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The interaction of free-electron wave packets with electromagnetic fields provides a powerful
route toward coherent electron control, enabling the generation of energy combs, momentum-
state superpositions, and aberration-engineered electron beams. Existing theoretical descriptions,
however, often rely on eikonal or no-recoil approximations. Here, we present a mesh-free numerical
framework that directly solves the time-dependent single-particle Schrödinger equation for arbitrary
electromagnetic potentials. Comparison with a benchmark mesh-based Schrödinger solver reveals
excellent quantitative agreement. By eliminating the need for spatial meshing, our method offers an
efficient and scalable route for simulating electron wave packet dynamics in complex time-dependent
and static electromagnetic environments, while the simulation time is significantly improved by up
to 800 times faster. These capabilities establish a versatile computational tool for quantum electron
optics and free-electron-light interactions beyond eikonal approximations.

I. INTRODUCTION

Propagating electron pulses in ultrafast electron
microscopes constitute highly controllable quantum
wave packets, whose temporal duration, spatial profile,
and interactions with matter and electromagnetic
fields can nowadays be engineered with remarkable
precision within the framework of ultrafast electron
microscopy [1–8]. In parallel, the emerging field of
quantum nanophotonics with free electrons [9–13] aims
to tailor the spatio-temporal structure of free-electron
wave packets and their interactions with light and
matter at the quantum level, enabling the investigation
of quasi-particle dynamics and material excitations
with nanometer spatial and femtosecond temporal
resolutions. These developments require theoretical
and computational frameworks capable of accurately
describing the dynamics of electron–light interactions to
precisely model the change in the shape of the electron
wave packets while interacting with complex photonic
environment.

Interactions between free electrons and
electromagnetic fields are often described semi-
analytically using scattering theory within the no-recoil
approximation [14–16]. While highly successful in
many regimes, such approaches cannot fully capture the
dynamical evolution of the electron wave packet during
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the interaction process. In particular, they become
insufficient in regimes where electrons recoil, strong-
field effects, or dynamics beyond the rotating-wave
approximation lead to phenomena such as quantum-
path interference between single and two-photon
interaction mechanisms [17] and near-field-mediated
Kapitza–Dirac effects [18, 19]. These limitations have
motivated the development of numerical approaches
based on the minimal-coupling Hamiltonian, enabling
a more complete treatment of coupled electron–field
dynamics [20, 21].

An approach to numerically simulate the interactions
within the minimal-coupling Hamiltonian is to combine
a time-dependent grid-based Schrödinger solver with
a time-dependent Maxwell solver. Such approaches
generally require multiscale treatments due to the
substantial mismatch between the spatial and temporal
discretizations scales associated with the Schrödinger and
Maxwell equations. In this context, hybrid frameworks
based on pseudospectral methods for the Schrödinger
equation together with finite-difference time-domain
(FDTD) solvers for Maxwell’s equations have been
successfully applied to various near-field [22, 23] and free-
space interaction geometries [24, 25].

The time and spatial scales clearly show that the
Schrödinger solver is the bottleneck within the coupling
with the Maxwell solver. Hence, here, we demonstrate
a mesh-free method for the Schrödinger equation with
the minimal-coupling Hamiltonian based on thawed
Gaussian wave packet approximation (TGWP), and
benchmark it with the grid-based scheme stated above.
We apply both methods to two cases where the
electromagnetic field is prescribed analytically, and
closely compare the results obtained using the mesh-free
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method versus the grid-based Schrödinger solver.

II. MODEL SYSTEMS

We model two complementary examples of electron-
light interactions. The quasi-static near-field describes
localized nanostructure-mediated coupling with
highly inhomogeneous electromagnetic fields, whereas
stimulated Compton scattering represents a free-space
interaction in which coherent absorption and stimulated
emission from two laser fields produce a well-defined
momentum transfer governed by the optical wave-vector
difference.

We consider a time-dependent Schrödinger equation

i~@t (t; r) = bH (t; r);  (0; r) =  0(r) (1a)

for a two-dimensional configuration r = xex + yey, and
with the Hamiltonian specified as

bH = � ~2

2m
r2 + V (t; r): (1b)

The initial electron wave packet is considered as  0(r) =
g(r), that is a Gaussian wave packet

g(r) = 
0 exp

�
i

~
�1
2
(r� q)⊤C(r� q) + p⊤(r� q)

��
:

with parameters (q0;p0; C0; 
0). The position and the
momentum center are denoted by q and p, respectively.
The width matrix C is a complex symmetric matrix with a
positive definite imaginary part, so that the wave packet
is square integrable. For our initial data, the width
matrix is of the form C0 = iΓ0 with a real symmetric
positive definite matrix Γ0. The complex number 
0
accounts for normalization and phase factors. For our
experiments, the initially Gaussian-shaped wave packet
has spatial widths (FWHM) �x = 400 nm and �y =
80nm, corresponding to Γ0 = ~=2 diag(1=�2

x; 1=�
2
y).

Before interaction, the initial velocity points solely in
the x-direction and is given by the relativistic dispersion
relation for the kinetic energy Ue (cf. Tab. II and
Tab. III).

A. Quasi-static near-field

The first model case that we consider is the interaction
of a free-electron wave packet with the optical near-
field generated by a gold nanorod, representing a
prototypical configuration for photon-induced near-field
electron microscopy (PINEM) [2, 3]. Generally, for
simulating the response of such a nanorod in interaction
with an incident pulsed laser excitation, a Maxwell
solver has to be employed. Here, however, we employ
an analytical quasi-static dipole model [26] in order
to isolate and benchmark the performance of both

Schrödinger propagation schemes independently of the
accuracy of the Maxwell’s solver.
The interaction is described by the time-dependent

potential

V (t; r) = �e�0(r) cos(!t); (2)

with

�0(r) =

8>><>>:
E0x

����"G � 1

"G + 1

���� ; r < R;

E0x
R2

r2

����"G � 1

"G + 1

���� ; r � R:
(3)

where R denotes the nanorod radius, E0 the incident
electric field amplitude, and "G the dielectric function
of gold. The rod is oriented out of plane with its
center displaced by �y=2 perpendicular to the electron
trajectory, such that the electron interacts with the
structure in an aloof configuration (cf. Fig. 1). The
initial electron position is chosen sufficiently far from the
interaction region to ensure negligible coupling at t = 0.
Specifically, the wave packet is initialized 1:5�m from the
center of the nanorod along the x-axis.

B. Stimulated Compton scattering

While PINEM relies on nanostructures to mediate
the interaction between free electrons and optical fields,
electron-light interactions can also occur directly in free
space. The near-field-mediated energy transfer between
the light field and electron wave packets is dominated by
the direct single-photon absorption and emission process,
whereas the free-space interaction includes two-photon
processes. One well-known example is the Kapitza-Dirac
effect, in which an electron wave packet is diffracted
by the standing-wave pattern formed by two counter-
propagating laser beams of equal wave length [27–30]. A
generalization of this process is the stimulated Compton
scattering, where the wave packet interacts with two
superposed inclined laser pulses of differing wave lengths
[19, 24, 31] (cf. Fig. 1 (b)).
During this interaction process, energy and momentum

are exchanged through absorption and stimulated
emission processes from both laser pulses, resulting
in a coherent momentum transfer determined by the
difference of the laser wave vectors. In contrast to
the localized near-field interaction discussed above, this
mechanism predominantly induces a well-defined and
unique momentum transfer and gives rise to highly
structured interference patterns in the momentum space.
The vector potential describing this interaction is the

superposition of two pulsed Gaussian beams

A(t; r) = A(1)(t; r) + A(2)(t; r): (4)

Each contribution A(i) is modeled as a spatially-
structured paraxial beam, whereas temporally the pulse
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FIG. 1. We consider electron-light interactions in terms of dipole coupling (a) and stimulated Compton scattering (b).
The central quantity of comparison is the momentum space distribution of the electron after interaction and the resulting
longitudinal intensity (energy transfer). The grid-based reference solution is in blue, the mesh-free approximation, the thawed
Gaussian wave packet approximation (TGWP) is in orange. For Compton scattering (b), the agreement is excellent, for dipole
coupling (a) the numerical noise is of the order of experimental resolution.

is following the formulation of Porras [32], with pulse
duration �t = 20 fs and waist width a 0 = 1400 nm (see
Supplemental Material). The polarization of the vector
potential is chosen along the out-of-plane direction,
such that the e�ective interaction is governed by the
ponderomotive potential

V (t; r) =
e2

2m
jA z (t; r)j 2; (5)

where Az (r; t) denotes the out-of-plane component of the
vector potential.

E�cient momentum transfer requires the ful�llment
of the phase-matching condition and therefore ensuring
simultaneous conservation of energy and momentum
during the interaction [19, 31, 33, 34]. For the
two-dimensional geometry considered here, the phase-
matching condition is given by

�! = ! 1 � ! 2 =
v0

c
(! 1 cos ' 1 � ! 2 cos ' 2); (6)

with ! i denoting the laser frequencies, 'i the inclination
angles of the beams, and v0 the electron velocity. We
use a class of parameters for the electron wave packet
and light pulses that satisfy this condition (cf. Tab. III)
and also investigate the resulting interaction behavior
when the parameters deviate from the idealized case,
using both the mesh-free and the grid-based simulation
schemes. The electron is initialized 1 �m from the laser-
pulse crossing point.

III. COMPUTATIONAL METHODS

We compare two di�erent numerical methods for
solving the time-dependent Schr•odinger equation (1). As
the grid-based reference, we apply a split-step Fourier
method using Strang splitting [35, 36]. This widely
established Fourier-based method has been e�ectively
used in the past to explore the dynamics of electron
wave packets interacting with complex time-dependent
electromagnetic �elds [18, 20].

The mesh-free approximation relies on a sum of
Gaussian wave packets

 (t; r) �
NX

j=1

cj eiS j (t)=~ gj (t; r) (7)

with time-independent complex coe�cients c j and time-
dependent Gaussian wave packets gj (t; r). Each wave
packet is determined by its parameters, the center in
position q j (t) and momentum p j (t), the width matrix
Cj (t), and the normalization and phase factor 
 j (t). The
Fourier transform of a complex Gaussian wave packet
has a closed form [37, Appendix A], enabling mesh-free
computation of the momentum distribution.
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A. Initial mesh-free representation

For an arbitrary but �xed width matrix C, a family of
Gaussian functions forms an over-complete set, providing

 0 = (2�~) �d
Z

R2d
hgz j  0i gz dz; (8)

where the integration is with respect to z = (q; p). As
part of the computational method, one chooses the width
matrix C = i� of the the representing Gaussian functions
gz , where � is a suitable real symmetric, positive de�nite
matrix. For the initial Gaussian  0, there is an explicit
formula for the overlap hgz j  0i, see, e.g., [38, Lemma 1],
which motivates to introduce the Gaussian weighting
function

W(z) = exp
�

�
1
2~

(z � z 0)> � �1
0 (z � z 0)

�
;

that is centered in z0 = (q 0; p 0) and has inverse width
matrix � 0 with

� 0 =
�

� �1
0 + � �1 0

0 � 0 + �

�
:

For quasi-Monte Carlo quadrature with weight W(z), one
constructs normally distributed Sobol' points z 1; : : : ; zN
according to W(z) and approximates the integral (8) as

 0 �
1

N(2�~) d

NX

j=1

hgz j
j  0i

W (z j )
gz j

This determines the linear expansion coe�cients of the
wave packet ansatz (7) as

cj =
hgz j

j  0i

N(2�~) dW(z j )
:

B. Approximate Evolution

By linearity of the Schr•odinger equation (1), we evolve
the Gaussians separately and semi-classically. We use the
Hagedorn parametrization of the width matrices Cj (t) =
Pj (t)Q j (t) �1 , see [39], and solve the classical equations
of motion

_q j (t) =
1
m

p j (t); _p j (t) = �rV (t; q j (t));

_Qj (t) =
1
m

Pj (t); _Pj (t) = �r 2V (t; q j (t))Q j (t);

_Sj (t) = 1
2m p j (t) > p j (t) � V (t; q j (t));

subject to the initial conditions

(q j (0); p j (0)) = z j ;

Qj (0) =
p

~� �1=2 ; Pj (0) = i
p

~� 1=2; Sj (0) = 0:

Note that the normalization factor 
 j (t) is complex and
depends on the determinant of Qj (t), see [39]. This way,
each Gaussian is moving in its own e�ective potential,
that is the local harmonic approximation of V (t; r)
around its position center,

Ve�;j (t; r) = V (t; q j (t)) + (x � q j (t)) > rV (t; q j (t))

+
1
2

(r � q j (t)) > r 2V (t; q j (t))(r � q j (t)):

The variational equations of motion provide a more
accurate approximation [40] than the purely classical one
employed here, but are more costly due to the variational
averaging of the potentials. Here, we have solved the
parameter equations with a St•ormer-Verlet integrator for
order 2.

IV. RESULTS & DISCUSSION

We treat the grid-based solution as the reference
against which the TGWP approximation is evaluated.
Qualitatively, we compare the modulus of the wave
function and the longitudinal energy transfer during
and after the interaction. Quantitatively, we assess the
agreement using L2 errors and error measures speci�cally
designed to characterize the sideband structure of the
longitudinal marginal of the momentum distribution.

For the grid-based reference, the computational box
has dimensions Lx � L y = 8 �m � 5 �m, and the
numerical parameters are chosen such that the solution is
su�ciently self-converged while keeping the computation
time within reasonable bounds (cf. Tab. I).

To enable a fair comparison of computational
performance, the time step for the TGWP approximation
is chosen such that its self-convergence with respect to
the time step is comparable to that of the reference
solution, and the number of Gaussians is chosen such that
the L 2 error between the two solutions has saturated.

Tab. I summarizes the numerical parameters used
for both the grid-based reference and the TGWP
approximation.

Grid-solver TGWP

�x; �y �t Gaussians �t �

II.A 2:2 nm 0:01 fs 218 0:01 fs 1002 � 0

II.B 2:2 nm 0:01 fs 215 0:3 fs 50 diag(~=�2
y ; ~=� 2

y )

TABLE I. Numerical parameters for the grid-based reference
and the TGWP approximation. For the split-step, the
grid spacing and time step are given. For the TGWP
approximation, the number of Gaussians, the time step, and
the choice of initial width matrix � are listed.

A detailed assessment of the convergence behavior is
provided in the Supplement.
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FIG. 2. Snapshots of the propagating wave packet interacting with the quasi-static dipole �eld for di�erent selected times
for the parameter set fE 0 = 0:5 V=nm; U e = 20 keVg . The top row shows the position in real space, the middle rows show
the absolute wave function during interaction for the two methods. The bottom row shows the regularized error. The mesh
free approximation resolves the dynamics in regions of high intensity with rich dynamics in both transverse and longitudinal
direction. In the regions of negligible intensity, the error is dominated by numerical noise and relatively high. The max value
for the top two colorbars is set to max

�
j grid

k j
�
=150 � 8:75 � 10 �10 m.

A. Quasi-static near-�eld

We �rst investigate the interaction of a free-electron
wave packet with the localized near-�eld generated by
an oscillating dipole, as illustrated in Fig. 1 (a). Explicit
form of the potential is provided in section II.A. We
deploy di�erent parameter combinations of electric �eld
amplitude E 0 and electron kinetic energy Ue listed in
Tab. II.

The strong interaction between the electron wave
packet and the optical near-�eld leads to a coherent
energy transfer from the optical near-�eld excitation
to the electron wave packet. This e�ect leads to an
appearance of an energy comb with peaks forming at
exactly ~ke � n~k ph along the longitudinal direction,
where kph is the wave number of the photon. This
e�ect has been demonstrated for various con�gurations
of near-�eld excitation, regardless of the shape of

the nanostructure used or the laser excitation scheme
[7, 41, 42]. Hence, the near-�eld con�guration only
mediates the interaction between light and electron
beams. However, the strength of the interaction strongly
depends on di�erent parameters including the excitation
wavelength, the electron velocity, the impact parameter,
and the spatial con�guration of the near-�eld, since the
latter determines the momentum distribution of the
near-�eld excitation in the reciprocal space.
In addition to the longitudinal momentum transfer,
simulations have already predicted a transverse
momentum recoil and energy-dependent di�raction
e�ect [18]. This leads to a transverse modulation of
the electron wave packet akin to the Kapitza-Dirac
e�ect, however at larger momentum orders, due to the
large momentum component of the evanescent near-�eld
distribution.

Fig. 2 shows the time evolution of the electron wave
packet during interaction with the dipolar resonance.
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