have established the inequality |0 — 0| < 4C1e/V.g(04). In contrast, for all o € Z,,
with |0 — oy > 4C1e/V.g(0x) we find |Veg(o)| > 2C1e. Combining this with the estimate
|6(t) + eVe(o(t))| < C1€2 we find that there exists ¢; > 0 such that for all ¢ > #; it holds
lo(t) — ou| < 4C1e/Vig(0.). Moreover, integrating the ODE (1.8) we obtain the upper bound
t1 < e72. To establish the second estimate, we use the first estimate to find

[u(®) = g, cllmr < alt) = Yo llar + 1Yo — Yo llm + 1¥o, — Yo, el Se
for all ¢t > ¢;. O

Remark 5. It is tempting to use the estimate from Lemma 6 as a starting point for a bootstrap
argument to establish the asymptotic stability. However, this estimate is in general not strong
enough to close such an argument. The reason is that the semigroup Se(t) generated by the
linearization about %, . decays only at a slow rate e~ " cf Lemma 2. As a consequence, if we
define w(t) = u(t) — 1, . and insert u = w +1,,__ into (1.4) we obtain
¢
w(t) = S(t —ty)w(t1) + [ Sc(t —s)N(W(s))ds,
t1
where |N(w)|| g < [wl|?,, and [|W(t1)||g1 < e. For the template function

alt) = sup [[W(s)eC1)
sE€[t1,t]
a direct computation then yields the estimate
t
Ol S e 00 4 [ I ) s € (e + 7 a(0)?) e 0,
t1

From this we deduce &(t) < C(e + e~ 1a(t)?), which is not sufficient to close an estimate on @,
due to the presence of the ¢! factor.
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To resolve the problem outlined in Remark 5, we identify an intermediate time regime of size
—e~1log(e) on which we improve the error to |[u(t) — ¢, [l < €3/2. In this argument, we
establish improved estimates on the nonlinearity relying on parity arguments. This is precisely
the reason why we require the additional evenness assumption on 1 for Theorem 1 (ii). The new
error estimate is proved in Section 4.2.1. Once this is achieved, we can apply standard bootstrap
arguments in Section 4.2.2 to prove nonlinear asymptotic convergence to the stationary solution

Yo -

4.2.1 Intermediate time regime

Let t; > 0 be given as in Lemma 6. By applying Lemma 3 we find o; € R with |o; — 04| Se,
7 = 1,2 such that

vi:i=u(t)) — v, € XZ, we =, . — P, € XZ.

This decomposition suggests to write the solution as u(t) = v(t) + ¥ ) — Yo, + ¥,, . With
v(t) = u(t) — Py — we for t > t1. From this, we derive, similarly to Section 4.1, the mild
formulation
t
V() = Selt = t)TEvL + [ Sa(t = )T (H(s(s), 02, v(s)) + ()9 ) s

s(s
t1 (

S, ys P22 = —(H(s(1), 02, v(1)), ) L2,
S(ty) = o1,

(4.10)

where we abbreviate H(s, 02, V) = Le(Vo, ) (e — Yo,) + Ny, (v + 9 —1,,) and vi = v(t1).
By the same reasoning as in Lemma 5 there exists a unique local solution to (4.10). In the next
lemma we derive estimates that we need to obtain bounds on v and ¢ — os.

Lemma 7. For ||v||g1,|s — 02| <1 the following estimates hold.

Lovillm Se
2. IEH(S, 02,9) | S els — ool + ] — o2 + [V
3. M2l S ls — 02| + &5

4. ’<H(§70_21V)7(P:>L2 - )\15(§ — 0'2)‘
S e%s — oo +els — ool + [s — oal [Vl + V][5 + |5 — o2f;

5. (e pl)e — 1| S s —o2f +e.
Proof. To prove the first estimate, we observe with vi = v{ — w, that
Iviller < [[Villg + Iwellgn < [[alty) = o lm + Vo) — Yo llm +2 S e

For the second estimate, we first compute IIE (¢, — v,,,) = (. —,,) — (. — Py, PE) 12
and the identities

Ve = Yo, = (02 = )Wt i (1-6)0p = (02 = S)pe + O(lo2 —<|([s — 04| + o2 — 0| + €)),
(e = Yoy, PE) 12 = (Vi (1-)0» PE) 12(02 = ) = (L + O(|s — 04| + |02 — 0] + €)) (02 = <),

for some £ € (0,1). Therefore, we find IIE (¢, — ,,) = O(|s — 02(|s — 04| + |02 — 04| +¢)) in
H3(T), where we implicitly used ||¢g||gs < 1 and ||, — 9. || g3 < e. We then find

ML (g, ) (g = Vo)l S (g = Yo, 2 S s — 02l(ls — 4] + |02 — 0] 4 €).
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Furthermore, we have

TNy, (v + % = o, )lm S Ny, (v + e = ¥5,) [ S s — o2 + IV,

Ox,E

which proves the second inequality, upon noting |0 — o,| < €.
For the third estimate, we compute

19s = el = 19 — v, + 5. — @cllm = O(ls — 02| +¢) (4.11)

which proves the assertion since ¥, = I3 (Y. — ¢,).
For the fourth estimate we first observe

<£€(¢a*,s)(¢g - ¢02)7 ‘P:>L2 = <¢g - ¢(727 ‘CE (¢U*,€)*(P:>L2 = )‘8(02 - §) <¢/§g+(1_§)027 SO;>L2
= —Xie(o2 —)(1 + O(|s — 02| +¢).
In order to obtain the improved estimate on the nonlinear part, we expand the nonlinearity up to

second order. To this end, we introduce the shorthand notation Av = . —,,, Ao =¢ — o2.
Taylor’s formula then yields

1
Ny, (v +Ap) = SON (W, IV + Ag)* + O(lv + Agp).
We expand 9N (1, .) = 92N (¢,,) + O(e) and for some £ € (0,1),

v+ A = [v = Aoy, penol’ = VI = Ao (V. ¥, 1enol + (o, 16000 V1) + (80)? (10, enol”

The last term can be written as [¢;2+§AU]2 = ¢}, ] + O(e + |Ac]). Combining the last four
equalities yields

<N’¢g*,5 (V + wg - ¢O’2)7 90:>L2

1 *
= 5 (A0) (N (W, [W5. %, 87, )12 + O(e|Aol” + |Aol V] m + [IVIEn +[Ac]).

Finally, we observe that (02N (v, )[¥) 12, % )12 = (02N (¥o)[¥p)%, @5) 2 = 0 and the last
equality holds since 92N (1p,)[1p]? is an even function and ¢ is odd, see [5, Lem. 7]. This yields
the desired estimate.

The final estimate follows directly from identity (4.11). O

Now we define the template functions

as(t) = sup [[v(s)|me™ ), Bo(t) = sup [s(s) —oaf,  fort >ty
SE[t1,t] SE[t1,t]

For 3, it is possible to deduce an a priori bound, which we then use to improve the error up to
3/2
g2,

Lemma 8. The a priori estimate P2(t) < e holds for all t > t;.

Proof. Fort > ty, we find by Theorem 1 (i) and Lemma 6, [[u(t) =t llgr < € and |o(t)—o.] Se.
Applying Lemma 3 (ii) point-wise for every ¢ > ¢; there exists a unique ¢(¢) with |S(t) —o(t)| S e
such that u(t) — s € XZ. At the same time, the solution to (4.10) yields a decomposition
with u(t) — 4.y € X2 for t > t;. Therefore, we deduce ¢ = ¢ on [t1,00) and, thus, infer
ls(t) — 02| Ss(t) —oa(t)| + |o(t) — 02| S e for t > t;. This yields the assertion upon taking the
supremum over all ¢ > t;. O
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Next, we aim for a detailed estimate on as and fB2. By Lemma 7 we can write the equation
for ¢ as

S(t) = —eMi(s(t) — o2) + R(s(t) — o2, V), (4.12)

with |R(<,v)| < [s|Iv]lm + 2|<| + els[* + [|v]|3;: + |s]>. From (4.10), (4.12), and Lemmas 2, 7
we find

t
MOIPE Eie”““)HV1HH1-+Q/1e”“s)(552@)*-52@)24-HV(S)H%l)dS
t1

e r(t=t1) o 4 ot (6/32(t)eﬁt i IBQ(t)2ent i ent—2ﬁa(t—t1)a2(t)2>

e_“(t_tl)g + 562(75) + ﬁz(t)Q + e_QHE(t_tl)OKQ(t)Q.

AN N

This implies

as(t) < ezt 4 e’%(t_tl)(eﬁg(t) + 52(25)2) + ozz(t)2 <C (e_%(t_tl)s +ehelt—t) 2 4 Oég(t)2) .
(4.13)

Now we proceed by deriving an estimate for 3. Integrating (4.12), we find
t
¢(t) — o9 = e M) (g — ) +/ eTMETIR(¢(s) — 09, v(s))ds,
t1

and hence using Lemma 8,

Ba(t) S e Mgy — oy

b [ e (B Ollv()lip -+ <Bale) + 620 + V() B + 5al0?) ds

t1

t
S e—e)\1(t—t1)6 + e—s)\lt/ GEAlthlz(t)ﬁg(t) + es>\15€3 + e—s)\ls+25nt1a2(t)2 + es)\1553d8
t1

< eerltt)e 4o om ) (¢ — 1)y (8)Ba(t) + €2 + e Le S T ay (4)2,

~

upon taking x > 0 smaller if necessary. Since e =*(!=1)(¢t — ;) < ¢! we arrive at

Ba(t) < C' (eﬂ(t*tl)e + e an(t)Bo(t) + £ + sfleﬂ@*tl)ag(t)?) . (4.14)
Now we define the intermediate time-scale by setting to — t1 = —% > 0. Then, for t € [t1, 2]

we have in (4.13)

ag(t) <C (e‘“(t‘“)e +&32 4 a2(t)2) .
Let 7 := sup{t € [t1,t2] : aa(t) < 3Ce}. Then, for all ¢ € [t1,71) we have

as(t) < C (5 +&32 4 9C2s2> <2Ce

provided that ¢ is sufficiently small. This proves 7 = to and

aa(ty) Seorllzmt)g 4 28/2 4 2 < 3/2,
Inserting the last estimate into (4.14) we then find
Ba(ts) < efsn(tzftl)g+€71a2(t2)ﬂ2(t2)+€2+€7lefsn(t27t1)a2(t2)2 < B2 B2 202 < 2
In total, we have thus established the improved estimate

la(t2) = %o, i < IVE) I + o) — Yool S az(t2) + Baltz) S €%/, (4.15)
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4.2.2 Asymptotic time regime

For the asymptotic convergence, we study the solution, after transitioning through the interme-
diate time regime, on [t2,00). Here to = t; — log(e)/(2ke) with ¢; given in Lemma 6. We set
w(t) :=u(t) — 1, . for t > ta. Then, w satisfies the equation

w(t) = Sc(t — ta)w(te) + t Se(t — s)Ny, . (w(s))ds,

for t > t5, where we recall from Lemma 2 that [[Sc ()| g1, S e as well as [Ny (v)llm S
|v]|2,,. We define

a3(t) := sup ||w(s)| e > ¢

s€[ta,t]

Then, since ||w(t2)|| g1 = [[u(te) — ¥, Nl < £3/2 we obtain for t > ty,

Iw(®) | S e =) [w(ta) || g + /te_e“(t_s)HW(S)HipdS
< oenlt—ta)g3/2 | 5_16_553_@)&3@)2’
which yields
as(t) < C (53/2 + 6_1a3(t)2) . (4.16)
This motivates the definition 7 := sup{t > t5 : a3(t) < 3Ce%?}. Clearly, 7 > t, and for all
t € [to, ) we find
ag(t) < Ce3? 1 90%e? < 206%/2

for e sufficiently small. Thus 7 = oo and the asymptotic stability [[u(t) — v, g < e—enlt=t2)
for t > ty is proved. Since ty =t — log(e)/(2re) < 62 —log(e)/(2ke), we find etz < e 1)
K > 0, which yields the desired estimate

K—l
£ — <€ e gorallt>0
[9(0) — ol S e forall >0

In summary, we have thus established part (ii) of Theorem 1.

A An implicit function theorem with uniform bounds

Throughout this paper, we need a version of the implicit function theorem which provides uniform
bounds on the implicitly defined function. Although we expect this result to be well-known, we
could not find a reference in the literature and thus state it here for the sake of completeness.

Theorem 2. Let X,Y be Banach spaces and F = F(z,)\) € C*(X x R,Y). Assume that there
exists (9, A\o) € X x R and e,C > 0 such that

b F<x07)\0) = 07.
e 0, F(xz9,\): X =Y is bijective;

o for all (x,\) € Be(xo, Ao):

10 F (2, X)) Hlyox+ > N03F (@, Nl xi oy 1005 F (2, M) || x xroy I F (2, M) [rey < C.
j=1,2
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Then, there exist 6, M > 0 depending only on ¢,C and a C*-branch Bs(\o) > A — z(\) € X such
that (x(X),\) € X x R is the unique solution of

F(x,\) =0
in a small neighborhood of (xg, Ao). Moreover, we have |z(\)—xo|| < M|X—Xg| for all X € Bs(\o).

Proof. The proof follows line by line the proof of the implicit function theorem [1, Thm. 2.3|.
However, in order to obtain uniform bounds, we employ Taylor’s formula [1, p. 28] up to second
order, to control the size of constants that appear in the contraction mapping argument. O
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