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GLOBAL STRICHARTZ ESTIMATES FOR WAVE EQUATIONS WITH
TIME-DEPENDENT STRUCTURED LIPSCHITZ COEFFICIENTS

DOROTHEE FREY AND YONAS MESFUN

Abstract. We establish global-in-time Strichartz estimates without loss of derivatives for
wave equations with time-dependent Lipschitz coefficients, which satisfy an additional struc-
tural assumption. Our approach is based on a parametrix construction through the Phillips
functional calculus. We furthermore obtain the well-posedness of such wave equations with
Lipschitz coefficients in H1.

1. Introduction and Main Results

In this article, we prove global-in-time Strichartz estimates for variable-coefficient wave
equations with time-dependent Lipschitz-regular coefficients under a structural condition.
More precisely, we consider wave equations in space-time R × Rd = {(t, x) : t ∈ R, x ∈ Rd}
with spatial dimension d ≥ 2, which are of the form

(1.1) (D2
t − P (t, x,Dx))u(t, x) = F (t, x), u(0, x) = g(x), Dtu(0, x) = h(x).

Here, Dt := −i∂t, Dx := (Dx1 , . . . , Dxd) := −i∇x and P (t, x,Dx) is an elliptic second order
differential operator of the form

P (t, x,Dx) :=
d∑
j=1

Dxjcj(t, x)Dxj or P (t, x,Dx) :=
d∑
j=1

cj(t, x)D2
xj
.

The coefficients c1, . . . , cd are merely assumed to be Lipschitz-regular and to satisfy some
structural and an asymptotic flatness condition (see Assumption 1.1 below).

Strichartz estimates control space-time LptL
q
x-norms of the solution of a linear dispersive

equation in terms of (L2-based) Sobolev norms of its initial data. These estimates turn out
to be particularly useful in establishing the well-posedness of nonlinear dispersive equations
(see e.g. [36], [39], [3] for an account of nonlinear wave equations). For a Schwartz solution
u ∈ S(R×Rd) of the classical wave equation in spatial dimension d ≥ 2 (which corresponds
to cj = 1 for all j ∈ {1, . . . , d}, i.e., P = −∆x in (1.1)),

(1.2) (D2
t + ∆x)u = F in R× Rd, u(0, ·) = g, Dtu(0, ·) = h,

they read

(1.3) ‖|Dx|1−αu‖Lpt (R;Lqx(Rd)) . ‖g‖Ḣ1(Rd) + ‖h‖L2(Rd) + ‖|Dx|α̃F‖Lp̃
′
t (R;Lq̃

′
x (Rd))

,

where |Dx|β is the Fourier multiplier operator associated with the symbol |ξ|β for β ∈
{1 − α, α̃} and ‖g‖Ḣ1(Rd) := ‖∇xg‖L2(Rd) denotes the homogeneous Sobolev norm. The
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2 DOROTHEE FREY AND YONAS MESFUN

integrability exponents p̃′ and q̃′ in (1.3) are the Hölder conjugate exponents of p̃ and q̃,
respectively, and the triples (p, q, α), (p̃, q̃, α̃) ∈ [0,∞]3 satisfy the admissibility conditions

(1.4) 2 ≤ p ≤ ∞, 2 ≤ q <∞, 1

p
+
d

q
=
d

2
− α, 2

p
+
d− 1

q
≤ d− 1

2
.

Triples satisfying (1.4) are called (wave-admissible) Strichartz triples and they are referred to
as strict if the fourth condition in (1.4) holds with an equality. Time-translation invariance,
scaling symmetry and the Knapp example show that the conditions in (1.4) are in fact
necessary for (1.3) to hold (see [39]). We preclude q = ∞ in (1.4) because in general, (1.3)
fails to hold in this case (see [10], [15]). Observe that strict Strichartz triples with p = ∞,
i.e., (p, q, α) = (p̃, q̃, α̃) = (∞, 2, 0) correspond to the well-known energy inequality (see e.g.

[36, p.13]). At the other extreme, strict Strichartz triples with p = 2, i.e., (2, 2(d−1)
d−3

, d+1
2(d−1)

)

for d ≥ 4, are called endpoint Strichartz triples. Strichartz estimates for non-strict Strichartz
triples follow from those for strict ones by Sobolev embedding.

Strichartz estimates for the wave equation have a long history. In his seminal work,
Strichartz [38] proved (1.3) in the case p = q by means of Fourier restriction. Later,
Ginibre–Velo [14] and Lindblad–Sogge [26] independently established (1.3) for non-endpoint
Strichartz triples. Finally, Keel–Tao [23] developed an abstract approach to Strichartz in-
equalities, thereby settling the subtle endpoint case.

The primary goal of this article is to obtain sharp global-in-time Strichartz estimates for
wave equations as in (1.1), where the coefficients cj are merely Lipschitz continuous. To this
end, we impose the following assumptions on the coefficients cj.

Assumption 1.1. We have

(1.5) cj(t, x) := bj(t)aj(xj), (t, x) ∈ R× Rd, j ∈ {1, . . . , d},
where a1, . . . , ad and b1, . . . , bd are Lipschitz functions from R to R with the following prop-
erties.

• There exist constants 0 < m1 ≤ m2 <∞ such that

(1.6) m1 ≤ aj(x) ≤ m2 for all x ∈ R and j ∈ {1, . . . , d}.
Moreover, we assume that

(1.7) m3 := max
1≤j≤d

∥∥ d
dx

log(aj)
∥∥

L1(R)
< 4.

• For some sufficiently small ε0 ∈ (0, 1
2
), we have

(1.8) 1− ε0 ≤ bj(t) ≤ 1 + ε0 for all t ∈ R and j ∈ {1, . . . , d}.
We set m4 := max1≤j≤d ‖b′j‖L∞(R) <∞. Moreover, we assume that there exists some
sufficiently small ε1 = ε1(m1,m2,m4) > 0 such that

(1.9) max
1≤j≤d

‖b′j‖L1(R) ≤ ε1.

Thus, P (t, x,Dx) is of the form

(1.10) P (t, x,Dx) =
d∑
j=1

bj(t)Dxjaj(xj)Dxj or P (t, x,Dx) =
d∑
j=1

bj(t)aj(xj)D
2
xj
.

Due to the low regularity of the coefficients, it is a priori not clear if (1.1) admits a distribu-
tional solution even for very regular initial data (cf. for instance [6, Theorem 10] in the case
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of Hölder continuous coefficients). Therefore, in a first step, we address the well-posedness
of (1.1) in Hα := Hα(Rd), the latter denoting the L2-based (inhomogeneous) Sobolev space
of order α ∈ R. To this end, we view (1.1) as a vector-valued Cauchy problem in Hα. It is
convenient to write P (t) instead of P (t, x,Dx), and we think of P := (P (t))t∈R as a family
of differential operators acting on functions of x. We use the following notion of a weak
solution.

Definition 1.2 (Weak Solutions in Hα). Let α ∈ R and suppose that g ∈ Hα, h ∈ Hα−1 and
F ∈ L1(R; Hα−1). Then, a function u ∈ C(R; Hα) ∩ C1(R; Hα−1) ∩W 2,1

loc (R; Hα−2) is called a
weak solution of (1.1) (in Hα) if

D2
t u(t) = P (t)u(t) + F (t) in Hα−2 for a.e. t ∈ R,
u(0) = g,

Dtu(0) = h.

Then, we obtain the following well-posedness result.

Theorem 1.3 (Well-posedness in Hα). Let α ∈ [−1, 2] and suppose that g ∈ Hα, h ∈ Hα−1

and F ∈ L1(R; Hα−1). Then, there exists a unique weak solution u to (1.1). Moreover, for
each bounded interval J ⊆ R with 0 ∈ J , the map

Φ: Hα × Hα−1 × L1(J ; Hα−1)→ C(J ; Hα), (g, h, F ) 7→ u

is Lipschitz continuous.

We note that for Theorem 1.3 we do not need the smallness of ε0 as stated in (1.8). In
fact, it is enough that the coefficients bj are just bounded from above and below by positive
constants, see Remark 4.4 below.

For the weak solution from Theorem 1.3, we are able to derive a representation formula,
see Theorem 4.2 below. This representation then allows us to prove global-in-time Strichartz
estimates, which is our main result:

Theorem 1.4 (Global-In-Time Strichartz Estimates for Weak Solutions in H1). Let (p, q, α)
be a wave-admissible Strichartz triple and α ∈ [0, 2]. Suppose that g ∈ H1, h ∈ L2 and
F ∈ L1(R; L2). Then, the weak solution to the wave equation (1.1) satisfies the global-in-
time Strichartz estimate

(1.11) ‖|Dx|1−αu‖Lpt (R;Lqx(Rd)) . ‖g‖H1 + ‖h‖L2 + ‖F‖L1(R;L2).

In [13, Theorem 2], Schippa and the first author obtained Theorem 1.4 in the special case
where P as in (1.10) is time-independent, i.e., bj = 1 for all j ∈ {1 . . . , d}. Theorem 1.4
extends this result to the case of time-dependent coefficients of multiplicative form (1.10).

One striking feature of Theorem 1.4 is the mere Lipschitz regularity of the coefficients.
Indeed, Strichartz estimates for wave equations with low-regularity coefficients have been
intensively studied in the literature, leading to the insight that C2- or at least C1,1-regularity
of the coefficients is the minimal requirement for Strichartz estimates to be valid in general.
Indeed, for more general wave equations

(1.12) (D2
t − P̃ (t, x,Dx))u(t, x) = F (t, x), u(0, x) = g(x), Dtu(0, x) = h(x),
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in R × Rd with elliptic differential operator P̃ (t, x,Dx) =
∑d

j,k=1 Dxjcjk(t, x)Dxk , Smith

[34] first obtained local(-in-time)1 Strichartz estimates in spatial dimensions d = 2, 3 in the
homogeneous case (F = 0), provided that cjk ∈ C1,1. Later, Tataru [40] established local
Strichartz estimates under a C2-assumption in all dimensions d ≥ 2, and Metcalfe–Tataru
[31] proved that these estimates are global-in-time under an additional asymptotic flatness
condition. For Cr-coefficients with r ∈ [0, 2), Strichartz estimates hold true with loss of
derivatives [40], in which case the regularity parameter α of the Strichartz triple (p, q, α) in
(1.4) has to be replaced by α+ σr

p
with σr := 2−r

2+r
. Moreover, the counterexamples constructed

in [35] show that this loss is generally unavoidable. In light of these results, Theorem 1.4
shows that for the wave equations under consideration in this article, Strichartz estimates
in fact do hold without loss of derivatives. The reason for this essentially lies in the crucial
structural assumption (1.5), see also Subsection 1.1 below for a further discussion.

1.1. Methods. In our approach, we make use of the abstract result by Keel–Tao [23], which
states that Strichartz estimates follow from uniform L2-bounds and dispersive estimates for
the solution operators to (1.12). However, one of the the main difficulties in our situation
is to find a good enough approximation of the solution operator, i.e., a parametrix. In case
of the classical wave equation, the solution operator to (1.2) can be represented in terms of
Fourier multiplier operators of the form

(1.13)
[
T̃ (t)f

]
(x) :=

[
eit|Dx|ψ(Dx)f

]
(x) =

1

(2π)d

∫
Rd

ei(xξ+t|ξ|)ψ(ξ)f̂(ξ) dξ

with 0 6= ψ ∈ C∞c (Rd) supported away from the origin. While in this case the uniform L2-
bounds are an immediate consequence of Plancherel’s Theorem, the dispersive estimates are
considerably more delicate. In order to derive them, we may rewrite (1.13) as a convolution
according to

(1.14)
[
T̃ (t)f

]
(x) =

∫
Rd
K̃t(y)f(x− y) dy =

∫
Rd
K̃t(y)(e−iy·Dxf)(x) dy,

where K̃t(y) := F−1(eit|·|ψ)(y) and (eiy·Dx)y∈Rd denotes the translation group acting on func-

tions of x. The crucial dispersive estimate for the operator T̃ (t),

(1.15) ‖T̃ (t)f‖L∞(Rd) . (1 + |t|)−
d−1
2 ‖f‖L1(Rd),

then follows from the bound |K̃t(y)| . (1 + |t|)− d−1
2 , which in turn follows from the theory

of oscillatory integrals (see e.g. [37, Chapter 8], [19, Section 7.7]).
For variable-coefficient wave equations, one has to rely on more sophisticated tools from

microlocal analysis, namely Fourier integral operators (FIOs) in the case of smooth coeffi-
cients (see [21], [32]), or, in the case of coefficients with limited regularity, on phase space
methods such as the FBI transform (see [40], [41]). Those latter methods are not readily
available if the regularity of the coefficients of P is lower than C2.

The assumption that allows us to fall below the ’C2-barrier’ is the structural assumption
(1.5), which goes back to [12] on fixed-time Lp-estimates for rough wave equations and which
opens the door to a construction of a parametrix via tools from functional calculus. Indeed,

1By this, we mean that (1.3) holds with ‖|Dx|1−αu‖Lp
t (R;L

q
x(Rd)) replaced by ‖|Dx|1−αu‖Lp

t (I;L
q
x(Rd)) or

‖〈Dx〉1−αu‖Lp
t (I;L

q
x(Rd)) for some finite interval I ⊆ R containing 0.
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(1.5) means that P (t) =
∑d

j=1 bj(t)Lj, where L1, . . . , Ld are commuting differential operators
given by

Lj := Dxjaj(xj)Dxj or Lj := aj(xj)D
2
xj
.

It turns out that i
√

L = i(
√
L1, . . . ,

√
Ld) is the generator of a d-parameter C0-group

(eiy·
√
L)y∈Rd on Lp := Lp(Rd), p ∈ (1,∞), and, in analogy to (1.14), we are able to define a

parametrix for (1.1) in terms of operators of the form

(1.16) T (t)f := (eiϕtψ)(
√

L)f :=

∫
Rd
Kt(y)e−iy·

√
Lf dy

with a suitable one-homogeneous phase function ϕt : Rd → R and the kernel Kt given by
Kt(y) = F−1(eiϕtψ)(y) := 1

(2π)d

∫
Rd ei(y·ξ+ϕt(ξ))ψ(ξ) dξ. Let us emphasize that this representa-

tion cannot be achieved through a simple bi-Lipschitz change of variables, see [12, Remark
4.5]. The representation then allows to reduce the crucial dispersive estimate for T (t)f to a
corresponding oscillatory integral estimate for Kt, namely

(1.17) |Kt(y)| . (1 + |t|)−
d−1
2 .

We deduce (1.17) from decay estimates for the Fourier transform of a surface-carried measure.
This is where (1.8) enters the picture. Indeed, the smallness of ε0 as in (1.8) guarantees that
the hypersurface S := {ξ ∈ Rd : ϕ(ξ) = 1} is a small perturbation of the unit sphere, and as
such inherits its nonvanishing Gaussian curvature. An application of stationary phase then
yields (1.17).

1.2. Outline. We briefly describe the structure of this article. In Section 2, we recall the
operator-theoretic framework, which was introduced in [12]. In particular, we shortly review

the Phillips functional calculus for
√

L and recall basic facts and tools of this calculus. In
Section 3, we use these tools in order to construct parametrices, i.e., approximate solution
operators for (1.1). Following e.g. [34] (see also [22, Section 4]), we then use these paramet-
rices in Section 4 to obtain a weak solution to (1.1) by an iterative procedure. Uniqueness
is shown by energy methods in Section 5. Finally, we prove in Section 6 our main result,
Theorem 1.4. Our proof is based on the Keel–Tao argument [23] and closely follows the
proof of [13, Theorem 2]. Here, the crucial ingredient is the dispersive estimate (1.17), the
proof of which we have postponed to Section 7.

1.3. Notation. Since the underlying first order operators are Dirac operators as in [12] (cf.
[11] and the references therein), we define the second order elliptic operator P (t) from (1.10)
as the matrix-valued operator

P (t) =

(∑d
j=1 bj(t)Dxjaj(xj)Dxj 0

0
∑d

j=1 bj(t)aj(xj)D
2
xj

)
and implicitly work with C2-valued functions. This allows to treat the divergence-form and
standard-form versions of P (t) simultaneously. To ease noation, we suppress the target space
and write Lp := Lp(Rd;C2) for p ∈ [1,∞], Hα := Hα(Rd;C2), etc. We denote the Schwartz
space by S(Rd) and the Fourier transform on S(Rd) by F , where we use the convention

Ff(ξ) :=

∫
Rd

e−iy·ξf(y) dy and F−1g(y) =
1

(2π)d

∫
Rd

eiy·ξg(ξ) dξ
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for f, g ∈ S(Rd). The extension of F onto S ′(Rd), the space of tempered distributions,
is still denoted by F . We set FL1 := F(L1(Rd)) and FM := F(M(Rd)), where M(Rd)
denotes the space of complex-valued Borel measures on Rd with finite variation norm; we
put ‖ϕ‖FM := ‖F−1ϕ‖M(Rd) for ϕ ∈ FM. For λ > 0 and ξ ∈ Rd, we set 〈λ〉 := (1 + λ2)1/2

and 〈ξ〉 := 〈|ξ|〉, respectively. By a slight abuse of notation, we denote both the dual operator
(in Banach spaces) and the adjoint operator (in Hilbert spaces) of T by T ∗. We reserve the
letter λ > 0 to denote either the size ξ ∈ Rd in frequency space or a scaling parameter in
physical space. Finally, A .M B means A ≤ CB for some constant C > 0 depending on a
set M of parameters, and A 'M B denotes the relations A .M B and B .M A.

2. Preliminaries

In this section, we recall some properties of the Phillips functional calculus used in this
article. For more information on this calculus, we refer the reader to e.g. [16, Section 3.3],
[20, Section 10.7].

2.1. Functional Calculus. For each j ∈ {1, . . . , d} and p ∈ (1,∞), we define the operator
Lj,p in Lp = Lp(Rd;C2) by

Lj,p :=

(
Dxjaj(xj)Dxj 0

0 aj(xj)D
2
xj

)
,

Dom(Lj,p) := {f ∈ Lp | Dk
xj
u ∈ Lp for k ∈ {0, 1, 2}}.

The operators Lj,p are sectorial operators in Lp by [29, Proposition 1.1] and [33, Sec-
tion 7.3, Theorem 3.2] (the latter theorem is only formulated for bounded domains Ω
but can be modified for Ω = Rd, see [30, Proposition 2.2.2]). By the holomorphic func-

tional calculus for sectorial operators, the square roots
√
Lj,p are well-defined and we write√

Lp := (
√
L1,p, . . . ,

√
Ld,p). For the proof of the following proposition, we refer to [13,

Proposition 2] (see also [30, Theorem 2.2.8 and Remark 2.2.9 (3)]).

Proposition 2.1 (Generation of d-parameter C0-Group). Let p ∈ (1,∞). Then, the operator

i
√

Lp generates a bounded d-parameter C0-group
(
eiy·
√
Lp
)
y∈Rd on Lp. Moreover, eiy·

√
Lpf =

eiy·
√
L2f for all f ∈ Lp ∩ L2.

We set Mp := supy∈Rd ‖eiy·
√
Lp‖L(Lp). Since eiy·

√
Lpf = eiy·

√
L2f for f ∈ Lp ∩ L2, there is no

danger of ambiguity and we will just write eiy·
√
L instead of eiy·

√
Lp . The bounded d-parameter

C0-group (eiy·
√
L)y∈Rd gives rise to the so-called Phillips functional calculus for

√
L.

Definition 2.2 (Phillips Functional Calculus for
√

L). Let p ∈ (1,∞). For ϕ ∈ FM, we

define ϕ(
√

L) ∈ L(Lp) by

(2.1) ϕ(
√

L) : Lp → Lp, ϕ(
√

L)f :=

∫
Rd

e−iy·
√
Lf dµϕ(y),

where µϕ := F−1ϕ ∈M(Rd).

We will mostly work with ϕ ∈ FL1 ⊆ FM, for which (2.1) is just

(2.2) ϕ(
√

L)f =

∫
Rd

(F−1ϕ)(y)e−iy·
√
Lf dy (f ∈ Lp).
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Proposition 2.3 (Properties of the Phillips Functional Calculus). Let p ∈ (1,∞). The
following statements hold true.

(a) The map Φ: FM → L(Lp), ϕ 7→ ϕ(
√

L), defines a unit-preserving, bounded ho-

momorphism of Banach algebras. Moreover, (eitej ·)(
√

L) = eit
√
Lj for t ∈ R and

j ∈ {1, . . . , d}.
(b) Let f ∈ Lp and ϕ ∈ C∞c (Rd).Then, for all α ∈ Nd

0, we have ϕ(
√

L)f ∈ Dom(
√

L
α
)

and

(2.3)
√

L
α
ϕ(
√

L)f = ϕα(
√

L)f,

where ϕα(ξ) := ξαϕ(ξ), ξ ∈ Rd. Moreover,
√

L
α
ϕ(
√

L)f = ϕ(
√

L)
√

L
α
f if f ∈

Dom(
√

L
α
).

(c) Let ϕ ∈ FL1. Then,

‖ϕ(
√

L)‖L(Lp) .Mp ‖ϕ(Dx)‖L(Lp),

where ϕ(Dx) := F−1MϕF denotes the Fourier multiplier operator associated with the
symbol ϕ. In particular, we have

‖ϕ(
√

L)‖L(L2) .M2 ‖ϕ‖L∞ ,

‖ϕ(
√

L)‖L(Lp) .Mp,p,d sup
|α|≤[d/2]+1

∥∥ | · ||α|∂αξ ϕ(·)
∥∥

L∞
, p ∈ (1,∞).

Proof. See [30, Proposition 2.1.10]. �

Remark 2.4. If ϕ ∈ FL1 is even in every component, i.e., if

ϕ(ξ) = ϕ(e)(ξ) :=
1

2d

∑
(δj)dj=1∈{−1,1}d

ϕ(δ1ξ1, . . . , δdξd) (ξ ∈ Rd),

then the same is true for ρ := F−1ϕ. In this case, we have by Fubini’s theorem

ϕ(
√

L)f =

∫
Rd−1

(∫
R
ρ(e)(y)

1

2

(
e−iy1

√
L1 + e−iy1

√
L1
)

dy1

)
e−iy′·

√
L′f dy′

=

∫
Rd−1

(∫
R
ρ(e)(y)

1

2

(
eiy1
√
L1 + e−iy1

√
L1
)

dy1

)
e−iy′·

√
L′f dy′

=:

∫
Rd−1

(∫
R
ρ(e)(y)Cos(y1

√
L1)
)

dy1

)
e−iy′·

√
L′f dy′

= · · · =
∫
Rd
ρ(e)(y)Cos(y

√
L)f dy =

∫
Rd
ρ(y)Cos(y

√
L)f

with the d-parameter cosine function Cos(y
√

L) :=
∏d

j=1 Cos(yj
√
Lj).

Thus for such functions ϕ, we are free to replace e−iy·
√
L by Cos(y

√
L) in the integral which

defines ϕ(
√

L). This observation turns out to be useful when combined with the following
proposition.

Proposition 2.5 (L∞x L1
y-Estimate). Let p ∈ (1,∞).
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(a) We have

‖Cos(y
√

L)f(x)‖L∞x (R;L1
y(Rd)) . ‖f‖1 (f ∈ L1 ∩ Lp),

with an implicit constant depending on m1,m2,m3 from Assumption 1.1.
(b) If ϕ ∈ F(L1 ∩ L∞) with ϕ = ϕ(e), then

‖ϕ(
√

L)f‖∞ . ‖F−1ϕ‖∞‖f‖1 (f ∈ L1 ∩ Lp).

Proof. For a proof of (a), we refer the reader to [4, Theorem 1.1] (see also [30, Theorem 2.2.8
and Remark 2.2.9 (3)]). To prove (b), let ϕ ∈ F(L1 ∩ L∞) with ϕ = ϕ(e). Then, by
Remark 2.4, Hölder’s inequality and part (a), we have for f ∈ L1 ∩ Lp and a.e. x ∈ Rd

|ϕ(
√

L)f(x)| ≤
∫
Rd
|(F−1ϕ)(y)||Cos(y

√
L)f(x)| dy

≤ ‖F−1ϕ‖∞‖Cos(y
√

L)f(x)‖L∞x (R;L1
y(Rd)) . ‖F−1ϕ‖∞‖f‖1.

�

2.2. An Adapted Scale of Sobolev spaces. Fourier multiplier operators can be viewed
as the Phillips functional calculus for Dx. These operators can be efficiently studied in the
scale of L2-based Sobolev spaces Hα, using Plancherel’s Theorem and the characterization of
these spaces within this calculus, i.e., Hα = {u ∈ S ′ : 〈Dx〉αu ∈ L2} (α ∈ R). As we replace

the Fourier multiplier calculus (for Dx) by the Phillips functional calculus for
√

L, it is more
convenient to replace the classical Sobolev spaces Hα by a scale of spaces which is better
adapted to

√
L. To this end, we consider the operator L in L2 = L2(Rd;C2) defined by

(2.4) L := L1,2 + · · ·+ Ld,2 =

(∑d
j=1 Dxjaj(xj)Dxj 0

0
∑d

j=1 aj(xj)D
2
xj

)
with domain H2 = H2(Rd;C2). Note that L is self-adjoint with respect to the equivalent
scalar product

(2.5) 〈u, v〉A := 〈A−1u, v〉L2 , with A = A(x) =

(
1 0
0 a(x)

)
, a(x) := a1(x1) · · · ad(xd).

Moreover, L is injective with spectrum contained in [0,∞). In particular, the fractional
powers Lα are defined for each α ∈ R (see e.g. [16, Section 3.2]). As in [24, Appendix E],
we may therefore use the following definition.

Definition 2.6 (The Spaces Hα
L). Let α ∈ R. We define the L-adapted (L2-based) Sobolev

space of order α by

(Hα
L, ‖ · ‖HαL

) :=

{
(Dom(L

α
2 ), ‖(Id + L)

α
2 · ‖2), α ≥ 0,

(L2, ‖(Id + L)
α
2 · ‖2)∼, α < 0.

Here, (X, ‖ · ‖X)∼ denotes the completion of a normed space (X, ‖ · ‖X). We also set H∞L :=⋂
α∈R Hα

L and H−∞L :=
⋃
α∈R Hα

L.

Note that Hα
L ⊆ Hβ

L for −∞ ≤ β ≤ α ≤ ∞. To ease notation, we will frequently write
‖ · ‖α instead of ‖ · ‖HαL

. The notation Hα
L is motivated by the observation that Hα

−∆x
= Hα

for all α ∈ R. Let β ∈ R. It follows from [24, Proposition 15.23] that the fractional power

(Id +L)
β
2 extends to an operator (Id + L )

β
2 on H−∞L such that (Id + L )

β
2 : Hα

L → Hα−β
L is a
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bounded isomorphism for all α ∈ R. We write 〈DL〉β := (Id + L )
β
2 . We need the following

lemma to extend the Phillips functional calculus to the spaces Hα
L, at least for compactly

supported smooth functions.

Lemma 2.7. Let ϕ ∈ C∞c (Rd) and ψ ∈ C∞c (Rd) with supp(ψ) ⊆ Rd \ {0}. Let further
f ∈ L2, and α, β ∈ R. Then:

(a) (Id + L)
α
2ϕ(
√

L)f = (〈 · 〉αϕ)(
√

L)f , and if f ∈ Dom(L
α
2 ), then (Id + L)

α
2ϕ(
√

L)f =

ϕ(
√

L)(Id + L)
α
2 f ,

(b) L
β
2ψ(
√

L)f = (| · |βψ)(
√

L)f . Moreover, if f ∈ Dom(L
β
2 ), then L

β
2ψ(
√

L)f =

ψ(
√

L)L
β
2 f .

Proof. It is straightforward to verify that e−tL = Gt(
√

L), where Gt(ξ) := e−t|ξ|
2
. Then, one

may use subordination formulas such as [16, Proposition 3.3.5] to prove (a). Part (b) can be
proved similarly. �

For ϕ ∈ C∞c (Rd) and f ∈ Hα
L, the Phillips functional calculus for

√
L extends to Hα

L by
letting

(2.6) ϕ(
√

L)f := (〈 · 〉−αϕ)(
√

L)g, g := 〈DL〉αf ∈ L2.

By Lemma 2.7 (a), this definition does not depend on α and is therefore reasonable. In view
of Lemma 2.7 (b) and (2.6), we see that

(2.7) L
β
2ψ(
√

L)f = (| · |βψ)(
√

L)f (f ∈ Hα
L)

for all α, β ∈ R and all smooth ψ ∈ C∞c (Rd) supported away from the origin. It follows
similarly that

(2.8) 〈DL〉βϕ(
√

L)f = (〈 · 〉βϕ)(
√

L)f (f ∈ Hα
L)

for all α, β ∈ R and ϕ ∈ C∞c (Rd). We use the following result in order to switch from the
L-adapted scale to the classical one. The L-adapted Lq-based homogeneous Sobolev space
Ẇ β,q
L (Rd) is defined as in [24, Definition 15.21] with A replaced by the closure of the Lq-part

of
√
L and α replaced by β therein.

Proposition 2.8. (a) For α ∈ [−2, 2], we have Hα
L = Hα and

‖〈DL〉αu‖2 ' ‖〈Dx〉αu‖2 (u ∈ Hα).

(b) For all β ∈ [−1, 1] and q ∈ (1,∞), we have Ẇ β,q(Rd) = Ẇ β,q
L (Rd) with equivalent

norms ‖Lβ
2 u‖q ' ‖|Dx|βu‖q.

Proof. Consider first the case α = 2. Then, H2
L = Dom(L) = H2 by definition. The estimate

‖u‖H2
L
. ‖u‖H2 is trivial (by the Lipschitz continuity of the aj), and the reverse one then

follows from the open mapping theorem. Thus, H2
L = H2 with equivalent norms. For α = 0,

there is nothing to prove. For intermediate values α ∈ (0, 2), one argues by interpolation, as

both (Hβ
L)β∈R and (Hβ)β∈R form complex interpolation scales [28, Theorem 4.17]. The case

α ∈ [−2, 0) follows by duality. The second assertion for q ∈ (1,∞) and β = 1 follows from
the Kato square root problem, see [2, Corollary 5.19] for the case of Lipschitz coefficients. �
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2.3. Littlewood–Paley-type Estimates. In order to prove Theorem 1.3, we rely on results
of Littlewood–Paley type for the Phillips functional calculus for

√
L. Proofs can be found in

[30, Section 2]. In order to state the results, we fix some standard (homogeneous) Littlewood–
Paley partition of unity, i.e., some radially symmetric ψ ∈ C∞c (Rd) supported in the annulus
{ξ ∈ Rd : 1

2
< |ξ| < 2} such that we have

(2.9)
∑
λ∈2Z

ψλ(ξ) = 1 for all ξ 6= 0, where ψλ(ξ) := ψ

(
ξ

λ

)
.

Proposition 2.9 (Calderón Reproducing Formula in Hα
L). Let α ∈ R and f ∈ Hα

L. Then,∑
λ∈2Z

ψλ(
√

L)f = f.

In particular,

(2.10) S√L := span{ψ(
√

L)f | ψ, f ∈ C∞c (Rd), supp(ψ) ∈ Rd \ {0}}

belongs to
⋂
β∈R Dom(Lβ) ∩

⋂
p∈(1,∞) Lp and is dense in Hα

L.

Proposition 2.10 (L2-Boundedness of Almost Orthogonal Operators). Let α, γ ∈ R. As-
sume that h := (hλ)λ∈2Z is a sequence of functions on Rd such that hλ is smooth on an open
neighborhood of Kλ := supp(ψλ) for all λ ∈ 2Z and ‖h‖∞ := supλ∈2Z ‖hλ‖L∞(Kλ) <∞. Then,

T : Hα
L → Hα−γ

L , T f :=
∑
λ∈2Z

〈λ〉γ(hλψλ)(
√

L)f

is a well-defined linear bounded operator with ‖T‖ . ‖h‖∞. Moreover, for f ∈ Hα
L, there

holds
‖Tf‖2

Hα−γL

.
∑
λ∈2Z

‖(hλψλ)(
√

L)g‖2
2 .

∑
λ∈2Z

‖ψλ(
√

L)g‖2
2 ' ‖f‖2

HαL
,

where g := 〈DL〉αf ∈ L2.

Lemma 2.11 (Differentiation under the Sum). Let α ∈ R, f ∈ Hα
L and n ∈ N0. Suppose

that {ht,λ | λ ∈ 2Z, t ∈ R} is a set of smooth functions on Rd \{0} which satisfy the following
assumptions:

(i) For all λ ∈ 2Z and each ξ ∈ Kλ := supp(ψλ), the map t 7→ ht,λ(ξ) belongs to Cn(R;C)
and

|∂kt ht,λ(ξ)| ≤ C(t)〈ξ〉k (0 ≤ k ≤ n)

with some locally bounded function t 7→ C(t).
(ii) For each fixed t0 ∈ R, λ ∈ 2Z, we have∥∥∂nt ht,λ − ∂nt ht0,λ∥∥L∞ξ (Kλ)

→ 0 (t→ t0).

Then, for all k ∈ {0, . . . , n}, the map

u : t 7→ T (t)f :=
∑
λ∈2Z

(ht,λψλ)(
√

L)f

belongs to Ck(R; Hα−k
L ) and it holds

u(k)(t) =
∑
λ∈2Z

(∂kt ht,λψλ)(
√

L)f, ‖u(k)(t)‖α−k . C(t)‖f‖α (t ∈ R).
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Proof. This is a straightforward consequence of Proposition 2.10 and dominated convergence
in `1(2Z). �

Remark 2.12. We also have a straightforward modification of Lemma 2.11 in the case
when t 7→ ht,λ is only Lipschitz continuous (i.e., only differentiable a.e.). More precisely, let
n ∈ N0, α ∈ R, f ∈ Hα

L and suppose that {ht,λ | λ ∈ 2Z, t ∈ R} is a set of smooth functions
on Rd \ {0} which satisfy: For all λ ∈ 2Z and each ξ ∈ Kλ := supp(ψλ), the map t 7→ ht,λ(ξ)
is Lipschitz continuous and

|∂tht,λ(ξ)| ≤ C(t)〈λ〉n for a.e. t ∈ R,

where t 7→ C(t) is some locally bounded function.
Then, the map

u : t 7→ T (t)f :=
∑
λ∈2Z

(ht,λψλ)(
√

L)f

belongs to W 1,∞(R; Hα−n
L ) and it holds

u′(t) =
∑
λ∈2Z

(∂tht,λψλ)(
√

L)f, ‖u′(t)‖α−n . C(t)‖f‖α for a.e. t ∈ R.

Proposition 2.13 (Squarefunction Characterization of the Lp-norm). Let 1 < p < ∞.
Then, ∥∥∥∥∥

(∑
λ∈2Z

∣∣ψλ(√L)f(x)
∣∣2)1/2

∥∥∥∥∥
p

' ‖f‖p for all f ∈ Lp.

Proof. See [13, Proposition 5]. �

Lemma 2.14 (Extension of the Operator Lj to Hα
L). Let α ∈ R, n ∈ N0 and j ∈ {1, . . . , d}.

Then, the operator (Lj)
n : S√L → S√L extends uniquely to a bounded operator from Hα

L to

Hα−n
L . In particular, for each t ∈ R, we have P (t) : Hα

L → Hα−2
L .

Proof. Uniqueness is clear, since S√L is dense in Hα
L by Proposition 2.9. Now, just note that

the operator

T : Hα
L → Hα−n

L , T f :=
∑
λ∈2Z

〈λ〉n
(( ξj
〈λ〉

)n
ψλ
)
(
√

L)f

is bounded by Proposition 2.10 and that by Proposition 2.3 (b) and Proposition 2.9, we
have Tf = (Lj)

n
2 f for f ∈ S√L. The second assertion follows from the identity P (t) =∑d

j=1 bj(t)Lj and the first assertion with n = 2. �

3. Parametrix Construction

We collect the time-dependent coefficients bj in a matrix

(3.1) B(t) := diag(b1(t), . . . , bd(t)) (t ∈ R).

In this section, for fixed s ∈ R and us ∈ Hα
L, we want to construct a parametrix for the

equation

(3.2) (D2
t − P (t))u(t) = 0 (t ∈ R), u(s) = us.
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Recall that P (t) =
∑d

j=1 bj(t)Lj. In view of Proposition 2.3 (b), P (t) is associated with

the symbol p(t, ξ) := (B(t)ξ|ξ) =
∑d

j=1 bj(t)ξ
2
j , (t, ξ) ∈ R × Rd, and thus the ODE in (3.2)

corresponds in the frequency space to the equation

(3.3) (D2
t − p(t, ξ))v(t, ξ) = 0 (t ∈ R).

For fixed ξ ∈ Rd, (3.3) is a second-order linear ODE in t. In order to find an approximate
solution, we make, as in Lax’s parametrix construction (see [25], [8, Chapter VIII.64]), the
ansatz v(t, ξ) = eiϕt,s(ξ) with an appropriate one-homogeneous phase function ϕt,s : Rd → R,
whose partial derivatives ∂kt ϕt,s (k ∈ {0, 1, 2}) are also one-homogeneous with respect to ξ.
Formally, we then have

e−iϕt,s(ξ)(D2
t − p(t, ξ))eiϕt,s(ξ) = (∂tϕt,s(ξ))

2 − p(t, ξ)) + 1
i
∂2
t ϕt,s(ξ).

Viewing the right-hand side as a function of the frequency variable ξ, we observe that
(∂tϕt,s(ξ))

2, p(t, ξ) ' |ξ|2 and |∂2
t ϕt,s(ξ)| ' |ξ| by the homogeneity of ϕt,s. Therefore, we

might think of 1
i
∂2
t ϕt,s(ξ) as a term of lower order (at least in the relevant high-frequency

regime |ξ| � 1). Neglecting this term, we arrive at the approximation

e−iϕt,s(ξ)(D2
t − p(t, ξ))eiϕt,s(ξ) ≈ (∂tϕt,s(ξ))

2 − p(t, ξ)) !
= 0,

which yields ∂tϕt,s(ξ) = ±p(t, ξ) 1
2 = ±(B(t)ξ|ξ) 1

2 . Choosing the initial condition v(s, ξ) = 1
in (3.3) gives ϕs,s(ξ) = 0, so that an integration with respect to t naturally leads to the
following definition.

Definition 3.1 (Definition of Phase Function). Let s, t ∈ R. We define the phase function

(3.4) ϕt,s : Rd → R, ϕt,s(ξ) :=

∫ t

s

(B(τ)ξ|ξ)
1
2 dτ.

For later reference, we state some useful properties of ϕt,s.

Lemma 3.2 (Regularity of the Phase Function). The following assertions hold true.

(a) For each s, t ∈ R, the phase function ϕt,s : Rd → R is smooth away from the origin
and positively homogeneous of degree one. Moreover, we have the bounds

(3.5) |∂αξ ϕt,s(ξ)| .α |ξ|1−|α||t− s|.

(b) For fixed s ∈ R and ξ ∈ Rd \ {0}, the map t 7→ ϕt,s belongs to C1,1(R) with

|∂tϕt,s(ξ)| ' |ξ|, |∂2
t ϕt,s(ξ)| . ‖B′(t)‖ |ξ|.(3.6)

Here, ∂2
t ϕt,s(ξ) exists for almost every t ∈ R. Moreover, ϕt,s = −ϕs,t and thus

∂ksϕt,s = −∂kτϕτ,t |τ=s for all k ∈ {0, 1, 2}.

Proof. For τ ∈ R, consider the function fτ (ξ) := (B(τ)ξ|ξ) 1
2 , ξ ∈ Rd. Clearly, fτ is positively

homogeneous of order one and smooth away from the origin. Thus, for every α ∈ N0,

|∂αξ fτ (ξ)| ≤ Cα,τ |ξ|1−|α| with Cα,τ := sup
|ξ|=1

|∂αξ fτ (ξ)|.

By (1.8), we have 1
2
Id ≤ B(τ) ≤ 3

2
Id, which yields Cα := supτ∈RCα,τ < ∞. Therefore, if

s, t ∈ R with s ≤ t, then

|∂αξ ϕt,s(ξ)| ≤
∫ t

s

|∂αξ fτ (ξ)| dτ ≤ Cα|ξ|1−|α|
∫ t

s

dτ = Cα|ξ|1−|α||t− s|.
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The same estimate holds if s > t, since ϕt,s = −ϕs,t. This proves (a). To prove (b), fix s ∈ R
and ξ ∈ Rd \ {0}, and observe that t 7→ ϕt,s(ξ) is differentiable with

∂tϕt,s(ξ) = ft(ξ) ' |ξ|.
Moreover, since t 7→ ft(ξ) is Lipschitz continuous, we have for a.e. t ∈ R

|∂2
t ϕt,s(ξ)| = |∂tft(ξ)| =

|(B′(t)ξ|ξ)|
2ft(ξ)

≤ ‖B
′(t)‖|ξ|2

2ft(ξ)
' ‖B′(t)‖|ξ|.

�

Now, our natural candidate for a parametrix of (3.2) would be T±(t, s)us = (e±iϕt,s)(
√

L)us.

However, this expression is not well-defined within the Phillips functional calculus for
√

L as
e±iϕt,s /∈ FM. To circumvent this subtlety, we define T±(t, s) as a limit of Littlewood–Paley
sums as in Proposition 2.10. To this end, we fix a standard Littlewood–Paley partition of
unity (ψ)λ∈2Z as defined in (2.9) for the rest of this article.

Proposition 3.3 (Boundedness of Parametrices I). Let α ∈ R. Then, the linear operators

T±(t, s) : Hα
L → Hα

L, T±(t, s)f =
∑
λ∈2Z

(e±iϕt,sψλ)(
√

L)f

are bounded with operator norms uniformly bounded in s, t ∈ R.

Proof. Fix s, t ∈ R and put hλ := e±iϕt,s for λ ∈ 2Z. Since |hλ| = 1 for all λ ∈ 2Z, the
assertion immediately follows from Proposition 2.10. �

Remark 3.4. One may wonder why we use the Phillips functional calculus for
√

L in place
of the Borel functional calculus for the self-adjoint operator L. There are at least two
reasons. First, while ρ(|

√
L|) = ρ(L) for ρ ∈ C∞c ([0,∞)), the phase function ϕt,s is generally

not radially symmetric, so that T±(t, s) cannot be meaningfully expressed within the Borel
functional calculus for L. Second, the integral representation (2.2) is concrete enough to
deduce dispersive estimates for T±(t, s) which are foundational to prove Strichartz estimates.

Clearly, the operator �P := D2
t −P (t) is a differential operator of order two and therefore

loses two derivatives in the Hα
L-scale, i.e., �P : Hα → Hα−2 boundedly. In the following,

we show that T±(t, s) are approximate solution operators to the equation �Pu = 0, in the
sense that �PT±(t, s) only loses one derivative in the Hα

L-scale, i.e., �PT±(t, s) : Hα
L → Hα−1

L

boundedly, see Theorem 3.7 below. The derivative gain allows us to construct a weak solution
to (1.1) by an iterative procedure. We need the following lemmas as a preparation.

Lemma 3.5 (Strong Differentiability of Parametrices I). Let s0, t0 ∈ R and assume f ∈ Hα
L

for some α ∈ R. Then, the maps

t 7→ T±(t, s0)f and s 7→ T±(t0, s)f

belong to Cb(R; Hα
L) ∩ C1

b (R; Hα−1
L ) ∩W 2,∞(R; Hα−2

L ), and for all k ∈ {0, 1, 2}, we have

Dk
t T
±(t, s0)f =

∑
λ∈2Z

(
Dk
t e
±iϕt,s0ψλ

)
(
√

L)f,

Dk
sT
±(t0, s)f =

∑
λ∈2Z

(
Dk
se
±iϕt0,sψλ

)
(
√

L)f, and

‖Dk
t T
±(t, s0)f‖α−k + ‖Dk

sT
±(t0, s)f‖α−k . ‖f‖α.



14 DOROTHEE FREY AND YONAS MESFUN

Proof. Let s0, t0, α ∈ R and f ∈ Hα
L. Since T±(t, s) = T∓(s, t) for s, t ∈ R, it suffices to

consider the maps u± : t 7→ T±(t, s0)f . But in this case, the corresponding statement is
just a straightforward consequence of Lemma 2.11, Remark 2.12, and Lemma 3.2. Indeed,
put ht,λ := e±iϕt,s0 for all t ∈ R, λ ∈ 2Z. Then, ht,λ is smooth away from the origin and by
Lemma 3.2, we have the bounds

|ht,λ(ξ)| = 1,

|Dtht,λ(ξ)| = |Dtϕt,s0(ξ)| . |ξ| . 〈ξ〉,
|Dtht,λ(ξ)−Dtht0,λ(ξ)| . ‖B(t)−B(t0)‖|ξ|+ |t− t0||ξ|2,

|D2
tht,λ(ξ)| =

∣∣(Dtϕt,s0(ξ)
)2

+ 1
i
D2
tϕt,s0(ξ)

∣∣ . |ξ|2 + ‖B′(t)‖|ξ| .m4 〈ξ〉2.

(3.7)

Lemma 2.11 and the first three bounds in (3.7) yield u± ∈ Ck
b (R; Hα−k

L ) for k ∈ {0, 1}, while
Remark 2.12 and the last bound in (3.7) give Dtu

± ∈ W 1,∞(R; Hα−2
L ). The claim follows. �

Lemma 3.6 (Derivative Gain on Dyadic Frequencies). Let s ∈ R, λ ∈ 2Z and f ∈ Hα
L for

some α ∈ R. Then, for a.e. t ∈ R,(
D2
t − P (t)

)(
eiϕt,sψλ

)
(
√

L)f = λ
(
eiϕt,s · rt,λ · ψλ

)
(
√

L)f,

where rt,λ is smooth away from the origin with ‖rt,λ‖L∞(Kλ) . ‖B′(t)‖ and Kλ := supp(ψλ).

Proof. By Lemma 3.2 and dominated convergence, we have for a.e. t ∈ R

(3.8) D2
t (e

iϕt,sψλ)(
√

L)f = (D2
t e

iϕt,sψλ)(
√

L)f.

Recalling that ϕt,s(ξ) =
∫ t
s
(B(τ)ξ|ξ) 1

2 dτ , we compute for a.e. t ∈ R

D2
t e

iϕt,s(ξ) = Dt((B(t)ξ|ξ)
1
2 · eiϕt,s(ξ)) =

(
(B(t)ξ|ξ) +Dt(B(t)ξ|ξ)

1
2

)
eiϕt,s(ξ).

Plugging this into (3.8), we get

D2
t (e

iϕt,sψλ)(
√

L)f

= ((B(t)ξ|ξ)eiϕt,sψλ)(
√

L)f + λ(eiϕt,sDt

(
B(t) ξ

λ
| ξ
λ

) 1
2ψλ)(

√
L)f.

By Proposition 2.3 (b), the first term on the right-hand side is equal to

d∑
j=1

bj(t)(ξ
2
j e

iϕt,sψλ)(
√

L)f =
d∑
j=1

bj(t)Lj(e
iϕt,sψλ)(

√
L)f = P (t)(eiϕt,sψλ)(

√
L)f.

We therefore conclude(
D2
t − P (t)

)(
eiϕt,sψλ

)
(
√

L)f = λ
(
eiϕt,sDt(B(t) ξ

λ
| ξ
λ
)
1
2ψλ
)
(
√

L)f.

But by (3.6), we have

|(Dt(B(t) ξ
λ
| ξ
λ
)
1
2 | = |D2

tϕt,s(
ξ
λ
)| . ‖B′(t)‖ | ξ

λ
| ' ‖B′(t)‖ (ξ ∈ Kλ),

so the assertion follows setting rt,λ(ξ) := Dt(B(t) ξ
λ
| ξ
λ
)
1
2 . �

Theorem 3.7 (Derivative Gain I). Let α ∈ R. Then, the operator(
D2
t − P (t)

)
T±(t, s) : Hα

L → Hα−1
L
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is bounded for a.e. s, t ∈ R with an operator norm uniform in s and t. Moreover, we have
the estimates

(i) ‖
(
D2
t − P (t)

)
T±(t, s)f‖Hα−1

L
. ‖B′(t)‖ · ‖f‖HαL

,

(ii) ‖
(
D2
t − P (t)

)
T±(t, s)f‖L1

t (R;Hα−1
L ) . ‖B

′‖L1‖f‖HαL
.

Proof. It is enough to prove the estimates (i) and (ii). Let s, t, α ∈ R and f ∈ Hα
L. To ease

notation, we just give the proof for T := T+ (the proof for T− is analogous). By Lemma 3.5,
we have D2

tT (t, s)f ∈ Hα−2
L almost everywhere. On the other hand, Proposition 3.3 and

Lemma 2.14 yield P (t)T (t, s)f ∈ Hα−2
L . Thus, (D2

t − P (t))T (t, s)f is a well-defined element
in Hα−2

L (for a.e. t). Now, Lemma 3.5 and Lemma 3.6 imply(
D2
t − P (t)

)
T (t, s)f =

∑
λ∈2Z

(
D2
t − P (t)

)(
eiϕt,sψλ

)
(
√

L)f

=
∑
λ∈2Z

λ
(
eiϕt,srt,λ · ψλ

)
(
√

L)f

=
∑
λ∈2Z

λ(ht,s,λψλ)(
√

L)f

with
ht,s,λ : Rd \ {0} → C, ht,s,λ(ξ) = eiϕt,s(ξ)rt,λ(ξ)

satisfying
‖ht,s,λ‖L∞(Kλ) = ‖rt,λ‖L∞(Kλ) . ‖B′(t)‖

uniformly in λ ∈ 2Z and s ∈ R. It therefore follows from Proposition 2.10 that
(
D2
t −

P (t)
)
T (t, s)f in fact belongs to Hα−1

L (for a.e. t) and that

‖
(
D2
t − P (t)

)
T (t, s)f‖Hα−1

L
. ‖B′(t)‖ ‖f‖HαL

.

This proves (i). Estimate (ii) follows by integrating (i) with respect to t ∈ R. �

Based on the operators T±(t, s), we define the following two families of operators C(t, s)
and S(t, s) to adjust for the initial values T (t, t) and DtT (t, s)|t=s. They play a similar role

as Cos((t− s)
√
L) and i(t− s)Sinc((t− s)

√
L) do in the time-independent case.

Definition 3.8 (Parametrices II). Let s, t, α ∈ R. For f ∈ Hα
L, we define

C(t, s)f :=
∑
λ∈2Z

(
(cos ◦ϕt,s) · ψλ

)
(
√

L)f,

S(t, s)f := i
∑
λ∈2Z

(
sin ◦ϕt,s
∂sϕt,s

· ψλ
)

(
√

L)f.(3.9)

The properties established for T±(t, s) extend to C(t, s) in a natural way. The situation
for S(t, s) is slightly different. In view of the factor |∂sϕt,s|−1 ' |ξ|−1 in (3.9), the mapping
properties of S(t, s) are even improved by one order in the Hα

L-scale (see Lemma 3.9 (b) (iv)
below). This will be crucial in Section 4. Another difference is that the very same factor
reduces the strong differentiability of s 7→ S(t, s) by one order, which fortunately turns out
to be irrelevant for our purposes.

Lemma 3.9 (Relation between Parametrices). Let s, t, α ∈ R.
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(a) We have

(3.10) C(t, s)f =
1

2

(
T+(t, s) + T−(t, s)

)
f (f ∈ Hα

L).

(b) Define for f ∈ Hα
L

T̃ (t, s)f :=
∑
λ∈2Z

(h̃t,sψλ
)
(
√

L)f, h̃t,s(ξ) := 〈ξ〉sin(ϕt,s(ξ))

∂sϕt,s(ξ)
.

Then:
(i) T̃ (t, s) ∈ L(Hα

L) with ‖T̃ (t, s)‖ . 〈t− s〉.
(ii) The map τ 7→ T̃ (τ, s)f belongs to

⋂1
k=0C

k(R; Hα−k
L ) ∩W 2,∞

loc (R; Hα−2
L ).

(iii) The map τ 7→ T̃ (t, τ)f belongs to C(R; Hα
L) ∩W 1,∞

loc (R; Hα−1
L ).

(iv) We have the identity

(3.11) S(t, s)f = i〈DL〉−1 T̃ (t, s)f (f ∈ Hα
L).

(v) We have(
D2
t − P (t)

)
(h̃t,sψλ)(

√
L)f = λ(r̃t,s,λψλ)(

√
L)f (λ ∈ 2Z),

where r̃t,s,λ : Rd \ {0} → C is smooth and satisfies the estimate
‖r̃t,s,λ‖L∞ξ (Kλ) . ‖B′(t)‖, Kλ := supp(ψλ).

Proof. Assertion (a) is obvious. To prove (b), let us first show the estimates

(3.12)
|h̃t,s(ξ)| . 〈t− s〉, |∂th̃t,s(ξ)| . 〈ξ〉,
|∂sh̃t,s(ξ)| .m4 〈t− s〉〈ξ〉, |∂2

t h̃t,s(ξ)| . 〈t− s〉〈ξ〉2

and

|Dth̃t,s(ξ)−Dth̃t0,s(ξ)| . 〈ξ〉2
(
|t− t0|+ ‖B(t)−B(t0)‖

)
(3.13)

for s, t, s0, t0 ∈ R, ξ ∈ Rd \ {0}. Indeed, (3.6) implies

|h̃t,s(ξ)| ≤
〈ξ〉

|∂sϕt,s(ξ)|
' 〈ξ〉
|ξ|
. 1 for |ξ| ≥ 1,

while for |ξ| ≤ 1, (3.5), (3.6) give

|h̃t,s(ξ)| ≤ 2
| sin(ϕt,s(ξ))|
|∂sϕt,s(ξ)|

.
|ϕt,s(ξ)|
|ξ|

. |t− s|.

This shows |h̃t,s(ξ)| . 〈t− s〉. Using this estimate and (3.6), we deduce

|∂th̃t,s(ξ)| =
| cos(ϕt,s(ξ))| |∂tϕt,s(ξ)|

|∂sϕt,s(ξ)|
〈ξ〉 . 〈ξ〉,

|∂sh̃t,s(ξ)| =
∣∣∣∣ cos(ϕt,s(ξ))〈ξ〉 −

∂2
sϕt,s(ξ)

∂sϕt,s(ξ)
h̃t,s(ξ)

∣∣∣∣
. 〈ξ〉+ ‖B′(s)‖ |h̃t,s(ξ)|
.m4 〈ξ〉+ 〈t− s〉 . 〈t− s〉〈ξ〉
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and finally

|∂2
t h̃t,s(ξ)| =

∣∣∣∣h̃t,s(ξ)|∂tϕt,s(ξ)|2 − ∂2
t ϕt,s(ξ)

∂sϕt,s(ξ)
cos(ϕt,s(ξ))〈ξ〉

∣∣∣∣
. 〈t− s〉|ξ|2 + ‖B′(t)‖〈ξ〉 .m4 〈t− s〉〈ξ〉2.

The bounds (3.13) are shown similarly. Using (3.12) and (3.13), one may argue as in the
proofs of Proposition 3.3 and Lemma 3.5 to show assertions (i), (ii), and (iii). Furthermore,
the boundedness of 〈DL〉−1 : Hα

L → Hα+1
L and (2.8) shows for each f ∈ Hα

L

i〈DL〉−1T̃ (t, s)f = i
∑
λ∈2Z

〈DL〉−1(h̃t,sψλ)(
√

L)f

= i
∑
λ∈2Z

(〈ξ〉−1h̃t,sψλ)(
√

L)f = S(t, s)f,

proving (iv). Finally, (v) is exactly shown as Lemma 3.6. �

The following two theorems are the main results of this section.

Theorem 3.10 (Boundedness and Strong Differentiability of Parametrices II). Let α ∈ R.

(a) Let s, t ∈ R. Then, the linear operators

C(t, s) : Hα
L → Hα

L,(3.14)

S(t, s) : Hα
L → Hα+1

L(3.15)

are bounded with ‖C(t, s)‖ . 1 and ‖S(t, s)‖ . 〈t− s〉.
(b) Let f ∈ Hα

L and s0, t0 ∈ R. Then:

(i) The map us0 : t 7→ C(t, s0)f belongs to
⋂1
k=0C

k
b (R; Hα−k

L ) ∩W 2,∞(R; Hα−2
L ) with

‖Dk
t us0(t)‖α−k . ‖f‖α, k ∈ {0, 1, 2}.

(ii) The map vs0 : t 7→ S(t, s0)f belongs to
⋂1
k=0C

k(R; Hα+1−k
L )∩W 2,∞

loc (R; Hα−1
L ) with

‖Dk
t vs0(t)‖α+1−k . 〈t− s0〉|k−1|‖f‖α, k ∈ {0, 1, 2}.

The map wt0 : s 7→ S(t0, s)f belongs to Ẇ 1,∞
loc (R; Hα

L).
Moreover,

C(t0, t0) = Id, DtC(t, s)|t=s0 = 0,(3.16)

S(t0, t0) = 0, DtS(t, s0)|t=s0 = Id,(3.17)

where the time derivative is to be understood in the strong sense.

Proof. In view of the identity (3.10), the boundedness of C(t, s) and its strong differentia-
bility as stated in (b) immediately follow from Proposition 3.3 and Lemma 3.5, respectively.
Combining the strong differentiability of C(t, s) with Proposition 2.9 then also yields (3.16).
To prove the corresponding statements for S(t, s), we use that S(t, s) = i〈DL〉−1T̃ (t, s) by
Lemma 3.9 (b) (iv). Thus, the assertions for S(t, s) follow from the properties of T̃ (t, s)
stated in Lemma 3.9 (b) (i)-(iii), and the fact that 〈DL〉−1 gains one derivative in the Hα

L-
scale, i.e., 〈DL〉−1 : Hα

L → Hα+1
L . �
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Theorem 3.11 (Derivative Gain II). Let s, t, α ∈ R. Then,(
D2
t − P (t)

)
C(t, s) : Hα

L → Hα−1
L ,(

D2
t − P (t)

)
S(t, s) : Hα

L → Hα
L

are bounded. More precisely, uniformly in s ∈ R, we have the estimates

‖
(
D2
t − P (t)

)
C(t, s)f‖Hα−1

L
. ‖B′(t)‖‖f‖HαL

,

‖
(
D2
t − P (t)

)
S(t, s)f‖HαL

. ‖B′(t)‖‖f‖HαL
,

and

‖
(
D2
t − P (t)

)
C(t, s)f‖L1

t (R;Hα−1
L ) . ‖B

′‖L1‖f‖HαL
,

‖
(
D2
t − P (t)

)
S(t, s)f‖L1

t (R;HαL) . ‖B′‖L1‖f‖HαL
.

Proof. Once again, the properties for C(t, s) follow from Theorem 3.7 and the identity (3.10).
To prove the assertions for S(t, s), we once again use S(t, s) = i〈DL〉−1T̃ (t, s) as stated in
Lemma 3.9 (b) (iv). Using (b) (v) of the very same lemma in place of Lemma 3.6, we find
that Theorem 3.7 holds true with T̃ (t, s) in place of T±(t, s). Thus, the assertions for S(t, s)
follow again from the fact that 〈DL〉−1 : Hα

L → Hα+1
L . �

4. Existence of Weak Solutions in Hα
L

In this section, we aim to establish the existence of weak solution to (1.1) in Hα
L. We

prove existence following the approach in [34], which was subsequently also used by Hassell–
Rozendaal in their Lp-theory for rough wave equations [17]. To motivate the idea, we first
recall the easier time-independent case B(t) = Id (t ∈ R). Then P (t) = L and since

i
√
L generates a C0-group (eit

√
L)t∈R on L2 (by the Borel functional calculus for self-adjoint

operators), we have the representation (cf. [1, Corollary 3.14.8] in the case F = 0)

(4.1) u(t) = Cos(t
√
L)g + it Sinc(t

√
L)h+

∫ t

0

i(t− s)Sinc((t− s)
√
L)F (s) ds,

where

Cos(t
√
L) :=

1

2

(
eit
√
L + e−it

√
L
)
, t Sinc(t

√
L) :=

∫ t

0

Cos(s
√
L) ds.

Now, the idea in the time-dependent case is to replace the exact solution operators Cos((t−
s)
√
L) and i(t−s) Sinc((t−s)

√
L) in (4.1) by the parametrices C(t, s) and S(t, s) constructed

in Section 3. So we make the ansatz

u(t) = C(t, 0)g + S(t, 0)h+

∫ t

0

S(t, s)G(s) ds

with a suitable function G ∈ L1(R; Hα−1
L ). This function will turn out to be the solution to

a Volterra equation. Recall that we know from Theorem 3.11 that

R1(t, s) := (D2
t − P (t))C(t, s) : Hα

L → Hα−1
L ,

R2(t, s) := (D2
t − P (t))S(t, s) : Hα−1

L → Hα−1
L

boundedly.
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Lemma 4.1 (Volterra Operator). Let α ∈ R and G ∈ L1(R; Hα−1
L ). Put

V (t) :=

∫ t

0

S(t, s)G(s) ds (t ∈ R).

Then, V ∈ C(R; Hα
L) ∩ C1(R; Hα−1

L ) ∩W 2,1
loc (R; Hα−2

L ). Moreover,

(D2
t − P (t))V (t) = 1

i
[(Id + iR)G](t)

for a.e. t ∈ R, where

R : L1(R; Hα−1
L )→ L1(R; Hα−1

L ), (RG)(t) =

∫ t

0

R2(t, s)G(s) ds

has operator norm ‖R‖ ≤ C‖B′‖1 with a constant C depending only on m1,m2 and m4.

Proof. Let α ∈ R and G ∈ L1(R; Hα−1
L ). We write

V (t) =

∫ t

0

v(t, s) ds (t ∈ R),

where we have set v(t, s) := S(t, s)G(s) for t ∈ R and a.e. s ∈ R. Then, by Theorem 3.10,
we have for a.e. s ∈ R

v(·, s) ∈ C(R; Hα
L) ∩ C1(R; Hα−1

L ) ∩W 2,∞
loc (R; Hα−k

L ) with

‖Dk
t v(t, s)‖α−k . 〈t− s〉|k−1|‖G(s)‖α−1, k ∈ {0, 1, 2}.(4.2)

First Step: V ∈ C(R; Hα
L)

Fix t0 ∈ R and let t ∈ R. We have to show V (t)→ V (t0) in Hα
L as t→ t0. We consider the

limit t ↓ t0 (the limit t ↑ t0 can be treated similarly). Observe that for t ≥ t0,

(4.3) ‖V (t)− V (t0)‖α ≤
∫ t

t0

‖v(t, s)‖α ds+

∫ t0

0

‖v(t, s)− v(t0, s)‖α ds.

Now for the first integral on the right-hand side of (4.3), we have∫ t

t0

‖v(t, s)‖α ds . 〈t− t0〉
∫ t

t0

‖G(s)‖α−1 ds→ 0 (t ↓ t0),

where we used (4.2) with k = 0 and then dominated convergence. To estimate the second
integral on the right-hand side of (4.3), note that once again by (4.2) (with k = 0), the
integrand converges to zero as t ↓ t0 for a.e. s and is controlled by 〈t0 − s〉‖G(s)‖α−1 .
〈t0〉‖G(s)‖α−1 if |t− t0| ≤ 1. Thus, we conclude once again that∫ t0

0

‖v(t, s)− v(t0, s)‖α ds→ 0 (t ↓ t0)

by dominated convergence. This shows that V ∈ C(R; Hα
L).

Second Step: V ∈ C1(R; Hα−1
L )

Let t ∈ R. Then, for h 6= 0,

V (t+ h)− V (t)

ih
=

∫ t+h

0

v(t+ h, s)− v(t, s)

ih
ds+

1

ih

∫ t+h

t

v(t, s) ds

=: ∆1,h + ∆2,h.
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Now, it follows again from (4.2) with k = 1 and dominated convergence that

∆1,h →
∫ t

0

Dtv(t, s) ds (h→ 0) in Hα−1
L .

Turning to ∆2,h, we have to be a bit more careful since G need not be continuous and thus
we cannot use the fundamental theorem. But using S(t, t) = 0 and Theorem 3.10 (b), we
have

‖∆2,h‖α−1 =

∥∥∥∥∫
R
1(t,t+h)(s)

(
s− t
h

)
S(t, s)− S(t, t)

s− t
G(s) ds

∥∥∥∥
α−1

≤
∫
R
1(t,t+h)(s)

∫ 1

0

‖∂sS(t, t+ (s− t)τ)G(s)‖α−1 dτ ds

.
∫
R
1(t,t+h)(s)‖G(s)‖α−1 ds→ 0 (h ↓ 0).

One argues similarly for h ↑ 0. This proves that V ∈ C1(R; Hα−1
L ) withDtV (t) =

∫ t
0
Dtv(t, s) ds.

Third Step: DtV ∈W1,1
loc (R; Hα−2

L )

Let J := (−T, T ), T > 0. We have to show that DtV ∈ W 1,1(J ; Hα−2
L ). Exactly as in the

second step, one writes for h 6= 0,

DtV (t+ h)−DtV (t)

ih

=

∫ t+h

0

Dtv(t+ h, s)−Dtv(t, s)

ih
ds+

1

ih

∫ t+h

t

Dtv(t, s) ds

=: ∆1,h(t) + ∆2,h(t).

Using (4.2) with k = 2 and dominated convergence, we deduce ∆1,h →
∫ t

0
D2
t v(t, s) ds in

L∞(J ; Hα−2
L ) ↪→ L1(J ; Hα−2

L ) as h→ 0. Turning to ∆2,h(t), we further split for h > 0

‖∆2,h(t)− 1
i
G(t)‖α−2

≤ 1

h

∫ t+h

t

‖DtS(t, s)G(s)−G(s)‖α−2 ds+
1

h

∫ t+h

t

‖G(s)−G(t)‖α−2 ds

=: ∆1
2,h(t) + ∆2

2,h(t),

so that

‖∆2,h(t)− 1
i
G(t)‖L1

t (J ;Hα−2
L (Rd)) ≤

∫
J

∆1
2,h(t) dt+

∫
J

∆2
2,h(t) dt.

Arguing just as in the proof of [5, Proposition 1.4.29]), we find
∫
J

∆2
2,h(t) dt → 0 as h ↓ 0.

On the other hand, using (3.17) and (4.2), we estimate

‖DtS(t, s)G(s)−G(s)‖α−2 = ‖DtS(t, s)G(s)−DtS(s, s)G(s)‖α−2

≤
∫ 1

0

‖D2
tS(s+ (t− s)τ, s)G(s)‖α−2 dτ |t− s|

. ‖G(s)‖α−1|t− s|,
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which implies∫
J

∆1
2,h(t) dt ≤

∫
J

1

h

∫ t+h

t

‖G(s)‖α−1|t− s| ds dt

≤
∫ T+h

−T

(
1

h

∫ s

s−h
|t− s| dt

)
‖G(s)‖α−1 ds ≤ ‖G‖L1(R;Hα−1

L )h→ 0

for h ↓ 0. One argues similarly for the limit h ↑ 0. Thus, we have shown that

DtV (t+ h)−DtV (t)

ih
→
∫ t

0

D2
t v(t, s) ds+ 1

i
G(t) (h→ 0)

in L1(J ; Hα−2
L ). It now follows (see e.g. [5]) that DtV ∈ W 1,1(J ; Hα−2

L ) with

(4.4) D2
tV (t) =

∫ t

0

D2
t v(t, s) ds+ 1

i
G(t) in Hα−2

L

for a.e. t ∈ R.

Fourth Step: Conclusion

By Theorem 3.10 and Lemma 2.14, we have

P (t)V (t) =

∫ t

0

P (t)v(t, s) ds in Hα−1
L .

Recalling that (D2
t − P (t))v(t, s) = R2(t, s)G(s), it follows that

(D2
t − P (t))V (t) = 1

i
G(t) +

∫ t

0

R2(t, s)G(s) ds

= 1
i
[(Id + iR)G](t).

Now by Theorem 3.11, we have for a.e. t ∈ R

‖(RG)(t)‖Hα−1
L

≤
∫ t

0

‖R2(t, s)G(s)‖Hα−1
L

ds

.
∫ t

0

‖B′(t)‖‖G(s)‖Hα−1
L

ds ≤ ‖B′(t)‖ · ‖G‖L1(R;Hα−1
L ),

which yields

‖RG‖L1(R;Hα−1
L ) . ‖B

′‖L1 · ‖G‖L1(R;Hα−1
L )

as desired. Finally, tracing back all constants arising in the preceeding proofs, one checks that
the implicit constant only depends on m4 and on the L2-bounds for the Phillips functional

calculus for
√

L, the latter depending in turn on M2 = supy∈Rd ‖e−iy·
√
L‖L(L2). But M 'm1,m2

1 by the self-adjointness of L1, . . . , Ld with respect to (2.5). �

We are now ready to prove the existence of a weak solution to (1.1) in the Hα
L-scale2.

2Here, a weak solution in Hα
L is just defined as in Definition 1.2 with Hα

L in place of Hα.
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Theorem 4.2 (Well-posedness in Hα
L). Let ε1 be the constant from (1.9) and suppose that

ε1 ∈ (0, 1
C

), where C is the constant from Lemma 4.1. Let α ∈ R and suppose that g ∈ Hα
L,

h ∈ Hα−1
L , and F ∈ L1(R; Hα−1

L ). Then, there exists a unique weak solution u to (1.1) in Hα
L.

Moreover, there exists G ∈ L1(R; Hα−1
L ) such that

(4.5) u(t) = C(t, 0)g + S(t, 0)h+

∫ t

0

S(t, s)G(s) ds (t ∈ R),

and we have the estimate

‖G‖L1(R;Hα−1
L ) . ‖g‖HαL

+ ‖h‖Hα−1
L

+ ‖F‖L1(R;Hα−1
L ).

Furthermore, for each bounded interval J ⊆ R with 0 ∈ J , the map

(4.6) Φ: Hα
L × Hα−1

L × L1(J ; Hα−1
L )→ C(J ; Hα

L), (g, h, F ) 7→ u

is Lipschitz continuous.

Proof. Let α ∈ R and suppose that g ∈ Hα
L, h ∈ Hα−1

L , and F ∈ L1(R; Hα−1
L ). Uniqueness

of weak solutions and the continuous dependence of the initial data and the driving force
as in (4.6) is proved in Corollary 5.4 below. To prove existence, define for a given function
G ∈ L1(R; Hα−1

L ) the function u by the right-hand side of (4.5). Then, by Theorem 3.10 and

Lemma 4.1, u ∈ C(R; Hα
L) ∩ C1(R; Hα−1

L ) ∩W 2,1
loc (R; Hα−2

L ) with u(0) = g and Dtu(0) = h.
Now Theorem 3.11 and Lemma 4.1 imply that u is a weak solution to (1.1) in Hα

L if and only
if for a.e. t ∈ R

F (t) = ((D2
t − P (t))u(t) = R1(t, 0)g +R2(t, 0)h+ 1

i

[
(Id + iR)G

]
(t),

which is equivalent to

1
i

(
Id + iR

)
G(t) = F (t)−R1(t, 0)g −R2(t, 0)h.

Since ‖R‖L(L1(R;Hα−1
L )) ≤ C‖B′‖L1 ≤ Cε1 < 1 by Lemma 4.1 and the assumption, the operator

Id + iR is invertible. On the other hand, R1(t, 0)g and R2(t, 0)h belong to L1
t (R; Hα−1

L ) with

‖R1(t, 0)g‖L1
t (R;Hα−1

L ) . ‖B
′‖L1‖g‖HαL

,

‖R2(t, 0)h‖L1
t (R;Hα−1

L ) . ‖B
′‖L1‖h‖Hα−1

L

by Theorem 3.11. Therefore, if we choose

G = i
(
Id + iR

)−1(
F −R1(t, 0)g −R2(t, 0)h

)
∈ L1

t (R; Hα−1
L ),

it follows that u given by (4.5) indeed defines a weak solution to (1.1). Moreover, we have
the estimate

‖G‖L1
t (R;Hα−1

L )

. ‖R1(t, 0)g‖L1
t (R;Hα−1

L ) + ‖R2(t, 0)h‖L1
t (R;Hα−1

L ) + ‖F‖L1
t (R;Hα−1

L )

. ‖g‖HαL
+ ‖h‖Hα−1

L
+ ‖F‖L1(R;Hα−1

L ).

as desired. The proof is complete. �

By Proposition 2.8, we can identify the spaces Hα and Hα
L for α ∈ [−2, 2], so Theorem 4.2

immediately gives the proof of Theorem 1.3.
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Corollary 4.3 (Existence and Uniqueness of Weak Solutions in Hα). Let ε1 > 0 be as in
Theorem 4.2 and suppose additionally −1 ≤ α ≤ 2. Assume that g ∈ Hα, h ∈ Hα−1, and
F ∈ L1(R; Hα−1). Then, the function u as in Theorem 4.2 defines the unique weak solution
to (1.1) in Hα.

Remark 4.4. Theorem 4.2 and hence Corollary 4.3 are also true under milder conditions
on the coefficients b1, . . . , bd. First, observe that up to now, we did not use the smallness
assumption of ε0 as in (1.8). Thus, it would be enough if the coefficients bj are bounded from
above and below by a positive constant, just as the coefficients aj are. Second, the smallness
of ε1 > 0 was only needed in the proof of Theorem 4.2 in order to invert the operator
Id+iR on L1(R; Hα−1

L ) (using a Neumann-series argument). However, without assuming the
smallness of ε1, we can invert this operator locally in time, i.e., on the space L1(J ; Hα−1

L ),
where J := (−T, T ) for some fixed T ∈ (0,∞). Indeed, a straightforward induction on
k ∈ N0 yields

(4.7) ‖RkG‖L1(J ;Hα−1
L ) .

(CJ T )k

k!
‖G‖L1(J ;Hα−1

L ) (k ∈ N0)

with
CJ := sup

t,s∈J
‖R2(t, s)‖L(Hα−1

L ) . sup
t,s∈J
‖B′(t)‖ ≤ m4,

where we used Theorem 3.11. Thus, the operator A :=
∑∞

k=0(−1)kikRk converges in
L(L1(J ; Hα−1

L )) (with operator norm bounded by a constant times em4T ) and defines the
inverse of Id + iR. Following the proof of Theorem 4.2, we obtain a unique weak solution
on J , i.e., a unique function uJ ∈ C(J ; Hα

L) ∩ C1(J ; Hα−1
L ) ∩W 2,1(J ; Hα−2

L ) with u(0) = g,
Dtu(0) = h and D2

t u = P (t)u(t) + F (t) for a.e. t ∈ J . Exhausting R by bounded open
intervals J then gives the claim. Observe that this gives only G ∈ L1

loc(R; Hα−1
L ) in the

representation formula for u. However, the smallness of ε1 ensures that G ∈ L1(R; Hα−1
L ),

which in turn means that the energy ‖u(t)‖H1 stays globally bounded with respect to t. In
general, this is nontrivial (see e.g. [42]). However, it is a minimum requirement in order to
prove global-in-time Strichartz estimates, since the energy estimates are a special case of the
latter.

5. Uniqueness of Weak Solutions

The classical energy inequalities imply the uniqueness of weak solutions to linear wave
equations with C∞b (Rd)-coefficients in the scale of standard Sobolev spaces Hα(Rd), α ∈ R.
As the coefficients of our wave operator �P possess only limited regularity, these energy
inequalities are applicable only in a restricted range of exponents α. However, combining
them with Proposition 2.8 gives a first result.

Lemma 5.1 (Classical Energy Inequalities). Let J ⊆ R be a bounded open interval with
0 ∈ J . If

u ∈ C(J ; H1
L) ∩ C1(J ; L2) ∩W 2,1(J ; H−1

L )

with �Pu = (D2
t − P (t))u ∈ L1(J ; L2), then

(5.1) ‖u‖C(J ;H1
L) .|J | ‖u(0)‖H1

L
+ ‖Dtu(0)‖L2 + ‖�Pu‖L1(J ;L2).

Proof. We first observe that (5.1) holds with H1
L replaced by the classical Sobolev space

H1. Indeed, a careful inspection of the proof of [36, Chapter I, Theorem 3.1] shows that
the latter is applicable with s = 0 in the assumptions of that theorem (the coefficients
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cj(t, x) = bj(t)aj(xj) of P (t) are Lipschitz, so taking one time derivative and integrating by
parts once with respect to x is justified to make the energy inequality work). But H±1

L = H±1

by Proposition 2.8, so the claim follows. �

Note that Lemma 5.1 in particular implies the uniqueness of weak solutions in H1
L. In the

following, we lift this result to general exponents α ∈ R. The reason why we can do this is
that, while 〈Dx〉α does not commute with P (t) =

∑d
j=1 bj(t)Lj for large α (by the limited

regularity of the coefficients aj), the fractional power 〈DL〉α in fact does (on appropriate
subsets of functions). In order to exploit this fact, we need the following approximation
lemma. To state it, we introduce some notation first. Let α ∈ R, p ∈ [1,∞], m ∈ N0, and
J ⊆ R be a bounded open interval. Put

Wm,p
J,α :=

{
Wm,p(J ; Hα

L) for p ∈ [1,∞),

Cm(J ; Hα
L) for p =∞.

Let u ∈ Wm,p
J,α and n ∈ N0. Then, we set Zn := {−n, . . . , n} and define

(Πnu)(t) :=
∑
λ∈2Zn

ψλ(
√

L)u(t) for all t ∈ J

if p = ∞. If p ∈ [1,∞), we define Πnu by the same expression in an almost everywhere
sense. If I b J is an open subinterval and 4−n < dist(I, J c), we define

(Snu)(t) := (ϕn ∗ u)(t) =

∫
R
ϕn(t− s)u(s) ds for t ∈ I,

where ϕn(t) := 4nϕ(4nt) and ϕ ∈ C∞c (R) satisfies supp(ϕ) ⊆ (−1, 1) and
∫
R ϕ(t) dt = 1.

Lemma 5.2 (Approximation Lemma). Let I b J be bounded open intervals in R and
m, ` ∈ N0, p ∈ [1,∞], α, γ ∈ R.

(a) For all n ∈ N0, we have Πn ∈ L(Wm,p
J,α ,W

m,p
J,α+γ) with ‖Πn‖ .γ 2(n+1)γ+. Moreover,

Πn → Id strongly on Wm,p
J,α as n→∞.

(b) For all n ≥ n0, we have Sn ∈ L(Wm,p
J,α ,W

m+`,p
I,α ) with ‖Sn‖ . 4n`+, where n0 is such

that 4−n0 < dist(I, J c). Moreover, if u ∈ Wm,p
J,α , then (Snu)(k) = Snu

(k) for k ≤ m
and Snu→ u|I in Wm,p

I,α as n→∞.

Proof. (a) Suppose first that p ∈ [1,∞). If γ ≤ 0, then ‖Πn‖ ≤ 1 since Hα
L ↪→ Hα+γ

L in this
case. Therefore, we may suppose γ > 0. By Lemma 2.7 (a) and Proposition 2.3 (c), we then
have

‖Πnu(t)‖Hα+γL
.
∑
λ∈2Zn

〈λ〉γ‖u(t)‖HαL
.γ 2(n+1)γ‖u(t)‖HαL

for a.e. t ∈ J . Raising this inequality to the p-th power and integrating it with respect
to t ∈ J , we deduce the bound ‖Πn‖ . 2(n+1)γ. This proves the first claim. To prove the
second claim, note that we have proved that (Πn)n is in particular uniformly bounded on
Wm,p

J,α . Let v ∈ D := C∞(J ; Hα
L). Then, Πnv → v in Wm,p

J,α by Proposition 2.9 and the
uniform continuity of v. Now, since D is dense in Wm,p

J,α (see e.g. [5, Corollary 1.4.37]), the
strong convergence of (Πn)n to Id on Wm,p

J,α follows from a standard density argument using
uniform boundedness. The case p =∞ is proved similarly.

(b) These assertions are proved exactly as in the case of scalar-valued functions (see e.g.
[19, Section 1.3]). �



GLOBAL STRICHARTZ ESTIMATES 25

Proposition 5.3 (Energy Estimates in Hα
L). Let J ⊆ R be a bounded open interval with 0 ∈

J . Suppose further that for some α ∈ R, the function u belongs to C(J ; Hα
L)∩C1(J ; Hα−1

L )∩
W 2,1(J ; Hα−2

L ). If �Pu ∈ L1(J ; Hα−1
L ), then

‖u‖C(J ;HαL) .|J | ‖u(0)‖HαL
+ ‖Dtu(0)‖Hα−1

L
+ ‖�Pu‖L1(J ;Hα−1

L ).

Proof. Let J ⊆ R, α ∈ R and u be as in the statement of the proposition. Fix some open
interval I with 0 ∈ I ⊆ J . Now, for n ∈ N with 4n ≥ (dist(I, J c))−1, we define un : I → Hα

L

by

un(t) := (SnΠnu)(t) =

∫
R
ϕn(t− s)Πnu(s) ds (t ∈ I).

Observe that un belongs to C∞(I; H∞L ). Indeed, since u ∈ C(J ; Hα
L), it follows that Πnu ∈

C(J ; Hβ
L) for all β ∈ R by Lemma 5.2 (a) and therefore un ∈ Ck(I; Hβ

L) by Lemma 5.2 (b)
for all β ∈ R and k ∈ N0. This proves un ∈ C∞(I; H∞L ). But then also vn := 〈DL〉α−1un ∈
C∞(I; H∞L ) and �Pvn ∈ C0,1(I; H∞L ) ⊆ L1(I; L2) (note that the loss of regularity in t arises
from the fact that the bj are only Lipschitz). Applying Lemma 5.1 to vn, we obtain

‖un‖C(I;HαL) = ‖vn‖C(I;H1
L)

.|I| ‖vn(0)‖H1
L

+ ‖Dtvn(0)‖L2 + ‖�Pvn‖L1(I;L2)

= ‖un(0)‖HαL
+ ‖Dtun(0)‖Hα−1

L
+ ‖�Pun‖L1(I;Hα−1

L ),

(5.2)

where, for the last equality, we used that �P and 〈DL〉α−1 commute when applied to un.
Now, we want to pass to the limit n → ∞ in (5.2). By Lemma 5.2, we infer un → u in
C(I; Hα

L) and Dtun → Dtu in C1(I; Hα−1
L ). We claim that

(5.3) ‖�Pun‖L1(I;Hα−1
L ) .|I| ‖�Pu‖L1(J ;Hα−1

L ) + 2−n‖u‖C(J ;HαL).

Taking (5.3) for granted, we may let n→∞ in (5.2) to obtain

(5.4) ‖u‖C(I;HαL) .|I| ‖u(0)‖HαL
+ ‖Dtu(0)‖Hα−1

L
+ ‖�Pu‖L1(J ;Hα−1

L ),

and we infer the claim from (5.4) by simply exhausting J by open, compactly contained
subintervals I b J . So it remains to prove (5.3). First, note that since u ∈ W 2,1(J ; Hα−2

L )
by assumption, Lemma 5.2 (b) implies

(5.5) D2
t un = D2

t (ϕn ∗ Πnu) = (ϕn ∗ ΠnD
2
t u) = SnΠnD

2
t u

in L1(I; Hα−2
L ). On the other hand, since P (t) =

∑d
j=1 bj(t)Lj, one may verify that

(5.6) (Pun)(t) = (SnΠnPu)(t)−Ru(t) for t ∈ I

with Ru =
∑d

j=1 Rju and

Rju(t) =

∫
R
ϕn(t− s)(bj(t)− bj(s))(LjΠnu)(s) ds.

Note that by Lemma 2.14 and Lemma 5.2 (a)

‖Rju(t)‖Hα−1
L
≤ ‖b′j‖∞‖Πnu‖C(J ;Hα+1

L )

∫
R
|ϕn(t− s)||t− s| ds

. m4 ·
(
2(n+1)‖Πnu‖C(J ;HαL)

)
· 4−n‖ϕ‖1

. 2−n‖u‖C(J ;HαL)
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for each t ∈ I and thus

(5.7) ‖Ru‖L1(I;Hα−1
L ) .|I| 2

−n‖u‖C(J,HαL).

Combining (5.5) and (5.6), we conclude

�Pun = (D2
t − P )un = SnΠn�Pu−Ru in L1(I; Hα−1

L ),

and applying Lemma 5.2 and (5.7) gives

‖�Pun‖L1(I;Hα−1
L ) ≤ ‖SnΠn�Pun‖L1(I;Hα−1

L ) + ‖Ru‖L1(I;Hα−1
L )

.|I| ‖�Pun‖L1(I;Hα−1
L ) + 2−n‖u‖C(J,HαL)

as desired. This completes the proof. �

Corollary 5.4 (Uniqueness of Weak Solutions in Hα
L). Let α ∈ R and suppose that g ∈

Hα
L, h ∈ Hα−1

L , and F ∈ L1(R; Hα−1
L ). If u and v are weak solutions to (1.1) in Hα

L, then
u = v.

Proof. Define Jn := (−n, n) for n ∈ N. Applying Proposition 5.3 to wn := (u − v)|Jn gives
wn = 0. Letting n→∞ yields w = 0 and thus u = v as desired. �

6. Global Strichartz Estimates

In this section, we prove Theorem 1.4 following the approach in the proof of [13, Theo-
rem 2]. Recall the parametrices from Section 3,

T±(t, s) =
∑
λ∈2Z

T±λ (t, s) =
∑
λ∈2Z

(e±iϕt,sψλ)(
√

L).

We first establish a Strichartz inequality for T±1 (t, s) in Subsection 6.1 using the Keel–Tao
framework [23], see Proposition 6.1 below. In Subsection 6.2, we obtain global Strichartz
estimates for the dyadically localized operators T±λ (t, s) by a scaling argument. Finally,
in Subsection 6.3, we patch these estimates together to deduce global Strichartz estimates
for T±(t, s) (see Theorem 6.8 (a) below). This then immediately translates to Strichartz
estimates for the parametrices C(t, s) and S(t, s), which, when combined with Theorem 4.2
and the Christ–Kiselev lemma, then yields the proof of Theorem 1.4.

6.1. Global Strichartz Estimates for Unit Frequencies. In this subsection, we prove
global Strichartz estimates for T±1 (t, s). More precisely, we show:

Proposition 6.1 (Global Strichartz Estimates for T±1 (t, s)). Let ε0 ∈ (0, 1
2
) from (1.8) be

sufficiently small and suppose that (p, q, α) is a wave-admissible Strichartz triple and s ∈ R.
Then,

(6.1) ‖L−
α
2 (e±iϕt,sψ)(

√
L)f‖Lpt (R;Lqx(Rd)) . ‖f‖2 (f ∈ L2),

with an implicit constant independent of s.

Our proof is based on the celebrated result by Keel–Tao [23]. For the convenience of the
reader, we restate it here. Recall that, for given γ > 0, an exponent pair (p, q) ∈ [2,∞]2

is called γ-admissible if (p, q, σ) 6= (2,∞, 1) and 1
p

+ γ
q
≤ γ

2
. Note that if (p, q, α) is a

wave-admissible Strichartz triple, then (p, q) is d−1
2

-admissible (cf. (1.4)).
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Theorem 6.2 ([23, Theorem 1.2]). Let (Ω, µ) be a measure space and H be a Hilbert space.
Suppose that U(t) : H → L2(Ω) is a linear operator for each t ∈ R satisfying the following
properties:

(i) Uniform Boundedness: For all t ∈ R and f ∈ H
‖U(t)f‖L2

x(Ω) . ‖f‖H .
(ii) Truncated Decay: For some γ > 0, we have

‖U(s)U(t)∗g‖L∞x (Ω) . (1 + |t− s|)−γ‖g‖L1
x(Ω) for all s, t ∈ R, g ∈ S,

where S ⊆ L1(Ω) ∩ L2(Ω) denotes a dense subset in L1(Ω).

Then, the estimates

‖U(t)f‖Lpt (R;Lqx(Ω)) . ‖f‖H (f ∈ H)

and ∥∥∥∥∫ t

0

U(t)U(s)∗F (s) ds

∥∥∥∥
Lpt (R;Lqx(Ω))

. ‖f‖H (F ∈ Lp̃
′

t (R; Lq̃
′

x (Ω))),

hold true for any γ-admissible exponent pairs (p, q), (p̃, q̃).

We want to apply Theorem 6.2 with U±(t) := L−
α
2 (e±iϕt,sψ)(

√
L) (for fixed s ∈ R). Con-

dition (i) in Theorem 6.2 is straightforward to verify using the Phillips functional calculus.
However, for condition (ii), we need an oscillatory integral estimate, whose proof we postpone
to Section 7. In order to state it, we set for ε ∈ (0, 1

2
)

Bε := {B̃ : [0, 1]→ Rd×d | B̃(t) is diagonal for all t ∈ [0, 1] and ‖B̃ − Id‖∞ ≤ ε}

and associate with B̃ ∈ Bε the phase function

(6.2) ϕB̃ : Rd → R, ϕB̃(ξ) =

∫ 1

0

(B̃(τ)ξ|ξ)
1
2 dτ.

To ease notation, we just write ϕ̃ := ϕB̃, if B̃ is clear from the context. Observe that, if ϕt,s
denotes the phase function from Definition 3.1, then a simple change of variables shows that

(6.3) ϕt,s = (t− s)ϕ̃t,s, where ϕ̃t,s := ϕB̃t,s , B̃t,s(τ) := B((t− s)τ + s) (τ ∈ [0, 1]),

and B̃t,s ∈ Bε0 by (1.8).

Theorem 6.3 (Oscillatory Integral Estimate). There exists ε0 ∈ (0, 1
2
) such that the follow-

ing holds. For any ψ̃ ∈ C∞c (Rd) supported away from the origin, there exists some constant

C = C(ψ̃, d) > 0 such that we have the decay estimate

|F−1(eitϕ̃ψ̃)(y)| ≤ C(1 + |t|)−
d−1
2

for all t ∈ R, y ∈ Rd, and B̃ ∈ Bε0.

Equipped with Theorem 6.2 and Theorem 6.3, we are in the position to prove Proposi-
tion 6.1.

Proof of Proposition 6.1. Let (p, q, α) be a wave-admissible Strichartz triple and fix s ∈ R.

Set ψ̃ := | · |−αψ. By Lemma 2.7 (b), we have for f ∈ L2 that

L−
α
2 (e±iϕt,sψ)(

√
L)f =

(
e±iϕt,sψ̃

)
(
√

L)f =: U±(t)f.
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Thus, it remains to show

(6.4) ‖U±(t)f‖Lpt (R;Lqx(Rd)) . ‖f‖2 (f ∈ L2),

for which we invoke Theorem 6.2. To ease notation, we provide the proof for U := U+ (the
proof for U− is analogous). We verify conditions (i) and (ii) from Theorem 6.2. Property (i)
is easy since

‖U(t)f‖2 .M2 ‖eiϕt,sψ̃‖∞‖f‖2 .ψ,d,α ‖f‖2 (f ∈ L2, t ∈ R)

by Proposition 2.3 (c). As
√

L and therefore also
√

L is self-adjoint w.r.t. (2.5), we have

(eiy·
√
L)∗ = e−iy·

√
L and therefore

(U(σ))∗ =
(
eiϕσ,sψ̃

)
(
√

L) =
(
e−iϕσ,sψ̃

)
(
√

L).

Thus,

(6.5) U(τ)(U(σ))∗ =
(
ei(ϕτ,s−ϕσ,s)ψ̃2

)
(
√

L) =
(
eiϕτ,σ ψ̃2

)
(
√

L)

for τ, σ ∈ R. Now, by Proposition 2.5 (b), we have for g ∈ L1 ∩ L2 that

(6.6) ‖U(τ)(U(σ))∗g‖∞ =
∥∥(eiϕτ,σ ψ̃2

)
(
√

L)g
∥∥
∞ . ‖F

−1(eiϕτ,σ ψ̃2)‖∞‖g‖1.

In view of (6.3), we have ϕτ,σ = (τ − σ)ϕ̃τ,σ with ϕ̃τ,σ = ϕB̃τ,σ and B̃τ,σ ∈ Bε0 . Hence, we
obtain from Theorem 6.3

‖F−1(eiϕτ,σ ψ̃2)‖∞ = ‖F−1(ei(τ−σ)ϕ̃τ,σ ψ̃2)‖∞ .ψ̃,d (1 + |τ − σ|)−
d−1
2 ‖g‖1 (τ, σ ∈ R).

Using this in (6.6) shows condition (ii) in Theorem 6.2. Applying the latter theorem (sepa-
rately in both components of L2 = L2(Rd;C2)), we obtain (6.4) as desired. �

Remark 6.4. A careful inspection of the proof reveals that Propostion 6.1 remains true
(with same implicit constant) if one replaces the ϕ-defining matrix B(t) by any matrix
B(`(t)) with bijective transformation ` : R→ R, as the argument only hinges on assumption
(1.8), which is invariant under this transformation.

6.2. Global Strichartz Estimates for T±λ (t, s). Let p ∈ (1,∞). For λ > 0, we define
the dilation operator δλ : Lp → Lp by (δλf)(x) := fλ(x) := f(x

λ
) and the rescaled operator

Lλ := (L1,λ, . . . , Ld,λ) by

Lj,λ :=

(
Djaj,λDj

0 aj,λD
2
j

)
, aj,λ(xj) := aj

(xj
λ

)
.

The following lemma shows that T±λ (t, s) is obtained from T±1 (t, s) by rescaling.

Lemma 6.5 (Scaling). Let λ > 0.

(a) We have

(6.7) δλe
i y
λ

√
L = eiy

√
Lλδλ.

In particular,

(6.8) sup
λ>0,y∈Rd

‖eiy
√
Lλ‖L(L2) ≤ 1.

(b) We have [(
e±iϕt,sψλ)(

√
L)f

]
λ

=
(
e±iλϕt,sψ

)
(
√

Lλ)fλ (f ∈ L2).
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Proof. Let p ∈ (1,∞) and λ > 0.

(a) A straightforward computation reveals the identity Lλ = δλ(λ
−2L)δλ−1 , which implies√

Lλ = δλ(λ
−1
√

L)δλ−1 by the holomorphic functional calculus for sectorial operators.
By standard semigroup theory (see e.g. [7, Sections II.2.1 and II.2.2]), it follows that√

Lλ generates a d-parameter C0-group on Lp given by

eiy
√
Lλ = δλe

i y
λ

√
Lδλ−1 (y ∈ Rd).

Now, (6.8) is a straightforward consequence, since∥∥eiy·
√
Lλ
∥∥ =

∥∥δλ(ei y
λ
·
√
L
)
δλ−1

∥∥ ≤ ∥∥δλ∥∥∥∥ei y
λ
·
√
L
∥∥∥∥δλ−1

∥∥ ≤ λ
d
2 · 1 · λ−

d
2 = 1,

where in the above display ‖ · ‖ denotes the norm in L(L2).
(b) Let s, t ∈ and f ∈ L2. By Remark 2.4, we have

(6.9)
[
(e±iϕt,sψλ)(

√
L)f

]
λ

=

∫
Rd
F−1(eiϕt,sψλ)(y)

(
Cos(y

√
L)f

)
λ

dy.

Observe that F−1(eiϕt,sψλ)(y) = λdF−1(eiλϕt,sψ)(λy) by the change of variables ξ 7→
λξ and the positive homogeneity of ϕt,s. Moreover,

(
Cos(y

√
L)f

)
λ

= Cos(λy
√

Lλ))fλ
by (6.7). Using these relations in (6.9) gives[

(e±iϕt,sψλ)(
√

L)f
]
λ

=

∫
Rd
λdF−1(eiλϕt,sψ)(λy)Cos(λy

√
Lλ))fλ dy

=

∫
Rd
F−1(eiλϕt,sψ)(y)Cos(y

√
Lλ))fλ dy = (e±iλϕt,sψ)(

√
Lλ)fλ.

�

Lemma 6.6 (Global Strichartz Estimates for T±λ (t, s)). Suppose that (p, q, α) is a wave-
admissible Strichartz triple and s ∈ R, λ > 0. Then,

(6.10) ‖L−
α
2 (e±iϕt,sψλ)(

√
L)f‖Lpt (R;Lqx(Rd)) . ‖f‖2 (f ∈ L2),

with an implicit constant independent of s and λ.

Proof. Let (p, q, α) be a wave-admissible Strichartz triple, λ > 0, and f ∈ L2. As in the

proof of Proposition 6.1, set ψ̃ := | · |−αψ. Then, by Lemma 2.7 (b) and Lemma 6.5 (b), we
have

L−
α
2 (e±iϕt,sψλ)(

√
L)f = λ−α(e±iϕt,sψ̃λ)(

√
L)f

= λ−αδλ−1

(
e±iλϕt,sψ̃

)
(
√

Lλ)δλf

= λ−αδλ−1

(
e±iϕλλt,λsψ̃

)
(
√

Lλ)δλf,

where ϕλt,s is just defined as ϕt,s, with B(τ) replaced by Bλ(τ) = B( τ
λ
), see Definition 3.1.

Now, applying the change of variables x 7→ x
λ
, t 7→ t

λ
first and then Remark 6.4 as well as

Proposition 6.1 with
√

Lλ in place of
√

L (note that this is justified since Assumption 1.1 is
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invariant under the scaling aj 7→ aj,λ), we obtain

‖L−
α
2 (e±iϕt,sψλ)(

√
L)f‖Lpt (R;Lqx(Rd)) = λ−α‖δλ−1

(
e±iϕλλt,λsψ̃

)
(
√

Lλ)δλf‖Lpt (R;Lqx(Rd))

= λ−
(
α+ 1

p
+ d
q

)
‖
(
e±iϕλt,λsψ̃

)
(
√

Lλ)δλf‖Lpt (R;Lqx(Rd))

. λ−
(
α+ 1

p
+ d
q

)
‖δλf‖2

= λ−
(
α− d

2
+ 1
p

+ d
p

)
‖f‖2 = ‖f‖2,

where the last equality follows from the fact that (p, q, α) is a wave-admissible Strichartz
triple. �

6.3. Proof of Theorem 1.4. We recall the following lemma, which is due to Christ–Kiselev.

Lemma 6.7 ([39, Lemma 2.4]). Let X, Y be Banach spaces and let K ∈ C(R×R;L(X, Y )).
Suppose that 1 ≤ p < q ≤ ∞ is such that∥∥∥∥∫

R
K(t, s)F (s) ds

∥∥∥∥
Lqt (R;Y )

. ‖F‖Lpt (R;X)

for all F ∈ Lpt (R;X). Then, one also has∥∥∥∥∫ t

−∞
K(t, s)F (s) ds

∥∥∥∥
Lqt (R;Y )

. ‖F‖Lpt (R;X).

Theorem 6.8 (Strichartz Estimates for Parametrices I). Suppose that (p, q, α) is a wave-
admissible Strichartz triple.

(a) The estimate

‖L−
α
2 T±(t, s)f‖Lpt (R;Lqx(Rd)) . ‖f‖2 (f ∈ S√L)

holds uniformly in s ∈ R.
(b) If (p̃, q̃, α̃) is another wave-admissible Strichartz triple with p̃′ < p, then∥∥∥∥∫ t

0

L−
α+α̃

2 T±(t, s)G(s) ds

∥∥∥∥
Lpt (R;(Lqx(Rd)))

. ‖G‖
Lp̃
′
t (R;Lq̃

′
x (Rd))

for all measurable functions G : R→ S√L of compact support.

Proof. Let (p, q, α) be a wave-admissible Strichartz triple.

(a) Let f ∈ S√L and s ∈ R. Then, Proposition 2.13 followed by an application of
Minkowski’s inequality (note that p, q ≥ 2 in view of (1.4)) gives

‖L−
α
2 T±(t, s)f‖2

Lpt (R;Lqx(Rd)) '
∥∥∥∥(∑

µ∈2Z

∣∣ψµ(
√

L)L−
α
2 T±(t, s)f

∣∣2) 1
2
∥∥∥∥2

Lpt (R;Lqx(Rd))

.
∑
µ∈2Z

∥∥ψµ(
√

L)L−
α
2 T±(t, s)f

∥∥2

Lpt (R;Lqx(Rd))
.

(6.11)



GLOBAL STRICHARTZ ESTIMATES 31

Note that by the Phillips functional calculus and the fact that the ψλ are almost
disjointly supported, we have

ψµ(
√

L)L−
α
2 T±(t, s)f =

∑
λ∈2Z

(| · |−αe±iϕt,sψλψµ)(
√

L)f

=
∑
λ∈Iµ

L−α(e±iϕt,sψλ)(
√

L)ψµ(
√

L)f,

where Iµ := {µ
2
, µ, 2µ}. So the sum on the right-hand side of (6.11) can be estimated

by

3
∑
µ∈2Z

∑
λ∈Iµ

∥∥L−α2 (e±iϕt,sψλ)(
√

L)ψµ(
√

L)f
∥∥2

Lpt (R;Lqx(Rd))

= 3
∑
λ∈2Z

∑
µ∈Iλ

∥∥L−α2 (e±iϕt,sψλ)(
√

L)ψµ(
√

L)f
∥∥2

Lpt (R;Lqx(Rd))

. 3
∑
λ∈2Z

∑
µ∈Iλ

∥∥ψµ(
√

L)f
∥∥2

2
= 9

∑
µ∈2Z

∥∥ψµ(
√

L)f
∥∥2

2
' ‖f‖2

2,

where we used Lemma 6.6 and Proposition 2.10 in the last line of the above display.
This proves (a).

(b) Let (p̃, q̃, α̃) be another wave-admissible Strichartz triple with p̃′ < p. Fix s ∈ R.
Since S√L is dense in L2(Rd) by Proposition 2.9, it follows from (a) that

Ts : L2(Rd)→ Lp̃t (R; Lq̃x(Rd)), (Tsf)(t) = L−
α̃
2 T±(t, s)f

is a bounded linear operator. Recalling the scalar product (2.5) on L2, we may define
the equivalent dual pairing

〈F,G〉 :=

∫
R
〈F (τ), G(τ)〉A dτ

on Lp̃τ (R; Lq̃x(Rd)) × Lp̃
′
τ (R; Lq̃

′
x (Rd)). Since Ts is bounded, the dual operator T ∗s and

thus the composition TsT ∗s are bounded, too. Let G : R → S√L be measurable with
compact support. Then, a straightforward computation reveals

T ∗s G =

∫
R
Tτ (s)G(τ) dτ,

and using that

T±(t, s)T±(s, τ) = T±(t, τ), T±(t, s)∗ = T±(s, t) for t, s, τ ∈ R
as identities on L(L2), we conclude

(TsT ∗s G)(t) =

∫
R
L−

α+α̃
2 T±(t, τ)G(τ) dτ

for a.e. t ∈ R. Now, the claim follows from the boundedness of TsT ∗s and Lemma 6.7.

�

Corollary 6.9 (Strichartz Estimates for Parametrices II). Suppose that (p, q, α) is a wave-
admissible Strichartz triple.
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(a) We have

(6.12) ‖L
1−α
2 C(t, s)f‖Lpt (R;Lqx(Rd)) . ‖L

1
2f‖2 (f ∈ H1

L)

and

(6.13) ‖L
1−α
2 S(t, s)f‖Lpt (R;Lqx(Rd)) . ‖f‖2 (f ∈ L2)

uniformly in s ∈ R.
(b) Suppose that (p̃, q̃, α̃) is another Strichartz triple with p̃′ < p. Then, there holds the

inhomogeneous estimate∥∥∥∥∫ t

0

L
1−α−α̃

2 S(t, s)G(s) ds

∥∥∥∥
Lpt (R;(Lqx(Rd)))

. ‖G‖
Lp̃
′
t (R;Lq̃

′
x (Rd))

for G ∈ Lp̃
′

t (Lq̃
′
x (Rd)).

Proof. Let (p, q, α) be wave-admissible and let f ∈ S√L. By Lemma 3.9 (a) and Lemma 2.7 (b),
we may write

L
1−α
2 C(t, s)f = 1

2
L−

α
2 T+(t, s)L

1
2f + 1

2
L−

α
2 T−(t, s)L

1
2f,

so Theorem 6.8 gives ‖L 1−α
2 C(t, s)f‖Lpt (R;Lqx(Rd)) . ‖L

1
2f‖2 uniformly in s ∈ R. Now, (6.12)

follows as S√L is dense in H1
L (in particular, the left-hand side L

1−α
2 C(t, s)f is to be under-

stood as a limit in Lpt (R; Lqx(Rd))). This proves (6.12). Let ρ ∈ C∞c (Rd) with 0 ≤ ρ ≤ 1
and ρ = 1 on B(0, 1). For λ ≥ 1, put χλ ∈ C∞c (Rd) by χλ(ξ) := ρ( ξ

λ
) − ρ(λξ). Then, by

the definition of S√L, we have χλ(
√

L)f = f for λ = λ(f) ≥ 1 sufficiently large. In view of
(3.8), we may then write

L
1−α
2 S(t, s)f = 1

2
L−

α
2 T+(t, s)ms,λ(

√
L)f − 1

2
L−

α
2 T−(t, s)ms,λ(

√
L)f

with ms,λ(ξ) := |ξ|
(B(s)ξ|ξ)1/2χλ(ξ). Since ‖ms,λ(

√
L)f‖2 . ‖ms,λ‖∞‖f‖2 ≤ ‖f‖2 by Propo-

sition 2.3 (c), we argue as above to infer (6.13). Finally, (b) is proved similarly as Theo-

rem 6.8 (b), using that ‖ms,λ(
√

L)‖L(Lq̃
′
x (Rd))

. 1 by Proposition 2.3 (c). �

From the preceding corollary and Theorem 4.2, we obtain Strichartz estimates for weak
solutions in H1

L.

Theorem 6.10 (Global-In-Time Strichartz Estimates for Weak Solutions in H1
L). Let (p, q, α)

be a wave-admissible Strichartz triple. Suppose that g ∈ H1
L, h ∈ L2, and F ∈ L1(R; L2).

Then, the weak solution to the wave equation (1.1) satisfies the global-in-time Strichartz
estimate

‖L
1−α
2 u‖Lpt (R;Lqx) . ‖g‖H1

L(Rd) + ‖h‖L2 + ‖F‖L1(R;L2).

Proof. By Theorem 4.2, we have the representation

u(t) = C(t, 0)g + S(t, 0)h+

∫ t

0

S(t, s)G(s) ds (t ∈ R)

with

(6.14) ‖G‖L1(R;L2) . ‖g‖H1
L

+ ‖h‖L2 + ‖F‖L1(R;L2).
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By Corollary 6.9 (a), we have

‖L
1−α
2 C(t, 0)g(x)‖Lpt (Lqx(Rd)) . ‖L

1
2 g‖2 . ‖g‖H1

L
,

‖L
1−α
2 S(t, 0)g(x)‖Lpt (Lqx(Rd)) . ‖h‖2.

Moreover, applying Corollary 6.9 (b) with (p̃, q̃, α̃) = (∞, 2, 0) (note that then p̃′ = 1 < 2 ≤
p) and (6.14), we find∥∥∥∥∫ t

0

L
1−α
2 S(t, s)G(s) ds

∥∥∥∥
Lpt (Lqx(Rd))

. ‖G‖L1(R;L2)

. ‖g‖H1
L

+ ‖h‖L2 + ‖F‖L1(R;L2).

�

Now, in view of Proposition 2.8, Theorem 1.4 is an immediate consequence of Theo-
rem 6.10:

Corollary 6.11 (Global-In-Time Strichartz Estimates for Weak Solutions in H1). Let (p, q, α)
be a wave-admissible Strichartz triple and α ∈ [0, 2]. Suppose that g ∈ H1, h ∈ L2 and
F ∈ L1(R; L2). Then, the weak solution to the wave equation (1.1) satisfies the global-in-
time Strichartz estimate

(6.15) ‖|Dx|1−αu‖Lpt (R;Lqx(Rd)) . ‖g‖H1 + ‖h‖L2 + ‖F‖L1(R;L2).

7. Oscillatory Integral Estimate

In this section, we provide a proof of Theorem 6.3, which was one of the key ingredients
for the proof of Theorem 1.4. For the convenience of the reader, we restate it here. Recall
that we set for ε ∈ (0, 1

2
)

Bε := {B̃ : [0, 1]→ Rd×d | B̃(t) is diagonal for all t ∈ [0, 1] and ‖B̃ − Id‖∞ ≤ ε}
and define for B̃ ∈ Bε the phase function

(7.1) ϕB̃ : Rd → R, ϕB̃(ξ) =

∫ 1

0

(B̃(τ)ξ|ξ)
1
2 dτ.

To ease notation, we just write ϕ̃ = ϕB̃ as in Section 6.

Theorem 7.1. There exists ε0 ∈ (0, 1
2
) such that the following holds. For any ψ̃ ∈ C∞c (Rd)

supported away from the origin, there exists some constant C = C(ψ̃, d) > 0 such that we
have the decay estimate

|F(eitϕ̃ψ̃)(y)| ≤ C(1 + |t|)−
d−1
2

for all t ∈ R, y ∈ Rd, and B̃ ∈ Bε0.

For B̃ ∈ Bε and associated phase function ϕ̃, let us define the hypersurface

(7.2) S := {ξ ∈ Rd : ϕ̃(ξ) = 1}.
We also define the hypersurface

(7.3) Σ := {∇ξϕ̃(ξ) ∈ Rd | ξ 6= 0}.
Theorem 7.1 can be reduced to decay estimates for the Fourier transform of the surface
measure on S. It is well-known that these are linked to the Gaussian curvature on S (see
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e.g. [18], [27], [19, Theorem 7.7.14]). Therefore, we first collect some important geometrical
properties of S, see Proposition 7.2 below. We then use these to prove Theorem 7.4 below,
from which Theorem 7.1 follows.

Observe that ∇ξϕ̃(ξ) = B̃(ξ)ξ for ξ 6= 0, where

(7.4) B̃(ξ) := diag(B̃1(ξ), . . . , B̃d(ξ)), B̃j(ξ) :=

∫ 1

0

b̃j(τ)

(B̃(τ)ξ|ξ)1/2
dτ.

Since ‖B̃ − Id‖∞ ≤ ε0 ≤ 1
2
, it follows immediately from (7.1) and (7.4) that

(7.5) S ⊆
{
ξ ∈ Rd : |ξ| ' 1

}
, B̃j(ξ) ' |ξ|−1, Σ ⊆

{
ξ ∈ Rd : |ξ| ' 1

}
.

Proposition 7.2 (Properties of S). Let ε0 ∈ (0, 1
2
), B̃ ∈ Bε0, and S and Σ as defined in

(7.2) and (7.3), respectively.

(a) S is a smooth, compact hypersurface in Rd, with normal space at each ω ∈ S given by

(7.6) Nω(S) = span
{
∇ξϕ̃(ω)

}
(∇ξϕ̃(ω) ∈ Σ).

Moreover, S is the boundary of the compact, strictly convex set

K := {ξ ∈ Rd | ϕ̃(ξ) ≤ 1}.
(b) The Gauss map on S given by

n : S→ Sd−1, n(ω) :=
∇ξϕ̃(ω)

|∇ξϕ̃(ω)|
is a diffeomorphism with n(−ω) = −n(ω). In particular, for each ν0 ∈ Sd−1 there
exists exactly one ω0 ∈ Sd−1 such that ±ν0 = n(±ω0).

(c) Let n be the Gauss map from (b) and ε0 sufficiently small. Then, there exists
some κ = κ(ε0) > 0 such that in each point ω ∈ S, the principal curvatures
κ1(ω), . . . , κd−1(ω) with respect to −n satisfy κj(ω) ≥ κ.

Proof. The assertions in (a) are straightforward to prove (see e.g. [43, Proposition 5.1]). To
prove (c), let n be the Gauss map as defined in (b) and ω ∈ S. Recall that the principal
curvatures κ1(ω), . . . , κd−1(ω) with respect to −n are the eigenvalues of the self-adjoint shape
operator

Lω : Tω(S)→ Tω(S), Lω(v) = Dvn(ω)

(see e.g. [43, Section I.9]). Here, Dv denotes the directional derivative along the tangent
vector v ∈ Tω(S). Thus, we have to show that there exists some κ = κ(ε0) ∈ (0, 1) such that
κj(ω) ≥ κ for all j ∈ {1, . . . , d − 1} and ω ∈ S. Equivalently, we need to show that the
bilinear form associated with Lω, namely the second fundamental form in ω, defined by

IIω : Tω(S)× Tω(S)→ R, IIω(v, ṽ) = (Lωv|ṽ),

is positive definite uniformly in ω ∈ S. Unfortunately, the strict convexity of K, as shown in
(a), only implies that IIω is positive semi -definite. To prove strict positive definiteness, we
argue by perturbation. Fix ω = (ω1, . . . , ωd) ∈ S. A computation yields for any v ∈ Tω(S)

(7.7) |∇ξϕ̃(ω)| · IIω(v, v) = (∇2
ξϕ̃(ω)v|v) = (B̃(ω)v|v)− (R̃(ω)v|v)

with

(7.8) R̃(ω) = (r̃j,k)
d
j,k=1 = (rjk(ω)ωjωk)

d
j,k=1, rjk(ω) :=

∫ 1

0

b̃j(τ)b̃k(τ)

(B̃(τ)ω|ω)3/2
dτ.
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Therefore, in view of (7.5),

IIω(v, v) & (B̃(ω)v|v)− (R̃(ω)v|v) & |v|2 − (R̃(ω)v|v).

So it is enough to show that

(7.9) |(R̃(ω)v|v)| = O(ε0) · |v|2 (v ∈ Tω(S)).

Put ν := ∇ξϕ̃(ω) = B̃(ω)ω. Without restriction, we may assume νd 6= 0. Then, Tω(S) =
span{v1, . . . , vd−1} with vk := νdek − νked. Now, if v ∈ Tω(S), then there exists λ ∈ Rd−1

such that v =
∑d−1

k=1 λkvk and thus

(R̃(ω)v|v) =
d−1∑
j,k=1

λjλk(R̃(ω)vk|vj)

with

(R̃(ω)vk|vj) =
[(
rjkB̃d − rjdB̃k

)
B̃d +

(
rddB̃k − rdkB̃d

)
B̃j
]
ωjωk|ωd|2

=
[(
rjk − rjd

)
B̃2
d + rjd

(
B̃d − B̃k

)
B̃d
]
ωjωk|ωd|2

+
[(
rdd − rdk

)
B̃jB̃k + rdk

(
B̃k − B̃d

)
B̃j
]
ωjωk|ωd|2.

By assumption, we have ‖b̃k − b̃j‖∞ ≤ ‖b̃k − 1‖∞ + ‖b̃j − 1‖∞ ≤ 2ε0 for all j, k ∈ {1, . . . , d}.
Hence, since |ω| ' 1 by (7.5),

|(rjk − rjd)(ω)| ≤
(∫ 1

0

b̃j(τ)

(B̃(τ)ω|ω)3/2
dτ

)
· ‖b̃k − b̃d‖∞ . ε0.

and similarly

|B̃d(ω)− B̃k(ω)| ≤
(∫ 1

0

1

(B̃(τ)ω|ω)1/2
dτ

)
· ‖b̃k − b̃d‖∞ . ε0.

We conclude that |(R̃(ω)vk|vj| . ε0|ωj||ωk||ωd|2 and since |ωd| ' |νd| by (7.5), we obtain

|(R̃(ω)v|v)| . ε0|νd|2
d−1∑
j,k=1

λjλk|ωj||ωk| ≤ ε0|νd|2|λ|2|ω|2 ' ε0|νd|2|λ|2 ≤ ε0|v|2

(the last inequality follows from the identity |v|2 = |(λ|ν ′)|2 + |νd|2|λ|2, which is readily
verified). This proves (7.9) and therefore the claim.

Finally, we prove (b). Note that by (c), dnω : Tω(S)→ Tnω(Sd−1) ' Tω(S) has nonvanish-
ing determinant for each ω ∈ S, so n is a local diffeomorphism. Also, n(−ω) = −n(ω) for
ω ∈ S follows immediately from the definition of n. Therefore, it suffices to show that n is
bijective.

Injectivity : Suppose that ν := n(ω1) = n(ω2) for some ω1, ω2 ∈ S. By (a), the set K is
strictly convex and n is the outer unit normal vector field on the boundary of K. Therefore,
we must have K\{ωj} ⊆ Hj, where Hj is the open supporting hyperplane at ωj defined by

Hj := {ξ ∈ Rd : (ξ − ωj|ν) < 0} (j ∈ {1, 2}).
But this is only possible if ω1 = ω2.

Surjectivity : Let ν ∈ Sd−1. We consider the linear function

f : Rd → R, f(ω) = ν · ω.
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By the extreme value theorem and the compactness of K, there are extremal points ω1, ω2 ∈
K in which f attains a maximum and a minimum. The function f , being linear, cannot
attain extremal values in the interior of K and thus ω1 and ω2 have to lie on ∂K = S.
In particular, f(ω1) and f(ω2) are local extremas on S. Therefore, ν = ∇ωf(ωj) must
belong to Nωj(S) by the Lagrange multiplier theorem. Combining this with (a), we conclude
±n(ω1) = ν = ±n(ω2). If n(ω1) = n(ω2), then ω1 = ω2 by the already shown injectivity.
But then f would have to be constant (since minimum and maximum of f would be equal),
contradicting the fact that f 6= 0 is linear. So either ν = n(ω1) or ν = n(ω2), which shows
that n is surjective. �

Lemma 7.3. Let ε0 ∈ (0, 1
2
) and κ = κ(ε0) be as in Proposition 7.2 (c). Then, there are

constants cκ and cd,κ > 0 such that the following holds. For all δ ∈ (0, c−1
κ ) and ω, ω0 ∈ S

with |ω ± ω0| ≥ δ, there exists some v ∈ Tω(S) with |v| = 1 and

|(v|n(ω0))| ≥ cd,κδ.

Proof. Let ω ∈ S. Recall that the principal curvatures κ1(ω), . . . , κd−1(ω) with respect to −n
are the eigenvalues of the self-adjoint shape operator Lω : Tω(S)→ Tω(S), Lω = Dvn. Under
the identification Tω(S) ' Tn(ω)(S

d−1), we have dnω = Lω and thus by the inverse function
theorem that n−1 is smooth with ‖ d(n−1)ν‖ = ‖( dnn−1(ν))

−1‖ ≤ κ−1 for all ν ∈ Sd−1. Thus,

|n−1(ν)− n−1(ν0)| ≤ ‖ dn−1‖∞ dSd−1(ν, ν0) ≤ π
2κ
|ν − ν0|

for ν, ν0 ∈ Sd−1. In particular, n−1 is Lipschitz continuous with Lipschitz constant π
2κ

. Thus,
if δ > 0 and ω, ω0 ∈ S with |ω ± ω0| ≥ δ, then(

2κδ
π

)2 ≤ (2κ
π
|ω − ω0|)2 ≤ |n(ω)− n(ω0)|2

= |n(ω)|2 + |n(ω0)|2 − 2(n(ω)|n(ω0))

= 2
(
1− (n(ω)|n(ω0))

)
,

which implies (n(ω)|n(ω0)) ≤ 1 − 1
2
(2κδ
π

)2. Replacing ω0 by −ω0 and using that n(−ω0) =

−n(ω0), we also get −(n(ω)|n(ω0)) ≤ 1− 1
2
(2κδ
π

)2 and thus

|(n(ω)|n(ω0))| ≤ 1− 1
2

(
2κδ
π

)2
=: r

Put cκ :=
√

2π−1κ > 0 so that r ∈ (0, 1) for δ ∈ (0, 1
cκ

). Now choose an orthonormal basis

(v1, . . . , vd−1) of Tω(S). Then,

d−1∑
j=1

|(vj|n(ω0))|2 = |n(ω0)|2 − |(n(ω)|n(ω0)|2 ≥ 1− r2 ≥ 1− r.

Thus, there must exist some j ∈ {1, . . . , d− 1} such that

|(vj|n(ω0))|2 ≥ 1
d−1

(1− r) = 1
2(d−1)

(
2κδ
π

)2
=: c2

d,κδ
2,

proving the claim. �

Let ψ̃ ∈ C∞c (Rd) be supported away from the origin. For ε ∈ (0, 1
2
), B̃ ∈ Bε and associated

phase function ϕ̃ as in (6.2), let us define for t ∈ R the kernel Kt by

Kt(y) = F−1(e−itϕ̃ψ̃)(y) =
1

(2π)d

∫
Rd

ei(y·ξ−tϕ̃(ξ))ψ̃(ξ) dξ (y ∈ Rd).

Theorem 7.1 is then a consequence of the following result.
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Theorem 7.4 (Decay Estimate for Kt). Let ε0 ∈ (0, 1
2
) as in Proposition 7.2 (c) be suffi-

ciently small. Then, there are constants CN = CN(ψ̃) > 0 (N ∈ N0) such that the following
estimates hold true for all s, t ∈ R, y ∈ Rd, and all N ∈ N0:

(7.10)
∣∣Kt(y)

∣∣ ≤ CN(1 + |y|)−
d−1
2 (1 + dist(y, tΣ))−N .

In particular,

(7.11) ‖Kt‖L∞ .ψ̃ (1 + |t|)−
d−1
2 (t ∈ R).

Proof. Let t ∈ R. The claim is trivial if t = 0, for then Kt = F−1ψ̃ ∈ S(Rd) and tΣ = {0}.
We may therefore suppose t 6= 0 in the following. We divide the proof into three steps.

Step 1: Rescaling

Define the full phase function Φ̃(z, ξ) := z · ξ − ϕ̃(ξ) for (z, ξ) ∈ Rd × Rd. Then,

(7.12) Kt(y) =
1

(2π)d

∫
Rd

eitΦ̃
(
y
t
, ξ
)
ψ̃(ξ) dξ =:

1

(2π)d
I
(
t, y

t

)
,

where

I(λ, z) :=

∫
Rd

eiλΦ̃(z,ξ)ψ̃(ξ) dξ (z ∈ Rd, λ ∈ R),

and (7.10) would follow from the uniform estimates

(7.13)
∣∣I(λ, z)

∣∣ .N,ψ̃ (1 + |λz|)−
d−1
2 (1 + |λ|dist(z,Σ))−N (z ∈ Rd, λ ∈ R).

This is what we will show next.

Step 2 : The Proof of Estimate (7.13)
We deal first with the easier case z = 0 and then proceed with the case z 6= 0.

Case 1 : z = 0.

Put δ := dist(0,Σ) > 0. Then, δ ' 1 by (7.5). Now, observe that

(7.14) |∇ξΦ̃(0, ξ)| = |0−∇ξϕ̃(ξ)| ≥ dist(0,Σ) = δ ' 1

and that by the positive homogeneity of ϕ̃, we have for any α ∈ Nd
0 with |α| ≥ 2

(7.15) |∂αξ Φ̃(y, ξ)| = |∂αξ ϕ̃(ξ)| .α |ξ|1−|α| . 1 on supp(ψ̃).

Therefore, nonstationary phase (see e.g. [19, Theorem 7.7.1]) implies

|I(λ, 0)| .N,d,ψ̃ (1 + |λ|)−N . (1 + |λ| δ)−N (λ ∈ R)

which is exactly (7.13).

Case 2 : z 6= 0.

Let z ∈ Rd \ {0} and set νz := z
|z| ∈ Sd−1. Using [9, Theorem 3.11] (see also [30,

Proposition A.0.1 (iv)]), we may integrate the integrand of I(λ, z) along the level sets of
ϕ̃. This gives

I(λ, z) =

∫ ∞
0

e−irλ

(∫
ϕ̃−1(r)

eiλz·ωψ̃(ω) dω

)
dr,
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where dω := |∇ξϕ̃|−1 dHd−1 (the latter denoting the d − 1-dimensional Hausdorff measure
on the hypersurface ϕ̃−1(r)). Since ϕ̃−1(r) = rϕ̃−1(1) = rS by the positive homogeneity of
ϕ̃, the integral in the above display is equal to

I(λ, z) =

∫ ∞
0

e−irλ

(∫
S

eirλz·ωψ̃(rω) dω

)
rd−1 dr

=

∫ ∞
0

e−irλJ(rλ|z|, νz)χ̃(r) dr,

where χ̃(r) := χ(r)rd−1 and χ ∈ C∞c ((0,∞)) such that χ = 1 on supp(r 7→ ψ̃(rω)), and for
fixed r > 0,

J(µ, ν) :=

∫
S

eiµν·ωψ(rω) dω (µ ∈ R, ν ∈ Sd−1).

By Proposition 7.2 (b), there is exactly one ωz ∈ S such that ±νz = n(±ωz). We localize
J(µ, νz) around ±ωz: To this end, we choose ρ ∈ C∞c (R) such that ρ = 1 on (−1

2
, 1

2
),

supp(ρ) ⊆ (−1, 1) and for some δ > 0, we split J(µ, νz) = J1(µ, νz) + J2(µ, νz) + J3(µ, νz),
where

J1(µ, νz) :=

∫
S

eiµνz ·ωρ
( |ω−ωz |

δ

)
ψ(rω) dω,

J2(µ, νz) :=

∫
S

eiµνz ·ωρ
( |ω+ωz |

δ

)
ψ(rω) dω,

J3(µ, νz) :=

∫
S

eiµνz ·ωψ(rω)

(
1− ρ

( |ω−ωz |
δ

+ ρ
( |ω+ωz |

δ

))
dω.

Then, we obtain the splitting I(λ, z) = I1(λ, z) + I2(λ, z) + I3(λ, z) with

Ik(λ, z) =

∫ ∞
0

e−irλJk(rλ|z|, νz)χ̃(r) dr

for k = {1, 2, 3}. We estimate each of these terms separately. Let k ∈ {1, 2}. Note that by
Euler’s relation for ϕ̃,

νz · ωz = n(ωz) · ωz =
∇ξϕ̃(ωz) · ωz
|∇ξϕ̃(ωz)|

=
ϕ̃(ωz)

|∇ξϕ̃(ωz)|
=

1

|∇ξϕ̃(ωz)|
=:

1

σ

and therefore

Ik(λ, z) =

∫ ∞
0

e−irλ(1− |z|
σ

) · e−irλ
|z|
σ Jk(rλ|z|, νz)χ̃(r) dr.
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Hence, integrating by parts and applying stationary phase (see [19, Theorem 7.7.5, Theo-
rem 7.7.14]) with δ = δ(κ(ε0)) > 0 sufficiently small, we obtain∣∣(λ(1− |z|

σ

))N
Ik(λ, z)

∣∣
=

∣∣∣∣ ∫ ∞
0

(
(−Dr)

Ne−irλ(1− |z|
σ

)

)
e−irλ

|z|
σ Jk(rλ|z|, νz)χ̃(r) dr

∣∣∣∣
=

∣∣∣∣ ∫ ∞
0

e−irλ(1− |z|
σ

)DN
r

(
e−ir

λ|z|
σ Jk(rλ|z|, νz)χ̃(r)

)
dr

∣∣∣∣
≤
∫ ∞

0

∣∣∣∣DN
r

(
e−irλ

|z|
σ Jk(rλ|z|, νz)χ̃(r)

)∣∣∣∣ dr
.N

N∑
`=0

∫ ∞
0

(1 + r|λz|)−
d−1
2 |∂N−`r χ̃(r)| dr .N,ψ̃ (1 + |λz|)−

d−1
2 .

This yields

|Ik(λ, z)| .N,ψ̃ (1 + |λz|)−
d−1
2

(
1 +

∣∣λ(1− |z|
σ

)∣∣)−N
for k ∈ {1, 2}. For k = 3, we use the principle of nonstationary phase. Indeed, Lemma 7.3
implies (for δ < c−1

κ , which we may assume without restriction) that f : S→ R, f(ω) = νz ·ω
satisfies

‖ dfω‖ ≥ cd,κ δ

uniformly z ∈ Rd \ {0}, ωz ∈ S and ω ∈ S \ (Bδ(ωz) ∪ Bδ(−ωz)). Thus, by nonstationary
phase (see e.g. [19, Theorem 7.7.1]),

|D`
rJ3(µ, νz)| .`,M (1 + |µ|)−M (M, ` ∈ N0).

Following the above argument in the case k ∈ {1, 2}, we therefore obtain∣∣(λ(1− |z|
σ

))N
I3(λ, z)

∣∣
≤
∫ ∞

0

∣∣∣∣DN
r

(
e−irλ

|z|
σ J3(rλ|z|, νz)χ̃(r)

)∣∣∣∣ dr
.N,d

∑
`∈N3

0,
|`|=N

∫ ∞
0

∣∣D`1
r e−irλ

|z|
σ

∣∣ · ∣∣D`2
r J3(rλ|z|, νz)

∣∣ · ∣∣D`3
r χ̃(r)

∣∣ dr
.N,M

∑
`∈N3

0,
|`|=N

∫ ∞
0

|λz|`1+`2(1 + r|λz|)−M ·
∣∣D`3

r (χ̃(r))
∣∣ dr

. (1 + |λz|)−(M−N).

Choosing M = 2N gives

|I3(λ, z)| .N (1 + |λz|)−N
(
1 +

∣∣λ(1− |z|
σ

)∣∣)−N .
Since |I(λ, z)| ≤ |I1(λ, z)|+ |I2(λ, z)|+ |I3(λ, z)|, we have proved that

|I(λ, z)| .N (1 + |λz|)−
d−1
2

(
1 +

∣∣λ(1− |z|
σ

)∣∣)−N .
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Now it just remains to recall that σ = |∇ξϕ̃(ωz)| ' 1 by (7.5) as well as z = |z|
σ
∇ξϕ̃(ωz),

which gives

dist(z,Σ) ≤
∣∣z −∇ξϕ̃(ωz)

∣∣ = σ
∣∣1− |z|

σ

∣∣ ' ∣∣1− |z|
σ

∣∣.
This proves (7.13) as desired.

Step 3 : The Proof of (7.10)

Recall from (7.5) that

(7.16) Σ ⊆ {ξ ∈ Rd : c̃1 ≤ |ξ| ≤ c̃2}
for some c̃1, c̃2 > 0. Therefore, we deduce from (7.13) the uniform bounds

(7.17) |I(λ, z)| . (1 + |λ|)−
d−1
2 (λ ∈ R, z ∈ Rd).

Indeed, if dist(z,Σ) ≤ c̃1
2

, then (7.16) implies |z| ≥ c̃1
2

, so (7.13) with N = 0 yields

|I(λ, z)| . (1 + |λz|)−
d−1
2 .c̃1,d (1 + |λ|)−

d−1
2 (λ ∈ R, z ∈ Rd).

On the other hand, if dist(z,Σ) ≥ c̃1
2

, then choosing some N ∈ N with N ≥ d−1
2

in (7.13)
yields

|I(λ, z)| .N (1 + |λ|dist(z,Σ))−N .c̃1,N (1 + |λ|)−
d−1
2 (λ ∈ R, z ∈ Rd).

This proves (7.17). Now, (7.10) is an immediate consequence of (7.17) in view of (7.12).
The proof is complete. �
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