ﬂ(IT \/V”‘\/e phenomena

Karlsruhe Institute of Technology ana I YS | San d numer | CS

Scattering by a double-periodic layer in R’

Andreas Kirsch

CRC Preprint 2026/37, July 2026

CRC 1173

-

phenomena

KIT — The Research University in the Helmholtz Association :.!E

sudt famiengerechte
nnnnnn



Participating universities

4

UNIVERSITAT

Universitat Stuttgart

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Funded by

VFG

ISSN 2365-662X



SCATTERING BY A DOUBLE-PERIODIC LAYER IN R3
ANDREAS KIRSCH

ABSTRACT. We study the Helmholtz equation in a closed waveguide of the form Q = R? x
(0,h) C R? where the refractive index n = n(x1,z2,x3) is periodic with respect to z; and
2. A functional analytic approach is used to prove the limiting absorption principle under an
assumption on the set of propagative wave vectors. This assumption is formulated without the
use of the band functions. Finally, we use the stationary phase method to obtain the asymptotic
behavior of the limiting absorption solution as |z| tends to infinity.

Keywords Helmholtz equation, closed waveguide, propagating modes, limiting absorption
principle
MSC: 35J05

1. FORMULATIONS OF THE MAIN RESULTS

1.1. Introduction and the Floquet-Bloch Transform. Let n = n(xq,xq,x3) € L>(f2) be
2m—periodic with respect to z; and z; where Q = R? x (0,h) C R? and let g € L*(Q) have
compact support. It is the aim to determine u € H} () such that

loc
(1) Au+w?nu = —¢ginQ, w=0ondQ,

satisfying an appropriate radiation condition as |x| — oco. We call this the three-dimensional
waveguide problem because 2 C R? although the refractive index n = n(z) is periodic with
respect to the two variables x; and xs.

In this contribution we will derive the radiation condition by a limiting absorption principle,
i.e. for every € > 0 we determine u. € H'(Q2) with

(2) Au, + (W +ig)nu, = —gin Q, wu. =0 on 09,

and let ¢ tend to zero. It is well known that there exists a unique solution of (2) for every
g > 0, see Remark 1.1 below.

The general idea for proving the convergence is to transform (by the Floquet-Bloch transform)
this equation into a family of quasi-periodic problems in a bounded cell (called fundamental
domain or Wigner-Seitz cell by some authors), express the solution of the transformed equation
by the eigenfunctions of the unperturbed quasiperiodic problem, apply the inverse Floquet-
Bloch transform and let ¢ tend to zero.

For two-dimensional waveguides R x (0, h) C R? where n = n(x1, z3) is periodic with respect to
27 this approach is well understood and leads to optimal results. We refer to the well-written
article [1] and the references therein. This approach needs strong smoothness properties of the
spectral parameters of the eigenvalue problem with respect to the Floquet parameter (which is
also called quasi-momentum by some authors and will be denoted by « in the following) which
are known to hold for a € R.

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID
258734477 — SFB 1173.
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For three dimensional problems of the type considered in this manuscript, however, these strong
smoothness properties do not hold. Let us formulate the quasi-periodic eigenvalue problem.
We denote by @ = (0,27) x (0,27) x (0, h) the fundamental domain and define the space of
periodic functions by

Hyo@Q) ={ue H(Q) :u=00n 02N Q, u(-,x3) is 2r—periodic with respect to 1,22} .
For every a € R? we determine p; = pj(a) € R (called band functions) and non-trivial

(b] = ¢]<705) € H}%er,O(Q) with

(3) _$ A(e“pi(z,a)) = pyla) (*%¢;(z,a)), z€Q,

where T = (z1, z5), i.e.
(4) Ag;(z,a) + 2ia-Vo(z,a) + [pi(a)n(z) —|af’] ¢j(z,a) = 0, 2€Q,

where V = (9,,,0,,)". We normalize the eigenfunctions such that fQ n(z) ¢;(z, ) pe(x, ) do =
;0. The spectral system {u;(a),¢;(-,a) : j € N} exists for every a € R? because the left
hand side of (3) is a selfadjoint operator with compact resolvent. The difficulty for the three
dimensional case compared to the two dimensional case relies in the missing analyticity of
() and ¢;(z, «) with respect to o € R?. As mentioned, e.g., in the survey article [7], the
functions are only piecewise analytic and globally Lipschitz continuous. This latter property has
been used in [9] to derive a limiting absorption result for a general class of periodic problems.
However, the convergence has to be understood in a very weak sense (distributional sense with
respect to w?). We refer also to [8] for an application to a nonlinear Helmholtz equation. In
[10] the multi-dimensional transformed problem (for a € R™) is reduced to a family of one-
dimensional problems where known techniques can be applied.

Motivated by open waveguide problems where the above approach does not work in [3, 4,
5] we derived an alternative approach for treating the limiting absorption principle for two-
dimensional closed and open waveguide problems. It avoids completely the use of the spectral
problem (4) and formulates the conditions for convergence in terms of the flux of the modes.
It is the intention of this paper to extend this approach to the double-periodic refractive index.

A basic difference between the two-dimensional and three-dimensional problem lies in the topol-
ogy of the set A of propagative wave numbers/vectors (see Definition 1.2 below). While in the
two dimensional case this set A is a discrete set in R it consists of one-dimensional arcs in R?
in the three dimensional case (under suitable assumptions, see Assumption 1.3 below), or at
least of a set of measure zero, see 7], Theorem 5.20.

We recall that the two-dimensional (periodic) Floquet Bloch transform is defined as the exten-
sion of
(F)(#,a) = > ¢(@+2mj) T2 & aeR?,
jez?
to an operator from L*(R?) into L?((0,2m)?,I) where I = (—1/2,1/2)*> C R? denotes the
Brillouin zone. Furthermore, it is known that F' has an extension to an isomorphism from H}(Q)
onto L2(I, H},.,(Q)) where again @ = (0,27) x (0,27) x (0,h) C Q denotes the fundamental

per,0
domain. The inverse transform is then given as

(5) (F'v)(z) = /v(x,a) eTda, x €,

1
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where v(-, ) is extented to a 2r—periodic function with respect to x; and .

Application of the Floquet-Bloch transform to the variational form of (2) yields

/ (Vue(@) - Vi = 2i @ V(o) ¥+ [Jaf? = (@ + ie)n] ue(@) §) do = / (Fg)(a) e da
? Q
for all ¥ € H},(Q) and every Bloch parameter o € R%. Again, Vu = (9,,u,0,,u)" and

T = (w1, z2). With the usual inner product (-,-) in H*(Q) we write this as
(ue(@), ) — /(22'04 - Vu(a) i + [w?n+1— |a]?] u(e) ) dz — ie/nueﬁdx
Q Q

= /(Fg)(x,a) e T (z)dr for all ¥ € Hp,,0(Q)

Q
or

(6) [ — K(a) —icA]uc(a

with compact and selfadjoint operators K («

(7) (K()u, ) = / (2ia Vui) + [wZn +1- |oz|2] u@) dv, wu,p € per0<Q>

) = g(a )mHer(J(Q)

(o
) and A and g(a) € H,,, ((Q), defined as

®

/g

1S

=

|
Q—__ ®

nu@daz u,p € Hy, o(Q),

Fg x, Oé ia-inx’ ¢ € perO(Q)

~~
L
o
Q
~—
£
I
@\

respectively.

Remark 1.1. For every e > 0 and every o € I there exists a unique solution u.(a) € HleTO(Q)
of (6). This follows directly from the Fredholm property of I — K(«) —icA and the fact that
K(«) is selfadjoint and A is positive, i.e. (A, ) >0 for all # 0.

1.2. The Structure of the Set of Propagative Wave Vectors (Fermi Surface).

Definition 1.2. a € R? is called propagative wave vector if L(a) := I — K (a) is not invertible.
We denote by A C R? the set of all propagative wave vectors (also called Fermi surface) and by
A= AN[-1/2,1/2]? the restriction to [-1/2,1/2]* = [-1/2,1/2] x [-1/2,1/2]. The functions
¢ € N(L(«)) satisfy

(10) Ap(2)e"™ ™) + w’n(z) (¢p(x)e ™) =0in Q, ¢(z)e"™" =0 on O,

and are called (Floquet-)modes.*

Furthermore, for every pair (¢,1) of modes corresponding to o € A we define the flux vector

F(¢, ) € C* by
(11) F(o, = —QZ/V ') Qﬂ(x)em’f) dx .

IMore precisely, the corresponding a—quasi-periodic functions é(x) e’ are called modes.
3



We note that for every unit vector ¢ € R? the form q - F defines a hermitean sesqui-linear
form on H!, ,(Q) X H;er,O(Q)' Actually, q - F(¢p, @) is the flux of ¢ in the direction q. We set

per,0

F(p) = F(o, ) for abbreviation.

We observe that « is a propagative wave vector if, and only if, u;(a) = w? for some j € N
where 11;(a) are the eigenvalues of (4).

It is easily seen that A is 1—periodic with respect to a; and as, i.e. o € A implies o +m € A
for all m € Z* Furthermore, A is a compact subset of [—1/2,1/2] x [-1/2,1/2]. Figure 1
shows A for an example of a constant refractive index with three different values of w. In the
appendix we describe a simple spectral method for the approximation of A for a special class
of non-constant indices. Three examples are shown in Figure 2 at the end of the paper.
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FIGURE 1. The set of propagative wave vectors for h = mandn = 1 and w = 1.98
(left), w = 2.02 (center), and w = /2 (right), respectively.

We make a strong assumption on the topology of the set A. This assumption is formulated for
every & € A.

Assumption 1.3. For every propagative wave vector & € A we assume that

(12) F(6,0) = —2i / Ve(¢(2)e™7) (¢(z)ei*?) dx # (8)
Q

for all ¢ € N with ¢ # 0 where N := N(L(&)) and L(&) = I — K(&). Furthermore, every
propagative wave vector & € A is of one of the following type (A) or type (B).

Type (A) dimN =1 or

Type (B) dim N = 2, and there exist two linearly independent unit vectors ¢'™ € R?, m = 1,2,
such that the hermitean sesqui-linear forms (¢,1) + ¢ - F(¢, ) are singular on N x N for

m = 1,2. Here we call a hermitean sesqui-linear form a : N x N' — C singular if there exists
a non-trivial ¢ € N such that a(¢p,1) =0 for all v € N.

We note that the cases w = 2 and w = 2.01 of Figure 1 seem to satisfy Assumption 1.3 with
respect to the dimension. In the right example w = /2 it is violated because dim N'(L(0)) = 4.
In part (b) of the following remarks we relate the assumptions to the eigenvalues p;(c) of (4).
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Remarks 1.4. (a) From the definition of L(&) = I — K (&) we note that

(Oan L(4),9) = / [260m ¢ — 2 0y, 0] v = —2i / 0, (6(x) %) ((z) €7) da
(13 ) /
= Fulo, ) form=1,2.
Therefore, condition (12) is equivalent to (Vo L(&)¢,d) # (J) for all ¢ € N(L(&)), ¢ # 0,

and the additional condition for & of type (B) is equivalent to ¢'™ - PV L(&)|x : N — N are
singular form =1, 2.

(b) Let us assume — which is not always the case — that a — p;(a) and o — ¢;(-, a) are
differentiable for all j and o in a neighborhood of & where (without loss of generality) pi(&) =
pa(@) = w?. Let us assume that (&) # w? for all j > 3. Then dim N (L(&)) = 2. We
differentiate equation (4) (for j = 1) with respect to au,, m = 1,2, at & and obtain

(A +2ic -V + [w?n — |&*]) Oay &1, &) + 2i(0ry, + i) D1 (-, &) = =y ptr (Q) M1 (-, &) .

Multiplication of this equation with ¢(x, &) for € € {1,2}, integration over Q, and application
of Green’s theorem yields

Qi/[ﬁxmqﬁl(x,&) + iy 1 (2, Q)] G, 0) dx = — am,ul(&)/n(x) 1 (z, &) de(x, &) dx
Q Q
form, =12, i.e.

F(¢1<'7d)7¢€('7 )) - v,u1<&)61,€; 521,2

Q
For { = 1 we obtain V(&) = F(¢1(-,&),¢1(-,&)). The same holds for ps(&), and (12)
is equivalent to V(&) # (8) for 3 = 1,2. This is a standard assumption for the limiting
absorption principle to hold, see, e.g., [9].
Furthermore, with respect to the basis {¢1(-, &), p2(-, &)} the sesqui-linear form (p,v) — q -
F(¢p,v) is given by the matriz

qf(gbl(’é‘)?qbl(?é‘)) 0 } _ |:Q'VM1(65) 0
0 q- F(¢a(- @)gal-, &) 0 q- V(&)

Therefore, the additional assumption for type (B) is satisfied if V(&) and Vus(&) are linearly
independent.

For the formulation of the main result some preparations are needed. An open smooth arc I
in R? is a set of the form I' = {a = v(s) : a < s < b} where v € C*((a,b),R?) N C'([a, b], R?)
and |¥(s)] =1 for all s. Weset I = {a = 7(s) : a < s < b}. If T is an open smooth arc, H a
Hilbert space and ¢(«) € H for o € I then ¢ is said to depend smoothly on « if s +— ¢(7y(s))
is in C*((a,b), H). For such an arc and any a € T let {r(a),v(a)} denote an orthonormal
system of tangential vector and normal vector, oriented in the mathematically positive way.

In the following theorem we consider the case of & being of type (A).

Theorem 1.5. Let & € .Ai with dim N (L(&)) = 1 and let assumption (12) hold. Then the exists
a smooth open arc I' C A with & € T' and functions ¢(«) € H;er,o(Q) which depend smoothly

on o € I such that N (L(«)) = span{¢(a)} for all « € T.
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Proof. Set H := H,,.,(Q) and let 'A[ = N(L(&)) = span{¢} with ||¢|| = 1. Without loss of
generality we assume that (9., L(&)¢, ¢) # 0. We define the mapping ' from H x C x C into

H x C by

(6,01, 0) 1= {L(O‘“O‘”ﬂ -

Then (¢, &) = (8), and the partial (Fréchet-)derivative of 1 at (¢, &) with respect to (¢, o)
is given by

Vi) ($, @) (¢, a1) = {al %M{;)cg >+ L(@)gb]

which is a linear mapping from H x C into itself. We show that it is an isomorphism from H x C
onto itself. Indeed, let V(qs,al)?/f((%, &) (o, aq) = (g). Multiplication of the first equation by ¢ and
using the selfadjointness of L(&) yields o (9, L(&), ¢) = 0 and thus a; = 0. Therefore, ¢ € N.
The second condition (¢, ¢) = 0 yields ¢ = 0 because N' = N'(L(&)) is one-dimensional.

Application of the implicit function theorem yields the existence of smooth functions n =
n(ag) € C and ¢ = ¢(,az) € H with (o(-, az),n(az),az) = 0 for all |ag — és| < § and
n(ds) = Gy and ¢(-, &) = ¢. Then L(y(az))d(-, az) = 0 and (¢(-, as), d) = 1 where 7 is given
by v(s) = (”(Ss)). Also, ¢(-, as) does not vanish for small |y — @ because ¢(-, do) = . O

Let now & € A with dim N(L(&)) = 2, and let P : H}..,(Q) = N denote again the orthogonal

projection onto N := N(L(&)). The following theorem is the analogue to Theorem 1.5.

Theorem 1.6. Let & € A with dim N (L(&)) = 2, and let Assumption 1.3 hold. Then there
exist two smooth open arcs T'W T'® c A and functions ¢'™(a) € H,,.o(Q) which depend
smoothly on o € T for m = 1,2 such that TM NT® = {4} and N'(L(a)) = span{¢™(a)}
for all a € T™ o # &, and N(L(&)) = span{¢M(a),¢?(a)}. Finally, the intersection
is mon-tangential (i.e. the tangential vectors of IV and T® at & € TW NT®@ are linearly
independent).

Without loss of generality, we can parametrize the curves I'D and T'® by o = ’y(m)(s), s €
(=8,8) for m = 1,2 such that v'™(0) = &; and [y (s)] = 1 and |7 (s)| = 1 for all s and
m = 1,2. Furthermore, we take 6 > 0 sufficiently small such that

(14) W)@ (B)#0, vV(a) - 7@(B)£0 and ] / n(z) ¢ (z, a) 6O (z, B) dz| < 1
Q

for all (a, B) € TW x T@ with |a — &| < 6 and |3 — a| < 6.

We note that the properties of (14) are possible because they hold for a = § = &. Indeed, the
first assertions follow directly from the linear independence of 7(V)(&) and 72 (&). The second
assertion follows from the linear independence of ¢(V)(z, &) and ¢® (z, &) by the Cauchy-Schwarz
inequality.

The proof of this theorem is more complicated and moved to Section 2.

We formulate the following corollary of Theorems 1.5 and 1.6.
6



Corollary 1.7. Let Assumption 1.3 be satisfied. Then the set A := AN [—1/2,1/2]* of prop-
agative wave vectors in [—1/2,1/2] x [=1/2,1/2] can be covered by a finite number of smooth
open arcs Ty C A, 0 € L, (for some finite set L C N), i.e. AC Usee Lo There exist at most
finitely many intersections S := {&; : j € J} of these curves where J C L x L, and in each
& = Gy, jy) exactly two curves, which we denote by ', and 'y, for (ji, j2) € J, intersect. There
are no other intersections. By Ly .= L\{l € L :3j = (j1,7J2) € T with { = j; or £ = jo} we
indicate the arcs without intersections.

Furthermore, there exist nontrivial modes ¢¢(a) € N(L(«)) for o € Ty and ¢ € L which
depend smoothly on o € Ty, are normalized by [,n(z)|de(z,)Pdr = 1, and span N'(L())
for a € Ty \' S. Furthermore, N(L(d&;)) = span{gzﬁ]l(}) 0j,(a)} if Ty, N Ty, = {&;} for
j = (j1,j2) € J. We can assume that (14) holds for '™ and ¢ m) replaced by I';, and ¢;,,,
respectively, form =1, 2.

Finally, infaer, |ve(e) - F(oe(@))| > 0 for all ¢ € L. We choose the (mathematically positive
orientated) orthonormal system {T(c), ve()} for £ € L such that fi(a) == ve(a- F(ge(a)) > 0
forallaely, £ € L.

Proof. For every & € A of type (A) or (B) the assumptions of Theorem 1.5 and Theorem 1.6
are satisfied by Assumption 1.3. Application of Theorem 1.5 yields that for every & € A of
type (A) there exists a smooth arc I'(&) and non-trivial smooth functions ¢(-,a) € H,, ,(Q)
with N(L(«)) = span{¢(-, )} for a € T'(&).

Furthermore, by Theorem 1.6, for & € A of type (B) there exist two smooth arcs I'V)(&) and
I'® (&) which intersect in & non-tangentially, and there exist two non -trivial smooth functions
o™ (- a) € Hl,,o(Q) with N'(L(e)) = span{¢™(-, )} for a € Tt™(a) \ {a}, m = 1,2, and
N(L(a)) = span{oV(-, &), 6@ (-, a)}.

The set A C R? is a metric space as a subset of R2. Also, A is a compact subset of A which is
covered by the open arcs , i.e.

Ac |J ta@u |J [Yaur®a).

& of type (A) & of type (B)

Since A is compact finitely many arcs suffice to cover A. We number the arcs into the set
{T'y : £ € L} for some finite set £ C N and denote the corresponding modes on T’y by ¢,. As
described in the formulation of the corollary we denote the intersections I';, N I';, by &; where
j=(j1,J2) € T C L x L and collect them into the set S of intersections.

Finally, we show that vy(a) - F(¢s(a)) # 0 for all @ € Ty and ¢ € L. Let the curve Iy
be parametrized by o = 7(s), s € (as,by). Differentiating L(7ye(s))pe(s) = 0 yields ,(s) -
VL(7e(s ))¢e( )+L(7e(s))e(s) = 0 and thus (Fe(s)-V L(7e(s))ée(s), ¢e(s)) = 0 for all s € [ac, by].
If also <Vg NV L(v(8))0e(8), de(8 )> = 0 for some § € [ay, by] then <VL(7¢(§))¢¢(§), ¢g(.§)> = (8),
a contradiction to (12) (by part (a) of Remarks 1.4). O

At the end of the previous proof we have shown the following corollary.

Corollary 1.8. Let the assumptions of the previous corollary hold.

Then (3o(s) - VL(7e(5))e(s), de(s)) = 0 for all s € [ag,b] and £ € L, i.e. T(a) - F(de(a)) =0
foralla €Ty and ¢ € L.
7



1.3. The Limiting Absorption Principle. As mentioned already in Corollary 1.7 we decom-
pose the curves {I'y : £ € L} into two classes. Curves which intersect at &; for j = (j1,72) € J

are denoted by I'j, and I'j,. The remaining curves (which contain no intersections) are denoted
by Ffa le ['arc-

Under the assumptions of Corollary 1.7 we define a neighborhood of A in the following way.
We define the neighborhoods

(15) Uf = {Oé = ’W(tl) —|—t21/g(t1) it € (afabﬁ>7 ’W(tl) ¢ Sa |t2| < 5} ) te 'Carca
(16)  V; = {a=;(t) +yp(te) — ;- |ta] <6, [to] <0}, j=(,52) €T,

of Ty and &;, respectively, With Uy := (—1/2 —46,1/2 + 6)? \ A we have a covering of the
compact set I = [—1/2,1/2])* by the open sets Uy (¢ € Lyrc), and V; (j € ). Let ¢y (€ € Lare),
and v; (j € J) be a corresponding partition of unity, i.e. suppy C U; and supp; C V; and
Yver,. V(@) +3,c s 9i(a) =1 for all @ € 1.2 The inverse Floquet-Bloch transform is then
decomposed as

ue(z) = /ug(w ) e*? do = /% Yue(z, @) €7 da

+ Z/¢f U5{EO{ zaxda+2/¢] US:L'O[ Zaxda

beLyre U J eJ V

(17)

We introduce the following functions which will play an essential role.

S

11 [si
(18) T (s) = ok —/SdeT, seR.

™ T

0

We note that |¥#)(s) — 1] for +s > 0 and [¥®)(s)| < EEs]

= T

Theorem 1.9. Let Assumption 1.3 be satisfied. We recall the modes ¢(-, o) fora € T'y, £ € L,
and define the fluzes fy(«) and coefficients go(«) corresponding to the arcs T'y by

(19) fila) = vla)- - F(oa)) foraely, L€ L,
(20) ge(@) = /g(y) eV gy(y,a)dy fora€ly, L €L,

respectively, and signs 0](-1), O'](-Q) e{+,—} by

o A A :
21) o= sign(r,(6y) v ()], €Dy, la—dl <, jed,
o = mgn[ (ay) - ij(a)],OzEFjQ,\a—@j]<(5, jeJ.
Note that cr ) does not depend on « because of (14). Furthermore, cr( ) = 0§2).

Then u. converges locally to some uy € H. (), i.e. ula, — uola, in H(Qgr) for all R > 0
where Qp = {x € Q : || < R}. The function uq is given by uy = Ugre+Ugsee+v where v € HY(Q)

2Note that we used the index ¢ € {1,..., L} for the functions ¢, with support in U, and the index j =
(j1,J2) € J for the functions 1; = 9(;, j,y with support in V.
8



and

tore@) = 215 3 [ 24D 0(0) 9O (w(a) - ) dul, ) €27 ds(a),

(ELare fi(@)
o) = WZ[\P(“?”)(%(@)-%) O (@) 63, 0) ¢ ds(a)
jeg ' J1
i \I,(af)) Y;(a) ;

(le (OA‘J) ' ‘%) . ij (a) Gjs (Oé) quz (l‘, a) e ds(a)

J2

We note that f,(«) >0 and f;, (o) > 0 by Corollary 1.7.
We will prove this theorem in Section 4 but look at an example first.

Example 1.10. Let n = n(x3) be constant with respect to xy and x5. Let {ui cp=1,...,p0}
be the positive eigenvalues of the problem " (x3) +w?n(x3) p(x3) = p? p(x3) for 0 < z3 < h and
©(0) = ¢(h) = 0. (There are at most finitely many of them.) Let {p,} be the corresponding

eigenfunctions, normalized as foh n(zs) p(r3) @q(rs) drs = 8,q. (If h = m and n = 1 then
fp =/ w? —p? and py(z3) = \/gsin(pa:g).) Then the (quasi-periodic) modes are given by

o(x) vt — i op(xs), ze€ll,

forpe{l,...,po} and B € R? with |3| = p, and o = a(B) € I such that a—f € Z*. Therefore,
the propagative wave vectors, restricted to I = [—1/2,1/2]? are given by

A= {B-meR*:|B|=p, for somep andm € Z°} N I.

Therefore, A consists of finitely many arcs which are subsets of circles. In Figure 1 this set A
is shown forh=n,n=1 andw =2, w = 2.01, and w = /2, respectively.

If & € Ais of type (A) then the arc T'; C I containing & is parametrized by v(s) = p, (Zfrf((z;fj:))) +
m for s € (a,b) where 0 < a < b < 27, and m € Z? such that v(s) € I for s € [a,b].
Assumption (12) is satisfied because F(¢, ) = 2(2m)% 3.

If & € A is of type (B) then

S () Y W B

with p,q € {1,...,po} and m,n € Z* and some 5 € (0,27p,) and t € (0,27p,). The modes at
a are given by

16 iBM.z 16 i82).z
¢(1)(3:) e — i wp(x3), ¢(2)(x) e — i8¢ o (xs), ze€,
9



where 1) = “p(gfs((j%:))) and 5 = p, (:fs((:;z:))) The fluz-matriz is computed as F(¢9) =

2(27)2 Y for £ = 1,2 and

2 2w

h
F(¢(1),¢(2)> _ 26(1)//67;(5(1)_5(2))-55 dIL’l de/SOp(fii) QOq(CCg) dl‘g
0

2m 2w

= 25(1)//61(m—n)9~cdx1 d-'lj25p,q -0
0 O

. . . . © 1) 4 . 9 |U - 6(1) 0
since m # n. The matriz with entries v - F (o9, V) is thus given as 2(27) .

0 v- B3
We choose ¢™ to be orthogonal to ™). Then also the additional assumption for & of type (B)
of Assumption 1.3 is satisfied.

1.4. The Asymptotic Behavior as || — oo. In this subsection we make the additional
assumption that the curvature of the arcs I'y for £ € £ do not vanish, i.e.

Assumption 1.11. We assume that k() # 0 for all « € Ty and € € L, i.e. if a = (s) is
the parametrization of T'y by arc length then k¢(s) = ke(Ve(s)) := Fe(s) # 0 for all s and ¢ € L.

We will determine the asymptotic behavior of the limiting absorption solution g along fixed
directions 6 € R? with |§| = 1. Therefore, we consider x = (rfy, 70, x3) with x5 € (0,k) and
r>0. Then & = rf and = = (rf, x3).

We consider the integrals of Theorem 1.9 which are of the form (with the form = of above)

(22) /g(a) ) (7“ ve(a) - é) (bg(ré, T3, () eire-?d ds(a) and / g(a) ¢, (ré, T3, () eire-d ds(a)

Ty Cim
with g(a) = %((2‘)) ge(a) or gla) = f%((acZ) gj.(a) for m = 1,2, respectively. For the application
m
of the stationary phase method the sets

(23) As(0) = {ae A:0=1v(a)}

will play the essential role. Note that for points &; € & of intersections only one of the normals

vj, (&) or v,,(&;) can coincide with +6. Furthermore, we note that %(3) - 6 # 0 if 44(3) - = 0
because 5,(5) # 0 by Assumption 1.11 and {%(5),7(5)} are orthogonal to each other. From

this fact and a compactness argument we conclude also that the set A, (§)UA_(6) of stationary
points is finite.

Theorem 1.12. Let Assumptions 1.3 and 1.11 hold. Then

g(&

(

G

2
(24) uo(r, z3) = v(r0, z3) +27m/ T Z
a€A+( )

[qﬁ(ré,xg,&)e"d'é]e"i”M |/~$(1o?)\+ (1>

\/

as v — oo uniformly with respect to x3 € (0,h). Here, 0 = o(&,0) = sign|k(@) - 0] and
v € HY(Q). Recall that f(&) and g(&) and k(&) are given by (19) and (20) and k(&) = Ke(&),
respectively, if & € T'y.

10



2. PROOF OF THEOREM 1.6

First we recall from (12) and part (a) of Remarks 1.4 that (V,L(&)p, ) # (8) for all p € N
with ¢ # 0.

Let ¢, € Hiepo(Q), ¢ # 0, with ¢ - PV L(&)¢y, = 0 for m = 1,2. We note that {¢y, ¢2} are
linearly independent. Indeed, otherwise we would have ¢(™ - PVL(d)(bl =0form=1,2 and

thus ¢ - (VL(&)¢1,¢1) = 0 for m = 1,2, ie. (VL(&)¢1,¢1) = () because {gV), ¢} span
R2. This would contradict the assumption.

The further proof consists of three steps.

(i) Let C' C C be a circle in the resolvent set of K (&) with center 1 and radius so small such
that 1 is the only eigenvalue of K (&) inside of C. Then the orthogonal projection P onto the
two-dimensional eigenspace N is given by

1
P = — [N - K(&)] 'dx.
5 | M= K(@)
C
Define
R 1
P = — [N — K(a)] Y\
() = 5= [N~ K(a)]

c

for [a —@| < & and § > 0 so small such that C is also in the resolvent set of K (). Then P(a)
is the projection onto

(25) N(@) = @ N -K()
AeA(a)

where A(«a) is the set of the two eigenvalues of K («) inside of C. By Kato’s monograph [2],
Chapter II, §4 (see also [6]), there exist unitary transforrns3 U(a) which depend smoothly on «
such that U(&) = I and P(a) = U(a JPU(a)*. We set o™ () := U(a)dy, for m = 1,2. Then

o™ (a) = U(a) Py, = P(@)U(a)dy € N(a), m = 1,2, form a basis of N'(«).
(ii) With respect to this basis {¢!)(a), ¢(2)( )} the operator f’(a)L(a)|N(a) is given by the
matrix L(a) € C2*2 where L(a),, = (L(a)9W)(e), o0 (a)) depends smoothly on or. We note

that L(&) = 0. We search for a curve o = 7( ) with 7(0) = & and det L(v(s)) = 0. From the
definition of L(a) we compute

VL&) = (VL@ (a),0" (@) + (L(a)VeD(a), 6 (a)) + (L(@)e (&), Ve (&)
= (VL(a ¢],¢z>

because (L(d )Vl (&), 60 (a) (@) + <L(d) (&) ¢(Z > <V¢ (A)¢g>

<L gb], V¢(£ > = 0. From the propertles of q and q? we observe that ¢V - VL, oa) =
<q ¢1,¢g> =0forl=1,2, and q? VL” <q(2 VL(& )¢2,¢g> = 0 for (=1,2.
Furthermore ¢? VL 1(a) = < 2. VL(a )¢1, ¢1> #0 because otherwise <q &)1, ¢1> =
0 and <q(1) VL(&)p, q§1> = 0, ie. <VL b1, q§1> = (O), a eontradiction. Analogously,

¢ - VLay(d) = <q(1 L(&)a, ¢2) # 0.

3The assertions in [2, 6] are for a € C. However, as shown in [3], the assertion holds also for a € C2.
11



We define the matrices M (ty,1,) € C**? by

(26) M(tl, tg) = f/(é& + 1 q(l) + t9 q(2)) s |tj| < 50 .

Then M(0) = 0 and 0y, M;,(0) = 0 and 0y, M5,(0) = 0 for £ = 1,2 and 0, M;1(0) # 0 and
Oy Ms5(0) # 0. Therefore, all assumptions of Lemma B.2 of the appendix are satisfied, and
there exist two curves t = 7™ (s ) and vectors 2™ (s) € C?, m = 1,2, depending smoothly
on |s| < &, with 5™ (0) = 0 and £51(0) = ((1)) = 21(0) and £53(0) = () = 2?(0) and
M (7™ (5))2™)(s) = 0. We set W(m)( )=a+ %m)(s) ¢ + v(m)(s) ¢?. Then ~™(0) = & and
LM (0) = ¢™™ and L(y™(s))z™)(s) = 0 for |s| < 4.

(iti) Now we set o™ (s) := S7_, zém)(s) O (y™(s5)). Then ¢™(s) € N' (7™ (s)) and

(L) (), 6D (4™ (5))) = 3 2 (s) (L(Y™ ()N (4™ (5)), 6D (4™ (s)) )

=

1
for j = 1,2. Therefore, P(7™(s))L(7"™(s))$™(s) = 0 and thus L(7™(s))¢(™(s) = 0 since
P(a)L(c) = L(«). This ends the proof of Theorem 1.6.

3. REPRESENTATION OF THE SOLUTION w,

We use the notations of Corollary 1.7 and the neighborhoods U, and V; of I'; and &; from (1
and (16), respectively, and consider the solution u. of equation (6), i.e. of [L(a) —icAJu ()

g(a).
Bevor we begin with the proof of Theorem 1.9 (in Section 4) we represent the solution w, in the
neighborhoods U, of I'y, ¢ € L, and V; of &;, j € J, respectively, to determine the precise

singular behavior with respect to @ and €. We begin with the neighborhoods U,.

5)

3.1. A representation of u. in the neighborhood U, of I'y. Let now ¢ € L,,., and let a =
Ye(t1) for t1 € (ag, by) be the parametrization of T'y;. We recall the unit tangential vector 7,(t1) =
+9,(t;) and the corresponding unit normal vector v,(t1) at 74(¢;), where the sign is chosen
such that fo(t1) = vi(t1) - F(de(t1)) > 0 for all ¢1, see Corollary 1.7 and (19). Here, ¢y(s) =
Ge(-,7e(s)) € N(L(7(s))) are the corresponding modes, normalized as fQ n(z) |ge(x, s)|*dx = 1.

We recall go(v) from (20), i.e. ge(t1) = ge(ve(t1)) = [o 9(y) eI, (y, t1) dy for t, € (ar, be).
In the neighborhood U, = {v,(t1) + tave(t1) : t1 € (ap, be), |ta] < 0} of Ty (where § > 0 is
sufficiently small) we introduce the local coordinate system

(27) a = ’A)/g(tl,tg) = ’)/g(tl) + 12 V[(tl)

for ¢, € (ag, be) and |ta] < 6.

Theorem 3.1. Let Assumption 1.3 hold. Then the solution u. of (6) is represented in the
neighborhood U, for { € Ly as

(28) ua(x,%(tl,tz)) = geltr) — ¢y, t1) + we(x,t,e)

fg(tl)tg — €
for (ta,€) # (0,0). Furthermore, ||we(-,t, )| is uniformly bounded with respect to (t1,ts,¢€) €

(g, be) X (—8,8) % (0, ).
12



Proof. We fix { € Lg. and set L(ty, ts) = L(Je(t1,t2)) and y(t) = §(5¢(t)) and @(t1,ts,¢) =
u. (9¢(t1,t2)) for abbreviation. Equation (6) is then equivalent to

(29) [L(t) —icAlu(t,e) = y(t), te€ (agbe) x (—9,9).
Note that f}(tl,tg) is invertible for t, # 0 and f}(tl,O) = L(")/g(tl)) is not invertible with the

one-dimensional kernel N (¢;) := N (L(t1,0)) = span{¢y(t1)} for t; € [as,b]. First we observe
from part (a) of Remarks 1.4 that

fot) = wi(ty) - F(de(t1)) = (ve(tr) - VaL(ve(tr))de(tr), de(t1))
= (0, L(t1,0)¢¢(t1), Pe(t1)) -

From now on we drop the index ¢, i.e. write f(¢1) and ¢(t1) and ¢(t1) for fy(t1) and g,(¢1) and
¢¢(t1), respectively. We make the ansatz

(30)

p(t )

31 u(t,e) = —(————
3D (h.e) f(t)te —iep
with p(t,e) € Cand v(t,e) € R(ty) := R(L(t1,0)) = N(t1)*. Let P(t)) = W(w, o(t1))P(t1)
and Q(t1) = I — P(t1) be the projections onto N(t;) and R(t1), respectively, Multiplying the
equation [L(t) —icAlu(t,e) = y(t) by ¢(t1) and applying Q(t1) yields the equivalent system

o(tr) + v(t,e)

D [0 00) ~ ] + (L) = izAllt.e),0(0)) = (), (0),
f(tfgi;gj ieQ(tl)[z(ﬂ —icAlp(t) + Q(t)[L(t) —icAlu(t,e) = Q(t)y(t),

which we write in matrix form as M(¢,¢) {ﬂ = [%52’1;2(8)) q where

(L(6)$(t1), (1)) —ie ([L(t) — icA]-, p(t1)) ]

f(tl )tg —1€

Mit.e) = [Q(tn[i(t)z‘mwul) 3 :
O Q(t1)[L(t) — ieA]lrw)
Now we observe that L(t;,0)¢(t;) = 0 and also Q(t;) L(t,,0) = 0. Therefore, (L(t)¢(t1), p(t1)) =
taf(t1) + o(tz) uniformly with respect to t; € (a,b) and b(t,e) := Q(tl)][ci(gggf:g‘ﬁ(tl) is uniformly
bounded and thus M (t,e) = My(t,e) + M;(t,e) where
1 0

My(t,e) = {b(t,a) Q(tl)i<t170’7€(t1):| and M;(t,e) — 0 as (tz,£) — (0,0)
a,b

). The inverse My(t,¢) is explicitly given by

uniformly with respect to ¢; € (

1 1 0
My(t,e)™ = [_V(tl)b(t,a) V(h)]

and is uniformly bounded with respect to (t1,%2,¢) € (a,b) x (=6,6) x (0,0). We rewrite
M(t,¢) {5} = {<y(t)’¢(t1)>} in the equivalent form

with  V(t) == [Q(t)L(t1, O] ™ : R(t1) = R(t),

Q(t1)y(t)

|1+ My(t, &)~  My(t, ¢)] m = My(t, ) {(
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and observe that My(t,e) ' M;(t,e) — 0 as t3,€) — (0,0) uniformly with respect to ¢;. A
perturbation argument yields

p(te) = (Do) + O(/B+2) = (yt.0).0(0) + O(/B+22),
(tie) = —(y(t), o(t)) V(t)b(t,e) + V(E)Q(t)y(t) + O(y/t5+¢?)
uniformly with respect to t; € (a,b). Finally, we compute

(y(1,0), @e(t1)) :/ﬁ(yﬁz(tl))6”‘(“)'g¢é(yat1)dy
Q

— /g(y) ei7£(tl)'g¢€<y,t1)dy = g@(tl)

Q

(32)

where we used the definition of the Floquet-Bloch transform in the last step. Substituting this
into the ansatz (31) yields the assertion. O

3.2. A representation of u. in the neighborhood V; of S. Let now & € S,ie. & = @q; €
I';, NI, for some j = (j1,72) € J. We denote the parametrizations I';, and I';, by ~;, and v,
respectively, and choose the local coordinate system

(33) a = Yt t2) = v (t) + 75 (t2) — &

for |t,,| < d, m = 1,2, in the neighborhood V; of &;. Note that 4,(0,0) = &; and ;(¢1,0)
v, (t1) and 4;(0,%2) = 7;,(t2). We recall the definitions of f;, (t,) and g;, (t,,) for m = 1,
from (19) and (20), respectively, ie., f;. (tm) = v, (tm) - F(@;,.(tn)) > 0 and g;, ()
Jo 9(y) eimtm) G g, (y t,)dy for t, € (—4,6) and m = 1,2 where we wrote ¢;,, (t,) for
Djoa Vjm (tm))-

Theorem 3.2. Let Assumption 1.3 hold. Then the solution u. is represented in the neighbor-
hood V; as

u. (1. A _ gjl(t1> x gj2(t2) (o
- TR YA TRY AT

+ uj(z,t,e) + wji(z,t,e)

o |l

for (t1,¢) # (0,0) and (tg,€) # (0,0). Furthermore, fis ffé |lu;(-,t,€)| dt converges to zero in
H,..0(Q) as e = 0, and |Jw;(-,t,¢)| is uniformly bounded with respect to (t1,ta,€) € (—9,0) x
(—0,0) x (0,&0). The quantities D§m)(tm) form = 1,2 are given by

(35) DP(t) = 45,(0) v () and D} (t2) = 45,(0) - v, (t2)

PTOOf. We set again _f/(t17t2) = L(’%(tl,tg)) and y(tl,t2> = g(’%(tl,tg)) and ﬂ(tl,tg,ﬁ) =
u. (%j(t1,t2)) for abbreviation. Furthermore, we define f(™(t,,) by

SO () = DY () fi(t), m=1,2.

As in the previous section the equation (6) is then equivalent to (29), i.e. [L(t) —icAla(t, &) =
y(t). We note that now

L(t1,0) = L(y;,(t1)) aid L(0,t2) = L(7j,(t2))



are not invertible and N (L(t;,0)) = N'(L(v;, (t1))) = span{¢;, (t,)} for t; # 0 and N'(L(0,t,)) =
N (L(7y;,(t2))) = span{e;,(t2)} for ty # 0. Furthermore, the kernel of (0, 0) is two-dimensional
and NV(L(0,0)) = N(L(&)) = span{e; (0),6;,(0)}. For (ti,t;) with t; # 0 and t5 # 0 the
operators L(t,ts) are invertible. Furthermore, from part (a) of Remarks 1.4 we recall that

fOt) = D) fiu(t) = [35,0) - vy ()] vy (1) - Flo (1)) = A5, (0) - F(oy, (1))
= (0, L(t1,0);,(t1) , b5 (1)) 4
[O(t) = DP(ta) frlta) = [35(0) - vy (82)] vy (82) - F(jy(£2) = 5 (0) - F(ya(t2)
= <at1L(O? t2)¢j2 (t2> 7¢j2 (t2)> )
because 4, (t1) - F(¢j,(t1)) = 0 and 4j,(t2) - F(¢),(t2)) = 0 by Corollary 1.8. Set N(t) =
N (t1,te) := span{¢;, (t1), ¢;,(t2)}, and let P(t) and Q(t) = I — P(t) be the orthogonal projec-
tions onto A () and N (t)+, respectively. We note that the operators depend smoothly on .
We make the ansatz
P1 (t’ 5) p2<tv 5)
f(l) (tl)tg — 1€ f(Z) (tQ)tl — 1€
with p;(t,e) € Cand v € N(t)*. We set L(t,e) := L(t) — icA for abbreviation and multiply
the equation L(t,e)u(t,e) = y(t) by ¢j,(t1) and ¢;,(t2) (i.e. apply the projection P(t)) and
apply the projection Q(¢). This yields the system of equations

AL (L2005, () 01 (0)) + (LAt )0 a), 0 1)

+ <E(t7€>v<t7€)=¢j1(tl)> = <y(t)7¢j1(t1>>a

u<t7€) = ¢j1(t1) + ¢j2(t2) + U(t,i—f)

D () 1), 0 (1)) + s (L0210 02) 0 02)

+ <[~’(t7€>v<t’€)v¢j2(t2)> = <y(t)7¢j2(t2>>a

pi(t,€) = pa(t, €)
m@(t)[f@a )¢ (t) + T (o)t —ic
+ Q) L(te)u(te) = Q(1)y(t) .
We can replace the last equation by

TS QL 0 (0) + e QL o)

+ [Q)L(t,e) + P()]v(t,e) = Q(1)y(t).
and require only v(t,e) € H. Indeed, if (p1, p2,v) € C x C x H solves this last equation then,
applying P(t), we observe that P(t)v(t,e) = 0 which yields v(¢,e) € N(¢)*.

We write this system of equations in matrix form as

< (t)7 J1 (t1>>]
t), b, (¢

Q(t)L(t,€) ¢y, (t2)

P1 y(t), ¢;
M(t7 8) |:p2] - |:<y( )7 ¢j2 2>>
v Q(t)y(t)
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where

(L) pjy (t1),05, (t1))—ie  ([L(t)—ieA]pj, (t2),¢5, (1)) <[l~;(t) —ieAl-, b, (1))
) Y J1

FD (ty)ta—ie F@ (ta)t1—ie
_ | ([E@®)—ieAlgj, (t1),¢5, (t2)) (L(t)bjy (t2) by (t2))—i 7 :
M(t.e) = fil)(tﬁtzlfisjz - ;é@)ﬁiﬁ : ([L(t) —ieA], ¢, (t2)) |
Q)[L(t)—icAlgy, (t1) Q)[L(t)—icAlgjy (t2) 7 :
f(l)(tl)tz—ijé‘l ! f(2)(t2)t1—’ij62 : Q(t) [L(t> - ZgA] + P(t)

and consider it as an operator from C x C x H into itself. Here we used the normalizations
of ¢j,(t1) and ¢j,(t2). We discuss the terms of the matrix with respect to ¢ and e. From

(tl, 0)¢;,(t1) = 0 and L(0,t5)¢;, (tg) = 0 and the selfadjointness of L(t) and atji(t) we obtain
(01, L(0)6y,(0),)(0)) = 0 and (9, L(0)¢,(0), 6(0)) = 0 for j = 1,2. Therefore,

<I~’(t17t2)¢j1(t1)7¢j1(t1>> = < (tlv )¢J1(t1) ¢]1(t1)> + t2<8t2 (tlv )¢j1(t1)7¢j1(t1)>
+ o(t2)
= t,fY(t;) + ofty) and thus

(L(t1,t2) 05 (1), 05 (1)) — ie

fim to fO(t;) — i =1
because W is bounded. Analogously,
lim <[~’(t17t2)¢j2(t2)7¢j2<t2)> — 1€ -1
50 L@ (t) —
and
(L(t1,12) 055 (t2), b5, (1)) — ie( Ay, (t2), 05 (1)) -
= (L (_)%(tz) 0ir (1)) + 11(0n L(0, 1), (1), 65, (1)) + oltr) — iep(t)
= —iep(t) + O(t1|t|) + o(t1)
with u(t) := (AW (t,), ¢ (t5)). Therefore,
<£<t17t2)¢j2 (t2)7 ¢j1 (t1)> — i€<A¢j2 <t2)7 ¢j1 (t1>> _ —ié‘m
tlf(2)(t2) — 1€ N tlf(2)<t2) — £ + Rl(t75)
with Ry (t,e) — 0 as (t,e) — (0,0). Analogously,
(L(t1, 1) 05, (11), B (2)) — 1Ay, (1), By (t2)) —icp(t)
— 1 tgf(l)z(tl)—ig 1 : = th(l)(tl)— - + R2<t,5)

with Ry(t,e) — 0 as (t,e) — (0,0). Furthermore, we note that ([L(t) — icA]-, ¢;(t;)) =
O(\/|t]? + €2) for j = 1,2. Therefore, M (t,e) has the form M(t,e) = Mo(t,£) + M;(t, ) with

1 ﬁl (t, 5) 0
My(t,e) = |Ba(t,¢) 1 0 and lim M(t,e) = 0
bit,e) balt,e) L(0)+ P(0) (19200
(note that Q(0)L(0) = L(0)) where
B iep(t) - iep(t)
61(257 5) - _t1f(2)(t2) e ﬁ2<t75) - _th(1)<t1) — e



and

Q)[L(t) — icAld; (1)
tgf(l) (tl) — 1€ ’

QE)[L(t) — icAdj, (t2)

bl(t, 5) = tlf(2)<t2) —

bg(t, 8) =

are uniformly bounded. We can compute the inverse of My(¢,¢) explicitly. With

_ _ e u)?
(36) dite) = 1=hlt.afte) = 1+ gy i fom) —id

and V := [L(0) + P(0)]' : H — H we have

) 1 - 0
My(t,e)™ = —— —Ba ! '
d(t,e) V(B2by —br) V(Bibr —bg) dV

where we dropped the argument (¢,¢) in the matrix. To show bounds of |d(t,¢)| from below
and above we estimate

dite)] < 1 Cl®F < 1+ U,
\/|f (t2) 26 + 2/ [ f D () 215 + €

dte)] > 1 a0l > 1 (o)
T TP PE 1 2O £ 2

for all ¢ and =. Furthermore, [(0)[2 = | (A6, (0). &, (0] < (A6, (0), &y, (0)) (Ao (0), 6 (0)) =
1 by the Cauchy-Schwarz inequality and the fact that ¢, (0) and ¢;,(0) are linearly independent.

From this representation we conclude that My(t,e)™*

(t,e).

is uniformly bounded with respect to

P1 <y(t)7 ¢]1
We go back to the equation M (t,¢) [p2| = | (y(t), @5,

v

P1
[T+ Mo(t,e) " Mi(t,e)] !m] = My(t,e)™! !(y(t)

v

Since My (t, ) ' M;(t,e) — 0 as (t,€) — (0,0) we conclude by a perturbation argument that

(t,&) <y(t)7¢j1 (t1>>
(tag) = MO(t7€> ' <y(t)7 ¢j2(t2)> + O( \% |1/L|2 + 52) :
(t,¢) Q(0)y(0)

17




Substituting this into the ansatz u(t,e) = f(l)pltl—t;w o, (1) + f(Q)piQ—t)Z)w 0j,(ta) + v(t, e) yields

u(t,e) = 1 — [((1), &5, (1)) = Bu(t,e) (Y (1), dia (t2))] i (1)

d(t,e)[f M) (t1)ts — ie]
[=Ba(t. ) (), &0 (1)) + (y(2), B (t2))] s (t2)

1
d(t, e)[f® (t2)t1 — ic]
+ @ [(y(t), Gy (t1)) V(Baba — b1) + (y(t), @5, (t2)) V(Biby — ba) + dVQ(O)y(O)]
1 Hy(t1,0), ¢4 (t)) (y(0,22), 9, (t2))
- i ¢j1 (tl) + f(2)<t2)t1 — e

d(t,e) | fO(t)ty —
(1) (y(1), b1, (t2)) b, (1)

+

¢j2 (t2)
1€

[fD(t1)t, — ie][f P (ta)tr — ie]

+ ,U(t) <y(t)7 ¢j1 (t1)>¢j2 (t2)) + w(ta 5)

+

1 (1)

where w(t, ) is uniformly bounded. Using @ =1 — Fomyna T e T

form (34) with w;(t,¢) = @ (t, €) + Ua(t, €) where

e2lu(t)l*

oI yields the

(y(t1,0), 0P (t1))

uy(t,e) = — [FD (8)ty — ie] [f@ (ta)t, — ie] + e2|pf? [ FO ()t — ic ¢(1)(t1) +
(Y(0,t2), 6P (t2)) (o
yf(z)(h)t1 — ¢! >(tz)]

T VU —ii’s] TG g 0 W, 6% (1)) 60 (0)

(t) (y(t), ¢(1)(t1)> o (t2)]

Finally, we estimate @ (¢,¢) and ds(t, €), using |u(t)] < po < 1 for all t € V,

1
u(t,e)l|dt < ce?su /{
/ I, €)l 2 O | 006 — @O ) =8+ 2RO PO )t — ]

+ . ! : 1 dt,
(LD (1)t — ie][fO(t2)ts — ie] + e2|u(t) 2] F (to)tr —ie]

1 1 1
2
cpe”sup ||y(t // [ + }dtdt
1 ey H <>H0 / \/t%+52\/t%+52_52ﬂo \/t%—{—é:? \/t%+62 1 &2

d/ed/e

IN

1 1 1
= cresup ||y(t // [ +
! tGVH ()“0 / Vst 12+ 1—poly/s3+1  \/s3+
d/e d/e
ds ds 2
casup )] / 2 L < cosup ()] <[in(1/2)]"

2+1_M0 Vst

} dsy dsy
1

IN




which tends to zero as € — 0. Analogously, one obtains

d/e d/e

- d82 d81 2
Ua(t,e)||dt < cyesu t / / < ¢osu t)ll elln(l/e)|".
V/u st < evemplyOll [ s [ < cmplulelngye)

4. PROOF OF THEOREM 1.9
We investigate the integrals of (17) with respect to convergence as € — 0.

For the first term in (17) we note that suppiy N A = (. Therefore, we conclude that
Yo(a) ug(+, ) converges to 1y () ug(+, a) uniformly with respect to a € I and Ygug € L? ([, Hl(Q)).
Therefore, convergence of the first term in the form (17) follows from the boundedness of the
inverse Floquet-Bloch transform.

4.1. The terms corresponding to U,. Next, we consider the integrals in the second term
of (17) corresponding to ¢ € L,... We drop the index ¢ and recall the open set U = U, =
{A(t1,t2) s a < t; < b, |ta] < 0} from (15), the local coordinate system 4 = 4, from (27), and
the function ¢ = 1, from the partition of unity.

We have to investigate the integral [, 1() u.(x, @) €**do and transform the integral into

/ U(a) u(w, o) € Tda = / V() us(2,4(t) €77 D(t) dt
2

U

_ / VA) e, A(t)) €20 )® (0T D) dt
E

where U/ = (a, b) X (—(57 5) and D(tl, tg) = ’deth(tl) +t2V(t1)|I/(t1)]| = |1 - t2 det[u(tl)\u(tl)ﬂ
We set ¢(t) := ¥ (5(t))D(t) and substitute the form (28) into the integral and obtain

@) uwayeraa -



First we note that ¢; — f(¢;) is continuous and strictly positive on [a,b]. We discuss the
integral with respect to ¢y of the first part and obtain

1

) ~
Y(t t2 itov(t1) & ~ / 1 " -
) elt2v z dt ¢ itov(t1)-& dt
[f(t w( 1 ) f(tl)tg—ige 2

-1

o -
> 1 , - (t1,t2) — (¢ . .
- ¢(t1,0) / : eztgy(tl)-r dtg + /¢ 1, 2 170) eztgy(tl)-z dtg
-4

f(tl)tg — 1€ tl tg — 1€
0<]ta|<1

The second and third integral on the right hand side are uniformly bounded with respect to
$(t1,0 itov(t1)-2 5 (tita) 7/)750)211 z

(t1,¢) and tend to — Jf(; ) f5<|t2|<1 L gitav(t)E gy, 4 f(tl) Ios (ts 2 (t1.0) pitav(t)Egt, a5 ¢ — 0

uniformly with respect to t; € (a,b).

For the first integral we apply Lemma B.1 of the appendix which yields that for any R > 0

ztgu (t1)-2
/f (t1)t2 — Z6

(note that f(t;) > 0) and ¥*) given by (18). Therefore, by Lebesgue’s theorem on dominated
convergence,

sup
|Z|<R

e—0

< en and 1 / 2T 4 () - 7)
C 11 111 = — 1% -
= f(t)ts — f(t) !

e—0

hm/z/;(a) us(z, ) e da

b
- /J}(tl’())ﬂ v )( (t1) - )g(tl)ﬁb(x,tl)e”(“)’fdtl

5 - .
/ plinte) —0(0,0) eV IE g (1)) (b)) eI T dty dty
5

f(t) ta

’(/NJ(tl,O) itov(t1) -7 ; 5
— L pitav(h)E (¢ t1) €T ey dt
/ f(t1>t2 € 9( 1)¢(fﬁ, 1)6 2 Al

a §<|ta|<1

5
+ //Q/Z(tl, to) w(x, t,0)et2rt)E G)E qr) gt

a —6

Note that integrands of the second, third, and forth integral are bounded functions, thus in

L?((a,b) x (—6,0), H(Q)). By the inverse Floquet-Bloch transform these represent functions
20



in L*(W), i.e.

lim/w o) ue(x, o) e da

e—0

/ PO 46 (o(1,) - 3) glt1) ol 1) 77 dty + v(a)

with v € H 1(W); In the last integral we have used the definition of 1) and the fact that
D(t1,0) =1, ie. ¢(t1,0) = ¥ (y(t1))-

This is exactly the form of @ in Theorem 1.9 corresponding to ¢ in the parametrized form.
4.2. The terms corresponding to Vj. In this subsection we consider the integrals in the
terms of wug.. corresponding to j € J. We recall the open neighborhood V; = {%;(t1,t2) :

[tm| < 9, m =1,2} of &; (see (16)), the local coordinate system 4; from (33), and the function
¥; € C=(R?) from the partition of unity.

We investigate the integral [i, ¥;(a) u-(z, ) €**da and transform the integral using the trans-
J
formation (33) and obtain

/@Z)J ue x, 05 Za mda - /¢j tla t2 ua(x, ’?j (t)) em(t)'j’dethjl (tl) |;Yj2 (tQ)H dt

= e a? /z/NJ(t) us(x,4(t)) e ()2 155 (12) 2 1y
V/

where V' = (—0,d) x (—6,0) and

(37) Pty te) = (At t2)) [det[iy, (t1) | 35 ()] = v(3(t1,2)) [, (B1) - vja (t2)] -

We recall (see (14)) that 6 > 0 had been chosen such that ¥;, (1) - vj,(t2) does not change its
sign for t € V.

We substitute the first part of u.(z,4(t)) from (34) into e " Fe(t) ug(z, (t)) e )T, (t2) 7
and split the result into the form
- b(t) g;, (t
e—ia-E @ r(/}( )gﬁ( 1) ‘ i (t1)-& iz (t2)- d)]l (.CE tl)
Dj (tl)fjl (tl)tg — 1€
_ w(tb 0) 9, (tl)
DY (1) £, (0 )t — e

where By (x,t,¢) is uniformly bounded with respect to (¢,¢) and z from bounded sets.

(38)

eit2”Yj2 (0)-2 ei’le (t1)-2 ¢j1 ({L‘, tl) + Bl (Ia t7 Z':)

Analogously, the second term in (34) has the form

e_id,i . 1/J(t) ng<t2) e”n(tl)zew” tz) ¢]2($ t2)
D) (ta) fi, (to)ts — ic
= V01) 05 () sy 02 i3 (0 1)) 4 Bo(ate)
(2) . J2 1y P2 S
CRITATSI

(39)
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where Bs(z,t,¢) is uniformly bounded with respect to (t,¢) and Z from bounded sets.

Now we integrate these contributions of (34) with respect to (¢1,t2) € V' = (=4,6) x (=4, ) and
let € tend to zero. The integrals of u;(-, ¢, ) tend to zero by the last statement of Theorem 1.6.
Integration of (38) yields

o h(t) g:. (t , g P
ela.x/ &) $0) g (1) e T i ()T ¢ (3 1,) dt
D;7 (t) fj, (t)t2 —

6 1

1 itaj, (0 :| 7, . a4y (t1)- d
/5{/ D (1) tl fjl(tl) 9 — 1€ ‘ ¢(t1, )gﬁ(tl) ¢]1($ tl) ty

)

. 1 itaj, ( n ) iy, (t1)-Z
0[] | e ] 5001000 )

=0 6<|t2]<1

+ /Bl(x,t,e) dt .

V/

The integrands of the second and third integral are uniformly bounded with respect (ti,t,¢)
and converge pointwise as € — 0. Therefore, by Lebesgue S theorem on dominated convergence
these integrals converge to a function of the form vy(z) = [, B(x,t) dt which is in H'(W) by
the inverse Floquet-Bloch transform.

Furthermore, by Lemma B.1 of the Appendix we have that

1

/ : 1 (it OF gy
oD () f, (4t — e

is uniformly bounded with respect to (¢1,¢) and & from bounded sets and

1
1 L . 211 )
lim e't2%i2 O g, = Ws ) (4,(0) - )
1 . 1 J2
=0 DD () f, (1)t — i DS (1)1 £, (1)

where a§1) = sign [D](-l)(tl)] = sign [45,(0) - v;,(t1)] (see (35) and note that f;,(¢;) > 0 by
Corollary 1.8 and the orientation of T';,) and &) is given by (18). We observe that aj(l) is

independent of ¢;. The (now one-dimensional) Lebesgue’s theorem the first integral of (40)
converges to

§
2mi 0 (4,,(0) - & b(tr,0) gj, () €T @) (. ty) dt
( )_[ DO ey e
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From the definitions of 1) and D](.l)(tl) we note that 1(t,0) = ¥;(v;, (tl))|D§1)(t1)| and thus

b(t) g;, (t
e [ HOBO) 1z s g,

=0l S D) f ()t — e

(t1) g, (t
= 2m qj(o 'sz /wj %} ltlgjl Y e ¢]1<$ t)dt; + vi(z).
i (

Analogously, we obtain for the second part of (34)

o b(t) g5, (¢
lim |:€za-a:/ 5 ¢( )912( 2) - ez’yjz(tz) Z o1 (t1)- ¢jz (LE tg) dt:|
=0 D7 (t2) fro(t2)tr =

t t ) -
= 2mi v ) ’7]1 /¢J fY]Qf Qtzgh( 2) ea(t2) e ¢j2<x7t2) dty + U?(m)
]2

with U](- ) = 052)( ) = sign [D( )<t2)] sign[7;,(0) - ] and v, € HY(W).

Now we add all of these terms and obtain

lim/%(oz) ue(x, o) e da
e—0
1%

(1)) (t1) t , .
I, . ‘If( ! 7]2 /% ’lef 1tng1( 1) ¢jl<x’t1)6wj1(t1)~x dt,
_]1
(t2) t . N
+ 2 \IJ( ”le /1/)J Vsz 2t29y2( 2) b, (7, 2) e iz (82)-% dts + v(z)
12

where v € H*(W) which coincides the form of ug in Theorem 1.9 in the parametrized form and
ends the proof of Theorem 1.9.

5. PROOF OF THEOREM 1.12
We apply the following stationary phase result to the integrals of (22).

Lemma 5.1. Let G : [a,b] x (0,00) x [0,h] — C and ¢ : [a,b] — R be smooth and ¢'(8) = 0
and ©"(5) # 0 for some § € (a,b). Furthermore, let ©' have no other zeros in |a,b] other than
$ and let G(s,r,x3) and 0sG(s,1,x3) be bounded on [a,b] x (0,00) x [0,h]. Then

b

, o ) 2 1
/G(s, T, x3) ") ds = mel) G(8,r,x3) e/ " — + O - asr — 0o,
rle"(5)] r

uniformly with respect to x3 € [0, h]. Here, o = sign[p”(8)].

a

With the parametrization a = w( ) of I'; we note that the stationary points are given by
{ar=7(8) - %(8) - 0 = 0} = A, (0) U A_(0) with A (f) from (23).

We consider now the two integrals of (22).
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(A) For the first integral fix ¢ € L,,. and decompose I'; into finitely many closed arcs I' (which
intersect only at the endpoints) such that each of them contains at most one stationary point.
If such an arc I' has the parametrization o = v,(s), s € [a,b], then the first integral of (22),
reduced to I', has the form

[(7'7 QJS) = /Q(Oé) \II(JF) (7' V@(Oé) . é) ¢[(7’é, T3, CY) eira-é dS(Oé) _ /G(S, r, $3) eirga(s) ds

T a

with smooth functions H and ¢(s) = v,(s) - 6.
If T’ contains no stationary point then ¢'(s) = 44(s) - 0 # 0 for all s € [a,b], and we can make

the substitution ¢ = ((s) with inverse s = ¢ '(¢). The integral I(r, z3) is then written as
©(b)
Irag) = [ Gl @) (o) (e di
p(a)

and partial integration yields I(r, x3) = O(1/r).

If T contains the stationary point & = ~,(3) € A, () U A_(f) then we can apply Lemma 5.1
and have

2 1
Fol)
7" (3)] r

eir&.ég( A) \Ij(+) (T' l/g( A) . é) ¢€(ré7 Z3, A) e01‘7!74\/7 ( )
(6% Ryl
fro

as r — oo uniformly with respect to z3 € (0, h) We recall the definitions of W) from (18).
Therefore, ifV[(A) — —0,ie. a e A_(), then T+ ) (rve(a )é) =01/r),ie I(r,x3) =O(1/r).
If vy(&) = 0, ie. & € A(), then U ) (rv(a) - 0) =14+ O(1/r). With |ke(&) - 0)] = |ke(a)]
and the substltutlon of g(a) we obtain

I(r,zs) = e Qs x3) e/

N ?/Je( ) . 21 1
I(r,z3) = "0 = &) ¢o(rf, x5, &) 7 | —— — 4 O =
( 3) fé(a) ( )qbf( 3 ) T’H((Oé)l r
as 1 — oo uniformly with respect to 3 € (0,h). Here, oy = sign[re(a) - 6)].
(B) We consider now the second integral of (22) and proceed in exactly the same way. If ' C T'j,,

contains the stationary point & = ~;,(3) € A4 (f) U A_(A) then we can apply Lemma 5.1 and
obtain

/ g(a) ¢;., (ré, T3, ) giracd ds(a)

T

_ irad 1/} ( ) A 5) elimiT/4 —27T 1
- @t e o+ o)

as r — oo uniformly with respect to x3 € (0, h). Here, 0, = sign[x;, (&) - 0)].

Wlt(h) respect to ug we (h)ave to consider also \Il(”;'l))(TjQ(ézj) L Z) = G ))(7’ 7;,(65) - é) and
2 2 A~
WO (75, (6y) - ) = 0 ) (r7,(6) - 0) with o' from (21).
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Let us assume that & € I'j,. Then v;, (&) = +0. 1f vj, (&) = +0 then UJ('I) = sign[7;, (&) - 0)) and
U (r73,(6) - 0) = 1+ O(1/r) as 7 — 00, T 1;,(@) = 0 then o = —sign[r;,() - 0)] and
\If"J(-”(r 75, (@) - é) = O(1/r) as r — oo.

Finally we note that ¢y(&) = 1if & € Ty \ T, for all m # ¢. If & € ', N T, for some m # ¢
then 1y(&) + 1, (&) = 1. This ends the proof of Theorem 1.12.

APPENDIX A. A SIMPLE NUMERICAL METHOD FOR THE COMPUTATION OF PROPAGATIVE
WAVE NUMBERS FOR A SPECIAL CLASS OF NON-CONSTANT INDICES

Let, without loss of generality, h = m. We consider the class of trigonometric polynominals of
the form n = 1 + ¢ where

J1 Jo
q(x1, T2, 73) = Z Z g e, x=(v1,72,73) € Q= R? % (0,7),
J1==J1 jo=—J2
where again & = (x1, 1) € R? and j = (ji, j2) € Z%. In particular ¢(z) is constant with respect
to x3. We assume that g; = ¢_; for all j to make ¢(z) real valued. We make the ansatz for the
a—quasi-periodic mode as

() e*® = Z Z Om €T sin(mazs), x€Q,
ma=1 mez?
where m = (my, my). Substituting this ansatz into (10) yields the infinite system of equations
I Jo
[—m+ al* = mj +w’] ¢ +w? Z Z ¢ Pijms = 0, meZ*xN.

J1==J1 jo=—Jo
Truncating this system to m € {m € Z3 : |my| < My, |ms| < My, 1 < mgz < M3} and setting
¢ = 0for j ¢ {—J1,..., i} x {—Ja,..., Jo} leads to a system of (2M; + 1)(2My + 1)M;
equations and unknowns. For every a € [—1/2,1/2]> we compute the eigenvalue p(a) of
the corresponding matrix which is closest to zero. The contour lines with |u(a)| &~ 0 should
approximate the set A of propagative wave numbers.

The following plots correspond to the particular example g(x) = gy cos x1 sin x5 with amplitude
qo € (0, 1) for certain parameters (w, qo).

APPENDIX B. ELEMENTARY RESULTS FOR AN INTEGRAL AND A PERTURBED SYSTEM OF
LINEAR EQUATIONS.

Lemma B.1. For f € R, f #0, and r € R the integrals

1
/ ]' eitT‘ dt
ft—1e
-1

are bounded by % (1 + In(1 + [7])) for all e > 0 and r € R where c is independent of f, €, and
r. Furthermore,

) T 71
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1 - 2mi
lim/ e dt = ﬂlll(”)(r) where o = sign(f)
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0.5

FIGURE 2. The set of propagative wave vectors for h = m and n = 1 4 ¢ and
My, = My = M3 =3 and (w, q) = (2,0.15) (left), (w, q0) = (2,0.25) (center), and
(w,q0) = (2.5,0.15) (right), respectively.

and W) (r) is given by (18), i.e. VI (r) =1 £ 1 [FMT g7 for p € R.

Proof. We compute

1 1 1 1
1 ) t+1 , tsin(t t
/ ft— eztr dt = % eztr dt = Qif / L(T) dt + 2i¢e L(T) dt
— 1€
) -1 0

f2t2+€2 f2t2+€2
1 0
. Fsinr) 2 cos(es/If])
SInitr 1 COS|ES
_ g [ Asmlr) o=t [ocostEs/IT) g
Zf/f2t2+82 + |1 / s2+1 5
0 0
and thus
/ 2 [lsi(r)| . 2 T 2 [sins)
1 " ‘ / sin(tr 1 / sin s m
- ergyl < 2 A+ = [ g5 = = ds + =
'_/1]‘15—26 ) GPEETRTY 7

0

1
2 /|Sins| 2 /1 T c
< = ds + — [ —ds + — < —[1+In]|r|]
|1 s P IfI 1]
0 1
for |r| > 1. To determine the limit as ¢ — 0 we go back to (41) and obtain

1 1 00
1 , 21 in(t 21 1
hm/ : eztr dt — _Z / Sln( 7") dt + _Z = ds
=0 ) ft—ie f t Ifl ) s2+1
-1 0 0

In the first integral we substitute 7 = ¢|r|, the second integral is given by [ ﬁ ds = 3. This

yields the desired form. O

Lemma B.2. Let M(t1,t2) € C*? be self-adjoint and smooth with respect to t; € (—dp,dp),
j =1,2. Furthermore, we assume that M(0) =0 € C*** and 0,,M(0) have the forms

0 0

Oa1

9, M(0) = { 2o

} and 0, M(0) = [@ O]
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with a; # 0. Then there exists § € (0,8y) and smooth curves y9) : (=4,8) — R? with vV (0) = 0
and ¥V (0) = () and ¥2(0) = (]) and det M (v (s)) =0 for all s € (—0,0) and j =1,2.

Furthermore, for j = 1,2 the corresponding kernel of M(y9)(s)) is one-dimensional for s # 0
and spanned by some 2Y)(s) € C? which depends smoothly on s with 2(V(0) = () and 2@ (0) =

0
(2)-
Proof. We use the asymptotic forms

Mii(t) = taag + mya(t), Mia(t) = miso(t),
Myq(t) = moi(t), Maa(t) = tiar + mop(t),

where mj ,(t) are smooth and |m;¢(t)| < c[¢|>. Therefore, det M (t) = 0 is equivalent to
[taas + mya ()] [tiar + maea(t)] — [mi@)]* = 0,

ie.

(42) titaazas — m(t) = 0

where m(t) is smooth and |m(t)| < |t|>. We search for a solution of the form t, = t;7™)(¢;) for
some function n™ =y (¢;). Then (42) is equivalent to

1
(43) alagn(l)(tl) — ?m(tl,tm(l)(tl)) = 0
1

for t; # 0. We define the function f by

f(t,n) = araan — Zm(t,tig), In| <1, [t <1.

1
t2
We note that f smooth and f(0,0) = 0. Furthermore, 0,f(t1,n) = a1as — i Oy, m(t1,t1m) and

thus 0, f (O O) = ajay # 0. The implicit function theorem implies the existence of a smooth
function ) : (=6,6) — R with n™M(0) = 0 and g(t;,n(¢;)) = 0, i.e. (43). Therefore, the

vectors t = y(M(s) == (s 77(1)(5)> satisfy (1 (0) = (7) and 4V(0) = (}) and det M (y™(s)) =0
for |s] < 6.

To compute the eigenvectors z(s) we set M(s) = M(y"V(s)) for simplicity and note that
\/MQQ(S)Q + | My (5)]2 = |s|\/a2 + O(s2) # 0 for small |s| # 0 because a; # 0. Therefore, the

vector

L0 () = sign s sign a; ( Mas(s) ) _ sign a; ( Mas(s) )
(o £ (o) ) (Tt Bt p \ ()

is well defined and smooth for small |s| # 0, satisfies M(s)zM(s) = 0, and it converges to

z1(0) := () as s — 0. This ends the construction of y(s) and M (s).

For the construction of 7 (s) and 2(?(s) we proceed analogously by looking for solutions of

(42) in the form t; = tyn®) (). U
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