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FINITE ELEMENT EXPONENTIAL INTEGRATION FOR ROUGH
SOLUTIONS OF NONLINEAR WAVE EQUATIONS. PART II: DYNAMIC
BOUNDARY CONDITIONS ON CURVED DOMAINS

JIACHUAN CAO , BENJAMIN DORICH , AND BUYANG LI

ABSTRACT. We study nonlinear wave equations with dynamic boundary conditions on
smooth bounded domains and analyze a fully discrete approximation in the low-regularity
regime. The method combines isoparametric bulk—surface finite elements of degree
k with an exponential integrator in time. Assuming only bounded energy of the ex-
act solution, we prove convergence of the displacement—velocity pair in the weak norm
L?(Q;T) x H=Y(Q;T). The scheme achieves first-order convergence in time and spatial
convergence of order h?/3 for k = 1 and h(¥+2)/(++3) for k > 2. In particular, these rates
show that higher-order finite elements retain a provable asymptotic advantage even at
low regularity. A central difficulty is that the continuous and discrete bulk—surface prob-
lems are posed on different geometries and must therefore be compared directly in weak
norms. To address this, we develop a weak-norm framework for non-conforming geome-
tries based on lift and adjoint-lift operators, combined with a frequency-decomposition
argument. To the best of our knowledge, this is the first fully discrete low-regularity
convergence result for nonlinear wave equations with dynamic boundary conditions in a
non-conforming bulk—surface finite element setting. Numerical experiments confirm the
predicted rates and illustrate the improved efficiency of higher-order methods.

1. Introduction

We study the numerical approximation of rough solutions to nonlinear wave equations with
dynamic boundary conditions. A prototypical example is the following coupled bulk—surface
system with purely second-order dynamic boundary conditions; see, for example, [19] 35]:

Opu — Au = fo(u) in Q x (0,77,
Opu — Aru+ Opu = fr(u) in T x (0,7, (1.1)
u\t:() = uU, Gtu|t:0 = 1}0 in Q

Here, Q € R?, with d = 2,3, is a smooth bounded domain with boundary I" = 9Q, Ar denotes
the Laplace—Beltrami operator on I', and 0y is the outer normal derivative. Problems of the
form arise in models of wave propagation with active boundary dynamics, transmission
phenomena, and bulk—surface interactions. In contrast to standard boundary conditions, the
boundary is part of the evolution itself: it carries its own wave dynamics and is coupled to the
bulk through the normal derivative. For analytical results on well-posedness and qualitative
properties of such problems, we refer to [35] [34].

In recent years, numerical methods for wave equations with dynamic or other nonstandard
boundary conditions have been developed in several directions. For linear wave-type equations,
a unified error analysis for spatial discretizations was established in [I8] [19], and this was ex-
tended to nonlinear problems in [20]. Fully discrete schemes based on bulk—surface finite element
spaces have been analyzed together with various time discretizations, including exponential in-
tegrators [I1] and implicit—explicit methods [2I]. We also mention related developments for
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elliptic problems [12] 13], parabolic equations with bulk—surface coupling [13], 27, 1], and quasi-
linear wave equations [10,9]. However, available convergence analyses typically assume sufficient
smoothness of the exact solution. For hyperbolic problems, this assumption is often too strong,
as limited regularity of the initial data generally persists in time. Consequently, classical error
estimates are not applicable, making it essential to design methods whose convergence holds
under minimal regularity assumptions.

Recent years have seen significant progress in the numerical treatment of low-regularity
dispersive equations through the development of low-regularity integrators; see, for example,
[14, 23], 24] 30}, B1l B7] and, for wave-type equations, [6], 29 B2] [36]. However, nearly all avail-
able convergence results for such methods rely on Fourier or spectral discretizations and are
therefore largely restricted to simple geometries. The reason is structural: in spectral settings,
the analysis benefits crucially from commutation properties between the projection operators
and the underlying linear dynamics. For other spatial discretizations, this commutativity is
lost, and in the low-regularity regime the resulting commutator errors cannot be absorbed by
assuming additional smoothness of the exact solution.

A central question is therefore whether rigorous fully discrete error estimates can be estab-
lished beyond periodic geometries and Fourier-based spatial discretizations. Our companion
paper [5] provided a first answer to this question for nonlinear wave equations with standard
boundary conditions on polygonal domains. In the present work, we show that this low-
regularity theory can be pushed substantially further: it extends to smooth domains, where
the curved bulk—surface geometry leads naturally to non-conforming finite element meshes, and
also to dynamic boundary conditions of the form ([1.1)). This is precisely a setting in which
previous rigorous convergence analyses have typically required substantially stronger regularity
assumptions on the exact solution. By contrast, we prove convergence already for finite-energy
solutions

U0) = (u°, 0% € HY{(Q;T) x L2(Q; 1), (1.2)

using a fully discrete scheme that combines bulk—surface isoparametric finite elements in space
with an exponential integrator in time.

This extension is far from routine. In a geometric bulk—surface finite element method for
wave equations with dynamic boundary conditions, one must deal with a coupled bulk—surface
operator whose structure is substantially more intricate than that of the standard Laplacian.
Moreover, the exact problem is posed on (£2,I"), whereas the discrete problem is formulated on
the approximate geometry (25, 1), so that the continuous and discrete solutions live on different
domains. In the low-regularity regime considered here, the comparison must be carried out in
weak Sobolev norms, where the geometric mismatch near the boundary requires particularly
delicate estimates in order not to compromise the sharpness of the overall error bounds. A
central analytical task is therefore to develop a lift and adjoint-lift framework that provides
sufficiently sharp approximation estimates in L?-, H~'-, and H!'-based bulk-surface scales for
the weak-error analysis.

A further difficulty comes from the nonlinear term. Because of the geometric complexity,
the fully discrete method evaluates the nonlinearity on the approximate geometry by means of
nodal interpolation. The analysis must therefore control, again in weak norms, the combined
effect of low regularity, geometric transfer, and interpolation in the treatment of the nonlinear
term.

In this paper we prove such a result. We consider finite-energy solutions with initial value
and analyze an implementable fully discrete method combining isoparametric bulk—surface
finite elements of degree k with the exponential Euler scheme

e? —1

Ut = e Up + ror (L) Fn(UF), - ¢1(2) = (1.3)

Here Lj, is the discrete coupled bulk—surface wave operator and F}, is the interpolated discrete
nonlinearity on (1, ';,). Under the sole assumption of finite energy, i.e. U € C([0, T]; H*(Q;T)x
L?(;T)), we prove first-order convergence in time and the spatial error bounds h2/3 for linear
elements and h(*+2)/(k+3) for isoparametric elements of degree k > 2. These rates are obtained
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without any additional Sobolev regularity of the exact solution. In particular, higher-order
isoparametric finite elements retain a provable asymptotic advantage even in the energy regime.
The proof rests on several key ingredients, which are developed in Section

e We introduce a spectral truncation associated with the coupled bulk—surface elliptic
operator. This truncation is used only at the analytical level and does not enter the
numerical method itself. It yields an auxiliary regularized dynamics that allows the
linear, nonlinear, temporal, and geometric errors to be balanced within a unified fully
discrete argument.

e We develop a geometric transfer theory between (£2,1') and (©2,T") based on lift and
adjoint-lift operators. This theory provides the stability and approximation estimates
in weak Sobolev norms needed in the low-regularity regime.

e We establish weak-norm error estimates for the continuous and discrete coupled bulk—
surface wave propagators. These estimates yield a weak H !'-type gain for the linear
error and are crucial for recovering spatial convergence from finite-energy data.

e We derive weak-norm estimates for the nonlinear term. In particular, we control both
the consistency error arising from the evaluation of the nonlinearity on the approximate
geometry via nodal interpolation and the weak-norm stability of the resulting interpo-
lated nonlinear operator, both of which are essential for the convergence analysis of the
fully discrete scheme.

The paper is organized as follows. Section [2lintroduces the analytical setting, the isoparamet-
ric bulk—surface finite element discretization, the fully discrete exponential Euler scheme, and
the assumptions underlying the analysis, and it states the main convergence result. Section
develops the main analytical ingredients of the low-regularity error analysis, including the fre-
quency truncation, the weak-norm lift and adjoint-lift estimates, the weak-norm bounds for the
filtered linear propagators, and the corresponding estimates for the nonlinear term. Section [4]
contains the proof of the main convergence theorem: it first derives the consistency estimate for
the frequency-localized auxiliary scheme, then analyzes the approximation of the nonlinear term
in the fully discrete method, and finally establishes the global error recursion and completes the
proof of Theorem Finally, Section [5] presents numerical experiments.

Notations. For the sake of notational simplicity, we write A < B (or equivalently B 2> A)
to denote that A < CB for some constant C' > 0. The constant C' may vary from line to line,
but it is always independent of the time step 7, the mesh size h, the frequency cut-off constant
r and the bounds of the numerical solution. Similarly, we use A ~ B to denote the equivalence
C~!'B < A < CB for some constant C' > 0. In other words, A ~ B is equivalent to A < B < A.
We also use the notation C(+) to denote a positive constant whose value may change from line
to line but depends only on the quantities specified in the parentheses.

2. Analytical framework and main results

In this section, we reformulate the nonlinear wave equation with dynamic boundary conditions
in an abstract framework and introduce the fully discrete isoparametric bulk—surface finite
element method. We then state the main convergence result.

2.1. Abstract formulation

Let V and H be Hilbert spaces such that V is densely and continuously embedded in H. In
this article, we take

H := L*(Q) x L*(I),
Vi=H Q) :={ve HY(Q) : v(v) € H'(T)}.

Here, v denotes the trace operator. Equivalently, H'(Q;T) may be identified with the subspace
of H'(Q) x HY(T') consisting of pairs whose bulk and boundary components satisfy the trace
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compatibility condition. Throughout, we use the notation H°(;T) = L*(;T) = L?(Q) x
L?(T). For each integer ¢ > 2, we define

HI(QT) :={ve HI(Q) :v(v) € H{(I)}.

See also [25] for further details on these function spaces.
The nonlinear wave equation (|1.1)) can be reformulated in the following weak form:

m(ug, v) + a(u,v) = m(f(u),v), for all v € V, t € (0,T]. (2.1)

Here, the bilinear forms m and a are defined by

m(u,v) ::/uvdx—i-/uvds,
Q r
a(u,v) ::/Vu~Vvdx+/Vru-vads.

The nonlinear term f(u) = (fo(u), fr(u)) is understood in the abstract setting through

/fsz ’Ud:z:—i—/fr )vds.

Thus, m defines the inner product on H, while a is a symmetric, nonnegative bilinear form on
V. Furthermore we know that there exist a constant cg > 0 such that
a:=a+cgm

is an inner product on V' with the induced norm | - |z ~ || - | g1 (0;r)-
By the standard operator representation associated with the bilinear form a, there exists a
self-adjoint, nonnegative operator A : D(A) C H — H, such that

a(u,v) = m(Au,v), ue D(A), veV. (2.2)
For cg > 0, we further define the positive operator
A=A+cq. (2.3)

Here and in the following, ¢ is understood as cgld. For the sake of notational simplicity, we
omit the identity operator whenever no confusion can arise.
Thus, we can reformulate the problem ([1.1)) in the following abstract form:

uy + Au = f(u). (2.4)

Remark 2.1. Introducing the strictly positive operator A serves two purposes. First, the
spectral structure of A provides an eigenspace decomposition of H, which in turn yields the
frequency decomposition operators used in the low-regularity convergence analysis. Second, the
strict positivity of A ensures the existence of A~ and its discrete analogue, which is crucial for
the Aubin—Nitsche argument and the derivation of sharp weak-norm error estimates.

We next rewrite (2.4) as a first-order evolution system:
oU — LU = F(U) forte (0,T],
U|t=0 = UO’

U= <z> Uo = <:j§> . FU) = (f(ou)> . L= <_OA é) . (2.6)

This system has the same formal structure as the classical first-order formulation of nonlinear
wave equations, with the bulk and boundary dynamics coupled through A and f. Throughout
the paper, U € C([0,T]; H*(Q;T) x L?(£;T)) denotes a mild solution of (2.5)), that is,

Ut +s) = eLU(t) + / ’ eI R(U(t + 0)) do, (2.7)
0

for t,s > 0 with t + s <T. For related well-posedness results for wave equations with dynamic
boundary conditions, we refer to [35] [34].

(2.5)

where



2.2. Bulk—surface finite element discretization and main convergence result

Next, we consider solving equation (2.5) using the fully discrete scheme of the bulk-surface
finite element method. Let T}, be the quasi-uniform mesh of isoparametric elements K of degree
k with mesh size h. The discrete domain and its boundary are denoted by

Q= K~Q, and T, =00,
KeTy,
Let v denote the trace operator on I'y,. We define the isoparametric bulk—surface finite element
space of degree k as XF := {(vn, vn(vn)) : vy € Vhﬂ, and v, (vy,) € ViI'}, where:

V= {vh cC(y) : Uh‘K =y o (Fi) ™" with 0, € Pi(K) for all K € E} ,
VhF = {wh S C(Ph) Dwp = Uh‘rh with v, € Vhﬂ} .

Here Py (f( ) denotes the space of polynomial of total degree at most k on the reference simplex
K and F 'k is a transformation from K to K.

We note that, in this work, the computational domain of the current numerical solution, £,
does not match the domain of the original problem, 2. To compare discrete functions on 2
and I';, with functions on the exact geometry, we use the lift operator £, : L?(Qy) x L*(T},) —
L?(2) x L?(T') to align the domains. More precisely, we use the geometric map G constructed
in [I2] Section 4], which satisfies

G : Qp — Q  such that G(p) — p orthogonal to the tangent space T, I, (2.8)

for all p € T},. For sufficiently small h, the map G is a bijection, is piecewise C*T1 and is
uniformly bi-Lipschitz. Moreover, it coincides with the identity outside the boundary layer and
fixes all finite element interpolation nodes.

The lift operator L, is then defined as Lpup(z) = up(G~1(x)). Furthermore, based on the
discussion in [12] regarding the mapping G, we have the following norm equivalence results:

lvrllz2(u) ~ 1£nvRllL2(0) 0]l p2@) ~ I1£7 0l L2(0)

VRl z2(u) ~ VLR L2 () IVl 2i@) ~ IVL, 0l 20, (2.9)
lwrllzz2(ryy ~ 1Lnwall L2 (ry, lwll z2ry ~ 115 wll 2y,
Ve, willzer,) ~ IVrLownll 2@y, IVrwll ey ~ 1Ve, L5 wll z2ry)-

We note that the discrete versions of the bilinear forms m and a are given by:

mh(uh,’uh):/ uhvhdx+/ up, vy, ds,
o b (2.10)

ah(uh, Uh) = Vuy, - Vop dx + thuh . Vphvh ds.
Qh 1—‘h,

Similarly, we define the discrete analogue of a by
ap = ap + cgmy,. (2.11)

We set H=1(Qp,;Ty) = (HY(Qp;T1))*, using my, as the pivot pairing. Moreover, the uniform
shape regularity of the isoparametric meshes and the Lipschitz properties of G imply that
the family {Qp}n<p, is uniformly Lipschitz. Consequently, all Sobolev embedding and trace
constants used below can be chosen independently of h.

With the help of the lift operator, we define the adjoint lift operators of £ in the functional
spaces H and V for the problem with a dynamic boundary condition. Here, H = L?(2) x
L2(I') and V = HY(;T'). Specifically, the adjoint lift operator £HZ* : H — XF is defined as

mp (LT u,vp) = m(u, Lyop),  for all v, € XF, (2.12)
and the adjoint lift operator EX* V=X ,’f is defined as

dh(ﬁf‘f*u,vh) = &(u,ﬁhvh), for all vy € Xf]f (2.13)
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By duality, we use the same notation EhH * for its extension from V* = H=1(;T) to X ,lf, where
the right-hand side of is understood as the duality pairing (u, Lvp) v+, whenever u € V*.
This extension agrees with for u € H.

Based on the variation-of-constants formula , we now construct the fully discrete scheme.
Spatial discretization is performed using the bulk—surface finite element method, while the
exponential Euler method is used for the temporal discretization. This leads to the following
fully discrete scheme:

-1
Upt! = U + o (L) Fa(UR), with  pa(z) = ——. (2.14)

Here,

Un:(uz> U0:<u2> Fhwn):< 0) Lh:<0 1)_ 2.15)
" \wp) W) Y\ ) —A, 0

We set u% = E{L{ *u® and v2 = EhH *v9. The nonlinear term f;, is defined by
fn(un) = Inf(Laun), (2.16)

where Ij, denotes the bulk—surface interpolation operator mapping functions defined on (2,T")
into the isoparametric finite element space X ,]j More precisely, for g = (gq, gr), no compatibility

condition between the trace of go on I and gr is required. The function I,g € X ,’f is then defined
by

Ing = Qn(In0ge, Inrgr) (2.17)
where I, o and Ij, 1 denote the nodal interpolation operators mapping functions defined on (2
and I" into the finite element spaces VhQ and VhF, respectively. Here, Qp, : L2(Qp,;T) — X}]f be
the L2-projection defined by

mp(Qpn, wy) = mp(n, wp) for all wy, € X;]f. (2.18)
Moreover, Ay, in is the discrete analogue of A, defined by
an(un, vn) = mp(Apun, vp).
We further define ﬁh = Aj + cq, which is the discrete analogue of A.

Remark 2.2. The operator I, defined in (2.17) extends the standard isoparametric nodal
interpolation operator to general bulk—surface pairs. Indeed, if g is trace compatible, then

(Inaga: Inrgr) = (Inaga, mlnage) € Xf.
Since @y, is the identity on X,’f, it follows immediately that Ig = (Ih@gg, ’thh@gQ).
We collect several basic properties that will be used repeatedly.

Lemma 2.3 (Basic discrete stability properties). There exist constants ¢, C,Cr, > 0, indepen-
dent of h, such that:

(a) For every v € H (Q;Th),

1= Qllz2nirny < ChlIvlm @iy (2.19)
1Qnvll g1 (0uirn) < Cllvlla @i, (2.20)
(b) For every wy, € XF,
~—1/2
CHwh”H_l(Qh;Fh) S ||Ah / wh||L2(Qh;Fh) S C”whHH_l(Qh;F}L)‘ (221)

(c) The operator Ly, generates a Co-group on X,’j X X,’f, and

HetLhUh”Hg(ﬂh;rh)XHg_l(Qh;Fh) S GCLt HUhHHH(Qh;Fh)XHG_l(Qh;Fh) (222)

for0=0,1,t>0, and Uy, € X} x XF.
(d) For#=0,1, 7 >0, and every U, € X}]f X X;f,

||<)01(7-Lh)Uh |’H9(Qh;rh)><H971(Qh;Fh) S eCLT||UhHHg(Qh;Fh)XHefl(Qh;Fh)‘ (223)
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Proof. The proof is provided in Appendix [A] O
We impose the following assumption on the nonlinear terms:

Assumption 2.4. The nonlinear functions fqo and fr belong to C*(R), where d = 2,3 denotes
the spatial dimension, and they are assumed to satisfy the following growth conditions. There
exist constants

o0, d=2,
Ca < { 3. d=3. and (r < oo, d=2,3, (2.24)

such that for all w € R there hold:
£ ()] < Cmax{(1+ |u)% 1}, £ ()] < Cmax{(1+ |u)*, 1}, (2.25)

where féa) and flga) denote the a-th derivatives of the nonlinear functions fo and fr, respectively,
foralla=0,1,---,d.

Remark 2.5. The assumption [2.4] imposes regularity and growth conditions on the nonlin-
earities that are compatible with low-regularity solutions and sufficient for the stability and
interpolation estimates used later. Typical examples include sine-type nonlinearities and poly-
nomial nonlinearities of admissible degree.

We now state the main convergence result.

Theorem 2.6 (Main result). Under Assumption let U be the exact solution of (2.5)). If
U e C(0,T); H(;T) x L2(Q;T)), then there exist hg > 0 and 79 > 0 such that, for 0 < h < hg
and 0 < 7 < 19, the fully discrete isoparametric bulk—surface finite element scheme (2.14)) of

degree k > 1 satisfies
4

k
sup |[U(tn) = LhU | 2@y -y < C (7 + R, (2.26)
0<n<T/T
with
k41, k=1
g =0 th ’ (2.27)
E+2, k>2.

The constant C > 0 only depends on T, supcio ) U0l msryxr2(r), and the constants
appearing in Assumptions but is independent of h and T.

Remark 2.7. Let us note that our theory remains valid also for the case of homogeneous
Dirichlet or Neumann boundary conditions, by simply neglecting the boundary terms in the
formulation and the analysis.

Remark 2.8. Since we assume only bounded energy, namely U € C([0,T]; HY(Q; T)x L?(€; 1)),
the stronger H' x L?-type error estimates available for smooth solutions; see, for example,
[11} 27, 20]; are not applicable in the present setting. For this reason, we measure the error
in the weaker norm L?(Q;T) x H~1({;T), in which we prove convergence of the geometrically
non-conforming bulk—surface finite element scheme with lifting.

Moreover, the sharp estimate for the lift adjoint £* in the weak norm H~'(;T) requires
k > 2; see in Lemma As a consequence, in Theorem we treat the cases k = 1
and k > 2 separately, which leads to the different convergence orders in .

Although the limited regularity prevents the optimal higher-order spatial rates known for

k+2 .
smooth solutions, our analysis still yields the rate h*+3 for k > 2 and h3 for k = 1. This
shows that higher-order schemes remain advantageous even for low-regularity problems. The
numerical experiments in Section [5| support this observation.

3. Analytical ingredients of the low-regularity error analysis

In this section, we develop the four main ingredients of the low-regularity error analysis used in
the proof of the main theorem. We first introduce the spectral tools and the frequency-localized
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auxiliary scheme. We then establish weak-norm estimates for the lift and adjoint-lift operators
EhH * and £)*, which allow us to compare functions on the exact and approximate geometries.
Next, we derive weak-norm bounds for the difference between the continuous and discrete
propagators e’ and e*» on low-frequency components. Finally, we prove the corresponding
weak-norm estimates for the nonlinear terms under Assumption [2.4

3.1. Spectral truncation and the frequency-localized auxiliary scheme

Classical finite element error estimates require more regularity than the finite-energy assump-
tion available here. We therefore introduce a spectral cut-off, used only in the analysis, which
regularizes the low-frequency component while controlling the high-frequency remainder.

Since A = A + cg is self-adjoint and strictly positive and the embedding V — H is compact,
A lis compact on H. Hence, there exists an H-orthonormal basis {e, }ocr and positive numbers
{Aa}aer such that

gea = )\iea, Ao — 00.
For ¢ > 0, we introduce the Hilbert space
V= D(A),  wllye = | A w]a,
and define Y—¢ := ()/é)* as the dual space of V¢ with respect to the inner product in H. By the
spectral theorem, the operator L generates a Cop-group on Y x Y=t for every £ € R. Moreover,

by the continuous counterpart of the energy argument in Lemma (c)7 there exists a constant
C > 0, independent of ¢, such that

e EW (|yespet < e Wyeyyer,  WeVix YL (3.1)

Lemma 3.1 (Relation between Y7 and HY($2;1")). Let 2 have a smooth boundary. Then, with
equivalence of norms,

W=H=H(QT), Y =vV=H(OQD), Y '=v'=H1Q0).
Moreover, for every integer q > 2,
Y@= HI(ET),  wllge@r) S llwllys.
Proof. The identities for Y9 and Y' follow from the definition of A and the representation
theorem for closed symmetric coercive forms. The identity Y ~! = H~1(;T") then follows by

duality.
We prove the remaining assertion inductively. Let ¢ > 2 and w € Y4. Then

g:=Aw e Yi72,
Using the cases ¢ = 0,1 and the induction hypothesis, both w and g have the required H q—2
bulk—surface regularity. The equation Aw = g corresponds to
—Aw =g — cqgw in €, Opw + cgyw — Ar(yw) = gr on I

Hence, the elliptic regularity results for generalized Robin boundary conditions [25, Theo-
rems 3.3 and 3.4] yield

HU)HH‘Z(Q;F) S llge — CGw”H‘Z*Q(Q) + HQFHH‘I*Q(F)
S lgllya—z + lwllya—z S [[wllys.
This completes the induction. O

In particular, e, € H4(Q;T') for every integer ¢ > 0, and
leallmairy S lleallye = Adllealls- (32)

Thus, we can define the projection operator IL,. as the spectral projection of functions onto the
low-frequency subspace H, — H, which is spanned by the basis functions

Br={ea€c H|acl, |\ <r}.



The projection operator II,. satisfies
Il,u € H,, m(Il,u,v) = m(u,v), VYove€ H,. (3.3)

Moreover, we use the same notation II, for its componentwise extension to state vectors. Since
A=A-— ca, the projector II, commutes with A, and hence with L and et’.

The key advantage of this frequency decomposition is that it simultaneously provides smooth-
ing and approximation. Although the exact solution is assumed to have only limited regularity,
the low-frequency projection Il,u is smoother because it is composed of smooth eigenfunc-
tions, while still approximating u well in weaker norms. More precisely, we have the following
Bernstein-type estimates.

Lemma 3.2. Let w € Y’ with £ € R. Then, for all m >0,
T w|yerm S r™|wllye, and ||(1 = I )wllye—m S ™" {|w||ye. (3.4)
Proof. The result follows directly from the spectral definitions of Y¢ and II,. O
Remark 3.3. As a consequence of Lemma and Lemma for every integer ¢ > 0 and
every w € HY(Q;T), with £ = 0,1, we have
L w| geraory S IHrwllyers S rflwllye ~ rwl] geo,r- (3.5)
and
11 = T )wl ey ~ 11 = p)wllyer S v~ Hiwllye ~ = Hwll e (3.6)
Motivated by the abstract formulation (2.5)), we now introduce the frequency-localized aux-
iliary scheme; see also [5] for a related construction. This scheme is not part of the practical

algorithm, but it serves as a key intermediate approximation in the convergence analysis of the
fully discrete method. It is defined by

e —1

U™t = LU 4 7o (T L)L F(ILU™),  with ¢(2) = and U°=U(0). (3.7)

A comparison of (3.7)) with the variation-of-constants formula (2.7)) yields the decomposition

4
Ultns1) = e FU(t,) + 71 (TD)ILF(ILU (t,)) + Z R;(ty), (3.8)
i=1
with

Ri(tn) = /0 T elr-s)L (F(U(ty +5)) — F(e*LU(t,))) ds,

Ro(ty) = /0 "I (BT (1) — FeMILU () ds,

T S d
Rs(ty) = / elT=)L / d—F(e"LHTU(tn))dads,
0 0o 4o

Ry(tn) =ro1(7L) (F(ILU (t,)) — I, F(ILU(tn))) ,
which will be estimated in Lemma (.11

3.2. Geometric transfer between (;,I';) and (22,I') in weak norm

In this subsection, we study the operators Ef * and £X*, which play the roles of the L?2-
projection and the Ritz projection, respectively, in the nonconforming setting. In particular, we
derive its error estimates and stability results in the H~', L?, and H' norms. Based on these
estimates, we further deduce key bounds for the difference between the exponential operators
et and e'» when applied to low-frequency components, which represents the main source of
error in the finite element approximation of equation (|1.1)).
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First, from the definition of EhH *in (2.12), and by combining the stability of the lift operator
Ly, given by (2.9), it follows directly that £Z* is a bounded operator from L2(€%;T) to L2(Qp,; T'p):

H
1L ull 2,y < llullp2iny- (3.9)
Next, by exploiting the duality of the L? inner product and invoking the error estimates for

the discrepancies of the L? inner products after lifting (see [12] [13]), we establish the following
error estimates for EhH *in the L?, H~', and H' norms, respectively.

Lemma 3.4. Let the domain Q0 be smooth, and consider the operator EhEhH*: L?(Q;T) —
L2(S;T). Then L'hﬁhH* is self-adjoint with respect to the inner product in L*(:;T), and the
following estimates hold for sufficiently reqular w:

(i) (L*-estimate) For any u € HY(Q;T) with 0 < £ <k,

10— Lal Yl oy S Al e (3.10)

(ii) (H™'-estimate) For any u € H(Q;T') with 0 < ¢ < k,
10 = Lol )l -1 ury S B Hlull ey - (3.11)
Proof. The proof is provided in Appendix O

Remark 3.5. Lemma in particular estimates (3.10) and (3.11]), shows that the operator
[,hﬁhH* exhibits properties very similar to those of the classical L? projection operator. In
particular, it yields similar error bounds in both the L? and H~! norms.

Utilizing the error estimates established in Lemma together with duality arguments, we
derive the following stability results.

Corollary 3.6. Let Q be a smooth domain, and consider the operator Ly and its adjoint ChH*.
Then the following boundedness properties hold:

(i) (H'-boundedness of LI*) For any u € H*({;T),
HEhH*uHHl(Qh;Fh) S HUHHI(Q;F)- (3.12)
(i1) (H™'-norm equivalence of Ly,) For any uy € XF,
[Lhunll-1r) ~ llunllz-1(0,:r,)- (3.13)
(iii) (H~'-boundedness of LE*) For any u € H-1(Q;T),

ILHull g1y S Nl -1 oir)- (3.14)
Proof. The proof is provided in Appendix O

Lemma shows that, for v € HY(Q;T) with 0 < ¢ < k, the approximation properties of
/LhﬁhH * are consistent with the classical error estimates for the L2-projection on conforming
meshes. In particular, Lemma provides the expected L%- and H ~'-estimates only up to the
order £ = k, and therefore does not cover the endpoint case u € H*(Q;T).

For the operator £,L})*, it is well known (see [13, Lemma 3.8]) that, for any u € H*1(Q;T)
with 0 < /7 <k,

(1 = Laly Yull L2(ury + RN = LoLy Yull oy S 2l gess s (3.15)

which is consistent with the classical Ritz projection error estimate. Taking ¢ = k, this gives
the endpoint L2-estimate, together with the corresponding H'-estimate, for £, £Y*, but it does
not provide an endpoint H ~!-estimate.

It remains to establish the endpoint estimates not covered by the preceding results: the L>-
and H'-estimates for EhEhH*, and the H '-estimate for Ehﬁhv*. On conforming meshes, the
corresponding optimal endpoint rates would be h¥*1 in the L2-norm and A**2 in the H~'-norm.
In the present setting, however, the lift between 2, and 2 introduces geometric consistency
errors, which lead to additional lower-order terms. The following lemma records these endpoint
estimates.
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Lemma 3.7. Let Q be a smooth domain, and let the lift operator Ly, and its adjoints EhH* and

LY* be defined by (2.12) and ([2.13), respectively. Then, for any u € HFY(Q;T), the following
estimates hold:

(i) (L?-estimate for LI*) For all k > 1:

" 1
(1 = LoLiull 2y S Pl g iy + P52 ull g o) (3.16)

(ii) (H'-estimate for LE*) For all k > 1:
11— EhﬁhH*)u|’H*1(Q;F) S hk””““H’fH(Q;F) + hk+1HuHH1(Q;F)- (3.17)

(iii) (H~'-estimate for L}*) For all k > 2:

« 1
(1 = oLy Yull -1y S PP ull grsury + 22 [|ull g (3.18)
Proof. The proof is provided in Appendix O

Remark 3.8. The second term on the right-hand side of can be sharpened to 2™ |[ul 2.
This follows from a minor refinement of the proof in Appendix but requires one additional
order of regularity of u. Since our focus is on estimates under low regularity assumptions, the
form is sharper in the present setting.

3.3. Weak-norm error estimates for the linear propagators

We now combine the discrete stability properties from Lemma [2.3] with the preceding lift and
adjoint-lift estimates to compare the continuous and discrete linear propagators in L?(2;T) x
H=1(Q;T). The frequency projection II, supplies the additional regularity needed for the fol-
lowing estimate.

Theorem 3.9. Let Q be smooth, and let V(0) = (V1(0),V2(0))" € HY(Q;T) x L2(;T). Let L
and Ly, be the operators defined in and , respectively. Then, for every fized T, > 0,
1<r<h™! andte[0,T], the following estimate holds:

HetLHTV(O) - ﬁhetLhPZHTV(O) HLQ(Q;F) xH=1(Q;T)

3
h2r? + h27”> VOl 1 (@iryx L2 (@ir) for k=1,

| (3.19)
hr2pkt2 | phtapk h) IV O)ar@iry <2y, for k=2,

where P} = diag(ﬁhH*,ﬁhH*). The hidden constant may depend on Ty, but is independent of h
and 7.

Idea of the proof. The estimate is a weak-norm finite element error estimate for the ho-
mogeneous wave equation applied to frequency-localized data. The cut-off II,. provides the
additional smoothness needed in the projection estimates, while the loss is measured by powers
of r. For k > 2, the main step is to compare the semidiscrete solution with the Ritz-type adjoint
lift £X*v,«. The corresponding error equation contains, as its principal consistency term, the

adjoint-lift mismatch (£}* — L2 *)gvr, while the remaining shifted-mass terms are lower-order
and are absorbed by the Gronwall inequality. Testing with A;lf)ﬂh gives control of (0, 0;0,) in

L?> x H~'. For k = 1, the sharp H '-estimate for EX* is not available, and we instead integrate
the error equation in time and recover 9.0, by duality.

Proof of for k> 2. Let
Vi (t) := eIV (0) = (v,(t), Oy, (1))
be the continuous solution, and let
Ven(t) := e PETLV (0) = (vrp(2), Opvy (1))

be the corresponding semidiscrete solution.
We first estimate the difference between v, j, and v,. Define

On(t) == LY 0, (t) — vyn(t) € XF. (3.20)
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Since V,j, solves the semidiscrete wave equation, we have 0;V} ,(t) = Ly V, 4(t), and hence, for
every wy € X }’f ,

mh(ﬁttvr,h(t), wp) + ah(vr,h(t), wp) = 0. (3.21)
Recalling the definition of ay, this can be rewritten as
M (O vrn (), wh) + @n(vrp(t), wn) = camp(vrn(t), wn). (3.22)

On the other hand, since V,. solves the continuous wave equation 9,V,(t) = LV, (t), it follows
from the definition of @ that

m(Ouvp(t), w) + a(vy(t), w) = cg m(v.(t), w), Vw e H' (Q;T).
Taking w = Lpwy, and using the definitions of EhH * and E}‘L/*, we obtain
(L 00, (1), wh) + an (L) *op(t), wp) = g mu(LE v, (1), wp), Yuwy, € XF.

Since L’,? * and EX* commute with 9y, and since dyv,(t) = —Av,(t), the above identity can be
rewritten as

mp, (8ttﬁ,‘l/*vr(t), wp) + an (LY v (t), wp,)

= mh((ﬁx* — L) 0v,(t), wy) + mp(LH*v,(t), wy)

= —mp (L) — LE)(A + cq)op(t), wn) + e mp(L) *op(t), wp)

= —mn (L) — LE*) Av, (t),wn) + camp (L) vr(t), wp,).
Subtracting and by combining the definition of A in yields the error equation

M (80 (1), wp) + an(On(t), wn) = —my, (L} — LH*) Ave(t),wn) + cq mp(On(t),wn), (3.23)
for all wy, € X}’f. We now choose
wy, = A 19,0, (t) € XF.

Then, using the definition of Kh, we get

an(On, Ay ' 0u0n) = mn(Op, 046),) = 2dt”9h( 2260, 1)

and
mp, (Oubn, Ay, 1040y) = **HA V20,0, (t 1 22(0:00):
Therefore, (3.23)) gives

1d —1/2
5 3 (A 20000 a0, + 100205, )

= —my (A;W(,cX* — L) Aw, (1), A;Wateh(t)) + camn (A, 20,(8), A 20,0, (1),
By Cauchy—Schwarz and Young’s inequality,
d /7172
= (1200013 20,0,y + 1058 20,0,
T—1/2, pVx o T T—1/2
SIAYRLY = 28 Ao (D12, + 1 A7 2000022 0,0 + 100D gy (3:24)
Here we have used the norm equivalence from Lemma (b),

~_1/2
| Ay, / OOl z2(nrn) ~ 10O E-1 (00 S 100 L2(02):10)-
Hence, applying Gronwall’s inequality to (3.24]), we obtain

T-1/2
14 2000720, 0, + 10822040,
~—1/2 1-1/2 * *\ A,
S 1AL 00O iy + 198O ey + S0P 1A AL = L) A () F iy
By the equivalence of the discrete and continuous H ~!-norms in Lemma (b), we obtain

10 (D71 (1) + 10RO 720,
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S 00RO 17101,y + 108 (O ir, ) + Sup ICR™ = L) Ave ()] -1 qir,y - (3-25)

We first estimate the last term on the right-hand side of (3.25)). By the triangle inequality and
the norm equivalence result (3.13), applied to (£}* — LH*) Av,(s), we decompose

k™ = £8) Ao () | -1ty S IERLE ™ = LaLE) Ave(5)l]11-1(eur)
SN = LoLy) Ave ()1 @y + 11 = LoLy*) Avy (s )IIH m) (3.26)
Applying the approximation estimates for EhH * and E,‘l/* established in and (| - yields
1) — £4) Ay (5) L sy < h“”wm»<me4mf)+h“fwmh@wHuQm. (3.27)

Recalling the definition of Ain , and using the stability estimate for e*" in (3.1]), together
with the Bernstein-type inequality (3.5) and the equivalence between V! x Y° and H'(;T') x
L?();T) established in Lemma we obtain

14w (3)l| g1 ury S A ()l yner S [lon() lynea
S LV (0) |y i S 2V (0)lyrxyo ~ 2V (0) i1 i) w20 (3.28)
and similarly
Hgvr(S)HHl(Q;F) SV )l (uryx 2 (0.r)-
By substituting these estimates into we conclude
1LY = £47) Avp ()| 51~ LQpiTh) S (hk+2 K2 4 phtag? MV O 2 ury < L2(0:1)- (3.29)
Moreover noting that
0,(0) = L} *9yv,(0) — vy (0) = (cV* - £H*)H V2(0) and  0,(0) = (L} * — LIP)L V4 (0).

By using the similar argument as in and | and applying the estimates ( - -
together with - we deduce:

18660 (0) || -1 (2m) S N1 = Lo LALV2(0) || -1 (ury + 11 = LrLy )LV (0) | -1 ey
< WL V2(0) | e oy + BF 2 TL V2 (0) 111 i
and
108.(0) | L2(0pi0) S N1 = Lo LELVA0) | L2y + (1 = LaLy )TLVA(0) | 20
S PV 0) | g qury + BEF 2 [T VA(O) |2 oy

Noting that V(0) = (V1(0),V2(0))T € H'(;T) x L?(;T), under the condition r < h~! and
k > 2, by using the Bernstein-type inequality (3.5) we have

1000 (Ol -1 (0p;r) + 100 (0) I L2021
1
< (WFF2R 4 gkt ey 1V20) || L2ury + (RFFr% + W2 |[VA(0)] 1 e
S BV (O)| 1 (oiryx L2(ir)- (3.30)
Substituting (3.29) and (3.30) into (3.25)), we infer
1
100 (t) | -1 00 mp) + 1100 O] L2 (pm) S (B F2rF T2 BE 202 4 B) |V (0)] 1y 22(ry - (3-31)
It remains to estimate the full error in L?(Q;T) x H~1(Q;T). By the triangle inequality,
1T,V (0) — L™ PRILV (0)[| L20ury w5 (1)
< NOwr(t) = LnOrorn ()l -1y + lvr(t) = Lovrn ()l z20;r)- (3.32)
For the first term, we write
Ovr — L0y, = (0yvr — Ly LY *Opvy) + L, (L} *Opvr — Oyvrp),

and similarly

vy — Lpvpp = (Ur — Ehﬁx*vr) + Ly, ([,,‘L/*vr — vnh).
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Hence,
10¢vr(t) — LnOwwrn ()| -1 (1) + 1o () = Loven (Ol 2201
S Qv — Ehﬁx*atvr)(t)HH*I(Q;r) + [y — LpLy v Yl L2 )
+ (L1 0wy — O ) W) -1 () + ILE e = ven) (D) £2(2T0)- (3.33)

Recalling the definition of 6, in (3.20]), the last two terms are controlled by (3.31]). For the first
two terms on the right-hand side of (3.33), the approximation properties of £;* from (3.15))

and yield
19rn(8) — LY B (O]l -1y + o (t) = LY "0r (D] aury
< B2 0400 (8) s ury + BB 10000 (Dl + B e (8) e -
By the same argument as in , using and the Bernstein-type estimate , we obtain
10k0r(0) || g1 0y S 7V (O) i (ryx 22 (i)
[or ) g2 ury S IV (O (@uryx 2oy
and similar estimates for ||0yv-(t)| g1 (q;r) We have
1960 (8) — LLY 00 (1) L1101y + 10w (8) — £LY "0 (0) | 2
< (hk+2rk+1 T REt e hk+lrk) < h, when 7 <h™ b
Combining this with , and , we conclude that
e TLV(0) = Lre ™ BTV (0) | oy S (522 4 B 202 ) [V (O) i @iy wrzar)-

Since k > 2 and r > 1, we have 2 < r*. This yields the stated estimate in ([3.19) and completes
the proof for the case k > 2. O

Proof of for k =1. We keep the notation
Vi (t) == e* 11,V (0) = (vr(t), Dpur(t)),
Vi (t) := e PEILV (0) = (0rn (1), Opvpp(t)),
where P = diag(£H*, £I1*). We define
On(t) i= LY vr(t) —ven() € XE plt) = (LV* — LI)or(t) € X3
As in the case k > 2, i.e. , the function 6}, satisfies
mp(0ubn(t), wp) + @n(On(t), wa)

= —mh(([,X* — LIYVA + ca)vi(t), wp) + ¢ mp(0n(t), wy)

= mp (L) — L1) (O — cc)vr (), wn) + e mu(Bn(t), wh)

= mp (Quepn (), wh) + ca (mh(Gh(t), wn) — mp (pa(t), wh)> (3.34)

for all wy, € X}L. Here we used the identity dyv,(t) = —Av,(t), together with the fact that EhH*
and EhV* commute with 0.
Define

On(t) = /Ot On(s) ds.

Integrating (3.34)) from 0 to ¢, we obtain
mh((‘)t@h(t), wh) — myp (8t9h(0); wh) + &h(@h(t)v wh)

=my (8tph(t) — Opr(0), wh) + camp(On(t),wp) — cq /Ot my, (ph(s), wh)ds (3.35)
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for all wy, € X,i. Choosing wy, = 0, (t) = 0:0Ox(t), we get

5 25 (6100 (0) + 5 (O, ©4 (1)
= mp (8epn(t) — Orpn(0), 04 () + mu (9:04(0), 0, (1))
+ ¢ mp(On(t), On(t)) — ca /Ot mp (pn(s), On(t))ds

S (Hatph(t)HL?(Qh;Fh) +110epn(0) | L2(02p 57,y + Hateh(o)HL?(Qh;Fh)) 100 L2(0,57)
+ 160 ()| 200 [1O8 (D)l L2 (02 1) + toiulit lon () 20, ) 108 () L2(0, 1)

N ||5tph(t)||%2(gh;rh) + ||atph(0)”%2(gh;rh) + ||at9h(0)||i2(gh;rh) + OS<UI<)t ||,0h(5)||%2(9h;rh)

+ Heh(t)H%Q(Qh;Fh) + H@h(t)Hl%Il(Qh;Fh)‘
Here, in the last inequality, we used t < T, the Cauchy—Schwarz inequality, Young’s inequality,
and the embedding H'(Q,;Ty,) < L*(Q; Th).
Using the equivalence of my, and a;, with the L?(2,; T,)- and H!(Qy; T',)-norms, respectively,
and integrating the resulting energy inequality, we infer

100 20,00 + €8 2,y S 18O 22,y + 10000 (0) 2260
2 2 2
1000 0,0, + 50 1000 a0, + 0 sy (336)
where we have used ©,(0) = 0.

We now estimate the terms on the right-hand side of (3.36)). First, by the triangle inequality
and boundedness result (2.9)),

18:0n(9) | L2y = (L = LE)Or0r ()| L2(pirn) S IERLE = LaLy*)Ovr(s)| 2 (ur)-
Hence,
18 ()| 2 (@pirsy S N1 = LrLy)O0r ()]l 20y + 11 = LaLE*)0r (5)]| 22 (um)-
By the L2-error estimates (3.15) and (3.16) with k = 1, we obtain
3
18s0m ()| L2(ir) S B210r ()| 2 (ry + P2 [10k0r ()] 1 (sm)- (3.37)
Similarly, applying the same estimates to pj instead of 0;pp, we have

3
lon ()l 22 @irn) S B2 Nor(8)l| 20y + B2 [[0r(8) a1 (@um)- (3.38)
Moreover, applying these estimates to the initial data gives

100 (0)[| 22 (250 = I(LE* = LETILV2(0) || 22(00,10)
3
< PP Va(0) |z ory + 22 TV (0) || g1 ury. (3.39)
and
16,.(0) | 220y mp) = I(LE* = L)L VI(0) | 20, 1)
3
< B2V (0) || gr2(esry + A2 ITLVL(0) || 1 (our)- (3.40)

Using the boundedness of e'* in (3.1)), the condition V' (0) = (V1(0),V2(0))" € HY(4T) x
L?(;T) and Bernstein-type inequality ([3.5]) for the spectral localization of II,., we have

ML Vi(0) || g eury + [lor ()l iy S IV (O) | @iryxc2(oir) (3.41)

and

10c0r () | 20y + [T V2(0) | r2(0my S 72 IV (O) a1 () < 22 (001 (3.42)

19003 sy + ez -+ 1T V() s gy + TV 0)
S THV(O)||H1(Q;F)XL2(Q;F)a (343)
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Substituting (3.41)—(3.43)) into (3.37)—(3.40)), we obtain
10n0)[| 2(0;r0) + 10epn (O)| L2 (i) + 1060R(0) || L2y i) + Sup 10con ()l L2 (i)

3
+ s lon () L2 m) S (R + h2r) [V(O) i aury < 22 () (3.44)
Therefore, by (3.36),
3
165 ()| 22 (050) + 1RO a1 (0 m) S (R + h2r) [V (0) |l 1 ury < 22(0r)- (3.45)

Next, we estimate 0;0,(t) in H=1(,;T1,). By duality and the norm equivalence established

in (A.6), we obtain
100 Ol ry S S mn(Ou0a(t), wn). (3.46)

thXi
”whHHl(Qh;r‘h):l

Using (3.35)), Lemma (b), the Cauchy—Schwarz inequality, and the embedding H*(Q;T'1,) —
L?(9,;T}), we obtain

| (0:0n (1), wr)| < <||@h(t)||H1(Qh;Fh) + 1001 (0) | L2(2,,:0) + 11000 ()] L2050
+110:pn(0)| L2(0,;r,,) + SUP HPh(S)Hm(Qh;rh))HwhHHl(Qh;rh)-
0<s<t

Combining this estimate with (3.45) and (3.44), we get
3
M (8104 (t), wi)| < (P21 4+ h2r) [V (0) || 2 (euryx £2esm) 1wn | 12 (1) -
Therefore, by the duality estimate (3.46]), we conclude that
3
1061 ()| -1 (0m) S (B2 + h2r) [V (O) | i1 ey < 22(0.1) - (3.47)
As in the proof for the case k > 2, we now write
| TLV (0) = Lye™ " PRILV (0)|| L2y s -1 (eir)
< 10por(t) = LuLy Beor ()| -1 (ury + lor(8) = LrLy vr ()| L2 (ur)
10000 s u) + 10O 22000 (3.49)

The last two terms are controlled by (3.45)) and (3.47)). For the first two terms, applying (3.15|)
with £k = 1 and the Bernstein-type inequality (3.5)), we obtain

100 () = LiLy* Opvr (W)l -1 (0r) S 10kvr(8) = Lo L *Opvr (1) || 2(ur)
S B[00 ()| a2 0r) S PPV O) 1 oumy < 22 (91
[or(t) = Lo Ly or (D) r20m) S B2lr (Ol 205y S P27V (0) || 11 ey x L2 (001 -
Substituting these bounds into (3.48)), we conclude that
. 3
1€ML,V (0) — Lue ™ PRILV (0) || n2iryx -1y S (B2 4+ h2r) [V ()]l i oyryx 22 (1) -
This proves (3.19) for & = 1. (|

3.4. Weak-norm estimates for the nonlinear term

Previously, we provided a series of estimates for linear operators. Next, we will further discuss
the estimates for the nonlinear terms in equation ({2.5).

Lemma 3.10. Suppose that f(u) = (fa(u), fr(u)), where the nonlinear functions fq and fr
satisfy the growth conditions (2.24) and (2.25)). Then, the following estimates hold:

1 @)l z2@iry < C(lullm @), (3.49)

1f Wl -1y < Clullgr@ry) (1 + lullz@ry)) (3.50)
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17 () = F@) @y < C (el @ny, ol @y ) e = vl 2@, (3.51)

1" @)vll-1@ry < C(lullm @) vl 2y (3.52)

where C(|lull g1 (o;ry) and C(|lull g1y, [[0]| 1 (o,r)) denote constants that depend on ||ull g,y
and both |ul| g (q;ry and ||v]| gy, respectively.

Proof. The proof is provided in Appendix [C] O

We next derive the interpolation error estimate for the nonlinear term. In the present frame-
work, the regularity of both the exact and numerical solutions is below that required for a direct
application of the standard interpolation theory. We therefore again make use of the smoother
frequency-projected function II,.u, and employ the associated nonlinear term as an intermediate
quantity. Following the proof of Lemma [3.10] and combining the piecewise smoothness estimate
for the lift mapping G from [12] with the standard interpolation estimate in [4, Theorem 4.4.20],
we obtain the following H~1(£2;T')-error bound.

Lemma 3.11. Let f(Il,u) = (fao(Il,u), fp(Hru)), where the nonlinear functions fo and fr
satisfy the growth conditions (2.24) and (2.25)), respectively. Here, Iy, is the bulk—surface inter-

polation operator defined in (2.17)). Then the following estimate holds:

1277 f(ew) = In f (L)l 10, < C(llullaany) (7R + hY), (3.53)
fork>d—1, and
L7 f(w) = Inf (L)l -1, < C(lullaony) (2h% + R, (3.54)

fork=1,d =3, where d = 2,3 is the spatial dimension. The constant C(HUHHI(Q;F)) depends
only on ||ul| 1.y, and is independent of both r and h.

Proof. The proof is provided in Appendix [C] O

We now demonstrate the stability of the interpolation operator when applied to the nonlinear
functions.

Lemma 3.12. Let fp(un) = Inf(Lpup) be defined as in (2.16). Assume that the nonlinear

functions fq and fr satisfy the growth conditions (2.24) and (2.25)), respectively. Then, for all
Up, U}, € X’,j, the following estimates hold:

I fo(un) = fulon)la-1(0ur) < CUlnllmr,irns vl a1@air,)) - lun = vell2@, iy, (3-55)

[ fn(un) = fa(un)llz2,ry) < CUlunllm @,y lonll i @,rn) - llun = vnllz2 9,0,y (3.56)

where the constant o > 0 depends only on (r, (a, and the dimension d. Specifically, o can be
chosen as

1
5 for d=2,
‘T min 3-¢ 1 for d=3. (357
2 T2f
Proof. The proof is provided in Appendix [C] U

Remark 3.13. In three dimensions, the exponent « in depends on the growth exponent
(o and tends to zero as (o T 3. Consequently, the smallness thresholds hg and 75 in Theorem
may deteriorate as (o approaches the critical value 3. The convergence result is therefore uniform
for every fixed (o < 3, but not uniformly with respect to the limit (o 1 3.

Remark 3.14. We note that, by arguments analogous to those used in the proof of (3.55) and
(3.56), it follows directly that

1 fu(un)ll z2,irn) < Cllunllmg, ) (3.58)

under the same assumptions as in Lemma [3.12
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4. Convergence of the fully discrete scheme (2.14)

In this section, we prove the convergence result stated in Theorem building on the
preliminary estimates established in the previous sections. We begin by introducing the local
consistency error

4
R" = Ri(tn),
i=1

where the terms R;(t,) arise from the consistency error decomposition in (3.8). By iterating
(3.8), we obtain

Ultng1) = e U (0) + > relner=tin)boy (DL P(ILU(t)) + Y el 7RI (4.1)
j=0 j=0
Similarly, the fully discrete scheme ([2.14) admits the representation

n
LUPTY = Lpet bR 4+ " rLpelimti i) Ingy (1 Ly) Fy (U7). (4.2)
§=0
The convergence analysis is based on comparing the fully discrete representation (4.2]) with
the iterated form (4.1]) of the frequency-localized auxiliary scheme ([3.7). To this end, we first

estimate the semidiscrete consistency error R, and then derive bounds for the approximation
of the nonlinear term e** 1 (7 L)IL. F(IL.U (t,)).

4.1. Consistency error estimate for the semi-discrete scheme (3.7

In this subsection, we establish the following consistency error estimate:

Lemma 4.1. If the solution U of the nonlinear wave equation with dynamic boundary conditions
in the smooth domain ) possesses the reqularity U € C([0,T); HY(;T) x L2(Q;T)), and if
the nonlinear term F is given by with nonlinear functions f(u) = (fa(u), fr(u)) satisfying
the growth conditions , then the following result holds:

IR (tn) | r2(my xir-1(0m) + I Rs(ta) |l 2y a1 0ir) S 7725
<

[R2(tn) |l 220y x -1 + |1 Ra(tn) I 2y x r—1my S 7771

Proof. We first observe, by Taylor’s theorem, that
sL
HF(U(tn + S)) - F(e U(tn))HLQ(Q;F)XHfl(Q r)

3

Moreover, the variation-of-constants formula (2.7)) yields

/ L (OU (tn +5) + (1 — Q)eSLU(tn))dﬁ(U(tn +s)— eSLU(tn))
0

L2(T)x H-1(OT) ‘

Uty +5) — eLU(t,) = / eC=ILE(U(t, + 0))do.
0
Consequently, we obtain

B (tn)l 22 (uryx -1 (051

<2 sup || F/(0U (tn + 5) + (1 — 0)e*LU (1)) SR (U (¢, + a)‘

0,s,0

We denote Uy = (Ug1,Ugo) " := 0U (t, + s) + (1 — 0)e*LU(t,), and note that

F'(Us) = (f’(ge,l) 8) '

L2(Q;T)xH-1(;T)
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Then, applying the boundedness of e*! from ([3.1]) together with the nonlinear estimates (3.50)

and (3.52)), we obtain

HF’(QU(tn +5)+ (1= 0)e LU (t,)) eI LF (U, + a)‘

L2(QT)x H-1(:T)
= Hf/(UBJ) (e(S—U)LF(U(tn + 0)> ) HH—l(Q;F)

(e(sfg)LF(U(t" + U)> 1‘ L2(SI)

@) -

HF( (tn +J)HL2(Q;F)><H*1(Q;F)
) [ f(utn + o)1)
C(HU91||H1 o) lultn + o) arr) - (lultn + o)l 2@ +1).

Here, (e(s DLR(U (t, + cr)))1 denotes the first component of the vector e~ F(U(t, + o)).
From the definition of Uy, it follows that

S O(
S O
=0O(

1Us,1 |51 @) < Ul ryxz2@in)
SNUEn + 9)llairy<czr) + U E) la @iy 22 @)
Therefore,
IR (tn) 2@y <m0y S T°CUIU oo @< z2@r) S 72 (4.3)

under the regularity condition U € C([0,T]; H'(;T) x L?(Q;T)).
For the term R3, we employ the identity

iF(eaLﬂrU(t”)):(f’(Hrﬁ((zfnJrU)) 8) <—OA (1)> (ﬁjf;fg: IZD

0
= <f’ (I a(t, + o)) - Io(t, + g)> (4.4)
where (@i(t, +0),0(t, +0)) T := e (u(ty),v(ts)) ", together with the estimate (3.52)) to derive

iF (e“LTLU ()

HR?)(tn)HL2(Q;F)><H*1(Q;F) < 72 sup .
g

L2(QT)x H-1(T)
= 72sup Hf’(l_[rﬂ(tn + o)L o(t, + O-)HH—I(Q;I‘)

ST sup C([[ILya(tn + o)l g1 r)) - Hrd(tn + o) || L2@r)-
Since U € C([0,T]; HY(;T) x L*(Q;T)), we have

1T a@(tn + o)l gy + T8t + o) 2@ S 1,
and thus

IRs(tn)ll r2myx -1 (001 S 7°- (4.5)

For the terms Ry and R4, we apply the boundedness of the operators e(T=9)L and p1(7L)
from along with the Bernstein-type inequality (3.6) and the nonlinear estimates (3.51]) and

(3.49). This yields
[ R2(tn)ll z2(iryx -1 (r) + [ Ba(tn)ll 22(0im)x -1 (1)
S T SUp 1 (@(tn + ) = f(Li(tn + ) -1

+ 7sup || f (Il a(tn + s)) — 1L f (I a(t, + 3))||H—1(Q;F)
S TSUPC(Ilﬂ(tn +$) @y, ITra(ts + S)HHl(Q;F)) a(tn + ) = Ialt, + s)l 2 @)

+7r ™ sup | f(Iatn + 5)) 2
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S 7 sup O ([alta + )l oy, Tt + 9) Lo )

Hence, under the condition U € C([0,T]; H'(;T) x L?(Q;T)), we deduce that

[ R2(tn) |l r2(ry < ir-1(@r) + I Ra(tn) |22 @ryx -1y S 77 (4.6)
Combining this inequality with (4.3) and (4.5]), we establish the desired consistency error esti-
mate of the lemma. O

4.2. Error estimate for the approximation of the nonlinear term

We now turn to the estimation of the remaining discrepancy between the fully discrete scheme
and the original continuous problem. More precisely, for each s € [0,7], we estimate the
difference between

eSLgpl(TL)HrF(HrU(tn)) and EheSthol(TLh)Fh(Uf;).

This term will be controlled by combining the lemmas established in Section [3] We state the
corresponding result in the following lemma.

Lemma 4.2. Under the same assumptions as in Theorem (2.6, and for r < h™!, we have

e or (r L)L F (1,0 () — Lre™ 1 (rLi) Fu(U) | 2 gury -1 ur)

< C(IU e 1UR e ) - (Rr% 4 B3R g 7T

+ C(HU(tn)HHle% ||Ul?HH1><L2) NU(tn) = LaUx || 2 (uryx -1 (1) » (4.7)
where Uy is defined in (2.27), and C(|U(tn)llm1xr2, |Uy 1< r2) denotes a constant depending
only on ||U(tn)||gixr2 and ||U||gixp2, and is independent of T, h, and r.

Proof. We decompose the difference between %Ly (7 L)L F(IL.U (t,)) and Lye*Er oy (7L ) Fy(UF)
as follows:

Sl (tD), F(ILU (t,)) — Lpe*thoy (L) EL (UT)
= el (r DL F(ILU (t,)) — Lne®Eroy (tLy) PRI F(ILU (t,))
+ Lpestrpo) (1 Ly)PAILF(ILU (t,)) — Lre*thor (1 Ly)PF(ILU (t,))
+ Lpethp (1Ly)PE F(ILU (t,)) — Lpesthoy (1 L) I, F(ILU (t,))
+ Lpestro (L) L, F(ILU (t,)) — Lre*Eroy (L) Fy (U
:= N1 + Na + N3 + Ny, (4.8)

where P} = diag(£H*, £LH*). The four terms have the following interpretations: Nj represents
the error caused by replacing the continuous operator e*“y(7L) with its discrete counterpart
e*tripy(TLy,); Ny is the error induced by the frequency truncation of the nonlinear term; N3
measures the discrepancy between the adjoint lift operator EhH * and the interpolation operator
Ip; and N4 contains the nonlinear stability term associated with Ij,.

We begin with N;. Note that

1 T
Loy (7 L)L F(ILU (1)) = / e CHOLIL F(ILU (1)) do, (4.9)
T Jo
1 T
Lpeslrp) (rLy)PiILF(ILU (t,)) == / LT PH L F(IL,U (t,))do. (4.10)
T Jo

Since F(U) = (0, f(u))", by combining representations (4.9) and (4.10) with the estimate
between two different exponential operators in Theorem [3.9] and the nonlinear term estimate

(3.49)) in Lemma we obtain
[Nl 2 ;) x -1 (1)

< sup ||l ELP(LU(t)) — Lt B RIL F(ILU (1))

o€l0,7]

L2(QT)x H-1(QT)
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< (Wt + sk o h) 1L F (XU (t) | g 00y < L2001
= (WOt + WFF 2R ) || f (ea(tn) | 2 oy
< c( U )l g1 (ury < 22 01 ) (Wt 4 pRapk 4op). (4.11)

For the remaining terms, N2, N3, and Ny, using the boundedness of £ from L?(Qy;T,) x
H=1(Qp;Ty) to L2(Q;T) x HH (4 T) (see (2.9) and (3.13) in Corollary , together with the
uniform boundedness of €571 (7Ly) on L2(Qp;Ty) x H 1 (Qp;T4) (see Lemma (c)f(d))7 we
infer that

[ Noll L2 ryx -1 (i) + IN3ll 2y < -1 @51) + [ Nall L2y x -1 (i)
S PRI F(ILU (tn)) — PRLE(IL-U (En)) | L2(0p 00 x H—1 (Q05T)

+ |PLE(ILU(tn)) — InF (LU (80)) || L2 (@it x -1 (@)

+ [ InF (I U (tn)) — Fu(UR) [ L2 (9p:00) x H-1(2n;Tn)

= [ N2l 2 imm) x B (@) T N3l L2 im0 x5 (@uirn) + I NallL2(@uim) x5 1m0y (4:12)

For the term NQ, we apply the boundedness of L’hH * in both the L? and H ! norms (see (3.9) and
(3.14]) in Corollary , Bernstein-type inequality (3.6)), together with the nonlinear estimate

for f in (3.49). This yields
N2l 22 (i) < -1 (i) S T F (LU (t0)) — FOLU (t)) | 2200y < -1 001
= || f (Hyu(tn)) — f(Hru(tn))HH—l(Q;F)

S (u(ta) |2y S 7t C( U (&) | v sy < L2 (@1 ) (4.13)
For Ng, by the definitions of the nonlinear term F' and the operator P}, we have
N3l 2000 - i) = IER™ F () = Inf (Tru(ta)) | a-10pir,)- (4.14)

We distinguish two cases.
First, if k = 1 and d = 3, then by (3.54) in Lemma
1A F(u(tn)) = Inf (Tu(tn)) | -1 @) < C( HU(tn)HHI(Q;F)xLZ(Q;F)) - (R*r® + h)
< hferte 4p, (4.15)
For all other cases, we have k > d — 1, and therefore (3.53)) in Lemma yields

1A fF(u(tn)) = Inf (Tru(tn)) | -1 @) < C( HU<tn)HH1(Q;F)><L2(Q;F)> - (K * 4 h)
< h, (4.16)

~

where in the last step we used the condition r» < h~ L.

Combining (4.14)), (4.15), and (4.16)), we conclude that in all cases
INsll 2 om0 @iy < (+ B%) - C(IUE N @ryczzer) ) (417)

For the term ]\74 in , recall that I, denotes the interpolation operator defined in
. Since I, u(ty,) is trace-compatible and G preserves the interpolation nodes, the functions
LI u(ty,) and I1,u(t,) agree at all nodal points. Consequently, their bulk and surface non-
linear nodal interpolants coincide. Applying Q5 to the resulting, possibly trace-incompatible,
bulk—surface pair therefore yields

I, F(ILU(ty)) = Fy(IpILU (ty)).
Applying Lemma [3.12] we deduce:
IN&| 2200 < -1 () = IERUIRILU (t)) = Fn (U L2 () % H-1 (@ T

= | fa(Inlu(tn)) — fu(up) la-1(Qu:0)
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< C(HIhHTU(tn)HHl(Qh;Fh)7 HUZHHl(Qh;rh)) A u(tn) — upllz2,ir,)- (4.18)

Using Proposition 5.4 of [12], which gives the H!(£2; I")-approximation property of L, I,, together
with the boundedness of £} and the Bernstein-type inequality (3.5]), we obtain

[ u(to) | g1 @uirn) S ILRIR L utn)|| mr o)
< [Wew(tn) | iy + 1Mru(tn) — LalpIlutn) | g o;r)
S ALw(tn) [ g iry + AT w(tn) || 72 0:r)
S (L hr)[Iu(tn)l g ;-
When r < hil, this gives
I u(tn) [ ,mn) S IHrw(te) || g @;r)- (4.19)
Similarly
[ ILu(tn) — upllr2,ir,) S 1Lnlnllu(tn) — LaugllL2@ir)
< [[yu(tn) — EhIhHru(tn)HH(Q;F) + [lu(tn) — Hru(tn)HLQ(Q;F)
+ [lu(tn) — Loup |l 2
S Bt || s oy + 77 Hlwlta) L @iy + lultn) — Laugli 2@
S (th?“k + 7“_1> u(tn)ll @y + 1U () — LhUR | 20y x -1 (57)- (4.20)
Substituting (4.19) and (4.20) into (4.18), and using the condition » < h™!, we obtain

NIl L2 (@00 ¢ -1 (9T )
< C(HU(tn)HHl(Q;F)a ||UZ\|H1(Qh;Fh)> (R U () = LaUR | 2y xm-1(0m) - (4.21)

Finally, by combining (4.8), (4.11)), (4.12)), (4.13)), (4.17) and (4.21), we derive the desired
bound , which concludes the proof of the lemma. O

4.3. The proof of Theorem

Subtracting (4.2)) from (4.1]) yields
U(tn+1) — EhU;;L‘i‘l — etn+1LU(O) _ £h6tn+1LhU£

+ 3 (el Tt (L)L FILU (L)) = Lael 1 =08 01 (7L F(UF))
j=0

n
+ Z e(tn+1*tj+1)L7zj' (4.22)
j=0
For the first term on the right-hand side of (4.22]), note that U,? = IP’ZUO = (EhH*uo,ﬁhH*vO)T.
Applying Theorem and using the boundedness of the operators Ly, etn+1Lln_ etnt1l and E}‘;H
in the L?- and H~'-norms, we obtain

Hetn+1LU(0) —_ Lhetn+1Lh U}?HLQ(Q;F)XH_I(Q;F)
=< ||etn+lLU(0) - ethLHrU(O)HLQ(Q;F)XH*(Q;F)
+ || I U (0) — Lpett B PRILU(0) | L2 x H-1(0:T)
+ H'ChethLhPZHrU(O) - EhethLhPZU(O)HLQ(Q;F)XH—l(Q;F)
1
SNU0) = ILU(0) || p2(ry -1y + (B r% + ¥ 2rk 4 B) U (0) ]| i @.ry < 22(ur)

_ 1
S C(”U(O)HHl(Q;F)xLQ(Q;F)) : (7“ L plspts 4 phtaph 4 h) : (4.23)
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The second and third terms on the right-hand side of (4.22) can be bounded directly us-
ing Lemma [4.2] and Lemma Under the assumptions of Theorem we know that
UeC(0,T); H'(;T) x L?(Q;T)), namely,

sup U g oiryxr2r) S 1-
t€[0,T]

Thus we have
n+1
|U(tns1) — LUST HL2(Q;F)><H*1(Q;F)
<Cp- (Tfl + hlkpts 4 phtapk h)

n ‘ ) .
+ 307 O s @y cz@ury ) - (774 At 4 B30k 4 )
j=0

+ an T C(HUZ||H1<Qh;rh)xL2<9h;Fh>) ' HU(tj) - ﬁhU’{‘
=0

L2(Q;T)xH-1(T)

n
—1—27’-00 (7Y, (4.24)
§=0

where Cj is a constant independent of 7, i, 7, and the bound of the numerical solution, and where
CUIULN a1 (@50 x 12(92,;7,)) denotes a constant depending only on [|Uj) || g1 (a1, )x L2 (25:00) -

Since some of the constants in depend on the H' x L?-norm of the numerical solution,
it is essential to guarantee the boundedness of the numerical solution in this functional space
before applying Gronwall’s inequality to and thereby establishing the error estimate
stated in Theorem 2.6

Taking the H! x L?-norm on both sides of and using the boundedness of the operators
eln+1ln and o1 (7Ly,) from Lemma [2.3] (¢)—(d), we obtain

tnt1Lp U}(L]

+1
HU;Z HHl(Qh;Fh)XLQ(Qh;Fh) S He HHI(Qh;Fh)XLQ(Qh;Fh)

(tn+1—tj+1)Ln LF, Uj H
+jgo7-He Tl Ful h) HY(QpsTp) < L2(Qp;T8)

n
< 0 J
~ HUhHHl(Qh;Fh)xLQ(Qh;Fh) + ZOT HFh(Uh)HHl(Qh;Fh)xL2(Qh;Fh) : (4.25)
J:
For the second term on the right-hand side of (4.25]), we insert the interpolation of the nonlinear
term II,U(¢;). By applying the estimates in Lemma and Remark for the interpolation
operator I, we have

j < . N — £ ()]
HFh(Uh)HHI(QMFh)XLQ(Qh;Fh) B Hfh([hHTu(tj))HLQ(Qh;Fh) * Hfh(IhHTu(t])) fh(uh)‘ L2(Qp;Ts)
< (It s o, 1, )
O (Mt s g, N v orsy) - [DiToatty) = [, (426)

Using the interpolation error estimate from Proposition 5.4 of [12] together with the Bernstein-
type inequality , we obtain
[ CaIpIlru(t;) — Hru(tj)HHl(Q;r) Sh HH’f'u(tj)HH?(Q;I‘) S hr ”Hru(tj)HHl(Q;r) )
we deduce that, under the condition r < h~! and with u(t;) € H'(;T),
||IhHT“(tj)||Hl(Qh;rh) S HLhIhHru(tj)Hﬂl(Q;r) S HHT’U(tj)HHl(Q;F) + hr ||H1”u(tj)”H1(Q;1") <1
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Substituting this bound and the estimate (4.20)) for ||Z,ILu(t;) — U%H into (4.26)) yields

(U} H
H h( h) HY(Qp,;TR)xL2(Qn:Th)

< 1+ C (107 @y x 2@nrs ) (h +r7 4 o) - 200

LQ(Q;F)XHl(Q;I‘)> ’

where we have used the condition » < h~! and constant C; is independent of 7, h, r, and the
bound of the numerical solution.
Substituting this estimate into (4.25)) and noting that

0 _ |lm*770 0
HUhHHl(Qh;Fh)xLQ(Qh;Fh) - HPhU HHl(Qh;Fh)xL2(9h;rh) Su ||H1(Q;F)XL2(Q;F) SRS
we deduce
”U}ChLl||H1(Qh;1‘h)><L2(Qh;Fh)

<Cy+ ZTC(HUZHHl(Qh;Fh)xL?(Qh;Fh)) ' (7’1 + HU(tj) - ﬁhUi];‘
=0

L?(Q;F)le(Q;F)) ’
(4.27)

where Cy denotes a constant independent of 7, h, r, and the numerical solution bound.
To balance the different error contributions, we choose r such that
_ e
b= plepte, that is r=~h &t
By the definition of ¢ in (2.27]), one readily verifies that —(k—l—%)e’}:l +k < —1and —3’2—;:1 < —1.
Hence,

Ck
L e S e e

forall k> 1 and h < 1.

Let
b

6:=ho%tt, " = (|U(tn) = LaURl 2y iy > 0" = WU i e,r) < p2@pirn)-

Then (4.24) and (4.27) can be rewritten as
"< ALY rCW)(6+al), VT <B4Y rCW)(6+al)?, (4.28)
j=0 j=0
with
A = Cy(T +9), B = (.
Moreover,
a’ = [|U(0) = LaPyUO) g2 -1 < Coh, b = [|PyU(0)l|sr1 <12 < Co.

Since Z}fj—l < 1, for 0 < h <1 we have h < 9, and therefore

a < Cyd < A, W < B.

Possibly enlarging the function C, we may assume that C' : [0,00) — [0, 00) is nondecreasing.
Set

C:= sup C(s)
0<s<Co+1

Since o > 0 and A, — 0 as h, 7 — 0, there exist hg > 0 and 79 > 0 such that, for all 0 < h < hg
and 0 < 7 < 79,

CT(5+ (A+ CT5)"O)™ < 1.
Therefore, Lemma 4.3 in [5] applies to (4.28)), and for all 0 < n < T/7,
"<B+1=Co+1, a"<(A+CTs)e"C.
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FiGUurE 5.1. Plot of the peanut-shaped domain triangulated with Gmsh and
mesh width h =~ %.

Since nT < T, we conclude that

= ~ ~
sup U (tn) = LaUg || L2@uryx -1 (@r) < Coe™ -7+ (Co + CT)e - hA1,
0<n<T/T

This completes the proof of Theorem [2.6

5. Numerical experiments

In this section, we present a numerical experiment on a peanut-shaped domain, see Figure[5.1
The domain is centered around the origin and has maximal width of &~ 1.8 in x-direction and
~ 0.8 in y-direction, while the narrowest part is ~ 0.4. Note that this domain allows for smooth
eigenfunctions without being convex. Since we have already discussed convergence on the square
and an equilateral triangle in [5], and since other smooth domains do not provide further insight,
we restrict ourselves to this one domain. As pointed out in Remark 2.7, our theory extends to
the homogeneous Dirichlet problem, and we thus include them in our experiments.

5.1. Implementation

We first discuss the implementation of the algorithm in Python. We first generate the meshes
in Gmsh [I5], where we allow for a polynomial approximation of the boundary leading to the
computational domain ;. For the assembly of the mass and stiffness matrices My, and Ay, we
use the DOLFINx environment [3], by setting

(Mh)i7j:/g (pi(pjdl'-l-/ PiP; ds, (Ah)i,j:/Q Vgoi-Vgojdm—i—/ VFhSOi'VFhSOde- (51)
h Ty h

'y
These objects are stored using the PETSc for Python library [2] [7], which allows for many
options in the solution of the upcoming linear systems. For the assembly of the Dirichlet
problem, the boundary integrals are omitted and corresponding boundary degrees of freedom
are eliminated. We denote by (u},v}) the coefficient vectors of (u}},v}!) ~ (u(tn),u'(tn)), and
note that the exponential integrator in is equivalent to the exact solution (uy, u},) at time
tn+1 =tp+7 of

Mpuy(t) = —Apup(t) + Mpf?,  t € [ty t, + 7], uy(ty,) =upl, w,(t,) =vi, (5.2)
where f}' denotes the vector corresponding to the function Iy, f(Lpu}) from (2.16)), and the new
approximations are defined as u}*' = wuy(t,4+1) and vi'*! = ) (t,41). The solution of (5.2) is

computed using a rational Krylov approximation as suggested in [16] and [22]. For writing and
reading of the meshes and functions we use ADIOS4DOLFINx [§].
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FIGURE 5.2. Initial datum defined in (5.3) computed with the L2-projection
and cubic elements.

For the error computation we use the My,-inner product for the L?(2,; T'1,)- and L?(€2;,)-norm
and the (Aj,+M;,) ™~ t-inner product for the H=1(Q,;T},) and H~1(},)-norm. By Lemmah{b),
for ¢ = 1, the latter norms are uniformly equivalent to the corresponding H ~'-norms.

The code corresponding to the experiments in this section is made publicly available at

https://github.com/BenjaminDoerich/ExpoFem-LowRegWavel

5.2. Dynamical and Dirichlet boundary conditions

For both types of boundary conditions, we are on the time interval [0,0.8] and we use the
same initial conditions (u°,v"). The initial displacement, shown in Figure is the compactly
supported bump

u’(z,y) = { OHV 3= (@ —zo)?\Jri = (Y —w)?  (z,y) €Q, (5.3)

else,

with box Q = (2o — s, 20 +72) X (Yo — 1y, Yo +ry) and parameters H ~ 2.9, (zo,y0) = (—0.5,0)
and (ry,7y) ~ (0.2,0.23). The square-root behaviour of u® along the sides of @ implies that u° €
H1'=#(Q) for every e > 0, while u® ¢ H'(£2). Since Q € 2, no additional boundary singularity is
introduced. Thus this is a borderline rough displacement, slightly below but arbitrarily close to
the finite-energy space. Although this datum is slightly outside the assumptions of Theorem [2.6],
it provides a meaningful borderline test of the predicted low-regularity convergence rates. The
initial velocity is given by v’(z,y) = 75(2? — 1) and as nonlinearities we choose fo(u) = u?
and fr(u) = u®. If not stated otherwise, we employ the scaling of the spatial and temporal
parameters according to
£+1

1
h ~ szcalT K (54)

with £; defined in to obtain a similar error contribution in Theorem and restrict
ourselves to polynomials of order k£ = 1,2,3. We first compute reference solutions with some
small step size Tyof and fine mesh parameter h.of, see Table [I| and note that Cy., is the same
for the reference solution as well as for the other approximations.

H k C1sca,1 Tref href dOfSref H
1 375 ~3-100% ~1-107% 778,098
2 25 ~3-100° ~2-1073% 928,393
3 25 ~3-100% ~3-107% 1,284,916

TABLE 1. Choice of the parameters for the experiment corresponding to the
initial datum defined in (5.3)).
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FI1GURE 5.3. Approximation by the reference solution computed for initial da-
tum defined in with cubic elements and the data from Table |1 at time
T = 0.8 for dynamical boundary conditions (top) and Dirichlet boundary con-
ditions (bottom).

The error E(T) is computed in the L2(Qp;T1,) x H~Y(Q4; Tp,)-norm at the final time 7' = 0.8
and scaled by the L?(,;T) x H~Y(Qp;T1,)-norm of the reference solution. For the Dirichlet
case L?(Qy;T'y,) is replaced by L?(,), and H=1(Qy,;T) by H=Y(Qy). A plot of the reference
solution at the final time is shown in Figure [5.3

For both the dynamical boundary and the Dirichlet case, we performed the same simulations,
i.e. we used the same meshes and time step sizes. In the upper left plot of Figure (for the
dynamical boundary case) and Figure (for the Dirichlet case), we computed the error under
the scaling and included reference lines that show the expected order 7. In the upper
right plot, we further plotted the error over the degrees of freedom in order to show also the
computational advantage of higher order elements. In the second part of the experiments, we
study the convergence with respect to h by choosing some fixed 7y = 47t and decreasing values
of eh. We observe in the lower left plot that the spatial error aligns with the expected order

_“k
h+1. The plots on the lower right, again show the advantage of the higher order elements.
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Appendix

A. Proof of basic discrete stability properties

Proof of Lemma ( a). We first recall the existence of a trace-compatible Scott—Zhang quasi-
interpolation operator Jj, : H1(Qp; ') — XF satisfying

1 Tnvll @i + v = Jwvll 2,y < Cllvlla @,r)- (A1)
We use the boundary-preserving Scott—Zhang construction from [33], Section 2]. More precisely,
for an interior degree of freedom, the averaging functional is chosen on a bulk simplex, whereas
for a boundary degree of freedom it is chosen, after pullback, on a boundary face of the corre-
sponding reference element. The same averaging functional is used for the shared bulk—surface
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Case of dynamic boundary conditions
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FIGURE 5.4. Error plots for the initial data (5.3). Top row: Equilibrated error
E(T = 0.8) via (5.4) for £k = 1,2,3. In the left plot, the dashed lines indicate
order 7. Bottom row: Convergence in h for fixed 7. The dashed lines indicate

e
the expected order of convergence h%+! from Theorem

boundary degree of freedom. Since the trace of the bulk nodal basis coincides with the nodal
basis of the induced surface finite element space, it follows that

Yo dpv = Jpr(YR0),
where Jj, r is the Scott—Zhang operator on I';,. The standard local stability and approximation
estimates then yield ; see [33]. The uniformity of the constants on the curved isoparametric
meshes follows from shape regularity and the standard pullback estimates for the element and
boundary-face maps; see, e.g., [I7, Appendix A].
Since @y is the my-orthogonal projection, it is contractive in L?(2,;T,). Moreover, its
best-approximation property and imply

v = Qnvll2,irp) < v = Jnvlle,r,) < Chllvllaq,r,)- (A.2)
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Case of Dirichlet boundary conditions
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FIGURE 5.5. Error plots for the initial data (5.3). Top row: Equilibrated error
E(T = 0.8) via (5.4) for k = 1,2,3. In the left plot, the dashed lines indicate

order 7. Bottom row: Convergence in h for fixed 7. The dashed lines indicate
£

i
the expected order of convergence h%*! from Theorem [2.6

Furthermore, since Jpv € X,’f, we have QpJpv = Jpv. Therefore, the inverse estimate, the
L?-contractivity of @Qj,, and yield
1Qnvll 1 (iry) < NIInvllEr @iy + 1Qn(v = Jnv)|| (00
S Iwvll gy, + b Qv = Jav) |20y
< 1wl + v = Javllz2,ry)
S HUHHl(Qh;Fh)-
Together with (A.2)), this proves part (a). O

Proof of Lemma[2.3(b). For wy, € X}, define the discrete negative norm by

lwn |l -1,n := sup Mp(Wh, V)
thX]I,f

thHHl(Qh;Fh)zl
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We first prove that
~—1/2
145wl (i) ~ lwnl -1 (A.3)
Let zp, = g,:lwh c X’,f. Then, for every v, € X,’f, we have mp(wp,vp) = mh(thh,vh) =
an(zp,vn). Hence, by the continuity of ap,

lwall-1,n = sup an(zn,vn) S lznlla uiry)-
’UhEX,]:

”Uh“Hl(Qh;Fh)zl
Conversely, choosing v, = 21, /|21l 1 (q,,;r,) and using the coercivity of a;, we obtain

an(zn, 2n)

lwpll<1,0 2 2 N\ znll a1, -
| 2 Tl ~ 1l @y

Therefore, by (2.11)):
lwill—1,n ~ 128l 51 (@pi00) ~ V@R (28, 20)- (A.4)
Moreover, since ﬁh is symmetric positive definite on X%,

Ah / wh”%%Qh;Fh) = mh(ggl/Qwh, Av;l/?wh) = mh(ﬁglwh,wh) = mh(zh,ghzh) = dh(zh, Zh).

Combining this with (A.4)), we obtain (A.3]).

Next, since X ,’j C HY(Qp;Th), it follows immediately that

|wh|l-1,n = sup mp (W, vp) < sup  mp(wp,v) = |wpllg-1@,r,). (A5)
vREXF vEH (Qn3Tp)
”vh”Hl(Qh;Fh):l HUHHl(Qh;Fh)Zl

To prove the reverse inequality, let v € H'(,;T),) satisfy vl 51 @,;r,) = 1. Since wy, € Xk

and Qj, is the L2?-orthogonal projection defined by (2.18), the H'-stability of @ on quasi-
uniform meshes implies that

mp(wp, v) = mp(wh, Qnv) < lwpll-10 |Qnoll e (0p5r,) S lwnll—1n 10] F1 (@m0

Taking the supremum over all v € H'(Qp;T}) with vl g1 @uir,) = 1, we conclude that
lwnllg-1(0,;r) S llwnll-1,5- Together with (A.5)), this yields

lwnll ir-1(0,5r,) ~ llwnll-1,n- (A.6)
Combining this with (A.3|), we complete the proof. O

Proof of Lemmal[2.3(c). Since X} x X} is finite-dimensional, Ly, is a bounded linear operator
and therefore generates a Co-group. Let Uy (t) = (ﬂh(t),f;h(t))T = etln Uy, (0). Then
Oytip, = Up, Oy, = —Apty,. (A.7)
We first prove the estimate for # = 1. Define
E1(t) == ap(an(t), up(t)) + mp(0n(t), op(t)).
Using , the definition of Aj, and the symmetry of a; and my,, we obtain
d

agl (t) = Qah(ﬂh, ’l~)h) + th(f)h, —Ah’ah>

= 2ap(p, On) + 2camp(tn, On) — 2mp(Aptin, On) = 2cgmp(tn, On).
Since ap(tn, ap) > camp(tn, p), the Cauchy—Schwarz and Young inequalities imply
d

aé‘l(t) < C&(1),

where C' is independent of h. Therefore, Gronwall’s inequality gives
E1(t) < eC&(0). (A.8)
By the uniform equivalence of ay(-,-) with the H*(Q,; T )-norm, this yields

le"F U, (0) | F1 (@00 x L2 (QiT) < LU (0) | F1 (@0 ) X L2 (Q:Tn) - (A.9)
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We next prove the estimate for § = 0. Since Ay, is invertible, define the weak energy

Eo(t) == mp(an(t), an(t)) + mu(A; 1o (t), o (t)).
Equivalently,

- ~—1/2~
E0(t) = lan )220, + 145 20002201,

Using Ay, = Ap, — cq, we calculate
d L 1 -
aé’o(t) = 2my,(Up, Op) — 2mp (A, Yon, Apiip)

= 2mp (n, On) — 2mp (A on, (A — cc)in) = 2camu(A; Y on, ).

The lower spectral bound of gh implies

T—1~ —1/2 7—1/2 ~
1A Yonll 2 iy < e 1AL 2 0nll 2 0pirn)-

Consequently,

d - ~-1/2
dteoos)] < 2eg”an (1) | 2@ |14 o (0) | 2@yir) < OB (1),

with C' independent of h. Another application of Gronwall’s inequality gives
Eo(t) < e“1&y(0).
By part (b),
Eo(O)Y2 ~ TR L2 (it x -1 (i)
uniformly in h. Hence,

HetLhUh(O)HLQ(Q}L;F}L)XHfl(Qh;Fh) S eCLtHUh(O)HL2(Qh;Fh)XH71(Qh;Fh)' (Alo)
Combining (A.9) and (A.10) proves the assertion. O

Proof of Lemma[2.§(d). For 7 > 0, the representation

1 T
(pl(TLh) = — / e?ln do
T Jo

together with part (c) yields (2.23)); the case 7 = 0 follows from ¢;(0) = Id. O

B. Geometric transfer and projection estimates

In this appendix, we collect the estimates for the lift and adjoint-lift operators that are used
in the proof of the main error bounds. In particular, we derive approximation estimates in
the L?(€;T)-norm and in the weak H~'(Q;T)-norm. As a first step, we record the geometric
consistency estimates for the lifted bilinear forms. These quantify the defect between the discrete
bilinear forms on the computational domain (Qp;T';) and their continuous counterparts on
the exact domain (Q2,I") after transfer by the lift operator, and they will be used repeatedly
throughout this appendix.

Lemma B.1 (Geometric consistency of the lifted bilinear forms). Let L} be the lift operator
associated with the isoparametric discretization of degree k. Then, for all n, &, € L2(Q;T),

| (s ) — m(Lunins La€n)| S PENLumnl 2 sy | £nénll ey
+ hHl I Lnnnll L2@ir) 1£nEn L2 (i) - (B.1)
Moreover, for all ny, &, € HY(Qy;Th),
|an(ns €n) — alLrnns Lo&n)| S W1 Lwmnll i gy 1Enénl i e,
+ hFH 1Ll ur) | £n&nll m1 (iry- (B.2)
Here, Bﬁ denotes the layer of lifted elements with a boundary face.
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Proof. The stated geometric consistency estimates follow from [I3, Lemma 10.13] for bulk—
surface problems. More precisely, they are obtained by combining the geometric approximation
estimates for the bulk domain and the surface given in [13, Lemmas 8.24 and 9.24]; see also [20,
Lemma 5.6]. O

To estimate the terms over the boundary layer B,f in (B.1]) and (B.2)), we use the following
important boundary-layer estimate.

Lemma B.2 ([12], Lemma 6.3). For all n € H(Q), there holds
B2l - (B.3)

We next derive the following projection estimate, which will be a key ingredient in the proof
of the error bound for the lifted adjoint operator EhH*.

Illgase) <

Lemma B.3. Let Qp, : L*(Qy;T)) — X}]f be the L%-projection defined by ([2.18)). Then, for
every u € H*(Q;T) and every integer 0 < £ < k + 1, there holds

(1 = Qu) Ly ull 2y S A llull geoury-

Proof. We first consider the cases ¢ = 0, 1. By (2.9)), the inverse lift satisfies E;lu € HY(Qp; Th).
Hence, the standard approximation estimate for the L2-projection Qj, yields

(1= Q) Ly M ull 2oy S hé”@:lU”Hff(Qh;Fh) S heHUHHZ(Q;F)-

We now turn to the case 2 < ¢ < k + 1. Since the inverse lift is induced by a geometric
mapping that is only piecewise smooth, one cannot directly invoke a global H¢-stability estimate
for E,:l. Instead, we use the best-approximation property of the L2-projection together with
local interpolation estimates for the nodal interpolant applied to L’,:lu.

Since d < 3 and ¢ > 2, nodal interpolation is well defined. Moreover, u € HE(Q;F) is

trace compatible, so Ihﬁglu coincides with the standard trace-compatible nodal interpolant;
see Remark Let Fj, denote the set of boundary faces of 7;,. Then

(1 - Qh)ﬁﬁluHB(Qh;rh) <1 - Ih)ﬁﬁluHm(Qh;rh)

1/2
=1 > (1 = Tn0) £, Ml oy + > (1= Inr) £, 12y
K€7—h Fe}—h
1/2
S Z hw”@:lu”?{é(m + Z hzeH'C}ZIUH%ﬂ(F)
KeTy, FeFy
1/2
S| D0 Pl ey + Do W Nl oy S Pl o)
KeTy, FeFy,
This completes the proof. U

B.1. The proof of Lemma

We proceed in three steps. First, we prove the L?-estimate (3.10). Second, we establish the
auxiliary bound (3.12]), which is later recorded in Corollary but is needed here. Finally, we
prove the H '-estimate (3.11]).

Proof of (3.10)). From the definition of the bilinear form m, we have the following equality:
10— Lallul ey = sup m((1— LaLl)u,v)

H”HLQ(Q;F):I

= sup  m((Lnlyt — Loli)u,v)

H”HLQ(Q;F):I
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< sup m (Eh(l — Qh)ﬁglu, v)

ol i =1
+  sup m (LhQrL;, ', v) —m (LhLlh*u,v) ), (B.4)
”v”LQ(Q;F):l
where @, is the classical L? projection defined in (2.18)). Since Qhﬁglu eX ,’f and EhH ue X ,’f,
the definitions of @), and EhH * imply
m (LhQnly, ' u,v) = my, (Quly 'u, Lf*v) . and  m (LpLlh*u,v) =m (u, LpLE*v) .  (B.5)

In particular, LhﬁhH * is self-adjoint with respect to m.
We infer from the second equality in (B.5]) that EhEhH * is a self-adjoint operator with respect
to the inner product in L?(€);T'). Using the relations in (B.5]), we can further decompose (B.4))

as follows:
(1 = Loy Yull 2 im)
< sup m (Eh(l — Qh)ﬁglu, v) + sup mp (Qhﬁglu, [,hH*v) —m (u, EthH*v) )
H”HLQ(Q;F):I

< sup m(La(l—Qn)Ly u,v) +  sup omy (1 — Qu)Ly tu, L)

HUHLQ(Q;F):I

||UHL2(Q;F):1

””HLQ(Q;F):I
+  sup (mh (L u, L5 0) —m (u, Ly LA 0) ) (B.6)

”v”LQ(Q;F):l
The first two terms on the right-hand side of are estimated by Lemma together with
(2.9) and (3.9). Indeed, for every ¢ € {0,1,...,k},

m(ﬁh(l — Qh)ﬁglu,v) + my, ((1 - Qh)ﬁ}:lu,ﬁhH*v)

SN2 = Qn) Ly ull 2@y ol 2 iy + 111 = Qn) L5, ull 2, |24 0l 220

S = Qn)Ly M ull 2@ lvl2ry S Al e 10l @i (B.7)

To estimate the last term on the right-hand side of , we apply the geometric consistency
estimate (B.1)) from Lemma [B.1] This yields

‘mh (ﬁ,:lu, E{l{*v) —-m (u,ﬁhﬁf*v) ‘
S BElull 2 gy | LR LR | 2 BLy T Pl g2 ey 1L L 0l 2
( h) ( h
S Bl ey 1ER L1 0l 2oy S PP ull 2 oir)- (B.8)

In the last step, we used the inclusion B,f C € together with the L?(2;T)-boundedness of the

operators £;, and EhH *; see (2.9) and (3.9)), respectively.
Now, substituting and (B.8)) into , we deduce (3.10)). O

As an immediate consequence of (3.10)), combined with the inverse inequality, we obtain the
H'-boundedness of £I*, namely (3.12). Although this estimate is stated later in Corollary [3.6
we prove it here since it will be used in the proof of (3.11]).

Proof of (3.12). By the triangle inequality,
LR ull o) < NQRLE wll () + 1QRLy v — L7 ull g1y 1)) (B.9)

Using the estimate in (2.9) and the H'-boundedness of the classical L2-projection operator Qp,,
we obtain

-1 -1
QL) ull gruir,y S 1L vlla@ury S lulla@in)- (B.10)
For the second term on the right-hand side of , the inverse inequality and the L?-estimate

(B-10) yield

1QnL;,  u — £hH*UHH1(Qh;Fh) ShYQuLy u— EhH*uHLQ(Qh;Fh)
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<17 (10 - @& ey + 167~ £ w0, r,)

S = QuLy ull 2,y + B HI( = Laly)ul 2 @iy
S HUHHl(Q;F)a

where in the last step we used Lemma and (3.10). Combining this estimate with and
(B.10), we obtain (3.12). O

We are now in a position to prove the weak-norm error estimate (3.11)). The argument
combines the L?-estimate (3.10) with the H'-boundedness of LZ* established in (3.12).

Proof of (3.11). By duality, and decomposing v = (1 — L, LI*)v + L, LI*v, we obtain
1= Ll Yl
= sup  m((1- Ly LV, v)
”v”Hl(Q;F):]‘
< sup  m (1= Lol )u, (1 — LpLi)0) +  sup  m (1 — Lolh™)u, Lo LA )
ol g1 .my=1 vl g1 (iry =1
< sup (L= Lali)ull 2 (1= Lol *)oll 2o
”v”Hl(Q;F):l
+  sup m (u, Lo L 0) — m (L LEu, L L7 v) ) (B.11)
ol 1 umy =1
From the estimate of the operator £,£H* in (3.10), the first term on the right-hand side of
(B.11)) can be bounded as

sup [|(1 = Lol Jull 2oy (1 = LA Yol 2oy

”U”Hl(ﬂ;r):l

S swp o Bl - bllvlaor = B el pear): (B.12)
HUHHl(Q;F):l
for all 0 < /¢ < k.
For the second term in , we treat separately the cases £ > 1 and ¢ = 0. We first note
that m (u, Eh[,hH *v) = my (Eh *u, [,hH *v). Applying the geometric consistency estimate
and boundary-layer estimate , we obtain

‘m (u, £h£hH*v) -m (EhﬁhH*u,EhﬁhH*v) = ’mh (EhH*u,EhH*v) -m (EhﬁhH*u, EhEhH*v) ‘
S thﬁhﬁhH*UHm(Bg)HﬁhﬁhH*UHm(B,f) + WM LR L ull 2 o LR LR 0l L2 or)
SN LR ull gy | Lh L3 vl oy + BET LRl ull 2y | £h L0 | 22 ry
S B LRl ull gy 1ER LR 0l 1 ury
S WY ullm @y lolla @y S P el g 1ol @) (B.13)

for 1 < ¢ < k, where we have used the H!'-boundedness of EhH* established in and
boundedness of £;, in the last inequality.

And Similarly, for ¢ = 0, retaining the LQ(B,f)—norm in the above estimate and using the
inclusion B,f C Qp, we have

‘m (u, LhLE*0) = m (Lp L u, £, LH ) ‘ < RN LR Ll 2 1En L0 2 o)

S hllull 2y vl 22 i) (B.14)
Finally, combining (B.11)), (B.12), (B.13)), and (B.14)), we obtain the desired estimate (3.11)). O
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B.2. Proof of Corollary

The estimate (3.12]) has already been proved in Subsection since it is needed in the proof
of (3.11)) in Lemma Hence, it remains to establish (3.13]) and (3.14)).

Proof of (3.13] m Using duality and the H'-boundedness of £I* in (3.12), we have

ILhunll -1y = sup  m(Lpup,v) = sup  my, (up, £ 0)
ol g1 (i =1 ol g1 (i =1
< sup ullg-r @ 1L 0l g,y S lunlla-10,r,)-  (B.15)
H'UHHI(Q;[‘)

This establishes the boundedness result of £, in H~! in (3.13).
On the other hand, we begin by noting that

[wnll - LQpiTy) = Sup mp, (W, Vn)
||Uh||H1(Qh;rh):1

< sup (mh (up, vp) — m(Lpup, Ehvh)) + ‘ sup m(Lpup, Lpvp).  (B.16)

lonll g1(ay, 0,y =1 lonll g1 (g, i, =1

For the second term on the right-hand side of (B.16]), using the boundedness of the lift operator
in , we deduce:
m(Lpun, Lovn) < | Lounll g1 oo 1Lnonllarvory S 1Lnunll g1 @rylvnllar,r,)-  (BA7)

To estimate the first term on the right-hand side of -, we again invoke the geometric
consistency estimate , the inclusion B£ C ) together with the boundary-layer estimate
from Lemma [B.2l

mp, (up, vp) — m(Lpup, Lyrop)
S hkﬂﬁhuh”m(fzﬂ)||£hvh”L2(Bﬂ) + thrlHﬁhuhHL2 Q-F)||£hvh”L2(Q;F)
(hHQ ILhonll o) + B Lhonl 2o, F)) I Lrunll L2 (or)- (B.18)

Furthermore, since u;, € XF n» the inverse inequality on the discrete space, together with the
norm equivalence under lifting, yields

|£nunll720.ry = m(Lrun, Loun) < [|Lounll -1 ) | £avnll m @y

S B Lhunl - o 1 £nun L2 o;r)-

~

(B.18), and noting that k > 1, we derive:

1
my, (up, vp) = m(Lpun, Lhon) S W72 Lol -1 - 1Lh0nl (i)

This implies: |[[Lpunllr2r) < 1||L',huh||H 1(;r)- Now, substituting this inequality into

< B || L g v lonll m1 (@m0 (B.19)
Finally, combining (B.16)), (B.17)), and (B.19)), we conclude that:
lunll z-1(uirn) S 1nunllg-1(Q:r)-

This completes the proof of (3.13] - U

Proof of (3.14)). Since EhH ue X ,’f, applying (3.13)) yields

L3 ull -1 () S ||Eh['h “ul| -1 (i) (B.20)
Furthermore, by duality and the boundedness result established in (3.12]), we have
ILh L ull g1y = sup  m(LhLiu, w)

Hw”Hl(Q;[‘)Zl

= sup  m(u, Lp L w)

Hw”Hl(Q;F)Zl
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< sup HuHHﬂ(Q;F)H‘ChﬁhH*wHHl(Q;F) S HUHH*(Q;F)-
Hw”Hl(Q;F)Zl

Combining this estimate with (B.20]) completes the proof. O

B.3. The proof of Lemma

Proof of (3.16)). Starting from (B.6]), it remains to estimate the three terms on the right-hand
side. For the first two terms, the L“-projection error estimate in Lemma yields

Im(Lna(1 = Qn) Ly, w,v) | + [ma (1 — Qn)Ly  u, L 0) | S Wl gy 0l 20y (B.21)

Using the geometric consistency estimate (B.1f), the inclusion B,f C €, the boundary-layer
estimate from Lemma and the boundedness of £;, and £* from (2.9) and (3.9), we obtain

’mh (E}Zlu, [,hH*v) —-m (u, EthH*vH

S thUHm(B,f)||£h£hH*U”L2(B,§) + thHUHm(Q;F)Hﬁhﬁf*vﬂm(ﬂ;r)

1

1 *
SR |ull gy | Ln LR vl ey S BEP2 gy 0]l L2 ury- (B.22)
Combining (B.6)), , and (B.22), we obtain (3.16])). O
Proof of (3.17). By the definition of the dual norm,
10— Chll Yl gorry = sup w1~ Lol )
”v”Hl(Q;r)zl
Hx Hx
< sup  m((1 = LpLy "), (1 — LpLy " )v)
”v”Hl(Q;r)zl
+  sup  m((1 = Ll Yu, £,LH ). (B.23)

o1l 71 i) =1
For the first term, by the Cauchy—Schwarz inequality, the estimates (3.10) and (3.16|) yield
Im((1 = Laly*)u, (1 = LaLy*)v)]
<11 = Ll ull g2y (1 = LaLi*)vll L2 0.
S (thHUHHkH(Q;F) + hk+%HuHH1(Q;F)) - h|[v)l g1
S (P2l e oy + W55 ull gy ) ol o, (B.24)

Next we estimate the second term on the right-hand side of (B.23)). By the definition of £I*,
the geometric consistency estimate (B.1)), boundary layer estimate in Lemma and the H'-
boundedness of EhH * from (3.12)),

Im((1 — Lol )u, L L)

= ‘mh(LhH*u,Ef*v) — m(EhEhH*u, EhEhH*v)}

< thﬁhﬁhH*U”B(B,f)HﬁhﬁhH*U”B(Bg) + thHﬁhﬁhH*UHLZ(Q;F)HﬁhﬁhH*U”LQ(Q;F)

S LR ull g am |LR LA ol i oy

Sl gy ol g ry S Bl o) (B.25)
Combining (B.23)—(B.25), and noting that REHS < R+ for 0 < h < 1, we conclude (3.17). O
Proofs of (3.18). Since A is invertible, for any v € HY(:;T) with vl g1y = 1, we set
w = A~v. Then, by the definition of the H~1(;T)-norm, we have

10— Lhllllgrary = swp m((1— LaLl*)u,v)

H”H}—Il(Q;F)Zl
= supa((l— Lalyt)u,w)

H”H}—Il(Q;F)Zl
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< sup  a((1— LpL) ), (1 — LyL)*)w)

H'UHHI(Q;F):l

+  sup a((1 = LpLy ), LuL) *w). (B.26)

||”||H1(Q;r):1

We first estimate the first term on the right-hand side of (B.26]). By the Cauchy—Schwarz
inequality, the estimate (3.15]), and the assumption k > 2, we obtain

|a((1 = LrLy Yu, (1= LoLy " w)| S 1L = Loly *Yull gyl = Loly *wllm .r)
< PPl s ury - Bl s o).
Moreover, elliptic regularity implies ||wl|gs(q.ry < [|v][m1 (@) < 1. Therefore,
|a((1 = Lrly )u, (1= LaLyYw)| S B2 ull s @y 1ol 1 r) - (B.27)

Next, we estimate the second term on the right-hand side of (B.26). By applying the geo-
metric consistency estimate (B.2)) we obtain

la((1 - LLY*)u, Eh[,X*w)}
= |an(Ly u, Ly w) — a(Laly " u, LaLy " w)|
S PENCRLY ull g ey 1L LY w0 g ey + BEHHICR LY ull iy LR LY 0] s ury-

Using (3.15)), the boundary-layer estimate, and the elliptic regularity estimate for w = ﬁ_lv,
we have

||/3h£X*U||H1(B§) < NLhly ull iy S Il i), (B.28)
and
||['h£X*w||H1(B,§) < lwll ey + 11 = LhLE*)wll g ury
1 1
S 2wl g2y + Rllwl g2y S h2 ]2 @in-

Hence,

s . . 1

|a((1 = Laly ™ )u, Laly *w)| < W2 |ull g o 0l 2 (B.29)
Combining (B.26)), (B.27)), and (B.29)), we obtain (3.18]). a

C. Proof of the estimates on the nonlinear terms

Proof of Lemma[3.10. Among the estimates (3.49)-(3.52), we only prove (3.51)), since the re-

maining ones follow by analogous arguments from the same growth assumptions and Sobolev
embeddings.
By the fundamental theorem of calculus,

folw) ~ fo(0) = u—0) [ foou+ (1~ o)),
By the growth condition (2.2F)), we obtain

[falw) = fa@)| S (14wl 4 ol - Ju v, (C.1)
Analogously,

() = fo(@)] S (1l + 1051 - fu = o, (C:2)

Since €2 is a smooth domain, by the definition of H~'(€2;T') and the Sobolev embeddings
LPY(Q) — H™Y(Q) and LP2(T) — H~YT) for
1+, for d=2;

=< 6 and py =14, for d=2,3. (C.3)
= for d=3;
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Here and below, 14 denotes fixed exponents strictly larger than 1, possibly different for p; and
p2, chosen sufficiently close to 1, depending only on the prescribed growth exponents (o and
(T, respectively, so that the Holder exponents used below are admissible for the corresponding

Sobolev embeddings.
We have

1f(w) = fla-r@ry= suwp  m(f(u) = f(v),w)

lwll g1 (g;ry=1

< sup (Ilfsz(U) = fa) g1 @ lwll g @) + [fr(uw) — fr(v)IIH—l(r)lleHl(r))

”w”Hl(Q;r)zl

S lfa(w) = fa()llze @) + I1fr(w) = fr(o)llLe(r)

-1 -1
S L P P R e
-1 -1
* (1 + H’u‘CF ’ La2(T) + H’U’CF ‘ qu(F)) . Hu - UHL2(F)7
where we have used the Holder’s inequality in the last inequality with
1 1 1 1 1 1
—=——-—, and —=———_.
@ p1 2 @ P2 2
That is,
Q= 2 , and g = 22 )
2—m 2—p2
Hence,

[f(uw) = f(v )HH L) (1+ H HCLSZléQ (@ + H H%é:(%g—l)(g)> ) HU—UHL2(Q)

(r—1 ¢r—1
+ (14 [ul| e -n gy + 2] LI;Q(CF*U(F)> w =l 2y
Next, recall the Sobolev embeddings
HY(Q) = L7(Q), and HYT)— L%(T),

where

< oo, for d=2;
0 = and 60y < oo, for d=2,3.

6, for d=3;
By the restriction (2.24]), we may choose p; and py such that
q1(Ca — 1) < b4, g2(Cr—1) <02

for some finite 01, 0 as above. Indeed, for d = 3, choosing p; = g gives g1 = 3, and hence

qi1(¢o—1)=3(Ca—1) <6

(C.4)

(C.6)

by (2.24). For d = 2, #; can be taken arbitrarily large. Likewise, since  may be chosen

arbitrarily large on I', we can select ps € (1,2) so that ¢g2({r — 1) < oo is admissible.

Combining with (2.24), (C.3), (C.4), and (C.6), we deduce
1£() = FEa-rary SO+ [l Sy + o] E ) - = vl

+(1+H“‘§F92(1r + v H%;QI > lu =2
<1+H [ e [ i 1)'““—””L2(Q;F>-

This completes the proof of -
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Proof of Lemma[3.11. We first prove (3.53). By the norm equivalence result established in
(A.6),

L4 f(Tw) = In f (Tw) || -1 i) S sup - mp, (Li f(w) — Inf(Tu),wy). (C.7)
wpEX
lwll g1, =1

By the definitions of EhH* and I in and , for any wy, € X,’j,
ma (L1 F () = Inf () wn) = m(f (), Lawn) = ma (o fa(lw), D fo(w)  w, ).
Moreover, by Lemma and estimate ,

[ (Tw), Lawn) = mn (L5 £, wn)| S B F )| o gy 1ntn | o

N hF C(HUHHI(Q;F)) ||wh”L2(Qh;Fh)-
On the other hand,

‘mh(c,;lf(nru) — Inf(Iu), wh)(

<| [ (et i = o o) wnds| +

/r (ﬁ}:lfr(Hru) — Ih,FfF(Hru)) wyds

< | & o ~ afaa |, i,

H=1(Qp,
—1
I,u) — Inrfr (I, H
+ Hﬁh Jo(Myw) = Inp fr(Hu) R |
Substituting these bounds into , we obtain
1£ F(w) = D f () -1, S |77 FoTw) = To fa(Tu)|

\whHHl(rh)-

Hﬁl(Qh)

+||ent ) = e fe@a)| L ROl o). (C3)
(T'r)

Therefore, it remains to estimate the nodal interpolation errors for the bulk and surface non-
linearities fo and fr.

For simplicity, we present only the estimate for the bulk nonlinearity fq; the estimate for fr is
derived in the same way and is in fact simpler. Using the Sobolev embedding LP(Q2) — H~1(9)

for
1+, for d=2; (9)
b= .
g, for d=3;
and the boundedness of £; ! in LP(f), we have
| foMeu) = Buafama||, <167 foMw) ~ T fo(T) - (C10)
h

We next estimate the right-hand side by means of the standard local interpolation estimate
for degree-k isoparametric nodal interpolation on a shape-regular mesh; see, for example, [4
Theorem 4.4.20]. For each element K € Tp,

—1 L -1
15 Fo M) = Do for (T o) < b |3 foTu)|
provided that

1<¢<k+1 and ¢-p>d. (C.11)
Let K = G(K). By [12, Lemma 4.6], the lift mapping G defined in (2.8) is piecewise CFt1,

and its derivatives up to order k + 1, are uniformly bounded independently of h. Hence, by the
definition of the inverse lift E;l and the higher-order chain rule, we obtain

£ fQ(Hru)‘WfaP(K) ~ ‘fQ(HTU))W&p(%)’



40

Summing the local estimates over all elements and using the quasi-uniformity of the mesh, we
infer that

p
7 o) = g fo(Tu) oo,y S B | D [fabu)|
KeTy, (K)
< M)fQ(HTu)‘WWQ). (C.12)

In the present case since k > d — 1, we can choose ¢ = d to satisfy (C.11]) in the above estimate.
Thus it remains to bound ) ITu ‘ .
fQ( r ) Win(Q)

By a direct application of the higher-order chain rule and Assumption [2.4] we obtain

d a
VL) < S IS Y [[IVE Lyl

a=1 &1+6a++Ea=d j=1
d a
<> max{(1+ Maup)e 1} Y J[IVETul. (C.13)
a=1 §1+-+Ea=d j=1
§i>1

We now distinguish the cases d =2 and d = 3.

Case d = 2. By (C.13]) and Assumption it suffices to consider the case (o > 2, since the
case (q < 2 is simpler and can be treated in the same way.

IV oM 0) vy % (14 M) (9Tl (1 )@ 920

Lr(Q)

<o, [ ¢+ e [l

L2(Q)
where

1 1
-+ —-=—, thus ¢ < oc.
q 2

1

p
From the Sobolev embedding H%(Q) — WH4(Q) and HY(Q) — L°(Q) for all # < oo when
d = 2, there holds

_92 _
192 fo(Tt) oy S (14 T 5520, ) 19Tl + (14 Tl S50, ) 92T

< Cllulmo) - (Il g ) + Ml )
Using the Bernstein inequality (3.5)) for IL, i.e. [Tl ullg2) < 7llullg ) and HHTUHH%(Q) S
1 1 1
||HTu|]§11(Q)||HTu||IZ’{2(Q) < 7‘§||u||H1(Q), we conclude that

IV fo (o) || ooy < 7 Clllulla o), for d=2. (C.14)

Case d = 3. By (|C.13) and Assumption it suffices to consider the case 2 < (g < 3,
IV fo (L) || o (o)

< HIVHTUI?’HU,(Q) + H(l + [u])%2 =2 | V2L - |VHq~u|HLp(Q) n H(1 + [T uf)%e! |V3Hru|HLp(Q)

< |IVILull 20y - IVTLulFa ) + <1 + H|HW,CQ*2‘ Lq2(ﬂ)> HVQHT“Hm(m IVIL-ull 16 ()

Ca—1 3
(0 ] ) Il
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where q¢; = g2 = 6 and g3 = 3 such that

L2 1 1.1 1.1 1.5

2 ¢ @ 2 6 g 2 p 6
Since (g < 3, which implies ((n —2) - g2 < 6 and ((n — 1) - g3 < 6, fr
H'(Q) — L%(Q), in three dimensions, we infer that

19 foTw) | oy STl - ITall3pa gy + (1+ 5y ) 1Tl o
(1 el sy ) Il o)
<r? - O([lull g1 () (C.15)

where we have used the Bernstein inequality for H
Combining (C.14)) and (C.15)) with ( and (C.12] , we deduce that
|\£h1f9<mu> IthQ(H a1,y < Cllullmo)r® s,

when k > d — 1. Combining this with the analogous estimate for the surface nonlinearity fr,

and with (C.§]), yields (3.53)).

We next prove (3.54]), that is, the case k < d — 1. This can occur only when k =1 and d = 3.
In this case, Proposition 5.4 of [12] yields

[ fa(lu(tn)) — Lnlnafa(lutn)ll 2 + [ fr(Mru(tn)) — Lalnr fr(utn)) |l 2 r)

< P2 (Tw(tn)) | 2 ) x 2 () -
By the same chain-rule and Sobolev-embedding argument as above, together with the Bernstein

estimate (3.5)), we obtain

rom the Sobolev embedding

1 (TLw) || 20 e ey S r2C(Jull v aury) -

Therefore, by the boundedness of £; ' on L?(Q) and L*(T"), together with the Sobolev em-
beddings L%(Q,) — H~1(Q4) and L*(T'y) < H~1(I',), we obtain

|& o) — Bafatman| 27 e @) — B fr (i)

< B*r?C(lull g1 aury)-
Together with (C.8)), this completes the proof of (3.54)). O

H=1(Ty)

Proof of Lemma[3.13. We first prove (3.55). By the equivalence of the discrete dual norm,
Holder’s inequality, and the Sobolev embeddings LP* (Q,) — H~(Qy,) and LP2(T',) — H~Y(T},),
we obtain

[ fn(un) = fron)lm-1(0,0) S sup |mn (fr(un) = fa(on), wr)|

whEX;’f
”wh”Hl(Qh;Fh):l
S Hnafo(Lrun) — Inafo(Lron)l Lo @y + [ nr fr(Laun) — Inr fr(Lrvn) || Lezr,,)-  (C.16)

Here, we have used the definition of Ij, in (2.17) and the mj-orthogonality of Q. We mainly
estimate the first term on the right-hand side of ((C.16]); the second term can be handled
analogously.

Note that the interpolation operator Ij, o is not continuous with respect to the LP' (€,)-norm.
Following the idea in [20], we instead employ the discrete LP(£2;)-norm, defined for p € [1, 00)
by

N 7
lull, == he (Z !uh(ai){p> : (C.17)
=1

where a; (i = 1,..., N) denote the nodal points and N = O(h~%) is the total number of these
nodes. For a finite element function u, € X }]‘f, owing to the locality of the basis functions and
the finite-dimensionality of the space, one can readily show that on X} the discrete norm || - I,
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and the LP-norm | -||z»(q,) are equivalent (for p = 2 this is well known; for a general p one may
refer to [28, Lemma 5.2]).

Since I qfo(Lrun), Inafa(Lron) € VhQ and Ij o is the nodal interpolation operator, we
evaluate these functions at the nodal points a;, ¢ = 1,..., N. Moreover, for the isoparametric
finite element discretization, the lifting operator £j leaves the nodal points a; invariant. Hence,

Inafa(Lrun)(ai) = fo(un(ai)), and Inofo(Lrvn)(ai) = fa(vn(a:)).
Therefore, by the equivalence between the LP!();)-norm and the discrete norm ||-|
with (C.1]), we obtain

py» together

N P1
1 Th0fo(Lhun) = Inafo(Lnon)ll Lo ) ~ h?t (Z ’fQ(uh(ai)) — fa(vn(a;)) m)
i—1

N P1
< b (Z Agfﬂ‘l)plB?) , (C.18)
i=1
where
Az‘ =14+ ]uh(az)\ + "Uh(az’)|, and Bi = |uh(ai) — vh(ai)|. (Clg)

Using Holder’s inequality and the equivalence between the discrete and continuous norms, we
obtain

1 1

N Pl N

h% (Z AEC&z—l)ple1> ' < h% (Z AZ(Csz—l)m) " % (Z BQ)
=1 i=1

1 1
S (U BunlE g, + BonlE ) - Bun = vl

—1
rg <]‘ + ||uhHi§(ZCQ—1)q1(Q ) + ”vhHL(CQ 1)q1 (Qh)) : HUh - ,UhHLQ(Qh)a

where ¢ is given by (C.4). Since H'(Qy) < L9 (Q;) with 6; given in (C.6)), and under the
assumption on (g in (2.24) such that ((o — 1)q1 < 01, we have

N p1

4 - —

hn (ZAE‘“ ”“Bfl> S (1 lunlSmny + Nonll5i,y ) - lun = onll 2,
=1

Substituting the above estimate into ((C.18) yields

[ Th.afo(Lrun) — Inafa(Lron) Lo ) S (1 + [l 1S5 glzh + ||Uh||H1(Qh)) Nun = vnllL2(a,)-

Analogously, for the second term on the right-hand side of , we have

| In,r fr(Laun) — Ino fr(Lavn) ||z r,) S (1 + ||Uh\|§§f(%h) + ||Uh\|%f(%h)> Nun = vnllL2(ry,)-

This completes the proof of (3.55| -
We next proceed to the proof of the estimate (3.56|). From the definition of the space
L?(2,;T) and the definition of I, in (2.17)), we have

1L fr(Lrun) = Infr(Lron) | 229,00
< |Mnafa(Luun) = Inafo(Lhon)liag,) + I fr(Chun) = Iurfr(Lavn)| 2w,y (C.20)

As before, we mainly estimate the first term on the right-hand side of (C.20)); the second term
can be treated analogously.
Using the discrete norm defined in (C.17) and the notation introduced in ((C.19)), we have

1

N 2
[ nafa(Lrun) — Inafa(Lavn)llr2,) ~ hi (Z ‘fﬂ(uh(ai)) - fQ(Uh(ai))r)
=1
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=1

1

b o (N 3
= hrh% <Z A2 gai=e) 'B§a> . (C.21)

i=1
where the exponent p is chosen such that
1 a 1 4

S T = C.22
p 22 M PT 9T, (C.22)

Applying Hélder’s inequality yields

1
it (e e ) a3 (e ) (S om?)

i=1

D=

Note that, since B; = |up(a;) — vp(ai)| < |up(a:)| + |vn(a;)| < Ai, we have

(14 funtan)] + on(a)] )™ - Jun(ai) = vn(a) '~ < Af
Combining (C.21)), (C.23)), and the equivalence between the discrete and continuous norms gives

N 7 N B
[ Th0fa(Lhun) — Inafa(Lron)|l 2@, S hens <Z (Agﬂ_a)p> : (Z (Bf") )

i=1 =1

Ca—1

Agﬂ_lB,}_a

Qv

< (L T2, + Bl ) - T — ol

(Co—a)p (Ca—a)p
SJ (1 + ||uh||%}§_gcia)p + ||Uh||§?g_gaia)p) ' ||Uh - Uh||%2(Qh)' (024)

For the Sobolev embeddings, we know that
HY Q) = L), for 6 {

If d = 2, it is straightforward to verify that

1
((a—a)p < oo, for a=g, and p=

For d = 3, one can check directly that

2d d—2 d 4
(Go—alp= 15, for a—2<—cg>, and p =

Hence, under the choice of « in (3.57)), we obtain

unll Lca—op + VRl Lca-aw S Nunllar@,) + vl mr@,)-
Substituting this estimate into (C.24]), we conclude that
| fo(Cnin) = Tha falCwn)lza, S (1+ lunl S, + lonlS,) ) - llun = onll§g,):
Analogously, we have
Ve fo(Enun) = Tne fo(Cron) iz, S (14 lunll e, + lonlSrs ) ) - len = onlSaqr,

This completes the proof of (3.56)). O

References

[1] R. Altmann and C. Zimmer. A second-order bulk-surface splitting for parabolic problems with dynamic
boundary conditions. IMA J. Numer. Anal., 44(4):2370-2393, 2024.



44

2]

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]
(20]
(21]
(22]
23]
24]

(25]

[26]
27]
(28]
29]

30]

S. Balay, S. Abhyankar, M. F. Adams, J. Brown, P. Brune, K. Buschelman, E. M. Constantinescu, L. Dal-
cin, S. Benson, A. Dener, et al. Petsc/tao users manual revision 3.24. Technical report, Argonne National
Laboratory (ANL), Argonne, IL (United States), 09 2025.

I. A. Baratta, J. P. Dean, J. S. Dokken, M. Habera, J. S. Hale, C. N. Richardson, M. E. Rognes, M. W.
Scroggs, N. Sime, and G. N. Wells. Dolfinx: The next generation fenics problem solving environment, Dec.
2023.

S. C. Brenner and L. R. Scott. The mathematical theory of finite element methods, volume 15 of Texts in
Applied Mathematics. Springer, New York, third edition, 2008.

J. Cao, B. Dérich, M. Hochbruck, and B. Li. Finite element exponential integration for rough solutions of
nonlinear wave equations. Part I: Dirichlet boundary conditions on polygonal and polyhedral domains. CRC
1173 Preprint 2026/29, Karlsruhe Institute of Technology, 2026.

J. Cao, B. Li, Y. Lin, and F. Yao. Numerical approximation of discontinuous solutions of the semilinear
wave equation. STAM J. Numer. Anal., 63(1):214-238, 2025.

L. D. Dalcin, R. R. Paz, P. A. Kler, and A. Cosimo. Parallel distributed computing using python. Advances
in Water Resources, 34(9):1124-1139, 2011. New Computational Methods and Software Tools.

J. S. Dokken. ADIOS4DOLFINx: A framework for checkpointing in FEniCS. J. Open Source Softw.,
9(96):6451, 2024.

B. Ddérich. Strong norm error bounds for quasilinear wave equations under weak CFL-type conditions. Found.
Comput. Math., 25(1):303-350, 2025.

B. Dorich and M. Hochbruck. Exponential integrators for quasilinear wave-type equations. SIAM J. Numer.
Anal., 60(3):1472-1493, 2022.

B. Dorich and J. Leibold. Full discretization error analysis of exponential integrators for semilinear wave
equations. Math. Comp., 91(336):1687-1709, 2022.

C. M. Elliott and T. Ranner. Finite element analysis for a coupled bulk-surface partial differential equation.
IMA J. Numer. Anal., 33(2):377-402, 2013.

C. M. Elliott and T. Ranner. A unified theory for continuous-in-time evolving finite element space approxi-
mations to partial differential equations in evolving domains. IMA J. Numer. Anal., 41(3):1696-1845, 2021.
Y. Feng, G. Maierhofer, and C. Wang. Explicit symmetric low-regularity integrators for the nonlinear
Schrodinger equation. SIAM J. Sci. Comput., 47(4):A2154-A2179, 2025.

C. Geuzaine and J.-F. Remacle. Gmsh: a three-dimensional finite element mesh generator with built-in pre-
and post-processing facilities. Int. J. Numer. Meth. Engng., 79(11):1309-1331, 2009.

V. Grimm and M. Hochbruck. Rational approximation to trigonometric operators. BIT Numer. Math.,
48(2):215-229, 2008.

P. Henning and T. Chaumont-Frelet. The pollution effect for FEM approximations of the Ginzburg-Landau
equation. Math. Comp., 2026.

D. Hipp, M. Hochbruck, and C. Stohrer. Unified error analysis for nonconforming space discretizations of
wave-type equations. IMA J. Numer. Anal., 39(3):1206-1245, 2019.

D. Hipp and B. Kovécs. Finite element error analysis of wave equations with dynamic boundary conditions:
L? estimates. IMA J. Numer. Anal., 41(1):638-728, 2020.

M. Hochbruck and J. Leibold. Finite element discretization of semilinear acoustic wave equations with kinetic
boundary conditions. Electron. Trans. Numer. Anal., 53:522-540, 2020.

M. Hochbruck and J. Leibold. An implicit-explicit time discretization scheme for second-order semilinear
wave equations with application to dynamic boundary conditions. Numer. Math., 147(4):869-899, 2021.

M. Hochbruck, T. Pazur, A. Schulz, E. Thawinan, and C. Wieners. Efficient time integration for discontinuous
Galerkin approximations of linear wave equations. Z. Angew. Math. Mech. (ZAMM), 95(3):237-259, 2015.
M. Hofmanova and K. Schratz. An exponential-type integrator for the KdV equation. Numer. Math.,
136(4):1117-1137, 2017.

L. Ji, H. Li, A. Ostermann, and C. Su. Filtered Lie-Trotter splitting for the “good” Boussinesq equation:
low regularity error estimates. Math. Comp., 94(355):2345-2365, 2025.

T. Kashiwabara, C. M. Colciago, L. Dede, and A. Quarteroni. Well-posedness, regularity, and convergence
analysis of the finite element approximation of a generalized Robin boundary value problem. SIAM J. Numer.
Anal., 53(1):105-126, 2015.

B. Kovacs. High-order evolving surface finite element method for parabolic problems on evolving surfaces.
IMA J. Numer. Anal., 38(1):430-459, 2018.

B. Kovécs and C. Lubich. Numerical analysis of parabolic problems with dynamic boundary conditions. IMA
J. Numer. Anal., 37(1):1-39, 2017.

J. Leibold. Semilineare Wellengleichungen mit dynamischen Randbedingungen. Master’s thesis, Karlsruhe
Institute of Technology, 2017.

B. Li, K. Schratz, and F. Zivcovich. A second-order low-regularity correction of Lie splitting for the semilinear
Klein-Gordon equation. ESAIM Math. Model. Numer. Anal., 57(2):899-919, 2023.

B. Li and Y. Wu. An unfiltered low-regularity integrator for the KdV equation with solutions below H'.
Found. Comput. Math., 26(3):1321-1380, 2026.



45

[31] A. Ostermann and K. Schratz. Low regularity exponential-type integrators for semilinear Schrodinger equa-
tions. Found. Comput. Math., 18(3):731-755, 2018.

[32] F. Rousset and K. Schratz. A general framework of low regularity integrators. SIAM J. Numer. Anal.,
59(3):1735-1768, 2021.

[33] L. R. Scott and S. Zhang. Finite element interpolation of nonsmooth functions satisfying boundary condi-
tions. Math. Comp., 54(190):483-493, 1990.

[34] E. Vitillaro. Strong solutions for the wave equation with a kinetic boundary condition. In Recent trends in
nonlinear partial differential equations. 1. Evolution problems, volume 594 of Contemp. Math., pages 295-307.
Amer. Math. Soc., Providence, 2013.

[35] E. Vitillaro. On the wave equation with hyperbolic dynamical boundary conditions, interior and boundary
damping and source. Archive for Rational Mechanics and Analysis, 223(3):1183-1237, 2017.

[36] Y. Wang and X. Zhao. A symmetric low-regularity integrator for nonlinear Klein-Gordon equation. Math.
Comp., 91(337):2215-2245, 2022.

[37] Y. Wu and F. Yao. A first-order Fourier integrator for the nonlinear Schrédinger equation on T without loss
of regularity. Math. Comp., 91(335):1213-1235, 2022.

INSTITUTE FOR APPLIED AND NUMERICAL MATHEMATICS, KARLSRUHE INSTITUTE OF TECHNOLOGY, EN-
GLERSTR. 2, 76131 KARLSRUHE, GERMANY
Email address: {jiachuan.cao,benjamin.doerich}@kit.edu

DEPARTMENT OF APPLIED MATHEMATICS, THE HONG KONG PoLYyTECHNIC UNIVERSITY, HUNG HoM, HONG
Kona
Email address: buyang.1i@polyu.edu.hk



	Introduction
	Analytical framework and main results
	Abstract formulation
	Bulk–surface finite element discretization and main convergence result

	Analytical ingredients of the low-regularity error analysis
	Spectral truncation and the frequency-localized auxiliary scheme
	Geometric transfer between (h,h) and (,) in weak norm
	Weak-norm error estimates for the linear propagators
	Weak-norm estimates for the nonlinear term

	Convergence of the fully discrete scheme (2.14)
	Consistency error estimate for the semi-discrete scheme (3.7)
	Error estimate for the approximation of the nonlinear term
	The proof of Theorem 2.6

	Numerical experiments
	Implementation
	Dynamical and Dirichlet boundary conditions

	Proof of basic discrete stability properties
	Geometric transfer and projection estimates
	The proof of Lemma 3.4
	Proof of Corollary 3.6
	The proof of Lemma 3.7

	Proof of the estimates on the nonlinear terms

