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Abstract

We study the dynamics of periodic waves in a damped-driven nonlinear Schrödinger
(NLS) equation perturbed by a small spatially dependent transport term. This equation
arises in nonlinear optics as a model for light propagation in a passive optical cavity driven by
a bichromatic laser source. Our main result shows that, for initial data close to a stable sta-
tionary wave of the translation-invariant unperturbed problem, the solution of the perturbed
problem remains close to translated copies of this wave, with the translation parameter
evolving according to an effective ordinary differential equation. If this effective equation
admits a stable equilibrium, we prove that the solution of the perturbed NLS converges
to a stationary state associated with that equilibrium. In particular, the asymptotically
selected state attracts solutions with initial data that are not necessarily close to it, showing
that its basin of attraction extends far beyond a small neighborhood of the state. The
analysis is complicated by the loss of derivatives caused by the heterogeneous transport and
combines the renormalization group method with a refined bootstrap argument that exploits
parity-induced cancellations of quadratic nonlinear terms. Numerical simulations illustrate
the analytical results.
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1 Introduction

In this paper, we study the dynamical behavior of dissipative periodic optical waves in an external
potential. The model considered is the damped-driven nonlinear Schrödinger (NLS) equation
perturbed by a heterogeneous transport term,

ut = iduxx + εV (x)ux − (1 + iω)u+ i|u|2u+ f, (t, x) ∈ [0,∞)× T
u(0) = u0 ∈ H1(T),

(1.1)

where T = R/(2πZ) is the one-dimensional torus of length 2π, u : [0,∞) × T → C, V : T → R
is a smooth periodic potential, and ε ≥ 0 is small. The parameters d, ω, f are real and satisfy
d ≠ 0 and f > 0. If d > 0 then the nonlinearity is focusing, whereas for d < 0 it is defocusing.
The NLS (1.1) with periodic potential has been derived in nonlinear optics [5] to describe the
light field inside a circular cavity which is excited by a bichromatic external laser source, see
Section 1.1 for more details on the physical derivation. In this context, (1.1) is also known as the
Lugiato-Lefever equation. Here, we address the following problem:

Let ψ0 be a stable stationary solution of (1.1) for ε = 0, and let u0 ≈ ψ0. Determine the
dynamics of (1.1) for small ε > 0.

The related problem of describing the motion of solitary waves under external potentials has
been studied for purely dispersive systems, including the nonlinear Schrödinger equation [11]
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and the Korteweg-de Vries equation [7], using modulation theory. In these works, the solution is
shown to remain close to a manifold of solitary waves over long but finite time intervals, while the
evolution along this manifold is governed by an effective finite-dimensional system. For equations
with dissipation that are second order in space, the renormalization group method was used
in [24] to analyze the dynamics of localized solutions under perturbations that are bounded in
H1(R). It was shown that the solution remains for all times close to a translated localized profile
whose position evolves according to a first-order ordinary differential equation.

Let us now recall some relevant results for (1.1). If ε = 0, equation (1.1) is invariant under
spatial translations,

u(t, x) 7→ u(t, x+ σ), x, σ ∈ T, t ≥ 0.

This yields that every stationary solution ψ0 for ε = 0 generates a one-dimensional family of
solutions, which we denote by

ψσ(x) := ψ0(x− σ), x, σ ∈ T.

In both dispersion regimes d > 0 and d < 0 the existence of stationary solutions for ε = 0 has
been obtained in [4, 8, 9, 12, 14,19,21] using bifurcation theory and spatial dynamics techniques.
In the focusing case, the solutions constructed include periodic Turing rolls bifurcating from
spatially constant states [9,21], as well as far from equilibrium periodic 1- and multi-pulses [4,14].
Spectral stability in this case has been obtained for small periodic solutions [9,21] and the 1- and
multi-pulse solutions [2, 4, 14]. In the defocusing case, only existence results for small amplitude
waves have been established rigorously while spectral stability has so far only been verified
numerically [23]. Finally, nonlinear stability of spectrally stable solutions for both d > 0 and
d < 0 has been proven in [15,25].

When ε > 0, the external potential breaks the translation invariance and introduces a spatially
dependent transport term. The persistence of stationary solutions of the unperturbed problem
for small ε > 0 has been studied in [5]. It was shown that stationary solutions bifurcate from the
shifted solutions ψσ∗ provided that the shift σ∗ is a simple zero of the effective potential Veff (see
also eq. (1.7) below) which is an averaged version of V and depends on ψ0. If in addition ψ0

is spectrally stable and V ′
eff(σ∗) > 0, then the bifurcating solutions are shown to be spectrally

stable for ε > 0 and also nonlinearly asymptotically stable. In particular, every solution of (1.1)
with ε > 0 whose initial condition is sufficiently close to such a bifurcating state converges to
this state as t→ ∞.

Next, we explain the main contribution of the present paper, which is a detailed description
of the dynamics of periodic waves under the heterogeneous perturbation.

The first part of our main result can be stated informally as follows. If the initial datum
satisfies

∥u0 − ψσ0∥H1 ≤ C0ε,

for some C0 > 0, σ0 ∈ T and a stable stationary solution ψ0 for ε = 0, then the H1(T)-solution u
of (1.1) with 0 < ε≪ 1 is global in time and obeys

∥u(t)− ψ0(· − σ(t))∥H1 ≤ C1ε, |σ̇(t) + εVeff(σ(t))| < C1ε
2, for all t ≥ 0 (1.2)

with C1 > 0 and |σ(0) − σ0| ≤ C1ε. This means that the solution stays close to the family of
spatial translates {ψσ}σ∈T, while its motion along this family is, to leading order, governed by
the reduced equation

σ̇ = −εVeff(σ). (1.3)

The result is illustrated in a subsequent simulation section, where we find excellent agreement
between numerical computations and theory. Let us remark that if ψ0 is strongly localized in
space, its dynamics under (1.1) is expected to resemble that of a particle subject to the spatially
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dependent drift induced by the external potential [3, Chap. 7]. This is consistent with the fact
that Veff approximates V for pulse-like solutions, see [5, Rem. 14]. To establish our result, we
extend the renormalization group method from [24] to (1.1). The main challenge of the proof is
that the perturbation term εV (x)ux is not bounded in H1(T) and thus (1.1) does not fit into
the framework considered in [24]. Indeed, if εV (x)ux is treated as an inhomogeneity in the
mild formulation of (1.1), one encounters a loss of one spatial derivative. This loss cannot be
recovered from the linear evolution, since the linearized flow of (1.1) is not smoothing in H1(T).
To overcome this problem, we use the fact that the perturbation is linear in u and prove uniform
(in ε and σ) decay estimates for the linear problem

ut = (L+ εV (x)∂x)u,

where L denotes the linearization of (1.1) with ε = 0 about the spectrally stable state ψσ. That
is, instead of treating the perturbation as an inhomogeneity as in [24], we include it into the linear
part and analyze its influence there. Once the uniform linear decay estimates are established, we
employ the renormalization group method to establish (1.2).

The second part of our main contribution concerns the asymptotic behavior of solutions. Let
σ∗ be a simple zero of Veff with V ′

eff(σ∗) > 0. Then σ∗ is a stable equilibrium of (1.3) and it follows
from [5] that, for ε > 0 small, there exists a stable stationary solution ψstat to (1.1) which is O(ε)-
close to ψσ∗ . In view of (1.2), these two observations suggest that solutions are first transported
close to ψstat according to (1.2) and then converge to this stationary state as t→ ∞ according
to the local asymptotic stability result from [5]. Establishing this conclusion, however, involves a
significant difficulty. The local stability analysis in [5] guarantees asymptotic convergence only
for initial data lying in a O(ε)-neighborhood measured in H1(T) of the stationary state. By
contrast, the estimates in (1.2) provide an O(ε) description of the solution u with no control
ensuring that the constant in this bound is sufficiently small. Consequently, these estimates
alone do not imply that the solution u eventually enters the local basin of attraction of ψstat.
Nevertheless, under the additional assumption that ψ0 is even, we overcome this problem and
prove asymptotic convergence of u to the stationary solution. The main idea is to improve an
estimate of the form

∥u(t1)− ψstat∥H1 ≤ Cε, t1 ≥ 0

to
∥u(t2)− ψstat∥H1 ≤ Cε3/2, t2 > t1

over a time interval of length t2 − t1 ≈ − log(ε)/ε. The improved estimate ensures that u(t2) lies
within the local basin of attraction of ψstat. To obtain this estimate, we exploit parity-induced
cancellations of quadratic terms in the nonlinearity, which allow us to close the argument.
Altogether, this shows that the basin of attraction of the asymptotically selected stationary state
extends beyond a small neighborhood of that state, since the initial condition u0 need not be close
to it. Although the convergence result is established for (1.1), the underlying technique should
extend naturally to a broader class of dissipative systems subject to heterogeneous perturbations.

1.1 Physical background of the problem

In nonlinear optics, the damped-driven NLS without an external potential has been derived
as an amplitude equation to describe the light field in a circular optical cavity driven by a
monochromatic external laser source [13]. Such an experimental set-up can be used to generate
optical signals known as frequency combs [17], which have revolutionized frequency metrology
and, more recently, enabled significant advances in optical communication [20] or optical neural
networks [27]. In this context, the normalized parameters have the following physical meaning: d
is the dispersion parameter, f is the strength of the laser input, and ω = ω0−ωp is the frequency
mismatch between the laser source frequency ωp and the closest resonant frequency ω0 of the
cavity. The linear damping term models cavity losses experienced by the light field.
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The model with periodic potential (1.1) was derived in [5] for a cavity driven by a bichromatic
laser source consisting of a dominant frequency ωp of strength f and a second frequency component
ωp̃ of strength f̃ which is much weaker in the sense that |f̃ | ≪ |f |. In the simplest setting,
the bichromatic source generates a trapping potential of the form V (x) = ωp̃ − ωp + ωFSR −
2df̃ cos(x)/f , where ωFSR denotes the free spectral range determined by the cavity dispersion
relation. The parameter ε controls the strength of the potential and is typically small. For details
on the derivation of (1.1), we refer to [5, Appendix A]. We note that (1.1) is formulated in the
co-moving frame with speed ωp̃ − ωp.

Bichromatic pumping has been used in experiments to synchronize the repetition rate of
frequency combs with an external laser source, thereby enabling chip-scale low-noise microwave
generation [18]. To achieve synchronization, one first generates a stable optical signal using a
monochromatic laser, corresponding to a stable stationary solution of (1.1) for ε = 0. Once this
signal has formed, the second, weaker laser is switched on. If the frequency of the second laser
is suitably tuned such that ωp − ωp̃ ≈ ωFSR, the cavity field synchronizes with the resulting
bichromatic source [26]. Since (1.1) is formulated in the co-moving frame determined by the
two laser frequencies, a synchronized signal corresponds to a stationary solution for ε > 0 and
synchronization occurs if the cavity field u converges towards such a stationary state as t→ ∞.
In particular, our main result establishes synchronization for a large class of initial signals.

1.2 Set-up, spectral assumption, and the main result

We denote by C,C1, · · · > 0 absolute constants. For non-negative α, β we use the notation
α ≲ β if α ≤ Cβ and write α≪ β to indicate that this constant is small. For a quantity γ and
non-negative δ we write γ = O(δ) if ∥γ∥ ≲ δ in some norm that will be clear from the context.
Moreover, we identify C-valued functions u with R2-valued functions u = (Re(u), Im(u))⊤ using
boldface symbols. Spatial derivatives are sometimes denoted by u′ and time-derivatives by u̇.
For functions u defined on T we sometimes write u(· −σ) with σ ∈ R where the argument is then
understood modulo 2π. Finally, with Bε(x) we denote the open ball of radius ε around x ∈ X in
a normed space X, which will be clear from the context.

Introducing u = (Re(u), Im(u))⊤, we can write (1.1) as a real system

ut = −dJuxx + εV (x)ux +N(u),

u(0) = u0,
(1.4)

where u0 = (Re(u0), Im(u0))
⊤, N(u) = J(ωu− (u2

1 + u2
2)u)− u+ fe1, e1 = (1, 0)⊤, and

J =

(
0 1
−1 0

)
.

The unperturbed equation is obtained by setting ε = 0 and reads

ut = −dJuxx +N(u). (1.5)

Throughout the proofs of this paper, we work with the formulation (1.4), which has the advantage,
that the linearization about a stationary state is a C-linear operator. For u ∈ L∞(T) we define

Lε(u) : H
2(T) ⊂ L2(T) → L2(T), Lε(u) = −dJ∂2x + εV (x)∂x + ∂uN(u). (1.6)

If u is a stationary solution of (1.4), then the linearization about u is given by Lε(u). Since
the embedding H2(T) ↪→ L2(T) is compact, Lε(u) is a Fredholm operator of index zero and has
compact resolvents. Thus, its spectrum consists entirely of isolated eigenvalues of finite algebraic
multiplicity.

Next, we state the spectral assumption on the stationary state. Let ψ0 ∈ H2(T) be a
stationary solution of (1.1) for ε = 0 and write ψ0 = (Re(ψ0), Im(ψ0))

⊤.
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Assumption 1. For ψ0 = (Re(ψ0), Im(ψ0))
⊤ ∈ H2(T) we require the following properties.

(i) Spectral stability: There exists ρ > 0 such that

σ(L0(ψ0)) ⊂ {λ ∈ C : Re(λ) ≤ −ρ} ∪ {0};

(ii) Nondegeneracy: 0 ∈ σ(L0(ψ0)) is an algebraically simple eigenvalue and we denote by
ϕ∗
0 ∈ H2(T) the unique solution of L0(ψ0)

∗ϕ∗
0 = 0 which satisfies ⟨ψ′

0,ϕ
∗
0⟩L2 = 1.

Examples of stationary solutions for d > 0 satisfying Assumption 1 can be found in [4, 9, 14].
Let us fix a stationary solution ψ0 ∈ H2(T) of (1.1) for ε = 0 which satisfies Assumption 1

and denote the family of shifts by {ψσ}σ∈T and let ϕ∗
σ := ϕ∗

0(· − σ). Then, L0(ψσ)
∗ϕ∗

σ = 0
as well as ⟨ψ′

σ,ϕ
∗
σ⟩L2 = 1 for all σ ∈ R. We now define the effective potential Veff : R → R by

setting

Veff(σ) :=

∫
T
V (y) ⟨ψ′

σ(y),ϕ
∗
σ(y)⟩R2 dy. (1.7)

Note that Veff is 2π-periodic and smooth. We recall from [5] existence and stability results for
stationary solution for ε > 0 that bifurcate from {ψσ}σ∈T and demand the existence of a simple
zero of Veff.

Corollary 1 ([5, Thms. 3,8,9]). Let ψ0 ∈ H2(T) be a stationary solution of (1.1) for ε = 0 that
satisfies Assumption 1. Assume that the effective potential Veff admits a simple zero σ∗. Then
there exists ε0, C > 0 such that for all ε ∈ (0, ε0) the following holds.

(i) There exists a stationary solution ψσ∗,ε ∈ H2(T) of (1.1) that satisfies the estimate

∥ψσ∗,ε − ψσ∗∥H2 ≤ Cε.

Moreover, ψσ∗,ε is strongly spectrally stable if V ′
eff(σ∗) > 0, that is

σ(Lε(ψσ∗,ε)) ⊂ {λ ∈ C : Re(λ) < −η}

for some η > 0 and ψσ∗,ε = (Re(ψσ∗,ε), Im(ψσ∗,ε)). Conversely, ψσ∗,ε is spectrally unstable
if V ′

eff(σ∗) < 0.

(ii) If ψσ∗,ε is spectrally stable, then it is also locally asymptotically stable in H1(T). That is,
there exist constants η, C, δ > 0 such that for all u0 ∈ H1(T) with

∥u0 − ψσ∗,ε∥H1 < δ

there exists a unique global H1(T)-solution u ∈ C([0,∞), H1(T)) of (1.1) that obeys the
estimate

∥u(t)− ψσ∗,ε∥H1 ≤ Ce−ηt∥u0 − ψσ∗,ε∥H1 for all t ≥ 0.

We are now ready to formulate the main result of the present paper.

Theorem 1. Let ψ0 ∈ H2(T) be a stationary solution to (1.1) for ε = 0 which satisfies
Assumption 1. Then there exist constants ε0, C0, C1, κ,K > 0 such that for any ε ∈ (0, ε0) the
following holds. Let v0 ∈ H1(T) with

∥v0∥H1 ≤ C0ε

and let σ0 ∈ R.
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(i) Modulational dynamics: There exists a unique global H1(T)-solution u ∈ C([0,∞), H1(T))
to (1.1) with initial condition

u0 = ψσ0 + v0

and it admits the decomposition

u(t) = ψσ(t) + v(t), ∥v(t)∥H1 ≤ C1ε for all t ≥ 0.

Here, σ ∈ C1([0,∞),R) and satisfies

|σ̇(t) + εVeff(σ(t))| ≤ C1ε
2 for all t ≥ 0 (1.8)

and |σ(0)− σ0| ≤ C1ε.

(ii) Asymptotic stability: Let σ∗ ∈ R be a simple zero of Veff with Veff(σ∗) = 0 and V ′
eff(σ∗) >

0. We define

Iσ∗ :=
⋃{

(σ∗ − δ−, σ∗ + δ+) :
δ−, δ+ > 0, V−1

eff ([−2C1ε, 2C1ε]) ∩ (σ∗ − δ−, σ∗ + δ+)
is connected for all ε < ε0

}
.

Let further ψ0 be an even function and σ(0) ∈ Iσ∗. We denote by ψσ∗,ε the stationary
solution of (1.1) bifurcating from ψσ∗ given in Corollary 1. Then, we obtain the asymptotic
convergence

∥u(t)− ψσ∗,ε∥H1 ≤ C1
eKε−1

ε
e−εκt for all t ≥ 0.

Remark 1. If all assumptions of Theorem 1 are satisfied, we can combine the statements (i) and
(ii) to obtain a global description of the solution. Then for all t ≲ ε−2 − 2 log(ε)/(εκ), part (i)
yields that the solution evolves according to (1.8) which, since σ(0) ∈ Iσ∗ holds, transports the
periodic wave to the neighborhood of ψσ∗,ε. For ε−2 − 2 log(ε)/(εκ) ≲ t the estimate in (ii) is
sharper than the solution bound in (i) and yields that u converges asymptotically fast towards
ψσ∗,ε at a slow exponential rate.

Remark 2. If Veff has no zero, then the ODE σ̇ = −εVeff(σ) has no equilibrium. Thus, σ is
strictly monotone and since we are solving (1.1) on the torus, the solution u is to leading order
time-periodic. In particular, u does not converge to a stationary solution of (1.1) as t→ ∞.

Remark 3. Let V (x) = a + b cos(x) with a, b ∈ R and b ̸= 0. By [5, Rem. 13], the effective
potential is generically of the form Veff(σ) = a + β cos(σ) with β ̸= 0. We compute Iσ∗ for
this specific example. Assume for simplicity that β > 0, let |a| < β and set θ := arccos(−a/β).
Then σ∗ = 2π − θ is the unique zero of Veff on T satisfying V ′

eff(σ∗) > 0. Set η0 := 2C1ε0 > 0
and assume that η0 < β − |a|. The subset of V−1

eff ([−η0, η0]) containing the unstable zero θ is
given by [θ−, θ+], where θ− = arccos((η0 − a)/β) and θ+ = arccos(−(η0 + a)/β). Consequently,
Iσ∗ = T \ [θ−, θ+]∼, where ∼ indicates the identification modulo 2π. In particular, Iσ∗ is not a
small O(ε)-neighborhood of σ∗.

Remark 4. The parity assumption in (ii) imposed on ψ0 is used in the proof of Lemma 7 and
helps us to improve an estimate due to the cancellation of

∫
T ∂

2
uN(ψ0)[ψ

′
0]
2ϕ∗

0dx = 0.

1.3 Organization of paper

The remainder of this paper is organized as follows. Section 2 contains numerical simulations
illustrating our main result. In Section 3 we derive a spectral decomposition of the linearized
operators Lε(ψσ) and Lε(ψσ∗,ε) and prove uniform linear decay estimates for the corresponding
semigroups. In Section 4.1 we present the proof of Theorem 1. Part (i) is established in Section 4.1.
The proof of part (ii) is presented in Section 4.2, which is again divided into an analysis in
the intermediate time regime (Section 4.2.1) and in the asymptotic time regime (Section 4.2.2).
Finally, Appendix A contains a version of the implicit function theorem with uniform constants
which is needed for the proofs.
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2 Numerical simulations

In this section, we present numerical simulations to illustrate the two dynamical scenarios
described by Theorem 1: persistent spatially dependent drift when the effective equation has no
equilibrium and trapping when it admits a stable equilibrium. We consider both the focusing and
defocusing regimes. We first computed stable bright (for d > 0) and dark (for d < 0) stationary
pulse solutions to (1.1) with ε = 0 using numerical bifurcation methods. In the focusing case, we
obtained a stable pulse for d = 0.1, ω = 4.8 and f = 2, while in the defocusing case, we obtained
a stable pulse for d = −0.1, ω = 3.5 and f = 2. We imposed symmetry constraints to ensure that
both solutions are even in x and verified that they satisfy Assumption 1. We then used these
stationary pulses as initial data for the time integration of (1.1). In each simulation, we compare
the observed pulse position with the solution of the reduced equation σ̇ = −εVeff(σ).

Figure 1 presents the results for the bright pulse in the focusing case. In the left column, we
set εV (x) = 0.1 + 0.02 cos(x). For this choice, the numerically computed effective potential has
no zeros. Panel (a) shows the space-time evolution of the solution, which exhibits a nonuniform
spatially dependent drift around the torus over the full simulation time. The dashed line indicates
the solution σ of the reduced ODE and closely follows the numerically observed pulse position.
Panel (c) shows that the error ∥u(t) − ψσ(t)∥L∞ remains small and oscillatory. In the right
column, we set εV (x) = 0.01 + 0.02 cos(x). Here, the numerically computed effective potential
admits a stable zero σ∗ and hence the reduced equation predicts transport towards σ∗. Panel (b)
confirms this prediction as the pulse initially drifts and subsequently becomes trapped at σ∗.
Once again, the reduced trajectory closely agrees with the observed pulse position. As the
pulse relaxes towards the stationary state, the error visible in panel (d) approaches the plateau
∥ψσ∗ − ψσ∗,ε∥L∞ .

Figure 2 presents the simulation results for the defocusing case and with the dark pulse as
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Figure 1: Panels (a) and (b) show the space-time evolution |u(x, t)| starting from a stable pulse
in the focusing case for two choices of the external potential: εV (x) = 0.1 + 0.02 cos(x) in the
left column, and εV (x) = 0.01 + 0.02 cos(x) in the right column. The dashed line indicates the
position computed from the ODE σ̇(t) = −εVeff(σ(t)). Panels (c) and (d) show the L∞-error
∥u(t) − ψσ(t)∥L∞ which is controlled by Theorem 1. Parameters used in this simulation are
d = 0.1, ω = 4.8, f = 2.
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Figure 2: Same as in Figure 1 but for the defocusing case. Parameters are d = −0.1, ω = 3.5, f = 2
and εV (x) = 0.1 + 0.02 cos(x) (left column), εV (x) = 0.01 + 0.02 cos(x) (right column).

initial data. As before, only the potential V is varied with the choice εV (x) = 0.1 + 0.02 cos(x)
for the left column and εV (x) = 0.01 + 0.02 cos(x) for the right column. Panels (a) and (c) show
the oscillatory behavior of the dark pulse together with the approximation error in the case
where the effective potential is sign-definite. Again, the position is accurately predicted by the
effective ODE for σ. Panels (b) and (d) show that, when the effective potential possesses a stable
zero, the dark pulse becomes trapped and approaches a stationary solution as t→ ∞.

3 Spectral and linear analysis

Throughout this section, ψ0 ∈ H2(T) satisfies Assumption 1. In order to prove Theorem 1, we
first need to establish some preliminary results on the spectrum of Lε(ψσ) as well as on linear
estimates for the semigroup that is generated by Lε(ψσ). In addition to that, the proof of part
(ii) of Theorem 1 uses spectral information and linear decay estimates for the stationary solution
of Corollary 1. These results were established (in a slightly different form than needed here)
in [5], and are therefore stated again in this section.

3.1 Spectral analysis

We start with the following perturbation result for the simple zero eigenvalue of L0(ψσ).

Lemma 1. There exist ε0, δ0 > 0 such that for all σ, σ1, σ2 ∈ R, ε ∈ [0, ε0) the following holds.

(a) There exists ϕσ,ε,ϕ
∗
σ,ε ∈ H2(T) and λσ,ε ∈ R such that

1. σ(Lε(ψσ)) ∩Bδ0(0) = σ(Lε(ψσ)
∗) ∩Bδ0(0) = {λσ,ε};

2. Lε(ψσ)ϕσ,ε = λσ,εϕσ,ε and Lε(ψσ)
∗ϕ∗

σ,ε = λσ,εϕ
∗
σ,ε;

3. |λσ,ε|, ∥ψ′
σ − ϕσ,ε∥H1 , ∥ϕ∗

σ − ϕ∗
σ,ε∥H1 ≲ ε;

4. ∥ψ′
σ1

−ψ′
σ2
∥H2 , ∥ϕ∗

σ1
− ϕ∗

σ2
∥H2 ≲ |σ1 − σ2|;

5. ⟨ϕσ,ε,ϕ
∗
σ,ε⟩L2 = 1.
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(b) Assume in addition that σ∗ is a simple zero of Veff and denote by ψσ∗,ε ∈ H2(T) the
associated stationary solution obtained in Corollary 1. Then there exist φε,φ

∗
ε ∈ H2(T)

and λε = −λ1ε+O(ε2) ∈ R, λ1 = V ′
eff(σ∗) such that

1. σ(Lε(ψσ∗,ε)) ∩Bδ0(0) = σ(Lε(ψσ∗,ε)
∗) ∩Bδ0(0) = {λε};

2. Lε(ψσ∗,ε)φε = λεφε and Lε(ψσ∗,ε)
∗φ∗

ε = λεφ
∗
ε;

3. ∥ψ′
σ∗ −φε∥H2 , ∥ϕ∗

σ∗ −φ
∗
ε∥H2 ≲ ε;

4. ⟨φε,φ
∗
ε⟩L2 = 1.

Moreover, ϕσ,ε,ϕ
∗
σ,ε,φε,φ

∗
ε depend smoothly on ε.

Proof. We start with the proof of part (a). The claims 1.-3. for the operator Lε(ψσ) follow as
in [16, Prop. 1.7.2]. However, to obtain uniform bounds in σ, we need to apply a version of
the Implicit Function Theorem 2 with uniform bounds, which is stated in Appendix A, to the
function

G : Ran(P )× R× R → L2(T), G(v, λ, ε) := Lε(ψσ)(ψ
′
σ + v)− λ(ψ′

σ + v),

where the projection P : L2(T) → L2(T) is given by Pu = u − ⟨u,ϕ∗
σ⟩L2ψ′

σ. Checking the
hypothesis of Theorem 2 is straightforward and thus we omit the details here. For the adjoint
operator Lε(ψσ)

∗, we proceed similarly. Moreover, 4 is an application of the mean value theorem,
where we note that ψ0 is in fact H4-smooth and ψ∗

0 ∈ H3(T). Assertion 5 is a normalization,
which is possible since λε is a simple eigenvalue.

For part (b) we refer to [5, Sect. 5].

We define the spectral projections

Πc
σ,ε : L

2(T) → L2(T), Πc
σ,εu := ⟨u,ϕ∗

σ,ε⟩L2 ϕσ,ε, Πs
σ,ε := I −Πc

σ,ε,

Πc
ε : L

2(T) → L2(T), Πc
εu := ⟨u,φ∗

ε⟩L2 φε, Πs
ε := I −Πc

ε,
(3.1)

onto the central and stable spaces Ran(Πc
σ,ε) =: Xc

σ,ε, Ran(Πc
ε) =: Xc

ε and Ran(Πs
σ,ε) =: Xs

σ,ε,
Ran(Πs

ε) =: Xs
ε, respectively. Using the spectral projections, we will decompose the C0-semigroups

of the corresponding operators, which will be useful in the upcoming nonlinear analysis.

3.2 Linear estimates

In this section we derive exponential decay estimates for the linearized equations. To this end, let
u ∈ H2(T). It follows from [5, Sect. 5.9] that the operator Lε(u) generates a C0-semigroup on
Hs

per(0, 2π) for s = 0, 1, 2. We denote the semigroup on L2(T) by {eLε(u)t}t≥0 and note that the
semigroup on Hs

per(0, 2π) for s = 1, 2 can be obtained by restriction to the respective invariant
spaces. In case where the assumptions of Corollary 1 are satisfied, let ψσ∗,ε be a spectrally stable
solution for ε sufficiently small. For σ ∈ R we define the C0-semigroups

Sσ,ε(t) := eLε(ψσ)tΠs
σ,ε and Sε(t) = eLε(ψσ∗,ε)t.

Then, the following exponential decay estimates hold.

Lemma 2. There exists κ ∈ (0, ρ), ε0 > 0 such that for all ε ∈ (0, ε0) and all σ ∈ R the linear
estimates

1. ∥Sσ,ε(t)∥H1→H1 ≲ e−κt

2. ∥Sε(t)Πs
ε∥H1→H1 ≲ e−κt

3. ∥Sε(t)∥H1→H1 ≲ e−εκt

9



hold for all t ≥ 0.

Proof. We start with the proof of the first statement and note that the second statement can
be proven by the same arguments. The idea is to use the stability theorem of Gearhart-Prüss-
Greiner [10, Sect. 5 Thm. 1.1]. However, we need to track the ε and σ-dependencies of the
constants in the estimates.

It follows from [5, Lem. 19] that there exist constants ϖ,C > 0 (ε, σ independent) such that
∥Sσ,ε(t)∥L2→L2 ≤ Ceϖt and

∥(λ− Lε(ψσ))
−1Πs

σ,ε∥L2→L2 ≤ C, for all λ ∈ C with Re(λ) ≥ −ρ
2

provided ε≪ 1. Thus, following word by word the proof in [10, Sect. 5 Thm. 1.1] we find C ′ > 0
independent of ε, σ such that ∥Sσ,ε(t)∥L2→L2 ≤ C ′t−1. Using [10, Sect. 2 Prop. 2.2, Lem. 2.3]
we then obtain ∥Sσ,ε(t)∥L2→L2 ≤ Ce−κt for κ,C > 0 independent of σ and ε. To upgrade the
L2 → L2-estimate to an H1 → H1-estimate, we exploit complex interpolation as in [5, Lem. 22].
This yields the first estimate upon noting that the constants remain ε and σ-independent after
interpolating.

To prove the third statement, we decompose the C0-semigroup and apply the estimate (ii) to
obtain

∥Sε(t)∥H1→H1 ≤ ∥Sε(t)Πs
ε∥H1→H1 + ∥Sε(t)Πc

ε∥H1→H1 ≲ e−κt + eλεt∥⟨·,φ∗
ε⟩L2φε∥H1→H1 ≲ e−εκt,

upon adjusting the value of κ > 0 if necessary. Here we note that the last estimate follows
by combining the expansion from Lemma 1 (b), λε = −λ1ε+O(ε2) with the spectral stability
assumption λ1 = V ′

eff(σ∗) > 0.

4 Nonlinear dynamics: proof of Theorem 1

In this section, we give the proof of Theorem 1. The section is structured as follows. We
start with a lemma that allows us to decompose initial data into a stable part and a central
part according to the decompositions established in Section 3. Then, in Section 4.1 we employ
the renormalization group method to prove part (i) of Theorem 1. In Section 4.2, we prove
the asymptotic stability result of Theorem 1 by establishing refined nonlinear estimates and
improving errors on an intermediate time regime.

Let us assume that ψ0 ∈ H2(T) satisfies Assumption 1 and let ψσ∗,ε be given as in Theo-
rem 1 (ii). Throughout the proof, we repeatedly employ a change of coordinates in a neighborhood
of the manifold {ψσ}σ∈R. This will allow us to decompose the solution of (1.4) into a part that
can be controlled through the use of linear estimates of Lemma 2 and a part that evolves on the
manifold {ψσ}σ∈R. The following lemma establishes this decomposition.

Lemma 3. There exist η0, ε0 > 0 such that for all ε ∈ [0, ε0) and all v ∈ H1(T) with ∥v∥H1 ≤ 1
the following holds.

1. For all σ0 ∈ R and η ∈ [0, η0), there exists a unique σ ∈ R with |σ − σ0| ≲ η and

ψσ0
+ ηv −ψσ ∈ Xs

σ,ε.

Furthermore, if there is σ1 ∈ R such that v ∈ Xs
σ1,ε, then |σ − σ0| ≲ η(|σ1 − σ0|+ ε).

2. If |σ0 − σ∗| ≲ ε0, then for all η ∈ [0, η0) there exists a unique ς ∈ R with |ς − σ0| ≲ η and

ψσ0
+ ηv −ψς ∈ Xs

ε.
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Proof. (i): Let ε0 > 0 be as in Lemma 1. For ε ∈ [0, ε0) we define the map G : R2 → R,
G(σ, η) := ⟨ψσ0

+ηv−ψσ,ϕ
∗
σ,ε⟩L2 . Note that ψσ0

+ηv−ψσ ∈ Xs
σ,ε if and only if G(σ, η) = 0. On

the one hand, we have G(σ0, 0) = 0 and on the other hand it holds ∂σG(σ0, 0) = ⟨ψ′
σ0
,ϕ∗

σ0,ε⟩L2 =
1 + O(ε) ̸= 0 upon choosing ε0 > 0 smaller if necessary. By Theorem 2, there exists η0 > 0
depending only on ε0 and a smooth branch [0, η0) ∋ η 7→ σ(η) ∈ R with σ(0) = σ0 such that
G(σ(η), η) = 0 for all η ∈ [0, η0). If further v ∈ Xs

σ1,ε, we have using Hölder’s inequality and
Lemma 1,

|∂ηG(σ, η)| = |⟨v,ϕ∗
σ,ε⟩L2 | ≤ |⟨v,ϕ∗

σ1,ε − ϕ
∗
σ,ε⟩L2 | ≤ ∥ϕ∗

σ1,ε − ϕ
∗
σ,ε∥L2 ≲ |σ1 − σ|+ ε.

Thus, using ∂ησ(η) = −∂σG(σ(η), η)−1∂ηG(σ(η), η) and the mean value theorem we obtain

|σ(η)− σ0| ≤ sup
s∈[0,1]

|∂ησ(sη)|η ≲ sup
s∈[0,1]

|∂ηG(σ(sη), sη)|η ≲ ( sup
s∈[0,1]

|σ1 − σ(sη)|+ ε)η

≲ η0 sup
s∈[0,1]

|σ(sη)− σ0|+ η|σ1 − σ0|+ εη,

which yields sups∈[0,1] |σ(sη)− σ0| ≲ η(|σ1 − σ0|+ ε), provided η0 > 0 is sufficiently small. Thus,
we arrive at

|σ(η)− σ0| ≤ sup
s∈[0,1]

|σ(sη)− σ0| ≲ η(|σ1 − σ0|+ ε).

(ii) We define G : R2 → R by G(ς, η) := ⟨ψσ0
+ ηv −ψς ,φ

∗
ε⟩L2 and find G(σ0, 0) = 0 as well

as ∂ςG(σ0, 0) = ⟨ψ′
σ0
,φ∗

ε⟩L2 = 1 + O(|σ0 − σ∗| + ε) ̸= 0. This yields the claim upon applying
again the implicit function theorem.

4.1 Modulational dynamics: proof of Theorem 1 (i)

Under the assumptions of Theorem 1 (i) we construct a solution of the form u(t) = ψσ(t) + v(t)
for all t ≥ 0. We prove that v is of order O(ε) for all t ≥ 0 provided σ satisfies the ODE for
the position (1.8) and ε≪ 1. This part of the proof follows the approach in [24] and employs
the renormalization group method (see also [6, 22] for further applications of this method). The
challenge in our setting is that we need to extend the arguments in [24] to equations with a linear
perturbation that is unbounded as an operator acting in H1(T).

Inserting the solution ansatz into (1.4) we obtain

−ψ′
σσ̇ + v̇ = Lε(ψσ)v +Nψσ

(v) + εVψ′
σ, (4.1)

where Nu(v) := N(u+ v)−N(u)− ∂uN(u)v for u,v ∈ R2. To write the principal linear part
as a time-independent operator, let us define for σ0, σ1 ∈ R the ε-independent, bounded operator
B(σ1, σ0) := Lε(ψσ1

)− Lε(ψσ0
) : H1(T) → H1(T). Then, we rewrite (4.1) as

v̇ = Lε(ψσ0
)v + B(σ, σ0)v +Nψσ

(v) +ψ′
σσ̇ + εVψ′

σ. (4.2)

If ∥u(0) − ψσ̃∥H1 ≤ Cη < η0 for some σ̃ ∈ R we find according to Lemma 3 (i), σ0 ∈ R, with
σ0 = σ̃ +O(η) such that v0 := u(0)−ψσ0

∈ Xs
σ0,ε and ∥v0∥H1 ≤ η, provided C ∈ (0, 1) is small

enough. We then equip (4.2) with the initial condition (v(0), σ(0)) = (v0, σ0) ∈ Xs
σ0,ε × R. The

value of η will be determined later in the proof, but let us already note at this point that η = O(ε).
Let us further set G(σ, σ0,v) := B(σ, σ0)v+Nψσ

(v)+ εVψ′
σ. Then the mild formulation of (4.2)

is given by

v(t) = eLε(ψσ0
)tv0 +

∫ t

0
eLε(ψσ0

)(t−s)
(
G(σ(s), σ0,v(s)) +ψ′

σ(s)σ̇(s)
)
ds,

σ(0) = σ0.

(4.3)
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Projecting onto Xs
σ0,ε and Xc

σ0,ε, respectively, we arrive at

v(t) = Sσ0,ε(t)v0 +

∫ t

0
Sσ0,ε(t− s)Πs

σ0,ε

(
G(σ(s), σ0,v(s)) +ψ′

σ(s)σ̇(s)
)
ds,

σ̇(t)⟨ψ′
σ(t),ϕ

∗
ε,σ0

⟩L2 = −⟨G(σ(t), σ0,v(t)),ϕ∗
σ0,ε⟩L2

σ(0) = σ0.

(4.4)

In order to control the solution of (4.4) we need the estimates collected in the following lemma.

Lemma 4. For ∥v∥H1 , |σ1 − σ0| ≲ 1 the following estimates hold.

1. ∥Πs
σ0,εG(σ1, σ0,v)∥H1 ≲ ε+ |σ1 − σ0|∥v∥H1 + ∥v∥2H1;

2. ∥Πs
σ0,εψ

′
σ1
∥H1 ≲ 1;

3. |⟨ψ′
σ1
,ϕ∗

σ0,ε⟩L2 − 1| ≲ ε+ |σ1 − σ0|;

4. |⟨G(σ1, σ0,v),ϕ∗
σ0,ε⟩L2 − εVeff(σ1)| ≲ ε2 + ε|σ1 − σ0|+ |σ1 − σ0|∥v∥H1 + ∥v∥2H1.

Proof. We have, using the mean value theorem,

∥Πs
σ0,εB(σ1, σ0)v∥H1 ≲ ∥B(σ1, σ0)v∥H1 ≲ |σ1 − σ0|∥v∥H1 .

Moreover,

∥Πs
σ0,εNψσ1

(v)∥H1 ≲ ∥Nψσ1
(v)∥H1 ≲ ∥v∥2H1 , ∥Πs

σ0,εεVψ
′
σ1
∥H1 ≲ ε,

which together prove the first estimate. The second estimate follows directly, and for the third
estimate we observe that by Lemma 1,

∥ϕ∗
σ1,0 − ϕ

∗
σ0,ε∥L2 ≲ ε+ |σ1 − σ0|.

Thus, the Cauchy-Schwarz inequality yields

|⟨ψ′
σ1
,ϕ∗

σ0,ε⟩L2 − 1| = |⟨ψ′
σ1
,ϕ∗

σ0,ε − ϕ
∗
σ1,0⟩L2 | ≲ ε+ |σ1 − σ0|.

Finally, we compute

|⟨G(σ1, σ0,v),ϕ∗
σ0,ε⟩L2 − εVeff(σ1)| = |⟨B(σ1, σ0)v +Nψσ1

(v) + εVψ′
σ1
,ϕ∗

σ0,ε⟩L2 − ε⟨Vψ′
σ1
,ϕ∗

σ1
⟩L2 |

≲ ε|⟨Vψ′
σ1
,ϕ∗

σ0,ε − ϕ
∗
σ1
⟩L2 |+ |σ1 − σ0|∥v∥H1 + ∥v∥2H1

≲ ε2 + ε|σ1 − σ0|+ |σ1 − σ0|∥v∥H1 + ∥v∥2H1 .

This completes the proof.

Local well-posedness of (4.4) in H1(T)×R is established in the next lemma and follows from
a standard fixed point argument.

Lemma 5. For all (v0, σ0) ∈ H1(T)× R there exists a unique maximal solution

(v, σ) ∈ C([0, Tmax), H
1(T))× C1([0, Tmax),R)

of (4.4) satisfying the alternative:

Tmax = ∞ or lim
t→Tmax

∥v(t)∥H1 + |σ(t)|+ 1

|⟨ψ′
σ(t),ϕ

∗
ε,σ0

⟩L2 |
= ∞.
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Using Lemma 4, we may write the ODE for the position as

σ̇(t) = −εVeff(σ(t)) +O(ε2 + ε|σ(t)− σ0|+ |σ(t)− σ0|∥v(t)∥H1 + ∥v(t)∥2H1) (4.5)

provided ε, |σ(t)− σ0| ≪ 1.

Now we are in the position to close a nonlinear stability estimate. Let us fix t0 ≥ 0 and
assume that u(t0) = v(t0) + ψσ0

with v(t0) ∈ X∗
σ0,ε, ∥v(t0)∥H1 ≤ η. We define the template

functions
α1(t) := sup

s∈[t0,t]
eκ(s−t0)∥v(s)∥H1 , β1(t) := sup

s∈[t0,t]
|σ(s)− σ0|

for all t ≥ t0 for which the solution exists. Then, α1, β1 are continuous and α1(t0) ≤ η, β1(t0) = 0.
As long as α1(t), β1(t) ≲ 1, we find, using (4.4) and Lemmas 2, 4,

∥v(t)∥H1 ≲ e−κ(t−t0)η + e−κ(t−t0)

∫ t

t0

eκ(s−t0)
(
ε+ ∥v(s)∥H1 |σ(s)− σ0|+ ∥v(s)∥2H1

)
ds

≲ e−κ(t−t0)η + e−κ(t−t0)

∫ t

t0

eκ(s−t0)ε+ α1(t)β1(t) + e−κ(s−t0)α1(t)
2ds

≲ e−κ(t−t0)η + ε+ e−κ(t−t0)(t− t0)α1(t)β1(t) + e−κ(t−t0)α1(t)
2

and thus, there exists C > 1 such that

α1(t) ≤ C
(
η + εeκ(t−t0) + (t− t0)α1(t)β1(t) + α1(t)

2
)
.

Now we set η = 6Cε and

t1 := sup

{
t > t0 : (t− t0)β1(t) ≤

1

2C
, κ(t− t0) ≤ log

(
2η

ε

)
= log (12C) , α1(t) ≤ 6Cη

}
.

(4.6)

Then, for all t ∈ [t0, t1] we find

α1(t) ≤ 2C(2η + α1(t)
2) ≤ 4Cη + 72C3η2 ≤ 5Cη (4.7)

provided ε≪ 1. Next, we show that for ε small, t1 = κ−1 log(12C) + t0. Utilizing (4.5) we find
for t ∈ [t0, t1],

|σ(t)− σ0| ≤
∫ t

t0

|σ̇(s)|ds ≲
∫ t

t0

ε+ |σ(s)− σ0|∥v(s)∥H1 + ∥v(s)∥2H1ds

≲ ε(t− t0) + α1(t)β1(t) + α1(t)
2,

and thus there exists C ′ > 1 such that (t1 − t0)β1(t1) ≤ C ′ε. In particular, choosing ε > 0
smaller if necessary we infer (t1 − t0)β1(t1) ≤ (C4)−1 which means, taking into account (4.7),
t1 = κ−1 log(12C) + t0. Then, using again (4.7) we obtain

∥v(t1)∥H1 ≤ 6Cηe−κ(t1−t0) =
η

2
and u(t1) = ψσ(t1) + v(t1), v(t1) ∈ Xs

σ0,ε.

Combining the last estimate with Lemma 3 (i), there exists σ1 ∈ R such that

v1 := ψσ(t1) + v(t1)−ψσ1
∈ Xs

σ1,ε, |σ1 − σ(t1)| ≲ η|σ0 − σ(t1)|+ ηε ≲ η2.

From this we infer, provided ε (and hence also η) is sufficiently small,

∥v1∥H1 ≤ ∥v(t1)∥H1 + ∥ψσ(t1) −ψσ1
∥H1 ≤ η

2
+ |σ(t1)− σ1| ≤

η

2
+ C ′η2 ≤ η.

13



Now we can iterate the argument with the updated initial condition v(t1) = v1, σ(t1) = σ1 at
time t1 = t0 + κ−1 log(12C). Setting t0 = 0 and tn := nκ−1 log(12C) for n ∈ N we have proved
the following. There exists σ ∈ C1([0,∞) \ ∪n∈N{tn}) with discontinuities of size O(η2) and

∥u(t)−ψσ(t)∥H1 ≤ 6Cη for all t ≥ 0. (4.8)

Moreover, from (4.5) we find that σ satisfies

|σ̇ + εVeff(σ)| ≤ Cε2 on [0,∞) \
⋃
n∈N

{tn}, (4.9)

upon choosing C larger if necessary. Finally, following verbatim the arguments of [24, Sect. 2.2.2]
we can replace the piecewise smooth σ by σ̃ ∈ C1([0,∞)) such that ∥σ− σ̃∥L∞(0,∞) ≲ η2 and (4.8)
as well as (4.9) continue to hold for σ̃ (with C replaced by 2C). This proves the first part of
Theorem 1.

4.2 Asymptotic convergence: proof of Theorem 1 (ii)

Throughout this section, let the assumptions of Theorem 1 (i) and (ii) be satisfied. The first
lemma establishes the initial transit of the solution to an ε-neighborhood of the asymptotic
solution realized by following the flow of the ODE (1.8) for σ.

Lemma 6. There exists 0 ≤ t1 ≲ ε−2 such that

|σ(t)− σ∗| ≲ ε and ∥u(t)−ψσ∗,ε∥H1 ≲ ε for all t ≥ t1.

Proof. We start with the proof of the σ-estimate. First note that Iσ∗ is a positive invariant set
for the ODE (1.8) and hence σ(t) ∈ Iσ∗ for all t ≥ 0. Now, let σ ∈ Iσ∗ with |Veff(σ)| ≤ 2C1ε.
By Taylor’s theorem, there exists C > 0 for which |Veff(σ) − (σ − σ∗)V ′

eff(σ∗)| ≤ C(σ − σ∗)
2.

If |σ − σ∗| = 4C1ε/V ′
eff(σ∗) we obtain |Veff(σ)| ≥ 3C1ε provided ε is sufficiently small. Hence,

we have established the inequality |σ − σ∗| ≤ 4C1ε/V ′
eff(σ∗). In contrast, for all σ ∈ Iσ∗

with |σ − σ∗| > 4C1ε/V ′
eff(σ∗) we find |Veff(σ)| > 2C1ε. Combining this with the estimate

|σ̇(t) + εVeff(σ(t))| ≤ C1ε
2 we find that there exists t1 ≥ 0 such that for all t ≥ t1 it holds

|σ(t)− σ∗| ≤ 4C1ε/V ′
eff(σ∗). Moreover, integrating the ODE (1.8) we obtain the upper bound

t1 ≲ ε−2. To establish the second estimate, we use the first estimate to find

∥u(t)−ψσ∗,ε∥H1 ≤ ∥u(t)−ψσ(t)∥H1 + ∥ψσ(t) −ψσ∗∥H1 + ∥ψσ∗ −ψσ∗,ε∥H1 ≲ ε

for all t ≥ t1.

Remark 5. It is tempting to use the estimate from Lemma 6 as a starting point for a bootstrap
argument to establish the asymptotic stability. However, this estimate is in general not strong
enough to close such an argument. The reason is that the semigroup Sε(t) generated by the
linearization about ψσ∗,ε decays only at a slow rate e−εκt, cf. Lemma 2. As a consequence, if we
define w̃(t) = u(t)−ψσ∗,ε and insert u = w̃ +ψσ∗,ε into (1.4) we obtain

w̃(t) = Sε(t− t1)w̃(t1) +

∫ t

t1

Sε(t− s)Ñ (w̃(s))ds,

where ∥Ñ (w)∥H1 ≲ ∥w∥2H1 and ∥w̃(t1)∥H1 ≲ ε. For the template function

α̃(t) = sup
s∈[t1,t]

∥w̃(s)∥eεκ(s−t1)

a direct computation then yields the estimate

∥w̃(t)∥H1 ≲ εe−εκ(t−t1) +

∫ t

t1

e−εκ(t−s)∥w̃(s)∥2H1ds ≲
(
ε+ ε−1α̃(t)2

)
e−εκ(t−t1).

From this we deduce α̃(t) ≤ C(ε+ ε−1α̃(t)2), which is not sufficient to close an estimate on α̃,
due to the presence of the ε−1 factor.

14



To resolve the problem outlined in Remark 5, we identify an intermediate time regime of size
−ε−1 log(ε) on which we improve the error to ∥u(t) − ψσ∗,ε∥H1 ≲ ε3/2. In this argument, we
establish improved estimates on the nonlinearity relying on parity arguments. This is precisely
the reason why we require the additional evenness assumption on ψ0 for Theorem 1 (ii). The new
error estimate is proved in Section 4.2.1. Once this is achieved, we can apply standard bootstrap
arguments in Section 4.2.2 to prove nonlinear asymptotic convergence to the stationary solution
ψσ∗,ε.

4.2.1 Intermediate time regime

Let t1 ≥ 0 be given as in Lemma 6. By applying Lemma 3 we find σj ∈ R with |σj − σ∗| ≲ ε,
j = 1, 2 such that

ṽ1 := u(t1)−ψσ1
∈ Xs

ε, wε := ψσ∗,ε −ψσ2
∈ Xs

ε.

This decomposition suggests to write the solution as u(t) = v(t) + ψς(t) − ψσ2
+ ψσ∗,ε with

v(t) = u(t) − ψς(t) − wε for t ≥ t1. From this, we derive, similarly to Section 4.1, the mild
formulation

v(t) = Sε(t− t1)Π
s
εv1 +

∫ t

t1

Sε(t− s)Πs
ε

(
H(ς(s), σ2,v(s)) + ς̇(s)ψ′

ς(s)

)
ds

ς̇(t)⟨ψ′
ς(t),φ

∗
ε⟩L2 = −⟨H(ς(t), σ2,v(t)),φ

∗
ε⟩L2 ,

ς(t1) = σ1,

(4.10)

where we abbreviate H(ς, σ2,v) = Lε(ψσ∗,ε)(ψς −ψσ2
) +Nψσ∗,ε

(v +ψς −ψσ2
) and v1 = v(t1).

By the same reasoning as in Lemma 5 there exists a unique local solution to (4.10). In the next
lemma we derive estimates that we need to obtain bounds on v and ς − σ2.

Lemma 7. For ∥v∥H1 , |ς − σ2| ≲ 1 the following estimates hold.

1. ∥v1∥H1 ≲ ε;

2. ∥Πs
εH(ς, σ2,v)∥H1 ≲ ε|ς − σ2|+ |ς − σ2|2 + ∥v∥2H1;

3. ∥Πs
εψ

′
ς∥H1 ≲ |ς − σ2|+ ε;

4. |⟨H(ς, σ2,v),φ
∗
ε⟩L2 − λ1ε(ς − σ2)|

≲ ε2|ς − σ2|+ ε|ς − σ2|2 + |ς − σ2|∥v∥H1 + ∥v∥2H1 + |ς − σ2|3;

5. |⟨ψ′
ς ,φ

∗
ε⟩L2 − 1| ≲ |ς − σ2|+ ε.

Proof. To prove the first estimate, we observe with v1 = ṽ1 −wε that

∥v1∥H1 ≤ ∥ṽ1∥H1 + ∥wε∥H1 ≤ ∥u(t1)−ψσ(t1)∥H1 + ∥ψσ(t1) −ψσ1
∥H1 + ε ≲ ε.

For the second estimate, we first compute Πs
ε(ψς −ψσ2

) = (ψς −ψσ2
)− ⟨ψς −ψσ2

,φ∗
ε⟩L2φε

and the identities

ψς −ψσ2
= (σ2 − ς)ψ′

ξς+(1−ξ)σ2
= (σ2 − ς)φε +O(|σ2 − ς|(|ς − σ∗|+ |σ2 − σ∗|+ ε)),

⟨ψς −ψσ2
,φ∗

ε⟩L2 = ⟨ψ′
ξς+(1−ξ)σ2

,φ∗
ε⟩L2(σ2 − ς) = (1 +O(|ς − σ∗|+ |σ2 − σ∗|+ ε))(σ2 − ς),

for some ξ ∈ (0, 1). Therefore, we find Πs
ε(ψς −ψσ2

) = O(|ς − σ2|(|ς − σ∗|+ |σ2 − σ∗|+ ε)) in
H3(T), where we implicitly used ∥ψ0∥H4 ≲ 1 and ∥φε −ψ′

σ∗∥H3 ≲ ε. We then find

∥Πs
εLε(ψσ∗,ε)(ψς −ψσ2

)∥H1 ≲ ∥Πs
ε(ψς −ψσ2

)∥H3 ≲ |ς − σ2|(|ς − σ∗|+ |σ2 − σ∗|+ ε).
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Furthermore, we have

∥Πs
εNψσ∗,ε

(v +ψς −ψσ2
)∥H1 ≲ ∥Nψσ∗,ε

(v +ψς −ψσ2
)∥H1 ≲ |ς − σ2|2 + ∥v∥2H1 ,

which proves the second inequality, upon noting |σ2 − σ∗| ≲ ε.
For the third estimate, we compute

∥ψ′
ς −φε∥H1 = ∥ψ′

ς −ψ′
σ∗ +ψ

′
σ∗ −φε∥H1 = O(|ς − σ2|+ ε) (4.11)

which proves the assertion since Πs
εψ

′
ς = Πs

ε(ψ
′
ς −φε).

For the fourth estimate we first observe

⟨Lε(ψσ∗,ε)(ψς −ψσ2
),φ∗

ε⟩L2 = ⟨ψς −ψσ2
,Lε(ψσ∗,ε)

∗φ∗
ε⟩L2 = λε(σ2 − ς)⟨ψ′

ξς+(1−ξ)σ2
,φ∗

ε⟩L2

= −λ1ε(σ2 − ς)(1 +O(|ς − σ2|+ ε).

In order to obtain the improved estimate on the nonlinear part, we expand the nonlinearity up to
second order. To this end, we introduce the shorthand notation ∆ψ = ψς −ψσ2

, ∆σ = ς − σ2.
Taylor’s formula then yields

Nψσ∗,ε
(v +∆ψ) =

1

2
∂2uN(ψσ∗,ε)[v +∆ψ]2 +O(∥v +∆ψ∥3H1).

We expand ∂2uN(ψσ∗,ε) = ∂2uN(ψσ∗) +O(ε) and for some ξ ∈ (0, 1),

[v +∆ψ]2 = [v −∆σψ′
σ2+ξ∆σ]

2 = [v]2 −∆σ([v,ψ′
σ2+ξ∆σ] + [ψ′

σ2+ξ∆σ,v]) + (∆σ)2[ψ′
σ2+ξ∆σ]

2.

The last term can be written as [ψ′
σ2+ξ∆σ]

2 = [ψ′
σ∗ ]

2 + O(ε+ |∆σ|). Combining the last four
equalities yields

⟨Nψσ∗,ε
(v +ψς −ψσ2

),φ∗
ε⟩L2

=
1

2
(∆σ)2⟨∂2uN(ψσ∗)[ψ

′
σ∗ ]

2,ϕ∗
σ∗⟩L2 +O(ε|∆σ|2 + |∆σ|∥v∥H1 + ∥v∥2H1 + |∆σ|3).

Finally, we observe that ⟨∂2uN(ψσ∗)[ψ
′
σ∗ ]

2,ϕ∗
σ∗⟩L2 = ⟨∂2uN(ψ0)[ψ

′
0]
2,ϕ∗

0⟩L2 = 0 and the last
equality holds since ∂2uN(ψ0)[ψ

′
0]
2 is an even function and ϕ∗

0 is odd, see [5, Lem. 7]. This yields
the desired estimate.

The final estimate follows directly from identity (4.11).

Now we define the template functions

α2(t) = sup
s∈[t1,t]

∥v(s)∥H1eεκ(s−t1), β2(t) = sup
s∈[t1,t]

|ς(s)− σ2|, for t ≥ t1.

For β2 it is possible to deduce an a priori bound, which we then use to improve the error up to
ε3/2.

Lemma 8. The a priori estimate β2(t) ≲ ε holds for all t ≥ t1.

Proof. For t ≥ t1, we find by Theorem 1 (i) and Lemma 6, ∥u(t)−ψσ(t)∥H1 ≲ ε and |σ(t)−σ∗| ≲ ε.
Applying Lemma 3 (ii) point-wise for every t ≥ t1 there exists a unique ς̃(t) with |ς̃(t)−σ(t)| ≲ ε
such that u(t) − ψς̃(t) ∈ Xs

ε. At the same time, the solution to (4.10) yields a decomposition
with u(t) − ψς(t) ∈ Xs

ε for t ≥ t1. Therefore, we deduce ς = ς̃ on [t1,∞) and, thus, infer
|ς(t)− σ2| ≲ |ς(t)− σ(t)|+ |σ(t)− σ2| ≲ ε for t ≥ t1. This yields the assertion upon taking the
supremum over all t ≥ t1.
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Next, we aim for a detailed estimate on α2 and β2. By Lemma 7 we can write the equation
for ς as

ς̇(t) = −ελ1(ς(t)− σ2) +R(ς(t)− σ2,v), (4.12)

with |R(ς,v)| ≲ |ς|∥v∥H1 + ε2|ς|+ ε|ς|2 + ∥v∥2H1 + |ς|3. From (4.10), (4.12), and Lemmas 2, 7
we find

∥v(t)∥H1 ≲ e−κ(t−t1)∥v1∥H1 +

∫ t

t1

e−κ(t−s)
(
εβ2(t) + β2(t)

2 + ∥v(s)∥2H1

)
ds

≲ e−κ(t−t1)ε+ e−κt
(
εβ2(t)e

κt + β2(t)
2eκt + eκt−2κε(t−t1)α2(t)

2
)

≲ e−κ(t−t1)ε+ εβ2(t) + β2(t)
2 + e−2κε(t−t1)α2(t)

2.

This implies

α2(t) ≲ e−
κ
2
(t−t1)ε+ eκε(t−t1)(εβ2(t) + β2(t)

2) + α2(t)
2 ≤ C

(
e−

κ
2
(t−t1)ε+ eκε(t−t1)ε2 + α2(t)

2
)
.

(4.13)

Now we proceed by deriving an estimate for β2. Integrating (4.12), we find

ς(t)− σ2 = e−ελ1(t−t1)(σ1 − σ2) +

∫ t

t1

e−ελ1(t−s)R(ς(s)− σ2,v(s))ds,

and hence using Lemma 8,

β2(t) ≲ e−ελ1(t−t1)|σ1 − σ2|

+

∫ t

t1

e−ελ1(t−s)
(
β2(t)∥v(s)∥H1 + ε2β2(t) + εβ2(t)

2 + ∥v(s)∥2H1 + β2(t)
3
)
ds

≲ e−ελ1(t−t1)ε+ e−ελ1t

∫ t

t1

eελ1t1α2(t)β2(t) + eελ1sε3 + e−ελ1s+2εκt1α2(t)
2 + eελ1sε3ds

≲ e−εκ(t−t1)ε+ e−εκ(t−t1)(t− t1)α2(t)β2(t) + ε2 + ε−1e−εκ(t−t1)α2(t)
2,

upon taking κ > 0 smaller if necessary. Since e−εκ(t−t1)(t− t1) ≲ ε−1 we arrive at

β2(t) ≤ C ′
(
e−εκ(t−t1)ε+ ε−1α2(t)β2(t) + ε2 + ε−1e−εκ(t−t1)α2(t)

2
)
. (4.14)

Now we define the intermediate time-scale by setting t2 − t1 = − log(ε)
2εκ > 0. Then, for t ∈ [t1, t2]

we have in (4.13)

α2(t) ≤ C
(
e−εκ(t−t1)ε+ ε3/2 + α2(t)

2
)
.

Let τ1 := sup{t ∈ [t1, t2] : α2(t) ≤ 3Cε}. Then, for all t ∈ [t1, τ1) we have

α2(t) ≤ C
(
ε+ ε3/2 + 9C2ε2

)
≤ 2Cε

provided that ε is sufficiently small. This proves τ1 = t2 and

α2(t2) ≲ e−εκ(t2−t1)ε+ ε3/2 + ε2 ≲ ε3/2.

Inserting the last estimate into (4.14) we then find

β2(t2) ≲ e−εκ(t2−t1)ε+ε−1α2(t2)β2(t2)+ε
2+ε−1e−εκ(t2−t1)α2(t2)

2 ≲ ε3/2+ε3/2+ε2+ε2 ≲ ε3/2.

In total, we have thus established the improved estimate

∥u(t2)−ψσ∗,ε∥H1 ≤ ∥v(t2)∥H1 + ∥ψς(t2) −ψσ2
∥H1 ≲ α2(t2) + β2(t2) ≲ ε3/2. (4.15)
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4.2.2 Asymptotic time regime

For the asymptotic convergence, we study the solution, after transitioning through the interme-
diate time regime, on [t2,∞). Here t2 = t1 − log(ε)/(2κε) with t1 given in Lemma 6. We set
w(t) := u(t)−ψσ∗,ε for t ≥ t2. Then, w satisfies the equation

w(t) = Sε(t− t2)w(t2) +

∫ t

t2

Sε(t− s)Nψσ∗,ε
(w(s))ds,

for t ≥ t2, where we recall from Lemma 2 that ∥Sε(t)∥H1→H1 ≲ e−εκt as well as ∥Nψσ∗,ε
(v)∥H1 ≲

∥v∥2H1 . We define
α3(t) := sup

s∈[t2,t]
∥w(s)∥H1eεκ(s−t2), t ≥ t2.

Then, since ∥w(t2)∥H1 = ∥u(t2)−ψσ∗,ε∥H1 ≲ ε3/2, we obtain for t ≥ t2,

∥w(t)∥H1 ≲ e−εκ(t−t2)∥w(t2)∥H1 +

∫ t

t2

e−εκ(t−s)∥w(s)∥2H1ds

≲ e−εκ(t−t2)ε3/2 + ε−1e−εκ(t−t2)α3(t)
2,

which yields

α3(t) ≤ C
(
ε3/2 + ε−1α3(t)

2
)
. (4.16)

This motivates the definition τ := sup{t ≥ t2 : α3(t) ≤ 3Cε3/2}. Clearly, τ > t2 and for all
t ∈ [t2, τ) we find

α3(t) ≤ Cε3/2 + 9C4ε2 ≤ 2Cε3/2

for ε sufficiently small. Thus τ = ∞ and the asymptotic stability ∥u(t)−ψσ∗,ε∥H1 ≲ e−εκ(t−t2)

for t ≥ t2 is proved. Since t2 = t1 − log(ε)/(2κε) ≲ ε−2 − log(ε)/(2κε), we find eεκt2 ≲ eKε−1
ε−1,

K > 0, which yields the desired estimate

∥u(t)−ψσ∗,ε∥H1 ≲
eKε−1

ε
e−εκt for all t ≥ 0.

In summary, we have thus established part (ii) of Theorem 1.

A An implicit function theorem with uniform bounds

Throughout this paper, we need a version of the implicit function theorem which provides uniform
bounds on the implicitly defined function. Although we expect this result to be well-known, we
could not find a reference in the literature and thus state it here for the sake of completeness.

Theorem 2. Let X,Y be Banach spaces and F = F (x, λ) ∈ C2(X × R, Y ). Assume that there
exists (x0, λ0) ∈ X × R and ε, C > 0 such that

• F (x0, λ0) = 0;

• ∂xF (x0, λ0) : X → Y is bijective;

• for all (x, λ) ∈ Bε(x0, λ0):

∥(∂xF (x, λ))−1∥Y→X+
∑
j=1,2

∥∂jxF (x, λ)∥Xj→Y +∥∂x∂λF (x, λ)∥X×R→Y +∥∂jλF (x, λ)∥R2→Y ≤ C.
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Then, there exist δ,M > 0 depending only on ε, C and a C1-branch Bδ(λ0) ∋ λ→ x(λ) ∈ X such
that (x(λ), λ) ∈ X × R is the unique solution of

F (x, λ) = 0

in a small neighborhood of (x0, λ0). Moreover, we have ∥x(λ)−x0∥ ≤M |λ−λ0| for all λ ∈ Bδ(λ0).

Proof. The proof follows line by line the proof of the implicit function theorem [1, Thm. 2.3].
However, in order to obtain uniform bounds, we employ Taylor’s formula [1, p. 28] up to second
order, to control the size of constants that appear in the contraction mapping argument.
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