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Bright dissipative Kerr solitons in optical mi-
croresonators provide chip-scale sources of ultra-
short pulses and frequency combs. Their prop-
erties are defined by the cavity dispersion for
which fundamentally conflicting requirements ex-
ist: short pulses and broadband spectra require
weak dispersion, whereas strong dispersion is as-
sociated with predictable dynamics. Here, we
resolve this conflict by introducing a localized
strong-dispersion section spanning several modes
around the pump resonance within an otherwise
weakly dispersive system. We implement this
hybrid-dispersion scheme in a photonic crystal
microresonator and reveal a new soliton attrac-
tor of backward-propagating solitons, accessible at
low pump power in a thermally stable manner
within the blue-detuned regime. The conflicting
requirements for broadband spectra and low-noise
single-soliton formation are reconciled, even in
microwave-repetition-rate resonators, which oth-
erwise are prone to uncontrollable multi-soliton
formation. These results highlight the potential
to achieve previously incompatible characteristics
in nonlinear photonic systems through hybrid-
dispersion attractor shaping.

Introduction

Bright dissipative Kerr solitons (DKS) in continuous-wave
(CW) driven optical microresonators enable low-timing
jitter ultrashort pulse generation and broadband low-noise
frequency combs'™. Small cavity size enables ultrahigh
repetition rate above 10 GHz, which has enabled applica-
tions such as low-noise microwave generation* ", optical
communication® and computing”, optical spectroscopy'®,
and astronomical spectrograph calibration!'’'2. The Kerr-
nonlinear attractor state that underpins DKS formation
is influenced by the resonator’s mode dispersion, conve-
niently expressed by the integrated dispersion Djn(p) =
%DQ/,L2, the deviations of the mode frequencies w, from
a Di-spaced frequency grid, where D;/(27) is the res-
onator’s free-spectral range (FSR), and p the longitudi-
nal mode number measured relative to the pumped mode.

Positive values of D5 correspond to anomalous group ve-
locity dispersion that is needed to support bright soliton
pulses. When designing microresonators for DKS gen-
eration, a fundamental conflict exists: weak dispersion
0 < Dy < k (k is the resonance width) is needed to sup-
port ultrashort pulses and broadband spectra, but strong
dispersion Do ~ k is needed to create predictable ini-
tiation of low-noise oscillation!® and single-pulse forma-
tion!415,

Recently, new opportunities for dispersion engineering
have emerged by exploiting mode hybridization and as-
sociated mode frequency shifts (mode splitting/avoided
mode crossing). Approaches include deliberate coupling
between transverse mode families'®'®, mode coupling be-
tween resonators!®2? (photonic molecules), or photonic
crystal resonators (PhCRs), where a waveguide corruga-
tion induces controllable coupling between one or multiple
selected forward and backward propagating modes'421:22,
Specifically, if the pump mode is shifted to lower frequen-
cies, this can drastically alter the system’s characteristics:
Noisy states of the system can be suppressed'* and ef-
fectively blue-detuned operation, which overcomes ther-
mally unstable DKS initiation, can be achieved??. How-
ever, these functionalities come at the expense of drasti-
cally increased threshold power, as differential self- and
cross-phase modulation must compensate the frequency
shift of the pump resonance. As a frequency-shifted pump
mode implies strong dispersion at the pump wavelength,
the first oscillating sidebands can be moved closer to the
pump'®. This may enforce deterministic generation of
well-defined single-DKS'#'%. However, native D, must
not be too small to ensure mode-selectivity for the first
oscillating sidebands. This is again in conflict with a low-
D, for broadband operation and is incompatible with tech-
nologically important microwave repetition rate systems,
where D5 is intrinsically low.

Here, we introduce the concept of hybrid dispersion:
globally weak dispersion combined with strong dispersion
in a narrow spectral window around the pump. This ap-
proach reconciles previously competing dispersion require-
ments within a single microresonator. In a combined nu-
merical, analytical, and experimental approach, we show
that this dispersion landscape gives rise to a new attractor
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Figure 1 | Hybrid dispersion in a photonic crystal microresonator. a, lllustration of a photonic crystal microresonator with an
amplitude-modulated waveguide corrugation pattern creating a hybrid dispersion profile. The waveguide corrugation with amplitude
w(z) extends over a (full-width half maximum) distance Az, where z is a path length parameter of the resonators. When pumped
by a forward (FWD) propagating pump laser, the hybrid dispersion enables blue-detuned backward (BWD) propagating solitons. b,
Hybrid dispersion combines weak and strong dispersion characteristics in a single resonator, associated with broadband and narrowband
optical spectra. It is defined by a weak native dispersion D2, a pump mode frequency shift 7o, and a strong induced dispersion D,
around the central pump mode; the width of the strong dispersion interval scales inversely with Az. A blue-detuned pumping situation
with detuning (o < 7o is indicated. ¢, Hybrid dispersion leads to distinct DKS formation dynamics involving hybrid FWD and BWD
rolls (Turing patterns), and DKS formation propagating in the BWD direction, all within the blue-detuned pumping regime. This
is in stark contrast to the conventional dynamics involving rolls, noisy and stochastic multi-DKS states (inset). d, Photograph of a
silicon-nitride hybrid-dispersion microresonator with a free-spectral range (FSR) of 25.13 GHz. e, Measured integrated dispersion Dy
of the resonator shown in d. Each dot marks a resonance (dark blue: native dispersion D; orange: modified resonance frequencies).
Gray and orange lines are a guide to the eye, highlighting the integrated dispersion parabolas.

of backward-propagating DKS, enabling thermally stable, Results
blue-detuned single-soliton operation at low pump power
without the canonical “soliton step” of conventional red-
detuned DKS. Crucially, this behavior is achieved in low-
D4 microwave repetition rate (25 GHz) resonators, which
are otherwise prone to random multi-DKS formation. Our
results address key challenges in DKS sources and point to
hybrid-dispersion attractor shaping as a route to nonlinear
photonic systems with previously incompatible character-
istics.

To implement hybrid dispersion, we utilize racetrack
PhCRs with 25 GHz FSR. The microresonator has a cor-
rugation with a spatial period equal to half the pump-
resonance wavelength, and with a smooth pulse-like am-
plitude envelope (Fig. 1a). Similar to segmented corruga-
tion2425, or the superposition of multiple corrugation pe-
riods?8, this effectively confines the corrugation to part of
one straight waveguide section. Decomposing the corruga-
tion into spatial Fourier components, each component cou-
ples a pair of frequency-degenerate forward- (FWD) and
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Figure 2 | Numerical simulations. a, Total intracavity power in the forward (FWD, orange) and backward (BWD, yellow) directions,
and the corresponding Kerr frequency comb powers (intracavity power in the FWD and BWD directions excluding the pump line,
dark blue and light blue), recorded from numerical integration of a system of 1024 coupled-mode equations during a pump-laser
frequency scan across the lower-frequency hybrid mode. b, ¢, Optical spectra in the FWD and BWD directions (dashed and solid
lines, respectively) for states (1) and (2) from panel a. d, Numerically reconstructed nonlinear dispersion relation for comb state (2),
with the effective integrated dispersion and soliton line highlighted by solid and dashed white lines, respectively. e, f, Soliton existence
ranges in the FWD and BWD directions, computed using bifurcation analysis. Blue and red areas correspond to solutions with effective
blue and red detuning relative to the pumped resonance. Darker areas indicate stable solutions, while lighter areas indicate solutions
that are unstable due to oscillations. Solid gray lines show the analytically derived existence boundaries (see Methods). The yellow
dot marks the state (2) from panel c. The range enclosed by the gray dashed lines (in panel e) indicates the conventional single-soliton

existence range (no resonance hybridization).

backward-propagating (BWD) modes, hybridizing them
and splitting the corresponding resonances. The magni-
tude of each Fourier component sets the FWD-BWD cou-
pling rate vy,, and hence the resonance frequency shift,
allowing tailored dispersion landscapes?2.

We leverage this to combine globally weak dispersion
Dint(p) = %DQ/,LQ with a strong localized dispersion
D! (1) = 3 Dp? — 7o in a narrow spectral window around
the pump, where D} > Ds and ~p is the coupling rate
between FWD and BWD fields at 4 = 0; in our case,
the pulse like corrugation implies that all spatial Fourier
components (and hence the FWD-BWD coupling) are in
phase. Effectively this results in two integrated-dispersion
parabolas offset by vy (Fig. 1b). In a minimal implemen-
tation, the corrugation pattern requires only three Fourier
components, through which D) and ~y can be set inde-
pendently. As we show below, this dispersion landscape
enables blue-detuned, BWD DKS generation, seeded by
narrow-band FWD-BWD Turing rolls (Fig. 1c).

The resonators are fabricated in a commercial wafer-
level low-loss silicon nitride (SisNy4) integrated photonic
platform (Fig. 1d). The waveguide cross-section is 2 X
0.8 wm? and Euler bends minimize mixing of higher-order
transverse modes. The resonance width is /27 =~ 40 MHz
(critically coupled), corresponding to a loaded Q-factor
of &~ 5 million, and the native resonator dispersion is
Dy /27 =~ 60 kHz. The spatial period of the corrugation
is 426 nm, and its pre-lithography design envelope is de-
scribed by Awsin®(7z/zy), where Aw ranges from 10 to
100nm, and zp = 1065 pm is the total grating length.
A set of 10 resonators is fabricated where we sweep the
amplitude of the corrugation pattern Aw to scale both
v and D}. To characterize the resulting hybrid disper-
sion profile, we perform frequency-comb-assisted laser fre-
quency scans with a continuously tunable laser?” as shown
in Fig. le for one example with a splitting (coupling rate)
of 79/2m =~ 175 MHz. Noticeable splitting extends across
9 modes in the vicinity of 1562 nm, producing an effective
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Figure 3 | Experimental results. a, Transmission (orange) and generated comb powers in the forward (FWD, dark blue) and backward
(BWD, light blue) directions, recorded during a pump-laser frequency scan across the central mode of the steep-dispersion section
from blue to red detuning. The left inset shows the recorded optical spectra in the FWD (dark blue) and BWD (light blue) directions
for comb state (). b, Optical spectra in the FWD (dark blue) and BWD (light blue) directions for comb state (2) from panel a. The
right inset shows the single-sideband phase noise of the 25 GHz repetition-rate beatnote, measured on a fast photodiode and recorded
using an electrical spectrum analyzer (ESA). The gray line indicates the ESA measurement floor. ¢, Experimentally reconstructed
nonlinear dispersion relation, obtained by scanning an auxiliary continuously tunable probe laser across the Kerr comb lines in state
(2) from panel a and recording its transmission on a slow photodetector. The effective integrated dispersion and the DKS frequencies
(“soliton line") are highlighted by solid and dashed white lines, respectively. The inset shows the auxiliary-laser transmission in the

vicinity of the pumped resonance at pu = 0.

steep dispersion section with D} /27 ~ 20 MHz, more than
two orders of magnitude larger than the native dispersion
and comparable with the cavity linewidth. Besides de-
liberate mode hybridization, the dispersion landscape is
nearly free of avoided mode crossings (AMXs). In the
fabricated resonators 7y approximately ranges from 50 to
600 MHz, and Dj from 6 to 80 MHz.

To guide our experiments, and following the canoni-
cal procedure for DKS generation, we numerically sim-
ulate the intracavity dynamics under CW driving. The
pump frequency is scanned across the lower-frequency hy-
brid mode, from blue- toward red-detuning (i.e. increas-
ing (p). The simulation is based on the coupled-mode
equations, takes FWD and BWD fields into account, and
uses the parameters of the fabricated PhCRs (see Meth-
ods for model details and simulation parameters). For
weak hybrid dispersion profiles, we observe the canoni-
cal dynamics: noisy states and stochastic multi-DKS for-

mation®®. In contrast, for pronounced hybrid dispersion

we observe a qualitatively new behavior. Fig. 2a shows
the detuning-dependent total intracavity FWD and BWD
powers, as well as the respective FWD and BWD comb
powers (excluding the pump). As the detuning increases
and approaches the effective resonance frequency of the
pumped hybrid mode, the intracavity power increases
in both FWD and BWD directions, with slightly higher
power in the BWD direction. At a threshold detuning
in the blue-detuned regime, a primary sideband Turing
pattern emerges in both FWD and BWD directions, in-
cluding modes p = £2, +4, .. (state (1) in Fig. 2a, b). As
the detuning is increased further, the system transitions
directly into a single-soliton state propagating in the BWD
direction (state (2) in Fig. 2a, c¢), while a fundamental nar-
rowband Turing roll pattern exists in the FWD direction.
Notably, in the transition to the DKS state, the abrupt
drop in intracavity power (“soliton step”?®) characteristic



of conventional DKS generation is absent. This step-free
soliton initiation is strong indication of effectively blue-
detuned pumping, a regime that is of high interest for its
thermal stability and self-cooled low-noise operation?3.

To corroborate the hypothesis of blue-detuned pump-
ing, we compute the nonlinear dispersion relation329:30
numerically for the comb state (2). The results presented
in Fig. 2d show the soliton line (dashed white) relative
to the (effective) integrated dispersion (solid white). The
soliton line, which includes the pump laser at y = 0, lies
above the lower frequency branch of the integrated dis-
persion, explicitly confirming the blue-detuned pumping
in the simulation. Overall, the dynamics can be under-
stood as follows: The initial sideband formation is gov-
erned by the steep dispersion D) around the pump laser,
which forces sideband initiation close to it — a key crite-
rion for low noise in non-DKS states'®. As the detuning
increases further, the parameter range of a BWD soliton
attractor is reached, leading to a transition from the Tur-
ing pattern to a single BWD DKS.

To understand how the hybrid dispersion profile re-
shapes the soliton attractors, we perform a bifurcation
analysis (see Methods and Supplementary Information).
We identify the values of pump laser detuning and power
for which stable DKS solutions exist. By considering the
spectral mode fields of these solutions and computing the
corresponding pumped-resonance Kerr frequency shifts,
we also determine whether the pump laser is effectively
blue or red detuned. Consistent with previous work®!, we
find red-detuned soliton solutions in the FWD direction;
their existence range is shifted towards larger detuning
due to frequency shift of the pump resonance (Fig. 2e).
Strikingly, the bifurcation analysis also reveals the exis-
tence of a new blue-detuned soliton attractor of BWD-
propagating DKS (Fig. 2f), confirming the result of the
dynamic simulation. Additionally, we derive analytic ex-
istence boundaries for FWD and BWD DKS, which are in
excellent agreement with the numeric bifurcation analy-
sis. The analytic boundaries are derived in the long cavity
limit for large detuning and pump strength (Fig. 2e, f; see
Methods and Supplementary information, ST).

Next, we proceed with experimental generation of DKS
in the hybrid-dispersion resonator, that corresponds to the
dispersion profile in Fig. le. We slowly scan a tunable
CW laser across the central mode of the steep dispersion
section from blue to red detuning with an on-chip pump
power of only 60 mW. The large pump-mode splitting en-
ables us to avoid thermal shadowing effects'* reported pre-
viously and to scan the laser only across the lower branch
of the split Lorentzian lineshape, greatly simplifying the
nonlinear dynamics and practical operation of such de-
vices. During the scan, we simultaneously monitor the
transmission and the generated comb power in both the
FWD (co-propagating with the pump) and BWD direc-
tions. The resulting traces are shown in Fig. 3a. Closely
resembling the numeric simulation (Fig. 2a), there are
two characteristic regions corresponding to distinct comb

states (D and (2)). State (D (Fig. 3a, left inset) cor-
responds to a two-roll (Turing pattern) comb state ob-
served in both the FWD and BWD directions. State (2)
(Fig. 3b) corresponds to a single-soliton state in the BWD
direction with on-chip comb power (excluding the pump
line) of ~ 2 mW and its backscattered replica in the FWD
direction. Crucially, and consistent with the simulation,
an abrupt soliton-step upon DKS formation is absent in
the transmission trace, in sharp contrast to conventional
bright DKS generation. Thanks to this “step-free genera-
tion”, it is possible to scan the laser arbitrarily slowly into
the resonance and simply halt the laser frequency scan
at any position along the trace, greatly simplifying DKS
generation.

Moreover, blue-detuned pumping is associated with self-
cooling of the resonator which can lower the repetition rate
phase noise?>32. To characterize this noise, we amplify
the generated spectrum of state (2) with an EDFA (after
rejecting the pump line) and measure the repetition-rate
beatnote with a fast photodetector. We record the corre-
sponding 1Q data using an ESA and obtain a phase-noise
power spectral density of -110 dBc/Hz at 10 kHz and below
-120 dBc/Hz at 100kHz, confirming low-noise operation
(Fig. 3b, right inset).

Finally, to experimentally confirm the effective blue
detuning with respect to the pump resonance, we mea-
sure the nonlinear dispersion relation by sweeping the fre-
quency w’ of a second continuously tunable probe laser (in-
jected via a circulator in the direction counter-propagating
to the main pump), and monitoring its transmission on a
photodetector®®. The data is presented in Fig. 3c, clearly
showing the integrated dispersion corresponding to Fig. le
and the soliton line. The inset shows the probe-laser trans-
mission in the vicinity of the pumped resonance, yu = 0.
Both upper and lower sidebands of the split Lorentzian
lineshape are clearly resolved, along with the beatnote be-
tween the probe laser and the soliton (pump) line. These
observations provide direct evidence that the pump laser
operates at an effective blue detuning relative to the hot-
cavity resonance frequency.

Conclusion

We have introduced and demonstrated hybrid dispersion
in a photonic crystal microresonator, where weak global
dispersion is combined with strong localized dispersion
around the pump, and shown that it gives rise to an at-
tractor of backward-propagating dissipative Kerr solitons.
The large frequency-shift value vy of the pump mode en-
ables fully blue-detuned DKS, a regime that is thermally
stable and where a canonical soliton-step upon DKS gen-
eration is absent. The local dispersion described by Dj,
ensures that this regime can be accessed easily and at
low pump power. Moreover, the large value of D} > Do
forces the system to operate in the desirable single DKS
state. We demonstrate this in a microwave-repetition-rate
(25 GHz) resonator whose intrinsically weak dispersion



otherwise leads to random multi-soliton formation. While
crucial for DKS initiation, D) has little influence on the
final broadband DKS state, which is largely defined by the
system parameters Ds, 7o, and the operating parameters
Co and f. As such the parameters D} and g effectively de-
couple soliton initiation from the final soliton state. This
is consistent with our analysis in the long cavity limit,
which is valid for DKS spectra whose bandwidth signifi-
cantly exceeds the modified dispersion interval around the
pump laser (see SI). The ability to independently con-
trol D} and 7o opens a powerful degree of freedom for
next-generation chip-integrated pulse and frequency comb
sources. More broadly, our results point towards hybrid-
dispersion as a powerful approach to create new attractor
states in nonlinear systems that combine previously in-
compatible characteristics.

Methods

System of coupled mode equations. To simulate the
nonlinear dynamics shown in Fig. 2a, we numerically integrate
a system of coupled-mode equations describing 512 forward-
(FWD) and 512 backward-propagating (BWD) mode ampli-
tudes a, and b, respectively, where p is the relative (longitu-
dinal) mode number measured with respect to the pump mode

(1 =0):

Oay = — (1 +iCu)ay +izavanai+n7u + 2iay Z |by|?

v,n n

=+ i/Bub;L + f5u07
Oby = — (L4+1iCu)bu +1 > bubyblsy_p, + 2iby Y lay|?

v,n n

+iBuay,

where ¢, = 2(w, — wp — pD1) is the dimensionless detuning
defined by the pump laser frequency w;, and the resonance fre-
quencies wy; f = \/8’)’]0.)001’1,2P/(K/2n2‘/cff) is the normalized
pump power, where n = 1/2 is the coupling coefficient (criti-
cal coupling), ¢ the speed of light, P the pump power, n the
refractive index, m2 the nonlinear refractive index, and V.g
the effective mode volume. The third term on the right-hand
side of each equation corresponds to the cross-phase modula-
tion by the counter-propagating waves. The fourth term de-
scribes linear coupling between the FWD and BWD waves,
with 8, = 27, /k the dimensionless FWD-BWD coupling rate
(v being the mode-dependent backscattering rate); we assume
that 3, € R.

Simulation parameters are set similar to those of the ex-
perimental system, including d2 = 2D2/k = 0.006 and f =
2.8. Within the mode spectrum, 9 FWD-BWD mode pairs
are coupled, forming the locally steep dispersion section with
dy = 2D5/k = 0.9 and By = 9.2. The numerical simulation
also allows us to compute the nonlinear dispersion relation as
illustrated in Fig. 2d.

Numerical bifurcation analysis. We systematically
compute the DKS existence ranges (see Fig. 2e, f) using numer-
ical bifurcation analysis. For the implementation, it is advan-
tageous to consider the time-domain formulation of (1), given

by

™

dra = — (1 4iCo — id202)a + i(|a|2 + % / |b(t,7")|2d7")a

. 1 T / iu(T—‘r’) /
+1%ZBH[Wb(t,T)e dr’ + f,
o

™

9b = — (1 +iCo — id202)b +i(|b]* + %/ la(t,7")|*d7")b

.1 i N ip(r—=7") 1
+1§Zﬁ“/_ﬂa(t’7)e dr’,
I
(2)

for the FWD and BWD fields a(t,7) = 3, au(t)e” and
b(t,7) = >, bu (t)e!*7. Since both integrated dispersion pro-
files Dint (1) and Diy (p) are symmetric in y, we find 8, = 8,
and thus the coupled system (2) is reversible in 7. As a con-
sequence, DKS correspond to stationary solutions obtained by
solving (2) with da = 9:b = 0. Numerically, we discretize the
stationary equation in 7 using linear finite elements on a uni-
form mesh with 512 grid points. All nonlocal integral terms
are approximated using the trapezoidal rule. To determine the
DKS existence ranges, we design a three-step continuation al-
gorithm, which is based on the MATLAB bifurcation packages
pde2path34.

In Step 1, we compute an initial solution for the continua-
tion, either by time-integrating (1) until a DKS state is reached
or by using the DKS approximation formulas derived in the SI.
Starting from this initial seed, we compute in Step 2 a solu-
tion branch reaching from the minimal possible value fmin to a
prescribed maximal value fimax by an alternating continuation
in (o and f. For each solution obtained in Step 2, we per-
form in Step 3 continuation in oy in both positive and negative
directions until a fold bifurcation is reached. The union of all
solutions computed in Step 3 defines the DKS existence region.
Note that for different initial seeds, different existence regions
may arise which are not necessarily connected by a solution
branch. For our simulations, we take a nonuniform discretiza-
tion of the (o-f-plane. In the f-direction, we use grid spacings
of 0.05 for f < 4, 0.1 for 4 < f <6, and 0.2 for f > 6. The
Co-direction is discretized by the path-continuation step size of
0.2. The parameters do,ds and By > 0 are set to the same
values as for the time integration simulations.

Boundaries of the DKS existence ranges. Under
the standard assumption d2,(o > 0 for bright solitons®®, we
obtain fully explicit formulas for the existence boundaries of
FWD- and BWD-propagating DKS. The derivations are based
on perturbation theory and require the nondegeneracy condi-
tion ¢(§ # B2 (see the SI for the technical details). For FWD-
propagating DKS this yields the existence condition

2 2
23/2'((}3/26() S f7|'~ (3)
Notably, only the central coupling coefficient By enters (3),
indicating that hybridization of the pumped mode provides
the dominant contribution to the reshaping of the DKS ex-
istence region. For o = 0, the condition (3) reduces to
23/ 2(3/ 2 < fm, consistent with previous findings for conven-
tional resonators®®3%. For increasing values of fg, inequal-
ity (3) predicts a shift of the DKS existence region towards



larger detuning values, in agreement with the simulation in

Fig. 2e.
For BWD-propagating DKS, the existence condition reads
2 2
23/2|<0 _BO| Sﬂofﬂ_. (4)
V&

As in the FWD case, only the central coupling coefficient 3o
enters the formula. Moreover, the BWD DKS existence region
shifts towards larger detuning values as By increases, whereas
BWD-propagating DKS disappear in the limit where Sy ap-
proaches zero. Finally, the perturbation analysis in the SI
shows that both conditions (3) and (4) provide asymptotically
sharp descriptions of the existence boundaries in the limit of
large detuning and pump strength, while remaining in excel-
lent agreement with numerical simulations already for small
and moderate parameter values.
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1 Analytic description of FWD- and BWD-propagating DKS and deriva-
tion of DKS existence boundaries

Here, we derive the analytic formulas for the soliton existence ranges (inequalities (3) and (4) in the Methods Section)
and obtain approximation formulas for FWD and BWD solitons. We remark that semi-analytic expressions for soliton
existence ranges have recently been derived in the special case where only the pump mode is hybridized!. Let us start
from the stationary coupled Lugiato-Lefever system given by

2 [ 1 ¢ (7t
id202a — (¢ +i¢o)a +i(lal® + % lb(7)[2dr")a + 127 Zﬁﬂ/ b(r")eHT=Tdr 4 ef =0,
—¢ " —¢

5 ) . (1)
id202b — (e +iC)b +1(|b* + = [ Ja(r)]?dr" )b+ i ZBM/ a(r)e* = dr =0,
20 ), 20 & e

where we introduced the resonator length 2¢ > 0 as an additional parameter and use € > 0 to scale the effect of
damping and forcing. In particular, both a and b are assumed to be 2¢-periodic in 7. Note that (1) coincides with
the stationary version of (2) in the main text when ¢ = 7 and € = 1. To derive the soliton existence boundaries, we
proceed in two steps. First, we derive a limit system for (1) as £ — oco. In this limit, the nonlocal terms in (1) reduce
to local coupling terms, which are simpler to analyze. Second, we study the limit equation and construct FWD and
BWD solitons perturbing from the ¢ = 0 case. Persistence conditions in the perturbation argument then yield the
soliton existence boundaries.

1.1 Large cavity limit and dissipation as a perturbation

Here, we consider the coupled equations in the large cavity limit ¢ — oco. Practically, this is equivalent to assuming
that the pulse is short, with a spectral bandwidth that exceeds by far the bandwidth of the dispersion modification
around the pump laser. For the FWD and BWD waves, we use the ansatz of a localized solution supported on a CW
background,

a(T) = acw + a1 (1), b(T) = bow + b1 (7), (2)

where acw,bocw € C, and ay,b; are exponentially localized waveform profiles. Although such a solution ansatz does
not yield a true periodic solution (unless a;(7) = b1(7) = 0), it gives an excellent approximation provided that the
resonator length ¢ is large or the profiles sufficiently localized. Exponential localization of the solution profiles yields
that the integrals [*_|ai|7, [*°_|by|’ are finite for j = 1,2. Thus inserting the ansatz (2) into (1), noting that all

integrals over the localized profiles are of order O(¢~1), and taking the limit £ — oo, we obtain the limit problem
id202a — (e +i¢o)a + i(lal® + 2|bew|?)a + iBobew +ef =0, 3)
id202b — (€ +1¢o)b +1(|b]* + 2|acw|*)b + iBoacw = 0.

Since no exact soliton solutions are known for the coupled system (3), we construct DKS perturbatively for 0 < € < 1.
We note that 0 < ¢ < 1 is equivalent to the situation with full damping and driving (¢ = 1), but where the



detuning and pump power are large. Specifically, we can translate the results of the analysis presented below to
the case of full dissipation in a finite size cavity via the scaling laws a(7) = e~ 1/2a(e1/27), b(r) = e~ /2b(e~1/27).
The rescaled functions are then defined on the interval [—/c'/2 £c'/2] and solve (1) with (o, f, By, £ replaced by
Co=¢"%0,By = "By, f = e V/2f,0 = (/2 and with the damping normalized to 1. Note that / = 7 can always be
ensured by adjusting ds, if necessary. With this choice, the rescaled system coincides with the stationary version of
(2) in the main text. Thus, our analysis shows that the soliton approximation formulas and existence conditions are

asymptotically sharp in the limit of large detuning and pump strength, and for rescaled coupling coefficients Bu-

1.2 Analysis of the limit system (3)

Let us start with the CW background on which the DKS are formed. Expanding the background as acw = sa(cl\),v +

O(£?), bew = ebg\),v + O(£?) and inserting these expansions into (3) yields

(-iCo iﬁo> Aty _(—f) . faew)___if <<o>
o —io) \ bl 0 by @ —83 \bo)’

provided that (2 # 32. Thus, we find a CW solution given by

1fCo 2 if Bo 2
acw = —€ +0(e%), bow = —¢ + O(e%).
Using the expansions of the backgrounds we find the equations for the soliton profiles
) 2
— dy0%a1 + (oar — |a1|*ar + i — a1 + — IGo sla1]® — cho sai) +0(e?) =0 (4)
G — By G — B
and
. 2
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Note that up to the order O(e), equations (4) and (5) decouple and hence we can analyze them independently.

1.2.1 Analysis of FWD solitons

We first construct a FWD DKS by solving (4) with a localized pulse solution while keeping b; = 0, so that the BWD
field remains in a CW state. To this end we insert a; = a(®) + ca™ + O(£?) into (4), and obtain at order O(¢°) and
O(e), respectively,

—d58%a9 + ¢oa® — [a©@ 24© —

2
LoV = i<a(0) — %m(o)ﬁ + %(a(o)y)_
0 0 CO 50

Here, the linear operator L is given by
LaV = —dg@fa(l) + CoaM — 2\a(0)|2a(1) _ (a(O))2(a(1))*.

At leading order we recover the nonlinear Schrédinger equation, which we solve using the bright-soliton solution
a9 (1) = agsech(aar)el, ) =1/200, a2 =/(o/da.

The phase 6 of the soliton is determined by the solvability condition for the linear inhomogeneous equation for a(®).
By the Fredholm alternative, this equation admits a solution if and only if the integral

Re /oo (a(o) 2f<0 |a(0)|2 fCO (a(O))Q) (a(O))*dT/

ot G- G-
vanishes. Evaluating this integral yields the phase equation
2
ggoﬂz cos(0) = 2+/2¢o, (6)
¢ — Po
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which can be solved provided that the parameters satisfy

2
chﬁ;' > 2,/2G. (7)

This is the FWD DKS existence condition (equivalent to inequality (3) in the main text). As a consequence, if (7)
holds true, we find a FWD DKS that obeys the approximation formula

o) = v/ Baeah (v Go ) — e 10
0 0
1fBo

—&
@ =5

(®)

b(T) ~

where 6 is a solution to the phase equation (6) and ¢ is sufficiently small. We recall that this formula is derived in the
long cavity limit £ — oo, and thus provides an accurate approximation for large resonator lengths.

1.2.2 Analysis of BWD solitons

Next, we proceed with the construction of BWD DKS. Following the same arguments as for the FWD solitons, we
first derive from (5) the BWD phase equation

fQCOﬁOZ cos(8) = 2+/2¢o, 9)
G — By
for which a solution exists if the parameters satisfy
6§ — B3

This inequality is equivalent to the BWD DKS existence condition (4) in the main text. The approximation formula
for BWD DKS then reads

N ifCo
(Z(’T) ~7€<2_ 29
2 2 " (11)
) = B — e L
0 0

where 6 solves the BWD phase equation (9).

1.2.3 Analysis of simultaneous FWD-BWD solitons

If both existence conditions (7), (10) are satisfied at the same time, then our analysis predicts the existence of
simultaneously propagating FWD and BWD DKS of the form

a(1) = \/2(psech(v/Co/daT)e!® — EC;JC_CO N

0 0

i (12)
b(7) &~ \/2Cosech(~/Co/dar)el? — €C21f_50 N

0 0

where 61, 65 solve (6), (9), respectively.
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