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Abstract. Kinetic equations are used to model a wide range of phenomena impor-
tant for real-world applications. Their applications span astrophysics, nuclear physics,
engineering, and social sciences. Due to their high-dimensional phase space, modelling
and quantifying uncertainties, relevant for applications, poses a significant challenge
even for modern computing infrastructure. In recent years, dynamical low-rank ap-
proximation (DLRA) has gained popularity for making fine grid simulations of high-
dimensional problems feasible by evolving the solution of a time-dependent PDE as
a low-rank factorization. This reduces the computational and memory requirements
significantly.

In this work, we propose a low-rank multilevel Monte Carlo estimator for kinetic
equations based on a probabilistic rank-adaptive DLRA time integrator. The level
hierarchy of the low-rank multilevel estimator is constructed through spatial refinement
and by ensuring that the low-rank error remains below the spatial discretization error.
We demonstrate the efficacy of the estimator through several numerical experiments
from radiation transport, radiation therapy, and shallow water flow.
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1. Introduction

Kinetic equations model the microscopic effects of particle transport and their inter-
actions, such as collisions and absorption, through a probability density function. By
bridging the gap between atomistic particle models and macroscopic continuum models,
kinetic equations play a crucial role in modelling multi-scale dynamics of transport phe-
nomena. These equations describe a wide range of physical phenomena ranging from gas
dynamics and radiation transport to shallow water flow and chemical reaction networks,
with applications spanning astrophysics, nuclear physics, radiation therapy, engineering,
and social sciences [52, 37, 1, 30]. Since real-world applications often introduce uncertain-
ties, including these in models provides a more realistic description. These uncertainties
stem from modeling errors, including the use of empirical collision kernels; measurement
errors, such as incorrect measurements of the physical domain; and device errors, includ-
ing errors in initial and boundary data. Quantifying these uncertainties is thus essential
for robustness and reliability in real-world applications.

In this work, we consider uncertain kinetic equations of the type

∂tu(t, x, v ;ω) +A(u)∂xu(t, x, v ;ω) = S(u ;ω)(t, x, v ;ω) (1.1a)

u(0, x, v ;ω) = u0(x, v ;ω), (1.1b)

u(t, x, v ;ω) = ub(t, x, v ;ω), x ∈ ΓD, (1.1c)

where u(t, x, v ;ω) denotes the phase space density at time t ∈ R≥0, position x =
(x1, . . . , xd) ∈ D ⊆ Rd, moving with velocity v = (v1, . . . , vd) ∈ V ⊆ Rd. The ran-
dom variable ω ∈ Rk models the uncertainty and has the probability density function
(pdf) p(ω). The left-hand side of (1.1a), known as the streaming term, models particle
movement in the phase-space where A(u)∂xu is known as the transport or advection
term. Changes in the velocity of particles due to inter-particle collisions or scattering
and absorption by the background medium are modelled by the collision operator S.
The initial condition is given by u0 and the boundary conditions are given by ub on the
boundary ΓD of D. The streaming and scattering operators are problem-dependent and
determine the dynamics of the system along with the initial and boundary conditions.

We are often interested in quantifying uncertainties in the entire solution of a PDE
or a quantity derived from it. Let Q : ω 7→ Q(ω) = Q(u(·, ·, · ;ω)) ∈ H be a bounded
linear functional or a Lipschitz function of the weak solution u(t, x, v ;ω) mapping into
the Hilbert space H. Then Q denotes the quantity of interest (QoI) of the solution. For
instance, if Q is a functional of the solution, then H = R, while if it is the weak solution
at some time T ≥ 0, then Q(ω) := u(T, · , · ;ω) ∈ H = L2(D × V). In this work, we
are interested in estimating the expected value of the QoI under the random variable
ω ∼ p(ω), i.e.

E [Q] :=

∫
Rk

Q(u(·, ·, · ;ω)) p(ω)dω, (1.2)

with the variance

V[Q] := E
[
∥Q(ω)− E [Q]∥2H

]
. (1.3)

There are several ways of estimating E[Q] ∈ H, broadly classified as intrusive and
non-intrusive methods. As the name suggests, intrusive uncertainty quantification (UQ)
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methods, such as the generalized polynomial chaos (gPC)-based stochastic Galerkin (sG)
method, modify the underlying equations to obtain estimates of E [Q]. In contrast, non-
intrusive methods, such as sampling-based Monte Carlo (MC) methods and collocation-
based methods, do so without altering the governing equations. A major challenge to
quantifying uncertainties in kinetic equations is the high computational complexity and
memory requirements for grid-based simulations. This is due to its high-dimensional
phase space, which for each realization of ω, including time, is at least 2d+1 dimensional,
where d is the spatial dimension. In the literature, this phenomenon is referred to as
the curse of dimensionality, wherein computational costs grow exponentially with the
number of dimensions. Mitigation techniques, such as reduced-order models [38, 48],
surrogate models [11, 25], and low-rank approximations [18, 27, 16, 32, 50], have been
proposed to reduce the computational complexity for probabilistic and deterministic
kinetic equations.

In recent years, dynamical low-rank approximation (DLRA) [27] has gained signifi-
cant popularity in the kinetic theory community as an efficient numerical method for
approximating deterministic high-dimensional time-dependent PDEs. DLRA is a hybrid
approach in which time-dependent low-rank factors of the solution are updated accord-
ing to the problem dynamics. This approach simultaneously reduces the computational
costs and memory requirements of a simulation. A recent review paper highlights the
use of DLRA in the context of kinetic equations [16]. We refer the reader to this work
for a detailed comparison of the methods and [17, 15, 32, 49, 35] for further reading on
DLRA in kinetic theory.

We are interested in developing DLRA-based UQ methods for kinetic equations. The
first such approach using a slightly different representation was developed under the
term dynamically orthogonal (DO) field expansion in [53] and applied to problems in
ocean dynamics with random data [56]. Apart from the DO-type methods, there are
primarily two approaches in the literature that address the combination of DLRA and
uncertainties. The first approach treats the random variable ω as a phase-space variable
and evolves an uncertain basis over time and has been explored in [45, 46, 32]. This
approach can be viewed as a stochastic Galerkin method with a time-dependent, adaptive
random basis. This approach can be viewed as a stochastic Galerkin method with a
time-dependent, adaptive random basis. The second approach, outlined in [50], treats
the random variable as an input parameter to the PDE and uses DLRA as a black-box
approximation method for MC-based sampling. MC-based methods are widely adopted
due to their ease of implementation and widespread use for propagating uncertainties
in complex phenomena. Variance-reducing enhancements, such as the multilevel Monte
Carlo (MLMC) [21, 22] method, have further accelerated the use of sampling-based
methods. MLMC estimators exploit the hierarchical structures of numerical methods to
construct estimators that balance stochastic and numerical approximation errors while
minimizing computational costs. Extensive work on MLMC theory and estimators for
elliptic equations, parabolic equations, and hyperbolic conservation laws can be found
in [12, 13, 23, 2, 42, 43, 44]. Hence, we are interested in the second approach of combining
DLRA with a sampling-based UQ methods, wherein we combine non-intrusive methods
with DLRA.
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To mitigate the curse of dimensionality, in our previous work [50], we constructed
a DLRA-based low-rank Monte Carlo (DLR-MC) estimator for radiation transport in
one-dimensional slab geometry. This estimator computed the low-rank approximation
based on a fixed-rank integrator, i.e., one rank was chosen apriori and stayed constant
over time. The variance of the estimator was further reduced by constructing a control
variates estimator (DLR-CV) based on a “high” rank - “low” rank multi-fidelity strategy.
The DLR-MC and DLR-CV estimators focus on reducing the statistical error of the QoI,
with the implicit assumption that it dominates the numerical error. In higher dimensions
(d ≥ 2), this imposes a severe restriction on the extent of variance reduction since a highly
resolved grid is required to satisfy this assumption. Moreover, these estimators utilize
fixed-rank integrators, which necessitate prior knowledge of the rank (or maximal rank)
of the solution over the entire simulation. This leads to an over-approximation of rank,
resulting in higher computational costs.

In this work, we propose a rank-adaptive low-rank MC estimator based on the aug-
mented BUG integrator [8], which improves on the fixed-rank augmented BUG estimator
used in [50]. Further, we design a novel rank-adaptive dynamical low-rank MLMC frame-
work for kinetic equations. The central challenge is efficiently balancing the low-rank and
discretization errors, which we do by developing a spatially accurate augmented BUG
integrator. The novelties of the work can be summarized as follows,

• A rank-adaptive low-rank Monte Carlo (RaDLR-MC) estimator : We propose a
rank-adaptive RaDLR-MC estimator based on the augmented BUG integrator,
in which the rank of the solution is selected automatically at each time step to
satisfy a prescribed truncation tolerance. Unlike the fixed-rank estimator of [50],
this allows the approximation to adapt to evolving dynamics of the problem with
reduced computational overhead.

• A novel rank-adaptive low-rank multilevel Monte Carlo (RaDLR-MLMC) frame-
work : We propose a low-rank MLMC framework based on geometric spatial
refinement, a fixed discretization in velocity, and the augmented BUG integra-
tor [8] for time-stepping on the low-rank manifold. The rank-adaptivity of the
augmented BUG integrator is designed to preserve spatial discretization errors
on each level, thereby ensuring that the MLMC theorem holds.

• Numerical experiment for high-dimensional kinetic equations: We validate the
proposed RaDLR-MC and RaDLR-MLMC estimators on benchmark kinetic equa-
tions, including radiative transport, radiation therapy, and shallow water moment
equations.

The rest of the paper is organized as follows: In section 2, we recap DLRA for deter-
ministic PDEs and under Monte Carlo sampling. We present a rank-adaptive low-rank
Monte Carlo (RaDLR-MC) estimator for kinetic equations and discuss the relation be-
tween the discretization of the phase space and the rank of the approximation. In sec-
tion 3, we present a rank-adaptation strategy to obtain an augmented BUG integrator
that has dominant spatial error. Based on this, we propose a new low-rank Multilevel
Monte Carlo (RaDLR-MLMC) framework for kinetic equations. Finally, in section 4 we
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present numerical results for radiation transport, radiation therapy, and shallow water
moment equations under uncertainty.

2. Dynamical low-rank approximation and Monte Carlo sampling

2.1. Fundamentals of DLRA for deterministic problems

We begin this section by presenting the fundamental ideas of the continuous formulation
of DLRA [27] for deterministic time-dependent problems then extend it to the uncertain
PDE case.

Let u(t, x, v) denote the solution to the deterministic version of (1.1):

∂tu(t, x, v) +A(u)∂xu(t, x, v) = S(u)(t, x, v),
u(0, x, v) = u0(x, v),

u(t, x, v) = ub(t, x, v), x ∈ ΓD.

(2.1)

We restrict the solution of the deterministic kinetic equation to the low-rank manifold

Mr :=
{
g ∈ L2(D × V) | g(x, v) =

r∑
i,j=1

Xi(x)SijWj(v)

where Xi ∈ L2(D),Wj ∈ L2(V), Sij ∈ R
}

such that u admits the ansatz:

u(t, x, v) ≈ ur(t, x, v) =
r∑

i,j=1

Xi(t, x)Sij(t)Wj(t, v), (2.2)

where {Xi}i=1,...,r ∈ L2(D) and {Wj}j=1,...,r ∈ L2(V) are orthonormal bases, while Sij(t)
denotes the mixing coefficients. Let ⟨·, ·⟩x and ⟨·, ·⟩v denote the inner products defined
on L2(D) and L2(V), respectively. Then, by definition, we have

⟨Xi, Xk⟩x = δik, ⟨Wj ,Wl⟩v = δjl .

The goal is to evolve Xi, Wj , and Sij in time, such that the solution remains on the
low-rank manifold Mr and follows the dynamics of the problem. In DLRA [27], this is
done by projecting the dynamics of the problem onto the tangent space to the low-rank
manifold. That is, if Pur denotes the orthogonal projection onto the tangent space to
the low-rank manifold Mr at ur, then we solve

∂tur = Pur (F(t, ur)) , (2.3)

where
F(t, ur) := −A(ur)∂xur + S(t, ur) . (2.4)

Using the short-hand notation F := F(t, ur) the orthogonal projection is given by

Pur (F) =
r∑

j=1

⟨Wj ,F⟩vWj −
r∑

i,j=1

Xi ⟨XiWj ,F⟩x,vWj +
r∑

i=1

Xi ⟨Xi,F⟩x .

By imposing the gauge conditions ⟨∂tXi, Xj⟩x = 0 , ⟨∂tWi,Wj⟩v = 0 we obtain unique
evolution equations forXi, Sij , andWj . Note that the specific gauge conditions have been
chosen to obtain unique factorization of the low-rank factors in the tangent space [27].
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Since the rank of the solution is not known beforehand, it is often over-approximated,
resulting in evolution equations for the factors that are then severely ill-conditioned.
This is due to the inversion of the coefficient matrix S(t) = (Sij(t)), which has near-zero
singular values, that is required for determining the evolution of the bases [27]. Several
robust integrators have been proposed in recent years that are robust to the presence
of small singular values. The projector-splitting integrator (PSI), based on a Lie-Trotter
or Strang splitting of the orthogonal projection, was introduced in [41] and proven to
be robust to the presence of small singular values [26]. However, the PSI involves a
backward in time step to update Sij(t), which leads to unstable dynamics for parabolic
problems and even for hyperbolic problems [33]. The fixed-rank BUG integrator [10],
also known as the unconventional integrator, was developed to mitigate this drawback.
This development has facilitated the widespread use of DLRA integrators for kinetic
problems [16]. Since its development, the BUG integrator has been modified to allow
rank-adaptivity [8], completely parallel update steps [9], and provably high-order inte-
grators [7, 31, 47]. In this work, we use the augmented BUG integrator [8], a first-order
in time, rank-adaptive integrator for time-dependent problems.

We begin by deriving the evolution equations underlying all the BUG integrators. Let
Kj(t, x) :=

∑r
i=1Xi(t, x)Sij(t) such that ur(t, x, v) =

∑r
j=1Kj(t, x)Wj(t, v). Differenti-

ating with respect to t yields

∂tur =

r∑
j=1

∂t (KjWj) =

r∑
j=1

(∂tKjWj +Kj∂tWj) .

Inserting the above expression into the projected equation (2.3) and projecting onto the
space spanned by {Wj}j=1,...,r. For 1 ≤ l ≤ r, we obtain

r∑
j=1

(∂tKj⟨Wj ,Wl⟩v +Kj⟨∂tWj ,Wl⟩v) =
r∑

j=1

⟨Wj ,F⟩v ⟨Wj ,Wl⟩v

−
r∑

i,j=1

Xi ⟨XiWj ,F⟩x,v ⟨Wj ,Wl⟩+
r∑

i=1

Xi ⟨XiWl,F⟩x,v .

Using the orthogonality of Wj and the gauge condition ⟨∂tWi,Wj⟩v = 0, we arrive at

∂tKl(t, x) = ⟨Wl,F⟩v.
Note that since Wl on the right-hand side is also time-dependent, we need to close the
system. The system is closed by assuming that Wl remains constant over the time step.
Thus, to update the spatial basis from t0 to t1 = t0 +∆t, we solve the following system
of equations

∂tKl(t, x) = ⟨Wl,F⟩v , ∂tWl = 0. (2.5)

Similarly, defining Li(t, v) :=
∑r

j=1 Sij(t)Wj(t, v) and following the same steps as for
Kj , we obtain the following evolution equations for the remaining factors:

∂tLi(t, v) = ⟨Xi,F⟩x, ∂tXi(t, x) = 0, (2.6)

∂tSij(t) = ⟨XiWj ,F⟩x,v ∂tXi(t, x) = 0, ∂tWj(t, v) = 0 . (2.7)

The update for Sij is obtained by testing (2.3) with XiWj and integrating over the
spatial and velocity domains. The choice of initial conditions for these closure equations
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Integrator S(t0) rank-adaptive parallel updates

fixed-rank BUG [10] X1,⊤X0S0W 0,⊤W 1 ∈ Rr×r no partial

fixed-rank augmented BUG [8] X̃⊤X0S0W 0,⊤W̃ ∈ R2r×2r no partial

augmented BUG [8] X̃⊤X0S0W 0,⊤W̃ ∈ R2r×2r yes partial

parallel BUG [9] S0 ∈ Rr×r yes full

Table 1. Comparison of BUG integrators for dynamical low-rank ap-
proximation, including the S-step initial condition, rank-adaptivity, and

parallelism properties. X̃ and W̃ are as defined in the K- and L-steps of
the augmented BUG integrator. “Partial” parallel updates are in the K-
and L-steps, while “full” implies in all three sub-steps.

leads to various integrators. A summary of the integrators is provided in Table 1. The
initial conditions for the K- and L-steps of all the integrators are the same as for the
augmented BUG integrator described below.

In the augmented BUG integrator, (2.5) and (2.6) are first updated in parallel from
initial data. The basis is expanded by augmenting the previous basis at time t0 to
the updated basis. The coefficients are subsequently updated by projecting onto the
augmented basis and evolving time with (2.7). To make this more precise, we present
one step of the augmented BUG integrator. For the given initial data ur(t0, x, v) =∑r0

i,j=1X
0
i (x)S

0
ijW

0
j (v) = X0,⊤(x)S0V 0(v) at time t0 the augmented BUG integrator

computes the solution at time t1 = t0 +∆t as follows:

(1) K-step: Update and augment the spatial basis from {X0
i (x)}r0i=1 to {X̃1

i }2r0i=1 by
solving

∂tKj = ⟨W 0
j ,FK⟩v, Kj(t0, x) =

r0∑
i=1

X0
i (x)S

0
ij ,

where FK(t, x, v) := F(t,
∑r

j=1Kj(t, x)W
0
j (v)). Compute {X̃1

i (x)}i=1,...,2r0 as

an orthonormal basis of
{
K1

1 (x), . . . ,K
1
r0(x), X

0
1 (x), . . . , X

0
r0(x)

}
and store the

matrix M ∈ R2r0×r0 with entries (M)αβ = ⟨X̃1
α, X

0
β⟩x.

(2) L-step: Update and augment the velocity basis from {W 0
j (v)}r0i=1 to {W̃ 1

j }2r0j=1

by solving

∂tLi = ⟨X0
i ,FL⟩x, L0

i (v) =

r0∑
j=1

S0
ijW

0
j (v),

where FL(t, x, v) := F(t,
∑r

i=1X
0
i (x)Li(t, v)). Compute {W̃ 1

j }j=1,...,2r0 as an or-

thonormal basis of
{
L1
1, . . . , L

1
r0 ,W

0
1 , . . . ,W

0
r0

}
and store the matrix N ∈ R2r0×r0

with entries (N)αβ = ⟨W̃ 1
α,W

0
β ⟩v.
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(3) Define S̃0 = MS0N⊤ ∈ R2r0×2r0 , where S0 = (S0
ij) ∈ Rr0×r0 . Update the coeffi-

cients to S̃1 = S̃(t1) ∈ R2r0×2r0 by solving

d

dt
S̃ij(t) = ⟨X̃1

i W̃
1
j ,FS⟩x,v, S̃ij(t0) = (S̃0)ij ,

where FS(t, x, v) := F(t,
∑r

i,j=1 X̃
1
j (x)S̃ij(t)W̃

1
j (v)).

(4) Truncation: Compute the SVD S̃ = P̃Σ̃T̃⊤, where Σ = diag(σk) contains the

singular values of S̃. Choose the new rank r1 ≤ 2r0 as the smallest number
satisfying:  2r0∑

k=r1+1

σ2k

1/2

≤ ϑ .

For i, j = 1, . . . , r1, set S
1
ij = σiδij , X

1
i (x) =

∑2r0
k=1 X̃

1
k(x)P̃ki, and W 1

j (v) =∑2r0
k=1 W̃

1
k (v)T̃kj

Then the factorized solution at time t1 with rank r1 is given by
∑r1

i,j=1X
1
i (x)S

1
ijV

1
j (v).

Remark 2.1. Note that in practice, to update the low-rank factors, we need to define
an appropriate discretization of the spatial and velocity domains and the corresponding
inner products.

2.2. Rank-adaptive dynamical low-rank Monte Carlo (RaDLR-MC) estimator

In the probabilistic setting, we treat the random variable as a parameter of the ki-
netic equation and assume that the solution to (1.1) admits the following uncertainty-
dependent low-rank ansatz:

u(t, x, v ;ω) ≈ ur(t, x, v ;ω) =
r∑

i,j=1

Xi(t, x ;ω)Sij(t ;ω)Wj(t, v ;ω) . (2.8)

Thus, for each realization of the random variable, we can compute the low-rank approx-
imation by repeatedly applying the augmented BUG integrator with a given truncation
tolerance ϑ. This estimator can also be extended to any (rank-adaptive) BUG integrator
with a pre-defined truncation tolerance ϑ in a straightforward way. Let Qr denote the
low-rank approximation to the QoI Q, computed with the augmented BUG integrator.

To estimate E [Q] defined in (1.2), we construct and compute the estimator Q̂r to E [Qr].
For completeness, we state the RaDLR-MC estimator. Let ω1, . . . , ωM be M indepen-
dent and identically distributed (i.i.d.) random realizations of ω. Then, we define the
RaDLR-MC estimator as

Q̂MC
r :=

1

M

M∑
i=1

Q(i)
r

where Q
(i)
r := Qr(ωi) denotes the QoI approximated with the augmented BUG integrator

with truncation tolerance ϑ for the ith i.i.d. copy of ω. We quantify the accuracy of the

8
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estimator with the mean squared error (MSE) defined as

e
(
Q̂MC

r

)2
:= E

[∥∥∥Q̂r − E [Q]
∥∥∥2
H

]
.

The estimator’s dependence on the truncation tolerance ϑ can be made more explicit by
replacing the subscript r by ϑ in ur and Qr. However, to avoid introducing new notation,
we continue with the subscript r to denote the low-rank approximation. In the context
of rank-adaptive integrators, r should be interpreted as a varying quantity that depends
on ϑ.

Unlike the fixed-rank augmented BUG integrator in [50], the rank in the augmented
BUG integrator evolves as a function of the truncation tolerance ϑ. Although this ap-
proach improves adaptability to the underlying problem dynamics and uncertainty, se-
lecting an appropriate value for ϑ demands a thorough understanding of the integrator,
the problem at hand, and the numerical method employed. For instance, the parallel
BUG integrator requires a smaller tolerance compared to the augmented BUG integra-
tor to get comparable results for the same test case [9]. Moreover, if R(t ;ur, ϑ) denotes
the rank of the approximation ur at time t for truncation tolerance ϑ, then in the prob-
abilistic setting R is a random variable. Thus, the error in the low-rank approximation
may vary from highly accurate to highly inaccurate across samples.

2.2.1. Evaluating the bias of augmented BUG

To gain more insight into the relation between the low-rank approximation and trun-
cation tolerance, we evaluate the bias of the RaDLR-MC estimator. The MSE of the
RaDLR-MC estimator can be decomposed as

e
(
Q̂MC

r

)2
= E

∥∥∥∥∥ 1

M

M∑
i=1

(Q(i)
r − E[Qr])

∥∥∥∥∥
2

H

+ ∥E [Qr −Q]∥2H ,

where we have used the fact that H is a Hilbert space with the inner product norm
∥·∥2H = ⟨·, ·⟩H and

E
[〈
Q̂MC

r − E [Qr] ,E [Qr]− E [Q]
〉
H

]
= ⟨E[Q̂MC

r ]︸ ︷︷ ︸
=E[Qr]

− E [Qr] ,E [Qr]− E [Q] ⟩H = 0

Thus, the MSE can be written in terms of the estimator variance Vr and bias Br as

e
(
Q̂MC

r

)2
=

1

M
Vr +B2

r ,

where

Vr := E[∥Q(1)
r − E[Qr]∥2H ] and Br := ∥E[Qr −Q]∥H .

We can further decompose the bias Br into contributions from the spatio-velocity
discretization and the low-rank approximation. Let ufull denote the approximation to
(1.1) computed using the same numerical discretization method (without DLRA) as for
the low-rank approximation ur, and let Qfull denote the corresponding QoI. We assume
that ufull and ur have the exact same spatio-velocity discretization parameters, i.e.,

∆xfull = ∆x = ∆xr and ∆vfull = ∆v = ∆vr, where ∆x ∈ Rd
>0 and ∆v ∈ Rd

>0 are the

9
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spatial and velocity discretization parameters. Adding and subtracting Qfull in the bias
and using the triangle inequality, we obtain

Br ≤ ∥E [Qr −Qfull]∥H︸ ︷︷ ︸
low-rank contr.

+ ∥E [Qfull −Q]∥H︸ ︷︷ ︸
spatio-velocity contr.

.

To further simplify the inequality, we use Jensen’s inequality and the Lipschitz continuity
of Q, which yields

Br ≤ L · E[∥ur − ufull∥] + L · E[∥ufull − u∥] ,
where ∥·∥ is an appropriate norm for the approximations ur and ufull to (1.1), for instance
the L2 norm.

The error contribution of the spatio-velocity discretization can be estimated using
standard theory on numerical methods. For an order α ≥ 1 method in space and order
q ≥ 1 in velocity domain, we assume that the error contribution of the spatio-velocity
discretization has the form

∥u− ufull∥ ≤ K1(ω)h
α
x +K2(ω)h

q
v ,

where hx := ∥∆x∥∞, hv := ∥∆v∥∞, and ∥·∥∞ is the infinity norm.
In [8], the authors prove rigorous error bounds for the augmented BUG integrator

that are robust to the presence of small singular values (over-approximation of the rank).
However, these error bounds use the Lipschitz continuity of the right-hand side operator
F . For kinetic equations, the Lipschitz constant of the right-hand side scales as O(1/hx),
rendering the error bounds invalid.

While no rigorous bounds exist for the augmented BUG integrator without the Lip-
schitz constant, from experiments on deterministic problems, it is known that the error
tends to respect the following bound

∥ur(ts, ·, ·)− ufull(ts, ·, ·)∥ ≤ K3∆t+K4sϑ+K5ϵ,

where ts = t0 + s∆t and ∆t = tend/Nt for some Nt ∈ N, ϵ is the low-rank projection
error, and K3, K4, K5 are independent of the singular values of ur. Overall, the bias
term has the following structure

Br ≤ L(K̂1h
α
x + K̂2h

q
v + K̂3∆t+ K̂4sϑ+ K̂5ϵ),

where L is the Lipschitz constant of Q and K̂i, i ∈ {1, 2, 3, 4, 5}, are expectations of Ki

over p(ω).

2.2.2. Cost analysis of the RaDLR-MC estimator

We evaluate the cost of achieving an MSE of ε2 for the RaDLR-MC estimator, i.e.,

e
(
Q̂MC

r

)2
≤ ε2,

=⇒ 1

M
Vr +B2

r ≤ ε2.

For 0 < θ < 1, the contribution of the statistical error and numerical error can be
distributed as

1

M
Vr ≤ θ · ε2, Br ≤

√
1− θ · ε .

10
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This splitting, of the contributions to the MSE, leads to a trade-off between the accu-
racy of the approximation and the variance of the estimator. Usually, one is interested
in computing a low-variance estimate of an accurate approximation of the QoI. In terms
of the low-rank approximation error, this implies that the solution is computed on a
fine grid in the phase space with a small truncation tolerance to accurately capture the
solution. Moreover, M ≥ Vr/(θ · ε2) samples must be performed to achieve the required
low variance. Thus to construct such an estimator, we need to completely understand the
relation between the bias and its various contributions. The behavior of the approxima-
tion error due to spatial and velocity discretizations is a well studied subject and can be
found in any standard textbook on the topic. See [36, 6] for instance. A less understood
relation, however, is that between the approximation error and the truncation tolerance
ϑ. To study this for the augmented BUG integrator, we consider the linesource test case,
described in [8].

In Figure 1, we plot the absolute error of the low-rank approximation of the QoI, Qr,
to the full rank approximation Qfull against the truncation tolerance of the augmented
BUG integrator for various spatial grids and velocity discretizations.

From Figure 1 we see that, the error depends on both the spatio-velocity discretization
and the truncation tolerance. Moreover, for a fixed spatial and velocity discretization, it
is not possible to achieve a target MSE by varying the truncation tolerance alone (and
hence the approximation rank), unless the spatio-velocity error is already bounded by
ε/
√
2. This limitation extends to the low-rank control variates strategy proposed in [50].

Nevertheless, Figure 1 shows that refining the spatial grid at a fixed velocity resolution
reduces the approximation error, and thus the bias and overall MSE of the estimator. We
exploit this observation in the next section to construct a spatially accurate augmented
BUG integrator and an adaptive estimator for kinetic equations.

3. A rank-adaptive framework for low-rank multilevel Monte Carlo

Exploiting spatial refinement as the primary mechanism for controlling approximation
error, we construct a multilevel estimator over a hierarchy of spatial discretizations,
each paired with a low-rank approximation of the kinetic equation. The intuition is
straightforward: coarse levels are cheap to evaluate and capture the bulk of the solu-
tion structure at low rank, while successive refinements incrementally correct the bias
introduced by both spatial discretization and rank truncation. The multilevel telescop-
ing sum then aggregates these corrections, and the sample allocation across levels can
be tuned to balance statistical and approximation errors. The outcome is an estimator
that pairs the well-known variance reduction of MLMC with the computational savings
of low-rank compression in phase space; a combination particularly well-suited to the
high-dimensional setting of kinetic equations. We call this the rank-adaptive dynamical
low-rank multilevel Monte Carlo (RaDLR-MLMC) estimator.

3.1. A spatially accurate low-rank approximation

The error of the low-rank approximation of the QoI is governed by four discretization pa-
rameters: spatial cell size ∆x, velocity grid cell size ∆v, time step size ∆t, and truncation

11
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Figure 1. Dependence of the low-rank approximation error and maxi-
mum rank on the truncation tolerance ϑ for the line source test case [8].
Here Q(x) := ϕ(t = 1.0, x) =

∫
S2 ψ(t = 1.0, x,Ω)dΩ denotes the scalar

flux and Ω = v/|v| is the direction of flight. (Top) Spatial refinement
study: discrete L2 error of ϕr against a full-rank reference ϕfull on a
256× 256 grid (left) and maximum rank rmax over all time steps (right),
for spatial grids ranging from 32×32 to 256×256 cells with fixed angular
resolution. (Bottom) Angular refinement study: same quantities for an-
gular resolutions ranging from N = 8 to N = 128 with fixed spatial grid.

tolerance ϑ (recall Figure 1). To lay the groundwork for the multilevel estimator, we first
describe how spatial refinement can be incorporated into the low-rank approximation
framework.

We use an explicit Euler time-stepping scheme and for stability considerations, the
time step size is chosen to satisfy the following Courant-Friedrichs-Lewy (CFL) condition

∆t ≤ CFL

|v|σ

( ∏d
i=1∆xi∑d

i=1

∏
i̸=j ∆xj

)
, (3.1)

where |v| := sup(V) < ∞. Note that the CFL condition may contain additional terms,
like the scattering or absorption coefficient for radiation transport. These problem-
specific terms are incorporated in σ. On a uniform spatial grid ∆xi = hx, for i = 1, . . . , d,

the product
∏d

i=1∆xi = hdx and the sum of products is
∑d

i=1

∏
i̸=j ∆xj = d hd−1

x , so the

12
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CFL condition reduces to

∆t ≤ CFL

d |v|σhx . (3.2)

For an order α method in space, choosing the truncation tolerance to satisfy

ϑ ≤ K̂1

K̂4

(
CFL

d σ|v| tend

)
hᾱx , (3.3)

where ᾱ := min{α + 1, 2}, ensures that the low-rank approximation error does not
dominate the spatial discretization error. Since we use an asymptotically first order
method in time, using a higher-order spatial discretization does not yield additional
benefits. This could be mitigated by using a higher-order BUG integrator [7, 31, 47] in
conjunction with a higher-order spatial discretization.

Substituting the CFL-constrained ∆t and the bound on ϑ into the general error es-
timate, and assuming a uniform spatial grid, the dominant term in the bias reduces
to

Br ≤ K̂6hx + K̂2h
q
v + K̂5ϵ , (3.4)

where

K̂6 = L ·max

{
K̂1, K̂3, K̂1

(
CFL

d σ|v| tend

)}
.

3.2. The RaDLR-MLMC method and algorithm

Finally, we state the rank-adaptive dynamical low-rank multilevel Monte Carlo (RaDLR-
MLMC) estimator for kinetic equations. We see from (3.4) that for a high-order method
in velocity (q > 1) and small low-rank projection error ϵ ≪ 1, the bias is dominated by
the spatial error. The assumption that the low-rank projection error is non-dominant
remains valid for the problems considered in this work which require the solution to
admit a low-rank structure. Thus, we use a high-order method in the velocity domain
such that the spatial error remains the dominant contribution to the bias term and
construct the multilevel hierarchy in space. Let hx,ℓ := hx,0/2

ℓ denote the width of the
uniform spatial grids, where ℓ = 0, 1, . . . , L are referred to as levels and hx,0 is the size
of a spatial cell on the coarsest level. Furthermore, we let

ϑℓ :=
K̂1

K̂4

(
CFL

d σ|v| tend

)
hᾱx,ℓ, and ∆tℓ :=

(
CFL

d σ|v|

)
hx,ℓ .

If we define the low-rank approximation on the grid parametrized by (∆tℓ, hx,ℓ,∆v, ϑℓ)
by Qℓ, ℓ = 0, 1, . . . , L, then E [QL], on the finest level L, can be written as the telescoping
sum

E [QL] = E [Q0] +
L∑

ℓ=1

(E [Qℓ]− E [Qℓ−1]) =
L∑

ℓ=0

E [∆Qℓ] , (3.5)

where we define the random variable ∆Qℓ(ω) := Qℓ(ω) − Qℓ−1(ω), with Q−1(ω) ≡ 0.
The basic principle of the MLMC method is to estimate the QoI on the finest level L by
sampling from ∆Qℓ on level ℓ = 0, . . . , L.

13
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The RaDLR-MLMC estimator for E [QL] based on the telescoping sum (3.5) is defined
as

Q̂ML
L :=

L∑
ℓ=0

1

Mℓ

Mℓ∑
i=1

∆Q
(i)
ℓ , (3.6)

where Mℓ is the sample size on level ℓ and ∆Q
(i)
ℓ , i = 1, . . . ,Mℓ, are Mℓ i.i.d. copies of

∆Qℓ. The MSE of the RaDLR-MLMC estimator is given by

e
(
Q̂ML

L

)2
= E

[∥∥∥Q̂ML
L − E [Q]

∥∥∥2
H

]
= E

[∥∥∥Q̂ML
L − E [QL]

∥∥∥2
H

]
+ ∥E [QL −Q]∥2H .

Inserting the MLMC estimator (3.6) and the telescoping sum (3.5) in the MSE, we obtain

e
(
Q̂ML

L

)2
= E

∥∥∥∥∥
L∑

ℓ=0

1

Mℓ

Mℓ∑
i=1

(
∆Q

(i)
ℓ − E [∆Qℓ]

)∥∥∥∥∥
2

H

+ ∥E [QL −Q]∥2H

=

L∑
ℓ=0

1

Mℓ
E
[
∥∆Qℓ − E [∆Qℓ]∥2H

]
+ ∥E [QL −Q]∥2H

=

L∑
ℓ=0

1

Mℓ
Vℓ + ∥E [QL −Q]∥2H

where Vℓ := E
[
∥∆Qℓ − E [∆Qℓ]∥2H

]
= V[∆Qℓ] has been defined in (1.3).

The first term of the MSE is called the total variance of the estimator, while the second
term is the bias of the estimator. In the MLMC method, the statistical and numerical
errors of the estimator are balanced to reach a certain predefined accuracy ε. To be
specific, for a given ε > 0, we want to choose the finest discretisation level L and the
number of samplesMℓ on each level such that the MSE of the RaDLR-MLMC estimator

satisfies e
(
Q̂ML

L

)2
≤ ε2. As discussed in Section 2.2.2, this leads to a trade-off between

the error contributions which can be distributed using a parameter 0 < θ ≤ 1. One way
to resolve this is by choosing θ = 0.5, i.e., equally splitting the ε-error between the two
error contributions and thus requiring that the total variance and bias be at most ε2/2.
This splitting of the error is not necessarily the most optimal strategy [24], but rather a
pragmatic compromise.

If Cℓ is the cost of computing a single sample of ∆Q
(i)
ℓ , then the total cost of the

RaDLR-MLMC estimator is given by

C
(
Q̂ML

L

)
=

L∑
ℓ=0

MℓCℓ .

If we have an a priori estimate of the bias, then we can find an optimal L satisfying
∥E [QL −Q]∥2H ≤ ε2/2. In general, the constants are not known a priori, and hence L is
chosen on-the-fly by estimating the bias during computation as described in [12].

Assuming that we know the final level L, the number of samples on each level is chosen
such that the total cost is minimized while the total variance is bounded by ε2/2. That
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Algorithm 1 RaDLR-MLMC algorithm

1: Initialize L = 2 with initial samples Mℓ on levels ℓ = 0, 1, 2
2: Initialize Kℓ = 0 to be the count of already computed samples on level ℓ
3: while Kℓ < Mℓ do
4: for ℓ = 1, . . . , L do

5: On level ℓ, generate additional samples of ∆Q
(i)
ℓ for i = 1, . . . ,Mℓ −Kℓ with

parameters (∆tℓ, hℓ,∆v, ϑℓ) and the augmented BUG integrator
6: Updates estimates of Vℓ for ℓ = 0, . . . , L
7: Compute the optimal number of samples Mℓ on each level ℓ = 0, 1, . . . , L

according to (3.7)
8: if Test for weak convergence of the QoI then
9: If weak convergence fails, set L := L+ 1, initialize ML, and KL = 0

10: end if
11: end for
12: end while

is, the optimal number of samples of level ℓ is given by [12]

Mℓ =

⌈
2ε−2

√
Vℓ/Cℓ

(
L∑

ℓ′=0

√
Vℓ′Cℓ′

)⌉
, (3.7)

where ⌈·⌉ is the ceiling function defined as ⌈a⌉ = min{m ∈ Z |m ≥ a} given any a ∈ R.
Generating addition samples ∆Q

(i)
ℓ on level ℓ in the line 4 of algorithm 1, requires

solving uncertain kinetic equation (1.1) on levels ℓ and ℓ− 1, with the same realization
of the random variable ω. Since, in most cases, the variance Vℓ is not known a priori, it
must be estimated as,

Vℓ = E
[
∥∆Qℓ − E [∆Qℓ]∥2H

]
≈ 1

Mℓ − 1

Mℓ∑
i=1

∥∥∥∆Q(i)
ℓ

∥∥∥2
H
− 1

Mℓ

∥∥∥∥∥
Mℓ∑
i=1

∆Q
(i)
ℓ

∥∥∥∥∥
2

H

 .

Due to the high dimensionality of the kinetic equations, accumulating samples to esti-
mate the expected value and variance can be infeasible. To avoid this, we use Welford’s
online algorithm [57] to compute the expected value and variance on-the-fly on each
level.

To test for convergence, in line 7 of algorithm 1, we verify if

∥E [QL −Q]∥H < ε/
√
2

is satisfied for the given tolerance ε. Since the exact solution E[Q] is unknown a priori,
we estimate the error based on estimates of the last levels ∆QL. Assuming that the error
of the differences behaves as ∥E[Qℓ −Qℓ−1]∥H = O(2−αℓ), as ℓ→ ∞ for α ≥ 1, we get

∥E [QL −Q]∥H =

∥∥∥∥∥
∞∑

ℓ=L+1

E [Qℓ −Qℓ−1]

∥∥∥∥∥
H

≤
∞∑

ℓ=L+1

∥E [Qℓ −Qℓ−1]∥H ≃ ∥E [QL −QL−1]∥H
2α − 1

,

where

A ≃ B ⇐⇒ cB ≤ A ≤ ĉB, c, ĉ > 0 .
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Remark 3.1. For robustness of the bias estimate, we extrapolate the error from the
previous two levels ∥E [QL−1 −QL−2]∥H and ∥E [QL−2 −QL−3]∥H , and check if the max-
imum of the three satisfies the convergence criterion. Note that since this is a heuristic
approach that does not provide theoretical guarantees, we choose a very conservative
strategy. Our later convergence tests in Figure 2 serve motivate this and confirm that it
is effective in keeping the error within the prescribed accuracy.

Note that the RaDLR-MLMC has been constructed to preserve the spatial accuracy
of the underlying discretization method. Thus, we can use the following generic MLMC

theorem to characterize the total cost of the RaDLR-MLMC estimate Q̂ML
L in a Hilbert

space H.

Theorem 3.2 ([22]). Assume that there exist constants α, β, γ > 0, such that α ≥
1
2 min{β, γ} and we have the asymptotic rates

(i) ∥E[Qℓ −Q]∥H ≤ c12
−αℓ,

(ii) Vℓ ≤ c22
−βℓ, and

(iii) Cℓ ≤ c32
γℓ.

Then for any given ε small enough, there exists a total number of level L and the number
of samples Mℓ, ℓ = 0, . . . , L, such that the MSE satisfies

e
(
Q̂ML

L

)2
< ε2,

and

C
(
Q̂ML

L

)
≤ c


ε−2, if β > γ,

ε−2(ln ε)2, if β = γ,

ε−2− γ−β
α , if β < γ.

The computational complexity predicted by the MLMC theorem above is guaranteed,
provided that the assumptions (i)–(iii) are satisfied. These are often difficult to verify
theoretically for complex models, and we refer the reader to the numerical experiments
section for numerical verifications for various kinetic equations considered in this paper.

Finally, we note that the classical complexity bound of Theorem 3.2 identifies three
regimes, depending on the interplay between the variance decay rate β and the cost
growth rate γ. The optimal regime β > γ yields complexity O(ε−2), matching plain
Monte Carlo in the idealized setting where sample cost is fixed, i.e., independent of
the discretization level. The borderline case β = γ incurs only a logarithmic overhead,
O(ε−2| log ε|2). While these favorable rates are often attainable through a judicious choice
of discretization—for instance, when levels correspond solely to different step sizes in a
time-stepping scheme—more involved discretizations combining spatial, temporal, and,
as in this work, rank-based refinement often fall into the worst-case regime β < γ,
particularly for computationally expensive models. It is important to stress, however,
that even in this worst case, MLMC still reduces the complexity exponent by β/α relative
to plain Monte Carlo, which can translate to savings of several orders of magnitude, as
we demonstrate in the numerical experiments section.
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Dimensions D V A(u)∂xu
d = 2 [−3, 3]2 PR2(S2) Ω · ∂xu
d = 1 [−3, 3] PR(S2) µ∂xu

Table 2. Domain of the spatial variable x ∈ D and the angular variable
Ω ∈ V for the radiative transport equation in one-, and two-dimensional
slab geometry. The projection of S2 onto R2 is defined as PR2(S2) :={
Ω = (

√
1− µ2 sin θ,

√
1− µ2 cos θ)

∣∣∣ θ ∈ [0, 2π), 0 ≤ µ ≤ 1
}

and

PR(S2) :=
{
µ
∣∣ − 1 ≤ µ ≤ 1

}
.

Remark 3.3. In case of multiple QoIs, say Q = (Q1, . . . , Qk), we estimate the variance
and expected difference on level ℓ as the maximum of the individual variances and
expected differences. That is,

Vℓ := max
i=1,...,k

{Vℓ,1, . . . , Vℓ,k} ,∥∥E [QL −QL−1

]∥∥
H

:= max
i=1,...,k

{∥E [QL,i −QL−1,i]∥H} ,

where Vℓ,i and ∥E [QL,i −QL−1,i]∥H are the variance and expected differences on level ℓ

for the ith QoI. This strategy is a conservative choice that doesn’t strictly fit into the
setting of Theorem 3.2; however, it preserves the algorithmic guarantees component-wise.

4. Numerical results

In the following, we present numerical experiments ranging from a one-dimensional test
case, for which error convergence and computational costs can be assessed against a semi-
analytical solution, to a challenging two-dimensional radiation transport benchmark, a
high-dimensional radiation therapy dose calculation, and finally the hyperbolic shallow
water moment equations, demonstrating the generality of our method beyond radiation
transport. In all experiments, the velocity variable is discretized using the PN method [6]
with n basis functions and the MLMC methods use 10 warm-up samples except the
shallow water equations and radiation therapy in which we use 20 and 50, respectively.1.

4.1. Radiation transport

We consider a one-speed radiation transport equation such that Ω ∈ V = Sd−1 is the
direction of flight of a particle traveling at speed v0. Without loss of generality we
assume v0 = 1. The spatial and angular domains D and V and the advection operator
A(u)∂xu are specified in Table 2 for the one- and two-dimensional slab geometry. Note
that in the one-dimensional slab geometry, we replace the angular variable Ω by µ, which
corresponds to the projection of S2 onto R under symmetry assumptions.

The collision operator is assumed to be isotropic. It is given by S(u;ω) := σs
(∫

V u dΩ− u
)
−

σau + s, where s is the source term. In the collision operator, σs denotes the scattering

1All numerical experiments presented in this section were conducted using our open-source Ju-
lia implementation, available at https://github.com/chinsp/publication-RaDLR-MLMC-for-Kinetic-
Equations.git.
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coefficient and σa the absorption coefficient specifying the probability of scattering and
absorption of particles, respectively.

4.1.1. Gaussian pulse test case

In the first test case, we consider the uncertain Gaussian pulse test case with an uncertain
scattering coefficient [3, 4, 20]. The QoI for this test case is the scalar flux at time t = 1

which we denote by Q(x) :=
∫ 1
−1 u(t = 1.0, x, µ ;ω) dµ. The scattering coefficient has the

form, σs = σs(1 + 0.1ω), where ω ∼ U(−1, 1) and σs = 1.0 is the scattering coefficient.
That is, we assume that there is 10% uncertainty in the probability of scattering of
particles. The initial condition is a Gaussian pulse centered at x = 0

u(t = 0, x, µ ;ω) = exp
(
−x2/κ2

)
,

where κ is a given constant and D and V correspond to the first row in Table 2. For
this problem, a semi-analytic solution is available and is computed using the gPC-sG
expansion [3, 4]. It serves as a reference for computing the errors of the Monte Carlo-
based estimators. We denote the semi-analytic solution by E[Qsa].

To study the convergence behavior and computational costs of the low-rank based
estimators, we compare the RaDLR-MC, full-MLMC (without DLRA), and RaDLR-
MLMC with varying tolerances ε to the semi-analytic solution on a reference grid of
size hx,ref = 5.859375 × 10−3. The coarsest discretization parameters for the MLMC
estimators are hx,0 = 0.375 with n = 501 basis functions for angular discretization.

For a fair comparison, we discretize the RaDLR-MC to match the finest level of the
full-rank MLMC and the RaDLR-MLMC for a specified tolerance ε. Notably, the finest
levels for both estimators coincided across all experiments. The relative error of the
estimators and their corresponding costs (minimum over 5 runs) for varying tolerances
ε are shown in Figure 2.

From Figure 2, we see the bias of all three methods follows the expected curve as ε is
varied. Moreover, by comparing the total computation cost of the estimator we see that
the RaDLR-MC, at the finest level, is more expensive than the MLMC estimators at the
same relative error. At large tolerances, the full-rank MLMC is computationally cheaper
than RaDLR-MLMC which can be attributed to the additional costs of computing QR
decompositions in the augmented BUG integrator [8]. At lower tolerances, the finest
level of the MLMC estimators is large enough that the computational cost of computing
a full-rank sample is much higher than the additional cost of QR decomposition. Thus,
the RaDLR-MLMC allows for a computationally cheaper estimate of the expected value
of the QoI. These effects are more pronounced in higher-dimensions wherein, for certain
problems, it is infeasible to compute a single sample of the full-rank solution.

4.1.2. Lattice test case

Next, we consider an uncertain lattice test case for the radiation transport equation
in two-dimensional slab geometry, which is an important benchmark in the radiative
transfer community [34, 54]. The geometry of the lattice is given in Figure 3, where
the colored blocks represent a strongly absorbing material, while the white regions are
treated as weak scatterers of radiation. A constant source placed in the central block
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Figure 2. Results of the Gaussian pulse test case with σs = 1.0 and
κ = 0.5 for the RaDLR-MC (with augmented BUG), full-rank MLMC,
and RaDLR-MLMC. The solution is compared to the semi-analytic solu-
tion E[Qsa] computed using gPC-sG expansion [4, 3]. Left: Error of the
different estimators with respect to the semi-analytic solution versus the
tolerance of the adaptive estimators. Right: Error versus cost (minimum
over 5 runs) for the three estimators.

emits particles in all directions isotopically. This radiation is absorbed by the blocks,
forming radiation shadows away from th source. We provide the details of the random
parameters and refer the reader to [54] for complete details of the test case.

σbluea (ω) σorangea (ω) s(t, x,Ω ;ω)
Experiment 1 U(9.5, 10.5) U(9.0, 11.0) U(0.9, 1.1)
Experiment 2 U(9.0, 11.0) U(8.5, 11.5) U(0.9, 1.1)

Table 3. Uncertain parameters for each experiment. The blue outer
absorbers, orange inner absorbers, and isotropic source are modelled as
independent uniform random variables.

We assume that the strength of the absorbing blocks in the lattice and the source is
uncertain. We divide the absorbing blocks into two regions: the inner absorbers (σorangea ;
colored in orange in Figure 3) and the outer absorbers (σbluea ; colored in blue in Figure 3).
The quantity of interest is the scalar fluxQ(x) :=

∫
P(S2) u(t, x,Ω ;ω)dΩ. The distributions

of the random parameters for the test case are given in Table 3. At the coarsest level,
we set hx,0 = 0.21875 with 1600 basis functions for angular discretization.

In Figure 7, we plot E[Qℓ] (in log-scale) and the differences E[∆Qℓ] for the two test
cases. We see that the majority of the statistical variation is captured at the coarsest
level, while the higher levels correct for the bias in the estimator. We also see that for
Experiment 2, with higher uncertainty in the absorbing blocks, the scalar flux shows
more oscillations despite being estimated at the same MLMC tolerance ε. In Figure 3,
we plot the variance and cost of evaluating a sample on level ℓ. We see that β < γ,
which is not the most favorable case according to the MLMC theorem. However, based
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Figure 3. Left: geometry and setup of the lattice test case with un-
certain absorption and source. Middle: variance of the RaDLR-MLMC
estimator for the lattice test case across levels. Right: cost of the RaDLR-
MLMC estimator for the lattice test case across levels.

Figure 4. Left: CT image. Middle: variance of the RaDLR-MLMC es-
timator for the radiation therapy test case across levels. Right: cost of
the RaDLR-MLMC estimator for the radiation therapy test case across
levels.

on experiments, we see that this drop in efficiency across levels is still not as severe as
using the full-rank integrators which have a much higher cost per sample.

4.2. Radiation therapy

Next, we consider a more computationally challenging, high-dimensional test case. In
radiation therapy, treatment planning requires the computation of energy deposited in
a patient’s tissue for a specific treatment set up. Patient movements, set up errors,
or inaccuracies of available physical and medical data can introduce uncertainties that
need to be taken into account [39, 40]. However, already a single simulation of the
full six-dimensional transport problem without physical simplifications or model order
reduction can be extremely time-consuming. Thus, uncertainty quantification at a high
enough resolution is often infeasible in clinical practice [19].
We now consider a simplified prostate patient CT from the CORT data set [14] (see
Figure 4), irradiated with two 75 MeV proton beams which are placed in opposing lateral
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positions, i.e., at 90° and 270° gantry angle. Further, we assume a positioning error
following a normal distribution with standard deviation 3mm. Note, that this choice of
irradiation angles and uncertainty is similar to what would be used in application [51, 5],
however we have scaled down the size of the CT scan and adapted the energy of the
beams accordingly to limit computational costs.

Mathematically, we model proton transport using the continuous slowing down ap-
proximation to the steady linear Boltzmann transport equation:

Ω · ∇rψ(E, r,Ω)− ∂S(E, r)ψ(E, r,Ω)

∂E
− 1

2

∂2T (E, r)ψ(E, r,Ω)

∂E2
= Γψ(E, r,Ω), (4.1)

where the phase space of the particle density ψ consists of energy E ∈ [Emin, Emax] ⊂
R≥0, space r ∈ R3 and direction of flight Ω ∈ S2. The stopping power S describes the
average rate of energy loss and straggling T represents the statistical spread in energy loss
due to stochastic interactions. The collision operator Γ on the right-hand side depends
on the differential and total scattering cross sections Σs and Σt and is defined as

Γψ =

∫
S2
Σs(E, r,Ω

′ ·Ω)ψ(E, r,Ω′)dΩ′ − Σt(E, r)ψ(E, r,Ω). (4.2)

We model the incoming physical beams with a standard deviation of 0.3 cm in space and
1% in energy. The random lateral beam shifts ω ∈ R2 are applied in beam’s eye view
(perpendicular to the beam directions) and follow a normal distribution N (ω;µω,Cω)
with parameters

µω = (0, 0)T ,Cω =

[
0.32 0
0 0.32

]
.

The resolution on the coarsest level is chosen as 0.2 cm in beam direction (along the
y-axis) and 0.4 cm in the other dimensions. More details on the implementation and
numerical methods used can be found in [55].

Figure 4 shows the costs per sample and the variance for each level. Similarly to the
previous test case here β = 1.03 < 1.75 = γ which theoretically places us in the least
favorable case of the MLMC theorem. However, it is clear from Figure 4 that computing
a large number of samples for a Monte Carlo estimate of the expected value at highest
resolution is very expensive despite already having greatly reduced the costs by use of
the dynamical low-rank approximation. Using the low-rank MLMC approach, only a
very small number of samples is required at highest resolution, thus making expected
value computations much more feasible. Figure 5 shows the expected energy delivered
in the described CT test case as well as the differences and means at each level. Here
we can clearly see that while the basic structure of the solution can be represented at
coarser levels, the finest levels are necessary to capture essential details in the solution
such as the distinct peaks of the two beams.

4.3. Hyperbolic Shallow Water Moment Equations

The hyperbolic shallow water moment equations (HSWME) [30, 29] model free-surface
flows arising in applications such as flood prediction, tsunami simulation, and weather
forecasting. The HSWME are derived from the Navier–Stokes equations when assuming
a polynomial velocity profile along the water depth [30]. The resulting kinetic equations
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ℓ]
E[
Q
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Figure 5. Two-dimensional slice along x-y-plane of the quantity of inter-
est (deposited energy) for the radiation therapy test case with uncertain

beam positions. Row 1: ∆Qℓ for ℓ = 0, 1, 2, 3. Row 2: Qℓ =
∑ℓ

i=0∆Qi,
ℓ = 0, 1, 2, 3.

are then regularized to guarantee hyperbolicity as proposed in [29]. Despite being cheaper
than simulating incompressible Navier-Stokes equations, the HSWME yet remains ex-
pensive to simulate at scale, motivating the use of model order reduction techniques such
as DLRA. For a complete model description and details on DLRA for HSWME, we refer
the reader to [28].

The macroscopic variables in HMSWE are, the height of the water column h(t, x ;ω),
the velocity profile p(t, x, z), and the momentum of the water flow hpm, where pm(t, x ;ω)
denotes the mean velocity of the water flow. We consider an uncertain dam break test
case [28] with independent uncertainty in the initial background height, shock position,
and shock amplitude and set the QoI to be Q := (h, hpm)⊤. To e specific, the initial
condition is given by

h(t = 0, x ;ω) = 0.3ω1 + 0.35ω2 · (tanh (50x)− tanh (50(x− 0.2ω3))) ,

where ωi ∈ U(1−δ/100, 1+δ/100), for i = 1, 2, 3, represents ±δ% parametric uncertainty.
The flow is assumed to be initially at rest, i.e., p(t = 0, x, z) = 0.

The coarsest level is discretized by hx,0 ≈ 0.02 with 102 basis functions for the angular
discretization using the method of moments [6]. In Figure 6, we plot the expected value of
the height and momentum profiles for the dam break test case for three different MLMC
tolerances ε = 0.1, ε = 0.01, and ε = 0.005. These plots show that the uncertainty in the
initial condition of the dam break test case significantly effects the expected outcome of
the model. These can be simulated and quantified efficiently with the RaDLR-MLMC
estimators by choosing an appropriate tolerance. As expected, reducing ε improves the
estimate of E[Q] while only minor effects are seen in the expected velocity profile E[hpm].
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Figure 6. MLMC estimates of the water height E[h] (left) and mo-
mentum E[hpm] (right) for the shallow water shock problem. Each curve
corresponds to a different level of parametric uncertainty ±δ% of the
nominal values, ranging from ±5% to ±30% (±δ%). Results are shown
for MLMC tolerances ε = 0.1 (top), ε = 0.01 (middle), and ε = 0.005
(bottom). The number of solver calls N required to meet each tolerance
is reported in the legend. 23
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5. Conclusions and outlook

To overcome the computational bottleneck of sampling-based UQ methods for high-
dimensional kinetic equations, we introduced a rank-adaptive dynamical low-rank Monte
Carlo estimator that computes a low-rank approximation of the quantity of interest for
each sample. A detailed bias analysis revealed a key computational challenge inherent
to rank-adaptive integrators: the saturation of errors at smaller tolerances. To address
this challenge, we developed a spatially accurate rank-adaptive integrator and leveraged
it to construct a rank-adaptive dynamical low-rank multilevel Monte Carlo estimator,
significantly reducing the overall computational cost. We demonstrated the efficacy of the
proposed method on a range of challenging test cases. For higher-dimensional problems,
the ability to obtain reliable estimates of the quantities of interest at all represents
a significant achievement although the variance decay and cost growth remain far from
ideal. To facilitate reproducibility and broader adoption, we provide an open-source Julia
implementation of the method, compatible with any numerical solver, with or without
DLRA.
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