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GLOBAL STRICHARTZ ESTIMATES FOR WAVE EQUATIONS WITH
TIME-DEPENDENT STRUCTURED LIPSCHITZ COEFFICIENTS

DOROTHEE FREY AND YONAS MESFUN

ABSTRACT. We establish global-in-time Strichartz estimates without loss of derivatives for
wave equations with time-dependent Lipschitz coefficients, which satisfy an additional struc-
tural assumption. Our approach is based on a parametrix construction through the Phillips
functional calculus. We furthermore obtain the well-posedness of such wave equations with
Lipschitz coefficients in H'.

1. INTRODUCTION AND MAIN RESULTS

In this article, we prove global-in-time Strichartz estimates for variable-coefficient wave
equations with time-dependent Lipschitz-regular coefficients under a structural condition.
More precisely, we consider wave equations in space-time R x R? = {(t,z): t € R,z € R?}
with spatial dimension d > 2, which are of the form

(1.1) (D? — P(t,z, D,))u(t,x) = F(t,z), u(0,z)=g(x), Dwu(0,7)= h(z).

Here, D, = —i0;, D, == (Dy,,...,D,,) = —iV, and P(t,x, D,) is an elliptic second order
differential operator of the form

d
P(t,x,D,) ZDc]tx or P(t,z,D,) z:cjtch2
7=1
The coefficients ¢y, ..., cq are merely assumed to be Lipschitz-regular and to satisfy some

structural and an asymptotic flatness condition (see Assumption 1.1 below).

Strichartz estimates control space-time LYLZ-norms of the solution of a linear dispersive
equation in terms of (L2-based) Sobolev norms of its initial data. These estimates turn out
to be particularly useful in establishing the well-posedness of nonlinear dispersive equations
(see e.g. [36], [39], [3] for an account of nonlinear wave equations). For a Schwartz solution
u € S(R x R?) of the classical wave equation in spatial dimension d > 2 (which corresponds
toc; =1forall je{1,...,d}, ie, P=—A, in (1.1)),

(1.2) (D + A )u=F inRxR? w0,)=g, Dwu(0,-)=h,
they read
(13) D ullup gz S gl + 1@ + Do Fll g o g,

where |D,|? is the Fourier multiplier operator associated with the symbol €|P for B €
{1 —a,a} and ||gllggsy = IIVagllL2re) denotes the homogeneous Sobolev norm. The
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2 DOROTHEE FREY AND YONAS MESFUN

integrability exponents ' and ¢ in (1.3) are the Holder conjugate exponents of p and ¢,
respectively, and the triples (p, ¢, @), (5, G, @) € [0, 0c]? satisfy the admissibility conditions

(1.4) 2<p<o0,2<qg< o0, l—i—c—lzc—l—a, g+u§u.
poq 2 p q 2

Triples satisfying (1.4) are called (wave-admissible) Strichartz triples and they are referred to
as strict if the fourth condition in (1.4) holds with an equality. Time-translation invariance,
scaling symmetry and the Knapp example show that the conditions in (1.4) are in fact
necessary for (1.3) to hold (see [39]). We preclude g = oo in (1.4) because in general, (1.3)
fails to hold in this case (see [10], [15]). Observe that strict Strichartz triples with p = oo
ie., (p,q,a) = (p,G,&) = (00,2,0) correspond to the well-known energy inequality (see e.g.
[36, p.13]). At the other extreme, strict Strichartz triples with p = 2, i.e., (2, 2?:31), 2&*_11))
for d > 4, are called endpoint Strichartz triples. Strichartz estimates for non-strict Strichartz
triples follow from those for strict ones by Sobolev embedding.

Strichartz estimates for the wave equation have a long history. In his seminal work,
Strichartz [38] proved (1.3) in the case p = ¢ by means of Fourier restriction. Later,
Ginibre—Velo [14] and Lindblad-Sogge [26] independently established (1.3) for non-endpoint
Strichartz triples. Finally, Keel-Tao [23] developed an abstract approach to Strichartz in-
equalities, thereby settling the subtle endpoint case.

The primary goal of this article is to obtain sharp global-in-time Strichartz estimates for
wave equations as in (1.1), where the coefficients ¢; are merely Lipschitz continuous. To this
end, we impose the following assumptions on the coefficients c;.

Assumption 1.1. We have

(15) Cj(t,l') = bj(t)aj(a:j), (t,l’) e R x Rd,j S {1,...,d},
where ay,...,aq and by, ..., by are Lipschitz functions from R to R with the following prop-
erties.

e There exist constants 0 < my; < mgy < 0o such that
(1.6) my < aj(x) <my forallzeRandje{l,...,d}.
Moreover, we assume that

(1.7) ms = 1I£l]a<Xde log(a; HL1 < 4.

e For some sufficiently small gy € (0, 3), we have
(1.8) 1—e9<bj(t) <1+¢e forallteRandje{l,...,d}.

We set my = maxj<;<q ||b;||Lw(R) < o0. Moreover, we assume that there exists some
sufficiently small e; = £1(mq, mg, my) > 0 such that

(1.9) 1r£1a<)§iHb lLim) < €1

Thus, P(t,x, D,) is of the form
(1.10) P(t,z,D,) Zb )Dqai(x;)Dy; or P(t,z,D,) Zb )a;(x;) D2

Due to the low regularity of the coefficients, it is a priori not clear 1f (1.1) admits a distribu-
tional solution even for very regular initial data (cf. for instance [6, Theorem 10] in the case
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of Holder continuous coefficients). Therefore, in a first step, we address the well-posedness
of (1.1) in H* := H*(RY), the latter denoting the L2-based (inhomogeneous) Sobolev space
of order @ € R. To this end, we view (1.1) as a vector-valued Cauchy problem in H*. It is
convenient to write P(t) instead of P(t,z, D,), and we think of P := (P(t));cr as a family
of differential operators acting on functions of z. We use the following notion of a weak
solution.

Definition 1.2 (Weak Solutions in H*). Let o € R and suppose that g € H*, h € H*~! and
F € LY(R; H*!). Then, a function v € C(R; H*) N CY(R; H*~1) N W2H(R; H*2) is called a
weak solution of (1.1) (in H®) if

D2u(t) = P(t)u(t) + F(t) in H*? for ae. t € R,
u(0) = g,
Dyu(0) = h.

Then, we obtain the following well-posedness result.

Theorem 1.3 (Well-posedness in H*). Let « € [—1,2] and suppose that g € H*, h € H*™!
and F € LYR; H*™Y). Then, there exists a unique weak solution u to (1.1). Moreover, for
each bounded interval J C R with 0 € J, the map

®: H* x H* ' x LY(J;H* ') — C(J; H*), (9,h, F) — u
18 Lipschitz continuous.

We note that for Theorem 1.3 we do not need the smallness of ¢ as stated in (1.8). In
fact, it is enough that the coefficients b; are just bounded from above and below by positive
constants, see Remark 4.4 below.

For the weak solution from Theorem 1.3, we are able to derive a representation formula,
see Theorem 4.2 below. This representation then allows us to prove global-in-time Strichartz
estimates, which is our main result:

Theorem 1.4 (Global-In-Time Strichartz Estimates for Weak Solutions in H'). Let (p, ¢, @)
be a wave-admissible Strichartz triple and o € [0,2]. Suppose that g € H', h € L? and
F € LY(R;L?). Then, the weak solution to the wave equation (1.1) satisfies the global-in-
time Strichartz estimate

(111) D ullp@ageey S lgllin + IAlle + 1F s e

In [13, Theorem 2], Schippa and the first author obtained Theorem 1.4 in the special case
where P as in (1.10) is time-independent, i.e., b; = 1 for all j € {1...,d}. Theorem 1.4
extends this result to the case of time-dependent coefficients of multiplicative form (1.10).

One striking feature of Theorem 1.4 is the mere Lipschitz regularity of the coefficients.
Indeed, Strichartz estimates for wave equations with low-regularity coefficients have been
intensively studied in the literature, leading to the insight that C2- or at least C'*!-regularity
of the coefficients is the minimal requirement for Strichartz estimates to be valid in general.
Indeed, for more general wave equations

(1.12) (D% — P(t,x, D))u(t,z) = F(t,z), u(0,z)=g(x), Dwu(0,z)=h(x),
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in R x R? with elliptic differential operator P(t,z,D,) = Zikzl Dy, cji(t, v)Dy,, Smith
[34] first obtained local(-in-time)' Strichartz estimates in spatial dimensions d = 2,3 in the
homogeneous case (F' = 0), provided that cj; € C*'. Later, Tataru [40] established local
Strichartz estimates under a C?-assumption in all dimensions d > 2, and Metcalfe-Tataru
[31] proved that these estimates are global-in-time under an additional asymptotic flatness
condition. For C"-coefficients with r € [0,2), Strichartz estimates hold true with loss of
derivatives [40], in which case the regularity parameter « of the Strichartz triple (p, ¢, ) in
(1.4) has to be replaced by a+ % with o, = gﬁ Moreover, the counterexamples constructed
in [35] show that this loss is generally unavoidable. In light of these results, Theorem 1.4
shows that for the wave equations under consideration in this article, Strichartz estimates
in fact do hold without loss of derivatives. The reason for this essentially lies in the crucial
structural assumption (1.5), see also Subsection 1.1 below for a further discussion.

1.1. Methods. In our approach, we make use of the abstract result by Keel-Tao [23], which
states that Strichartz estimates follow from uniform L2-bounds and dispersive estimates for
the solution operators to (1.12). However, one of the the main difficulties in our situation
is to find a good enough approximation of the solution operator, i.e., a parametrix. In case
of the classical wave equation, the solution operator to (1.2) can be represented in terms of
Fourier multiplier operators of the form

(1.13) [T(1)f] (@) = ["P(D2) f] () = (Qi)d /R DY (€) f(6) d

with 0 # ¢ € C>°(R?) supported away from the origin. While in this case the uniform L2-
bounds are an immediate consequence of Plancherel’s Theorem, the dispersive estimates are
considerably more delicate. In order to derive them, we may rewrite (1.13) as a convolution
according to

IO = [ Re)fe-nd= [ R e dy,
R R

where K;(y) = F (") (y) and (e¥P=), cga denotes the translation group acting on func-

tions of z. The crucial dispersive estimate for the operator 7'(t),

~ _d-1
(1.15) IT(@) flleemay S (L4 [E) 2 [ fller ey,

_d—1

then follows from the bound |K,(y)| < (1 + [¢t|)~"% , which in turn follows from the theory
of oscillatory integrals (see e.g. [37, Chapter 8], [19, Section 7.7]).

For variable-coefficient wave equations, one has to rely on more sophisticated tools from
microlocal analysis, namely Fourier integral operators (FIOs) in the case of smooth coeffi-
cients (see [21], [32]), or, in the case of coefficients with limited regularity, on phase space
methods such as the FBI transform (see [40], [41]). Those latter methods are not readily
available if the regularity of the coefficients of P is lower than C2.

The assumption that allows us to fall below the ’C?-barrier’ is the structural assumption
(1.5), which goes back to [12] on fixed-time LP-estimates for rough wave equations and which
opens the door to a construction of a parametrix via tools from functional calculus. Indeed,

!By this, we mean that (1.3) holds with 11Dz |'~“ul|p (riLa (rey) Teplaced by [[|[De|'~*ullyrr,Le may) OF
(D)~ *ul|pp (1,18 (rey) for some finite interval I C R containing 0.
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(1.5) means that P(t) = Z;lzl bj(t)L;, where Ly, ..., Ly are commuting differential operators
given by
Lj = Dy,a;(x;)D,, or Lj;:= aj(xj)Df:j.

It turns out that ivL = i(v/L1,...,+/Lq) is the generator of a d-parameter Cy-group
(eiy'ﬁ)yeRd on L? = LP(R%), p € (1,00), and, in analogy to (1.14), we are able to define a
parametrix for (1.1) in terms of operators of the form

(1.16) T = ()WL) = | Ky)e™VEfdy

R
with a suitable one-homogeneous phase function ¢,: R? — R and the kernel K, given by
Ki(y) = F () (y) ::ﬁ Jpa €W ETeEy(€) dE. Let us emphasize that this representa-
tion cannot be achieved through a simple bi-Lipschitz change of variables, see [12, Remark
4.5]. The representation then allows to reduce the crucial dispersive estimate for T'(¢) f to a
corresponding oscillatory integral estimate for K;, namely

(1.17) [Ki(y)] < (1+t])

We deduce (1.17) from decay estimates for the Fourier transform of a surface-carried measure.
This is where (1.8) enters the picture. Indeed, the smallness of €y as in (1.8) guarantees that
the hypersurface S := {£ € R%: p(€) = 1} is a small perturbation of the unit sphere, and as
such inherits its nonvanishing Gaussian curvature. An application of stationary phase then
yields (1.17).

_d—1
2 .

1.2. Outline. We briefly describe the structure of this article. In Section 2, we recall the
operator-theoretic framework, which was introduced in [12]. In particular, we shortly review
the Phillips functional calculus for v/L and recall basic facts and tools of this calculus. In
Section 3, we use these tools in order to construct parametrices, i.e., approximate solution
operators for (1.1). Following e.g. [34] (see also [22, Section 4]), we then use these paramet-
rices in Section 4 to obtain a weak solution to (1.1) by an iterative procedure. Uniqueness
is shown by energy methods in Section 5. Finally, we prove in Section 6 our main result,
Theorem 1.4. Our proof is based on the Keel-Tao argument [23] and closely follows the
proof of [13, Theorem 2]. Here, the crucial ingredient is the dispersive estimate (1.17), the
proof of which we have postponed to Section 7.

1.3. Notation. Since the underlying first order operators are Dirac operators as in [12] (cf.
[11] and the references therein), we define the second order elliptic operator P(t) from (1.10)
as the matrix-valued operator

P(t) _ Z;’lzl bj(t)Dl”jaj(mj)Dzj J 0 )
0 > i1 bj(t)a;(z;) Dy,
and implicitly work with C?-valued functions. This allows to treat the divergence-form and
standard-form versions of P(t) simultaneously. To ease noation, we suppress the target space
and write L? == LP(R%, C?) for p € [1,00], H* :== H*(R%; C?), etc. We denote the Schwartz
space by S(R?) and the Fourier transform on S(R?) by F, where we use the convention

FiQ) = [ ey md F )= g [ oo ae
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for f,g € S(RY). The extension of F onto S'(RY), the space of tempered distributions,
is still denoted by F. We set FL! := F(L'(RY)) and FM = F(M(R?)), where M(R?)
denotes the space of complex-valued Borel measures on R? with finite variation norm; we
put [|¢llzm = [|[F ¢l lma) for ¢ € FM. For A > 0 and £ € RY, we set (A) == (1 + A\?)1/?
and (§) = (|¢|), respectively. By a slight abuse of notation, we denote both the dual operator
(in Banach spaces) and the adjoint operator (in Hilbert spaces) of T' by 7. We reserve the
letter A > 0 to denote either the size ¢ € R? in frequency space or a scaling parameter in
physical space. Finally, A <,; B means A < C'B for some constant C' > 0 depending on a
set M of parameters, and A ~); B denotes the relations A <); B and B <, A.

2. PRELIMINARIES

In this section, we recall some properties of the Phillips functional calculus used in this
article. For more information on this calculus, we refer the reader to e.g. [16, Section 3.3],
20, Section 10.7].

2.1. Functional Calculus. For each j € {1,...,d} and p € (1,00), we define the operator

L;, in LP = LP(R%; C?) by
L. — (ijaj(oxj)Dm]. 0 )

o a;(z;) D3,

Dom(L;,) = {f € L7 | D} u € L? for k € {0,1,2}}.

The operators L, are sectorial operators in L? by [29, Proposition 1.1] and [33, Sec-
tion 7.3, Theorem 3.2] (the latter theorem is only formulated for bounded domains €
but can be modified for @ = R? see [30, Proposition 2.2.2]). By the holomorphic func-

tional calculus for sectorial operators, the square roots v'L;, are well-defined and we write
VL, = (VLip,...,VLay). For the proof of the following proposition, we refer to [13,
Proposition 2] (see also [30, Theorem 2.2.8 and Remark 2.2.9 (3)]).

Proposition 2.1 (Generation of d-parameter Co-Group). Letp € (1,00). Then, the operator
ivL, generates a bounded d-parameter Cy-group (eiy'm) . on LP. Moreover, eiy"/Ef =
VL2 f for gll f € LP N L2,

We set M, = sup,cpa Heiy'\/LT“Hl;(Lp). Since e VIr f = VL2 f for f € LP N L2, there is no

danger of ambiguity and we will just write VL instead of ¥ VE». The bounded d-parameter
Co-group (eiy"/f)yeRd gives rise to the so-called Phillips functional calculus for /L.

y€ER

Definition 2.2 (Phillips Functional Calculus for v/L). Let p € (1,00). For ¢ € FM, we
define p(v/L) € L(LP) by

(2.1) p(VL): IP = L7, o(VL)f = [ e VEfdu,(y),

Rd

where pu, = F 1o € M(R?).
We will mostly work with ¢ € FL! C FM, for which (2.1) is just

(2.2) p(VL)f = | (Flo)ye »VEfdy (f €LP).

Rd
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Proposition 2.3 (Properties of the Phillips Functional Calculus). Let p € (1,00). The
following statements hold true.

(a) The map ®: FM — L(LP), ¢ +— o(VL), defines a unit-preserving, bounded ho-

momorphism of Banach algebras. Moreover, (¢%°)(v/L) = ¢™VLi for t € R and

jed{l,....d}.
(b) Let f € LP and ¢ € C=(R?). Then, for all « € N&, we have p(vL)f € Dom(yv/L")
and
(2.3) VI o(VL)f = ¢a(VI)S,
where ¢4(€) = £9(¢), & € RY. Moreover, VL o(VL)f = o(VL)WWL'f if [ €
Dom(vL").

(¢c) Let p € FL'. Then,
le(VL) ey Sasy lo(Da)ll e

where p(D,) = F'M,F denotes the Fourier multiplier operator associated with the
symbol ¢. In particular, we have

lo(VI) | ewey S 1@l

le (V) llewn) Sapppa sup |1 [080()|| s 2 € (1,00).
o] <[d/2]+1

Proof. See [30, Proposition 2.1.10]. d

Remark 2.4. If ¢ € FL! is even in every component, i.e., if

AO=¢O =0 D elhifi. 0k (EERY,

(0;)§-1e{-1,1}¢

then the same is true for p := F~1p. In this case, we have by Fubini’s theorem

S0( f: / (/P —lyl\/i_l_e—lyl\/i) dy) —ly/'\/ffdy/
Rd-1 R
L (ool
Rd-1 R
/ (/P y)Cos(y1 V'L )) dyl>e_ly rfd /
Rd-1 R

== /R A (y)Cos(yVL) fdy = /R p(y)Cos(yVL) f

with the d-parameter cosine function Cos(yv/L) = H;l:l Cos(y; vV L;).

Thus for such functions ¢, we are free to replace e ¥V by Cos(yv/L) in the integral which
defines (v/L). This observation turns out to be useful when combined with the following
proposition.

Proposition 2.5 (L°L,-Estimate). Let p € (1,00).
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(a) We have
ICos(yVL) f(2) Lz @y S 1fh (f € L' NLP),

with an tmplicit constant depending on mq, mo, ms from Assumption 1.1.
(b) If o € F(L' N L>®) with ¢ = ¢, then

le(VI) flloe S IF ellocllfll - (f € LENLP).

Proof. For a proof of (a), we refer the reader to [4, Theorem 1.1] (see also [30, Theorem 2.2.8
and Remark 2.2.9 (3)]). To prove (b), let ¢ € F(L' N L>®) with ¢ = ¢©. Then, by
Remark 2.4, Hélder’s inequality and part (a), we have for f € LN LP and a.e. x € R?

(VL) f(x)] < /Rd (F@)®)[Cos(yVL) f(x)| dy

< IF " ellool| Cos (VL) £ (@) e ey ey S I1F " @lloolIf 11
0

2.2. An Adapted Scale of Sobolev spaces. Fourier multiplier operators can be viewed
as the Phillips functional calculus for D,. These operators can be efficiently studied in the
scale of L2-based Sobolev spaces H®, using Plancherel’s Theorem and the characterization of
these spaces within this calculus, i.e., H* = {u € §": (D,)*u € L?} (o € R). As we replace
the Fourier multiplier calculus (for D,) by the Phillips functional calculus for v/L, it is more
convenient to replace the classical Sobolev spaces H* by a scale of spaces which is better
adapted to v/L. To this end, we consider the operator L in L? = L?(R%; C?) defined by

> -1 Daya;(2;) Dy, 0
0 > -1 () D7)

with domain H? = H2(R%; C?). Note that L is self-adjoint with respect to the equivalent
scalar product

(24) L= LLQ + -+ Ld’Q = <

(2.5) (u,v)q = (A u,v)2, with A= A(z) = (é a(Oa:)) ,a(x) = ay(xy) - ag(zq).

Moreover, L is injective with spectrum contained in [0,00). In particular, the fractional
powers L are defined for each o € R (see e.g. [16, Section 3.2]). As in [24, Appendix EJ,
we may therefore use the following definition.

Definition 2.6 (The Spaces H¢). Let o € R. We define the L-adapted (L2-based) Sobolev

space of order o by

a Dom(L%),||(Id + L)% - ||3), a >0,
(HE, |- llng) = {< (L2), ]I( )2 - l2)

(L2, |dd+ L)z - []2)~, a < 0.

Here, (X, | - ||x)~ denotes the completion of a normed space (X, || - ||x). We also set HY?® =
Noer HE and H; > == {J, .z HE.

Note that H} C Hﬁ for —oo < B < a < 0. To ease notation, we will frequently write
| - |lo instead of || - [|ze. The notation HE is motivated by the observation that H*, = H®
for all @ € R. Let g € R. It follows from [24, Proposition 15.23] that the fractional power

(Id + L)g extends to an operator (Id + i”)g on H;* such that (Id+ f)g HY - HY P isa



GLOBAL STRICHARTZ ESTIMATES 9

bounded isomorphism for all « € R. We write (Dr)? == (Id + & )% We need the following
lemma to extend the Phillips functional calculus to the spaces Hf, at least for compactly
supported smooth functions.

Lemma 2.7. Let ¢ € C*(RY) and ¢ € C*(RY) with supp(v)) € RE\ {0}. Let further
fel? anda,B €R. Then:

(a) (Id+ L)3p(VL)f = ((-)%)(VL)f, and if f € Dom(L%), then (Id+ L)2 (VL) f =

P(VL)(Id + L)% f,
(b) L2p(VL)f = (|- P9)(VI)f. Morcover, if f € Dom(L2), then L=(VL)f =
(VL)L= f.

Proof. Tt is straightforward to verify that e~ = G,(v/L), where Gy(¢) = e~ Then, one
may use subordination formulas such as [16, Proposition 3.3.5] to prove (a). Part (b) can be
proved similarly. O

For ¢ € C®(R%) and f € HY, the Phillips functional calculus for vL extends to H} by
letting

(2.6) p(VL)f = ((-)"¢)(VL)g, ¢=(Dp)"f €L’

By Lemma 2.7 (a), this definition does not depend on « and is therefore reasonable. In view
of Lemma 2.7 (b) and (2.6), we see that

(2.7) Ligp(VI)f = (|- PO)(VI)f (f € HY)

for all a, 3 € R and all smooth ¢ € C®(R?) supported away from the origin. It follows
similarly that

(2.8) (D1)Po(VL)f = ({(-)Po)(VL)f (f € HY)

for all @, 3 € R and ¢ € C°(R?). We use the following result in order to switch from the
L-adapted scale to the classical one. The L-adapted L?-based homogeneous Sobolev space
W24 (RY) is defined as in [24, Definition 15.21] with A replaced by the closure of the Li-part
of V'L and « replaced by 3 therein.

Proposition 2.8. (a) For o € [—2,2], we have H} = H* and
KDLy ullz = [{Dx)ullz - (u € HY).
(b) For all B € [-1,1] and q € (1,00), we have WPI(RY) = WPI(RY) with equivalent

8
norms || L=ully = ||| De | ully-

Proof. Consider first the case « = 2. Then, H2 = Dom(L) = H? by definition. The estimate
lulluz < [lullme2 is trivial (by the Lipschitz continuity of the a;), and the reverse one then
follows from the open mapping theorem. Thus, H2 = H? with equivalent norms. For a = 0,
there is nothing to prove. For intermediate values a € (0,2), one argues by interpolation, as
both (HY)ser and (H?)geg form complex interpolation scales [28, Theorem 4.17]. The case
a € [-2,0) follows by duality. The second assertion for ¢ € (1,00) and § = 1 follows from
the Kato square root problem, see [2, Corollary 5.19] for the case of Lipschitz coefficients. [
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2.3. Littlewood—Paley-type Estimates. In order to prove Theorem 1.3, we rely on results
of Littlewood—Paley type for the Phillips functional calculus for v/L. Proofs can be found in
[30, Section 2]. In order to state the results, we fix some standard (homogeneous) Littlewood—

Paley partition of unity, i.e., some radially symmetric ¢ € C°°(R?) supported in the annulus
{¢ e R?: £ < |¢] < 2} such that we have

(2.9) Z (&) =1 forall £#0, wherey,(§) = w(%)

Ae2Z
Proposition 2.9 (Calder6n Reproducing Formula in HY). Let « € R and f € H. Then,
> (VL

g2z

In particular,

(2.10) Syz = span{(VL)f | . f € CZ(R?), supp(y) € R\ {0}}
belongs to (geg Dom(L?) N Mpe(1,00) L7 and is dense in H.
Proposition 2.10 (L*-Boundedness of Almost Orthogonal Operators). Let o,y € R. As-

sume that h = (hy)xeoz is a sequence of functions on R® such that hy is smooth on an open
neighborhood of Ky = supp(y) for all X\ € 2% and ||h||oc = supyeoz [|ha]|Loe(ry) < 00. Then,

T:H; - H 7, Tf =Y (A () (VL) f
Ae2Z

is a well-defined linear bounded operator with ||T|| < ||h||le- Moreover, for f € HY, there

holds
||Tf|\12{cg—w S ) (VIG5 S D I (VL)gl3 ~ (1 £l

A2z g2z

where g .= (Dp)*f € L2

Lemma 2.11 (Differentiation under the Sum). Let o € R, f € Hf and n € Ny. Suppose
that {hs | X € 22t € R} is a set of smooth functions on R?\ {0} which satisfy the following
assumptions:

(i) For all X € 2% and each & € Ky == supp(¢y), the map t — hy(€) belongs to C"(R; C)
and

0Fhen () < C)(E)*F (0<k <n)

with some locally bounded function t — C(t).
(ii) For each fized to € R, \ € 22, we have

||8fht,,\—8fht07AHL§o(Kn — 0 (t—)to)
Then, for all k € {0,...,n}, the map
wrt = TO)f =) (hata) (VL) f

Ae2Z
belongs to C*(R; HS ™) and it holds
u® () = @) VL), [P (@)llas S CONflla (t €R).

g2z
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Proof. This is a straightforward consequence of Proposition 2.10 and dominated convergence
in (*(2%). O

Remark 2.12. We also have a straightforward modification of Lemma 2.11 in the case
when ¢ +— hy , is only Lipschitz continuous (i.e., only differentiable a.e.). More precisely, let
n € Ng,a € R, f € H and suppose that {h; | A € 2%,¢t € R} is a set of smooth functions
on R4\ {0} which satisfy: For all A € 2% and each £ € K, := supp(y), the map t — hy (€)
is Lipschitz continuous and

10the 2 ()] < C(t)(A)" for ae. t € R,

where t — C'(t) is some locally bounded function.
Then, the map

u:t—=T)f = Z(ht,/\%\)(\/i)f

Ae2Z

belongs to W1 (R; H} ™) and it holds
U (1) =Y @henv ) VL), (6 ()lan S CO[flla for ae. t €R.

Ae2Z

Proposition 2.13 (Squarefunction Characterization of the LP-norm). Let 1 < p < oo.

Then,
1/2
|| > [a(VEL }) ~ ||fllp forall f €17
Ae2Z »
Proof. See [13, Proposition 5. O

Lemma 2.14 (Extension of the Operator L; to H}). Let « € R, n € Ny and j € {1,...,d}.
Then, the operator (L;)": S 5 — S g ea:tends uniquely to a bounded operator from Ha to
HY™". In particular, for each t € R, we have P(t): HY — H} 2,

Proof. Uniqueness is clear, since S, is dense in Hf by Proposition 2.9. Now, just note that
the operator

T:H; - HE" Tf =Y (N"((§) o) (VL) f

is bounded by Proposition 2.10 and that by Proposition 2.3 (b) and Proposition 2.9, we
have Tf = (L;)2f for f € S z. The second assertion follows from the identity P(t) =

S bi(t)L; and the first assertion with n = 2. O

7=1

3. PARAMETRIX CONSTRUCTION
We collect the time-dependent coefficients b; in a matrix
(3.1) B(t) := diag(by(t),...,bq(t)) (t € R).

In this section, for fixed s € R and u, € H}, we want to construct a parametrix for the
equation

(3.2) (D? — P(t)u(t) =0 (t€R), wu(s)=u,.
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Recall that P(t) = Z;j:l bj(t)L;. In view of Proposition 2.3 (b), P(t) is associated with
the symbol p(t,&) = (B(t)§]6) = S0, b;(1)€2, (t,€) € R x R, and thus the ODE in (3.2)
corresponds in the frequency space to the equation

(3.3) (D} = p(t,))(t,€) =0 (t € R),

For fixed & € RY, (3.3) is a second-order linear ODE in ¢. In order to find an approximate
solution, we make, as in Lax’s parametrix construction (see [25], [8, Chapter VIII.64]), the
ansatz v(t,§) = el#ts() with an appropriate one-homogeneous phase function ors: RT > R,
whose partial derivatives dF¢;  (k € {0,1,2}) are also one-homogeneous with respect to &.
Formally, we then have

e e O(DF — p(t,€))e¥ ) = (9ypy,5(£))* — p(t,€)) + 207 15(€).

Viewing the right-hand side as a function of the frequency variable £, we observe that
Qo1 (€))%, p(1,€) = € and |92y, (€)] = [€] by the homogeneity of ¢y, Therefore, we
might think of 197¢; (&) as a term of lower order (at least in the relevant high-frequency
regime |£| > 1). Neglecting this term, we arrive at the approximation

=915 (D2 — p(t, €))e#© a (yp,4(€))? — plt, €)) = 0,

which yields 0y, 4(€) = p(t,£)2 = £(B(t)€|¢)2. Choosing the initial condition v(s, ) = 1
in (3.3) gives ps4(§) = 0, so that an integration with respect to ¢ naturally leads to the
following definition.

Definition 3.1 (Definition of Phase Function). Let s, € R. We define the phase function

(3.4 b BB, @)= [ (B! ar

For later reference, we state some useful properties of ¢y ;.

Lemma 3.2 (Regularity of the Phase Function). The following assertions hold true.

(a) For each s,t € R, the phase function ¢;¢: RT — R is smooth away from the origin
and positively homogeneous of degree one. Moreover, we have the bounds

(3.5) 108 0,5()] S €'t — 5.
(b) For fived s € R and & € R?\ {0}, the map t — ¢, , belongs to CHH(R) with
(3.6) 0uprs (O = [€],  1070us (O S IB (DI €]
Here, 02, 4(€) exists for almost every t € R. Moreover, Ors = —Pst and thus

s = =004 |,=s for all k € {0,1,2}.

S

Proof. For 7 € R, consider the function f,(£) = (B(7)£[€)z, € € R Clearly, f, is positively
homogeneous of order one and smooth away from the origin. Thus, for every a € Ny,
8 5€)] < Carlg! ™ with Cag i= sup 0810
=1

By (1.8), we have 3Id < B(r) < %Id, which yields C,, = sup,.g Cor < 00. Therefore, if
s,t € R with s <, then

08 0a(6)] < / 08£,(6)] dr < Cale] e / dr = Cole| 1ol — 5.

S
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The same estimate holds if s > ¢, since ¢; s = —ps;. This proves (a). To prove (b), fix s € R
and & € R?\ {0}, and observe that ¢t — ¢, ((€) is differentiable with

Dpr,s(€) = fi(§) ~ [€].

Moreover, since t — f;(£) is Lipschitz continuous, we have for a.e. t € R

o8out€)] = 0] = 1t < IEOIEE e

O

Now, our natural candidate for a parametrix of (3.2) would be T* (¢, s)u, = (e*%0+)(v/L)u,.
However, this expression is not well-defined within the Phillips functional calculus for v/L as
etiers ¢ FM. To circumvent this subtlety, we define T*(¢, s) as a limit of Littlewood—Paley
sums as in Proposition 2.10. To this end, we fix a standard Littlewood—Paley partition of
unity (¢)yeoz as defined in (2.9) for the rest of this article.

Proposition 3.3 (Boundedness of Parametrices I). Let o € R. Then, the linear operators

TH(t,s): HY —» HY, TH(t,s)f = > (7)) (VL)f
Ae2Z

are bounded with operator norms uniformly bounded in s,t € R.

Proof. Fix s,t € R and put hy = e*¥t= for A\ € 2. Since |hy| = 1 for all X € 2%, the
assertion immediately follows from Proposition 2.10. U

Remark 3.4. One may wonder why we use the Phillips functional calculus for v/L in place
of the Borel functional calculus for the self-adjoint operator L. There are at least two
reasons. First, while p(|v/L|) = p(L) for p € C(]0, 00)), the phase function g, , is generally
not radially symmetric, so that T+(¢, s) cannot be meaningfully expressed within the Borel
functional calculus for L. Second, the integral representation (2.2) is concrete enough to
deduce dispersive estimates for T=(t, s) which are foundational to prove Strichartz estimates.

Clearly, the operator Op := D? — P(t) is a differential operator of order two and therefore
loses two derivatives in the H%-scale, i.e., Op: H* — H* 2 boundedly. In the following,
we show that T=(¢, s) are approximate solution operators to the equation Opu = 0, in the
sense that (pT* (¢, s) only loses one derivative in the H$-scale, i.e., OpT*(t,s): H} — HY
boundedly, see Theorem 3.7 below. The derivative gain allows us to construct a weak solution
to (1.1) by an iterative procedure. We need the following lemmas as a preparation.

Lemma 3.5 (Strong Differentiability of Parametrices I). Let sg,to € R and assume f € H¢
for some o € R. Then, the maps

tes TE(t,s0)f and s+ T*(ty,s)f
belong to Cy(R; HG) N CLHR; HY™H) N W2=(R; HY™?), and for all k € {0,1,2}, we have
DiT*(t,s0)f = Y (Dfe™ #0145\ ) (VL) f,
Ae22

DET*(tg,s)f = Y (DEe*®oeqp\)(VL)f,  and
Ae2Z

IDFT*(t, 50) flla-r + I1DT* (to, 8) flla-r < 1 flla-
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Proof. Let sg,tg,a € R and f € HY. Since T*(t,s) = T (s,t) for s,t € R, it suffices to
consider the maps u®: t — T*(t,s0)f. But in this case, the corresponding statement is
just a straightforward consequence of Lemma 2.11, Remark 2.12, and Lemma 3.2. Indeed,
put Ay == et for all t € R, \ € 2%, Then, h; ) is smooth away from the origin and by
Lemma 3.2, we have the bounds

hoa(©)] = 1.
L DB = D) 5 IS ()
B I Diha() — Dibay a(©)] S 1B — Bto)lllE] + |t — toll€

DA€ = [(Dirs ()" + 1 DFne ()] S 1P + IB/OIIIE] S (6)*

Lemma 2.11 and the first three bounds in (3.7) yield u* € CF(R; HY™") for k € {0,1}, while
Remark 2.12 and the last bound in (3.7) give Dyu® € WH*(R; H™?). The claim follows. [J

Lemma 3.6 (Derivative Gain on Dyadic Frequencies). Let s € R, A\ € 2% and f € H for
some o € R. Then, for a.e. t € R,

(th - P(t)) (em’s%)(\/i)f = )\(em’s “Te %)(\/f)f,
where 145 is smooth away from the origin with ||rex||Lex,) S ||B'(t)]] and Ky = supp(y).
Proof. By Lemma 3.2 and dominated convergence, we have for a.e. t € R
(3.8) D} (e¥9py) (VL) f = (Dfe? ) (VL) f.
Recalling that ¢, 4(£) = [ !

s

D2ei#+© = D, ((B(1)£|€)7 - €%+ ©) = ((B(£)€[€) + Dy(B(t)€[€)7 )el#r®
Plugging this into (3.8), we get

D}(e'*p\) (VL) f
= (BO)EO)e# ) (VL) f + A9 Dy (B(#)]5) ) (VD) .

By Proposition 2.3 (b), the first term on the right-hand side is equal to

(B(7)€]€)2 dr, we compute for a.c. t € R

d

Zb (G ) (VL) f = Db (0L (€7 n) (VL) f = P(t)(e*¢5) (VL) f.

We therefore conclude
(D} = P(6)) (e902) (VL) f = Me#= Dy(B()5[5)2¢5) (VI £,
But by (3.6), we have
(De(B(H)415)2] = [Diees($I S IB OISl = IB' @) (€ € K»),

1

so the assertion follows setting 7,1 (€) = Dy(B(t)5]%)2. O

Theorem 3.7 (Derivative Gain I). Let « € R. Then, the operator
(D7 — P(t))T*(t,s): Hf — H}™!
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s bounded for a.e. s,t € R with an operator norm uniform in s and t. Moreover, we have
the estimates

(@) (Df = P®)T=(t, ) fllga—r S IB' @ - 11l

(@) [I(DF = P&)T* (¢, 8) flla gy S 1Bl fllwg -
Proof. 1t is enough to prove the estimates (i) and (ii). Let s,t,a € R and f € Hf. To ease
notation, we just give the proof for 7' := T (the proof for T~ is analogous). By Lemma 3.5,
we have D2T(t,s)f € H%_Q almost everywhere. On the other hand, Proposition 3.3 and

Lemma 2.14 yield P(t)T(t,s)f € H3™2 Thus, (D? — P(t))T(t,s)f is a well-defined element
in HY"? (for a.e. t). Now, Lemma 3.5 and Lemma 3.6 imply

(Df = PW)T(t,8)f = Y (D} = P(0)) (¢¥un) (VL) f

Ae2Z
= Z A€y 5 - 1hy) (VL) f
Ae2z
= ) M) (VL) f
Ae22
with
ht,s,)\: Rd \ {0} — (Cu ht,s)\(é.) = ewtﬁ(g)rt,)\ (g)
satisfying

1t s allue iy = lreallue ey S 1B/ (1]
uniformly in A € 2% and s € R. It therefore follows from Proposition 2.10 that (D7 —
P(t))T(t,s)f in fact belongs to H; ™" (for a.e. t) and that

I(DF = PO))T(t, 5)fllgg—r < 1B O] 1 flmg -
This proves (i). Estimate (ii) follows by integrating (i) with respect to ¢t € R. O

Based on the operators T=(t, s), we define the following two families of operators C(t, s)
and S(t, s) to adjust for the initial values T'(t,¢) and D,T(t,s)|=s. They play a similar role
as Cos((t — s)v/L) and i(t — s)Sinc((t — s)v/L) do in the time-independent case.

Definition 3.8 (Parametrices II). Let s,t,a € R. For f € H¢, we define

C(t,s)f = Y _ ((cosoprs) 1) (VL) S,

A2z
(3.9) S(ts)f=1Y (Si; ;90@8 : w) (VL)f.
AL s¥'t,s

The properties established for T#(t, s) extend to C(t,s) in a natural way. The situation
for S(t, s) is slightly different. In view of the factor |dsp; | ' ~ [£|7! in (3.9), the mapping
properties of S(t, s) are even improved by one order in the Hf-scale (see Lemma 3.9 (b) (iv)
below). This will be crucial in Section 4. Another difference is that the very same factor
reduces the strong differentiability of s — S(¢,s) by one order, which fortunately turns out
to be irrelevant for our purposes.

Lemma 3.9 (Relation between Parametrices). Let s,t, a € R.
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(a) We have

(3.10) C(t,s)f ==(TH(t,s)+T (t,s))f (f€HT).

DN | —

(b) Define for f € H¢

T(t,5)f = 3 (usin) VIV, (€)= (€)

gL

sin(epy,s(€))
asspt,s(g) ‘

Then:
(i) T(t,s) € L(H) with T, s)| < (t—s).
(i) The map T T(T s)f belongs to (N,_, C*(R; HS™F) N W2(R; H2).

loc

(iii) The map T — T(t,7)f belongs to C(R;H$) N VVl(l)fo(]R HY™Y).
(iv) We have the identity

(3.11) S(t.s)f ={Dr) "' T(t,s)f (f € HE).
(v) We have
(D? - P(t))(ﬁt,sw)\)(\/f>f = /\<7zt,s,>\w)\>(\/f)f <>\ S 2Z)7

where 7y g : R\ {0} — C is smooth and satisfies the estimate
1Pt sallig e S IIB' ()], K = supp ().

Proof. Assertion (a) is obvious. To prove (b), let us first show the estimates

[hu,s (€)] S {t = s), [0ches ()] S (€),

(3.12) - -

|0she s ()] Smy (t = 8)(€), [0Fhes()] S (t = 5)(€)
and
(3.13) | Dihy () = Dihyg o ()] S (€)2 (|t — tol + | B(t) — B(to)l)

for s,t, 50,1t € R, £ € R?\ {0}. Indeed, (3.6) implies

j © _©
|he,s(€)] < Do @] = e © <1 for ¢ > 1,

while for |£] <1, (3.5), (3.6) give

Isin(%s( D s o

This shows |hy..(€)| < (t — s). Using this estimate and (3.6), we deduce
cos(wy ¢ Ot

|8590t,s (5)'
0.71.(O)] = |coslualNIE) = 522 S (6)

S (&) +1IB'(5)Il 1hes(€)]
Sma (§) +{t—5) S (t—9)(E)

041, (€)| =
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and finally

() Ohpra () — gg—gg cos(ies(€)(E)

S {t=9)E* + BB Sma (= 5)(€)*

The bounds (3.13) are shown similarly. Using (3.12) and (3.13), one may argue as in the
proofs of Proposition 3.3 and Lemma 3.5 to show assertions (i), (ii), and (iii). Furthermore,
the boundedness of (Dp)~': H} — H%™ and (2.8) shows for each f € H

(D) T(ts)f =1 (D) (heotr) (VL) f

A2z

=i 3 (O ) (VE)f = S(t,5)/,

ae2z

07 he,s ()] =

proving (iv). Finally, (v) is exactly shown as Lemma 3.6. O

The following two theorems are the main results of this section.

Theorem 3.10 (Boundedness and Strong Differentiability of Parametrices II). Let o € R.
(a) Let s,t € R. Then, the linear operators

(3.14) O(t, s): H — HS,
(3.15) S(t,s): HY — H9H!
are bounded with ||C(t,s)|| S 1 and ||S(t, s)|| < (t — s).

b) Let f € H} and sg,tg € R. Then:
L
(i) The map ug,: t — C(t,s0)f belongs to (_, CF(R; HS™F) N W2 (R; HY %) with

1D usylla-k S Ifllas k€ {0,1, 2}
(ii) The map vy, : t = S(t, s0)f belongs to j_y CF(R; HH M) N2> (R; HS ™) with

loc

1D vs ()llar-n S (¢ = s0)* [ flla k€ {0,1,2}.

The map wy,: s — S(to,s)f belongs to W,n>°(R; HY).
Moreover,

(3.16) Clto, to) =1d,  DyC(t, 8)|i=s =0,
(3.17) S(th tO) =0, DtS(t, 30)|t:So = Id,

where the time derivative is to be understood in the strong sense.

Proof. In view of the identity (3.10), the boundedness of C(t,s) and its strong differentia-
bility as stated in (b) immediately follow from Proposition 3.3 and Lemma 3.5, respectively.
Combining the strong differentiability of C(¢, s) with Proposition 2.9 then also yields (3.16).
To prove the corresponding statements for S(t,s), we use that S(t,s) = i(Dy)"'T(t,s) by
Lemma 3.9 (b) (iv). Thus, the assertions for S(¢,s) follow from the properties of T(t, s)
stated in Lemma 3.9 (b) (i)-(iii), and the fact that (D;)~! gains one derivative in the H%-
scale, i.e., (D)~t: HY — HY O
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Theorem 3.11 (Derivative Gain II). Let s,t,c € R. Then,
(D} — P())C(t,s): Hf — H} Y,
(D} — P(t))S(t,s): Hf — HY
are bounded. More precisely, uniformly in s € R, we have the estimates
I(D} = P®)C (¢, 5) fllge— S 1B @1l
I(Df = P(t))S(t, 8) fllng S NB' OIS g
and
1(D? = PO)CW, ) Fllus ey S 1B sl g
H(D? - P(t))S(t, S)fHLtl(R;H%) S B el f [l -

Proof. Once again, the properties for C(t, s) follow from Theorem 3.7 and the identity (3.10).
To prove the assertions for S(t,s), we once again use S(t,s) = (D) 'T(t,s) as stated in
Lemma 3.9 (b) (iv). Using (b) (v) of the very same lemma in place of Lemma 3.6, we find
that Theorem 3.7 holds true with T'(, s) in place of T*(t, s). Thus, the assertions for S(t, s)
follow again from the fact that (Dp)~': Hf — HY™. O

4. EXISTENCE OF WEAK SOLUTIONS IN H¢

In this section, we aim to establish the existence of weak solution to (1.1) in H}. We
prove existence following the approach in [34], which was subsequently also used by Hassell-
Rozendaal in their LP-theory for rough wave equations [17]. To motivate the idea, we first
recall the easier time-independent case B(t) = Id (¢ € R). Then P(t) = L and since

iv/L generates a Cy-group (eV2),cp on L2 (by the Borel functional calculus for self-adjoint
operators), we have the representation (cf. [1, Corollary 3.14.8] in the case F' = 0)

(41)  u(t) = Cos(tV'L)g + it Sinc(tvV'L)h + /0 t i(t — s)Sinc((t — s)VL)F(s) ds,

where
¢
Cos(tV'L) == %(eitﬁ + e_itﬁ), tSinc(tV'L) = / Cos(sV'L) ds.
0

Now, the idea in the time-dependent case is to replace the ezact solution operators Cos((t —
$)V/'L) and i(t—s) Sinc((t—s)v/L) in (4.1) by the parametrices C(t, s) and S(t, s) constructed
in Section 3. So we make the ansatz

u(t) = C(t,0)g + S(t,0)h + /tS(t,s)G(s) ds

with a suitable function G € L'(R; H%™!). This function will turn out to be the solution to
a Volterra equation. Recall that we know from Theorem 3.11 that

Ri(t,s) = (D} — P(t))C(t,s): H} — HY™ 1,

Ry(t,s) = (Dj — P(t))S(t,s): H™' — H ™!
boundedly.
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Lemma 4.1 (Volterra Operator). Let a € R and G € LY(R; HY ™). Put

V(t) = /OtS(t,s)G(s) ds (t €R).

Then, V € C(R; H$) N CY(R; HY™ ) N W2 (R; HY2). Moreover,

(Df = P(1))V(t) = {[(Id +iR)G](t)
for a.e. t € R, where

R: LY(R;HoY) — LY(R; HOY),  (RG)(t) = / tRQ@S)G(s) ds

has operator norm ||R| < C||B'||1 with a constant C depending only on my, my and my.

Proof. Let a € R and G € L}(R; HY ™). We write

V(t) = tv(t, s)ds (t € R),

where we have set v(t,s) == S(t,s)G(s) for t € R and a.e. s € R. Then, by Theorem 3.10,
we have for a.e. s € R

v(y5) € C(RHE) N CHR ) N WA (R HG ) with
(4.2) 1D v(t, 8)llamte S (¢ = )" MG ($) a1, k€ {0, 1,2}
First Step: V € C(R; Hy)

Fix tp € R and let ¢ € R. We have to show V (t) — V(to) in H} as t — t3. We consider the
limit ¢ | to (the limit ¢ 1 ¢ can be treated similarly). Observe that for ¢ > ¢,

(4.3) va—vmmas[Wmuwu@+4owm$—wm@mm.

Now for the first integral on the right-hand side of (4.3), we have

[ et )lads S 6= to) [ 166 laads 0 (¢4 to)

where we used (4.2) with £ = 0 and then dominated convergence. To estimate the second
integral on the right-hand side of (4.3), note that once again by (4.2) (with k = 0), the
integrand converges to zero as t | to for a.e. s and is controlled by (to — s)||G(5)||a=1 <
(to)|G(S)||a1 if |t — to| < 1. Thus, we conclude once again that

/O ot 5) — v(to, $)|ads — 0 (¢4 o)
0

by dominated convergence. This shows that V € C(R; HY).
Second Step: V € CY(R; Hy 1)
Let t € R. Then, for h # 0,

V(Hlf;)fv(t)_/o ot hs) —olts) gy e

ih T

= Al,h + Ag,h.
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Now, it follows again from (4.2) with k& = 1 and dominated convergence that
t
Ay p —>/ Dyw(t,s)ds (h—0) in H} '
0

Turning to Agp, we have to be a bit more careful since G' need not be continuous and thus
we cannot use the fundamental theorem. But using S(t,f) = 0 and Theorem 3.10 (b), we

have
/Rﬂ(mm(s) (s ; t) S(t,s) — S(t, t>G(s) ds

s—1

1Asnllos = ‘

a—1

1
< / ﬂ(t,Hh)(s)/ |0:sS(t,t + (s — t)7)G(S)||a—1 d7 ds
R 0
§L/ﬂmwm@WG®Hh1d5%0 (h 1 0).
R

One argues similarly for h 1 0. This proves that V € C*(R; H$ ') with D,V (¢) = f(f Dyv(t, s) ds.
Third Step: D,V € WL (R; H %)

loc

Let J == (=T,T), T > 0. We have to show that D;V € WH(J;HY ?). Exactly as in the
second step, one writes for h # 0,

DV (t+h) — DV (t)
ih
h Do(t 4 h,s) — D(t, s
; in
= Ay p(t) + Ao p(t).

) 1 t+h
ds + E/ Dyu(t, s)ds
¢

Using (4.2) with & = 2 and dominated convergence, we deduce Ay, — fg D?v(t, s)ds in
L>(J;HY?) — LY(J; HY?) as h — 0. Turning to Ay (t), we further split for A > 0

1Agn(t) = 1G(0)]|as
1 t+h 1 t+h
<1 [ DS GE) — G6)laads 3 [ IGE) - GOllaads
t t
=t Dy (t) + A3, (1),
so that
rmmw—%wwwwfmmsLA%@@+ﬁA%@@

Arguing just as in the proof of [5, Proposition 1.4.29]), we find [, A3, (t)dt — 0 as h | 0.
On the other hand, using (3.17) and (4.2), we estimate

| D:S(t,5)G(s) — G(8)[la—2 = [[DeS(t, 5)G(s) — DiS(s, 5)G(8)]|a—2
g/o 1D2S(s + (t — 5)7, 8)G(5) oo dr |t — s

S G ) o]t = sl,



GLOBAL STRICHARTZ ESTIMATES

which implies

1 t+h
/ AL, () dt < / 1 / 1G(5) o]t — | ds
J ghJy

T+h 1 s
< wl [t —s|dt )[|G(s)]la—1 ds < [|GllLs@uo-1yh = 0

=T

for A | 0. One argues similarly for the limit A 1 0. Thus, we have shown that

DV (t+h)— D,V
ih

in L*(J; HY?). Tt now follows (see e.g. [5]) that D,V € WHi(J; HY ?) with

/D2 (t,s)ds+1G(t) (h—0)

(4.4) DV / D}v(t,s)ds+ 1G(t) in H}?

for a.e. t € R.
Fourth Step: Conclusion
By Theorem 3.10 and Lemma 2.14, we have

PtV (t) = /t P(t)v(t,s)ds in H ™.
Recalling that (D? — P(t))v(t,s) = Ra(t, s)G(s), it follows that
(D} — P(t))V(t) = +G(1) —i—/o Ry(t,8)G(s)ds
= 1[(Id +iR)G|(1).

Now by Theorem 3.11, we have for a.e. t € R
[(RG)(E) | g

/ | Ra(t, s) HHa 1ds

< / IBONIGE s+ ds < IBON - 16 s gy

which yields
IRG I gpo—y S 1Bl - 1G L zgpe )

21

as desired. Finally, tracing back all constants arising in the preceeding proofs, one checks that
the implicit constant only depends on my4 and on the L2-bounds for the Phillips functional

calculus for V'L, the latter depending in turn on M, = sup g ||e_iy“/fHL(Lz). But M~ ms

1 by the self-adjointness of Ly, ..., Ly with respect to (2.5).

We are now ready to prove the existence of a weak solution to (1.1) in the H%-scale?.

2Here, a weak solution in Hf is just defined as in Definition 1.2 with H$ in place of H®.

O



22 DOROTHEE FREY AND YONAS MESFUN

Theorem 4.2 (Well-posedness in H}). Let €, be the constant from (1.9) and suppose that
e1 € (0, %), where C' is the constant from Lemma 4.1. Let o € R and suppose that g € HY,
heHY ™! and F € LY(R;HY ). Then, there exists a unique weak solution u to (1.1) in H$.
Moreover, there exists G € LY(R; HY ™) such that

t
(4.5) u(t) = C(£,0)g + S(t, 0)h + / S(t,5)G(s)ds (€ R),
0
and we have the estimate
1G s gare) S Ngllig + Mllgs s + 1F s ey
Furthermore, for each bounded interval J C R with 0 € J, the map
(4.6) ®: HY x HY ' x LY HY Y — C(J;HS),  (9,h, F) —u
1s Lipschitz continuous.

Proof. Let a € R and suppose that g € H}, h € H¢™! and F € LY(R;H$™!). Uniqueness
of weak solutions and the continuous dependence of the initial data and the driving force
as in (4.6) is proved in Corollary 5.4 below. To prove existence, define for a given function
G € LY(R; HY ™) the function u by the right-hand side of (4.5). Then, by Theorem 3.10 and
Lemma 4.1, u € C(R;H¢) N CY(R; HS™Y) n W2 (R; HY?) with u(0) = g and D,u(0) = h.

loc
Now Theorem 3.11 and Lemma 4.1 imply that u is a weak solution to (1.1) in H} if and only

if for a.e. t € R
F(t) = ((Df = P(t))u(t) = Ri(t,0)g + Ro(t,0)h + [(Id +iR)G] (1),
which is equivalent to
1(Id +iR)G(t) = F(t) — Ri(t,0)g — Ra(t,0)h.

Since || R|| 21 @pe-1y) < Ol B[ < Ce1 < 1by Lemma 4.1 and the assumption, the operator
Id +iR is invertible. On the other hand, R;(t,0)g and Ry(t,0)h belong to L} (R; HY ') with

1R (2, 0) gl @yms—ry S 1Bl gl
||R2(t’0)h”L%(]R;H%’1) S ||B/||L1||h||H‘L”1
by Theorem 3.11. Therefore, if we choose
G =i(Id +iR) ™ (F — Ry(t,0)g — Ry(t,0)h) € L} (R; HS ™),

it follows that u given by (4.5) indeed defines a weak solution to (1.1). Moreover, we have
the estimate

||G||Lg(R;Hg*1)
S R 0)gll Ly rome—ry + 1R2(8, 0)R| Ly o1y + [ F L mypo—r)
< Ngllotg + Illgg o + Pl o
as desired. The proof is complete. 0

By Proposition 2.8, we can identify the spaces H* and H$ for a € [—2,2], so Theorem 4.2
immediately gives the proof of Theorem 1.3.
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Corollary 4.3 (Existence and Uniqueness of Weak Solutions in H*). Let &1 > 0 be as in
Theorem 4.2 and suppose additionally —1 < o < 2. Assume that g € H*, h € H*™, and
F € LY(R; H*™Y). Then, the function u as in Theorem 4.2 defines the unique weak solution
to (1.1) 4n He.

Remark 4.4. Theorem 4.2 and hence Corollary 4.3 are also true under milder conditions
on the coefficients bq,...,by. First, observe that up to now, we did not use the smallness
assumption of gy as in (1.8). Thus, it would be enough if the coefficients b; are bounded from
above and below by a positive constant, just as the coefficients a; are. Second, the smallness
of €1 > 0 was only needed in the proof of Theorem 4.2 in order to invert the operator
Id +iR on L}(R; HY ') (using a Neumann-series argument). However, without assuming the
smallness of ¢, we can invert this operator locally in time, i.e., on the space L!(J; H%’l),
where J = (=T,T) for some fixed T' € (0,00). Indeed, a straightforward induction on
k € Ny yields

k (C; )"
(4.7) IR GHLI(J;H%*) N Ll

||G||L1(J;Hg*1) (k € No)
with
Cy = sup [[Ra(t, 8)]l L) S sup [ B' (B[] < ma,
t,seJ t,seJ

where we used Theorem 3.11. Thus, the operator A = Y 7 (—1)**RF converges in
L(LY(J; HS™Y)) (with operator norm bounded by a constant times e™7T) and defines the
inverse of Id + iR. Following the proof of Theorem 4.2, we obtain a unique weak solution
on J, i.e., a unique function uy € C(J;H¥) N CH(J;HY 1) N W2L(J; HY?) with u(0) = g,
Dyu(0) = h and D?u = P(t)u(t) + F(t) for a.e. ¢ € J. Exhausting R by bounded open
intervals J then gives the claim. Observe that this gives only G € Li_(R;H?™') in the
representation formula for u. However, the smallness of ; ensures that G € LY(R;H} ™),
which in turn means that the energy ||u(t)||g: stays globally bounded with respect to t. In
general, this is nontrivial (see e.g. [42]). However, it is a minimum requirement in order to
prove global-in-time Strichartz estimates, since the energy estimates are a special case of the

latter.

5. UNIQUENESS OF WEAK SOLUTIONS

The classical energy inequalities imply the uniqueness of weak solutions to linear wave
equations with Cp°(R%)-coefficients in the scale of standard Sobolev spaces H*(R?), o € R.
As the coefficients of our wave operator [Jp possess only limited regularity, these energy
inequalities are applicable only in a restricted range of exponents a. However, combining
them with Proposition 2.8 gives a first result.

Lemma 5.1 (Classical Energy Inequalities). Let J C R be a bounded open interval with
0eJ. If B B
ue C(J;H) NCHT; L) N W (J; H Y
with Opu = (D? — P(t))u € L'(J;L?), then
(5.1) lullogmy S llw(0)lay + 1DwO)|[ee + [IBpullu ez

Proof. We first observe that (5.1) holds with H} replaced by the classical Sobolev space
H'. Indeed, a careful inspection of the proof of [36, Chapter I, Theorem 3.1] shows that
the latter is applicable with s = 0 in the assumptions of that theorem (the coefficients
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cj(t,x) = b;j(t)aj(x;) of P(t) are Lipschitz, so taking one time derivative and integrating by
parts once with respect to z is justified to make the energy inequality work). But Hfl = H*!
by Proposition 2.8, so the claim follows. O

Note that Lemma 5.1 in particular implies the uniqueness of weak solutions in H}. In the
following, we lift this result to general exponents a € R. The reason why we can do this is
that, while (D,)* does not commute with P(t) = Z?Zl b;(t)L; for large o (by the limited
regularity of the coefficients a;), the fractional power (Dp)® in fact does (on appropriate
subsets of functions). In order to exploit this fact, we need the following approximation
lemma. To state it, we introduce some notation first. Let « € R, p € [1,00], m € Ny, and
J C R be a bounded open interval. Put

oy {WW’(J; Hg) for p € [1,00),
Wia = -
’ c™(J;HY)  for p = 0.

Let u € W7'P and n € Ny. Then, we set Z,, := {—n,...,n} and define

(IL,u)(t) = Z UA(VL)u(t) forallt e
AE2Zn
if p=o00. If p € [1,00), we define II,u by the same expression in an almost everywhere
sense. If [ € J is an open subinterval and 4=" < dist(/, J¢), we define

(Spu)(t) = (on *xu)(t) = /chn(t —s)u(s)ds fortel,

where ¢, (t) = 4"p(4"t) and ¢ € C°(R) satisfies supp(yp) C (—1,1) and [, (t)dt = 1.

Lemma 5.2 (Approximation Lemma). Let I € J be bounded open intervals in R and
mag € NOap € [1,00],0[,’}/ € R.
(a) For all n € N, we have 11, € LOV]Z WP ) with |[TL, || <, 2007 Moreover,
IT,, — Id strongly on W33 as n — oo.

b) For all n > ng, we have S, € LON™P W™EPY with ||S,|| < 4™+, where ng is such
J,a I ~
that 47" < dist(1, J¢). Moreover, if u € W}, then (Syu)®) = S,u® for k < m
and Spu — ul; in W}’fo’ép as n — oo.

Proof. (a) Suppose first that p € [1,00). If ¥ < 0, then ||II,|| < 1 since H} < H"” in this
case. Therefore, we may suppose v > 0. By Lemma 2.7 (a) and Proposition 2.3 (c), we then

have
() e S Y ) [Jul)]
Ae2ln

for a.e. t € J. Raising this inequality to the p-th power and integrating it with respect
to t € J, we deduce the bound ||IL,|| < 2**Y7, This proves the first claim. To prove the
second claim, note that we have proved that (II,), is in particular uniformly bounded on
Wil Letv € D = C*°(J;H$). Then, I,v — v in Wil by Proposition 2.9 and the
uniform continuity of v. Now, since D is dense in W}3¥ (see e.g. [5, Corollary 1.4.37]), the
strong convergence of (I1,,),, to Id on Wf&p follows from a standard density argument using
uniform boundedness. The case p = oo is proved similarly.

(b) These assertions are proved exactly as in the case of scalar-valued functions (see e.g.
[19, Section 1.3]). O

g Sy 20 () g
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Proposition 5.3 (Energy Estimates in Hf). Let J C R be a bounded open interval with 0 €
J. Suppose further that for some a € R, the function u belongs to C(J; H¥)NCH(J; HY )N
W2Y(J,HY ). If Opu € LY (J; HY Y, then

mg + [1Dru(0) g + 1Bpullrmg—y-

lulloag) Siar l[w(0)]

Proof. Let J C R, € R and u be as in the statement of the proposition. Fix some open
interval [ with 0 € I C J. Now, for n € N with 4" > (dist(Z, J¢))~!, we define u,: [ — H}
by

un(t) = (SuTLyu)(£) = /R on(t— \yu(s)ds (teT).

Observe that u, belongs to C*°(I; H®). Indeed, since u € C(J;H$), it follows that IT,u €
C(J;H?) for all B € R by Lemma 5.2 (a) and therefore u, € C*H(T;HY) by Lemma 5.2 (b)
for all # € R and k € Ny. This proves u, € C(I;H). But then also v, = (D)* 'u, €
C>(I;H®) and Opv,, € C¥Y(I; H) C LY(I;1L?) (note that the loss of regularity in ¢ arises
from the fact that the b; are only Lipschitz). Applying Lemma 5.1 to v,, we obtain

||Un||C(T;Hg): ||Un||0(7;Hi)
(5.2) St 1o (0l + [[Drvn(0) |z + [[Bpon|[Ly ez

) - P P A

where, for the last equality, we used that Op and (Dy)*"! commute when applied to u,,.
Now, we want to pass to the limit n — oo in (5.2). By Lemma 5.2, we infer u,, — u in
C(I;H%) and Dyu,, — Dyu in CY(I; HY™'). We claim that
(5.3) ||DPun||L1(I;H%’1) Sl ||DPU||L1(J;H%’1) + 2_n||u||0(7;H%)'
Taking (5.3) for granted, we may let n — oo in (5.2) to obtain
(5.4) lullomg) Sin 1w(0)[[ag + [Dew(0)][go-r + 10pull L gpe-1y,

and we infer the claim from (5.4) by simply exhausting J by open, compactly contained
subintervals I € J. So it remains to prove (5.3). First, note that since u € W2!(J; H$™?)
by assumption, Lemma 5.2 (b) implies

(5.5) DtQun = DtQ(SOn * Iu) = (o * HnDtQU) = Santhu
in L*(7;H$2). On the other hand, since P(t) = ijl b;(t)L,;, one may verify that
(5.6) (Puy,)(t) = (SuI1, Pu)(t) — Ru(t) fortel

with Ru = 23‘1:1 Rju and

Rult) = [ oult = 9)(05(0) = b () (L) 5) .
Note that by Lemma 2.14 and Lemma 5.2 (a)
1ROl < I8l ey [ Tenlt = s)e = o] ds
Sy (2(n+1)HHnUHC(?;Hg)) A" lelh

S 27"”“”0(?;%)
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for each t € I and thus
(5.7) HRUHLl(J;Hg—l) Si 27””“”0(?,@)-
Combining (5.5) and (5.6), we conclude
Opuy, = (D} — P)u, = S,11,0pu — Ru in LY(I; HS™Y),
and applying Lemma 5.2 and (5.7) gives
HDPunHLl(I;H‘{l) < ||SanDPun||L1(I;H‘£’1) + ||Ru||L1(I;H°L"1)
Si| HDPunHLl(I;Hg—l) + 27””“”0(7&%)
as desired. This completes the proof. [l

Corollary 5.4 (Uniqueness of Weak Solutions in H}). Let a € R and suppose that g €
HY, h € HY ', and F € LYR;HY ). If u and v are weak solutions to (1.1) in HY, then
u="v.

Proof. Define J,, := (—n,n) for n € N. Applying Proposition 5.3 to w, = (u — v)|; gives
w, = 0. Letting n — oo yields w = 0 and thus u = v as desired. 0

6. GLOBAL STRICHARTZ ESTIMATES

In this section, we prove Theorem 1.4 following the approach in the proof of [13, Theo-
rem 2|. Recall the parametrices from Section 3,

T(t ) = 30 Tt s) = D () (VD).

A2z A2z

We first establish a Strichartz inequality for T5(¢, s) in Subsection 6.1 using the Keel-Tao
framework [23], see Proposition 6.1 below. In Subsection 6.2, we obtain global Strichartz
estimates for the dyadically localized operators Tf(t,s) by a scaling argument. Finally,
in Subsection 6.3, we patch these estimates together to deduce global Strichartz estimates
for T*(t,s) (see Theorem 6.8 (a) below). This then immediately translates to Strichartz
estimates for the parametrices C(t, s) and S(¢, s), which, when combined with Theorem 4.2
and the Christ—Kiselev lemma, then yields the proof of Theorem 1.4.

6.1. Global Strichartz Estimates for Unit Frequencies. In this subsection, we prove
global Strichartz estimates for T55(¢, s). More precisely, we show:

Proposition 6.1 (Global Strichartz Estimates for T5°(t,s)). Let g9 € (0,1) from (1.8) be
sufficiently small and suppose that (p,q, ) is a wave-admissible Strichartz triple and s € R.
Then,

(6.1) 1272 (9 ) (V) flup ey S Ifllz - (f € L?),

with an implicit constant independent of s.

Our proof is based on the celebrated result by Keel-Tao [23]. For the convenience of the
reader, we restate it here. Recall that, for given v > 0, an exponent pair (p,q) € [2, 00]?

is called v-admissible if (p,q,0) # (2,00,1) and %+ 1 < 3. Note that if (p,q,a) is a

wave-admissible Strichartz triple, then (p, ¢) is %*-admissible (cf. (1.4)).
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Theorem 6.2 ([23, Theorem 1.2]). Let (€2, i) be a measure space and H be a Hilbert space.
Suppose that U(t): H — L2(Q) is a linear operator for each t € R satisfying the following
properties:

(i) Uniform Boundedness: For allt € R and f € H
10O fllze) < 111

(ii) Truncated Decay: For some vy > 0, we have
[U(U @) gl S (L+[E—sD) " lglli  foralls,t eR, g €S,
where S C LY(Q) NL%(Q) denotes a dense subset in L1(£2).
Then, the estimates
U fllr@rao) S Iflla (f € H)
and

/ Ut)U(s)"F(s)ds SIflle (F el (RL (),
0 LY (RLE(2))

hold true for any ~y-admissible exponent pairs (p,q), (P, q).

We want to apply Theorem 6.2 with Uy (t) :== L~ 2 (e*%ts4))(v/L) (for fixed s € R). Con-
dition (i) in Theorem 6.2 is straightforward to verify using the Phillips functional calculus.
However, for condition (ii), we need an oscillatory integral estimate, whose proof we postpone

to Section 7. In order to state it, we set for £ € (0, %)

B. = {B:[0,1] — R™? | B(t) is diagonal for all t € [0,1] and || B — Id||c <&}

and associate with B € B. the phase function
1
©:2) op RISR, 050) = [ (Bl dr
0

To ease notation, we just write ¢ = ¢z, if B is clear from the context. Observe that, if Dt s
denotes the phase function from Definition 3.1, then a simple change of variables shows that

(6.3) Prs = (t — 8)Pr,s, Where Gy =, , By (1) =B((t—-s)T+s) (re€l0,1]),
and B, € B., by (1.8).

Theorem 6.3 (Oscillatory Integral Estimate). There exists ey € (0, 3) such that the follow-

ing holds. For any v € C>=(R?) supported away from the origin, there exists some constant
C =C(¢,d) > 0 such that we have the decay estimate

IF () (y)] < C+ |t) 7
forallt e R,y € R, and B € B.,.
(0]

Equipped with Theorem 6.2 and Theorem 6.3, we are in the position to prove Proposi-
tion 6.1.

Proof of Proposition 0.1. Let (p, ¢, &) be a wave-admissible Strichartz triple and fix s € R.
Set 1 := | - |7*). By Lemma 2.7 (b), we have for f € L? that

L% () (VL) f = (e790) (VL) f = Us() .
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Thus, it remains to show
(6.4) 1U=(®) fllur@useay S I flle (f € L),

for which we invoke Theorem 6.2. To ease notation, we provide the proof for U = U, (the
proof for U_ is analogous). We verify conditions (i) and (ii) from Theorem 6.2. Property (i)
is easy since

1U@) fllz S 1€ Dl fllz Spaa 1fll2 (F €L%t €R)

by Proposition 2.3 (c). As v/L and therefore also v/L is self-adjoint w.r.t. (2.5), we have
(e VE)* = ¢~ VL and therefore

(U0))" = (2 B)(VE) = (e #3) (VD).

Thus,

(6.5) U(r)(U(0))" = (¥ ¢7)4?) (VL) = (e¥779%) (VL)

for 7,0 € R. Now, by Proposition 2.5 (b), we have for g € L' N L? that

(6.6) U (U (@) gl = [|(€779?) (VL)g|| o S IF (%9 [[wollgll1-

In view of (6.3), we have ¢, = (T — 0)@,, With ¢, , = ¢p,, and Bm € B.,. Hence, we
obtain from Theorem 6.3

— ior,0 .7, _ — W(T—0)Pr.o T, _d=1
IF () oo = IF 1 TP ) o Spa (L+ 17 =)™ 7 gl (1,0 €R).

Using this in (6.6) shows condition (ii) in Theorem 6.2. Applying the latter theorem (sepa-
rately in both components of L2 = L?(R% C?)), we obtain (6.4) as desired. O

Remark 6.4. A careful inspection of the proof reveals that Propostion 6.1 remains true
(with same implicit constant) if one replaces the ¢-defining matrix B(¢) by any matrix
B(¢(t)) with bijective transformation £: R — R, as the argument only hinges on assumption
(1.8), which is invariant under this transformation.

6.2. Global Strichartz Estimates for 75 (t,s). Let p € (1,00). For A > 0, we define
the dilation operator dy: L? — L? by (6xf)(z) = fa(z) = f(5) and the rescaled operator
L) = (Ll,)\a e 7Ld,/\) by

Dja;\D. N
L= ( I 6 I aj7,\D]2') , aja(z;) = a;(%).
The following lemma shows that T (¢, s) is obtained from Tj(t, s) by rescaling.

Lemma 6.5 (Scaling). Let A > 0.

(a) We have
(6.7) Sy VT = gVIng,
In particular,
(6.8) sup [|eVEN |2 < 1.
A>0,ycRd
(b) We have

(e ) (VL) f], = (0 9) (VL) fr  (f € LA).
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Proof. Let p € (1,00) and A > 0.

(a) A straightforward computation reveals the identity Ly = 65(A™2L)dy-1, which implies
VLy = 6,(A""v/L)&,-1 by the holomorphic functional calculus for sectorial operators.
By standard semigroup theory (see e.g. [7, Sections I1.2.1 and 11.2.2)), it follows that
VL, generates a d-parameter Cy-group on L? given by

VI = 4,615 VEg, (y € RY).
Now, (6.8) is a straightforward consequence, since
e = s (g < [l VE o | < 2814 =1,

where in the above display || - || denotes the norm in £(L?).
(b) Let s,t € and f € L2 By Remark 2.4, we have

(69) (eu) (VD] = [ F7 (e e0)0) (CosuVE)), dy

Observe that F~1(et4hy)(y) = NF~1(e™?r=1))(Ay) by the change of variables £
A¢ and the positive homogeneity of ¢, ;. Moreover, (Cos(y\/f)f)/\ = Cos(Ayv'Ly)) fa
by (6.7). Using these relations in (6.9) gives

[(eﬂ:ié@t,sqﬁ/\)(\/i)f])\ = /Rd )\d]-‘—l(ei,\eot,sw()\y)Cos()\y\/L_A))f,\ dy
= J” T (y)Cos(yVIa)) frdy = (€0 9) (V) fi

O

Lemma 6.6 (Global Strichartz Estimates for T (¢, s)). Suppose that (p,q,a) is a wave-
admissible Strichartz triple and s € R, A > 0. Then,

(6.10) 1275 () (VI gy < Ifll: - (F €L,
with an implicit constant independent of s and .

Proof. Let (p,q,a) be a wave-admissible Strichartz triple, A > 0, and f € L% As in the

proof of Proposition 6.1, set ¢ := | - |~*1. Then, by Lemma 2.7 (b) and Lemma 6.5 (b), we
have

L% (e0oh)) (VL) f = A (e, ) (VL)
= A"%0y-1 (5200 4p) (VL) )y f
= A0y (e59304)) (VILy )6, f,

where @7, is just defined as ¢, with B(7) replaced by By(7) = B(%), see Definition 3.1.

Now, applying the change of variables x +— I, — % first and then Remark 6.4 as well as
Proposition 6.1 with v/Ly in place of v/L (note that this is justified since Assumption 1.1 is
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invariant under the scaling a; aj,,\), we obtain
1275 (X940 ) (VD) flluponzqray = A~ [[0x-1 (€32 0) (V)0 fllup(rit ey
= )\—(a+%+ )||( +Hep 5 )(\/L_)\>6>\f||Lf(R;Lg(Rd))
< A58 16,11
= xS 7 = 1]

where the last equality follows from the fact that (p,q,«) is a wave-admissible Strichartz
triple. O

6.3. Proof of Theorem 1.4. We recall the following lemma, which is due to Christ—Kiselev.

Lemma 6.7 ([39, Lemma 2.4]). Let X,Y be Banach spaces and let K € C(RxR; L(X,Y)).
Suppose that 1 < p < q < oo is such that

H/RK(t,s)F 5)ds

for all F € LY(R; X). Then, one also has

H /; K(t,s)F(s)ds

Theorem 6.8 (Strichartz Estimates for Parametrices I). Suppose that (p,q,«) is a wave-
admissible Strichartz triple.

(a) The estimate

S Iy

LI(R;Y)

A<, ||F||Lf(1R;X)-

L(R;Y)

IL72T=(t,8) fllipraaway S Ifl2 (f € Syg)

holds uniformly in s € R.
(b) If (p, G, @) is another wave-admissible Strichartz triple with p < p, then

S Gy

L7 (R;LE (R4))
LY (R;(LE (R4)))

/t LS5 T, )G(s) ds

for all measurable functions G: R — S 5. of compact support.

Proof. Let (p,q,a) be a wave-admissible Strichartz triple.

(a) Let f € S and s € R. Then, Proposition 2.13 followed by an application of
Minkowski’s inequality (note that p,q > 2 in view of (1.4)) gives
1112
_a 2
L5 T4 sy = | (3 [0 VBIL T
(6.11) pe2’

~ Z [4u(VI)LTET*(t, s fHLpRLq (R4))"

ne2’

LY (R;Lg (R))
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Note that by the Phillips functional calculus and the fact that the v, are almost
disjointly supported, we have

Du(VL)LTET*(ts) f = ) (|- [T gni,) (VL) f

g2z

= 3" L) (V)L (VI)

Xel,

where 1, = {§, 1,2p1}. So the sum on the right-hand side of (6.11) can be estimated

by
32 Z HL Gl (\/_)w“(\/f>f||if(R;Lg(Rd))
ne2Z \ely,
=33 S L @ ) (VY (VE) [ s e
Ae2Z pely
3D VIl =9 VI £, = 1113,
Ae2Z pely pue2t

where we used Lemma 6.6 and Proposition 2.10 in the last line of the above display.
This proves (a).

Let (p, G, &) be another wave-admissible Strichartz triple with p’ < p. Fix s € R.
Since S, is dense in L*(R?) by Proposition 2.9, it follows from (a) that
T LRY) = LR LARY), (Tf)() =L 2T*(ts)f

is a bounded linear operator. Recalling the scalar product (2.5) on L?, we may define
the equivalent dual pairing

(F,G) = /R<F(T),G(T)>Ad7'

on L2(R; LI(RY)) x L¥(R; L7 (RY)). Since T, is bounded, the dual operator 7;* and
thus the composition 7,7 are bounded, too. Let G: R — & 5 be measurable with
compact support. Then, a straightforward computation reveals

7.6 = [ TG dr
R
and using that
T=(t,s)T*(s,7) = T=(t,7), T*(t,s)" =TF(s,t) for t s, 7€R
as identities on £(L?), we conclude
(T.T2G)(t) = / L5 T (t,7)G(r) dr
R

for a.e. t € R. Now, the claim follows from the boundedness of 7,7 and Lemma 6.7.
O

Corollary 6.9 (Strichartz Estimates for Parametrices II). Suppose that (p, q, «) is a wave-
admissible Strichartz triple.
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(a) We have
1-a 1
(6.12) IL=C(t, s) flir@uzeay SNL2flle (f € H)
and
l—«
(6.13) 1L S(t,9) fllir@ueeay S Ifll2 - (f € L?)

uniformly in s € R.
b) Suppose that (p,q, &) is another Strichartz triple with p < p. Then, there holds the
pp p,q P p p
imhomogeneous estimate

t 1-a-a
/ L 2 S(t,s)G(s)ds
0

S Gl

L7 (R;LY (R4))
LY (R;(LE(R9)))

for G € LV (LY (RY)).

Proof. Let (p, q, ) be wave-admissible and let f € S 4. By Lemma 3.9 (a) and Lemma 2.7 (b),
we may write

LZ°C(t,8)f = SL73T*(t,s) L3 f + AL 3T (¢,5)L7 f,

so Theorem 6.8 gives ||LPTQC(1€, ) fllp @i rey) < ||L%f\|2 uniformly in s € R. Now, (6.12)
follows as S is dense in H} (in particular, the left-hand side L=C (t,s)f is to be under-
stood as a limit in L7(R; LZ(R?))). This proves (6.12). Let p € C(RY) with 0 < p <1
and p = 1 on B(0,1). For A > 1, put x5 € C2(R%) by xA(€) = p(§) — p(A). Then, by
the definition of S 5, we have (VL) f = f for X = M\(f) > 1 sufficiently large. In view of
(3.8), we may then write

L5 S(t,s)f = LL S TH(t, $)maa(VE) f — LL8 T~ (t, s)maa (VL) f

with meA(€) = g (@) Since [moa(VI)fllz S lImoalleoll fll2 < [I£]l2 by Propo-
sition 2.3 (c), we argue as above to infer (6 13). Finally, (b) is proved similarly as Theo-
rem 6.8 (b), using that Hms,\(\/_)Hﬁ(Lq () ~ 1 by Proposition 2.3 (c). O

From the preceding corollary and Theorem 4.2, we obtain Strichartz estimates for weak
solutions in Hj.

Theorem 6.10 (Global-In-Time Strichartz Estimates for Weak Solutions in H} ). Let (p, ¢, )
be a wave-admissible Strichartz triple. Suppose that g € HL h € L%, and F € L(R;L?).
Then, the weak solution to the wave equation (1.1) satisfies the global-in-time Strichartz
estimate

12" ullr gy S llgl @e) + ol + | Fll @)
Proof. By Theorem 4.2, we have the representation
u(t) = C(t,0)g + S(t,0)h + /t S(t,s)G(s)ds (t € R)
0
with
(6.14) Gl @) S lglluy + Al + ([ F ]l @ee).
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By Corollary 6.9 (a), we have
1—a 1
1L C (@, 0)g(x)lrazray S I1L2gll2 < llgllmy

1—a
| L= S<t>0>g<x>”Lf(L§;(Rd)) S 122
Moreover, applying Corollary 6.9 (b) with (p, g, &) = (00, 2,0) (note that then p/ =1 <2 <

p) and (6.14), we find
¢

’/ LI_TQS(t, s)G(s)ds
0

S G L w2
LY (LE(R4))

S gl + Al + 1 F |l @)

O

Now, in view of Proposition 2.8, Theorem 1.4 is an immediate consequence of Theo-
rem 6.10:

Corollary 6.11 (Global-In-Time Strichartz Estimates for Weak Solutions in H'). Let (p, q, «)
be a wave-admissible Strichartz triple and o € [0,2]. Suppose that g € H', h € L* and
F € LYR;L?). Then, the weak solution to the wave equation (1.1) satisfies the global-in-
time Strichartz estimate

(6.15) 1 De )" ullir iz ey S gl + (Rl + 1F L @iz
7. OSCILLATORY INTEGRAL ESTIMATE

In this section, we provide a proof of Theorem 6.3, which was one of the key ingredients
for the proof of Theorem 1.4. For the convenience of the reader, we restate it here. Recall
that we set for € € (0, 1)

B. = {B:[0,1] — R™?| B(t) is diagonal for all ¢ € [0,1] and ||B —1d||s < ¢}
and define for B € B. the phase function

1
= 1
(1) o5 RISR 930 = [ (Bgo dr
0
To ease notation, we just write ¢ = @5 as in Section 6.

Theorem 7.1. There ezists €9 € (0,3) such that the following holds. For any P € C2(RY)

supported away from the origin, there exists some constant C' = C(z/;,d) > 0 such that we
have the decay estimate

iy~ o~ d—1
[F(e™Y)(y)] < CA+1t)" =
forallt e R,y € RY and B € B.,.

For B € B. and associated phase function @, let us define the hypersurface

(7.2) S = {¢ e R%: p(¢) = 1}.
We also define the hypersurface
(7.3) % i {Vep(€) € RY | € £ 0},

Theorem 7.1 can be reduced to decay estimates for the Fourier transform of the surface
measure on S. It is well-known that these are linked to the Gaussian curvature on S (see



34 DOROTHEE FREY AND YONAS MESFUN

e.g. [18], [27], [19, Theorem 7.7.14]). Therefore, we first collect some important geometrical
properties of S, see Proposition 7.2 below. We then use these to prove Theorem 7.4 below,
from which Theorem 7.1 follows.

Observe that Ve@(€) = B(€)E for € # 0, where

(7.4) B(9) = dioa(B(9) . Bu), B = [ AT
Since [|B — Id|[o < g9 < 1, it follows immediately from (7.1) and (7.4) that
(7.5) SC{eeR: ¢l =1}, B =, Tc{¢eR[¢ =1}

Proposition 7.2 (Properties of S). Let g9 € (0, 3), B € B.,, and S and ¥ as defined in
(7.2) and (7.3), respectively.

(a) S is a smooth, compact hypersurface in R, with normal space at each w € S given by
(7.6) N(S) = span{Vep(w)}  (Vep(w) € ).

Moreover, S is the boundary of the compact, strictly convex set

K :={¢eR"|p(¢) < 1}.
(b) The Gauss map on S given by

n:S— S n(w) = —Vggf(w)
Ve (w)|
is a diffeomorphism with n(—w) = —n(w). In particular, for each vy € S41 there

exists exactly one wy € ST such that vy = n(Fwp).

(c) Let n be the Gauss map from (b) and eo sufficiently small. Then, there ezists
some Kk = K(gg) > 0 such that in each point w € S, the principal curvatures
k1(w), ..., Ki—1(w) with respect to —n satisfy rkj(w) > k.

Proof. The assertions in (a) are straightforward to prove (see e.g. [43, Proposition 5.1]). To
prove (c), let n be the Gauss map as defined in (b) and w € S. Recall that the principal
curvatures k1(w), ..., kq—1(w) with respect to —n are the eigenvalues of the self-adjoint shape
operator
L,:T,(S) = T,(S), Ly(v)= Dyn(w)

(see e.g. [43, Section 1.9]). Here, D, denotes the directional derivative along the tangent
vector v € T,,(S). Thus, we have to show that there exists some xk = k(gg) € (0, 1) such that
kij(w) > kforal je{l,...,d -1} and w € S. Equivalently, we need to show that the
bilinear form associated with L, namely the second fundamental form in w, defined by

I, T,(S) x TL(S) = R, IL,(v,3) = (L.|0),

is positive definite uniformly in w € S. Unfortunately, the strict convexity of K, as shown in
(a), only implies that II,, is positive semi-definite. To prove strict positive definiteness, we
argue by perturbation. Fix w = (wy,...,ws) € S. A computation yields for any v € T,(S)

(7.7) Ved(w)| - 1y(v,v) = (Vig(w)vlv) = (B(w)v]v) — (Rw)v|v)
with

(7.8) FNQ(W) = ('Fj,k);{kzl = (Tjk(w)ijk);l,kzlv Tﬂf(w) = /0 %dT
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Therefore, in view of (7.5),
IL,(v,0) Z (B(w)v[v) = (Rw)v[v) Z [v]* = (R(w)v|v).
So it is enough to show that

(7.9) (R@@)wlo)l = Oleo) - ol (v € Tu(S)).
Put v == V¢@(w) = B(w)w. Without restriction, we may assume vy # 0. Then, T,(S) =
span{vy, ..., v4_1} with vy = vge, — vpeq. Now, if v € T,(S), then there exists A € R4-1

such that v = Zi; A\:v and thus

Rl = 3 A Aw(R(@)oeloy)

k=1
with

(R(w)velv;) = [(rjuBa — aBi)Ba + (raaBr — raxBa) Bj]wjwi|wal”
[(rjx = 7ja) B + 7“jd(éd - ék)éd} wjwi|wal”

+[(rdd - Tdk) éjék + T‘dk(ék - éd) Bj}ijk|wd|2.

By assumption, we have ||by — b;llso < [|bx — oo + 10; — 1]|oe < 220 for all j, k € {1,...,d}.
Hence, since |w| ~ 1 by (7.5),

\mrmeMs(4}aﬁ@yﬁw)w@—Mus%.

T)w|w
and similarly

Ba(w) — By(w)| < </0 Wd7> ok — balloo S 0.

We conclude that |(R(w)ve|v;] < olw;]|wr||wa|? and since |wq| = |v4| by (7.5), we obtain
d—1
(R@)vlv)] S colval® Y MAelwsllwn] < eolvalPIAPIwl® = eolval* AP < eofvf?
jk=1
(the last inequality follows from the identity |[v]|> = |(A|Z/)]? + |v4l?|\|?, which is readily
verified). This proves (7.9) and therefore the claim.

Finally, we prove (b). Note that by (c), dn,,: T,(S) — T, (S 1) ~ T,,(S) has nonvanish-
ing determinant for each w € S, so n is a local diffecomorphism. Also, n(—w) = —n(w) for
w € S follows immediately from the definition of n. Therefore, it suffices to show that n is
bijective.

Injectivity: Suppose that v = n(w;) = n(ws) for some wy,ws € S. By (a), the set K is
strictly convex and n is the outer unit normal vector field on the boundary of K. Therefore,
we must have K\{w;} C H;, where H; is the open supporting hyperplane at w; defined by

Hy = {£ e R (€ —wlv) <0} (j€{1,2}).
But this is only possible if w; = ws.

Surjectivity: Let v € S4'. We consider the linear function
f RIS R, flw)=v-w.
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By the extreme value theorem and the compactness of K, there are extremal points wy,wy €
K in which f attains a maximum and a minimum. The function f, being linear, cannot
attain extremal values in the interior of K and thus w; and we have to lie on 0K = S.
In particular, f(w;) and f(wy) are local extremas on S. Therefore, v = V,, f(w;) must
belong to N, (S) by the Lagrange multiplier theorem. Combining this with (a), we conclude
tn(w) = v = £n(ws). If n(w;) = n(ws), then w; = wy by the already shown injectivity.
But then f would have to be constant (since minimum and maximum of f would be equal),
contradicting the fact that f # 0 is linear. So either v = n(w;) or v = n(w,), which shows
that n is surjective. 0

Lemma 7.3. Let g9 € (0,1) and k = k(eo) be as in Proposition 7.2 (c). Then, there are

constants ¢, and cq, > 0 such that the following holds. For all § € (0,c¢;') and w,wy € S
with |w £ wo| > 9§, there exists some v € T,,(S) with |v| =1 and

|(vln(wo))| = caxo.

Proof. Let w € S. Recall that the principal curvatures k1 (w), ..., k4_1(w) with respect to —n
are the eigenvalues of the self-adjoint shape operator L, : T,,(S) — T.,(S), L, = D,n. Under
the identification T,,(S) ~ Ty, (S*™"), we have dn, = L, and thus by the inverse function
theorem that n™! is smooth with || d(n™),|| = [|(dn,-1)) | < £ for all v € S, Thus,

') = 07 ()] < [l dn o dias (v ) < v —

for v, vy € S, In particular, n~! is Lipschitz continuous with Lipschitz constant 5-- Thus,
if 0 >0 and w,wy € S with |w + wg| > J, then

(22)" < (2w = w)* < Infw) — n(wn)
= [n(w)|* + [n(wo)* — 2(n(w)|n(wo))
=2(1 = (n(w)[n(wo))),
which implies (n(w)[n(wy)) < 1 — 3(22)2. Replacing wy by —wo and using that n(—wy) =

—n(wp), we also get —(n(w)n(wy)) <1 — %(%) and thus

[(n(w)|n(wo))| < %(2—“5) =7

Put ¢, == 27 ', > 0 so that r € (0,1) for 6 € (0, ) Now choose an orthonormal basis
(v1,...,v4-1) of T,,(S). Then,

_i (v1n(wo))? = In(wo)l” = |(n(@)ln(@o) = 1 -2 > 1—r.

Thus, there must exist some j € {1,...,d — 1} such that
K 2 .
|(vn(wo))[* > Z5(1—7) = 5ty (322)” = ¢,.0%
proving the claim. 0

Let ¢ € C>(R?) be supported away from the origin. For ¢ € (0, %), B € B. and associated
phase function ¢ as in (6.2), let us define for ¢ € R the kernel K; by

Kily) = F e 0)(0) = g [ @0 s (v <R,

Theorem 7.1 is then a consequence of the following result.
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Theorem 7.4 (Decay Estimate for K;). Let ¢g € (0,%) as in Proposition 7.2 (c) be suffi-

ciently small. Then, there are constants Cy = Cn(¢) > 0 (N € Ny) such that the following
estimates hold true for all s,t € R,y € R%, and all N € Ny:

(7.10) |[Ki(y)| < Oy 1+ [y)) ™7 (1 + dist(y, ) 7.
In particular,
(7.11) 1Kl S5 A+ )T (teR).

Proof. Let t € R. The claim is trivial if ¢ = 0, for then K; = F~'¢ € S(RY) and t% = {0}.
We may therefore suppose t # 0 in the following. We divide the proof into three steps.

Step 1: Rescaling
Define the full phase function ®(z,€) == z - € — ¢(€) for (z,€) € R? x R%. Then,

(7.12) Ki(y) = (Qi)d /Rd S (2.6)

where

I\ 2) = / MY () dE (2 € RL A ER),

Rd
and (7.10) would follow from the uniform estimates
(7.13) 110N 2)| Sng L+ 22T (14 [Adist(2,2) ™Y (2 e RLA € R).
This is what we will show next.

Step 2 : The Proof of Estimate (7.13)
We deal first with the easier case z = 0 and then proceed with the case z # 0.

Case 1 : z=0.
Put § := dist(0,%) > 0. Then, 6 ~ 1 by (7.5). Now, observe that

(7.14) IVe®(0,6)] = [0 — Vep(€)] > dist(0,%) =6 ~ 1
and that by the positive homogeneity of @, we have for any o € N¢ with |a| > 2

(7.15) [0 D(y, )| = 10£2(6)] Sa €' S 1 on supp(d)).

Therefore, nonstationary phase (see e.g. [19, Theorem 7.7.1]) implies

[I(X0)] Syag L+ DT S (L + A0 (AER)
which is exactly (7.13).
Case 2 : z # 0.

Let 2 € R?\ {0} and set v, = 5 € Sd-1 Using [9, Theorem 3.11] (see also [30,
Proposition A.0.1 (iv)]), we may integrate the integrand of I(\,z) along the level sets of

. This gives
I\ z) = / em(/ M=) (w) dw) dr,
0 F1(r)
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where dw = |V¢@| ' dH! (the latter denoting the d — 1-dimensional Hausdorff measure
on the hypersurface ¢~!(r)). Since ~'(r) = r@~!(1) = rS by the positive homogeneity of
©, the integral in the above display is equal to

I\ z2) = /000 e i (/Seir’\z'“’d;(rw) dw) ri=tdr

_ / eI (rA 2], v2) % (r) dr,
0

where () = x(r)r®! and x € C((0,00)) such that y = 1 on supp(r — ¥ (rw)), and for
fixed r > 0,

J(p,v) = /Sei“”'wdz(rw) dw (peR,ve ST,

By Proposition 7.2 (b), there is exactly one w, € S such that +v, = n(£w.). We localize
J(p,v;) around tw,: To this end, we choose p € C*(R) such that p = 1 on (—3,3),
supp(p) € (—1,1) and for some § > 0, we split J(p,v.) = Ji(p,v.) + Jo(p,v2) + J3(p, v2),

where

Tl = [ emn(52)i )
T, v.) = /ei“”z'“p(“%;"z')w(rw dw,
S

JB(M, Vz) — /eiuvz.ww(rw) (1_p(|w—5wz| +p(|w—§wz|)> dw.

S

Then, we obtain the splitting I(\, z) = I1(\, 2) + Iy(A, z) + I3(A, z) with
) = [P )R () dr
0

for k = {1,2,3}. We estimate each of these terms separately. Let k € {1,2}. Note that by
Euler’s relation for ¢,

Vep(w:)|  [Vep(w:)|  [Vep(w:)] o

and therefore

I\ 2) = / e M= Lo T (e A 2], 1) ()
0



GLOBAL STRICHARTZ ESTIMATES 39

Hence, integrating by parts and applying stationary phase (see [19, Theorem 7.7.5, Theo-
rem 7.7.14)) with § = §(k(g¢)) > 0 sufficiently small, we obtain

(A1 =5)) 1 2)]

-1 [ ((—Dr)Ne_iM(l_j))e_mil T )70 dr
‘/ —irA(1 (‘””Jk(r)\]z\ v)X(r )) dr
< [ ‘D,&V(M'kawa 2)

S Z/ (1 VD)0 R dr Sy g (14 32~

dr

This yields
1A 2)] S (L4 )™ (14 A1 = E)

for k € {1,2}. For k = 3, we use the principle of nonstationary phase. Indeed, Lemma 7.3
implies (for § < ¢!, which we may assume without restriction) that f: S = R, f(w) = v, -w
satisfies

H dfw” 2 Cd,n5

uniformly z € R\ {0}, w, € S and w € S\ (Bs(w,) U Bs(—w,)). Thus, by nonstationary
phase (see e.g. [19, Theorem 7.7.1]),

Dy s, v)| Sear (14 [u))™™ (M, £ € Ny).

Following the above argument in the case k € {1,2}, we therefore obtain

[(A(1 = ENN (A, 2)
<[ ‘Dgy (e (el )0 )

NNdz/ De ™ || D Jy(r 2], )] - [DE ()| dr

46N3
|e]=

S [Nl A D (R(r)dr

ZEN3
le|l=N

< (14 [Ae]) =0,
Choosing M = 2N gives
100 2)] Sy (L Pa) N (L = B
Since [I(\, 2)| < |Ii(A, 2)| + |[I2(A, 2)| + [ I3(A, z)\ we have proved that

dr

1T\, 2)] S (L+ A2~ 7 (1+ A (1 =2y~
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Now it just remains to recall that o = |V¢p(w,)| >~ 1 by (7.5) as well as z = %Vg@(u}z),
which gives
dist(z, %) < |2 — Vep(w,)| = o]l — %| ~ |1 - %‘
This proves (7.13) as desired.
Step 3 : The Proof of (7.10)

Recall from (7.5) that

(7.16) YC{EeR: & < €] < &)
for some ¢, é > 0. Therefore, we deduce from (7.13) the uniform bounds
(7.17) I ) S A+ M) (AeR,zeRY).

Indeed, if dist(z,X) < &, then (7.16) implies |2| > &, so (7.13) with N = 0 yields

d—

TN S A+ A2)™ 7 Saa(T+A) T (AER,z€RY).

On the other hand, if dist(z,X) > &, then choosing some N € N with N > %1 in (7.13)
yields

1T\ 2)] <y (14 |Adist(z,2) ™ <onv L+]A)" T (A eR,z € RY).

This proves (7.17). Now, (7.10) is an immediate consequence of (7.17) in view of (7.12).
The proof is complete. 0
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