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Abstract

We analyze synchronization of relaxation oscillations in multiple-timescale reaction-diffusion systems.
Interpreting synchronization as convergence to frequency-synchronized wave-train solutions, we resolve
for the first time the case of phase waves. These waves are nearly phase-synchronized relaxation oscilla-
tions, featuring quasistationary plateaus of length ε−1 separated by fast transition layers, where ε≪ 1 is
the timescale separation parameter. Tracking the decay of modulations via a Bloch-wave eigenfunction
analysis, we find a remarkably weak interaction strength of order ε8/3. This weak layer interaction and
many of the technical difficulties arise from repeated scattering of eigenfunctions through fold points at
the ends of the quasistationary plateaus. We capture this by combining a novel geometric desingular-
ization approach with Lin’s method, exponential trichotomies, and the Riccati transform. While our
spectral stability analysis yields diffusive synchronization of all phase waves in the FitzHugh–Nagumo
system, it also identifies potential finite-wavelength instabilities, which we realize in a system variant.
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1 Introduction

The collective behavior of oscillators has been at the center of many questions in nonlinear dynamics,
with applications including synchronization in mechanical systems [50], in neuropathology [52, 59], in the
social sciences [40], in electrical grids [39], or in chemical experiments [33]. Synchronization here means
first of all that the temporal behavior of any oscillator in the collection is periodic with one common
period for all oscillators, that is, the collective behavior is frequency synchronized. In an even stronger
form of synchronization, all individual oscillators go through a particular fixed phase of the oscillation
at the same time, that is, they are phase synchronized. Predicting synchronization, and failure thereof,
can then explain observations, guide treatments, and more theoretically elucidate our understanding of
collective behavior between order and chaos. Our results are concerned with frequency synchronization and
possible desynchronization in relaxation oscillators. We shall start in §1.1 with background on questions of
synchronization relevant to our results. We then set up the FitzHugh–Nagumo system with its wave-train
solutions in §1.2 and state our main stability result and its implications in §1.3 and §1.4.

1.1 Phenomenology of synchronization

Models of synchrony. The simplest descriptions of oscillators rely on modeling the phase Φ of the
oscillation as through a differential equation Φt = g(Φ) on the circle Φ ∈ S1 = R/Z, leading to phase models
such as the celebrated Kuramoto model [1, 70], where the transition from synchronization to unlocked states
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is now well-understood in kinetic limits [24]. More realistic models include inertia [25] or amplitudes [78].
The Landau oscillator, a universal normal form near Hopf bifurcations, incorporates amplitudes in the
simplest form. In spatially extended oscillatory systems, it leads to the complex Ginzburg–Landau equation
as a modulation equation [4, 74]. We are concerned here with what are often more representative and
relevant models of oscillators that describe relaxation oscillations in multiple timescale systems. Specifically,
we are interested in the FitzHugh–Nagumo system, or the closely related van-der-Pol equations. In contrast
to phase or Landau oscillators, these models offer more realistic phase-resetting curves, that is, the response
of oscillations to external stimuli depends quite sensitively on the phase of the oscillation. The multiple
timescale structure – with fast relaxation on O(1) time scales between slow adaptation on O(1/ε) time
scales, where ε > 0 is a small parameter – also appears intrinsically in applications including ecosystem
dynamics [67], neuroscience [79], heart arrhythmias [91], chemical reactions [45], and even fluid flows and
turbulence [12]. From this broad phenomenological perspective, our work here addresses two questions:

(i) What are time scales of synchronization?

(ii) When and how does synchronization fail?

We explore these questions in the context of a continuous distribution of oscillators, modeled through
reaction-diffusion systems on the line, with a specific focus on the FitzHugh–Nagumo system in the oscilla-
tory regime; see §1.2, below. The spatially continuous setting avoids additional complicating effects due to
spatial discreteness. Moreover, the planar dynamics of the ODE, describing spatially independent solutions
of the FitzHugh–Nagumo system, isolate key features of multiple timescale relaxation, thus making this
equation and its variants a model of choice in many of the applications mentioned above. Indeed, much
is known about the spatio-temporal dynamics of the FitzHugh–Nagumo equation, including existence,
stability, and bifurcation results for traveling fronts [34, 73], pulses [17, 20, 21, 46, 55, 62], and periodic
wave trains [42, 53, 54, 71, 89]. Our focus here is on these wave trains which are periodic in both space
and time and propagate as traveling waves in this spatially continuous setting. The collective dynamics
of wave trains are frequency synchronized – that is, all points in space oscillate with the same frequency
– while the phase of the oscillation has a constant spatial gradient; see Figure 1. Synchronization then
corresponds to the convergence to one of those frequency-synchronized wave trains, from initial conditions
that are close to the wave train – that is, already almost synchronized – or more globally. We shall focus
on the former, local question, which translates (i) and (ii) into questions of stability of oscillations: can
wave trains be unstable (ii), and what is the rate of convergence to wave trains when they are stable (i)?
Our work is motivated by somewhat dramatic differences in frequency synchronization that are illustrated
in Figure 2, which shows how synchronization time scales differ within the same equation by only changing
the wavelength, and by the possible failure of synchronization in related models, illustrated in Figure 8.

Effective diffusivity and stability. For single oscillators, or small groups of synchronized oscillators,
stability and rates of convergence are determined by the real part of Floquet exponents λ of the linearized
equation: positive real parts yield instability and desynchronization, negative real parts ℜ(λ) = −η give
exponential rates η of synchronization. Perturbing a synchronized state will generally lead to a phase shift
of the collective oscillation due to the trivial Floquet exponent λ = 0 associated with time translations.
In large or even moderately sized systems, Floquet exponents closest to the imaginary axis arise from
modulating this phase response across oscillators. In other words, the phase of oscillators may be perturbed
in a non-uniform fashion across the system and temporal dynamics only slowly heal the resulting phase
mismatch. The dynamics of phase modulations of oscillators in large, spatially extended systems can be
described using long-wavelength modulation theory [38]. In this regime, the phase dynamics are well-
approximated by a viscous eikonal equation. Modulating the phase of a wave-train solution u(x, t) =
uwt(lx− ωt) with wavenumber l ∈ R \ {0} and frequency ω ∈ R via

uwt(ℓx− ωt+Φ(x, t)) ∼ uwt(ℓx− ωt) + Φ(x, t) · u′wt(ℓx− ωt),
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Figure 1: Spacetime plot of profiles u(x, t) corresponding to spatially homogeneous oscillations (left) and traveling wave trains
(right) obtained numerically in (1.1) for a = 0.2, γ = 1, ε = 0.001.

one finds in a long-wavelength limit
Φt + d2Φ

2
x = deffΦxx,

where deff > 0 is an effective diffusivity and the coefficient d2 ∈ R encodes nonlinear dispersion. Wave-train
solutions are now of the form Φ(x, t) = ℓ∗x− ω∗t, with ω∗ = d2ℓ

2
∗. Small-amplitude perturbations of wave

trains can be shown to behave according to solutions of the linearized equation, a convection-diffusion
equation

Φt + 2d2ℓ∗Φx = deffΦxx.

That is, for t → ∞ solutions are well-approximated by solutions to the heat equation, advected with the
group velocity 2d2ℓ∗. The time scales of synchronization correspond to the rate of decay in the diffusion
equation, which in large systems is

∥Φ(·, t)∥L∞ ∼ (defft)
−1/2∥Φ(·, 0)∥L1 , t > 0.

We therefore refer to Teff = 1/deff as the time scale of synchronization, thus encoding how we shall answer
question (i) in what follows. The effective diffusive behavior is illustrated in direct simulations in Figure 3,
showing in particular the appearance of diffusive profiles Φ(x, t) · u′wt(ℓ∗x− ωt).

The second question, from our point of view, asks for spectral instabilities of the synchronized state. In
a simple dichotomy, this potential instability is either caused by (A) a sign change in the effective diffusivity
deff , that is, ill-posedness of the phase approximation, or (B) by a finite-wavelength mode that is invisible
in the phase approximation.

Roughly speaking, we answer the questions (i) and (ii) above for phase-wave trains in terms of the slow
timescale parameter ε as follows:

(i) in FitzHugh–Nagumo and variants, deff ∼ ε2/3 and Tsync ∼ ε−2/3, see Theorem 1.2;

(ii) in FitzHugh–Nagumo, no instabilities, see Theorem 1.2; in variants of the FitzHugh–Nagumo system,
deff > 0, but oscillatory Turing instabilities can occur at modulation wavenumber k ∼ ε1/6, see §1.4.

In terms of the dichotomy mentioned above, the instability in (ii) is always of type (B), i.e. not due to
a change of sign of deff . Therefore, it is not visible in a phase-reduction that fixes the small parameter
ε in the relaxation oscillation, but rather caused by an instability of the neutral mode at a finite (for
fixed ε) wavenumber. We found the rigidity in (ii) in regard to the consistent stable effective diffusivity,
deff > 0, remarkable. It is strikingly different from the well-understood example of the complex Ginzburg–
Landau equation, where the prevalent instability mechanism is a change in sign of deff , known there as
a sideband or Benjamin–Feir instability. The sideband instability plays an outsized role in the transition
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Figure 2: Illustration of the fast decay of perturbations of trigger waves (left) compared to the weak relaxation of random
perturbations of phase waves (right); see Appendix E for details on implementation.

from coherent spatio-temporal dynamics with ultimate phase-synchrony, to spatio-temporal chaos in its
various forms [4, 29]. For frequency-synchronized states with a phase gradient, that is, for wave-train
solutions, there is however in certain parameter regimes a finite-wavelength instability in the complex
Ginzburg–Landau equation preceding the sideband instability [93], somewhat reminiscent of the potential
instability we observe here.

Synchronization via transition layer interaction. Relaxation oscillations in FitzHugh–Nagumo- or
van-der-Pol-type oscillators consist of two rapid switches between states of slowly varying amplitudes.
In the spatially homogeneous oscillation, the rapid switches are initiated by the slow evolution hitting a
fold point of a slow manifold. This slow passage through the fold contributes a characteristic O(ε−1/3)-
correction to the leading-order O(ε−1)-part in the period of oscillations, which stems from the maximal
time spent drifting along the slow branch; see Figure 4. Modulating homogeneous oscillations spatially, the
time instances of the rapid switches vary in space: for wave trains, the switches occur along characteristics
ω(ℓ)t = ℓx, with ω(0) the frequency of the spatially homogeneous oscillation; see Figure 1. Dispersion,
that is, the dependence of ω on the spatial wavenumber ℓ encoded in the coefficient d2 in the modulation
equation above, can be thought of as reflecting the interaction of these rapid switches. When ℓ increases,
i.e. for spatially more narrowly spaced transition layers, the drift along the slow manifold is cut short by an
early transition triggered by the interaction of layers, rather than induced by the phase of the oscillation
reaching its final state. The associated periodic wave trains for larger ℓ are thus called trigger waves,
while the waves for small ℓ are called phase waves; see Figure 5 for a depiction of these waves in the
FitzHugh–Nagumo system.

Trigger waves are related to waves in the excitable regime [15]. Here, in the absence of spatially
homogeneous oscillations, oscillatory behavior is organized by excitation pulses, each consisting of a rapid
jump at the front and a second relaxation at the back, and their interaction. Interaction of layers in
this excitable regime, or more generally the regime of trigger waves, is fairly well-understood through a
perturbative analysis; see [83] for large separation at fixed ε and [42, 71] for O(ε−1)-separation and layers
away from the fold points of the slow manifold. In both cases, the position of transition layers is naturally
associated with a zero eigenvalue in the linearization and therefore a “soft mode”, leading to effective
reduced descriptions.

In contrast, the transition layers in phase waves do not possess such a natural zero eigenvalue, a fact that
was noticed when analyzing the stability of pulses in a modified FitzHugh–Nagumo system [13]. Therefore,
while the stability analysis features a characteristic neutral mode associated with translations, it does not
possess individual modes associated with translations of the two distinct transition layers, and there does
not appear an obvious way to cast the dynamics as reduced weak-interaction dynamics. Our main result,
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Figure 3: Localized perturbation of trigger waves (left column) and phase waves (right column) in the first component by
10−2 exp (−x2/100). Top: space-time plot of u-component (only partial domain on left) shows quick relaxation in the trigger-
wave case, with perturbation only visible up to t = 200, and a persistent defect in the phase wave case visible up to t = 15000
(note the different spatial and temporal plot ranges). Middle: Snapshots of perturbation profiles, subtracting a closest perfect
periodic wave train from the solution. Perturbations are modulated and large near interfaces. They slowly travel to the left
with the group velocity and decay in amplitude as their width grows (again fast in the trigger- and slow in the phase-wave
case). Bottom: The decay is diffusive, which is illustrated here by plotting the square of the width of the region where the
perturbation exceeds 10−5 versus time. Data and linear fit with slope 4deff shows, as ε decreases, the increase deff ∼ 1/ε in
the trigger case, and the decrease deff ∼ ε2/3 in the phase wave case; see Appendix E for details on implementation.
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that characterizes in particular deff , can be thought of in this language of transition layer interaction as,
for the first time, quantitatively characterizing the interaction of fast transition layers resulting from the
passage through a fold.

Quantitatively, suppose that modulations of layers at distance O(ε−1) relax on a time scale ε−β. We can
predict this time scale by substituting modulations on a spatial scale ε−1 into the effective diffusive eikonal
approximation equation Φt+d2Φ

2
x = deffΦxx and thereby predict layer dynamics on time scales much longer

than the previously defined synchronization time scale, (deffε
2)−1 = ε−2Tsync. Equating ε−β = (deffε

2)−1

then also gives a comparative interpretation of our results and analogous results on trigger waves in [42]:

• trigger waves: deff ∼ ε−1 −→ layer interaction strength εβ, relaxation time scale ε−β, β = 1;

• phase waves: deff ∼ ε2/3 −→ layer interaction strength εβ, relaxation time scale ε−β, β = 8/3.

We refer to Figure 3 for an illustration of the relaxation near both trigger and phase waves. We remark
that the relaxation time scale of trigger waves also appears as a weak interaction eigenvalue of order ε in
the stability of pulses [19, 57, 94].

In summary, our results exhibit an extraordinarily weak interaction of transition layers of phase waves,
contrasting a wealth of results on layers in excitable media. Direct simulations in Figure 2 illustrate how
the predictions manifest themselves in the extremely slow synchronization of phase waves when subjected
to random perturbation, as opposed to the rapid synchronization of trigger waves. On the other hand,
we believe that the mathematical techniques developed here will be useful in singularly perturbed spectral
stability problems exhibiting fold dynamics far beyond the specific setting that we focus on.

Defect-mediated frequency synchronization. In addition to these natural questions of stability and
synchronization, our work is strongly motivated by defect-mediated synchronization phenomena. A simple
intuitive example of such synchronization is the presence of “pacemakers”, such as localized regions that
oscillate at a different frequency which in turn propagates through the medium [68, 90]. As a result, a
coherent state spreads with finite speed, rather than only diffusively, with synchronization in a system
of size L achieved after time T ∼ L rather than T ∼ L2. The coherent state is not phase synchronized
but rather frequency synchronized: the phase exhibits a constant gradient while information propagates
away from the pacemaker. The constant-gradient state thus corresponds to a wave train, periodic in time
and space while rigidly propagating. In the absence of external pacemakers, self-organized pacemakers
such as spiral waves [85] and sources [36, 84] can have a similar effect, establishing domains of frequency
synchronization surrounding individual pacemakers in a glassy state.

A similar mechanism of frequency synchronization is related to the growth of the region where oscil-
lations are observed, induced either by an external quench [49] or, again in a self-organized fashion, by
the spreading of the oscillatory instability through an invasion front [95]. The latter was studied in the
example of the FitzHugh–Nagumo system in [8, 22]; see also Figure 7. Such invasion fronts generate wave
trains, i.e. frequency-synchronized states, in their wake in the sense that their group velocity is smaller
than the propagation speed of the front interface [84].

1.2 Wave trains in the FitzHugh–Nagumo system

We introduce the FitzHugh–Nagumo system in the oscillatory regime and present existence results on
phase and trigger waves.

The oscillatory regime. We consider the FitzHugh–Nagumo system

ut = uxx + f(u)− w,

wt = ε(u− γw − a),
x ∈ R, t ≥ 0, (u,w) ∈ R2, (1.1)

7



Figure 4: The left schematic diagram depicts the left, middle, and right branches Ml,m,r
0 of the critical manifold M0, the

locations of the fold points (u,w) = (u1, f(u1)) and (u,w) = (ū1, f(ū1)), and the nullcline u − γw − a = 0, under the
conditions 0 < a < 1/2 and 0 < γ < γ∗(a). These conditions ensure that (1.3) is in the oscillatory regime and exhibits
relaxation oscillations. In particular, they exclude configurations in which equilibria lie on the outer branches Ml,r

0 of the
critical manifold, such as the excitable and bistable regimes depicted in the top right and bottom right insets, respectively.

with cubic nonlinearity f(u) = u(u− a)(1− u), parameters 0 < ε≪ 1, 0 < a < 1
2 and

0 < γ < γ∗(a) := 9
(
1 + 2a− 2a2 + (1− 2a)

√
a2 − a+ 1

)−1
. (1.2)

The planar system governing x-independent solutions,

ut = f(u)− w,

wt = ε(u− γw − a),
(1.3)

behaves much like the classical van-der-Pol equation, with an unstable equilibrium (u,w) = (a, 0) and
large-amplitude relaxation oscillations, which arise as periodic orbits in (1.3) when ε > 0 is sufficiently
small. The key feature in the geometric construction of the periodic orbits is the S-shaped critical slow
manifold M0 = {(u,w) ∈ R2 : w = f(u)}. The cubic w = f(u) attains a local minimum value at

u1 =
1

3

(
1 + a−

√
1− a+ a2

)
(1.4)

and a local maximum value at

ū1 =
1

3

(
1 + a+

√
1− a+ a2

)
, (1.5)

splittingM0 into three normally hyperbolic branchesMl,m,r
0 and two fold points (u1, f(u1)), (ū1, f(ū1)); see

Figure 4. The nullcline u−γw−a = 0 intersects the cubic w = f(u) in the point (a, 0) in the (u,w)-plane,

and (1.2) ensures that there are no intersections with the right and left branches Ml,r
0 which would lead

to stable equilibria; see again Figure 4. One can then construct relaxation oscillations by concatenating
portions of the left and right branches Ml,r

0 of the critical manifold with fast orbits that originate at each
fold point and jump to the opposing normally hyperbolic branch at points (u2, f(u1)) and (ū2, f(ū1)) with

u2 =
1

3

(
1 + a+ 2

√
1− a+ a2

)
, ū2 =

1

3

(
1 + a− 2

√
1− a+ a2

)
, (1.6)

see Figure 4. We hence refer to the parameter regime 0 < a < 1
2 , 0 < γ < γ∗(a) where (1.3) exhibits this

oscillatory behavior as the oscillatory regime.
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Periodic wave trains. In addition to the spatially homogeneous oscillations in (1.3), the PDE (1.1)
admits large-amplitude spatially periodic wave trains, parameterized for instance by their wave speed.
They arise as solutions of an associated traveling-wave equation as follows. Passing to a co-moving frame
(u,w)(ξ, t) = (u,w)(x− ct, t) with wave speed c, we rewrite (1.1) as

ut = uξξ + f(u)− w + cuξ,

wt = ε(u− γw − a) + cwξ,
ξ ∈ R, t ≥ 0, (u,w) ∈ R2, (1.7)

where ξ = x− ct. Stationary solutions (u,w)(x, t) = (u,w)(ξ) satisfy the traveling wave ODE

0 = uξξ + f(u)− w + cuξ,

0 = ε(u− γw − a) + cwξ,
(1.8)

which, upon setting v = uξ, can be written as a singularly perturbed first-order system

uξ = v,

vξ = −cv − f(u) + w,

wξ = −ε
c
(u− γw − a).

(1.9)

Wave trains then correspond to periodic orbits in (1.9). For each 0 < a < 1
2 , 0 < γ < γ∗(a), and each

sufficiently small ε > 0, (1.9) admits a family of wave trains parameterized by the speed c [22, 89]. This
family naturally splits into two sub-families, namely the trigger waves for c < c∗(a) and the phase waves
for c > c∗(a), where

c∗(a) :=

√
1− a+ a2

2
> 0.

Trigger and phase waves are distinguished by the location of their fast transitions relative to the fold points
at the local extrema of the cubic w = f(u). For trigger waves, the fast jumps occur away from the fold
points, whereas for phase waves they occur near the fold points; see Figure 5. In both cases, the period
(or spatial wavelength) is an increasing function of the wave speed c. Moreover, the amplitude of phase
waves remains nearly constant as c increases, while the amplitude of trigger waves increases with c.

The existence of the family of trigger waves was established in [89], while the family of phase waves was
constructed more recently in [22]. Technically, constructing phase waves is significantly more subtle, due
to the loss of normal hyperbolicity near the extrema of the cubic w = f(u), requiring the use of geometric
desingularization techniques to complete the construction. The following theorem summarizes existence
results for both trigger and phase waves.

Theorem 1.1. [22, Theorem 1.1] Fix 0 < a < 1
2 , 0 < γ < γ∗(a) and c > 0. Then, for all sufficiently

small ε > 0, the system (1.9) admits a periodic orbit Γε(c) with period Lε(c). The function Lε(c) is
monotonically increasing in c, and satisfies limε→0 εLε(c) = L0(c) for a monotonically increasing function
L0(c). For fixed c < c∗(a) and ε > 0 sufficiently small, Γε(c) is a trigger wave, while for fixed c > c∗(a)
and ε > 0 sufficiently small, Γε(c) is a phase wave.

Figure 5 depicts the results of numerical continuation of wave trains in the traveling-wave equation (1.8)
in the wave speed parameter c and period Lε for fixed a = 0.2, γ = 1, ε = 0.001. We see that the period
Lε increases monotonically in c, reflecting a negative group velocity cg − c = −L dc

dL in the comoving frame
propagating with speed c. In other words, the apparent phase velocity ω/ℓ is always larger than the group
velocity describing the speed of propagation of disturbances, dω/dℓ; see [22, Remark 1.6]. Figure 5 also
depicts a phase-wave train profile obtained for c = 2 > c∗(a) ≈ 0.648 and a trigger wave profile obtained
for c = 0.4 < c∗(a). We note the apparent change in concavity of ω(ℓ) near the transition between trigger
and phase waves (see Figure 5, bottom left panel). An examination of the relation between speed and
period [22, §4.4] suggests that a change in sign of ω′′(ℓ) occurs within the family of trigger waves at a speed
somewhat close to – but in fact O(1) in ε away from – the trigger/phase wave transition.
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Figure 5: Left column: (Top panel) Speed-period relation from numerical continuation of (1.8) for fixed a = 0.2, γ = 1, ε =
0.001. (Bottom panel) Plot of the temporal frequency ω(ℓ) := ℓc(ℓ), where ℓ := 2π

Lε
is the spatial wavenumber. The value

c∗(a) denoting the transition from trigger to phase waves in the singular limit is marked by a red circle in both plots. Middle
column: Profiles u (solid) and w (dashed) for a phase wave at c = 2 (top panel) and a trigger wave at c = 0.4 (bottom panel),
marked by a green diamond and a black square, respectively, in the left panels. Note that the spatial period scales with the
speed c, so that the slower trigger waves are much more narrowly spaced compared with the phase waves when plotted on the
same spatial scale. Right column: phase space plots of the phase- and trigger-wave trains (solid green) from middle panels
along with the cubic nullcline w = f(u) (dashed red).
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1.3 Main result and consequences: spectral stability of phase-wave trains

Our main result establishes spectral properties of the linearization at phase-wave trains which translate
into frequency synchronization near phase waves, time scales of synchronization, and the possibility of
desynchronization.

Stability and effective diffusivity near phase-wave trains — main result. A periodic orbit Γε of
Theorem 1.1 corresponds to a stationary, Lε-periodic wave-train solution ϕε(ξ) = (uε(ξ), wε(ξ)) to (1.7).
Linearizing (1.7) about this solution, we obtain the Lε-periodic differential operator

Lε

(
u
w

)
=

(
uξξ + f ′(uε)u− w + cuξ

ε(u− γw) + cwξ

)
,

acting on L2(R,C)×L2(R,C) with domain H2(R,C)×H1(R,C). The spectrum of Lε is characterized by
Floquet–Bloch theory [48, 80]. We set eρ(ξ) = e−iρξ for ρ ∈ R and define the family of Bloch operators

Lρ,ε

(
u
w

)
= e−1

ρ Lε

(
eρ

(
u
w

))
=

((
∂ξ + iρ

)2
+ c
(
∂ξ + iρ

)
+ f ′(uε) −1

ε c
(
∂ξ + iρ

)
− εγ

)(
u
w

)
,

acting on L2(R/LεZ,C) × L2(R/LεZ,C) with domain H2(R/LεZ,C) × H1(R/LεZ,C). Since Lρ,ε has
compact resolvent by the Rellich–Kondrachov theorem, its spectrum consists of isolated eigenvalues of
finite algebraic multiplicity only. Floquet–Bloch theory then asserts that the spectrum of Lε is given by
the union

Σ (Lε) =
⋃

ρ∈
[
− π
Lε

,
π
Lε

)Σ(Lρ,ε).

Consequently, λ ∈ C lies in the spectrum of Lε if and only if there exists ρ ∈ R such that the eigenvalue
problem

Lρ,ε

(
u
w

)
= λ

(
u
w

)
(1.10)

admits a nontrivial solution (u,w)⊤ ∈ H2(R/LεZ,C)×H1(R/LεZ,C).
Our main result shows that the spectrum of Lε is confined to the left-half plane, except for the simple

translational eigenvalue of L0,ε at the origin, and is uniformly bounded away from the imaginary axis
outside a small neighborhood of the origin. Moreover, it establishes that the critical spectrum near the
origin is determined through an implicit transcendental equation – referred to as the main formula – which
relates λ to the Floquet–Bloch frequency variable ρ. The leading-order coefficients of this equation are
fully explicit in terms of a, c, and γ. In a neighborhood of λ = 0, the solution to the main formula is given
by a smooth curve λε(ρ), called the critical spectral curve or linear dispersion relation, which touches the
origin in a quadratic tangency at ρ = 0. Following [38, §4], we find that the first derivative iλ′ε(0) = cg − c
yields the group velocity in the co-moving frame with speed c, while the second derivative λ′′ε(0) = −deff
provides the effective diffusivity.

Theorem 1.2 (Main result). Let 0 < a < 1
2 , 0 < γ < γ∗(a), and c > c∗(a). Fix δ > 0 arbitrarily small.

Then, there exist constants C, µ > 0 such that, for all ε > 0 sufficiently small, the linearization Lε of (1.7)
about the Lε-periodic wave train ϕε(ξ) = (uε(ξ), wε(ξ)), established in Theorem 1.1, satisfies the following
properties:

(i) Spectral stability: We have Σ(Lε) ⊂ {λ ∈ C : ℜ(λ) < 0} ∪ {0}. Furthermore, there exists η(ε) > 0
such that any λ ∈ Σ(Lε) with |λ| ≥ µε1/6 satisfies ℜ(λ) ≤ −η(ε).
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Figure 6: Left: Critical spectral curve λε(ρ) of Theorem 1.2 for fixed a = 0.2, γ = 1, ε = 0.001, c = 2 associated with the
phase-wave train depicted in Figure 5. Plotted is ℑ(λε(ρ)) versus ℜ(λε(ρ)). Center and right: Numerical continuation of the
coefficient λ′′

ε (0) = −deff versus ε for a = 0.2, γ = 1, c = 2: The center plot depicts the numerically computed expression
for λ′′

ε (0) for values of ε ∈ (10−8, 10−3) (blue) alongside the leading-order analytical expression −kε2/3 (dashed red), where
k = 2κc3/L0. The right plot depicts a log-log plot of the difference between these two expressions (blue). Also shown is a line
of slope 2/3 (dashed red), as well as a curve of the form log ε+ log | log ε| (dotted red), which suggests that the error between
the two expressions is of O(ε| log ε|). We refer to Appendix D for details on how these computations were performed.

(ii) Main formula: A point λ ∈ C with |ℑ(λ)| ≤ µ and |ℜ(λ)| ≤ µε1/6 lies in the spectrum Σ(Lε) if and
only if it obeys the formula

e(
λ
c
−iρ)Lε =

(
1 + Υlf

(
λ

ε
1
6

)
u1 − u2 + Elf,ε(λ)
u2 − γf(u1)− a

)(
1 + Υuf

(
λ

ε
1
6

)
ū1 − ū2 + Euf,ε(λ)
ū2 − γf(ū1)− a

)
+ Eε(λ) (1.11)

for some ρ ∈ R, where the residual terms satisfy

|Elf,ε(λ)| , |Euf,ε(λ)| ≤ δ, |Eε(λ)| ≤ C
(
ε

1
3 + |λ log |λ||

)
and where Υlf ,Υuf : C → C are explicit entire functions, defined by (1.12) below. In this case, λ is an
eigenvalue of the Bloch operator Lρ,ε. In particular, 0 is an algebraically simple eigenvalue of L0,ε.

(iii) Critical spectral curve: Locally near (0, 0), the set of (λ, ρ) ∈ C × R solving (1.11) is given by a
smooth curve λε : Iε → C with λε(0) = 0, where Iε ⊂ R is a neighborhood of 0. The group velocity
cg = iλ′ε(0) + c and the effective diffusivity deff = −λ′′ε(0) > 0 obey the estimates

|cg| ≤ δ,

∣∣∣∣deff − 2κc3

L0
ε

2
3

∣∣∣∣ ≤ δε
2
3 ,

where the coefficient κ > 0 is given explicitly by (3.81), and L0 = limε→0 εLε = Lr + Ll is given
by (2.7) and (2.8), below.

The full setup and strategy for our analysis of the eigenvalue problem (1.10), leading to the proof
of Theorem 1.2, are presented in §2. Figure 6 illustrates the result by displaying the typical shape of
the critical spectral curve λε(ρ) for fixed small ε > 0, together with the dependence of λ′′ε(0) on ε; see
Appendix D for details on computations. We now outline several implications of Theorem 1.2.

Comparison: trigger waves. The results for trigger waves in [42] are stated somewhat differently but
are in many ways equivalent to Theorem 1.2. As mentioned previously, the analysis in the case of trigger
waves is significantly simpler since these waves avoid the fold points on the critical manifold. Calculations
in [42] are further simplified by setting γ = 0, though we expect the argument presented there to hold for
nonzero γ after appropriate modifications. Translated into the formulation (1.1) of the FitzHugh–Nagumo
system, in [42] it is shown for fixed 0 < a < 1

2 , 0 < γ < γ∗(a), δ > 0, and 0 < c < c∗(a) (rather than
c > c∗(a) for phase waves) that, provided ε > 0 is sufficiently small, the operator Lε satisfies
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(i) Spectral stability: We have Σ(Lε) ⊂ {λ ∈ C : ℜ(λ) < 0} ∪ {0};

(ii) Critical spectrum: There exist an open interval Iε ⊂ R containing 0 and a smooth curve λε : Iε → C
such that λε(ρ) is an eigenvalue of Lρ,ε for all ρ ∈ Iε. In particular, λε(0) = 0 is an algebraically
simple eigenvalue of L0,ε. Moreover, the group velocity cg = iλ′ε(0) + c and the effective diffusivity
deff = −λ′′ε(0) > 0 obey the estimates

|cg − c| ≤ δ,
∣∣deff − k ε−1

∣∣ ≤ δε−1,

where the coefficient k > 0 depends only on a, γ, and c.

In particular, effective diffusivites ε−1 are much larger compared to the ε2/3-diffusivities for phase waves
in Theorem 1.2. In addition, group velocities in the steady frame agree with phase velocities at leading
order.

Comparison: spatially homogeneous relaxation oscillations. The limiting case c → ∞, which is
not covered by Theorem 1.2, corresponds to waves near spatially homogeneous oscillations; see Figure 1.
Frequency-synchronization properties similar to those described in Theorem 1.2 and examples of instability
similar to our example in §1.4 below, can be analyzed using an approach based on the techniques developed
here. We refer to [7] for details of the adapted analysis and associated phenomena, as well as to [11] for
related observations in the case of just two coupled oscillators.

Consequences: nonlinear stability of phase-wave trains. The diffusive spectral stability estab-
lished in Theorem 1.2 is sufficient to guarantee nonlinear stability of wave trains for reaction-diffusion
systems which are strictly parabolic [47, 60, 61, 86, 88]. Systems such as (1.7) with degenerate diffusion
introduce additional challenges as one must control high-frequency modes to obtain a spectral mapping
estimate, and nonlinear stability of wave trains in such systems is thus not immediately guaranteed by
existing results for general reaction-diffusion systems. Nevertheless, we show in the companion paper [8,
§2.6], that the spectral stability result, Theorem 1.2, is sufficient to obtain nonlinear stability of the phase-
wave trains of Theorem 1.1 against spatially localized perturbations, with asymptotically diffusive decay
on the time scale d

−1/2
eff . This result was later extended to fully nonlocalized perturbations in [3]. We note

however that the estimates in [3, 8] apply for fixed ε > 0 only, that is, constants are not uniform in ε.

Consequences: frequency synchronization through fronts. In the PDE (1.1), in the oscillatory
regime 0 < a < 1

2 , 0 < γ < γ∗(a), perturbations of the unstable homogeneous rest state (u,w) = (a, 0) can
lead to large-amplitude spatial patterns which spread into this unstable state; see Figure 7. The invading
spatial patterns are selected from the family of wave trains of Theorem 1.1, parameterized by the wave
speed c > 0. The selected speed is determined by an invasion front in the leading edge of the spreading
process. The marginal stability conjecture [9, 32, 95], which has not yet been rigorously verified for any
pattern-forming front, states that the selected front should be marginally spectrally stable in an optimal
weighted space. The front is categorized as pushed or pulled depending on whether the marginally stable
spectrum lies in the point spectrum or essential spectrum. In [22], both pushed and pulled pattern-forming
invasion fronts were constructed in (1.1) as traveling waves which arise as connections between the unstable
rest state (u,w) = (a, 0) and a periodic wave train of Theorem 1.1 in the wake. In the pulled case, the
corresponding wave train can be a trigger wave or a phase wave, depending on the choice of the parameter
a, while in the pushed case, all selected wave trains are phase waves. Diffusive spectral stability of the
associated wave train, as guaranteed by Theorem 1.2, is an essential ingredient in the nonlinear stability
argument for both pulled and pushed pattern-forming fronts, as detailed in [6, 8], and hence represents an
important step towards resolving the marginal stability conjecture for pattern-forming fronts in (1.1).
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Figure 7: (Left) Spacetime plot of the u-profile of a pushed pattern-forming invasion front in (1.1) which selects a phase-wave
train, obtained by direct numerical simulation for the parameter values a = 0.2, γ = 1, ε = 0.001. (Right) Snapshot of the
u-profile at time t = 2500.

Technical approach. In the context of singularly perturbed PDEs, a common approach to analyzing
spectra utilizes the Evans function [43], which can admit a decomposition, or factorization, into slow and
fast components based on the geometric singular perturbation structure of the underlying solution [2, 31].
This approach has been used to prove the (in)stability of traveling pulses and fronts in singularly perturbed
reaction-diffusion systems such as the FitzHugh–Nagumo, Gray–Scott, and Gierer–Meinhardt systems,
among others [37, 63, 96]. In those cases, one is typically most concerned with the location of one or
more isolated eigenvalues in the point spectrum, which can be studied using, for instance, winding number
arguments. In the case of wave trains, Evans-function techniques were used to locate spectral curves
parameterized by the Floquet–Bloch frequency variable in [48] and then later in the singularly perturbed
setting in [30, 31, 42, 92] for the FitzHugh–Nagumo and Gierer–Meinhardt systems, as well as for more
general reaction-diffusion models. As mentioned previously, these latter works focus on trigger waves or
periodic pulse/spike patterns which avoid challenges associated with loss of hyperbolicity at fold points.

The case of phase waves involves unfolding the critical Floquet–Bloch spectral curves in the presence
of a loss of hyperbolicity, a combination that poses unique challenges. Our contribution here is, to our
knowledge, the first analysis which treats this case. To prove Theorem 1.2, we adopt an approach based on
Lin’s method [72], in which we directly construct piecewise continuous potential eigenfunctions. A matching
procedure using Melnikov theory then leads to a reduced algebraic equation relating the spectral parameter
λ to the Floquet–Bloch frequency ρ. This strategy has proven effective in the spectral stability analysis of
wave trains in slow-fast reaction-diffusion systems [30], where exponential trichotomies are used to separate
slow from fast behavior and to transfer Fredholm properties from reduced eigenvalue problems to the full
system. In the present setting, however, new challenges arise due to the passage through nonhyperbolic
fold points, which rules out uniform exponential trichotomies. To overcome these difficulties, we employ
geometric desingularization, or blow-up, techniques [69]. Inspired by previous work concerning stability
of traveling-pulse solutions in the FitzHugh–Nagumo system [19], we develop a novel application of these
techniques by blowing up the eigenvalue problem alongside the existence problem, which involves including
λ in the blow-up transformation and analyzing the resulting eigenvalue problem in several scaling regimes.
By interweaving this construction with Lin’s method, while employing the Riccati transformation [31] to
separate slow from fast dynamics near the wave train along hyperbolic portions of the critical manifolds, we
are able to precisely characterize the critical spectrum in Theorem 1.2. In particular, in contrast to prior
analyses of traveling pulses [19, 56], we must keep track of the dynamics in the center space along the wave
train and solve a series of boundary value problems to derive the reduced algebraic equation (1.11) which
fully describes the nature of the critical spectrum near the origin. This construction, and its interplay with
the characteristic scalings associated with slow passage through fold bifurcations, leads to the somewhat
unexpected ε1/6-scaling for the critical spectral region in Theorem 1.2(ii) and the ε2/3-scaling for the
effective diffusivity in Theorem 1.2(iii).

We expect these tools to be broadly applicable in singularly perturbed eigenvalue problems, in particular
those arising in the stability analysis of traveling waves in systems exhibiting loss of hyperbolicity through
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folds and other nonhyperbolic singularities. Such singularities are common in the study of traveling waves
in reaction-diffusion systems, where folded singularities are associated with relaxation oscillations as well
as complex spatio-temporal oscillatory phenomena such as canards and mixed mode oscillations [10, 18,
51, 64, 98], and diffusion-induced instabilities [16]. Moreover, recent studies [58, 97] highlight the role
of folded singularities in organizing spatially periodic waves emerging at a singular Turing bifurcation.
To our knowledge, the spectral and nonlinear stability of these classes of solutions has not been explored
analytically, and we believe the approach developed here presents a framework to address these and related
problems.

1.4 Rigidity at large scales and instability at intermediate scales

Our spectral analysis identifies the regime λ ∼ ε1/6 as a potential source for instabilities. Theorem 1.2(iii)
shows that the critical spectrum touching 0 is diffusive, which follows from the leading-order description
of the critical spectral curve λε(ρ) as a solution to the main formula (1.11). Based on the analysis of this
curve near ρ = 0 in §3.6, we expect that deff = −λ′′ε(0) > 0 holds much more generally for reaction-diffusion
systems with relaxation oscillations. The negative sign λ′′ε(0) < 0, together with the ε1/6-scaling in (1.11)
stemming from the slow passage through the fold points, indicates that no instability occurs for |λ| ≪ ε1/6.
On the other hand, the analysis of the main formula (1.11) for |λ| ≫ ε1/6, in combination with standard
Sturm–Liouville arguments, precludes unstable spectrum for |λ| ≫ ε1/6; see Proposition 3.11, §5, and
Appendix A. However, we find that for λ/ε1/6 of intermediate size, the left- and right-hand sides of (1.11)
can be balanced to produce potential instabilities.

To investigate this possibility, we note that the entire functions Υlf ,Υuf : C → C in (1.11) are given by

Υlf(z) :=
z2

θlfc3Ai
′(−Ω0)2

∫ ∞

−Ω0

e
z2

θlfc
3 (s+Ω0) (

sAi(s)2 −Ai′(s)2
)
ds,

Υuf(z) :=
z2

θufc3Ai
′(−Ω0)2

∫ ∞

−Ω0

e
z2

θufc
3 (s+Ω0) (

sAi(s)2 −Ai′(s)2
)
ds,

(1.12)

where −Ω0 < 0 denotes the largest zero of the Airy function Ai(z) (see Appendix C), and

θlf := −(a2 − a+ 1)1/6(u1 − γf(u1)− a)1/3

c
> 0,

θuf :=
(a2 − a+ 1)1/6(ū1 − γf(ū1)− a)1/3

c
> 0.

In the oscillatory parameter regime 0 < a < 1
2 , 0 < γ < γ∗(a) in (1.1), we have θuf > θlf , which rules out

the existence of unstable spectrum in the intermediate regime |λ| ∼ ε1/6; see the proof of Proposition 3.10.
These observations then motivate considering the following FitzHugh–Nagumo-type system with mod-

ified nonlinearities

ut = uξξ + F (u,w),

wt = ε(u− γw − a),
F (u,w) =

u(u− a)
(
3
2 − u

)
2
5 + u− a

− w
(
5
4 − r(u− a)

)
, (1.13)

and parameters a = 0.25, γ = 0.01, ε = 0.002, and r = 0.998; see Figure 8 for nullclines. Analogous to the
FitzHugh–Nagumo system, (1.13) admits a family of wave-train solutions passing near nonhyperbolic fold
points, resembling relaxation oscillations. The nonlinearities are chosen in such a way that the correspond-
ing quantities θuf , θlf introduced above satisfy θuf < θlf , allowing for the possibility of an instability of the
wave-train solution to (1.13). Examining (1.11), we expect the regime |ρ| ∼ |λ| ∼ ε1/6 to be relevant for
instabilities. Figure 8 depicts a numerically computed wave-train solution of (1.13) as well as the associated
unstable critical spectral curve, which crosses into the right half plane for a range of intermediate values
of the Floquet–Bloch frequency parameter ρ.
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Figure 8: (Top left) Shown are u (solid) and w (dashed) profiles of a wave-train solution of (1.13) with wave speed c = 3 and
parameters a = 0.25, γ = 0.01, ε = 0.002, and r = 0.998. (Top right) Plot of the wave train from the left panel in (u,w)-space
(solid green) along with the nullcline F (u,w) = 0 (dashed red). (Bottom left) Results of numerical continuation of the critical
spectral curve λε(ρ) associated with the traveling wave train depicted in the top-left panel (compare with Figure 6). Plotted
is ℑ(λε(ρ)) versus ℜ(λε(ρ)). (Bottom right) Space-time plot of the u-component of the solution to (1.13) initiated with the
(unstable) wave train at c = 3 plus small noise.
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1.5 Outline of the paper

The remainder of this paper is devoted to the proof of Theorem 1.2. In §2, we introduce our setup for
analyzing the eigenvalue problem (1.10) and we present the proof of Theorem 1.2, which relies on combining
three technical propositions concerning the behavior of (1.10) for λ in different regions of the complex plane.
The region of small λ, which is the most delicate, is treated in §3. This analysis hinges on the geometric
desingularization of the system obtained by coupling the existence and eigenvalue problems near the fold
points, which is carried out in §4. The regime of intermediate |λ| is discussed in §5, while the regime of
large |λ| is addressed in Appendix A. Appendices B and C introduce exponential di- and trichotomies and
the Airy function, respectively. Finally, Appendices D and E provide details of the implementation of the
numerical continuation and the direct numerical simulations presented in the introduction.
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2 Setup and strategy of proof

Our analysis of the eigenvalue problem (1.10) relies on the fast-slow structure of the traveling-wave equa-
tion (1.9), which was used in the proof of Theorem 1.1 in [22], where phase-wave trains were constructed
using geometric singular perturbation theory. We briefly outline this construction in §2.1, and we derive
pointwise estimates for the proximity of the wave train to its singular limit. In §2.2, we describe the setup
and strategy for the analysis of the spectral problem (1.10). Based on this strategy, we present in §2.3 a
break down of the proof of Theorem 1.2 into three propositions, which will be proved in the subsequent
sections.

2.1 Overview of existence analysis

The construction of phase-wave trains is based on a fast-slow analysis of the traveling-wave equation (1.9),
which we repeat here for convenience

uξ = v,

vξ = −cv − f(u) + w,

wξ = −ε
c
(u− γw − a).

(2.1)

We refer to (2.1) as the fast system. Rescaling y = εξ, we obtain the equivalent slow system

εuy = v,

εvy = −cv − f(u) + w,

wy = −1

c
(u− γw − a).

(2.2)
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To construct phase-wave trains, we separately analyze (2.1) and (2.2) in the limit ε = 0; by concatenating
orbits from the limiting systems, we obtain a singular periodic orbit, which can be shown to perturb to an
actual periodic solution of the full system for all sufficiently small ε > 0.

2.1.1 Slow subsystem

Setting ε = 0 in (2.2), we obtain

0 = v,

0 = −cv − f(u) + w,

wy = −1

c
(u− γw − a),

for which the flow is restricted to the set M0 = {(u, v, w) ∈ R3 : v = 0, w = f(u)}, called the critical
manifold. Away from points where f ′(u) = 0, the reduced flow on M0 is given by

cf ′(u)uy = γf(u) + a− u. (2.3)

We recall from §1 that u1 and ū2, given by (1.4) and (1.5), denote the local minimum and maximum of the
cubic w = f(u), respectively, at which f ′(u) = 0. The critical manifold therefore decomposes into three
normally hyperbolic branches

Ml
0 := {(u, v, w) ∈ R3 : v = 0, w = f(u), u ∈ (−∞, u1)}

Mm
0 := {(u, v, w) ∈ R3 : v = 0, w = f(u), u ∈ (u1, ū1)}

Mr
0 := {(u, v, w) ∈ R3 : v = 0, w = f(u), u ∈ (ū1,∞)}

and two fold points (u1, 0, f(u1)) and (ū1, 0, f(ū1)); see Figure 4. We refer to these as the lower and upper
fold points, respectively. In the parameter regime 0 < γ < γ∗(a), the flow of (2.3) points upward on the left
branch Ml

0 and downward on the right branch Mr
0. On the left branch Ml

0 the dynamics in the w-variable
is given by

wy = −1

c

(
f−1
l (w)− γw − a

)
, (2.4)

where u = f−1
l (w) denotes the smallest root of the cubic equation f(u) = w. Similarly, the dynamics in

the w-variable on the right branch Mr
0 is given by

wy = −1

c

(
f−1
r (w)− γw − a

)
,

where u = f−1
r (w) denotes the largest root of f(u) = w.

2.1.2 Layer problem

The layer problem is obtained by setting ε = 0 in (2.1)

uξ = v,

vξ = −cv − f(u) + w.
(2.5)

Here w ∈ R acts as a parameter. This system admits a family of equilibria, given by the critical manifold
M0. We focus on the behavior of the system for w = f(u1), that is, the layer containing the lower left
fold point. The layer problem (2.5) admits two fixed points: (u1, 0), corresponding to the nonhyperbolic
fold point, and a second saddle fixed point at (u2, 0), where u2 is given by (1.6); see also Figure 4. For
w = f(u1), (2.5) is a Fisher–KPP-type equation which, for values of c ≥ c∗(a), admits a traveling front
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solution ϕf(ξ) = (uf(ξ), vf(ξ)) arising as a heteroclinic connection between the hyperbolic saddle (u2, 0) and
the nonhyperbolic fold (u1, 0) where uf(ξ) is monotonically decreasing [5, 22]. The linearization of (2.5) at
w = f(u1) about the fold point (u1, 0) admits the eigenvalues 0 and −c with corresponding eigenvectors
(1, 0)⊤ and (−1, c)⊤, respectively. For c > c∗(a), the front ϕf approaches (u1, 0) with algebraic decay along
a center manifold associated with the zero eigenvalue, while in the critical case, c = c∗(a), this fixed point
is approached along its strong stable manifold with exponential decay.

By symmetry, analogous results hold for w = f(ū1). In particular, (2.5) again admits two fixed points:
(ū1, 0), corresponding to the nonhyperbolic fold point, and a saddle fixed point at (ū2, 0), where ū2 is given
by (1.6). We note that

ū1 − ū2 = u2 − u1 =
√
1− a+ a2. (2.6)

For w = f(ū1), there exists a monotone traveling back solution ϕb(ξ) = (ub(ξ), vb(ξ)) arising as a hete-
roclinic connection between the equilibria ū2 and ū1 where ub(ξ) is monotonically increasing. Again, for
c > c∗(a), ϕb approaches (ū1, 0) with algebraic decay along a center manifold.

In the case c > c∗(a), the above front and back solution of (2.5) for w = f(u1), f(ū1), respectively,
satisfy the following pointwise estimates.

Proposition 2.1. Let 0 < a < 1
2 and take c > c∗(a). Then, there exist constants C, υ, ω > 0 such that

|uf(ξ)− u2| , |vf(ξ)| , |ub(ξ)− ū2| , |vb(ξ)| ≤ Ceυξ, ξ ≤ 0,∣∣∣∣uf(ξ)− u1 −
ω

1 + ξ

∣∣∣∣ , |vf(ξ)| , ∣∣∣∣ub(ξ)− ū1 +
ω

1 + ξ

∣∣∣∣ , |vb(ξ)| ≤ C

1 + ξ2
ξ ≥ 0.

In addition, uf is monotonically decreasing and ub is monotonically increasing.

2.1.3 Construction of singular periodic orbit

It is readily seen that equation (2.4) can be solved by separation of variables, yielding a solution wl(y) with
initial value wl(0) = f(u1), which satisfies wl(Ll) = f(ū2) for

Ll =

∫ f(ū2)

f(u1)

−c
f−1
l (w)− γw − a

dw =

∫ ū2

u1

−cf ′(u)
u− γf(u)− a

du. (2.7)

Consequently, ul(y) = f−1
l (wl(y)) solves (2.3) for y > 0 and satisfies ul(0) = u1 and ul(Ll) = ū2. Hence,

the orbit (ul(y), 0, f(ul(y)) lies on the left branch of the critical manifold M0 and connects the fold point
(u1, 0, f(u1)) to the point (ū2, 0, f(ū2)). Similarly, there exists a solution ur(y) to (2.3) with boundary
values ur(0) = ū1 and ur(Lr) = u2, where we have

Lr =

∫ f(u2)

f(ū1)

−c
f−1
r (w)− γw − a

dw =

∫ u2

ū1

−cf ′(u)
u− γf(u)− a

du. (2.8)

The orbit (ur(y), 0, f(ur(y)) connects the fold point (ū1, 0, f(ū1)) to the point (u2, 0, f(u2)) on the right
branch of M0. We define a singular periodic orbit Γ0(c) by concatenating these orbit segments on the left
and right branches of M0 with the front and back solutions (uf(ξ), vf(ξ), f(u1)) and (ub(ξ), vb(ξ), f(ū1));
see Figure 9.

2.1.4 Existence of nearby periodic orbit and pointwise estimates

In [22] it is shown that the singular periodic orbit Γ0(c) perturbs to a nearby periodic solution Γε(c) of (2.1)
for sufficiently small ε > 0. The proof is based on a fixed-point argument, using estimates which follow from
results of geometric singular perturbation theory. In the forthcoming spectral stability analysis, we require
more detailed pointwise estimates on the solution, which in part rely on the nature of the passage of the
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Figure 9: Shown is the singular periodic orbit Γ0(c) formed by concatenating segments of the branches Ml,r
0 of the critical

manifold M0 with the fast front and back solutions ϕf,b.

periodic orbit near the nonhyperbolic fold points. Hence we briefly review this aspect of the construction
here.

Away from the fold points, the manifolds Ml,r
0 are normally hyperbolic saddle-type critical manifolds.

Therefore, by standard results of geometric singular perturbation theory [44], for any k > 0, (compact

portions of) these critical manifolds, as well as their stable and unstable manifolds Ws,u(Ml,r
0 ), perturb to

locally invariant manifolds Ml,r
ε and Ws,u(Ml,r

ε ) for sufficiently small ε > 0, which are O(ε)-close in the
Ck sense to their singular counterparts. In [22], the persistence of the singular periodic orbit Γ0(c) relies
on the transverse intersections of the manifolds Wu(Mr

ε) and Ws(Ml
ε) along the front ϕf and of Wu(Ml

ε)
and Ws(Mr

ε) along the back ϕb. However, this transversality is not guaranteed by standard geometric
singular perturbation theory, as the intersections between these manifolds along the orbits ϕf , ϕb occur in
the layers w = f(u1), f(ū1), in which the manifold Ml

0 loses hyperbolicity at the lower fold point, while

Mr
0 loses hyperbolicity at the upper fold point, and the perturbed stable manifolds Ws(Mr,l

ε ) are not well
defined near ϕf , ϕb.

To complete the construction, it is necessary to control the perturbed flow near the fold points, which
requires the use of geometric desingularization techniques. These methods will also play an important role
in the forthcoming spectral stability analysis. We consider the flow near the lower fold point (u, v, w) =
(u1, 0, f(u1)); the upper fold is similar. Following [22, §4], for any k > 0, there exist a neighborhood of the
origin V ⊂ R3 and a Ck-change of coordinates Nε : V → R3 such that the map U = (u1, 0, f(u1))

⊤+Nε(V )
transforms (2.1) to the system

xζ = g1(x, y; ε),

yζ = εg2(x, y; ε),

zζ = zg3(x, y, z; ε)

(2.9)

in a neighborhood of the fold point, where

g1(x, y; ε) = −x2 + y +O(xy, y2, x3, ε),

g2(x, y; ε) = 1 +O(x, y, ε),

g3(x, y, z; ε) = − c

θlf
+O(x, y, z, ε).
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Figure 10: Shown are the dynamics (2.9) in the local xyz-coordinates near the lower fold point in the singular limit ε = 0.

Here the traveling-wave coordinate has been rescaled as ζ = θlfξ, where the positive constant θlf is given
by

θlf := −(a2 − a+ 1)1/6(u1 − γf(u1)− a)1/3

c
> 0.

This coordinate transformation explicitly distinguishes between the flow on a two-dimensional center man-
ifold near the fold and the strongly attracting dynamics in the hyperbolic z-direction; see §4 for further
details on the coordinate transformation Nε. We note that a similar coordinate transformation exists near
the upper fold point with corresponding rescaling

θuf :=
(a2 − a+ 1)1/6(ū1 − γf(ū1)− a)1/3

c
> 0.

In the above transformed system (2.9), the critical manifold M0 is determined by the conditions z = 0
and g1(x, y; 0) = 0, taking the form of (approximately) an upward facing parabola centered at the origin
(x, y) = (0, 0) in the subspace z = 0, with the left and right branches of the parabola representing Ml

0 and
Mm

0 , respectively; see Figure 10. Within the subspace z = 0, we define the following continuation of the
critical manifold Ml

0 by

Ml,+
0 := Ml

0 ∪ {(x, y, z) : y = z = 0, x ≥ 0} (2.10)

that is, we append the positive x-axis to Ml
0. Away from the fold, using standard geometric singular

perturbation theory as stated above, the manifold Ml
0 perturbs to a locally invariant slow manifold Ml

ε

which is Ck − O(ε)-close to Ml
0. Using blow-up desingularization techniques, in [20, §4] it was shown

that the extended manifold Ml,+
0 perturbs to a locally invariant manifold Ml,+

ε which is O(ε2/3)-close in

C0 to Ml,+
0 and O(ε1/3)-close in C1 to Ml,+

0 . The family of strong stable fibers Ws(Ml,+
0 ) of Ml,+

0 also

perturbs to a two-dimensional locally invariant manifold Ws(Ml,+
ε ) which is similarly O(ε2/3)-close in C0

and O(ε1/3)-close in C1 to Ws(Ml,+
0 ). Following [22], one can then utilise the transverse intersection of

Wu(Mr
ε) and the extended manifold Ws(Ml,+

ε ) (and analogously for an extended manifold Mr,+
ε near the

upper fold) to complete the existence argument; see Figure 11.
We have the following.

Proposition 2.2. Let 0 < a < 1
2 . Fix c > c∗(a) and 0 < γ < γ∗(a). Then, there exist a constant C ≥ 1

such that, provided 0 < ε ≪ 1, (1.9) admits a periodic orbit Γε(c) corresponding to a stationary solution
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Figure 11: Shown are the dynamics of (2.9) near the lower fold point for 0 < ε ≪ 1 as well as the manifolds Wu(Mr
ε) and

Ws(Ml,+
ε ). The behavior near the upper fold point is similar. The existence of periodic orbits corresponding to traveling

wave-train solutions is obtained in [22] via a fixed point argument applied to the Poincaré map associated with a transverse
section Σf near the fold.

(uε, wε)(ξ) (1.7) of period Lε = Ll,ε + Lr,ε with

|εLr,ε − Lr|, |εLl,ε − Ll| ≤ Cε
1
3 . (2.11)

Furthermore, there exists a continuous map δ0 : [0,∞) → [0,∞) with δ0(0) = 0 such that for 0 < ε≪ ν ≪ 1,
the following pointwise estimates hold

|uε(ξ)− uf(ξ)| ,
∣∣u′ε(ξ)− u′f(ξ)

∣∣ , |wε(ξ)− f(u1)| ≤ Cνε
2
3 , ξ ∈

[
log(ε)

ν
,
1

ν

]
,

|uε(Ll,ε + ξ)− ub(ξ)| ,
∣∣u′ε(Ll,ε + ξ)− u′b(ξ)

∣∣ , |wε(ξ)− f(ū1)| ≤ Cνε
2
3 , ξ ∈

[
log(ε)

ν
,
1

ν

]
,

|uε(ξ)− ul(εξ)| ,
∣∣u′ε(ξ)∣∣ ≤ Cνε

2
3 , ξ ∈

[
ν

ε
, Ll,ε +

log(ε)

ν

]
,

|uε(Ll,ε + ξ)− ur(εξ)| ,
∣∣u′ε(Ll,ε + ξ)

∣∣ ≤ Cνε
2
3 , ξ ∈

[
ν

ε
, Lr,ε +

log(ε)

ν

]
,

|uε(ξ)− u1| ,
∣∣u′ε(ξ)∣∣ , |wε(ξ)− f(u1)| ≤ δ0(ν), ξ ∈

[
1

ν
,
ν

ε

]
,

|uε(Ll,ε + ξ)− ū1| ,
∣∣u′ε(Ll,ε + ξ)

∣∣ , |wε(Ll,ε + ξ)− f(ū1)| ≤ δ0(ν), ξ ∈
[
1

ν
,
ν

ε

]
,

|uε(ξ)− ul(εξ)| , |uε(Ll,ε + ξ)− ur(εξ)| ≤ δ0(ν), ξ ∈
[
1

ν
,
ν

ε

]
,

(2.12)

where Cν ≥ 1 is an ε-independent constant.

Proof. The existence result and the estimate (2.11) follow directly from [22, Theorem 1.1]. It remains to
obtain the pointwise estimates (2.12). To do this, we return to the existence construction [22, Proposi-
tion 4.3] for the phase-wave trains. The wave trains are constructed in the three-dimensional traveling-wave
equation (1.9) using geometric singular perturbation theory and a fixed-point argument to obtain a pe-
riodic orbit near the singular orbit described above. The analysis in [22, Proposition 4.3] shows that
the perturbed periodic orbit is O(ε2/3)-close to the singular orbit. However, to verify the pointwise esti-
mates (2.12), slightly more care is needed.
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The periodic orbit is obtained as a fixed point of the return map to a section Σf transverse to the
front (uf(ξ), vf(ξ), f(u1)). Without loss of generality, we assume this intersection occurs at ξ = 0, so that
(uf(0), vf(0), f(u1)) ∈ Σf . Within this section, the unstable manifold Wu(M r

ε) transversely intersects the

stable manifoldWs(M l,+
ε ) of the trajectoryM l,+

ε , which is the continuation of the slow manifoldM l
ε through

the fold. This intersection occurs at a point (u, v, w) satisfying |(u, v, w)− (uf(0), vf(0), f(u1))| ≤ Cε2/3.
The fixed point of this map, corresponding to the periodic orbit, is obtained exponentially close (in ε−1) to
this intersection. Hence by a regular perturbation argument, we have that for any ν > 0, |uε(ξ)− uf(ξ)| ≤
Cνε

2/3 for ξ ∈
[
− 1

ν ,
1
ν

]
. By taking ν > 0 sufficiently small, we can ensure that the periodic orbit is within a

small neighborhood of the lower left fold point (u, v, w) = (u1, 0, f(u1)) at ξ = 1/ν. To extend the left side

of the interval to ξ = log(ε)
ν , we apply standard corner estimates (see, e.g. [19, Theorem 4.5]). A similar

argument holds across the back, which completes the proof of the first two estimates.
Fixing ν > 0 sufficiently small, we can ensure that at ξ = ν

ε , the wave train is exponentially close to a
point on Ml

ε outside a small neighborhood of the lower left fold point, that is, in the region where Ml
ε is

normally hyperbolic. Therefore, the third estimate follows from standard geometric singular perturbation
theory, noting that the weaker ε2/3 estimate (as opposed to ε) is due to the fact that the jump point from
Ml

ε along the back at ξ = Ll,ε + log(ε)/ν occurs at a location which is O(ε2/3)-close to the singular orbit
by the first estimate. The fourth estimate concerning the passage near Mr

ε is obtained similarly.
Fixing ν > 0 sufficiently small in the first three estimates, by construction, the wave train is within a

small neighborhood of the lower left fold point (u, v) = (u1, 0) on the interval ξ ∈
[
1
ν ,

ν
ε

]
, and similarly for

the upper right fold point (u, v) = (ū1, 0), from which we obtain the fifth and sixth estimates. The final
remaining estimate concerns the proximity of the wave train to the reduced slow solutions ul(εξ), ur(εξ)
near the folds. To obtain this, we show that

|ul(y)− u1|, |ur(y)− u1| ≤ δ0(ν)

for y ∈ (0, ν] and then use the fifth estimate. We focus on ul(y); the argument for ur(y) is similar. Recall
that ul(y) is the solution of (2.3) satisfying ul(0) = u1, ul(Ll) = ū2. Solving (2.3) by separation of variables,
we find that near y = 0,

ul(y) = u1 −

√
2(a− u1 − γf(u1))y

cf ′′(u1)
+ O(

√
y)

from which the result follows.

2.2 Spectral problem setup

Let ρ ∈ R. Setting (u,w) = e−iρξ(ǔ, w̌), the Floquet–Bloch eigenvalue problem (1.10) can be reformulated
as a first-order boundary value problem in Ψ̌ = (ǔ, ǔξ, w̌), which reads

Ψ̌ξ = Ǎ(ξ; ε, λ)Ψ̌, Ǎ(ξ; ε, λ) =

 0 1 0
λ− f ′(uε(ξ)) −c 1

− ε
c 0 1

c (εγ + λ)

 (2.13)

Ψ̌(Lε) = eiρLεΨ̌(0). (2.14)

To preserve the explicit fast-slow structure present in the existence problem (1.9), we perform a rescaling to
remove the ε-independent λ term from the equation for the third component. In the new coordinate Ψ(ξ) =
e−

λ
c
ξΨ̌(ξ) the boundary value problem (2.13)-(2.14) transforms into the fast-slow eigenvalue problem

Ψξ = A(ξ; ε, λ)Ψ, A(ξ; ε, λ) =

(
Af(ξ; ε, λ) B0

εB1 εAs

)
, (2.15)
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supplemented with the Floquet boundary condition

Ψ(Lε) = e(iρ−
λ
c )LεΨ(0), (2.16)

where we denote

Af(ξ; ε, λ) =

(
−λ

c 1

λ− f ′(uε(ξ)) −c− λ
c

)
, B0 =

(
0
1

)
, B1 =

(
−1

c 0
)
, As =

γ

c
.

We note that in this formulation, the spectral parameter λ appears both in the matrix A(ξ; ε, λ) as well
as the boundary condition, while the Floquet parameter ρ appears only in the boundary condition.

Our approach for analyzing the eigenvalue problem (2.15)-(2.16) is multifaceted. In order to prove
Theorem 1.2, we must rule out the possibility of spectrum in the open right-half plane, aside from a simple
eigenvalue of L0,ε at the origin due to translation invariance. To achieve this, inspired by [19], we define
three primary regions of the complex plane

R1(µ) = {λ ∈ C : |λ| < µ}
R2(µ,ϖ, ϱ) = {λ ∈ C : ℜ(λ) ≥ −ϖ,µ ≤ |λ| ≤ ϱ}

R3,ε(ϱ) = {λ ∈ C : ℜ(λ) ≥ −3
4εγ, |ℑ(λ)| > ϱ},

(2.17)

where 0 < ϖ ≪ µ ≪ 1 ≪ ϱ are ε-independent constants, so that the union of these three sets covers
the closed right half plane; see Figure 12. Due to the presence of essential spectrum near the imaginary
axis, each region presents unique challenges and requires different techniques to either preclude spectrum
satisfying ℜ(λ) ≥ 0 or, in the case of R1(µ), to describe in detail the nature of the critical curve of spectrum
containing the translation eigenvalue λ = 0, which must be shown to satisfy the diffusive spectral stability
condition of Theorem 1.2 (iii).

In §2.3 below, we present the proof of Theorem 1.2, which is based on three technical propositions
describing the behavior of the eigenvalue problem (2.15)-(2.16) in each of the three regions (2.17). First,
we preclude spectrum in the region R3,ε(ϱ), which determines ϱ > 0. Then, we perform the spectral
analysis in the ball R1(µ). This then determines µ. As highlighted above, the spectrum of the wave train
necessarily passes through λ = 0 when ρ = 0, due to translation invariance of the wave. Hence the region
R1(µ) requires careful estimates as the critical spectral curve λε(ρ) satisfying λε(0) = 0 must be carefully
expanded at ρ = 0 to rule out the possibility of instability for small |λ|; see Figure 6 for a numerically
computed example. Finally, given µ, ϱ > 0, we show that all spectrum in R2(µ,ϖ, ϱ) must lie in the open
left-half plane. The remainder of the paper is then concerned with the proof of these propositions.

2.3 Proof of Theorem 1.2

Following the strategy outlined in §2.2, we first preclude the existence of spectrum of the linearization
Lε in the region R3,ε(ϱ), where ϱ > 0 is a sufficiently large ε-independent constant. We exploit that Lε

can be written as the sum of a principal diagonal diffusion-advection operator, which is independent of
ε and generates a strongly continuous semigroup, and an ε-dependent remainder operator, which obeys
an ε-independent bound. Consequently, standard resolvent bounds yield the invertibility of Lε − λ for
ℜ(λ) > ϱ1, where ϱ1 > 0 is a sufficiently large ε-independent constant. The half-plane {λ ∈ C : ℜ(λ) > ϱ1}
covers a large part of the region R3,ε(ϱ). In the remaining part of R3,ε(ϱ), which is characterized by large
imaginary part and bounded real part, we proceed as in [8] and rescale the eigenvalue problem. We observe
that the rescaled linear operator Lε − λ can be inverted using a Neumann series expansion for |ℑ(λ)| > ϱ2
and ℜ(λ) ∈ [−3

4εγ, ϱ1], where ϱ2 > 0 is a sufficiently large ε-independent constant. All in all, we arrive at
the following result, which is proved in Appendix A.

Proposition 2.3. Let 0 < a < 1
2 . Fix 0 < γ < γ∗(a) and c > c∗(a). There exists a constant ϱ > 0 such

that, provided 0 < ε ≪ 1, the linearization Lε of (1.7) about ϕε(ξ) possesses no spectrum in the region
R3,ε(ϱ).
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Figure 12: Shown are the regions R1(µ), R2(µ,ϖ, ϱ), and R3,ε(ρ) (2.17), of the complex plane in which analyze the eigenvalue
problem (2.13)-(2.14).

Next, for suitably small µ > 0, we consider the spectrum in the small ball R1(µ), which is described in
the following proposition.

Proposition 2.4. Let 0 < a < 1
2 , 0 < γ < γ∗(a), and c > c∗(a). Fix δ > 0. There exists µ > 0 such

that, provided 0 < ε ≪ 1, the linearization Lε of (1.7) about ϕε(ξ) possesses no spectrum of nonnegative
real part in R1(µ) \ {0}. Furthermore, a point λ ∈ R1(µ) with |ℜ(λ)| ≤ µε1/6 lies in the spectrum Σ(Lε)
if and only if it obeys the main formula (1.11) for some ρ ∈ R. In this case, λ = λε(ρ) is an eigenvalue
of the Bloch operator Lρ,ε. Finally, locally near (0, 0) the set of (λ, ρ) ∈ C×R solving (1.11) is given by a
smooth curve λε : Iε → C, where Iε ⊂ R is an interval containing 0. It holds

λε(0) = ℜ(λ′ε(0)) = 0, λ′′ε(0) ∈ R,
∣∣λ′ε(0)− ic

∣∣ ≤ δ,

∣∣∣∣λ′′ε(0) + 2κc3

L0
ε

2
3

∣∣∣∣ ≤ δε
2
3 , (2.18)

where κ > 0 is given by (3.81) and L0 = Lr + Ll > 0 is defined by (2.7) and (2.8).

The proof of Proposition 2.4 will be given in §3. In the region R1(µ) the spectrum necessarily contains a
curve which meets the origin in a quadratic tangency due to translation invariance (see Figure 6). The ε2/3-
scaling present in the quadratic coefficient arises due to interaction with the nonhyperbolic fold points; this
scaling is also corroborated numerically; see Figure 6. To prove Proposition 2.4, our strategy is to derive
a formula for this critical spectral curve to preclude any spectrum in the region R1(µ) of nonnegative
real part, except for the translation eigenvalue at the origin. To achieve this, we solve the eigenvalue
problem (2.16) using exponential trichotomies and Lin’s method to construct potential eigenfunctions
along subintervals of [0, Lε] and then match these solutions together. Blow-up desingularization methods
are needed to solve (2.16) in regions where the wave train passes near the nonhyperbolic fold points. This
procedure results in an implicit transcendental equation – the main formula (1.11), see also Proposition 3.8
– relating λ to the Floquet parameter ρ, as well as the system parameters (c, a, γ, ε). Several different
scaling regimes are needed to capture the behavior of the main formula in the ball R1(µ), which we further
divide into four sub-regions containing the relevant spectral information. In particular, we emphasize that
while Proposition 2.4 guarantees that the phase-wave trains of Theorem 1.1 admit no unstable spectrum
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in the region R1(µ), our analysis suggests that instability mechanisms may manifest in other systems with
slightly modified nonlinearities; see §1.4.

Finally, fixing ϱ as in Proposition 2.3 and µ as in Proposition 2.4 we have the following concerning
spectrum in the region R2(µ,ϖ, ϱ).

Proposition 2.5. Let 0 < a < 1
2 . Fix 0 < γ < γ∗(a) and c > c∗(a). Fix ϱ as in Proposition 2.3 and µ as

in Proposition 2.4. Then, provided 0 < ε≪ ϖ ≪ 1, the linearization Lε of (1.7) about ϕε(ξ) possesses no
spectrum of nonnegative real part in the compact set R2(µ,ϖ, ϱ).

The proof of Proposition 2.5 will be presented in §5. It relies on a further decomposition of the region
R2(µ,ϖ, ϱ) into two parts: one where |ℜ(λ)| ≤ ϖ and its complement. In the first part, the Riccati
transform is employed to achieve a separation between slow and fast dynamics in the eigenvalue problem,
while in the complementary region, this separation is obtained via exponential dichotomies. The slow-fast
decomposition reveals that eigenvalues with nonnegative real part cannot occur, since the fast reduced
eigenvalue problems along the front ϕf and the back ϕb are of Fisher–KPP type and therefore admit no
eigenvalues within R2(µ,ϖ, ϱ).

We are now able to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Statements (i)-(iii) follow immediately from Propositions 2.3, 2.4, and 2.5. The
statement in (ii) concerning the algebraic simplicity of the translation eigenvalue λ = 0 follows from the
hyperbolicity of the periodic orbit in (1.9) corresponding to the wave train; see the discussion in [22,
§4.4].

3 The region R1(µ)

To prove Proposition 2.4, we directly solve the eigenvalue problem (2.15) by constructing solutions on
four subintervals of the shifted interval I =

[
ξ0ε,ν , ξ

L
ε,ν

]
:=
[
ν
ε , Lε +

ν
ε

]
with the modified Floquet boundary

condition

Ψ
(
ξLε,ν
)
= e(iρ−

λ
c )LεΨ

(
ξ0ε,ν
)
. (3.1)

We note that solutions to the shifted boundary-value problem (2.15)/(3.1) are in one-to-one correspondence
to those of the original one (2.15)-(2.16). Indeed, if Ψ(ξ) is a solution to (2.15)/(3.1), then setting Ψ(ξ) =
e−(iρ−λ/c)LεΨ(Lε + ξ) for ξ ∈ [0, ξ0ε,ν ] yields a solution to (2.15)-(2.16) on [0, Lε]. Similarly, any solution to
the boundary-value problem (2.15)-(2.16) yields a solution to (2.15)/(3.1). The reason for introducing the
shift is that it turns out to be most convenient to apply the Floquet boundary condition along the slow
manifold Ml

ε just after the wave train has passed the lower left fold point.
We recall that the period of the wave train is given by Lε = Ll,ε + Lr,ε, where Ll,ε measures the time

spent along the left slow manifold Ml
ε, and Lr,ε denotes the time spent along the right slow manifold Mr

ε,
so that ξ = Lr,ε occurs along the back ϕb, and ξ = Ll,ε + Lr,ε is identified with ξ = 0, occurring along the
front ϕf . We split the interval I into four sub-intervals

Il =
[
ξout,0lf,ε,ν , ξ

in
uf,ε,ν

]
:=
[
ν
ε , Ll,ε +

1
ν

]
,

Iuf =
[
ξinuf,ε,ν , ξ

out
uf,ε,ν

]
:=
[
Ll,ε +

1
ν , Ll,ε +

ν
ε

]
,

Ir =
[
ξoutuf,ε,ν , ξ

in
lf,ε,ν

]
:=
[
Ll,ε +

ν
ε , Ll,ε + Lr,ε +

1
ν

]
,

Ilf =
[
ξinlf,ε,ν , ξ

out,L
lf,ε,ν

]
:=
[
Ll,ε + Lr,ε +

1
ν , Ll,ε + Lr,ε +

ν
ε

]
,

for 0 < ε≪ ν ≪ 1, so that the intervals Il,r describe the wave-train solution away from the nonhyperbolic
fold points, while the intervals Ilf and Iuf describe passage near the lower fold and upper fold, respectively;
see Figure 13. We note that

ξout,Llf,ε,ν = ξLε,ν = ξ0ε,ν + Lε = ξout,0lf,ε,ν + Lε.
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Figure 13: Shown is the setup for Lin’s method in the region R1(µ): solutions are constructed along the four intervals
Il, Iuf , Ir, Ilf and matched at the endpoints ξ = ξinuf,ε,ν and ξ = ξoutuf,ε,ν near the upper fold point, and at ξ = ξinlf,ε,ν near the

lower fold point. Finally, the Floquet boundary condition (3.1) is applied at ξ = ξout,Llf,ε,ν = ξout,0lf,ε,ν + Lε near the lower point
point.

Solving the eigenvalue problem (2.15) then amounts to solving boundary value problems on each of these
four intervals, matching the resulting solutions at the end points of each of the intervals, and applying
the Floquet condition (3.1). Eliminating all free variables results in an implicit equation, which we call
the “main formula”, which relates λ, ε, and the Floquet parameter ρ and whose solutions correspond to
spectrum of the linearization Lε in the region R1(µ). We then split the region R1(µ) into several smaller
subregions in order to obtain a leading-order expression for the critical spectral curve at the origin, and to
rule out the possibility of spectrum in the part of R1(µ) which lies in the right half plane.

We begin in §3.1-3.2 with some preliminary results concerning the existence of exponential trichotomies
along the fast jumps and near the slow manifolds Ml,r

ε . This allows us to solve the resulting boundary value
problems on the intervals Il,r (“between” the fold points) in §3.3. We then turn to the boundary value
problems on the intervals Ilf,uf (“near” the fold points) in §3.4; the analysis in these intervals requires
the use of blow-up desingularization techniques to track the linearized problem alongside the existence
problem, the technical details of which are presented in §4. In §3.5-3.6, we solve the overall boundary value
problem (2.15) along with the Floquet condition (3.1), and we derive an expression for the critical spectral
curve and analyze its behavior near the origin, allowing us to complete the proof of Proposition 2.4 in §3.7.

3.1 The reduced variational problem

The variational equation of the layer problem (2.5) about the front and the back solution reads

Ψξ = Âi(ξ)Ψ, Âi(ξ) =

(
0 1

−f ′(ui(ξ)) −c

)
(3.2)

for i = f,b. By Proposition 2.1 the coefficient matrices Âf(ξ) and Âb(ξ) converge exponentially to the
asymptotic matrices

Âf,−∞ =

(
0 1

−f ′(u2) −c

)
, Âb,−∞ =

(
0 1

−f ′(ū2) −c

)
,
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respectively, as ξ → −∞. In addition, Âf(ξ) and Âb(ξ) converge algebraically to the asymptotic matrix

Â∞ =

(
0 1
0 −c

)
as ξ → ∞. The hyperbolic matrices Âf,−∞ and Âb,−∞ possess one positive and one negative eigenvalue.
Therefore, [76, Lemma 3.4] yields the existence of an exponential dichotomy.

Proposition 3.1. There exist K,α > 0 such that for each ν > 0 there exists a constant Cν > 0 such
that system (3.2) has an exponential dichotomy on (−∞, 1ν ] with constants Cν , α > 0. The associated
projections P̂i(ξ) have rank 1 and satisfy

ker(P̂i(ξ)) = Sp

{(
u′i(ξ)
v′i(ξ)

)}
,

and ∥∥∥P̂i(ξ)− P̂i,−∞

∥∥∥ ≤ Keαξ, ξ ≤ 0,∥∥∥P̂i(ξ)− P̂∞

∥∥∥ ≤ K

1 + ξ
, ξ ∈

[
0,

1

ν

]
,

where P̂i,−∞ is the spectral projection onto the stable eigenspace of Âi,−∞ for i = f, b, and where P̂∞ is

the spectral projection onto the stable eigenspace of Â∞.

Proof. Let i ∈ {f,b}. First, Proposition 2.1 yields constants C, υ > 0 such that∥∥∥Âi(−ξ)− Âi,−∞

∥∥∥ ≤ Ce−υξ,
∥∥∥Âi(ξ)− Â∞

∥∥∥ ≤ C

1 + ξ
, (3.3)

for ξ ≥ 0. Noting that f ′(u2), f
′(ū2) < 0 and c > c∗(a) > 0, we find that Âi,−∞ is hyperbolic with one

positive and one negative eigenvalue. Consequently, there exists a constant κ0 ∈ (0, c) such that for any
κ ∈ [0, κ0] the constant-coefficient system

Ψξ =
(
Âi,−∞ + κI2

)
Ψ, (3.4)

has an exponential dichotomy on R with rank-one projection P̂i,−∞. On the other hand, since Â∞ has the
eigenvalues 0 and −c, the constant coefficient system

Ψξ =
(
Â∞ + κ0I2

)
Ψ,

possesses an exponential dichotomy on R with rank-one projection P̂∞.
Hence, by estimate (3.3) and [76, Lemma 3.4] the weighted variational problem

Ψξ =
(
Âi(ξ) + κ0I2

)
Ψ, (3.5)

admits exponential dichotomies on both (−∞, 0] and [0,∞) with associated rank-one projections P̂i,±(±ξ);
see Appendix B. By Proposition 2.1 the solution (u′i(ξ), v

′
i(ξ))

⊤eκ0ξ to (3.5) decays exponentially as ξ → −∞
and increases exponentially as ξ → ∞. Hence, (u′i(0), v

′
i(0)) must span the kernel of P̂i,−(0), and cannot

lie in the range of P̂i,+(0). We conclude that ker(P̂i,−(0)) ∩ P̂i,+(0)[C2] = {0}, which implies by [76,

Proposition 2.1] that (3.5) possesses an exponential dichotomy on R with projections P̂i(ξ). Combining
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estimate (3.3) with [76, Lemma 3.4] and its proof, we deduce that there exist constants K,α0 > 0 such
that ∥∥∥P̂i(−ξ)− P̂i,−∞

∥∥∥ ≤ Ke−α0ξ,
∥∥∥P̂i(ξ)− P̂∞

∥∥∥ ≤ K

1 + ξ
,

for ξ ≥ 0.
On the other hand, by estimate (3.3) and [76, Lemma 3.4] the exponential dichotomy of (3.4) for

κ = 0 carries over to an exponential dichotomy for the unweighted variational problem (3.2) on (−∞, 0]
with constants C1, α1 > 0 and associated rank-one projections Q̂i,−(ξ). By Proposition 2.1 the exponen-

tially decaying solution (u′i(ξ), v
′
i(ξ))

⊤ to (3.2) must span the kernel of Q̂i,−(ξ) for ξ ≤ 0. On the other

hand, there is freedom to choose the range of Q̂i,−(0) to be any subspace complementary to ker(Q̂i,−(0)),

cf. [81, Lemma 1.2(ii)]. Recalling ker(P̂i(0)) = ker(Q̂i,−(0)), we select Q̂i,−(0)[C2] = P̂i(0)[C2]. Since
the unweighted problem (3.2) has the same action on subspaces as the weighted problem (3.5), we find
P̂i(ξ) = Q̂i,−(ξ) for all ξ ≤ 0. By [27, p. 13] the exponential dichotomy of (3.2) on (−∞, 0] can be ex-

tended to an exponential dichotomy on (−∞, 1ν ] with constants Cν , α1 > 0 and projections P̂i(ξ). Taking
α = min{α0, α1} the result follows.

We consider the reduced variational problem

Ψξ = Ãi(ξ)Ψ, Ãi(ξ) =

(
Âi(ξ) B0

01×2 0

)
(3.6)

for i = f,b, which arises by setting ε = λ = 0 and replacing uε(ξ) by ui(ξ) in the eigenvalue problem (2.15).
Denoting by T̂i(ξ, y) the evolution of system (3.2), the evolution T̃i(ξ, y) of the upper triangular system (3.6)
can be expressed as

T̃i(ξ, y) =

T̂i(ξ, y)
∫ ξ

y
T̂i(ξ, z)B0dz

01×2 1

 .

Thus, the exponential dichotomy of (3.2), established in Proposition 3.1, readily yields an exponential
trichotomy for system (3.6).

Proposition 3.2. There exists α̃ > 0 such that for each ν > 0 there exists a constant C̃ν > 0 such
that system (3.6) has an exponential trichotomy on (−∞, 1ν ] with constants C̃ν , α̃ > 0. The associated
projections are given by

P̃ s
i,ν(ξ) =

P̂i(ξ) −
∫ ξ

−∞
T̂ s
i (ξ, y)B0dy

01×2 0

 , P̃ u
i,ν(ξ) =

I2 − P̂i(ξ) −
∫ ξ

1
ν

T̂ u
i (ξ, y)B0dy

01×2 0

 ,

P̃ c
i,ν(ξ) = I3 − P̃ s

i,ν(ξ)− P̃ u
i,ν(ξ),

where T̂ j
i (ξ, z), j = u, s, i = f,b denotes the (un)stable evolution of (3.2) under the exponential dichotomy

established in proposition 3.1. The projections have rank 1 and satisfy∥∥∥P̃ j
i,ν(ξ)− P̃j

i,−∞

∥∥∥ ≤ C̃νe
α̃ξ, (3.7)

for ξ ≤ 0, i = f,b and j = s,u, c, where P̃s
i,−∞, P̃u

i,−∞ and P̃c
i,−∞ are the spectral projections of the

asymptotic matrix

Ãi,−∞ =

(
Âi,−∞ B0

01×2 0

)
,
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onto its stable, unstable and center eigenpace, respectively. Finally, we have

P̃ u
i,ν(ξ)[C3] = Sp {Φi(ξ)} , P̃ c

i,ν(ξ)[C3] = Sp {Ψi,ν(ξ)} , (3.8)

where we denote

Φi(ξ) =

u′i(ξ)v′i(ξ)
0

 , Ψi,ν(ξ) =


∫ ξ

1
ν

T̂ u
i (ξ, y)B0dy +

∫ ξ

−∞
T̂ s
i (ξ, y)B0dy

1

 ,

for ξ ∈ (−∞, 1ν ] and i = f, b.

Proof. Let i ∈ {f, b}. Using Proposition 3.1, one readily verifies that P̃ s
i,ν(ξ), P̃

u
i,ν(ξ) and P̃ c

i,ν(ξ) are
projections satisfying (3.8). We compute

P̃ s
i,ν(ξ)T̃i(ξ, y) =

T̂ s
i (ξ, y) −

∫ y

−∞
T̂ s
i (ξ, z)B0dz

01×2 0

 = T̃i(ξ, y)P̃ s
i,ν(y),

P̃ u
i,ν(ξ)T̃i(ξ, y) =

T̂ u
i (ξ, y) −

∫ y

1
ν

T̂ u
i (ξ, z)B0dz

01×2 0

 = T̃i(ξ, y)P̃ u
i,ν(y),

P̃ c
i,ν(ξ)T̃i(ξ, y) =

02×2

∫ ξ

−∞
T̂ s
i (ξ, z)B0dz +

∫ ξ

1
ν

T̂ u
i (ξ, z)B0dz

01×2 1

 = T̃i(ξ, y)P̃ c
i,ν(y).

With the aid of Proposition 3.1 we estimate∥∥∥∥∫ y

−∞
T̂ s
i (ξ, z)B0dz

∥∥∥∥ ≤ Cν

∫ y

−∞
e−α(ξ−z)dz =

Cν

α
e−α(ξ−y), y ≤ ξ ≤ 1

ν
,∥∥∥∥∥

∫ y

1
ν

T̂ u
i (ξ, z)B0dz

∥∥∥∥∥ ≤ Cν

∫ ∞

y
eα(ξ−z)dz =

Cν

α
eα(ξ−y), ξ ≤ y ≤ 1

ν
.

Hence, system (3.6) has an exponential trichotomy on (−∞, 1ν ] with constants 2Cν
α , α > 0 and projections

P̃ j
i,ν(ξ), j = s,u, c.
Clearly, the weighted system

Ψξ =
(
Ãi(ξ) +

α

2
I3

)
Ψ,

possesses an exponential dichotomy on (−∞, 1ν ] with constants 2Cν
α , α2 > 0 and projections P̃ s

i,ν(ξ). Simi-
larly, the weighted system

Ψξ =
(
Ãi(ξ)−

α

2
I3

)
Ψ,

has an exponential dichotomy on (−∞, 1ν ] with constants 2Cν
α , α2 > 0 and projections I3−P̃ u

i,ν(ξ). Hence, by
combining estimate (3.3) with [76, Lemma 3.4] and its proof, we infer that there exist constants M̃ν , α0 > 0
such that ∥∥∥P̃ j

i,ν(ξ)− P̃j
i,−∞

∥∥∥ ≤ M̃νe
α0ξ,

for ξ ≤ 0 and j = s, c. So, taking C̃ν = max{M̃ν ,
2Cν
α } and α̃ = min{α, α0} yields the desired result.
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3.2 The eigenvalue problem along the left and right branch of the critical manifold

We establish exponential trichotomies for the eigenvalue problem (2.15) along the left and the right branch
of the critical manifold; see Appendix B. First of all, we show that the fast (2× 2)-subsystem

Ψξ = Af(ξ; ε, λ)Ψ (3.9)

of (2.15) possesses an exponential dichotomy along these branches by using that its coefficient matrix is
slowly varying and pointwise hyperbolic. Thus, we can diagonalize the full eigenvalue problem (2.15) with
the aid of the Riccati transformation [23, 31], yielding the desired exponential trichotomy. The explicit
diagonalization levaraged by the Riccati transformation allows us to determine the scalar dynamics in the
one-dimensional center direction of the trichotomy to leading-order. All in all, we arrive at the following
result.

Proposition 3.3. Provided 0 < ε, |λ| ≪ ν ≪ 1, system (2.15) admits exponential trichotomies on Il =

[νε , Ll,ε +
log(ε)

ν ] and on Ir = [Ll,ε +
ν
ε , Ll,ε + Lr,ε +

log(ε)
ν ] with λ- and ε-independent constants Cν , ϑν > 0

and projections P j
l,ε,λ,ν(ξ) and P

j
r,ε,λ,ν(ξ), j = s,u, c, respectively. The projections have rank 1 and satisfy∥∥∥P j

i,ε,λ,ν(ξ)− Pj
ε,λ(ξ)

∥∥∥ ≤ Cνε
2
3 , (3.10)

for ξ ∈ Ii, i = l, r and j = s,u, c, where Ps
ε,λ(ξ),Pu

ε,λ(ξ) and Pc
ε,λ(ξ) are the spectral projections of the

coefficient matrix A(ξ; ε, λ) of (2.15) onto its stable, unstable and center eigenspace, respectively. Finally,
the center evolutions T c

i,ε,λ,ν(ξ, ζ), i = l, r under the exponential trichotomies satisfy∣∣∣∣〈e3, T c
l,ε,λ,ν

(
ν

ε
, Ll,ε +

log(ε)

ν

)
ei

〉∣∣∣∣ ≤ Cνε, i = 1, 2,∣∣∣∣〈e3, T c
l,ε,λ,ν

(
ν

ε
, Ll,ε +

log(ε)

ν

)
e3

〉
− ul(ν)− γf(ul(ν))− a

ū2 − γf(ū2)− a

∣∣∣∣ ≤ Cν

(
|λ|+ ε

1
3

)
,

(3.11)

and ∣∣∣∣〈e3, T c
r,ε,λ,ν

(
Ll,ε +

ν

ε
, Ll,ε + Lr,ε +

log(ε)

ν

)
ei

〉∣∣∣∣ ≤ Cνε, i = 1, 2∣∣∣∣〈e3, T c
r,ε,λ,ν

(
Ll,ε +

ν

ε
, Ll,ε + Lr,ε +

log(ε)

ν

)
e3

〉
− ur(ν)− γf(ur(ν))− a

u2 − γf(u2)− a

∣∣∣∣ ≤ Cν

(
|λ|+ ε

1
3

)
,

where {e1, e2, e3} denotes the standard unit basis of C3.

Proof. In this proof Cν ≥ 1 denotes an ε-, λ- and ξ-independent constant, which will be taken larger if
necessary.

We prove the result for ξ ∈ Il, i.e. along the left branch of the critical manifold, only. The argument
for ξ ∈ Ir, i.e. along the right branch of the critical manifold, is similar. We aim to diagonalize the block
system (2.15) via the Riccati transformation, cf. [31, Theorem 5.1]. To do so, we establish an exponential
dichotomy for the fast subsystem (3.9) using roughness techniques. By Proposition 2.2 we have

∥Af(ξ; ε, λ)−Al(εξ)∥ ≤ Cν

(
ε

2
3 + |λ|

)
, (3.12)

for ξ ∈ Il, where we denote

Al(y) =

(
0 1

−f ′(ul(y)) −c

)
.

For each y ∈ [ν, Ll+1] it holds f ′(ul(y)) ≤ −1/Cν . Therefore, there exists a constant ϑν > 0 such that the
matrix Al(y) is hyperbolic with one positive and one negative eigenvalue lying at distance ≥ 5ϑν from the
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imaginary axis for each y ∈ [ν, Ll + 1]. Hence, provided 0 < ε, |λ| ≪ ν ≪ 1, estimate (3.12) implies that
Af(ξ; ε, λ) is also hyperbolic with one positive and one negative eigenvalue lying at distance ≥ 4ϑν from
the imaginary axis for each ξ ∈ Il.

By [27, Proposition 6.1] the slowly varying system

Ψξ = Al(εξ)Ψ,

has an exponential dichotomy on [νε ,
Ll+1
ε ] with ε-independent constants Cν , 4ϑν > 0. Recalling esti-

mates (2.11) and (3.12), we observe that roughness results, cf. [27, Proposition 5.1], yield an expo-
nential dichotomy for system (3.9) on Il with λ- and ε-independent constants Cν , 3ϑν > 0, provided
0 < ε, |λ| ≪ ν ≪ 1.

By [31, Theorem 5.1] there exist continuous matrix functions Uε,λ,ν : Il → C2×1 and Sε,λ,ν : Il → C1×2

such that, if Ψ(ξ) is a solution to (2.15), then

Φ(ξ) = Hε,λ,ν(ξ)Ψ(ξ), Hε,λ,ν(ξ) =

(
I2 − εUε,λ,ν(ξ)Sε,λ,ν(ξ) Uε,λ,ν(ξ)

−εSε,λ,ν(ξ) 1

)
,

satisfies the block diagonal system

Φξ =

(
Af(ξ; ε, λ)− εUε,λ,ν(ξ)B1 02×1

01×2 εAs + εB1Uε,λ,ν(ξ)

)
Φ,

for ξ ∈ Il. Moreover, Uε,λ,ν and Sε,λ,ν are bounded by λ- and ε-independent constants. Hence, the evolution

Ts,ε,λ,ν(ξ, z) = exp

(
ε

(
γ

c
(ξ − z) +

∫ ξ

z
B1Uε,λ,ν(y)dy

))
, (3.13)

of the scalar slow subsystem

Ψξ = ε (As +B1Uε,λ,ν(ξ))Ψ,

is bounded on Il × Il by an ε- and λ-independent constant. Moreover, by roughness, [27, Theorem 5.1],
the exponential dichotomy of (3.9) carries over to an exponential dichotomy of the fast subsystem

Ψξ = (Af(ξ; ε, λ)− εUε,λ,ν(ξ)B0)Ψ,

on Il with λ- and ε-independent constants Cν , 2ϑν > 0 and projections Ql,ε,λ,ν(ξ).
We conclude that

P s
l,ε,λ,ν(ξ) = Hε,λ,ν(ξ)

(
Ql,ε,λ,ν(ξ) 02×1

01×2 0

)
Hε,λ,ν(ξ)

−1,

P u
l,ε,λ,ν(ξ) = Hε,λ,ν(ξ)

(
I2 −Ql,ε,λ,ν(ξ) 02×1

01×2 0

)
Hε,λ,ν(ξ)

−1,

P c
l,ε,λ,ν(ξ) = Hε,λ,ν(ξ)

(
02×2 02×1

01×2 1

)
Hε,λ,ν(ξ)

−1,

are projections of an exponential trichotomy of the eigenvalue problem (2.15) on Il with λ- and ε-
independent constants Cν , 2ϑν > 0, where we use that the matrix function Hε,λ,ν(ξ) and its inverse

Hε,λ,ν(ξ)
−1 =

(
I2 −Uε,λ,ν(ξ)

εSε,λ,ν(ξ) 1− εSε,λ,ν(ξ)Uε,λ,ν(ξ)

)
,

are bounded by λ- and ε-independent constants on Il.
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To prove the estimate (3.10), we consider the positively weighted eigenvalue problem

Ψξ = (A(ξ; ε, λ) + ϑνI3)Ψ. (3.14)

Clearly, (3.14) has an exponential dichotomy on Il with λ- and ε-independent constants Cν , ϑν > 0 and
projections P s

l,ε,λ,ν(ξ). First, we note that the coefficient matrix A(ξ; ε, λ) + ϑνI3 is hyperbolic with two
positive and one negative eigenvalue lying at distance ≥ ϑν from the imaginary axis for each ξ ∈ Il. Second,
Proposition 2.2 yields

∥∂ξA(ξ; ε, λ)∥ ≤ Cνε
2
3 ,

for ξ ∈ Il. Hence, following the proof of [30, Proposition A.3] verbatim, one establishes estimate (3.10) for
j = s. Similarly, by considering the negatively weighted eigenvalue problem (with weight −ϑν) one obtains
estimate (3.10) for j = u. Finally, estimate (3.10) for j = c follows readily from the ones for j = s and
j = u after applying the triangle inequality.

All that remains is to establish (3.11). First, we observe that the spectral projection of(
Al(y) B0

01×2 0

)
onto its center eigenspace is given by

Qc(y) =

0 0 (f ′(ul(y)))
−1

0 0 0
0 0 1

 .

for y ∈ [ν, Ll + 1]. Hence, by estimate (3.12), we have∥∥Pc
ε,λ(ξ)−Qc(εξ)

∥∥ ≤ Cν

(
ε

2
3 + |λ|

)
, (3.15)

for ξ ∈ Il. Next, we compute

T c
l,ε,λ,ν(ξ, z) = Hε,λ,ν(ξ)

(
02×2 02×1

01×2 Ts,ε,λ,ν(ξ, z)

)
Hε,λ,ν(z)

−1

=

(
εUε,λ,ν(ξ)Ts,ε,λ,ν(ξ, z)Sε,λ,ν(z) Uε,λ,ν(ξ)Ts,ε,λ,ν(ξ, z) (1− εSε,λ,ν(z)Uε,λ,ν(z))

εTs,ε,λ,ν(ξ, z)Sε,λ,ν(z) Ts,ε,λ,ν(ξ, z) (1− εSε,λ,ν(z)Uε,λ,ν(z))

)
.

(3.16)

for ξ, z ∈ Il. First, upon recalling that Sε,λ,ν , Uε,λ,ν and Ts,ε,λ,ν are bounded on Il, on Il and on Il × Il,
respectively, by ε- and λ-independent constants, the first estimate in (3.11) readily follows from (3.16).
Second, setting z = ξ in (3.16), noting T c

l,ε,λ,ν(ξ, ξ) = P c
l,ε,λ,ν(ξ) and applying estimates (3.10) and (3.15),

we arrive at ∥∥∥∥Uε,λ,ν(ξ)−
(
(f ′(ul(εξ)))

−1

0

)∥∥∥∥ ≤ Cν

(
ε

2
3 + |λ|

)
, (3.17)

for ξ ∈ Il, where we recall that Sε,λ,ν and Uε,λ,ν are bounded on Il by ε- and λ-independent constants. So,
with the aid of (2.11), (3.13) and (3.17) we approximate∣∣∣∣Ts,ε,λ,ν (νε , Ll,ε +

log(ε)

ν

)
− exp

(
−γ
c
(Ll − ν) +

∫ Ll

ν

1

cf ′(ul(y))
dy

)∣∣∣∣ ≤ Cν

(
|λ|+ ε

1
3

)
, (3.18)

provided 0 < ε, |λ| ≪ ν ≪ 1. Next, we use (2.3) and recall ul(Ll) = ū2 and ul(0) = u1 to compute

−γ
c
(Ll − ν) +

∫ Ll

ν

1

cf ′(ul(y))
dy = −

∫ Ll

ν

γf ′(ul(y))u
′
l(y)

γf(ul(y)) + a− ul(y)
dy +

∫ Ll

ν

u′l(y)

γf(ul(y)) + a− ul(y)
dy

= −
∫ ul(Ll)

ul(ν)

γf ′(u)− 1

γf(u) + a− u
du = log

(
ul(ν)− γf(ul(ν))− a

ū2 − γf(ū2)− a

)
,

(3.19)
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provided 0 < ν ≪ 1, where we note that u1 − γf(u1) − a, u2 − γf(u2) − a ̸= 0 as 0 < γ < γ∗(a). Finally,
combining (3.16), (3.18), and (3.19), we arrive at the second inequality in (3.11), where we recall that
Sε,λ,ν , Uε,λ,ν and Ts,ε,λ,ν are bounded on Il, on Il and on Il × Il, respectively, by ε- and λ-independent
constants.

3.3 Solving the eigenvalue problem away from the fold points

Here, we construct a solution to the eigenvalue problem (2.15) on the intervals

Ir =
[
ξoutuf,ε,ν , ξ

in
lf,ε,ν

]
=

[
Ll,ε +

ν

ε
, Ll,ε + Lr,ε +

1

ν

]
=

[
Ll,ε +

ν

ε
, Lε +

1

ν

]
,

Il =
[
ξout,0lf,ε,ν , ξ

in
uf,ε,ν

]
=

[
ν

ε
, Ll,ε +

1

ν

]
away from the fold points with the aid of Lin’s method. We employ the exponential trichotomies, established
in Propositions 3.2 and 3.3, to represent solutions to (2.15) along the front or back and along the right or
left branch of the critical manifold, respectively. The result concerning the eigenvalue problem along the
front and the right branch of the critical manifold reads as follows.

Proposition 3.4. Provided 0 < ε, |λ| ≪ ν ≪ 1, there exists for each

γr ∈ P s
r,ε,λ,ν

(
ξoutuf,ε,ν

)
[C3], and αf , βf ∈ C,

a unique solution ψ : Ir → C3 to the eigenvalue problem (2.15) subject to the boundary conditions

P s
r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)
= γr, (3.20)

P̃ c
f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)
= βfΨf,ν

(
1
ν

)
, P̃ u

f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)
= αfΦf

(
1
ν

)
. (3.21)

Moreover, there exist ε- and λ-independent constants Cν , ϑν > 0 such that the solution ψ enjoys the
estimates ∥∥∥P̃ s

f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)∥∥∥ ≤ Cν

((
ε

2
3 + |λ|

)
(|αf |+ |βf |) + e−ϑν/ε∥γr∥

)
,∥∥P u

r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)∥∥ ≤ Cνe
−ϑν/ε (|αf |+ |βf |+ ∥γr∥) ,∥∥P c

r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)∥∥ ≤ Cν

(
|βf |+

(
ε

2
3 + |λ|

)
|αf |+ e−ϑν/ε∥γr∥

)
,

(3.22)

and ∣∣∣∣〈e3, P c
r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)〉
− ur(ν)− γf(ur(ν))− a

u2 − γf(u2)− a

(
βf +

ε

c

(
uf(

1
ν )− u2

)
αf

)∣∣∣∣
≤ Cν

((
ε

1
3 + |λ|

)
(|βf |+ ε|αf |) + e−ϑν/ε∥γr∥

)
,

(3.23)

where e3 = (0, 0, 1)⊤ is the third standard basis vector.

Proof. In this proof Cν ≥ 1 denotes an ε-, λ- and ξ-independent constant, which will be taken larger if
necessary. Moreover, we introduce the short-cut notation lε,ν = log(ε)

ν .
We wish to express the solution ψ on [Lε + lε,ν , Lε +

1
ν ] = [Lε + lε,ν , ξ

in
lf,ε,ν ] using the variation of con-

stants formula by regarding the eigenvalue problem (2.15) as a perturbation of the reduced variational
problem (3.6). Thus, we determine the perturbation matrix

A(ξ; ε, λ)− Ãf(ξ − Lε) = εB0 +Bf(ξ; ε, λ),
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where we denote

B0 =
1

c

 0 0 0
0 0 0
−1 0 γ

 , Bf(ξ; ε, λ) =

 −λ
c 0 0

λ− f ′(uε(ξ)) + f ′(uf(ξ − Lε)) −λ
c 0

0 0 0

 .

By Proposition 3.2 any solution ψ to (2.15) with initial condition (3.21) must satisfy for ξ ∈ [Lε + lε,ν , ξ
in
lf,ε,ν ]

the variation of constants formula

ψ(ξ) = αfΦf (ξ − Lε) + βfΨf,ν(ξ − Lε) + T̃ s
f,ν(ξ − Lε, lε,ν)γf

+

∫ ξ

ξinlf,ε,ν

T̃ u
f,ν(ξ − Lε, y − Lε) (εB0 +Bf(y; ε, λ))ψ(y)dy

+

∫ ξ

Lε+lε,ν

T̃ s
f,ν(ξ − Lε, y − Lε) (εB0 +Bf(y; ε, λ))ψ(y)dy

+ ε

∫ ξ

ξinlf,ε,ν

T̃ c
f,ν(ξ − Lε, y − Lε)B0ψ(y)dy,

(3.24)

for some γf ∈ P̃ s
f,ν(lε,ν)[C3], where we use that P̃ c

f,ν(y −Lε)Bf(y; ε, λ) = 0 for any y ∈ [Lε + lε,ν , ξ
in
lf,ε,ν ]. We

note that Proposition 2.2 yields

∥Bf(ξ; ε, λ)∥ ≤ Cν

(
ε

2
3 + |λ|

)
, (3.25)

for ξ ∈ [Lε + lε,ν , ξ
in
lf,ε,ν ]. So, bounding the right-hand side of (3.24) with the aid of estimate (3.25) and

Proposition 3.2, we find that the solution ψ is linear in αf , βf and γf and, provided 0 < ε, |λ| ≪ ν ≪ 1, it
enjoys the estimates

sup
ξ∈[Lε+lε,ν ,ξinlf,ε,ν]

∥ψ(ξ)∥ ≤ Cν (|αf |+ |βf |+ ∥γf∥) , (3.26)

and

sup
ξ∈[Lε+lε,ν ,ξinlf,ε,ν]

∥ψ(ξ)− αfΦf(ξ − Lε)∥ ≤ Cν

(
|βf |+ ∥γf∥+

(
ε

2
3 + |λ|

)
|αf |
)
. (3.27)

Next, we express ψ on [ξoutuf,ε,ν , Lε + lε,ν ] with the aid of the exponential trichotomy established in
Proposition 3.3. We find that any solution ψ to (2.15) with initial condition (3.20) must satisfy

ψ(ξ) = T u
r,ε,λ,ν (ξ, Lε + lε,ν)αr + T c

r,ε,λ,ν

(
ξ, ξoutuf,ε,ν

)
βr + T s

r,ε,λ,ν

(
ξ, ξoutuf,ε,ν

)
γr, ξ ∈

[
ξoutuf,ε,ν , Lε + lε,ν

]
,

(3.28)

for some αr ∈ P u
r,ε,λ,ν(Lε + lε,ν)[C3] and βr ∈ P c

r,ε,λ,ν(Lε + lε,ν)[C3].
The next step is to equate the right-hand sides of (3.24) and (3.28) at the matching point ξ = Lε+ lε,ν ,

which will yield unique expressions for αr, βr, and γf . We derive matching conditions by applying the
complementary rank-one projections P u

r,ε,λ,ν(Lε + lε,ν), P
s
r,ε,λ,ν(Lε + lε,ν) and P c

r,ε,λ,ν(Lε + lε,ν). However,
we first show that these projections are close to the projections of the exponential trichotomy of the reduced
variational problem (3.6), established in Proposition 3.2, at ξ = Lε + lε,ν . Propositions 2.1 and 2.2 yield∥∥∥A(Lε + lε,ν ; ε, λ)− Ãf,−∞

∥∥∥ ≤ Cν

(
ε

2
3 + |λ|

)
,

provided 0 < ε, |λ| ≪ ν ≪ 1. Clearly, the same bound holds for the associated spectral projections∥∥∥Pj
ε,λ(Lε + lε,ν)− P̃j

f,−∞

∥∥∥ ≤ Cν

(
ε

2
3 + |λ|

)
,
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for j = s, u, c. Hence, combining the latter with estimates (3.7) and (3.10) we arrive at∥∥∥P j
r,ε,λ,ν(Lε + lε,ν)− P̃ j

f,ν(lε,ν)
∥∥∥ ≤ Cν

(
ε

2
3 + |λ|

)
, (3.29)

for j = s, u, c, provided 0 < ε, |λ| ≪ ν ≪ 1.
We now apply the projection P s

r,ε,λ,ν(Lε+ lε,ν) to (3.24) and (3.28), equate the right-hand sides and use
Propositions 3.2 and 3.3 and estimates (2.11), (3.25), (3.26) and (3.29) to obtain the matching condition

γf = F1(αf , βf , γf , γr), (3.30)

where the linear map F1 satisfies

∥F1(αf , βf , γf , γr)∥ ≤ Cν

((
ε

2
3 + |λ|

)
(|αf |+ |βf |+ ∥γf∥) + e−ϑν/ε∥γr∥

)
,

for some ε- and λ-independent constant ϑν > 0, provided 0 < ε, |λ| ≪ ν ≪ 1. Similarly, applying the
projection P u

r,ε,λ,ν(Lε + lε,ν), we find

αr = F2(αf , βf , γf), (3.31)

where the linear map F2 satisfies

∥F2(αf , βf , γf)∥ ≤ Cν

(
ε

2
3 + |λ|

)
(|αf |+ |βf |+ ∥γf∥) ,

provided 0 < ε, |λ| ≪ ν ≪ 1. Finally, applying the projection P c
r,ε,λ,ν(Lε + lε,ν), we arrive at

βr = F3(αf , βf , γf) (3.32)

where the linear map F3 satisfies

∥F3(αf , βf , γf)∥ ≤ Cν

(
|βf |+

(
ε

2
3 + |λ|

)
(|αf |+ ∥γf∥)

)
,

provided 0 < ε, |λ| ≪ ν ≪ 1.
We observe that the matching conditions (3.30), (3.31), and (3.32) constitute a linear system in the

variables αf , βf , γf , αr, βr, and γr, which can be uniquely solved for βr, γf and αr by the above estimates on
the linear maps F1,F2 and F3. We find

γf = F̃1(αf , βf , γr), αr = F̃2(αf , βf , γr), βr = F̃3(αf , βr, γr), (3.33)

where the linear maps F̃i, i = 1, 2, 3 enjoy the bounds∥∥∥F̃i(αf , βf , γr)
∥∥∥ ≤ Cν

((
ε

2
3 + |λ|

)
(|αf |+ |βf |) + e−ϑν/ε∥γr∥

)
, i = 1, 2,∥∥∥F̃3(αf , βf , γr)

∥∥∥ ≤ Cν

(
|βf |+

(
ε

2
3 + |λ|

)
|αf |+ e−ϑν/ε∥γr∥

)
,

provided 0 < ε, |λ| ≪ ν ≪ 1. The estimate (3.22) now follows readily by observing

P u
r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)
= T u

r,ε,λ,ν

(
ξoutuf,ε,ν , Lε + lε,ν

)
αr,

P c
r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)
= T c

r,ε,λ,ν

(
ξoutuf,ε,ν , Lε + lε,ν

)
βr,

P̃ s
f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)
= T̃ s

f,ν

(
1
ν , lε,ν

)
γf +

∫ ξinlf,ε,ν

Lε+lε,ν

T̃ s
f,ν

(
1
ν , y − Lε

)
(εB0 +Bf(y; ε, λ))ψ(y)dy,

and applying Propositions 3.2 and 3.3 and estimates (3.25) and (3.26).
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For the refined estimate (3.23), we first note that

Π3Φf(ξ) = 0, Π3Ψf,ν(ξ) =

(
02×1

1

)
, Π3T̃ c

f,ν(ξ, y) = Π3, Π3P̃
s
f,ν(ξ) = 0, Π3P̃

u
f,ν(ξ) = 0,

holds for ξ, y ∈ [lε,ν ,
1
ν ], where Π3 ∈ R3×3 is the orthogonal projection on the third standard basis vector e3,

cf. Proposition 3.2. So, applying the complementary projections Π3 and I3 −Π3 to (3.24) at ξ = Lε + lε,ν ,
while using Proposition 3.2 and estimates (3.25), (3.26), (3.27) and (3.33), we arrive at

∥(I3 −Π3)ψ(Lε + lε,ν)∥ ≤ Cν

(
|βf |+

(
ε

2
3 + |λ|

)
|αf |+ e−ϑν/ε∥γr∥

)
, (3.34)

and ∥∥∥∥∥∥Π3ψ(Lε + lε,ν)−

βf
0
0
1

− αfεΠ3B0

∫ 1
ν

−∞

u′f(ξ)v′f(ξ)
0

dξ

∥∥∥∥∥∥
≤ Cν

(
ε|βf |+ ε

(
ε

2
3 + |λ|

)
|αf |+ e−ϑν/ε∥γr∥

)
,

(3.35)

provided 0 < ε, |λ| ≪ ν ≪ 1. We compute

−Π3B0

∫ 1
ν

−∞

u′f(ξ)v′f(ξ)
0

 dξ =
ε

c

(
uf(

1
ν )− u2

)0
0
1


So, combining estimates (3.34) and (3.35) with Proposition 3.3 yields〈

e3, P
c
r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)〉
=
〈
e3, T c

r,ε,λ,ν

(
ξoutuf,ε,ν , Lε + lε,ν

)
Π3ψ(Lε + lε,ν)

〉
+
〈
e3, T c

r,ε,λ,ν

(
ξoutuf,ε,ν , Lε + lε,ν

)
(I3 −Π3)ψ(Lε + lε,ν)

〉
=
ur(ν)− γf(ur(ν))− a

u2 − γf(u2)− a

(
βf +

ε

c

(
uf(

1
ν )− u2

)
αf

)
+ F̃31(αf , βf , γr),

where the linear map F̃31 satisfies

|F̃31(αf , βf , γr)| ≤ Cν

((
ε

1
3 + |λ|

)
(|βf |+ ε|αf |) + e−ϑν/ε∥γr∥

)
,

provided 0 < ε, |λ| ≪ ν ≪ 1. This proves the final estimate (3.23).

Analogously, one obtains the following result concerning the eigenvalue problem along the back and
the left branch of the critical manifold away from the fold points.

Proposition 3.5. Provided 0 < ε, |λ| ≪ ν ≪ 1, there exists for each

γl ∈ P s
l,ε,λ,ν

(
ξout,0lf,ε,ν

)
[C3], and αb, βb ∈ C,

a unique solution ψ : Il → C3 to the eigenvalue problem (2.15) subject to the boundary conditions

P s
l,ε,λ,ν

(
ξout,0lf,ε,ν

)
ψ
(
ξout,0lf,ε,ν

)
= γl, P̃ c

b,ν

(
1
ν

)
ψ
(
ξinuf,ε,ν

)
= βbΨb,ν

(
1
ν

)
, P̃ u

b,ν

(
1
ν

)
ψ
(
ξinuf,ε,ν

)
= αbΦb

(
1
ν

)
.

Moreover, there exist ε- and λ-independent constants Cν , ϑν > 0 such that the solution ψ enjoys the
estimates ∥∥∥P̃ s

b,ν

(
1
ν

)
ψ
(
ξinuf,ε,ν

)∥∥∥ ≤ Cν

((
ε

2
3 + |λ|

)
(|αb|+ |βb|) + e−ϑν/ε∥γl∥

)
,∥∥∥P u

l,ε,λ,ν

(
ξout,0lf,ε,ν

)
ψ
(
ξout,0lf,ε,ν

)∥∥∥ ≤ Cνe
−ϑν/ε (|αb|+ |βb|+ ∥γl∥) ,∥∥∥P c

l,ε,λ,ν

(
ξout,0lf,ε,ν

)
ψ
(
ξout,0lf,ε,ν

)∥∥∥ ≤ Cν

(
|βb|+

(
ε

2
3 + |λ|

)
|αb|+ e−ϑν/ε∥γl∥

)
,
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and ∣∣∣∣〈e3, P c
l,ε,λ,ν

(
ξout,0lf,ε,ν

)
ψ
(
ξout,0lf,ε,ν

)〉
− ul(ν)− γf(ul(ν))− a

ū2 − γf(ū2)− a

(
βb +

ε

c

(
ub(

1
ν )− ū2

)
αb

)∣∣∣∣
≤ Cν

((
ε

1
3 + |λ|

)
(|βb|+ ε|αb|) + e−ϑν/ε∥γl∥

)
,

where e3 = (0, 0, 1)⊤ is the third standard basis vector.

3.4 Solving the eigenvalue problem near the fold points

Propositions 3.4 and 3.5 provide estimates on solutions to the eigenvalue problem (2.15) between the fold
points, on the intervals Ir = [ξoutuf,ε,ν , ξ

in
lf,ε,ν ] and Il = [ξout,0lf,ε,ν , ξ

in
uf,ε,ν ]. It remains to obtain estimates on

solutions near the fold points, on the intervals Iuf = [ξinuf,ε,ν , ξ
out
uf,ε,ν ] and Ilf = [ξinlf,ε,ν , ξ

out,L
lf,ε,ν ]. This is a

delicate problem due to the loss of normal hyperbolicity at each of the fold points; in particular, it is
not possible to establish suitable exponential trichotomies on the intervals Iuf , Ilf due to the lack of an
(ε, λ)-independent spectral gap for the center-unstable spatial eigenvalues of (2.15). Blow-up methods are
needed in order to track the solution on these intervals – this procedure is carried out in detail in §4, and
here we state the main results. In preparation, we define complex-valued functions Υlf ,Υuf by

Υlf(z) :=
z2

θlfc3Ai
′(−Ω0)2

∫ ∞

−Ω0

e
z2

θlfc
3 (s+Ω0) (

sAi(s)2 −Ai′(s)2
)
ds

Υuf(z) :=
z2

θufc3Ai
′(−Ω0)2

∫ ∞

−Ω0

e
z2

θufc
3 (s+Ω0) (

sAi(s)2 −Ai′(s)2
)
ds

where −Ω0 < 0 denotes the largest zero of the Airy function Ai(z) (see Appendix C), and θlf , θuf are given
by

θlf := −(a2 − a+ 1)1/6(u1 − γf(u1)− a)1/3

c
> 0

θuf :=
(a2 − a+ 1)1/6(ū1 − γf(ū1)− a)1/3

c
> 0

(3.36)

as in §2.1.4. We first consider the eigenvalue problem near the lower fold on the interval Ilf . The estimates
on solutions at the endpoints of the interval are given in terms of dichotomy projections P cu,s

lf,ε,λ,ν(ξ) obtained
from a convenient local change of coordinates on the interval Ilf which places the system into a normal form
for slow passage through a fold. We refer to §4 for details of these projections. Similarly, near the upper
fold, on the interval Iuf , it is convenient to state estimates on solutions in terms of dichotomy projections
P cu,s
uf,ε,λ,ν(ξ). For the purposes of the matching procedure, we require estimates which relate the dichotomy

projections P cu,s
uf/lf,ε,λ,ν(ξ) to those of Propositions 3.4 and 3.5 at the endpoints of the respective intervals

Iuf/lf . All in all, we have the following.

Proposition 3.6. There exists a continuous function η : [0,∞) → [0,∞) satisfying η(0) = 0 such that,
provided 0 < ε ≪ µ ≪ ν ≪ 1, there exist ε- and µ-independent constants Cν , ϑν > 0 and complementary
projections P cu

lf,ε,λ,ν(ξ), P
s
lf,ε,λ,ν(ξ) ∈ C3×3 for ξ ∈ Ilf = [ξinlf,ε,ν , ξ

out,L
lf,ε,ν ] such that the following holds for

λ ∈ R1(µ).

(i) The projections obey the estimates∥∥∥P i
lf,ε,λ,ν

(
ξinlf,ε,ν

)
− P̃ i

f,ν

(
1
ν

)∥∥∥ ≤ Cν

(
ε

2
3 + |λ|

)
, (3.37)∥∥∥P i

lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
− P i

l,ε,λ,ν

(
ξout,0lf,ε,ν

)∥∥∥ ≤ Cνe
−ϑν/ε (3.38)∥∥∥e⊤3 P̃ c

f,ν

(
1
ν

)
P s
lf,ε,λ,ν

(
ξinlf,ε,ν

)∥∥∥ ≤ Cνε, (3.39)
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for i = s, cu, where we denote

P̃ cu
f,ν(ξ) = P̃ c

f,ν(ξ) + P̃ u
f,ν(ξ), P cu

l,ε,λ,ν(ξ) = P c
l,ε,λ,ν(ξ) + P u

l,ε,λ,ν(ξ),

and where e3 = (0, 0, 1)⊤ is the third standard basis vector.

(ii) For each

γuf ∈ P s
lf,ε,λ,ν

(
ξinlf,ε,ν

) [
C3
]
, βlf =

 β1,lf
β2,lf
εβ3,lf

 ∈ P cu
lf,ε,λ,ν

(
ξout,Llf,ε,ν

) [
C3
]
,

there exists a solution ψ : Ilf → C3 to the eigenvalue problem (2.15) subject to the boundary conditions

P s
lf,ε,λ,ν

(
ξinlf,ε,ν

)
ψ
(
ξinlf,ε,ν

)
= γlf , P cu

lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
ψ
(
ξout,Llf,ε,ν

)
= βlf ,

satisfying the estimate ∥∥∥P s
lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
ψ
(
ξout,Llf,ε,ν

)∥∥∥ ≤ Cνe
−ϑν

ε ∥γlf∥.

Furthermore, if ℜ(λ) ≥ ε1/5, then we have

∥∥P cu
lf,ε,λ,ν

(
ξinlf,ε,ν

)
ψ
(
ξinlf,ε,ν

)∥∥ ≤ Cν exp

(
νℜ(λ)
cε

)
∥βlf∥, (3.40)

while if |ℜ(λ)| ≤ µε1/6, then it holds

P cu
lf,ε,λ,ν

(
ξinlf,ε,ν

)
ψ
(
ξinlf,ε,ν

)
=

Ulf

Vlf
Wlf

 (βlf),

where Ulf , Vlf and Wlf satisfy∥∥∥∥(Ulf

Vlf

)
(βlf)− αu

lf(βlf ; ε, λ)

(
u′ε
v′ε

)(
ξinlf,ε,ν

)∥∥∥∥ ≤ Cν (∥βlf∥+ |λ log |λ|| · |β3,lf |) ,∣∣∣∣∣∣Wlf(βlf)− εβ3,lf
w′
ε

(
ξinlf,ε,ν

)
w′
ε

(
ξout,Llf,ε,ν

)
∣∣∣∣∣∣ ≤ Cνε∥βlf∥+

(
Cνε |λ log |λ||+ εη(ν)

∣∣∣Υlf(λε
−1/6)

∣∣∣) |β3,lf |
with ∣∣∣∣∣∣αu

lf(βlf ; ε, λ)−
εβ3,lf

w′
ε

(
ξout,Llf,ε,ν

) (1−Υlf(λε
−1/6)

)∣∣∣∣∣∣ ≤ η(ν)
∣∣∣Υlf(λε

−1/6)
∣∣∣ |β3,lf |.

The proof of Proposition 3.6 will be given in §4.5. Analogously, we have the following proposition
concerning solutions to the eigenvalue problem near the upper fold.

Proposition 3.7. There exists a continuous function η : [0,∞) → [0,∞) satisfying η(0) = 0 such that,
provided 0 < ε ≪ µ ≪ ν ≪ 1, there exist ε- and µ-independent constants Cν , ϑν > 0 and complementary
projections P cu

uf,ε,λ,ν(ξ), P
s
uf,ε,λ,ν(ξ) ∈ C3×3 for ξ ∈ Iuf = [ξinuf,ε,ν , ξ

out
uf,ε,ν ] such that the following holds for

λ ∈ R1(µ).
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(i) The projections obey the estimates∥∥∥P i
uf,ε,λ,ν

(
ξinuf,ε,ν

)
− P̃ i

b,ν

(
1
ν

)∥∥∥ ≤ Cν

(
ε

2
3 + |λ|

)
,∥∥P i

uf,ε,λ,ν

(
ξoutuf,ε,ν

)
− P i

r,ε,λ,ν

(
ξoutuf,ε,ν

)∥∥ ≤ Cνe
−ϑν/ε∥∥∥e⊤3 P̃ c

b,ν

(
1
ν

)
P s
uf,ε,λ,ν

(
ξinuf,ε,ν

)∥∥∥ ≤ Cνε,

for i = s, cu, where we denote

P̃ cu
b,ν(ξ) = P̃ c

b,ν(ξ) + P̃ u
b,ν(ξ), P cu

r,ε,λ,ν(ξ) = P c
r,ε,λ,ν(ξ) + P u

r,ε,λ,ν(ξ),

and where e3 = (0, 0, 1)⊤ is the third standard basis vector.

(ii) For each

γuf ∈ P s
uf,ε,λ,ν

(
ξinuf,ε,ν

) [
C3
]
, βuf =

 β1,uf
β2,uf
εβ3,uf

 ∈ P cu
uf,ε,λ,ν

(
ξoutuf,ε,ν

) [
C3
]
,

there exists a solution ψ : Iuf → C3 to the eigenvalue problem (2.15) subject to the boundary conditions

P s
uf,ε,λ,ν

(
ξinuf,ε,ν

)
ψ
(
ξinuf,ε,ν

)
= γuf , P cu

uf,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)
= βuf ,

satisfying the estimate ∥∥P s
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)∥∥ ≤ Cνe
−ϑν

ε ∥γuf∥.

Furthermore, if ℜ(λ) ≥ ε1/5, then we have

∥∥P cu
uf,ε,λ,ν

(
ξinuf,ε,ν

)
ψ
(
ξinuf,ε,ν

)∥∥ ≤ Cν exp

(
νℜ(λ)
cε

)
∥βuf∥, (3.41)

while if |ℜ(λ)| ≤ µε1/6, then it holds

P cu
uf,ε,λ,ν

(
ξinuf,ε,ν

)
ψ
(
ξinuf,ε,ν

)
=

Uuf

Vuf
Wuf

 (βuf),

where Uuf , Vuf and Wuf satisfy∥∥∥∥(Uuf

Vuf

)
(βuf)− αu

uf(βuf ; ε, λ)

(
u′ε
v′ε

)(
ξinuf,ε,ν

)∥∥∥∥ ≤ Cν (∥βuf∥+ |λ log |λ|| · |β3,uf |) ,∣∣∣∣∣∣Wuf(βuf)− εβ3,uf
w′
ε

(
ξinuf,ε,ν

)
w′
ε

(
ξoutuf,ε,ν

)
∣∣∣∣∣∣ ≤ Cνε∥βuf∥

+
(
Cνε |λ log |λ||+ εη(ν)

∣∣∣Υuf(λε
−1/6)

∣∣∣) |β3,uf |
with ∣∣∣∣∣∣αu

uf(βuf ; ε, λ)−
εβ3,uf

w′
ε

(
ξoutuf,ε,ν

) (1−Υuf(λε
−1/6)

)∣∣∣∣∣∣ ≤ η(ν)
∣∣∣Υuf(λε

−1/6)
∣∣∣ |β3,uf |.
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3.5 Derivation of the main formula

We recall that λ ∈ C lies in the spectrum of the linearization Lε if and only if there exists ρ ∈ [−π/Lε, π/Lε)
such that the eigenvalue problem (2.15) with the associated Floquet boundary condition (3.1) admits a
nontrivial solution. To access results from complex function theory, we complexify ρ and consider ρ-values
in a bounded ε- and λ-independent open set U ⊂ C containing the interval [−π/Lε, π/Lε). We employ
Lin’s method to construct nontrivial solutions to (2.15)-(3.1) for ρ ∈ U and λ ∈ R1(µ). Specifically,
we match solutions to the eigenvalue problem (2.15) on the intervals Ir, Il, Ilf , and Iuf , established in
Propositions 3.4, 3.4, 3.6, and 3.7, respectively. The outcome of this matching procedure, which is given
in the following result, leads to an implicit transcendental equation, which we call the “main formula”,
relating λ, ε, and ρ.

Proposition 3.8. There exists a continuous function η : [0,∞) → [0,∞) satisfying η(0) = 0 such that,
provided 0 < ε ≪ µ ≪ ν ≪ 1, there exists an ε- and µ-independent constant Cν > 0 such that the
eigenvalue problem (2.15)-(2.16) admits a nontrivial solution for ρ ∈ U and λ ∈ R1,ε(µ) := R1(µ) ∩ {λ ∈
C : |ℜ(λ)| ≤ µε1/6} if and only if we have

e−(iρ−
λ
c )Lε =

(
1 +

(u1 − u2)Υlf(λε
−1/6)

u2 − γf(u2)− a

)(
1 +

(ū1 − ū2)Υuf(λε
−1/6)

ū2 − γf(ū2)− a

)
+Rε(λ), (3.42)

where the residual Rε : R1,ε(µ) → C obeys the bound

|Rε(λ, ε)| ≤ Cν

(
ε

1
3 + |λ log |λ||

)
+ η(ν)

(
|Υuf(λε

−1/6)|+ |Υlf(λε
−1/6)|

)
. (3.43)

Furthermore, if λ ∈ R1(µ) satisfies ℜ(λ) ≥ ε1/5, the eigenvalue problem (2.15)-(2.16) admits no nontrivial
solution.

Proof. In this proof, C ≥ 1 denotes a λ-, ξ-, ν-, µ-, and ε-independent constant, which will be taken larger,
if necessary. Moreover, Cν ≥ 1 and ϑν > 0 denote λ-, ξ-, µ-, and ε-independent constants, which will be
taken larger and smaller, respectively, if necessary.

Combining the results of Propositions 3.4, 3.5, 3.6, and 3.7, we impose matching conditions at ξ =
ξinuf,ε,ν , ξ

out
uf,ε,ν , ξ

in
lf,ε,ν , and

ξ = ξout,Llf,ε,ν = ξLε,ν = ξ0ε,ν + Lε = ξout,0lf,ε,ν + Lε

to reduce the existence of a nontrivial solution ψ(ξ) to the eigenvalue problem (2.15) satisfying the Floquet
boundary condition (3.1) for some ρ ∈ U to a system of equations in the free variables αf/b, βf/b, γl/r, γuf/lf ,
and βuf/lf , where we define

αbΦb

(
1
ν

)
= P̃ u

b,ν

(
1
ν

)
ψ
(
ξinuf,ε,ν

)
, βbΨb,ν

(
1
ν

)
= P̃ c

b,ν

(
1
ν

)
ψ
(
ξinuf,ε,ν

)
, γuf = P s

uf,ε,λ,ν

(
ξinuf,ε,ν

)
ψ
(
ξinuf,ε,ν

)
at ξ = ξinuf,ε,ν ,

βuf =

 β1,uf
β2,uf
εβ3,uf

 = P cu
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)
, γr = P s

r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)
at ξ = ξoutuf,ε,ν ,

αfΦf

(
1
ν

)
= P̃ u

f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)
, βfΨf,ν

(
1
ν

)
= P̃ c

f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)
, γlf = P s

lf,ε,λ,ν

(
ξinlf,ε,ν

)
ψ
(
ξinlf,ε,ν

)
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at ξ = ξinlf,ε,ν , and

β0lf =

 β01,lf
β02,lf
εβ03,lf

 = P cu
lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
ψ
(
ξout,0lf,ε,ν

)
, γ0l = P s

l,ε,λ,ν

(
ξout,0lf,ε,ν

)
ψ
(
ξout,0lf,ε,ν

)
,

βLlf =

 βL1,lf
βL2,lf
εβL3,lf

 = P cu
lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
ψ
(
ξout,Llf,ε,ν

)
, γLl = P s

l,ε,λ,ν

(
ξout,0lf,ε,ν

)
ψ
(
ξout,Llf,ε,ν

)

at ξ = ξout,Llf,ε,ν = ξout,0lf,ε,ν + Lε. Moreover, we set

βr = P̃ cu
f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)
, βl = P̃ cu

b,ν

(
1
ν

)
ψ
(
ξinuf,ε,ν

)
. (3.44)

Clearly, it holds

∥βr∥ ≤ Cν (|αf |+ |βf |) , ∥βl∥ ≤ Cν (|αb|+ |βb|) . (3.45)

On the other hand, applying the projections P̃ c
j,ν

(
1
ν

)
and P̃ u

j,ν

(
1
ν

)
for j = f,b to (3.44) and using Proposi-

tion 3.2, we establish

|αf |, |βf | ≤ Cν∥βr∥, |αb|, |βb| ≤ Cν∥βl∥. (3.46)

We begin by solving for γl/r, γup/dn in terms of βl/r, βup/dn. By Proposition 3.6, we have that∥∥∥P s
lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
ψ
(
ξout,Llf,ε,ν

)∥∥∥ ≤ Cνe
−ϑν

ε ∥γlf∥,

provided 0 < ε, |λ| ≪ ν ≪ 1. Using the fact that

ψ
(
ξout,Llf,ε,ν

)
= P cu

lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
ψ
(
ξout,Llf,ε,ν

)
+ P s

lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
ψ
(
ξout,Llf,ε,ν

)
= βLlf + P s

lf,ε,λ,ν

(
ξout,Llf,ε,ν

)
ψ
(
ξout,Llf,ε,ν

)
,

applying the projection P s
l,ε,λ,ν

(
ξout,0lf,ε,ν

)
, and employing Propositions 3.3 and 3.6, we obtain

γLl = F1(β
L
lf , γlf) (3.47)

provided 0 < ε, |λ| ≪ ν ≪ 1, where F1 is a linear map satisfying∥∥F1(β
L
lf , γlf)

∥∥ ≤ Cνe
−ϑν/ε

(
∥βLlf ∥+ ∥γlf∥

)
. (3.48)

Similarly, we establish

γr = F2(βuf , γuf), (3.49)

where F2 is a linear map satisfying

∥F2(βuf , γuf)∥ ≤ Cνe
−ϑν/ε (∥βuf∥+ ∥γuf∥) . (3.50)

Next, using estimate (3.46), Propositions 3.4 and 3.5, and the fact that γ0l = e−(iρ−
λ
c )LεγLl holds by the

Floquet–Bloch boundary condition (3.1), we have∥∥∥P̃ s
f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)∥∥∥ ≤ Cν

((
ε

2
3 + |λ|

)
∥βr∥+ e−ϑν/ε∥γr∥

)
,∥∥∥P̃ s

b,ν

(
1
ν

)
, ψ
(
ξinuf,ε,ν

)∥∥∥ ≤ Cν

((
ε

2
3 + |λ|

)
∥βl∥+ e−ϑν/ε∥γLl ∥

)
,

(3.51)
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where we used 0 < ε, |λ| ≪ ν ≪ 1 and (2.11). Therefore, applying Proposition 3.7 and using (3.47)
and (3.48), we obtain

γuf = F3(βl, β
L
lf , γlf), (3.52)

provided 0 < ε, |λ| ≪ ν ≪ 1, where F3 is a linear map satisfying∥∥F3(βl, β
L
lf , γlf)

∥∥ ≤ Cν

((
ε

2
3 + |λ|

)
∥βl∥+ e−ϑν/ε

(
∥βLlf ∥+ ∥γlf∥

))
. (3.53)

Similarly, we have

γlf = F4(βr, βuf , γuf), (3.54)

where F4 is a linear map satisfying

∥F4(βr, βuf , γuf)∥ ≤ Cν

((
ε

2
3 + |λ|

)
∥βr∥+ e−ϑν/ε (∥βuf∥+ ∥γuf∥)

)
. (3.55)

Combining the estimates (3.48), (3.50), (3.53), and (3.55), we solve the system (3.47), (3.49), (3.52)
and (3.54) of linear equations for γuf , γlf and γl, γr and obtain

γuf = F5

(
βl, βr, βuf , β

L
lf

)
,

γlf = F6

(
βl, βr, βuf , β

L
lf

)
,

γLl = F7

(
βl, βr, βuf , β

L
lf

)
,

γr = F8

(
βl, βr, βuf , β

L
lf

)
,

(3.56)

provided 0 < ε, |λ| ≪ ν ≪ 1, where F5, F6, F7 and F8 are linear maps obeying

∥F5

(
βl, βr, βuf , β

L
lf

)
∥ ≤ Cν

((
ε

2
3 + |λ|

)
∥βl∥+ e−ϑν/ε

(
∥βr∥+ ∥βuf∥+ ∥βLlf ∥

))
,

∥F6

(
βl, βr, βuf , β

L
lf

)
∥ ≤ Cν

((
ε

2
3 + |λ|

)
∥βr∥+ e−ϑν/ε

(
∥βl∥+ ∥βuf∥+ ∥βLlf ∥

))
,

and

∥Fj

(
βl, βr, βuf , β

L
lf

)
∥ ≤ Cνe

−ϑν/ε
(
∥βl∥+ ∥βr∥+ ∥βuf∥+ ∥βLlf ∥

)
for j = 7, 8.

Precluding spectrum for ℜ(λ) ≥ ε1/5. For ℜ(λ) ≥ ε1/5 the estimates (3.40) and (3.41) hold, providing
a tame bound on the backward growth in the center-unstable direction of the solution ψ(ξ) along the
lower and upper fold points. We show that these estimates preclude the existence of a nontrivial solution
to (2.15)-(3.1) for any ρ ∈ U . More specifically, we derive a homogeneous linear system in the remaining free
variables βl/r and βuf/lf and show that its determinant is nonzero. Consequently, it must hold βl/r, βuf/lf = 0,
implying γl/r, γuf/lf = 0 via (3.56). This, in turn, yields that ψ(ξ) must be identically zero.

Provided 0 < ε, |λ| ≪ ν ≪ 1 and ℜ(λ) ≥ ε1/5, Proposition 3.7 yields∥∥P cu
uf

(
ξinuf,ε,ν

)
ψ
(
ξinuf,ε,ν

)∥∥ ≤ Cνe
νℜ(λ)

cε ∥βuf∥.

Hence, applying Proposition 3.7 and using (3.51) and (3.56), we arrive at

βl = G1(βl, βr, βuf , β
L
lf ), (3.57)

where G1 is a linear map satisfying

∥G1(βl, βr, βuf , β
L
lf )∥ ≤ Cν

(
e

νℜ(λ)
cε ∥βuf∥+

(
ε

2
3 + |λ|

)
∥βl∥+ e−

ϑν
ε
(
∥βr∥+ ∥βLlf ∥

))
. (3.58)
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Similarly, we have

βr = G2(βl, βr, βuf , β
L
lf ), (3.59)

where G2 is a linear map obeying

∥G2(βl, βr, βuf , β
L
lf )∥ ≤ Cν

(
e

νℜ(λ)
cε ∥βLlf ∥+

(
ε

2
3 + |λ|

)
∥βr∥+ e−

ϑν
ε (∥βl∥+ ∥βuf∥)

)
. (3.60)

Next, by estimate (3.46), Propositions 3.4 and 3.5, and the fact that γ0l = e−(iρ−
λ
c )LεγLl , we have∥∥P cu

r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)∥∥ ≤ Cν

(
∥βr∥+ e−ϑν/ε∥γr∥

)
,∥∥∥P cu

l,ε,λ,ν

(
ξout,0lf,ε,ν

)
ψ
(
ξout,0lf,ε,ν

)∥∥∥ ≤ Cν

(
∥βl∥+ e−ϑν/ε∥γLl ∥

)
,

where we used 0 < ε, |λ| ≪ ν ≪ 1 and (2.11). So, applying Propositions 3.3, 3.6, and 3.7 and recalling the
identities β0lf = e−(iρ−

λ
c )LεβLlf and γ0l = e−(iρ−

λ
c )LεγLl , while using (2.11), (3.56), 0 < ε, |λ| ≪ ν ≪ 1 and

ℜ(λ) ≥ ε1/5, we establish

βuf = G3(βl, βr, βuf , β
L
lf ),

βLlf = G4(βl, βr, βuf , β
L
lf ),

(3.61)

where G3 and G4 are linear maps satisfying

∥G3(βl, βr, βuf , β
L
lf )∥ ≤ Cν

(
∥βr∥+ e−

ϑν
ε
(
∥βl∥+ ∥βuf∥+ ∥βLlf ∥

))
,

∥G4(βl, βr, βuf , β
L
lf )∥ ≤ Cν

(
e−

ℜ(λ)
c

Lε∥βl∥+ e−
ϑν
ε
(
∥βr∥+ ∥βuf∥+ ∥βLlf ∥

))
.

(3.62)

The equations (3.57), (3.59) and (3.61) comprise a homogeneous system of four linear equations in the
variables βl/r and βuf/lf of the form

1 + a1,ε,λ,ν b1,ε,λ,ν e
νℜ(λ)

cε c1,ε,λ,ν b2,ε,λ,ν

b3,ε,λ,ν 1 + a2,ε,λ,ν b4,ε,λ,ν e
νℜ(λ)

cε c2,ε,λ,ν
b5,ε,λ,ν c3,ε,λ,ν 1 + b6,ε,λ,ν b7,ε,λ,ν

e−
ℜ(λ)

c
Lεc4,ε,λ,ν b8,ε,λ,ν b9,ε,λ,ν 1 + b10,ε,λ,ν



βl
βr
βuf
βlf

 = 0, (3.63)

where, by estimates (3.58), (3.60) and (3.62), the coefficients obey

|aj,ε,λ,ν | ≤ Cν

(
ε

2
3 + |λ|

)
, j = 1, 2,

|bj,ε,λ,ν | ≤ Cνe
−ϑν

ε , j = 1, . . . , 10,

|cj,ε,λ,ν | ≤ Cν , j = 1, . . . , 4.

So, combining the latter with estimate (2.11), one readily obtains that, provided 0 < ε, |λ| ≪ ν ≪ 1 and
ℜ(λ) ≥ ε1/5, the determinant dε,λ,ν of the (4× 4)-matrix system (3.63) can be approximated as

|dε,λ,ν − 1| ≤ Cν

(
ε

2
3 + |λ|

)
,

yielding dε,λ,ν ̸= 0. This implies that βl/r, βuf/lf = 0 and, via (3.56), also that γl/r, γuf/lf = 0. Therefore,
ψ(ξ) vanishes identically. We conclude that (2.15)-(3.1) possesses no nontrivial solution for any ρ ∈ U .
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Matching at ξ = ξinlf,ε,ν and ξ = ξinuf,ε,ν. We continue with the derivation of the main formula (3.42).
Having expressed the variables γl/r and γuf/lf in terms of αf/b, βf/b, and βuf/lf through (3.56), we proceed
with solving for αf and βf by matching at ξ = ξinlf,ε,ν . By Proposition 3.6, we have that

P cu
lf,ε,λ,ν

(
ξinlf,ε,ν

)
ψ
(
ξinlf,ε,ν

)
=

Ulf

Vlf
Wlf

 (βLlf ),

provided λ ∈ R1,ε(µ) and 0 < ε≪ µ≪ ν ≪ 1, where the linear maps Ulf , Vlf ,Wlf satisfy∥∥∥∥(Ulf

Vlf

)
(βLlf )− αu

lf(β
L
lf ; ε, λ)

(
u′ε
v′ε

)(
ξinlf,ε,ν

)∥∥∥∥ ≤ Cν

(
∥βLlf ∥+ |λ log |λ|| · |βL3,lf |

)
,∣∣∣∣∣∣Wlf(β

L
lf )− εβL3,lf

w′
ε

(
ξinlf,ε,ν

)
w′
ε

(
ξout,Llf,ε,ν

)
∣∣∣∣∣∣ ≤

(
Cνε |λ log |λ||+ εη(ν)

∣∣∣Υlf(λε
−1/6)

∣∣∣) |βL3,lf |
+ Cνε∥βLlf ∥

(3.64)

and where αu
lf and η(ν) are as in Proposition 3.6. By the definition of βf , we have

βfΨf,ν

(
1
ν

)
= P̃ c

f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)
= P̃ c

f,ν

(
1
ν

)Ulf

Vlf
Wlf

 (βLlf ) + γlf

 .

To determine βf , we note that the third component of both Ψf,ν

(
1
ν

)
and P̃ c

f,ν(
1
ν )e3 equals 1 by Proposi-

tion 3.2, so we can ignore the first two components and write ∗
∗
βf

 =

 ∗
∗

Wlf(β
L
lf )

+ P̃ c
f,ν

(
1
ν

)
γlf .

Hence, by using estimate (3.39) in Proposition 3.6 and the bounds (3.45), (3.56), and (3.64), we arrive at

βf = F9(αf , βf , αb, βb, βuf , β
L
lf ), (3.65)

where the linear map F9 satisfies∣∣∣∣∣∣F9(αf , βf , αb, βb, βuf , β
L
lf )− εβL3,lf

w′
ε

(
ξinlf,ε,ν

)
w′
ε

(
ξout,Llf,ε,ν

)
∣∣∣∣∣∣ ≤

(
Cνε |λ log |λ||+ εη(ν)

∣∣∣Υlf(λε
−1/6)

∣∣∣) |βL3,lf |
+ Cνε∥βLlf ∥+ Cν

(
ε
(
ε

2
3 + |λ|

)
(|αf |+ |βf |) + e−ϑν/ε

(
|αb|+ |βb|+ ∥βuf∥+ ∥βLlf ∥

))
.

Similarly, using Proposition 3.2, we compute

αfΦf

(
1
ν

)
= P̃ u

f,ν

(
1
ν

)
ψ
(
ξinlf,ε,ν

)
= P̃ u

f,ν

(
1
ν

)Ulf

Vlf
0

+ P̃ u
f,ν

(
1
ν

)
P s
lf,ε,λ,ν

(
ξinlf,ε,ν

)
ψ
(
ξinlf,ε,ν

)

= αu
lf(β

L
lf ; ε, λ)Φf

(
1
ν

)
+ P̃ u

f,ν

(
1
ν

)
αu
lf(β

L
lf ; ε, λ)



u′ε

(
ξinlf,ε,ν

)
v′ε

(
ξinlf,ε,ν

)
0

− Φf

(
1
ν

)

+ P̃ u
f,ν

(
1
ν

)
Ulf

Vlf
0

− αu
lf(β

L
lf ; ε, λ)


u′ε

(
ξinlf,ε,ν

)
v′ε

(
ξinlf,ε,ν

)
0


+ P̃ u

f,ν

(
1
ν

)
γlf
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so that, by Propositions 2.2 and 3.6, and estimates (3.45), (3.56), and (3.64), we have

αf = F10(αf , βf , αb, βb, βuf , β
L
lf ), (3.66)

provided λ ∈ R1,ε(µ) and 0 < ε≪ µ≪ ν ≪ 1, where the linear map F10 satisfies∣∣F10(αf , βf , αb, βb, βuf , β
L
lf )− αu

lf(β
L
lf ; ε, λ)

∣∣ ≤ Cν

(
ε

2
3 |αu

lf(β
L
lf ; ε, λ)|+ ∥βLlf ∥+ |λ log |λ|| |βL3,lf |

+
(
ε

2
3 + |λ|

)2
(|αf |+ |βf |) + e−ϑν/ε (|αb|+ |βb|+ ∥βuf∥)

)
.

(3.67)

Proposition 2.2 yields ∣∣∣∣ε−1w′
ε

(
ξout,Llf,ε,ν

)
+

1

c
(ul(ν)− γf(ul(ν))− a)

∣∣∣∣ ≤ Cνε
2
3 ,∣∣∣∣ε−1w′

ε

(
ξout,Llf,ε,ν

)
+

1

c
(u1 − γf(u1)− a)

∣∣∣∣ ≤ Cδ0(ν).

(3.68)

Combining the latter with (3.67) and Proposition 3.6, while using the fact that u1 − γf(u1) − a ̸= 0, we
obtain ∣∣∣∣∣F10(αf , βf , αb, βb, βuf , β

L
lf ) + cβL3,lf

1−Υlf(λε
−1/6)

ul(ν)− γf(ul(ν))− a

∣∣∣∣∣
≤
(
Cν

(
ε

2
3 + |λ log |λ||

)
+ Cη(ν)

∣∣∣Υlf(λε
−1/6)

∣∣∣) ∣∣βL3,lf ∣∣
+ Cν

(
∥βLlf ∥+

(
ε

2
3 + |λ|

)2
(|αf |+ |βf |) + e−ϑν/ε (|αb|+ |βb|+ ∥βuf∥)

)
,

provided λ ∈ R1,ε(µ) and 0 < ε ≪ µ ≪ ν ≪ 1. Solving (3.65) and (3.66) for (αf , βf) by the implicit
function theorem and using (3.68) and Proposition 2.2, we establish

αf = −cβL3,lf
1−Υlf(λε

−1/6)

ul(ν)− γf(ul(ν))− a
+ F11(αb, βb, βuf , β

L
lf ),

βf = εβL3,lf
uf(

1
ν )− γf(u2)− a

ul(ν)− γf(ul(ν))− a
+ εF12(αb, βb, βuf , β

L
lf ),

(3.69)

provided λ ∈ R1,ε(µ) and 0 < ε≪ µ≪ ν ≪ 1, where the linear maps F11, F12 satisfy∣∣Fj(αb, βb, βuf , β
L
lf )
∣∣ ≤ Cν

(
∥βLlf ∥+ e−ϑν/ε (|αb|+ |βb|+ ∥βuf∥)

)
+
(
Cν

(
ε

2
3 + |λ log |λ||

)
+ Cη(ν)

∣∣∣Υlf(λε
−1/6)

∣∣∣) |βL3,lf |.
for j = 11, 12. For the matching at ξ = ξinuf,ε,ν , we proceed similarly as above and solve for (αb, βb) in terms
of the other variables, from which we obtain

αb = −cβ3,uf
1−Υuf(λε

−1/6)

ur(ν)− γf(ur(ν))− a
+ F13(αf , βf , βuf , β

L
lf ),

βb = εβL3,lf
ub(

1
ν )− γf(ū2)− a

ur(ν)− γf(ur(ν))− a
+ εF14(αf , βf , βuf , β

L
lf ),

(3.70)

where the linear maps F13, F14 satisfy∣∣Fj(αf , βf , βuf , β
L
lf )
∣∣ ≤ Cν

(
∥βuf∥+ e−ϑν/ε

(
|αf |+ |βf |+ ∥βLlf ∥

))
+
(
Cν

(
ε

2
3 + |λ log |λ||

)
+ Cη(ν)

∣∣∣Υuf(λε
−1/6)

∣∣∣) |β3,uf |,
for j = 13, 14.
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Matching at ξ = ξoutuf,ε,ν and ξ = ξout,Llf,ε,ν . By Proposition 3.4, at ξ = ξoutuf,ε,ν we have the estimates∥∥P u
r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)∥∥ ≤ Cνe
−ϑν/ε (|αf |+ |βf |+ ∥γr∥) ,∥∥P c

r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)∥∥ ≤ Cν

(
|βf |+

(
ε

2
3 + |λ|

)
|αf |+ e−ϑν/ε∥γr∥

)
,

(3.71)

provided 0 < ε, |λ| ≪ ν ≪ 1. Recalling the definition of βuf , we write

βuf = P cu
r,ε,λ,ν

(
ξoutuf,ε,ν

) (
1− P s

uf,ε,λ,ν

(
ξoutuf,ε,ν

))
ψ
(
ξoutuf,ε,ν

)
+
[
P cu
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
− P cu

r,ε,λ,ν

(
ξoutuf,ε,ν

)]
βuf

= P cu
r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)
+
[
P cu
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
− P cu

r,ε,λ,ν

(
ξoutuf,ε,ν

)]
βuf

− P u
r,ε,λ,ν

(
ξoutuf,ε,ν

) (
P s
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
− P s

r,ε,λ,ν

(
ξoutuf,ε,ν

)) (
γr + P cu

r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

))
.

(3.72)

So, using Propositions 3.3 and 3.7 and applying estimates (3.45), (3.56), and (3.71), we have that

∥βuf∥ ≤ Cν

(
|βf |+

(
ε

2
3 + |λ|

)
|αf |+ e−ϑν/ε

(
|αb|+ |βb|+ ∥βLlf ∥

))
, (3.73)

provided λ ∈ R1,ε(µ) and 0 < ε ≪ µ ≪ ν ≪ 1. We obtain more detailed estimates by bounding the fast
and slow components of βuf = (β1,uf , β2,uf , εβ3,uf)

⊤ separately. To bound the fast components of βuf , we
write

βuf = P cu
r,ε,λ,ν

(
ξoutuf,ε,ν

)
βuf +

[
P cu
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
− P cu

r,ε,λ,ν

(
ξoutuf,ε,ν

)]
βuf

= P c
r,ε,λ,ν

(
ξoutuf,ε,ν

)
βuf +

[
P cu
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
− P cu

r,ε,λ,ν

(
ξoutuf,ε,ν

)]
βuf

+ P u
r,ε,λ,ν

(
ξoutuf,ε,ν

) (
1− P s

uf,ε,λ,ν

(
ξoutuf,ε,ν

))
ψ
(
ξoutuf,ε,ν

)
= P c

r,ε,λ,ν

(
ξoutuf,ε,ν

)
βuf +

[
P cu
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
− P cu

r,ε,λ,ν

(
ξoutuf,ε,ν

)]
βuf + P u

r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

)
− P u

r,ε,λ,ν

(
ξoutuf,ε,ν

) (
P s
uf,ε,λ,ν

(
ξoutuf,ε,ν

)
− P s

r,ε,λ,ν

(
ξoutuf,ε,ν

)) (
γr + P cu

r,ε,λ,ν

(
ξoutuf,ε,ν

)
ψ
(
ξoutuf,ε,ν

))
.

(3.74)

Applying Proposition 3.7 and the bounds (3.45), (3.56), (3.71), and (3.73) to (3.74), as well as the esti-
mates (3.10) and (3.15) in Proposition 3.3 and its proof, we arrive at

β1,uf = F15(βuf , αf , αb, βf , βb, β
L
lf ),

β2,uf = F16(βuf , αf , αb, βf , βb, β
L
lf ),

where the linear maps Fj , j = 15, 16 satisfy

|Fj(βuf , αf , αb, βf , βb, β
L
lf )|

≤ Cν

(
ε|β3,uf |+

(
ε

2
3 + |λ|

)
(|β1,uf |+ |β2,uf |) + e−ϑν/ε

(
|αf |+ |βf |+ |αb|+ |βb|+ ∥βLlf ∥

))
.

Solving this system for β1,uf and β2,uf , we obtain

β1,uf = F17(β3,uf , αf , αb, βf , βb, β
L
lf ),

β2,uf = F18(β3,uf , αf , αb, βf , βb, β
L
lf ),

provided λ ∈ R1,ε(µ) and 0 < ε≪ µ≪ ν ≪ 1, where the linear maps Fj , j = 17, 18 satisfy

|Fj(βuf , αf , αb, βf , βb, β
L
lf )| ≤ Cν

(
ε|β3,uf |+ e−ϑν/ε

(
|αf |+ |βf |+ |αb|+ |βb|+ ∥βLlf ∥

))
,

whence we obtain the estimate

∥βuf∥ ≤ Cν

(
ε|β3,uf |+ e−ϑν/ε

(
|αf |+ |βf |+ |αb|+ |βb|+ ∥βLlf ∥

))
. (3.75)
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Focusing on the third (slow) component in (3.72) and using Propositions 3.3, 3.4, and 3.7 and esti-
mates (3.45), (3.56), and (3.75), we find that∣∣∣∣εβ3,uf − ur(ν)− γf(ur(ν))− a

u2 − γf(u2)− a

(
βf +

ε

c

(
uf(

1
ν )− u2

)
αf

)∣∣∣∣
≤ Cν

((
ε

1
3 + |λ|

)
(|βf |+ ε|αf |) + e−ϑν/ε (∥γr∥+ ∥βuf∥)

)
≤ Cνe

−ϑν/ε
(
|αb|+ |βb|+ ∥βuf∥+ ∥βLlf ∥

)
+ Cν

(
ε

1
3 + |λ|

)
(|βf |+ ε|αf |) ,

(3.76)

provided λ ∈ R1,ε(µ) and 0 < ε≪ µ≪ ν ≪ 1. At ξ = ξout,Llf,ε,ν , proceeding similarly as above, we obtain

∥β0lf∥ ≤ Cν

(
ε|β03,lf |+ e−ϑν/ε

(
|αf |+ |βf |+ |αb|+ |βb|+ ∥βuf∥+ ∥βLlf ∥

))
(3.77)

and ∣∣∣∣εβ03,lf − ul(ν)− γf(ul(ν))− a

ū2 − γf(ū2)− a

(
βb +

ε

c

(
ub(

1
ν )− ū2

)
αb

)∣∣∣∣
≤ Cν

((
ε

1
3 + |λ|

)
(|βb|+ ε|αb|) + e−ϑν/ε

(
∥γ0l ∥+ ∥βLlf ∥

))
≤ Cνe

−ϑν/ε
(
|αf |+ |βf |+ ∥βuf∥+ ∥βLlf ∥

)
+ Cν

(
ε

1
3 + |λ|

)
(|βb|+ ε|αb|) .

(3.78)

From (3.73) and (3.77), and employing the Floquet condition (3.1) and possibly shrinking ϑν > 0, we
arrive at

∥βuf∥ ≤ Cν

(
ε|β3,uf |+ e−ϑν/ε

(
|αf |+ |βf |+ |αb|+ |βb|+ |βL3,lf |

))
,

∥β0lf∥ ≤ Cν

(
ε|β03,lf |+ e−ϑν/ε (|αf |+ |βf |+ |αb|+ |βb|+ |β3,uf |)

)
,

∥βLlf ∥ ≤ Cν

(
ε|βL3,lf |+ e−ϑν/ε (|αf |+ |βf |+ |αb|+ |βb|+ |β3,uf |)

)
,

(3.79)

provided λ ∈ R1,ε(µ) and 0 < ε≪ µ≪ ν ≪ 1.

The main formula. We begin by solving (3.69) and (3.70) for αf , βf , αb, and βb in terms of β3,uf and
βL3,lf . Using (3.79), we obtain

αf + cβL3,lf
1−Υlf(λε

−1/6)

ul(ν)− γf(ul(ν))− a
= F19(β3,uf , β

L
3,lf),

βf − εβL3,lf
uf(

1
ν )− γf(u2)− a

ul(ν)− γf(ul(ν))− a
= εF20(β3,uf , β

L
3,lf),

and

αb + cβ3,uf
1−Υuf(λε

−1/6)

ur(ν)− γf(ur(ν))− a
= F21(β3,uf , β

L
3,lf),

βb − εβL3,lf
ub(

1
ν )− γf(ū2)− a

ur(ν)− γf(ur(ν))− a
= εF22(β3,uf , β

L
3,lf),

provided λ ∈ R1,ε(µ) and 0 < ε≪ µ≪ ν ≪ 1, where Fj , j = 19, 20, 21, 22 are linear maps satisfying∣∣Fj(β3,uf , β
L
3,lf)
∣∣ ≤ (Cν

(
ε

2
3 + |λ log |λ||

)
+ Cη(ν)

∣∣∣Υuf(λε
−1/6)

∣∣∣) |βL3,lf |+ Cνe
−ϑν/ε|β3,uf |
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for j = 19, 20 and∣∣Fj(β3,uf , β
L
3,lf)
∣∣ ≤ (Cν

(
ε

2
3 + |λ log |λ||

)
+ Cη(ν)

∣∣∣Υuf(λε
−1/6)

∣∣∣) |β3,uf |+ Cνe
−ϑν/ε|βL3,lf |

for j = 21, 22. Employing these estimates in (3.76) and (3.78), applying Proposition 2.2, using esti-
mates (3.68) and (3.79), and dividing by ε, we arrive at∣∣∣∣∣β3,uf − βL3,lf

ur(ν)− γf(ur(ν))− a

ul(ν)− γf(ul(ν))− a

(
1 +

(u1 − u2)Υlf(λε
−1/6)

u2 − γf(u2)− a

)∣∣∣∣∣
≤
(
Cν

(
ε

1
3 + |λ log |λ||

)
+ Cη(ν)

∣∣∣Υuf(λε
−1/6)

∣∣∣) |βL3,lf |+ Cνe
−ϑν/ε|β3,uf |.

Similarly, we obtain∣∣∣∣∣β03,lf − β3,uf
ul(ν)− γf(ul(ν))− a

ur(ν)− γf(ur(ν))− a

(
1 +

(ū1 − ū2)Υuf(λε
−1/6)

ū2 − γf(ū2)− a

)∣∣∣∣∣
≤
(
Cν

(
ε

1
3 + |λ log |λ||

)
+ Cη(ν)

∣∣∣Υuf(λε
−1/6)

∣∣∣) |β3,uf |+ Cνe
−ϑν/ε|βL3,lf |.

Using Proposition 2.2, employing the Floquet condition (3.1), solving for β3,uf in terms of βL3,lf , and sub-

stituting into the second estimate, we factor out βL3,lf and deduce that

e−(iρ−
λ
c )Lε =

(
1 +

(u1 − u2)Υlf(λε
−1/6)

u2 − γf(u2)− a

)(
1 +

(ū1 − ū2)Υuf(λε
−1/6)

ū2 − γf(ū2)− a

)
+Rε(λ),

provided λ ∈ R1,ε(µ) and 0 < ε≪ µ≪ ν ≪ 1, where Rε(λ) is as in (3.43).

3.6 Analysis of the main formula

We proceed by analyzing the main formula (3.42) of Proposition 3.8 which controls the spectrum in the
region R1(µ). It is helpful to consider the following four subregions

R1,1,ε(µ) := B0

(
1
2µε

1
6

)
R1,2,ε(ς, µ,M) :=

{
λ ∈ R1(µ) \R1,1,ε(µ) : |ℜ(λ)| ≤ ςε

1
6 , |ℑ(λ)| ≤Mε

1
6

}
R1,3,ε(ς, µ,M) :=

{
λ ∈ R1(µ) : |ℜ(λ)| ≤ ςε

1
6 , |ℑ(λ)| ≥Mε

1
6

}
,

R1,4,ε(µ) :=
{
λ ∈ R1(µ) : ℜ(λ) ≥ ε

1
5

}
,

where 0 < ς ≪ µ ≪ 1 ≪ M are chosen independently of ε > 0; see Figure 14. The fact that there is no
spectrum in the region R1,4,ε(µ) follows immediately from Proposition 3.8. Furthermore, the union of the
remaining regions satisfies

R1,1,ε(µ) ∪R1,2,ε(ς, µ,M) ∪R1,3,ε(ς, µ,M) ⊂ R1,ε(µ),

where R1,ε(µ) is defined in Proposition 3.8, so that the main formula (3.42) is valid throughout these three
regions. We consider each region separately as the associated estimates are slightly different in each.

3.6.1 The region R1,1,ε(µ)

We begin with the analysis of the main formula in the region R1,1,ε(µ), which is the most delicate as it
contains the critical spectral curve which touches the imaginary axis at the origin. In the following, we use
analytic function theory to obtain an expansion for the critical curve and verify the quadratic tangency
which is needed for diffusive spectral stability of the wave trains.
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Figure 14: Shown are the subregions R1,1,ε(µ), R1,2,ε(ς, µ,M), R1,3,ε(ς, µ,M), and R1,4,ε(µ), of the ball R1(µ) ⊂ C.

Proposition 3.9. Let 0 < a < 1
2 , 0 < γ < γ∗(a), and c > c∗(a). Fix δ > 0. Provided 0 < ε ≪ µ ≪ 1,

there exist an open interval Iε ⊂ R containing 0 and a smooth function λε : Iε → C such that λ ∈ R1,1,ε(µ)
is a solution of the main formula (3.42) for some ρ ∈ R if and only if we have λ = λε(ρ̃) for some ρ̃ ∈ Iε.
In addition, it holds λε(0) = ℜ(λ′ε(0)) = 0, ℜ(λε(ρ)) < 0 for ρ ∈ Iε \ {0}, and∣∣λ′ε(0)− ic

∣∣ ≤ δ,

∣∣∣∣λ′′ε(0) + 2κc3

L0
ε

2
3

∣∣∣∣ ≤ δε
2
3 (3.80)

where L0 = Lr + Ll > 0 is defined by (2.7) and (2.8), and κ > 0 is given by

κ := −2Ω0(1− a+ a2)1/3

3c2

(
1

(u1 − γf(u1)− a)1/3(u2 − γf(u2)− a)

+
1

(ū1 − γf(ū1)− a)1/3(ū2 − γf(ū2)− a)

)
,

(3.81)

with −Ω0 < 0 denoting the largest zero of the Airy function Ai(z) (see Appendix C).

Proof. In this proof, C ≥ 1 denotes a λ-, ν-, µ- and ε-independent constant, which will be taken larger, if
necessary. Moreover, Cν ≥ 1 denotes a λ-, µ-, and ε-independent constant, which will be taken larger if
necessary.

We use Proposition C.2 to expand

Υj(z) = I0

(
− z2

θjc3

)
= − 2Ω0

3θjc3
z2 +O(z4) (3.82)
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for z ∈ C with |z| ≪ 1 and j = uf, lf, where I0 is given by (C.1). On the other hand, Proposition 2.2 yields
the expansion

L0

Lε
= ε+O(ε

4
3 ), (3.83)

for 0 < ε ≪ 1. We take the principal complex logarithm of the main formula (3.42), multiply by L0/Lε,
and insert the expansions (3.82) and (3.83). Using the identities (2.6) and (3.36) and the residual esti-
mate (3.43), we arrive at

iρL0 −
λ

c
L0 + κε

2
3λ2 = hε,ν(λ) (3.84)

for ρ ∈ U , 0 < ε ≪ µ ≪ ν ≪ 1, and λ ∈ B0(µε
1/6), where U ⊂ C is, as in §3.5, a µ-, ε-, λ-, and ν-

independent bounded open set containing the interval [−π/Lε, π/Lε) and the function hε,ν : B0(µε
1/6) → C

enjoys the estimate

|hε,ν(λ)| ≤ Cν

(
ε

4
3 + |λ|4ε

1
3 + |λ|ε| log(ε)|

)
+ Cη(ν)ε

2
3 |λ|2. (3.85)

By translational invariance, the eigenvalue problem (2.15)-(2.16) admits the nontrivial solution Ψ(ξ) =
(u′ε(ξ), v

′
ε(ξ), w

′
ε(ξ))

⊤ at (λ, ρ) = (0, 0). Hence, (λ, ρ) = (0, 0) must be a solution of (3.84) by Proposi-
tion 3.8, implying hε,ν(0) = 0.

Next, we show that hε,ν is an analytic function. First, we observe that (2.15)-(2.16) has a nontrivial
solution for λ, ρ ∈ C if and only if eiρLε is an eigenvalue of the monodromy matrix Tε(Lε, 0;λ), where
Tε(ξ, y;λ) denotes the evolution of system (2.15). By [65, Lemma 2.1.4] the evolution Tε(ξ, y;λ) depends
analytically on λ ∈ C, since its coefficient matrix does. Denote by eiρ1,ε(λ)Lε , eiρ2,ε(λ)Lε and eiρ3,ε(λ)Lε the
eigenvalues of Tε(Lε, 0;λ). By analytic perturbation theory, cf. [66, Chapter II.1], ρ1,ε, ρ2,ε and ρ3,ε can be
chosen to be continuous functions and the matrix Tε(Lε, 0;λ) has a constant number of distinct eigenvalues
for all λ ∈ C, except for a discrete set of exceptional points.

Arguing by contradiction, we suppose that λ0 ∈ B0(µε
1/6) is a point where we have ρi,ε(λ0) = ρj,ε(λ0) ∈

U for i, j ∈ {1, 2, 3} with i ̸= j. Then, using the continuity of ρi,ε and ρj,ε and applying Proposition 3.8, we
infer that there exists an open neighborhood Uε ⊂ B(µε1/6) of λ0 such that the pairs (ρi,ε(λ), λ), (ρj,ε(λ), λ)
lie in U × Uε and must obey the main formula (3.42) for all λ ∈ Uε. Hence, we have ρi,ε(λ) = ρj,ε(λ) for
each λ ∈ Uε. Since the set of exceptional points is discrete in C, this implies that there are at most
two distinct eigenvalues of Tε(Lε, 0;λ) for all λ ∈ C. This can however not be true at λ = 0, since
at λ = 0 the eigenvalue problem (2.15) coincides with the variational equation about the periodic orbit
(uε(ξ), vε(ξ), wε(ξ))

⊤ in (2.1), which is hyperbolic with a two-dimensional stable and a two-dimensional
unstable manifold by [22, Proposition 4.7]. That is, the monodromy matrix Tε(Lε, 0; 0) possesses three
distinct eigenvalues: one neutral eigenvalue 1, one eigenvalue with modulus > 1 and one eigenvalue with
modulus < 1. We conclude that for each λ ∈ B0(µε

1/6) eigenvalues eiρLε of Tε(Lε, 0;λ) with ρ ∈ U are
algebraically simple. Hence, by analytic perturbation theory, cf. [66, Chapter II.1], they depend analytically
on λ. Since (3.84) has a unique solution ρ ∈ U for each λ ∈ B0(µε

1/6) by estimate (3.87), there must be a
j0 ∈ {1, 2, 3} such that

hε,ν(λ) = iρj0,ε(λ)L0 −
λ

c
L0 + κε

2
3λ2

holds for each λ ∈ B0(µε
1/6). We conclude that hε,ν is analytic and ρj0,ε : B0(µε

1/6) → C is given by

ρj0,ε(λ) = −i
λ

c
+ i

1

L0

(
κε

2
3λ2 − hε,ν(λ)

)
.

By estimate (3.85) it holds

sup
λ∈B0(µε1/6)

∣∣∣κε 2
3λ2 − hε,ν(λ)

∣∣∣ ≤ Cνε
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for all 0 < ε≪ µ≪ ν ≪ 1. Hence, using Cauchy estimates on the first derivative, we obtain

∣∣ρ′j0,ε(λ) + ic−1
∣∣ ≤ sup

{∣∣∣κε 2
3 z2 − hε,ν(z)

∣∣∣ : z ∈ R1,1,ε(µ)
}

1
2µε

1/6
≤ Cνε

5
6 (3.86)

for all 0 < ε ≪ µ ≪ ν ≪ 1 and λ ∈ R1,1,ε(µ). Therefore, we find that, provided 0 < ε ≪ µ ≪ ν ≪ 1,
the analytic function ρj0,ε maps the ball R1,1,ε(µ) bijectively onto its image Vε, which must be open by
the open mapping theorem and contains the origin as ρj0,ε(0) = 0. By the holomorphic inverse function
theorem, its inverse λε : Vε → R1,1,ε(µ) must be analytic, too. Using that the interval [−π/Lε, π/Lε) is
contained in U , we conclude that there exists an open interval Iε ⊂ R such that λ ∈ R1,1,ε(µ) is a solution
of the main formula (3.42) for some ρ ∈ R if and only if we have λ = λε(ρ̃) for some ρ̃ ∈ Iε.

To obtain bounds on the spectral curve λε|Iε , we start by bounding the second derivative of ρj0,ε using
Cauchy estimates. Thus, with the aid of estimate (3.85) we arrive at∣∣∣∣ρ′′j0,ε(λ)− 2i

κ

L0
ε

2
3

∣∣∣∣ ≤ 2! sup {|hε,ν(z)| : z ∈ R1,1,ε(µ)}
1
4µ

2ε1/3

≤ Cνε
2
3

(
µ2 + µ−2ε

1
3 + µ−1ε

1
6 | log(ε)|

)
+ Cη(ν)ε

2
3

(3.87)

for all 0 < ε ≪ µ ≪ ν ≪ 1 and λ ∈ R1,1,ε(µ). So, provided 0 < ε ≪ µ ≪ ν ≪ 1, we find that the
real function ρRε : (−1

2µε
1/6, 12µε

1/6) → R given by ρRε (ω) = ℜρj0,ε(iω) is strictly convex. Moreover, by real
symmetry of the problem, it must hold ρ′j0,ε(0) ∈ R, implying ρRε (0) = 0 =

(
ρRε
)′
(0). We conclude that

ρRε (ω) attains a strict minimum at ω = 0 and is thus strictly positive for all ω ∈ (−1
2µε

1/6, 12µε
1/6) \ {0}.

That is, the spectral curve λε|Iε does not touch the imaginary axis other than at the origin, at which we
have

λε(0) = 0, λ′ε(0) =
1

ρ′j0,ε(0)
, λ′′ε(0) = −

ρ′′j0,ε(0)(
ρ′j0,ε(0)

)3 (3.88)

by the inverse function theorem. Using estimate (3.87) and recalling ρ′j0,ε(0) ∈ R, we observe that λRε : Iε →
R with λRε (ρ) = ℜλε(ρ) satisfies

(
λRε
)′
(0) = 0 and

(
λRε
)′′

(0) < 0, as desired. Finally, using (3.86), (3.87),
and (3.88), we obtain (3.80).

3.6.2 The region R1,2,ε(ς, µ,M)

We preclude the existence of unstable spectrum in the region R1,2,ε(ς, µ,M) by showing that any solution
λ ∈ R1,2,ε(ς, µ,M) to the main formula (3.42) must have strictly negative real part. To this end, we use
the Airy function expansions from Appendix C and exploit monotonicity properties of the functions Υuf

and Υlf .

Proposition 3.10. Let 0 < a < 1
2 and 0 < γ < γ∗(a). Fix µ > 0. Provided 0 < ε ≪ ς ≪ 1, any solution

λ ∈ R1,2,ε(ς, µ, ς
−1/2) of the main formula (3.42) satisfies ℜ(λ) < 0.

Proof. In this proof, C ≥ 1 denotes a λ-, ε-, ν-, and ς-independent constant, which will be taken larger, if
necessary. Throughout the proof, we use the abbreviations λr = ε−1/6ℜ(λ) and λi = ε−1/6ℑ(λ).

Provided 0 < ε ≪ ς ≪ 1, we have, for λ ∈ R1,2,ε(ς, µ, ς
−1/2), that 1

4µ ≤ |λi| ≤ ς−1/2 and |λr| ≤ ς so
that ∣∣∣∣ λ2ε1/3

+ λ2i

∣∣∣∣ ≤ C
√
ς, ℜ

(
λ2

ε1/3

)
≤ ς2.

Hence, using the mean value theorem in combination with Proposition C.2, we estimate∣∣∣∣Υj

(
λ

ε1/6

)
− I0

(
λ2i
θjc3

)∣∣∣∣ = ∣∣∣∣I0(− λ2

θjc3ε1/3

)
− I0

(
λ2i
θjc3

)∣∣∣∣ ≤ C
√
ς,

∣∣∣∣I0( λ2i
θjc3

)∣∣∣∣ ≤ C (3.89)
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for j = lf, uf, provided 0 < ε ≪ ς ≪ 1 and λ ∈ R1,2,ε(ς, µ, ς
−1/2), where the function I0 is given by (C.1).

Thus, taking absolute values in the main formula (3.42) and using (3.89) and Proposition 3.8, we arrive at

e
ℜ(λ)

c
Lε ≤

∣∣∣∣∣∣
1−

(u2 − u1)I0

(
λ2
i

θlfc3

)
u2 − γf(u2)− a

1−
(ū2 − ū1)I0

(
λ2
i

θufc3

)
ū2 − γf(ū2)− a

∣∣∣∣∣∣+ Cη(ν) (3.90)

provided 0 < ε ≪ ς ≪ ν ≪ 1 and λ ∈ R1,2,ε(ς, µ, ς
−1/2). We proceed by showing that the right-hand

side of (3.90) is strictly less than one for λ ∈ R1,2,ε(ς, µ, ς
−1/2). By Proposition C.2, the function I0(z) is

strictly increasing on [0,∞) with I0(0) = 0 and I0(z) → 1 as z → ∞. Hence, using that

u2 − u1
u2 − γf(u2)− a

> 0,
ū2 − ū1

ū2 − γf(ū2)− a
> 0,

we observe that the functions

Alf(z) := 1−
(u2 − u1)I0

(
z2

θlfc3

)
u2 − γf(u2)− a

, Auf(z) := 1−
(ū2 − ū1)I0

(
z2

θufc3

)
ū2 − γf(ū2)− a

are strictly decreasing on [0,∞). Therefore, we have that

1 = Alf(0) > Alf

(
1
4µ
)
≥ Alf(z) ≥ lim

w→∞
Alf(w) =

u1 − γf(u1)− a

u2 − γf(u2)− a

and

1 = Auf(0) > Auf

(
1
4µ
)
≥ Auf(z) ≥ lim

w→∞
Auf(w) =

ū1 − γf(ū1)− a

ū2 − γf(ū2)− a

for z ≥ 1
4µ, where we used that f(u1) = f(u2) and f(ū1) = f(ū2). Recalling the expressions (1.4), (1.5),

and (1.6) for u1, ū1, u2, and ū2 and using that f(u1) = f(u2) < 0, f(ū1) = f(ū2) > 0, 0 < a < 1
2 , and

γ > 0, we establish

0 >
u1 − γf(u1)− a

u2 − γf(u2)− a
>
u1 − a

u2 − a
> −1

2
, 0 >

ū1 − γf(ū1)− a

ū2 − γf(ū2)− a
>
ū1
ū2

> −2

so that

Alf(z) > −1

2
, Auf(z) > −2

for z ≥ 0. Hence, if the product |Alf(z)||Auf(z)| is ever equal to one for z ≥ 1
4µ, it must occur at a value

of z∗ ≥ 1
4µ such that Alf(z∗) ≥ 1

2 > 0 and Auf(z∗) ≤ −1 < 0, so that Alf(z∗)Auf(z∗) = −1. Let z∗ ≥ 1
4µ

be such that Alf(z∗) > 0 and Auf(z∗) < 0. Then, there exists 0 < z− < z∗ < z+ such that Auf(z−) = 0
and Alf(z+) = 0, so that Alf(z)Auf(z) achieves its minimum on the interval (z−, z+). We show that this
minimum is strictly greater than −1. For z ∈ (z−, z+), we have

Alf(z)Auf(z) =

1−
(u2 − u1)I0

(
z2

θlfc3

)
u2 − γf(u2)− a

1−
(ū2 − ū1)I0

(
z2

θufc3

)
ū2 − γf(ū2)− a


>

1−
(u2 − u1)I0

(
z2

θufc3

)
u2 − γf(u2)− a

1−
(ū2 − ū1)I0

(
z2

θufc3

)
ū2 − γf(ū2)− a


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due to the fact that θuf > θlf for 0 < a < 1
2 and 0 < γ < γ∗(a); see (3.36). The right-hand side of the latter

is quadratic in I0(z
2/(θufc

3)). Using (2.6), one finds that it reaches its minimum when

(u2 − u1)I0

(
z2

θufc3

)
=

1

2
(u2 − γf(u2)− ū2 + γf(ū2)) ,

so that, using 0 < a < 1
2 and 0 < γ < γ∗(a) < 6, we have that

Alf(z)Auf(z) >
(u2 − γf(u2)− a+ ū2 − γf(ū2)− a)2

4(ū2 − γf(ū2)− a)(u2 − γf(u2)− a)

= − (1− 2a)2(9 + (−2− a+ a2)γ)2

27(9 + 2(2− 5a+ 5a2)γ + (−1 + a)2a2γ2)
> −1

3
.

Therefore, the quantity |Alf(z)Auf(z)| is uniformly bounded away from 1 for z ≥ 1
4µ. Thus, by taking

0 < ε ≪ ς ≪ ν ≪ 1, we can ensure that the right-hand side of (3.90) is strictly bounded away from 1 for
λ ∈ R1,2,ε(ς, µ, ς

−1/2) and hence any solution of (3.42) in this region must satisfy ℜ(λ) < 0.

3.6.3 The region R1,3,ε(ς, µ,M)

Finally, we prove that any solution λ ∈ R1,3,ε(ς, µ,M) of the main formula (3.42) must have strictly
negative real part. This follows by studying the limiting behavior of the functions Υuf(z) and Υlf(z) as
z → ∞.

Proposition 3.11. Let 0 < a < 1
2 and 0 < γ < γ∗(a). Provided 0 < ε ≪ ς, µ, 1/M ≪ 1, any solution

λ ∈ R1,3,ε(ς, µ,M) of the main formula (3.42) satisfies ℜ(λ) < 0.

Proof. We proceed similarly to the proof of Proposition 3.10. Again C ≥ 1 denotes a λ-, ε-, ν-, M -,
and ς-independent constant, which will be taken larger, if necessary. Moreover, we use the abbreviations
λr = ε−1/6ℜ(λ) and λi = ε−1/6ℑ(λ).

Provided 0 < ε≪ ς, 1/M, µ≪ 1, we have, for λ ∈ R1,3,ε(ς, µ,M), that M ≤ |λi| ≤ µε−1/6 and |λr| ≤ ς
so that

ℜ
(
λ2

ε1/3

)
= λ2r − λ2i ≤ −M

2

2
.

Therefore, Proposition C.2 yields∣∣∣Υj(λε
−1/6)− 1

∣∣∣ = ∣∣∣∣I0(− λ2

θjc3ε1/3

)
− 1

∣∣∣∣ ≤ 1

Ai′(−Ω0)2

∫ ∞

−Ω0

e
− M2

2θjc
3 (s+Ω0)

Ai(s)2ds

= 1− I0

(
M2

2θjc3

)
≤ C

M4
,

for j = uf, lf, provided 0 < ε ≪ ς, 1/M, µ ≪ 1 and λ ∈ R1,3,ε(ς, µ,M), where the function I0 is given
by (C.1). Thus, Proposition 3.8 implies

e
ℜ(λ)

c
Lε =

∣∣∣∣(1 + u1 − u2
u2 − γf(u2)− a

)(
1 +

ū1 − ū2
ū2 − γf(ū2)− a

)∣∣∣∣+ Cη(ν), (3.91)

provided 0 < ε≪ ς, µ, 1/M ≪ ν ≪ 1 and λ ∈ R1,3,ε(ς, µ,M).
We proceed by showing that the right-hand side of (3.91) is strictly less than one from which we

can deduce that any solution λ ∈ R1,3,ε(ς, µ,M) of (3.42) must satisfy ℜ(λ) < 0. Recalling the formu-
lae (1.4), (1.5), and (1.6) for u1, ū1, u2, and ū2, we compute(

1 +
u1 − u2

u2 − γf(u2)− a

)(
1 +

ū1 − ū2
ū2 − γf(ū2)− a

)
=
a(1− a)

(
9−

(
2 + 4a− 4a2

)
γ + a(1− a)γ2

)
9 + 2 (2− 5a+ 5a2) γ + (1− a)2a2γ2

.
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We note that the prefactors in front of the γ-terms in both the numerator and denominator have no zeros
in the region 0 < a < 1

2 , so every term has fixed sign. We also note that γ∗(a) < 6 for 0 < a < 1
2 . Hence,

we estimate

a(1− a)
(
9−

(
2 + 4a− 4a2

)
γ + a(1− a)γ2

)
9 + 2 (2− 5a+ 5a2) γ + (1− a)2a2γ2

≤
a(1− a)

(
9 + a(1− a)γ2

)
9

≤ 1

2

and

a(1− a)
(
9−

(
2 + 4a− 4a2

)
γ + a(1− a)γ2

)
9 + 2 (2− 5a+ 5a2) γ + (1− a)2a2γ2

≥ −
a(1− a)

(
2 + 4a− 4a2

)
γ

9
≥ −1

2
,

from which we deduce that the right-hand side of (3.91) is strictly less than 1, provided 0 < ε≪ ς ≪ µ≪
ν ≪ 1 ≪M and λ ∈ R1,3,ε(ς, µ,M), and hence ℜ(λ) < 0.

3.7 Proof of Proposition 2.4

The result follows by combining Propositions 3.8, 3.9, 3.10, and 3.11.

4 Eigenvalue problem near the fold points

The proof of Proposition 2.4, particularly the analysis of the main formula in §3.6, relies on the estimates
of Propositions 3.6-3.7 regarding the behavior of the eigenvalue problem (2.15) on the intervals Ilf and Iuf ,
along which the wave train passes through small neighborhoods of the lower left and upper right folds,
respectively. In this section, we prove Propositions 3.6-3.7 through a careful analysis of (2.15) along these
intervals. We develop an approach based on geometric desingularization techniques [20, 69], which we
apply to the system obtained by coupling the linearized eigenvalue problem to the existence problem for
the wave trains [22].

The key challenge is the lack of a uniform (ε, λ)-independent spectral gap between the center and
unstable spatial eigenvalues as the wave train passes near the nonhyperbolic folds; it is therefore not possible
to construct (ε, λ)-uniform exponential trichotomies for the eigenvalue problem (2.15) for small λ ∈ R1(µ)
on the intervals Ilf and Iuf . A spectral gap is nevertheless present between the center-unstable and stable
dynamics. Therefore, guided by the structure of the existence problem, as described in §4.1, we derive a
change of coordinates which separates the two-dimensional (nonhyperbolic) center-unstable dynamics from
the (hyperbolic) stable dynamics. Based on the structure of the resulting linearized problem, in §4.2 we
propose a simplified model which identifies the key terms, particularly those capturing the leading-order
effect of the eigenvalue parameter λ, from which we derive the expected leading-order behavior of the
eigenvalue problem (2.15) near the folds. Informed by the behavior of the toy model, in §4.3 we return
to the full problem, and we derive precise estimates for the behavior of the eigenvalue problem in the
(nonhyperbolic) center-unstable space. Finally, we obtain tame estimates in §4.4 for the dynamics in the
case ℜ(λ) ≥ ε1/5, and complete the proof of Propositions 3.6-3.7 in §4.5.

Notation. Throughout this section, we use the notation f = O(g) to denote |f | ≤ C|g|, where C is a
constant which can be taken independent of 0 < ε, |λ| ≪ ν ≪ 1.

4.1 Setup and local coordinates

We study the eigenvalue problem (2.15) in a neighborhood of the lower fold point (u,w) = (u1, f(u1)),
which we rewrite as

Ψξ = (A0(ξ; ε) + λB)Ψ, A0(ξ, ε) :=

 0 1 0
−f ′(uε(ξ)) −c 1

− ε
c 0 εγ

c

 , B :=

−1
c 0 0
1 −1

c 0
0 0 0

 . (4.1)
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We recall from §2.1.4 that in a neighborhood of the fold point, in the existence problem (2.1), there
exists a smooth change of coordinates which reduces the nontrivial dynamics to a two-dimensional center
manifold, in which one can employ blow-up desingularization techniques to track the wave-train solution
around the nonhyperbolic fold. Here, we derive an analogous local coordinate system to analyze (4.1).

The wave-train solution Uε(ξ) = (uε, u
′
ε, wε)(ξ) satisfies the first-order system (2.1), which we write in

the form

Uξ = F(U), (4.2)

where U = (u, v, w), F(U) = (v,−cv − f(u) + w,−ε/c(u− γw − a)). As described in §2.1.4, for any k > 0,
there exists a neighborhood of the origin V ⊂ R3 and a Ck-change of coordinates Nε : V → R3 such that
the map U = (u1, 0, f(u1))

⊤ + Nε(V ) transforms (2.1) to the system (2.9), in which the nonhyperbolic
center dynamics on a local (non-unique) two-dimensional center manifold Wc := {(x, y, z) ∈ V : z = 0}
are decoupled from the normally hyperbolic z-dynamics. Following the analysis in [22], tracking the two-
dimensional unstable manifold Wu(Γε) of the periodic orbit Γε corresponding to the wave train into a
neighborhood of the fold, Wu(Γε) enters such a neighborhood aligned exponentially close in ε to the
unstable manifold Wu(Mr

ε) of the right slow manifold, and transverse to the strong stable fibers of the
two-dimensional center manifold Wc; hence Wu(Γε) aligns along Wc and subsequently along the unstable
manifold Wu(Mr

ε) of the right slow manifold Mr
ε. In a neighborhood of the fold point, we exploit the

invariance of the manifold Wu(Γε) and choose coordinates relative to this manifold which will simplify the
analysis for the existence and stability problems.

In particular, we note that Wu(Γε) is itself a two-dimensional normally attracting locally invariant
center-like manifold in a neighborhood of the fold point (and hence represents a choice of the non-unique
center manifold Wc). Therefore, choosing coordinates relative to this manifold, and straightening the
corresponding strong stable fibers, results in a vector field of the same form as (2.9), in which now the
manifold Wu(Γε) is represented by z = 0. Slightly abusing notation, we continue to denote this coordinate
transformation by Nε.

Summarizing the above discussion, there exist an ε-independent neighborhood of the origin V ⊂ R3

and a change of coordinates Nε : V → R3 (see also e.g. [20]) such that the map U = (u1, 0, f(u1))
⊤+Nε(V )

transforms the existence problem (4.2) to the system

Vξ = G(V ), (4.3)

where V = (x, y, z) and

G(V ) =

 g1(x, y; ε)
g2(x, y; ε)
g3(x, y, z; ε)

 =


f ′′(u1)
2β1c

x2 − β1

β2
y +O

(
ε, xy, x3

)
− εβ2

c2

(
u1 − γf(u1)− a− x

β1
− γcy

β2
+O

(
ε, x2, xy, y2

))
z (−c+O (x, y, z, ε))

 .

The map Nε satisfies

N0 := N ′
0(0) =

− 1
β1

0 1

0 1
β2

−c
0 c

β2
0

 , N−1
0 :=

−β1 −β1

c
β1

c2

0 0 β2

c
0 −1

c
1
c2

 ,

where

β1 = (a2 − a+ 1)1/3(u1 − γf(u1)− a)−1/3, β2 = c(a2 − a+ 1)1/6(u1 − γf(u1)− a)−2/3.

Thus, the linear map N ′
0(0) transforms the system into its Jordan normal form for ε = 0. In the (x, y, z)-

coordinates, Wu(Γε) is given by the subspace z = 0, and is parameterized by the (x, y)-coordinates. In
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these coordinates, the wave train Γε(ξ) is given by Uε(ξ) = (u1, 0, f(u1))
⊤ + Nε(Vε(ξ)) where Vε(ξ) =

(xε(ξ), yε(ξ), 0). Furthermore, we have that

N ′
ε(Vε) = N0 + (nij(x, y; ε))i,j=1,2,3 , (4.4)

where

nij(x, y; ε) = O(|x|+ |y|+ ε), i = 1, 2, j = 1, 2, 3

n3j(x, y; ε) = O(ε), j = 1, 2, 3.

As described in §2.1.4, in this local coordinate system, for ε = 0 the critical manifold M0 is determined
by the conditions z = 0 and g1(x, y; 0) = 0, locally taking the form of an upward facing parabola centered
at the origin (x, y) = (0, 0), with the left and right branches of the parabola representing Ml

0 and Mm
0 ,

respectively; see Figure 10. the dynamics of (4.3) in the subspace z = 0 can be analyzed using blow-up
desingularization techniques; in particular, by tracking the perturbed manifold Ml

ε around the fold [20,

§4], it is known that the extended manifold Ml,+
0 (2.10) obtained by appending the positive x-axis to Ml

0

perturbs to a locally invariant manifold Ml,+
ε which is O(ε2/3)-close in C0 to Ml,+

0 and O(ε1/3)-close in

C1 to Ml,+
0 . Furthermore, following the analysis in [22, Proposition 4.7], tracking the periodic orbit Γε

backwards around the fold, we deduce that Γε is C1-O(e−ϑν/ε)-close to Ml,+
ε in the neighborhood V for

some ϑν > 0. Hence we can characterize the behavior of the wave train Γε in these local coordinates in
the same manner as the manifold Ml,+

ε , up to exponentially small errors. For sufficiently small ε0 > 0, we
denote Ml,+ := ∪0≤ε≤ε0M

l,+
ε

We have the following, due to [20, 22], Proposition 2.2, and the above discussion.

Lemma 4.1. There exists a continuous function η : [0,∞) → [0,∞) satisfying η(0) = 0 such that, provided
0 < ε ≪ ν ≪ 1, there exist ε-independent constants Cν , ϑν > 0 such that the following holds. On
the interval Ilf the periodic orbit Γε of (2.1) corresponding to the wave-train solution (uε, wε)(ξ) is C1-

O(e−ϑν/ε)-close to Ml,+
ε , and can be represented by a solution (x, y, z) = (xε(ξ), yε(ξ), 0) of (2.9) satisfying

sup
ξ∈Ilf

|xε(ξ)|+ |yε(ξ)| ≤ η(ν)

and

(xε, yε)
(
ξinlf,ε,ν

)
= (xin(ν, ε), yin(ν, ε)),

(xε, yε)
(
ξout,Llf,ε,ν

)
= (xout(ν, ε), yout(ν, ε)),

where xin/out, yin/out are continuous functions satisfying

|xin(ν, ε)− xin(ν, 0)|, |yin(ν, ε)|, |xout(ν, ε)− xout(ν, 0)|, |yout(ν, ε)− yout(ν, 0)| ≤ Cνε
2/3,

0 < xin(ν, 0) < η(ν), −η(ν) < xout(ν, 0) < 0 < yout(ν, 0) < η(ν)

and g1(xout(ν, 0), yout(ν, 0); 0) = 0.

We now turn to the linearized stability problem (4.1), which we transform to this same local coordinate
system, in the following lemma.

Lemma 4.2. For any k > 0 and 0 < ν ≪ 1, there exist µ, ε0 > 0 and a Ck-change of coordinates
R1(µ) × (0, ε0) × Ilf × C3 → C3 defined by Ψ = Nε,λ(ξ)Φ, where Nε,λ(ξ) = N ′

ε(Vε(ξ)) + O(λ), and a
rescaling ζ = θlfξ which transforms the linearized equation (4.1) to the system

Xζ = X

(
−2x− λ2

θlfc3
+O(x2, y, ε, λx, λ3)

)
+ Y (1 +O(x, y, ε, λ)) ,

Yζ = O(εX, εY ),

Zζ =

(
− c

θlf
+O(x, y, ε, λ)

)
Z,

(4.5)
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where the wave train (x, y)(ζ) = (xε, yε)(ζ/θlf) satisfies the equation

xζ = −x2 + y +O(xy, y2, x3, ε),

yζ = ε (1 +O(x, y, ε))

on the interval ξ = ζ/θlf ∈ Ilf .

Proof. We first transform Ψ = N ′
ε(Vε(ξ))Φ̃, where Φ̃ = (X̃, Ỹ , Z̃)⊤, which results in the system

Φ̃ξ =
(
Ā(xε(ξ), yε(ξ); ε) + λB̄(xε(ξ), yε(ξ); ε)

)
Φ̃, (4.6)

where Ā(x, y; ε) = G′ ((x, y, 0)⊤) and
B̄(x, y; ε) =

[
N ′

ε

(
(x, y, 0)⊤

)]−1
BN ′

ε

(
(x, y, 0)⊤

)
=

 b11(x, y, ε)
β1

β2c2
+ b12(x, y, ε) −1 + b13(x, y, ε)

εb21(x, y, ε) εb22(x, y, ε) εb23(x, y, ε)
1

β1c
+ b31(x, y, ε)

1
c2β2

+ b32(x, y, ε) −2
c + b33(x, y, ε)


with bij(x, y, ε) = O(x, y, ε). Since the wave-train solution is confined to the invariant manifold Wu(Γε)
given by the subspace z = 0, we can restrict our attention to this subspace and note that solutions of the
eigenvalue problem (4.6) are given by solutions of the system

Φ̃ξ =
(
Ā(x, y; ε) + λB̄(x, y; ε)

)
Φ̃, (4.7)

where (x, y) = (xε(ξ), yε(ξ)) satisfies

xξ = g1(x, y; ε),

yξ = g2(x, y; ε).

This reduction effectively factors out the local hyperbolic dynamics in the existence problem.
We now aim to similarly factor out the corresponding hyperbolic dynamics in the linearized Φ̃-variables.

Note that when (x, y) = (xε(ξ), yε(ξ)) and λ = 0, the derivative Φ̃ = V ′
ε (ξ) of the wave train satisfies

the linearized equation Φ̃ξ = Ā(x, y; ε)Φ̃, which has a normally attracting invariant subspace given by
{Z̃ = 0}, foliated by strong stable fibers. In general, this manifold (and its stable foliation) persists as a
normally attracting invariant manifold in (4.7) for small |λ|. We therefore seek a coordinate transformation
(X̃, Ỹ , Z̃) 7→ Φ = (X,Y, Z), linear in the variables Φ̃ = (X̃, Ỹ , Z̃), which shifts this manifold to the subspace
{Z = 0} for small |λ|, and straightens its stable fibers. The goal of this transformation is to preserve the
linearity of the vector field in the linearized coordinates, while block diagonalizing the system in order to
separate the strong stable hyperbolic dynamics from the non-hyperbolic dynamics near the fold.

To achieve this, we first consider the alternative system

Vξ = G(V ),

W̃ξ = G(V + W̃ )− G(V ) + λB̄(x, y; ε)W̃ ,
(4.8)

where V = (x, y, z), and W̃ = (W̃1, W̃2, W̃3). Note that linearizing the W̃ -equation about the solution
(V, W̃ ) = (Vε, 0) results in precisely the eigenvalue problem (4.6). Considering (4.8) in the invariant
subspace z = 0, when λ = 0, there exists a normally attracting invariant submanifold given by the
subspace W̃3 = 0. For λ ∈ R1(µ), for µ > 0 sufficiently small, we therefore obtain a λ-dependent local
center manifold of (4.8) which is contained in the subspace z = 0 [26]. We now perform a near-identity
coordinate transformation W̃ = Hε,λ(W,V ) =W +O(λ), where W = (W1,W2,W3) which transforms this
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center manifold to the subspace W3 = 0 and straightens its strong stable fibers. A short computation
shows that this transformation satisfies

DWHε,λ(0, Vε) = I + λ (Hij(x, y; ε, λ))i,j=1,2,3 , (4.9)

where

H1j(x, y; ε, λ) = O (|x|+ |y|+ |ε|+ |λ|) ,
H2j(x, y; ε, λ) = O(ε),

H31(x, y; ε, λ) =
1

β1c2
+O (|x|+ |y|+ |ε|+ |λ|) ,

H32(x, y; ε, λ) =
1

β2c3
+O (|x|+ |y|+ |ε|+ |λ|) ,

H33(x, y; ε, λ) = 0

for j = 1, 2, 3. Linearizing the resulting system about the solution (V,W ) = (Vε, 0) reduces to the linearized
equations

Xξ = θlfX

(
−2x− λ2

θlfc3
+O(x2, y, ε, λx, λ3)

)
+ θlfY (1 +O(x, y, ε, λ)) ,

Yξ = O(εX, εY ),

Zξ = (−c+O(x, y, ε, λ))Z,

(4.10)

where

−f
′′(u1)

2β1c
= −β1

β2
= θlf := −(a2 − a+ 1)1/6(u1 − γf(u1)− a)1/3

c
> 0.

The corresponding transformation to obtain (4.10) directly from (4.6) is therefore achieved by setting

Φ̃ =

XY
Z

 = Hε,λ(ξ)Φ,

where the matrix Hε,λ(ξ) := DWHε,λ(0, Vε(ξ)). Returning to (4.1), we therefore obtain a Ck-change of
coordinates Ψ = Nε,λ(ξ)Φ, linear in Φ, where

Nε,λ(ξ) := N ′
ε(Vε(ξ))Hε,λ(ξ) (4.11)

and a rescaling ζ = θlfξ which transforms (4.1) to (4.5).

Results analogous to Lemma 4.1 and Lemma 4.2 hold for the wave train Γε and (4.1) near the upper
fold (u,w) = (ū1, f(ū1)) on the interval Iuf .

4.2 A simplified system

Motivated by the results of Lemma 4.2, we first ignore higher order terms and consider a simpler toy model
for the eigenvalue problem in the XY Z-coordinates near the fold

Xζ = −2xX + Y − λ2

θlfc3
X,

Yζ = 0,

Zζ = − c

θlf
Z.

(4.12)
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The wave-train solution (x, y)(ζ) = (xε, yε)(ζ/θlf) is assumed to satisfy the corresponding existence problem
with higher order terms ignored

xξ = −x2 + y,

yξ = ε.
(4.13)

We abbreviate ξin = ξinlf,ε,ν , ξout = ξout,Llf,ε,ν and define ζin = θlfξin, ζout = θlfξout, and we let xin := x(ζin), yout =
y(ζout), noting that xin, yout > 0 are bounded away from zero independently of ε by Lemma 4.1. We consider
the problem of solving (4.12) subject to the boundary conditions

X (ζout) = Xout, Y (ζout) = εYout, Z (ζin) = Zin,

where Xout, Yout, Zin ∈ C. The choice of scaling the Y -coordinate by ε is for convenience (see below).
From the form of the equations, we immediately see that Y (ζ) ≡ εYout, while Z(ζ) = Zine

−c(ζ−ζin)/θlf ;
in particular the stable Z-dynamics are completely decoupled from the center-unstable XY -dynamics, in
which Y remains constant. Hence it remains to determine X(ζ).

By the discussion in §4.1, the wave-train solution is exponentially close to the perturbed manifold Ml,+
ε

obtained by tracking the perturbed critical manifold Ml
0 backwards around the fold. In the simplified

system (4.13), Ml
0 is simply given by the branch of the parabola y = x2 in the region x < 0. Thus x(ζ) is

described by the equation

xζ = −x2 + yout + ε(ζ − ζout).

Up to exponentially small errors, we obtain that

x(ζ) = ε1/3xR

(yout
ε2/3

+ ε1/3 (ζ − ζout)
)
,

y(ζ) = yout + ε(ζ − ζout)

is the solution of (4.13) corresponding to Ml,+
ε ; here the bijective function xR : (−Ω0,∞) → R is the unique

monotonically increasing solution of the Riccati equation

xs = −x2 + s (4.14)

that satisfies

s ∼ x2R +
1

2xR
+O

(
1

x3R

)
, xR → −∞,

s ∼ −Ω0 +
1

xR
+O

(
1

x3R

)
, xR → ∞,

(4.15)

where Ω0 is the smallest positive zero of J̄(s) := J− 1
3
(2s3/2/3) + J 1

3
(2s3/2/3), where J± 1

3
are Bessel func-

tions of the first kind [69]. By writing x = ϕs

ϕ , we can re-express (4.14) as the Airy equation

ϕss = sϕ,

where the conditions (4.15) ensure that ϕ(s) = Ai(s), the Airy function satisfying Ai(s) → 0 as s → ∞,
where −Ω0 is the first zero of Ai(s).

We note that Y (ζ) = εYout = Youty
′(ζ), and set

X(ζ) = Youtx
′(ζ) + X̃(ζ),

which results in the equation

X̃ζ = −2xX̃ − λ2

θlfc3
X̃ − λ2

θlfc3
Youtx

′(ζ),
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from which we obtain the solution

X̃(ζ) = Xoute
−

∫ ζ
ζout

2x(ζ̃)+ λ2

θlfc
3 dζ̃ − λ2

θlfc3
Yout

∫ ζ

ζout

e

∫ ζ

−ζ̃
2x(ζ̄)+ λ2

θlfc
3 dζ̄x′(ζ̃)dζ̃.

Letting s := yout
ε2/3

+ ε1/3(ζ − ζout) and similarly for ζ̃, ζ̄, with

(sin, sout) :=
(yout
ε2/3

+ ε1/3(ζin − ζout),
yout

ε2/3

)
, (4.16)

and using the fact that xR(s) =
Ai′(s)
Ai(s) , we have that

X̃(ζin) = Xout
Ai(sout)

2

Ai(sin)2
e

λ2

ε1/3θlfc
3
(sout−sin)

+
λ2ε1/3

θlfc3Ai(sin)2
Yout

∫ sout

sin

e
λ2

ε1/3θlfc
3
(s−sin) (

sAi(s)2 −Ai′(s)2
)
ds.

Using (4.15) and (4.16), Lemma 4.1, and properties of the Airy function Ai (see Lemma C.1(iii)) we have
that

|sin +Ω0| ≤ Cνε
1/3

and

X̃(ζin) = Xout
x′(ζin)

x′(ζout)

soutAi(sout)
2 −Ai′(sout)

2

sinAi(sin)2 −Ai′(sin)2
e

λ2

ε1/3θlfc
3
(sout−sin)

+
λ2Youtx

′(ζin)

ε1/3θlfc3 (sinAi(sin)2 −Ai′(sin)2)

∫ sout

sin

e
λ2

ε1/3θlfc
3
(s−sin) (

sAi(s)2 −Ai′(s)2
)
ds,

We deduce that, for λ satisfying |λε−1/6| ≪ 1 or ℜ(λ2) < 0 (or equivalently, |ℜ(λ)| < |ℑ(λ)|), there exist
Cν , ϑν > 0 such that∣∣∣X̃(ζin) + Υlf

(
λε−1/6

)
Youtx

′(ζin)
∣∣∣ ≤ Cν

(
e−ϑν/ε|Xout|+ |λ|2|Yout|

)
+ Cν(ε

1/3 + |λ|2)
∣∣∣Ilf (λε−1/6

)
Youtx

′(ζin)
∣∣∣ ,

where

Υlf(z) :=
z2

θlfc3Ai
′(−Ω0)2

∫ ∞

−Ω0

e
z2

θlfc
3 (s+Ω0) (

sAi(s)2 −Ai′(s)2
)
ds.

The properties of the function Υlf(z) are described in Appendix C.
Returning to the boundary value problem associated with (4.12), given exit conditions Xout, Yout ∈ C,

we therefore obtain a solution of (4.12) satisfying Y (ζ) ≡ εYout, X(ζout) = Xout, and corresponding entry
conditions at ζ = ζin

X(ζin) = Youtx
′(ζin)

(
1−Υlf

(
λε−1/6

))
+ h.o.t.

Y (ζin) = Youtε = Youty
′(ζin).

(4.17)

In effect, at ζ = ζin the corresponding solution to the linearized problem (4.12) resembles a multiple of the
derivative (x′, y′)(ζ) (which solves (4.12) for λ = 0), up to a leading-order correction in X(ζ) described
by the function Υlf

(
λε−1/6

)
due to the presence of the λ2X term in (4.12). In the next section, we

return to (4.5) and focus on the center-unstable XY -dynamics. Guided by (4.17), we solve an analogous
boundary value problem in the full XY dynamics of (4.5) including all higher-order terms, and we precisely
characterize the resulting estimates on the solution.
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4.3 Blow-up analysis of the center-unstable XY -dynamics

Guided by the analysis in §4.2, we now consider the full XY -dynamics. Coupling the existence problem
to the eigenvalue problem through the fold, rescaling θlfξ = ζ, and restricting to the invariant subspace
Z = 0, we have the following

xζ = −x2 + y +O(xy, y2, x3, ε),

yζ = ε (1 +O(x, y, ε)) ,

Xζ = X

(
−2x− λ2

θlfc3
+O(x2, y, ε, λx, λ3)

)
+ Y (1 +O(x, y, ε, λ)) ,

Yζ = O(εX, εY ).

(4.18)

Here, we note that the wave-train solution (xε, yε)(ζ/θlf) satisfies the first two equations on the rescaled
interval ζ ∈ [ζin, ζout] corresponding to ξ ∈ Ilf , where we abbreviate ξin := ξinlf,ε,ν , ξout := ξout,Llf,ε,ν and write
ζin= θlfξin, ζout = θlfξout. The derivative (x, y)′(ζ) satisfies the linearized equations in the last two com-
ponent of (4.18) when taking (x, y)(ζ) = (xε, yε)(ζ/θlf) and λ = 0. Guided by the results of §4.2, for
0 < µ < M , we define

Λε(µ,M) = Λr,ε(µ,M) ∪ Λc,ε(µ,M),

where

Λr,ε(µ,M) =
{
λ ∈ C : |ℜ(λ)| ≤ µε1/6, |ℑ(λ)| ≤Mε1/6

}
,

Λc,ε(µ,M) =
{
λ ∈ C : |ℜ(λ)| ≤ µM−1|ℑ(λ)|,Mε1/6 ≤ |ℑ(λ)| ≤ µ

}
define rectangular and (partial) cone-shaped regions, respectively, near λ = 0. See Figure 15 for a depiction
of the regions Λr,ε(µ,M) ∪ Λc,ε(µ,M) = Λε(µ,M). Note that the union Λε(µ,M) contains the subregion
R1,ε(µ) =

{
λ ∈ R1(µ) : |ℜ(λ)| ≤ µε1/6

}
of Proposition 3.8, and in particular contains the union of the three

subregions R1,i,ε, i = 1, 2, 3 analyzed in §3.6. We recall the function

Υlf(z) =
z2

θlfc3
1

Ai′(−Ω0)2

∫ ∞

−Ω0

e
z2

θlfc
3 (s+Ω0) (

sAi(s)2 −Ai′(s)2
)
ds,

where Ai(s) denotes the Airy function and where −Ω0 is largest zero of Ai(s), or equivalently Ω0 is the
smallest positive zero of J̄(z) := J− 1

3
(2z3/2/3) + J 1

3
(2z3/2/3), where J± 1

3
are Bessel functions of the first

kind. We have the following.

Proposition 4.3. Fix M > 0. There exists a continuous function η : [0,∞) → [0,∞) with η(0) = 0 such
that, provided 0 < ε ≪ ν ≪ µ ≪ 1, for each (Xout, Yout) ∈ C2 and λ ∈ Λε(µ,M), there exists a solution
ψ0
lf = (x, y,X0

lf , Y
0
lf ) : [ζin, ζout] → R2 × C2 of (4.18) with (x, y)(ζ) = (xε, yε)(ζ/θlf), which satisfies

X0
lf (ζout) = Xout,

Y 0
lf (ζout) = εYout.

Moreover, there exist (ε, λ)-independent constants Cν , ϑν > 0 such that the solution satisfies the following
estimates ∣∣X0

lf (ζin)− αx
lf,ν(Yout; ε, λ)x

′
ε (ζin/θlf)

∣∣ ≤ Rx
lf,ν(Xout, Yout; ε, λ),∣∣∣∣Y 0

lf (ζin)− εYout
y′ε (ζin/θlf)

y′ε (ζout/θlf)

∣∣∣∣ ≤ Ry
lf,ν(Xout, Yout; ε, λ),
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Figure 15: (Left) Depicted are the regions Λr,ε(µ,M)∪Λc,ε(µ,M) = Λε(µ,M). (Right) Shown are the regions Λr,ε(µ,M) and
Λc,ε(µ,M) overlaid on the (unlabeled) regions R1,1,ε(µ), R1,2,ε(ς, µ,M), R1,3,ε(ς, µ,M), and R1,4,ε(µ) from §3.6; compare with
Figure 14.

where αx
lf,ν and Rx

lf,ν ,R
y
lf,ν satisfy

αx
lf,ν(Yout; ε, λ) =

εYout
y′ε (ζout/θlf)

(
1−Υlf

(
λε−1/6

)
+O

(
η(ν)Υlf

(
λε−1/6

)))
,

Rx
lf,ν(Xout, Yout; ε, λ) =

{
Cν (|Xout|+ (ε+ |λ log ε|) |Yout|) , λ ∈ Λr,ε(µ,M),

Cν (|Xout|+ (ε+ |λ log |λ||)|Yout|) , λ ∈ Λc,ε(µ,M),

Ry
lf,ν(Xout, Yout; ε, λ) =

{
Cνε |Xout|+

(
Cνε (ε+ |λ log ε|) + εη(ν)

∣∣Υlf

(
λε−1/6

)∣∣) |Yout| , λ ∈ Λr,ε(µ,M),

Cνε|Xout|+ (Cνε (ε+ |λ log |λ||) + εη(ν))|Yout|, λ ∈ Λc,ε(µ,M),

To solve the full eigenvalue problem (4.18) when (x, y)(ζ) = (xε, yε)(ζ/θlf) and λ ̸= 0, we use blow-up
methods as in the existence problem; see §2.1. In the existence problem, as with the blow-up of a canonical
fold point [69], the strategy is to append the equation εζ = 0 and perform a quasi-homogeneous spherical
blow-up transformation for the three coordinates (x, y, ε) given by

(x̄, ȳ, ε̄, r̄) 7→ (x, y, ε) = (r̄x̄, r̄2ȳ, r̄3ε̄),

where (x̄, ȳ, ε̄) ∈ S2. Here, we perform the same procedure for the coupled existence-stability prob-
lem (4.18), which necessitates simultaneously applying a blow-up transformation to (X,Y, λ). Based on
the analysis of §4.2, we expect the linearized solution (X,Y ) to behave like the derivative (xζ , yζ) of the
solution to the existence problem, hence the weights for (X,Y ) are chosen accordingly. Again inspired by
the analysis in §4.2, we further choose the weight for λ to retain the anticipated leading-order λ2X-term in
the X-equation in (4.18). We correspondingly adjust the scalings from the existence problem to avoid frac-
tional powers of the scaling variable in each chart, due to the appearance of λ2 in the linearized equations.
This results in the blow-up transformation(

x̄, ȳ, ε̄, X̄, Ȳ , λ̄r̄
)
7→ (x, y, ε,X, Y, λ) =

(
r̄2x̄, r̄4ȳ, r̄6ε̄, r̄4X̄, r̄6Ȳ , r̄λ̄

)
,

where (x̄, ȳ, ε̄) ∈ S2 and (X̄, Ȳ , λ̄) ∈ C3.
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Figure 16: Shown is the setup for the proof of Proposition 4.3, outlining the charts Ki, i = 1, 2, 3, 4 where the solution is tracked
to solve the boundary value problem for the center-unstable (XY )-dynamics on the interval ξ ∈ Ilf . The sections Σ

in/out
∗

represent the entry/exit sections for solutions passing through the charts Ki, i = 1, 2, 3, 4, which are analyzed in §4.3.1–§4.3.4.

The solution must then be tracked through the three coordinate charts Ki, i = 1, 2, 3 as in the existence
problem; see [20, 22, 69]. An additional chart K4 will be needed to capture values of λ ∈ Λc,ε(µ,M),
corresponding to values of λ outside a small neighborhood of O(ε1/6) up to small O(1) values of ℑ(λ),
independent of ε.

In the chart K1, the transformation takes the form

x = r21x1, y = r41, ε = r61ε1, X = r41X1, Y = r61Y1, λ = r1λ1. (4.19)

Similarly in the chart K2, the transformation takes the form

x = r22x2, y = r42y2, ε = r62, X = r42X2, Y = r62Y2, λ = r2λ2 (4.20)

and in the chart K3, the transformation takes the form

x = r23, y = r43y3, ε = r63ε3, X = r43X3, Y = r63Y3, λ = r3λ3. (4.21)

Finally in the chart K4, we have the transformation

x4 = r24x4, y = r44y4, ε = r64ε4, X = r44X4, Y = r64Y4, λ = r4(λ4 + i). (4.22)

Note that this chart amounts to a rescaling by the real quantity r4 := ℑ(λ).
Based on the existence analysis in [22] (and the corresponding theory for passage through a generic fold

point [69]), the wave train (x, y)(ζ) = (xε, yε)(ζ/θlf) passes through each of the three charts, Ki, i = 1, 2, 3.
We denote by

Ii := [ζin,j , ζout,j ], i = 1, 2, 3

the ζ-intervals over which the wave train lies within each chart. Since we will refer to the geometric setup for
known results concerning passage through a nondegenerate fold point [20, 69], we have chosen the labelling
of charts to correspond to the notation in those works, though due to the direction of the flow (see Figures 11
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and 16), the wave train actually passes through each of the charts in the order K3 → K2 → K1, so that
that ζin,3 = ζin and ζout,1 = ζout and [ζin, ζout] = I3 ∪ I2 ∪ I1. For values of λ ∈ Λr,ε(µ,M), the eigenvalue
problem can be analyzed using these three charts; however, values of λ ∈ Λc,ε(µ,M) will require a detour
via the chart K4, instead of the chart K2; see Figure 16.

We will also make use of the fact that the derivative of the wave train, which we denote by (Xε, Yε)(ζ) :=
(x, y)′(ζ) where (x, y)(ζ) = (xε, yε)(ζ/θlf) satisfies the linearized equations when λ = 0. Motivated by the
analysis in §4.2 and the anticipated form of the solution (4.17), we write (X,Y ) = (αXε, αYε)+ (X̃, Ỹ ) for
α to be determined, and obtain the system

xζ = −x2 + y +O(xy, y2, x3, ε),

yζ = ε (1 +O(x, y, ε)) ,

Xζ = X

(
−2x− λ2

θlfc3
+O(x2, y, ε, λx, λ3)

)
+ Y (1 +O(x, y, ε, λ)) ,

+ αXε

(
− λ2

θlfc3
+O

(
λ(|x|+ |y|+ |ε|+ |λ|2

))
+O(αλYε),

Yζ = O(εX, εY, αελXε, αελYε),

(4.23)

where we have dropped the tildes on (X,Y ).
In the remainder of this section, we analyze (4.23) by deriving estimates satisfied by solutions of

boundary value problems in each of the charts K1 (§4.3.1), K2 (§4.3.2), K4 (§4.3.3), and K3 (§4.3.4). These
solutions are then matched to obtain a solution of (4.18) satisfying the estimates of Proposition 4.3, the
proof of which is presented in §4.3.5.

4.3.1 Chart K1

We begin in the chart K1, which upon applying the coordinate transformation (4.19), results in the system

(r1)ζ =
1

4
r31ε1F1(x1, r1, ε1),

(x1)ζ = r21

(
1− x21 −

1

2
ε1x1 +O(r21)

)
,

(ε1)ζ = −3

2
r21ε

2
1F1(x1, r1, ε1),

(X1)ζ = r21X1

(
−2x1 −

λ21
θlfc3

− ε1 +O(r1λ1, r
2
1)

)
+ r21Y1

(
1 +O(r1λ1, r

2
1)
)

+ α

(
1

2
r21ε1F1(x1, r1, ε1)x1 + (x1)ζ

)(
− λ21
θlfc3

+O(r1λ1)

)
+O(αr31ε1λ1),

(Y1)ζ = −3

2
r21ε1Y1F1(x1, r1, ε1) +O(r41ε1X1, r

6
1ε1Y1, αr1ε1λ1Xε, αr1ε1λ1Yε),

(λ1)ζ = −1

4
r21ε1λ1F1(x1, r1, ε1),
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where F1(x1, r1, ε1) = 1+O(r21). We now desingularize the system via the rescaling dz1 = r21dζ and obtain

r′1 =
1

4
r1ε1F1(x1, r1, ε1),

x′1 = 1− x21 −
1

2
ε1x1 +O(r21),

ε′1 = −3

2
ε21F1(x1, r1, ε1),

X ′
1 = X1

(
−2x1 −

λ21
θlfc3

− ε1 +O(r1λ1, r
2
1)

)
+ Y1

(
1 +O(r1λ1, r

2
1)
)

+ α

(
1

2
ε1F1(x1, r1, ε1)x1 + x′1

)(
− λ21
θlfc3

+O(r1λ1)

)
+O(αr1ε1λ1),

Y ′
1 = −3

2
ε1Y1F1(x1, r1, ε1) +O(r21ε1X1, r

4
1ε1Y1, αr

−1
1 ε1λ1Xε, αr

−1
1 ε1λ1Yε),

λ′1 = −1

4
ε1λ1F1(x1, r1, ε1),

where ′ = d
dz1

. Focusing first on the existence problem in the coordinates (r1, x1, ε1), we rescrict attention

to the flow between the sections Σin
1 and Σout

1 defined by

Σin
1 = {|x1 + 1| ≤ x̄1, 0 ≤ r1 ≤ r1,ε(δ), ε1 = δ},

Σout
1 = {|x1 + 1| ≤ x̄1, r1 = r1,ε(ε1), 0 ≤ ε1 ≤ δ},

where r1,ε(ε1)
4 = yout(ν, ε) satisfies |r1,ε(ε1) − r̄1| ≤ Cνε

2/3
1 and where r̄41 := r1,ε(0)

4 = yout(ν, 0) > 0
by Lemma 4.1, and δ, x̄1 > 0 are sufficiently small constants. In the K1-coordinates, the wave train
is represented by a solution (x1,ε, r1,ε, ε1,ε)(z1) which reaches these sections at values of z1 = zin1 , z

out
1 ,

respectively. The fixed point (x1, r1, ε1) = (−1, 0, 0) admits a center-unstable manifold M+
1 given by the

graph

M+
1 =

{
x1 = x+1 (r1, ε1) = −1 +O

(
r21, ε1

)
, 0 ≤ r1 ≤ r1,ε(ε1), 0 ≤ ε1 ≤ δ

}
.

The manifoldM+
1 is the representation of Ml,+ in the K1-coordinates; see e.g. [20, Proposition 4.2]. There-

fore, by Lemma 4.1, in between the sections Σin
1 ,Σ

out
1 , the solution (x1,ε, r1,ε, ε1,ε)(z1) remains O(e−ϑν/ε)-

close to M+
1 . The corresponding eigenvalue problem can therefore be written as

X ′
1 = X1

(
2− λ21

θlfc3
+O

(
r1λ1, r

2
1, ε1

))
+ Y1

(
1 +O

(
r1λ1, r

2
1

))
+ α

(
−1

2
ε1 +O

(
r21ε1, ε

2
1

))(
− λ21
θlfc3

+O(r1λ1)

)
+O(αr1ε1λ1),

Y ′
1 = −3

2
ε1Y1F̄1(r1, ε1) +O(r21ε1X1, r

4
1ε1Y1, αr

3
1ε

2
1λ1),

λ′1 = −1

4
ε1λ1F̄1(r1, ε1)

(4.24)

over the interval z1 ∈ [zin1 , z
out
1 ], where F̄1(r1, ε1) = F1

(
x+1 (r1, ε1), r1, ε1

)
+ O(e−ϑν/(r61ε1)). We con-

sider (4.24) on the invariant set r1 = Y1 = 0

ε′1 = −3

2
ε21,

X ′
1 = X1

(
2− λ21

θlfc3
+O(ε1)

)
+ α

λ21ε1
2θlfc3

(1 +O(ε1)) ,

λ′1 = −1

4
ε1λ1.

66



Fix µ > 0 sufficiently small. Given a solution of the (ε1, λ1)-subsystem restricted to the region

λ1 ∈ Λ1(δ, µ,M) :=
{
λ1 ∈ C : |ℜ(λ1)| ≤ µδ1/6, |ℑ(λ1)| ≤Mδ1/6

}
,

there is a unique solution X1 = X∗
1 = O

(
αλ21ε1

)
which is bounded as z1 → ∞ given by

X∗
1 (z1) =

α

2θlfc3

∫ z1

∞
exp

(∫ z1

s
2− λ1(s̄)

2

θlfc3
+O(ε1(s̄))ds̄

)
λ1(s)

2ε1(s) (1 +O(ε1(s))) ds, (4.25)

where we note that
∣∣X∗

1 (z
out
1 )

∣∣ ≤ Cr̄1 |αελ|. We set X1 = X∗
1 + X̃1 in the full system (4.24), which results

in the system

X̃ ′
1 = X̃1h1,X(r1, ε1, λ1) + Y1h1,Y (r1, ε1, λ1) + αh1,α(r1, ε1, λ1),

Y ′
1 = −3

2
ε1Y1F̄1(r1, ε1) + ε1X̃1g1,X(r1, ε1, λ1) + ε1Y1g1,Y (r1, ε1, λ1) + ε1αg1,α(r1, ε1, λ1),

λ′1 = −1

4
ε1λ1F̄1(r1, ε1),

(4.26)

where

h1,X(r1, ε1, λ1) = 2− λ21
θlfc3

+O(r1λ1, r
2
1, ε1),

h1,Y (r1, ε1, λ1) = 1 +O(r1λ1, r
2
1),

h1,α(r1, ε1, λ1) = O(r1ε1λ1),

g1,X(r1, ε1, λ1) = O(r21),

g1,Y (r1, ε1, λ1) = O(r41),

g1,α(r1, ε1, λ1) = O(r21ε1λ
2
1, r

3
1ε1λ1).

We have the following.

Proposition 4.4. Consider (4.24) with (x1, r1, ε1) = (x1,ε, r1,ε, ε1,ε)(z1), and fix M > 0. There exists
C,Cr̄1 , θr̄1 , µ > 0 such that the following holds. Given Xout

1 ∈ C and any λ ∈ C such that λ1(zin) =: λ1,0 ∈
Λ1(δ, µ,M), there exists a solution (X1, Y1, λ1) : [z

in
1 , z

out
1 ] → C2 × Λ1(δ, µ,M) of (4.24) satisfying

X1(z
out
1 ) = X∗

1 (z
out
1 ) +Xout

1 , Y1(z
in
1 ) = 0,

as well as the estimates∣∣X1(z
in
1 )−X∗

1 (z
in
1 )
∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αλ|
)
, |Y1(zout1 )| ≤ C

ε

r̄41
|Xout

1 |+ Cr̄1 |αελ|.

Proof. We focus on solving the system (4.26). We first construct a solution to the inhomogeneous equation
satisfying the boundary conditions X̃1(z

out
1 ) = 0, Y1(z

in
1 ) = 0. Using the fact that∫ z1

s
−3

2
ε1(s̃)F̄1(r1(s̃, ε1(s̃)ds =

∫ z1

s
ε′1(s̃)/ε1(s̃)ds̃ = log(ε1(z1))− log(ε1(s)) (4.27)

so that

exp

(∫ z1

s
−3

2
ε1(s̃)F̄1(r1(s̃), ε1(s̃))ds̃

)
=
ε1(z1)

ε1(s)
, (4.28)
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we can write the solution of the inhomogeneous equation satisfying X̃1(z
out
1 ) = 0, Y1(z

in
1 ) = 0 as an integral

equation

X̃1(z1) =

∫ z1

zout1

eβ1(z1,s) (Y1(s)h1,Y (s) + αh1,α(s)) ds,

Y1(z1) = ε1(z1)

∫ z1

zin1

X̃1(s)g1,X(s) + Y1(s)g1,Y (s) + αg1,α(s)ds.

(4.29)

where

β1(z1, z0) =

∫ z1

z0

h1,X(s)ds

and we denote

g1,∗(s) := g1,∗(r1(s), ε1(s), λ1(s)),

h1,∗(s) := h1,∗(r1(s), ε1(s), λ1(s))

for ∗ = X,Y, α. We consider the integral equation (4.29) on the space X̃1, Y1 ∈ C([zin1 , z
out
1 ]) with the norm

∥(X̃1, Y1)∥1,I = ∥X̃1∥ε1 + ∥Y1∥r1ε1 = sup
z1∈[zin1 ,zout1 ]

∣∣∣ε1(z1)−1X̃1(z1)
∣∣∣+ sup

z1∈[zin1 ,zout1 ]

∣∣(r1(z1)ε1(z1))−1Y1(z1)
∣∣ ,

Using a fixed-point argument, the equation (4.29) admits a unique solution (X̃I
1 , Y

I
1 )(z1) satisfying the

estimates ∣∣∣X̃I
1 (z

in
1 )
∣∣∣ ≤ Cr̄1 |αλ|,

∣∣Y I
1 (z

out
1 )

∣∣ ≤ Cr̄1 |αελ|.

We next construct a solution of the homogeneous equation, given by (4.26) with α = 0, satisfying the
boundary conditions X̃1(z

out
1 ) = Xout

1 , Y1(z
in
1 ) = 0, as a solution of the integral equation

X̃1(z1) = Xout
1 eβ1(z1,zout1 ) +

∫ z1

zout1

eβ1(t,s)Y1(s)h1,Y (s)ds,

Y1(z1) = ε1(z1)

∫ z1

zin1

X̃1(s)g1,X(s) + Y1g1,Y (s)ds.

Similarly, for small κ > 0 fixed independently of r̄1, δ, ε, λ, a fixed point argument on the space X̃1, Y1 ∈
C([zin1 , z

out
1 ]) with the norm

∥(X̃1, Y1)∥1,κ = sup
z1∈[zin1 ,zout1 ]

∣∣∣eβκ
1 (z

out
1 ,z1)X̃1(z1)

∣∣∣+ sup
z1∈[zin1 ,zout1 ]

∣∣∣ε1(z1)−1eβ
κ
1 (z

out
1 ,z1)Y1(z1)

∣∣∣ ,
where

βκ1 (z1, z0) =

∫ z1

z0

(h1,X(s)− κ)ds.

yields a solution (X̃H
1 , Y

H
1 )(z1) satisfying the estimates

|X̃H
1 (z1)| ≤ C|Xout

1 |eβκ
1 (z1,z

out
1 ), |Y H

1 (z1)| ≤ C|Xout
1 |ε1(z1)eβ

κ
1 (z1,z

out
1 ),

and in particular we find that

|Y H
1 (zout1 )| ≤ C

ε

r̄41

∣∣Xout
1

∣∣ .
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Thus, we obtain a solution of (4.24) given by

X1(z1) = X∗
1 (z1) + X̃I

1 (z1) + X̃H
1 (z1),

Y1(z1) = Y I
1 (z1) + Y H

1 (z1)

satisfying

X1(z
out
1 ) = X∗

1 (z
out
1 ) + X̃I

1 (z
out
1 ) + X̃H

1 (zout1 ) +Xout
1 = X∗

1 (z
out
1 ) +Xout

1 ,∣∣Y1(zout1 )
∣∣ = ∣∣Y I

1 (z
out
1 ) + Y H

1 (zout1 )
∣∣ ≤ C

ε

r̄41
|Xout

1 |+ Cr̄1 |αελ|,

and ∣∣X1(z
in
1 )−X∗

1 (z
in
1 )
∣∣ = ∣∣∣X̃I

1 (z
in
1 ) + X̃H

1 (zin1 )
∣∣∣ ≤ Cr̄1

(
|Xout

1 |e−ϑν/ε + |αλ|
)
,

Y1(z
in
1 ) = Y I

1 (z
in
1 ) + Y H

1 (zin1 ) = 0,

as claimed.

We consider the condition on λ present in Proposition 4.4. Note that since both the real and imaginary
parts of λ1 decrease strictly in absolute value on the interval [zin1 , z

out
1 ], λ1(z1) remains in the set Λ1(δ, µ,M)

for z1 ∈ [zin1 , z
out
1 ]. This restricts consideration to values of λ satisfying |ℜ(λ)| ≤ µε1/6 and |ℑ(λ)| ≤Mε1/6,

where µ may need to be taken small; that is, we restrict to values of λ ∈ Λr,ε(µ,M). The solutions
constructed in Proposition 4.4 for such values of λ can be matched with solutions from chart K2.

In order to extend the argument to values of λ ∈ Λc,ε(µ,M) (that is, small, but ε-independent values of
|ℑ(λ)|), we must consider solutions for which λ1(z1) lies outside of Λ1(δ, µ,M) for some part of the interval
z1 ∈ [zin1 , z

out
1 ]. The corresponding solutions will satisfy slightly different estimates and will instead be

matched with solutions from the chart K4. We focus on orbits which enter K1 via the section

Σin
14 =

{
ℑ(λ1) =Mδ1/6

}
,

in particular, those solutions for which ℑλ1(zin14) =Mδ1/6 and |ℜλ1(zin14)| ≤ µδ1/6 for some zin1 < zin14 < zout1 .
These solutions will be matched with solutions from the chart K4 (the case ℑ(λ1) = −Mδ1/6 is similar),
while those which enter via the boundary |ℜ(λ1)| = µδ1/6 are not relevant. We have the following

Proposition 4.5. Consider (4.24) with (x1, r1, ε1) = (x1,ε, r1,ε, ε1,ε)(z1), and fix M > 0. There exist
C,Cr̄1 , µ > 0 such that the following holds. Given Xout

1 ∈ C and any λ ∈ Λc,ε(µ,M) such that ℑλ1(zin14) =
Mδ1/6 and |ℜλ1(zin14)| ≤ µδ1/6 for some zin1 < zin14 < zout1 , there exists a solution (X1, Y1, λ1) : [z

in
14, z

out
1 ] →

C2 × Λ1(δ, µ,M) of (4.24) satisfying

X1(z
out
1 ) = X∗

1 (z
out
1 ) +Xout

1 , Y1(z
in
14) = 0,

as well as the estimates∣∣X1(z
in
14)−X∗

1 (z
in
14)
∣∣ ≤ Cr̄1

(
|Xout

1 |+ |αλ|
)
, |Y1(zout1 )| ≤ C

ε

r̄41
|Xout

1 |+ Cr̄1 |αελ|.

Proof. The argument is similar to the proof of Proposition 4.4.
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4.3.2 Chart K2

We use the change of coordinates (4.20) and set z2 = r22ζ. Denoting ′ = d
dz2

, we arrive at the system

x′2 = −x22 + y2 +O(r22),

y′2 = 1 +O(r22),

X ′
2 = X2

(
−2x2 −

λ22
θlfc3

+O(r22, r2λ2)

)
+ Y2

(
1 +O(r22, r2λ2)

)
+ α

(
−x22 + y2 +O(r22)

)(
− λ22
θlfc3

+O(r2λ2)

)
+O(αr2λ2),

Y ′
2 = O(r22X2, r

4
2Y2, αr

3
2λ2),

(4.30)

which we consider on the interval z2 ∈ [zin2 , z
out
2 ], on which the wave-train solution is represented by a

solution (xε,2, yε,2) in the K2-coordinates which traverses between the sections

Σin
2 =

{
x2 = δ−1/3

}
,

Σout
2 =

{
y2 = δ−2/3

}
.

We note that λ2 = λ1δ
−1/6 so that λ2 satisfies |ℜ(λ2)| ≤ µ, |ℑ(λ2)| ≤ M . When r2 = 0, we arrive at the

system

x′2 = −x22 + y2,

y′2 = 1,

X ′
2 = X2

(
−2x2 −

λ22
θlfc3

)
+ Y2 − α

λ22
θlfc3

(
−x22 + y2

)
,

Y ′
2 = 0,

(4.31)

which is a rescaled version of the toy model which was analyzed in §4.2. The first pair of equations have
dynamics organized by the unique solution xR of the Riccati equation

x′ = −x2 + z2, (4.32)

satisfying

z2 ∼ x2R +
1

2xR
+O

(
1

x4R

)
, xR → −∞,

z2 ∼ −Ω0 +
1

xR
+O

(
1

x3R

)
, xR → ∞,

where Ω0 is the smallest positive zero of J̄(z) := J− 1
3
(2z3/2/3) + J 1

3
(2z3/2/3), where J± 1

3
are Bessel func-

tions of the first kind. For small r2 > 0, this solution perturbs (in a regular fashion) to a solution
of the (x2, y2)-system in (4.30) satisfying (x2, y2)(z2) = (xR(z2), z2) + O(r22) corresponding to a slice of
the manifold Ml,+ in the K2-coordinates; see [20, Remark 4.3]. By Lemma 4.1, the wave-train solu-
tion is exponentially close to this solution, and is thus represented in the K2-coordinates by a solution
(xε,2, yε,2) = (xR(z2), z2) +O(r22) for small r2 on the interval z2 ∈ [zin2 , z

out
2 ]. Hence in the limit r2 → 0, we

identify the wave-train solution (xε,2, yε,2) in the K2-coordinates with the solution (x2, y2) = (xR(z2), z2),
and we write the linearized problem as

X ′
2 = X2

(
−2xR − λ22

θlfc3

)
+ Y2 − α

λ22
θlfc3

x′R,

Y ′
2 = 0,
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When Y2 = 0, the X2-equation has a unique solution X2 = X∗
2 (z2) which is bounded as z2 → ∞, given by

X∗
2 (z2) = −α λ22

θlf , c3

∫ z2

∞
exp

(∫ z2

s
−2xR(s̄)−

λ22
θlfc3

ds̄

)
x′R(s)ds,

which corresponds to the solution X∗
1 from the chart K1, now represented in the K2-coordinates. We set

X2 = X∗
2 + X̃2 which results in the equation

x′2 = −x22 + y2 +O(r22),

y′2 = 1 +O(r22),

X̃ ′
2 = X̃2

(
−2x2 −

λ22
θlfc3

+O(r22, r2λ2)

)
+ Y2

(
1 +O(r22, r2λ2)

)
+O(αr2λ2),

Y ′
2 = O

(
r22X̃2, r

4
2Y2, αr

3
2λ2, αr

2
2λ

2
2

)
.

(4.33)

We have the following.

Proposition 4.6. Consider (4.30) with (x2, y2) = (x2,ε, y2,ε)(z2). Given (Xout
2 , Y out

2 ) ∈ C2 and any λ2 ∈ C
satisfying |ℜ(λ2)| < µ, |ℑ(λ2)| < M , there exists a solution (X2, Y2) : [z

in
2 , z

out
2 ] → C2 of (4.30) satisfying

X2(z
out
2 ) = Xout

2 +X∗
2 (z

out
2 ), Y2(z

out
2 ) = 0,

as well as the estimates

X2(z
in
2 ) = Xout

2 exp

(∫ zin2

zout2

−2xR(z̃)−
λ22
θlfc3

dz̃

)
+X∗

2 (z
in
2 ) +O

(
r22|Xout

2 |, r2λ2|Xout
2 |, αr2λ2

)
,

Y2(z
in
2 ) = O

(
r22|Xout

2 |, αr22λ22, αr32λ2
)
,

for all sufficiently small r2 > 0.

Proof. Using the fact that (x2,ε, y2,ε)(z2) = (xR(z2),−z2) + O(r22), and the fact that the transition time
|zin2 − zout2 | is bounded independently of r2, λ2, the estimates follow from a regular perturbation argument
applied to (4.33) for sufficiently small r2.

4.3.3 Chart K4

We transform to the K4-coordinates (4.22), desingularize through the scaling dz4 = r24dζ, and denote
′ = d

dz4
, to obtain the system

x′4 = F4(x4, y4, ε4, r4),

y′4 = ε4
(
1 +O(r24)

)
,

X ′
4 = X4

(
−2x4 −

(λ4 + i)2

θlfc3
+O(r4)

)
+ Y4 (1 +O(r4))

+ αF4(x4, y4, ε4, r4)

(
−(λ4 + i)2

θlfc3
+O(r4)

)
+O(αr4ε4),

Y ′
4 = O(r24ε4X4, r

4
4ε4Y4, αr

3
4ε4),

(4.34)

where F4(x4, y4, ε4, r4) = −x24 + y4 + O(r24). The chart K4 concerns values of ε4 ≤ M−6. We fix a small
constant δ4 > 0 and first consider (4.34) for values of δ4 ≤ ε4 ≤ M−6 for sufficiently small values of r4 on
the interval [zin4 , z

out
4 ] encompassing the transition between the sections

Σin
4 =

{
x4 =M−2δ−1/3

}
, Σout

4 =
{
y4 =M−4δ−2/3

}
.

71



Note that the section Σout
4 corresponds to the section Σin

14 from the chart K1; see §4.3.1. Setting r4 = 0,
we obtain the system

x′4 = −x24 + y4,

y′4 = ε4,

X ′
4 = X4

(
−2x4 −

(λ4 + i)2

θlfc3

)
+ Y4 − α

(λ4 + i)2

θlfc3
(
−x24 + y4

)
,

Y ′
4 = 0,

which corresponds to the system (4.31) transformed to the K4-coordinates. The (x4, y4) system corresponds
to a rescaled Riccati equation (4.32) given by

x′4 = −x24 + ε4z4,

which admits the rescaled distinguished solution x4(z4) = ε
1/3
4 xR(ε

1/3
4 z4). Similarly to the analysis in the

K2 in §4.3.2, the wave-train solution can be represented by a solution (x4, y4) = (x4,ε, y4,ε)(z4) of (4.34)
satisfying (x4,ε, y4,ε)(z4) = (ε

1/3
4 xR(ε

1/3
4 z4), ε4z4) +O(r24).

When Y4 = 0 we can construct the unique solution X4 = X∗
4 (z4) given by

X∗
4 (z4) := −α(λ4 + i)2

θlfc3

∫ z4

∞
exp

(∫ z4

s
−2ε

1/3
4 xR(ε

1/3
4 s̃)− (λ4 + i)2

θlfc3
ds̃

)
ε
2/3
4 x′R

(
ε
1/3
4 s

)
ds,

which corresponds to the solution X∗
1 from the chart K1. We set X4 = X∗

4 + X̃4 which results in the
equation

x′4 = F4(x4, y4, ε4, r4),

y′4 = ε4
(
1 +O(r24)

)
,

X̃ ′
4 = X̃4

(
−2x4 −

(λ4 + i)2

θlfc3
+O(r4)

)
+ Y4 (1 +O(r4)) +O(αr4),

Y ′
4 = O(r24ε4X̃4, r

4
4ε4Y4, αr

2
4).

(4.35)

We have the following.

Proposition 4.7. Consider (4.34) with (x4, y4) = (x4,ε, y4,ε)(z4), and fix M > 0 and δ4 > 0 sufficiently
small. For all sufficiently small r4 > 0, the following holds. Given (Xout

4 , Y out
4 ) ∈ C2, any ε4 satisfying

δ4 ≤ ε4 ≤ M−6 and any sufficiently small λ4 ∈ R, there exists a solution (X4, Y4) : [zin4 , z
out
4 ] → C2

of (4.34) satisfying

X4(z
out
4 ) = Xout

4 +X∗
4 (z

out
4 ), Y4(z

out
4 ) = 0,

as well as the estimates

X4(z
in
4 ) = Xout

4 exp

(∫ zin4

zout4

−2ε
1/3
4 xR(ε

1/3
4 s̃)− (λ4 + i)2

θlfc3
ds̃

)
+X∗

4 (z
in
4 ) +O

(
r4|Xout

4 |, αr4
)
,

Y4(z
in
4 ) = O

(
r24|Xout

4 |, αr24
)
.

Proof. Using the fact that (x4,ε, y4,ε)(z2) = (ε1/3xR(ε
1/3z4), ε4z4) when r4 = 0, and the fact that the

transition time |zin4 −zout4 | is bounded independently of r4, the estimates follow from a regular perturbation
argument applied to (4.35) for sufficiently small r4.
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Proposition 4.7 relies on a perturbation argument for sufficiently small r4; in particular, one needs to
be able to bound (independently of r4) the transition time, which behaves as ε−1

4 . For small values of
0 < ε4 ≤ δ4 ≪ 1, we note that the existence problem in the K4-coordinates

x′4 = F4(x4, y4, ε4, r4),

y′4 = ε4
(
1 +O(r24)

)
amounts to slow passage through a fold point (in reverse time) with small parameter ε4. In the limit ε4 → 0,
for sufficiently small r4 > 0 the critical manifold F4(x4, y4, 0, r4) = 0 in the region |x4| ≤M−2δ−1/3, |y4| ≤
M−4δ−2/3 takes the form of an upward-facing parabola. The union of the left branch of this parabola with
the positive x-axis corresponds to the manifold Ml,+

0 in the K4-coordinates. This manifold perturbs for
small ε4 > 0 using blow-up desingularization techniques, much like the system (2.9). The manifold Ml,+

therefore has a natural representation in these coordinates as the corresponding union of these manifolds
for small ε4. By Lemma 4.1, the wave train is again represented by a solution (x4, y4) = (x4,ε, y4,ε)(z4)
which is exponentially close to Ml,+ in these coordinates. We have the following.

Proposition 4.8. Consider (4.34) with (x4, y4) = (x4,ε, y4,ε)(z4). There exist δ4, θ4 > 0 such that for all
0 < ε4 ≤ δ4 and all sufficiently small r4, λ4 > 0, the following holds. Given Xout

4 ∈ C2, there exists a
solution (X4, Y4) : [z

in
4 , z

out
4 ] → C2 of (4.34) satisfying

X4(z
out
4 ) = Xout

4 , Y4(z
out
4 ) = 0,

as well as the estimates

X4(z
in
4 ) = X†

4(z
in
4 ; r4) +O

(
αr4ε4, r

2
4ε4|Xout

4 |, e−θ4/ε4 |Xout
4 |
)
,

Y4(z
in
4 ) = O

(
αr24ε4, r

2
4ε4|Xout

4 |
)
,

for all 0 < ε4 ≤ δ4, where X
†
4(z4; r4) is a solution which satisfies

X†
4(z

in
4 ; r4) = αx′4,ε(z

in
4 )
(
−1 +O

(
r4, ε

1/3
4

))
+O(αr4ε4).

Proof. We rewrite (4.34) as

x′4 = F4(x4, y4, ε4, r4),

y′4 = ε4
(
1 +O(r24)

)
,

X ′
4 = X4h4,X(x4, y4, r4, ε4, λ4) + Y4h4,Y (x4, y4, r4, ε4, λ4)

+ αF4(x4, y4, ε4, r4)

(
−(λ4 + i)2

θlfc3
+O(r4)

)
+ αh4,α(x4, y4, r4, ε4, λ4),

Y ′
4 = X4g4,X(x4, y4, r4, ε4, λ4) + Y4g4,Y (x4, y4, r4, ε4, λ4) + αg4,α(x4, y4, r4, ε4, λ4).

where

h4,X(x4, y4, r4, ε4, λ4) = −2x4 −
(λ4 + i)2

θlfc3
+O(r4),

h4,Y (x4, y4, r4, ε4, λ4) = 1 +O(r4),

h4,α(x4, y4, r4, ε4, λ4) = O(r4ε4),

g4,X(x4, y4, r4, ε4, λ4) = O(r24ε4),

g4,Y (x4, y4, r4, ε4, λ4) = O(r44ε4),

g4,α(x4, y4, r4, ε4, λ4) = O(r34ε4).
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We set h4,∗(s) = h4,∗(x4(s), y4(s), r4, ε4, λ4) and g4,∗(s) = g4,∗(x4(s), y4(s), r4, ε4, λ4) for ∗ = X,Y, α, and
we define

β4(z4, z0) :=

∫ z4

z0

h4,X(s)ds.

We set X4 = X†
4 + X̃4, where

X†
4(z4; r4) =

∫ z4

zout4

eβ4(z4,s)

(
αx′4,ε(s)

(
−(λ4 + i)2

θlfc3
+O(r4)

)
+ αh4,α(s)

)
ds,

and we rewrite the eigenvalue problem as the integral equation

X̃4(z4) = Xout
4 eβ4(z4,zout4 ) +

∫ z4

zout4

eβ4(z4,s)Y4h4,Y (s)ds,

Y4(z4) =

∫ z4

zout4

(
X†

4(s; r4) + X̃4

)
g4,X(s) + Y4(s)g4,Y (s) + αg4,α(s)ds.

(4.36)

We first estimate X†
4(z4; r4) by noting that

h4,X(s) = −2x4,ε(s)−
(λ4 + i)2

θlfc3
+O(r4)

=
x′′4,ε(s)

x′4,ε(s)
−
y′4,ε(s)

x′4,ε(s)
− (λ4 + i)2

θlfc3
+O(r4),

so that

X†
4(z4; r4) = αx′4,ε(z4)

(
−(λ4 + i)2

θlfc3
+O(r4)

)∫ z4

zout4

eβ̃4(z4,s)ds+O(αr4ε4),

where

β̃4(z4, s) := β4(z4, s)−
∫ z4

s

x′′4,ε(s̃)

x′4,ε(s̃)
ds̃ =

∫ z4

s
−
y′4,ε(s̃)

x′4,ε(s̃)
− (λ4 + i)2

θlfc3
+O(r4)ds̃.

We note that the first term of the integrand represents the slope of the graph formed by the solution
(x4, y4) = (x4,ε, y4,ε)(z4) which satisfies

−dy4
dx4

(s̃) = −
y′4,ε(s̃)

x′4,ε(s̃)
≥ Cε4, (4.37)

see for example [20, Remark 4.1]. Integrating by parts – where we integrate the term exp
(
(λ4+i)2

θlfc3
(s− z4)

)
– we obtain

X†
4(z

in
4 ; r4) = αx′4,ε(z

in
4 ) (−1 +O (r4, ε4)) +O(αr4ε4)

+ αx′4,ε(z
in
4 )

∫ zin4

zout4

(
y′4,ε(s̃)

x′4,ε(s̃)
+O(r4)

)
eβ̃4(zin4 ,s)ds.

(4.38)

Finally, following the estimates in [20, §4.7], we find that∣∣∣∣∣ y′4,ε(s̃)x′4,ε(s̃)

∣∣∣∣∣ ≤ Cε
1/3
4

on an interval of width O(ε
−1/3
4 ) near s̃ = zin4 ; on the remainder of the integration interval, the integrand

is exponentially small in ε
−1/3
4 due to the exponential term and (4.37), from which we obtain

X†
4(z

in
4 ; r4) = αx′4,ε(z

in
4 )
(
−1 +O

(
r4, ε

1/3
4

))
+O(αr4ε4). (4.39)

The result then follows by applying a fixed-point argument to the integral equation (4.36) on the space
X̃4, Y4 ∈ C([zin4 , z

out
4 ]).
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4.3.4 Chart K3

We transform to the K3-coordinates (4.21), desingularize via dz3 = r23dζ, and denote ′ = d
dz3

, which results
in the system

r′3 = −1

2
r3F3(r3, y3, ε3),

y′3 = 2y3F3(r3, y3, ε3) + ε3
(
1 +O(r23)

)
,

ε′3 = 3ε3F3(r3, y3, ε3),

X ′
3 = 2X3F3(r3, y3, ε3) +X3

(
−2− λ23

θlfc3
+O(r23, r3λ3)

)
+ Y3

(
1 +O(r23, r3λ3)

)
+ α

(
λ23
θlfc3

+O(r3λ3)

)
F3(r3, y3, ε3) +O(αr3ε3λ3),

Y ′
3 = 3Y3F3(r3, y3, ε3) +O(r23ε3X3, r

4
3ε3Y3, αr3λ3ε3),

λ′3 =
1

2
λ3F3(r3, y3, ε3),

where F3(r3, y3, ε3) = 1−y3+O(r23). Considering first the existence problem in the (r3, y3, ε3)-coordinates,
we restrict attention to the flow between the sections Σin

3 and Σout
3 defined by

Σin
3 = {r3 = r3,ε(ε3), |y3| ≤ ȳ3, 0 ≤ ε3 ≤ δ},

Σout
3 = {0 ≤ r3 ≤ r3,ε(δ), |y3| ≤ ȳ3, ε3 = δ},

where by Lemma 4.1, r3,ε(ε3)
2 = xin(ν, ε) satisfies |r3,ε(ε3) − r̄3| ≤ Cνε

2/3
3 and where r̄23 := r3,ε(0)

2 =
xin(ν, 0), and ȳ3 is a small constant. The wave train is represented in the K3-coordinates by a solution
(r3,ε, y3,ε, ε3,ε)(z3), which reaches these sections at z = zin3 , z

out
3 , respectively. Using [69, Lemma 2.10]

and the form of the equations, for sufficiently small r̄3, the manifold Ml,+ can be represented in the
K3-coordinates as a graph y3 = −Ω0ε

2/3
3 +O(r23ε3 log ε3, ε3), and thus by Lemma 4.1, the wave train lies

exponentially close to this graph.
We therefore consider the corresponding eigenvalue problem

X ′
3 = 2X3F3(r3, y3, ε3) +X3

(
−2− λ23

θlfc3
+O(r23, r3λ3)

)
+ Y3

(
1 +O(r23, r3λ3)

)
+ α

(
λ23
θlfc3

+O(r3λ3)

)
F3(r3, y3, ε3) +O(αr3ε3λ3),

Y ′
3 = 3Y3F3(r3, y3, ε3) +O(r23ε3X3, r

4
3ε3Y3, αr3λ3ε3),

λ′3 =
1

2
λ3F3(r3, y3, ε3)

(4.40)

over the interval z3 ∈ [zin3 , z
out
3 ], for values of λ3 ∈ Λ3(δ, µ,M) = {λ3 ∈ C : |ℜ(λ3)| ≤ µδ1/6, |ℑ(λ3)| ≤

Mδ1/6}. We first consider solutions which depart K3 via the section Σout
3 ; these solutions will be matched

with solutions from the chart K2. Rescaling dz̃3 = F3(r3, y3, ε3)dz3 and denoting the corresponding trans-
formed interval by z̃3 ∈ [z̃in3 , z̃

out
3 ], we first consider the system on the invariant subspace r3 = 0

ẏ3 = 2y3 +
ε3

1− y3
,

ε̇3 = 3ε3,

Ẋ3 = X3

(
− λ2

3
θlfc3

− 2y3

)
1− y3

+
Y3

1− y3
+ α

λ23
θlfc3

,

Ẏ3 = 3Y3,

λ̇3 =
1

2
λ3,
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where · = d
dz̃3

. In the subspace Y3 = 0, let X3 = X∗
3 be a solution to this equation which satisfies

limz̃3→−∞X∗
3 (z̃3) = X∞

3 . We use the fact that λ3 = λ2ε
1/6
3 and y3 = −Ω0ε

2/3
3 +O(r23ε3 log ε3, ε3) to find

that in the subspace r3 = 0,

dX3

dε3
=
Ẋ3

ε̇3
=

X3

3ε
2/3
3

(
− λ22
θlfc3

+O
(
ε
1/3
3 , λ22ε

2/3
3

))
+ α

λ22

3ε
2/3
3 θlfc3

, (4.41)

so that X∗
3 admits the expansion in terms of ε3 as

X∗
3 = X∞

3 e
− λ22

θlfc
3 ε

1/3
3
(
1 +O

(
ε
2/3
3 , λ22ε3

))
+ α

(
1− e

− λ22
θlfc

3 ε
1/3
3

)(
1 +O

(
ε
2/3
3 , λ22ε3

))
= X∞

3 e
− λ23

θlfc
3
(
1 +O

(
ε
2/3
3

))
+ α

(
1− e

− λ23
θlfc

3

)(
1 +O

(
ε
2/3
3

))
,

as ε3 → 0. In order to determine the value of X∞
3 such that this solution corresponds to the distinguished

solution X∗
2 from the chart K2, we transform X∗

2 to the chart K3, where X
∗
2 admits the expansion in ε3

X3 = α
λ22
θlfc3

1

Ai′(−Ω0)2

(
1 +O

(
ε
1/3
3

))∫ −Ω0

∞
e

λ22
θlfc

3 (s+Ω0) (
Ai′(s)2 − sAi(s)2

)
ds,

from which we find that X∗
3 and X∗

2 correspond to the same solution when

X∞
3 = αΥlf(λ2) = α

λ22
θlfc3

1

Ai′(−Ω0)2

∫ −Ω0

∞
e

λ22
θlfc

3 (s+Ω0) (
Ai′(s)2 − sAi(s)2

)
ds.

We note that |Υlf(λ2)| is well-defined and uniformly bounded in the region |ℜ(λ2)| < µ, |ℑ(λ2)| < M for
sufficiently small µ > 0; see Appendix C.

Setting X3 = X∗
3 + X̃3, we obtain the system

˙̃X3 = X̃3h3,X(r3, ε3, y3, λ3) + Y3h3,Y (r3, ε3, y3, λ3) + αh3,α(r3, ε3, y3, λ3),

Ẏ3 = 3Y3 + ε3

(
X̃3g3,X(r3, ε3, y3, λ3) + Y3g3,Y (r3, ε3, y3, λ3) + αg3,α(r3, ε3, y3, λ3)

)
,

λ̇3 =
1

2
λ3,

(4.42)

where

h3,X(r3, ε3, y3, λ3) = − λ23
θlfc3

+O
(
r23, r3λ3, y3

)
,

h3,Y (r3, ε3, y3, λ3) = 1 +O
(
r23, r3λ3, y3

)
,

h3,α(r3, ε3, y3, λ3) = O
(
r3λ3, r

2
3Υlf(λ2)

)
,

g3,X(r3, ε3, y3, λ3) = O
(
r23
)
,

g3,Y (r3, ε3, y3, λ3) = O
(
r43
)
,

g3,α(r3, ε3, y3, λ3) = O
(
r3λ3, r

2
3Υlf(λ2)

)
.

We have the following.

Proposition 4.9. Consider (4.40) with (r3, y3, ε3) = (r3,ε, y3,ε, ε3,ε)(z3), and fix M > 0. There exist
C,Cr̄3 , µ > 0 such that the following holds. Given (X in

3 , Y
out
3 ) ∈ C2 and any λ ∈ Λr,ε(µ,M), there exists a

solution (X3, Y3, λ3) : [z
in
3 , z

out
3 ] → C2 × Λ3(δ, µ,M) of (4.40) satisfying

X3(z
out
3 ) = X∗

3 (z
out
3 ) + X̃out

3 , Y3(z
out
3 ) = Y out

3 ,
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as well as the estimates∣∣X3(z
in
3 )−Υlf(λ2)F3(r

in
3 , y

in
3 , ε

in
3 )
∣∣ ≤ Cr̄3

(∣∣∣X̃out
3

∣∣∣+ ∣∣Y out
3

∣∣+ |αλ log ε|
)
+ C|αr̄23Υlf(λ2)|,∣∣Y3(zin3 )

∣∣ ≤ Cr̄3ε
(
|X̃out

3 |+ |Y out
3 |+ |αλ log ε|

)
+ C

ε

r̄43
|αΥlf(λ2)| ,

where (rin3 , y
in
3 , ε

in
3 ) := (r3, y3, ε3)(z

in
3 ).

Proof. Using the relation X3 = X∗
3 + X̃3, we solve (4.42) subject to the boundary conditions X̃3(z̃

out
3 ) =

X̃out
3 and Y3(z̃

out
3 ) = Y out

3 . We write (4.42) as the corresponding integral equation

X̃3(z̃3) = X̃out
3 eβ3(z̃3,z̃out3 ) +

∫ z̃3

z̃out3

eβ3(z̃3,s) (Y3h3,Y (s) + αh3,α(s)) ds,

Y3(z̃3) = Y out
3

ε3(z̃3)

δ
+ ε3(z̃3)

∫ z3

z̃out3

X̃3(s)g3,X(s) + Y3(s)g3,Y (s) + αg3,α(s)ds,

(4.43)

where we used the fact that ε3(z̃
out
3 ) = δ, and where

β3(z̃3, z̃0) =

∫ z̃3

z̃0

h3,X(s)ds.

We note that since λ3 remains in the set Λ3(δ, µ,M) by assumption; by taking µ sufficiently small, we can
ensure that |eβ3(z̃3,z̃0)| is uniformly bounded, independently of M, δ, r̄3, µ, whenever z̃

in
3 ≤ z̃3 ≤ z̃0 ≤ z̃out3 .

Considering (4.43) as a fixed point equation on the space X̃3, Y3 ∈ C([z̃in3 , z̃
out
3 ]) with the norm

∥(X̃3, Y3)∥ = sup
z̃3∈[z̃in3 ,z̃out3 ]

∣∣∣X̃3(z̃3)
∣∣∣+ sup

z̃3∈[z̃in3 ,z̃out3 ]

∣∣ε3(z̃3)−1Y3(z̃3)
∣∣ ,

we obtain a solution satisfying the estimates

|X̃3(z̃
in
3 )| ≤ Cr̄3

(
|X̃out

3 |+ |Y out
3 |+ |αλ log ε|

)
+ Cr̄23|αΥlf(λ2)|,

|Y3(z̃in3 )| ≤ Cr̄3ε
(
|X̃out

3 |+ |Y out
3 |+ |αλ log ε|

)
+ C

ε

r̄43
|αΥlf(λ2)|.

Noting that

X∗
3 (z̃

in
3 ) = X∞

3 F3(r
in
3 , ε

in
3 , y

in
3 ) +O

(
X∞

3 (εin3 )
2/3, X∞

3 (λin3 )
2
)
,

where εin3 = ε/(rin3 )6 and λin3 = λ/rin3 and expressing the solution in terms of the original independent
variable z3, we therefore obtain a solution of (4.40) satisfying∣∣X3(z

in
3 )− αΥlf(λ2)F3(r

in
3 , y

in
3 , ε

in
3 )
∣∣ = ∣∣∣X∗

3 (z
in
3 ) + X̃3(z

in
3 )− αΥlf(λ2)F3(r

in
3 , y

in
3 , ε

in
3 )
∣∣∣

≤ Cr̄3

(
|X̃out

3 |+ |Y out
3 |+ |αλ log ε|

)
+ Cr̄23|αΥlf(λ2)|,

as claimed.

We separately consider solutions which depart K3 via the section Σout
34 = {ℑ(λ3) = Mδ1/6}, corre-

sponding to the section Σin
4 from the chart K4; the case ℑ(λ3) = −Mδ1/6 is similar. We split into the

cases covered by Propositions 4.7 and 4.8 separately, corresponding to orbits meeting Σout
34 for values of

δ4M
6 ≤ ε3/δ ≤ 1 and 0 < ε3/δ ≤ δ4M

6, respectively, where we obtain slightly different estimates in each
case.
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The case of δ4M
6 ≤ ε3/δ ≤ 1, governed by Proposition 4.7, is nearly identical to the argument above.

Transforming the solution X∗
4 from K4 to K3 results in the expansion

X3 = α
(λ4 + i)2

ε
1/3
4 θlfc3

1

Ai′(−Ω0)2

(
1 +O(λ23ε

1/3
4 )

)∫ −Ω0

∞
e

(λ4+i)2

ε
1/3
4 θlfc

3
(s+Ω0) (

Ai′(s)2 − sAi(s)2
)
ds.

This solution corresponds to the solution X∗
3 upon taking X∞

3 = αΥlf((λ4 + i)ε
−1/6
4 ), now in the limit

λ3 → 0. This essentially extends the definition of X∗
3 above to values of λ2 satisfying |ℑ(λ2)| ≤ δ

−1/6
4 ,

noting that Υlf((λ4 + i)ε
−1/6
4 ) is well defined as ε4 → 0 provided |λ4| is sufficiently small.

On the other hand, for the case 0 < ε3/δ ≤ δ4M
6, we recall the estimate (4.39) satisfied by X†

4(z
in
4 ; r4)

from the proof of Proposition 4.8. In particular, we see that when r4 = 0, X†
4 corresponds to a solution in

the chart K3 satisfying

X3 = α
(
1 +O

(
λ23ε

2/3
4 , ε

1/3
4

))
,

which in turn corresponds to the solution X∗
3 in K3 upon taking

X∞
3 = α

(
1 +O

(
ε
1/3
4

))
= αΥlf

(
(λ4 + i)ε

−1/6
4

)(
1 +O

(
ε
1/3
4

))
.

Analogously to Proposition 4.9, we have the following.

Proposition 4.10. Consider (4.40) with (r3, y3, ε3) = (r3,ε, y3,ε, ε3,ε)(z3), and fix M > 0. There exist
Cr̄3 , C, µ > 0 such that the following holds. Given (X in

3 , Y
out
3 ) ∈ C2 and any λ ∈ Λc,ε(µ,M), there exists a

solution (X3, Y3, λ3) : [z
in
3 , z

out
34 ] → C3 of (4.40) satisfying

X3(z
out
34 ) = X∗

3 (z
out
34 ) + X̃out

3 , Y3(z
out
34 ) = ε3(z

out
34 )Y out

3 ,

as well as the estimates∣∣∣X3(z
in
3 )− αΥlf(λε

−1/6)F3(r
in
3 , y

in
3 , ε

in
3 )
∣∣∣ ≤ Cr̄3

(
|X̃out

3 |+ |Y out
3 |+ |αλ log |λ||

)
+ Cr̄23|α|

∣∣∣Υlf(λε
−1/6)

∣∣∣ ,∣∣Y3(zin3 )
∣∣ ≤ Cr̄3ε

(
|X̃out

3 |+ |Y out
3 |+ |αλ log |λ||

)
+ C

ε

r̄43
|α|,

where (rin3 , y
in
3 , ε

in
3 ) := (r3, y3, ε3)(z

in
3 ).

Proof. We again rewrite the system (4.42) as an integral equation

X̃3(z̃3) = X̃out
3 eβ3(z̃3,z̃out34 ) +

∫ z̃3

z̃out34

eβ3(z3,s) (Y3h3,Y (s) + αh3,α(s)) ds,

Y3(z3) = Y out
3 ε3(z̃3) + ε3(z̃3)

∫ z̃3

z̃out34

X̄3(s)g3,X(s) + Y3(s)g3,Y (s) + αg3,α(s)ds

on the transformed interval z̃3 ∈ [z̃in3 , z̃
out
34 ] where the functions g∗, h∗, β3 are as in (4.42) except that

h3,α, g3,α now satisfy the slightly modified estimates

h3,α(r3, ε3, y3, λ3) = O(r3λ3, r
2
3),

g3,α(r3, ε3, y3, λ3) = O(r3λ3, r
2
3).

Continuing as in the proof of Proposition 4.9, the corresponding solution now satisfies the estimates

|X̃3(z̃
in
3 )| ≤ Cr̄3

(
|X̃out

3 |+ |Y out
3 |+ |αλ log |λ||

)
+ Cr̄23

∣∣∣αΥlf

(
(λ4 + i)ε

−1/6
4

)∣∣∣ ,
|Y3(z̃in3 )| ≤ Cr̄3ε

(
|X̃out

3 |+ |Y out
3 |+ |αλ log |λ||

)
+ C

ε

r̄43

∣∣∣αΥlf

(
(λ4 + i)ε

−1/6
4

)∣∣∣ ,
where we note that the interval [z̃in3 , z̃

out
34 ] is now of length O(log |λ|). The result follows as in the proof of

Proposition 4.9.
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4.3.5 Proof of Proposition 4.3

We can now complete the proof of Proposition 4.3, concerning the estimates for the eigenvalue problem
through the fold.

Proof of Proposition 4.3. We combine the results of Propositions 4.4-4.10. For values of λ ∈ Λr,ε(µ,M),
solutions are tracked through the chart K2, while for λ ∈ Λc,ε(µ,M) we use the chart K4. We first consider
the former.

We begin by matching the solutions in the charts K1,K2. By Proposition 4.4, in the section Σin
1 , the

solution (X1, Y1) satisfies∣∣X1(z
in
1 )−X∗

1 (z
in
1 )
∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αλ|
)
, Y1(z

in
1 ) = 0,

which, transformed into the K2-coordinates, corresponds to a solution satisfying∣∣X2(z
out
2 )−X∗

2 (z
out
2 )

∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αλ|
)
, Y2(z

out
2 ) = 0

in the section Σout
2 . Thus, we can match with a solution from Proposition 4.6 by choosing Xout

2 appropri-
ately, satisfying ∣∣Xout

2

∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αλ|
)
.

Recalling Proposition 4.6, and using the fact that the transition time |zin2 −zout2 | is bounded independently of
r2, λ2 to bound the exponential factor in the solution X2(z

in
2 ), the solution therefore satisfies the estimates∣∣X2(z

in
2 )−X∗

2 (z
in
2 )
∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αr2λ2|
)
,∣∣Y2(zin2 )

∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αr2λ2| (|r2|+ |λ2|)
)

in the section Σin
2 , where the constant Cr̄1 may be taken larger if necessary. Transforming into the K3-

coordinates, in the section Σout
3 , this corresponds to a solution satisfying∣∣X3(z

out
3 )−X∗

3 (z
out
3 )

∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αr2λ2|
)
,∣∣Y3(zout3 )

∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αr2λ2| (|r2|+ |λ2|)
)
,

which in turn corresponds to a solution of Proposition 4.9 for appropriate choice of X̃out
3 , Y out

3 ∈ C,
satisfying ∣∣∣X̃out

3

∣∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε + |αλ|
)
,∣∣Y out

3

∣∣ ≤ Cr̄1

(
|Xout

1 |e−θr̄1/ε +
∣∣∣αε1/3λ∣∣∣+ ∣∣αλ2∣∣) .

In the section Σin
3 , this solution therefore satisfies the estimates∣∣X3(z

in
3 )− αΥlf(λ2)F3(r

in
3 , y

in
3 , ε

in
3 )
∣∣ ≤ Cr̄1,r̄3

(∣∣Xout
1

∣∣ e−θr̄1/ε + |αλ log ε|
)
+ C|αr̄23Υlf(λ2)|,∣∣Y3(zin3 )

∣∣ ≤ Cr̄1,r̄3ε
(∣∣Xout

1

∣∣ e−θr̄1/ε + |αλ log ε|
)
+ C

ε

r̄43
|αΥlf(λ2)|,

which, transformed into the original (blow-down) coordinates, satisfies∣∣r̄43X3(z
in
3 ) + α3(α;λ, ε)Xε(ξin)

∣∣ ≤ Cr̄1,r̄3

(∣∣Xout
1

∣∣ e−θr̄1/ε
)
,∣∣r̄63Y3(zin3 )

∣∣ ≤ Cr̄1,r̄3ε
(∣∣Xout

1

∣∣ e−θr̄1/ε + |αλ log ε|
)
+ Cr̄23ε|αΥlf(λε

−1/6)|.
(4.44)
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where ∣∣∣α3(α;λ, ε)− αΥlf(λε
−1/6)

∣∣∣ ≤ Cr̄1,r̄3 |αλ log ε|+ C|αr̄23Υlf(λε
−1/6)|.

Finally, we match the full solution with the exit conditions at ζ = ζout by transforming from the K1-
coordinates in the section Σout

1 , namely

Xout = αXε(ζout) + r̄41X
out
1 +Rx

1

(
α,Xout

1 ;λ, ε
)
,

εYout = αYε(ζout) + εRy
1

(
α,Xout

1 ;λ, ε
)
,

where ∣∣Rx
1

(
α,Xout

1 ;λ, ε
)∣∣ ≤ Cr̄1 |αελ|,∣∣Ry

1

(
α,Xout

1 ;λ, ε
)∣∣ ≤ Cr̄1 |αλ|+ C

∣∣Xout
1

∣∣ .
From the equation for Yout, we find that

Yout = α
Yε(ζout)

ε
+Ry

1

(
α,Xout

1 ;λ, ε
)
, (4.45)

which, noting that Yε(ζout) = ε(1 +O(r̄1, ε)) can be solved for α, satisfying the estimate∣∣∣∣α− εYout
Yε(ζout)

∣∣∣∣ ≤ Cr̄1

(∣∣Xout
1

∣∣+ |λ| |Yout|
)
.

Substituting into the equation for Xout, we find that

Xout = r̄41X
out
1 + R̃x

1

(
Xout

1 , Yout;λ, ε
)
,

where ∣∣∣R̃x
1

(
Xout

1 , Yout;λ, ε
)∣∣∣ ≤ Cr̄1ε

(∣∣Xout
1

∣∣+ |Yout|
)
,

which we can solve for Xout
1 satisfying the estimate∣∣∣∣Xout

1 − Xout

r̄41

∣∣∣∣ ≤ Cr̄1ε
(∣∣Xout

1

∣∣+ |Yout|
)
. (4.46)

Substituting these estimates into (4.44), at ζ = ζin we obtain the following

|X(ζin)− αXε(ζin) + α3(α;λ, ε)Xε(ξin)| ≤ Cr̄1,r̄3

(∣∣Xout
1

∣∣ e−θr̄1/ε
)
,

|Y (ζin)− αYε(ζin)| ≤ Cr̄1,r̄3ε
(∣∣Xout

1

∣∣ e−θr̄1/ε + |αλ log ε|
)
+ Cr̄23ε|αΥlf(λε

−1/6)|.

so that∣∣X(ζin)− αx
lf,r̄1,r̄3(Yout; ε, λ)Xε(ζin)

∣∣ ≤ Cr̄1,r̄3 (|Xout|+ (ε+ |λ log ε|) |Yout|) ,∣∣∣∣Y (ζin)−
εYε(ζin)

Yε(ζout)
Yout

∣∣∣∣ ≤ Cr̄1,r̄3ε (|Xout|+ (ε+ |λ log ε|) |Yout|) + Cr̄23ε
∣∣∣Υlf(λε

−1/6)
∣∣∣ |Yout|.

where

αx
lf,r̄1,r̄3(Yout; ε, λ) =

εYout
Yε(ζout)

(
1−Υlf(λε

1/6)
(
1 +O

(
r̄23
)))

, (4.47)
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where we note that the quantities r̄1, r̄3 satisfy r̄41 = yout(ν, ε) and r̄23 = xin(ν, ε) and hence can be taken
smaller as ν → 0; see Lemma 4.1. Therefore, we obtain the desired estimate∣∣X(ζin)− αx

lf,ν(Yout; ε, λ)x
′
ε

(
ξinlf,ε,ν

)∣∣ ≤ Cν (|Xout|+ (ε+ |λ log ε|) |Yout|) ,∣∣∣∣∣∣Y (ζin)− εYout
y′ε

(
ξinlf,ε,ν

)
y′ε

(
ξout,Llf,ε,ν

)
∣∣∣∣∣∣ ≤ Cνε (|Xout|+ (ε+ |λ log ε|) |Yout|)

+ η(ν)ε
∣∣∣Υlf(λε

−1/6)
∣∣∣ |Yout|,

(4.48)

for λ ∈ Λr,ε(µ,M) and η(ν) satisfying η(ν) → 0 as ν → 0, where

αx
lf,ν(Yout; ε, λ) =

εYout

y′ε

(
ξout,Llf,ε,ν

) (1−Υlf(λε
1/6) (1 +O (η(ν)))

)
, (4.49)

and we used the relation

(Xε, Yε) (ζ) =
1

θlf
(xε, yε)

′
(
ζ

θlf

)
and ζin = θlfξ

in
lf,ε,ν , ζout = θlfξ

out,L
lf,ε,ν .

Next, we consider values of λ ∈ Λc,ε(µ,M), for which solutions must pass through the chart K4. We
first match the solutions in the charts K1,K4. By Proposition 4.5, in the section Σin

14, the solution (X1, Y1)
satisfies ∣∣X1(z

in
1 )−X∗

1 (z
in
1 )
∣∣ ≤ Cr̄1

(
|Xout

1 |+ |αλ|
)
, Y1(z

in
1 ) = 0,

which, transformed into the K4-coordinates, corresponds to a solution satisfying∣∣X4(z
out
4 )−X∗

4 (z
out
4 )

∣∣ ≤ Cr̄1

(
|Xout

1 |+ |αλ|
)
, Y4(z

out
4 ) = 0

in the section Σout
4 . Transforming to the K4-coordinates, we either match with a solution from Proposi-

tion 4.7 or Proposition 4.8, depending on whether ε4 ≥ δ4 or ε4 ≤ δ4.

Case δ4 ≤ ε4 ≤M−6: In this case, we use Proposition 4.7, matching with a solution satisfying∣∣Xout
4

∣∣ ≤ Cr̄1

(
|Xout

1 |+ |αλ|
)
.

Using the fact that the transition time |zin4 −zout4 | is bounded independently of r4 and ε4 ≥ δ4 to bound the
exponential factor for the solution X4(z

in
4 ) in Proposition 4.7, the solution therefore satisfies the estimates∣∣X4(z

in
4 )−X∗

4 (z
in
4 )
∣∣ ≤ Cr̄1

((
e−θ4/ε4 + |r4|

)
|Xout

1 |+ |αr4|
)
,∣∣Y4(zin4 )

∣∣ ≤ Cr̄1 |r4|2
(
|Xout

1 |+ |α|
)
,

Transforming into the K3-coordinates, in the section Σout
34 , this solution satisfies the estimates∣∣X3(z

out
34 )−X∗

3 (z
out
34 )

∣∣ ≤ Cr̄1

((
e−θ4/ε4 + |r4|

)
|Xout

1 |+ |αr4|
)
,∣∣Y3(zout34 )

∣∣ = Cr̄1 |r4|2
(
|Xout

1 |+ |α|
)
,

which in turn corresponds to a solution of Proposition 4.10 by taking appropriate X̃out
3 , Y out

3 , which satisfy
the estimates ∣∣∣X̃out

3

∣∣∣ ≤ Cr̄1

((
e−θ4/ε4 + |r4|

)
|Xout

1 |+ |αr4|
)
,∣∣Y out

3

∣∣ ≤ Cr̄1 |r4|2
(
|Xout

1 |+ |α|
)
.
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In the section Σin
3 , this solution therefore satisfies the estimates∣∣∣X3(z

in
3 )− αΥlf(λε

−1/6)F3(r
in
3 , y

in
3 , ε

in
3 )
∣∣∣ ≤ Cr̄1,r̄3

(
|Xout

1 |+ |αλ log |λ||
)
+ Cr̄23|α|

∣∣∣Υlf(λε
−1/6)

∣∣∣ ,∣∣Y3(zin3 )
∣∣ ≤ Cr̄1,r̄3ε

(
|Xout

1 |+ |αλ log |λ||
)
+ C

ε

r̄43
|α|.

(4.50)

Case 0 < ε4 ≤ δ4: We proceed similarly as above, though we match instead with a solution from
Proposition 4.8 by choosing appropriate Xout

4 , which satisfies∣∣Xout
4

∣∣ ≤ Cr̄1

(
|Xout

1 |+ (|ε4|+ |λ|) |α|
)
,

where we used (4.25) to estimate X∗
1 (z

in
1 ) in the K4-coordinates. By Proposition 4.8, this solution therefore

satisfies the estimates∣∣∣X4(z
in
4 )−X†

4(z
in
4 ; r4)

∣∣∣ ≤ Cr̄1

((
e−θ4/ε4 + r24ε4

)
|Xout

1 |+
(
e−θ4/ε4 + r4ε4

)
|α|
)
,∣∣Y4(zin4 )

∣∣ ≤ Cr̄1r
2
4ε4
(
|Xout

1 |+ |α|
)

in the section Σin
4 . Transforming into the K3-coordinates, in the section Σout

34 , this corresponds to a solution
satisfying ∣∣X3(z

out
34 )−X∗

3 (z
out
34 )

∣∣ ≤ Cr̄1

((
e−θ4/ε4 + r24ε4

)
|Xout

1 |+
(
e−θ4/ε4 + r4

)
|α|
)
,∣∣Y3(zout34 )

∣∣ ≤ Cr̄1r
2
4ε4
(
|Xout

1 |+ |α|
)
,

which in turn corresponds to a solution of Proposition 4.9 by choosing X̃out
3 , Y out

3 appropriately, satisfying∣∣∣X̃out
3

∣∣∣ ≤ Cr̄1

((
e−θ4/ε4 + r24ε4

)
|Xout

1 |+
(
e−θ4/ε4 + r4

)
|α|
)
,∣∣Y out

3

∣∣ ≤ Cr̄1r
2
4ε4
(
|Xout

1 |+ |α|
)
.

In the section Σin
3 , this solution therefore satisfies the estimates (4.50), where the correction term e−θ4/ε4 |α|

can be absorbed into the final term in the first inequality of (4.50) by taking δ4 sufficiently small relative
to r̄1, r̄3, and using Proposition C.2.

Taking into account the estimates (4.50) from the two cases, we have a unified estimate for the solution
in Σin

3 for all values of 0 < ε4 ≤ M−6 (and therefore all λ ∈ Λc,ε(µ,M) for µ > 0 sufficiently small).
Transformed into the original (blow-down) coordinates, the solution therefore satisfies∣∣r̄43X3(z

in
3 ) + α3(α;λ, ε)Xε(ξin)

∣∣ ≤ Cr̄1,r̄3 |Xout
1 |,∣∣r̄63Y3(zin3 )

∣∣ ≤ Cr̄1,r̄3ε
(
|Xout

1 |+ |αλ log |λ||
)
+ Cr̄23ε|α|,

(4.51)

where ∣∣∣α3(α;λ, ε)− αΥlf(λε
−1/6)

∣∣∣ ≤ Cr̄1,r̄3 |αλ log |λ||+ C|αr̄23Υlf(λε
−1/6)|.

Finally, we match the full solution with the exit conditions at ζ = ζout by transforming from the K1

coodinates in the section Σout
1 , namely

Xout = αXε(ζout) + r̄41X
out
1 +Rx

1

(
α,Xout

1 ;λ, ε
)
,

εYout = αYε(ζout) + εRy
1

(
α,Xout

1 ;λ, ε
)
,

where ∣∣Rx
1

(
α,Xout

1 ;λ, ε
)∣∣ ≤ Cr̄1 |αελ|,∣∣Ry

1

(
α,Xout

1 ;λ, ε
)∣∣ ≤ Cr̄1 |αλ|+ C

∣∣Xout
1

∣∣ .
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Proceeding as in (4.45)–(4.46), we solve to find α,Xout
1 , satisfying the estimates∣∣∣∣α− εYout

Yε(ζout)

∣∣∣∣ ≤ Cr̄1

(∣∣Xout
1

∣∣+ |λ| |Yout|
)
,∣∣∣∣Xout

1 − Xout

r̄41

∣∣∣∣ ≤ Cr̄1ε
(∣∣Xout

1

∣∣+ |Yout|
)
.

Substituting these estimates at ζ = ζin using (4.51), we obtain the following

|X(ζin)− αXε(ζin) + α3(α;λ, ε)Xε(ζin)| ≤ Cr̄1,r̄3 |Xout
1 |,

|Y (ζin)− αYε(ζin)| ≤ Cr̄1,r̄3ε
(∣∣Xout

1

∣∣+ |αλ log |λ||
)
+ Cr̄23ε|αΥlf(λε

−1/6)|,

so that ∣∣X(ζin)− αx
lf,r̄1,r̄3(Yout; ε, λ)Xε(ζin)

∣∣ ≤ Cr̄1,r̄3 (|Xout|+ (ε+ |λ| log |λ||) |Yout|) ,∣∣∣∣Y (ζin)−
εYε(ζin)

Yε(ζout)
Yout

∣∣∣∣ ≤ Cr̄1,r̄3ε|Xout|+
(
Cr̄1,r̄3ε|λ| log |λ||+ Cr̄23ε

)
|Yout|,

where αx
lf,r̄1,r̄3

(Yout; ε, λ) satisfies (4.47). Again we note that the quantities r̄1, r̄3 satisfy r̄41 = yout(ν, ε) and
r̄23 = xin(ν, ε) and hence can be taken smaller as ν → 0. Analogously to (4.48), we obtain the desired
estimate ∣∣X(ζin)− αx

lf,ν(Yout; ε, λ)x
′
ε

(
ξinlf,ε,ν

)∣∣ ≤ Cν (|Xout|+ (ε+ |λ| log |λ||) |Yout|) ,∣∣∣∣∣∣Y (ζin)− εYout
y′ε

(
ξinlf,ε,ν

)
y′ε

(
ξout,Llf,ε,ν

)
∣∣∣∣∣∣ ≤ Cνε|Xout|+ (Cνε|λ| log |λ||+ η(ν)ε) |Yout|,

for λ ∈ Λc,ε(µ,M), where αx
lf,ν(Yout; ε, λ) satisfies (4.49).

4.4 A tame estimate on the center-unstable (X, Y )-dynamics for ℜ(λ) ≥ ε1/5

The center-unstable (X,Y )-dynamics in the transformed eigenvalue problem (4.5) near the fold are given
by

Ψζ =
(
Ã(ζ; ε, λ) +O(ε)

)
Ψ, Ã(ζ; ε, λ) =

(
a1(ζ; ε) + ã1(ζ; ε, λ) a2(ζ; ε, λ)

0 0

)
(4.52)

with ζ ∈ [ζin, ζout], where we have

a1(ζ; ε) = −2xε(ζ) +O(xε(ζ)
2, yε(ζ)), ã1(ζ; ε, λ) = − λ2

θlfc3
+O(λxε(ζ), λyε(ζ), λ

3),

and

a2(ζ; ε, λ) = 1 +O(xε(ζ), yε(ζ), λ).

We study (4.52) in the regime 0 < ε, |λ| ≪ ν ≪ 1 and ℜ(λ) ≥ ε1/5. The leading-order dynamics of
system (4.52) is given by the upper triangular system

Ψζ = Ã(ζ; ε, λ)Ψ, (4.53)

whose evolution can be explicitly determined in terms of the coefficient functions a1, ã1 and a2. Thus, by
bounding these coefficient functions, we establish a tame estimate on the backward growth of the evolution
of (4.53). This estimate can be transferred to the full system (4.52) with the aid of the variation of
constants formula.

The following lemma provides bounds on the coefficient functions a1 and ã1.
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Lemma 4.11. Provided 0 < ε, |λ| ≪ ν ≪ 1, there exist an ε- and λ-independent constant Cν > 0, a ν-, λ-
and ε-independent constant C > 0, and a point ζmiddle ∈ [ζin, ζout] such that |ζmiddle − ζin| ≤ Cνε

−1/3 and
1 ≤ Cνε|ζout − ζmiddle|, and the coefficients a1(ζ; ε) and ã1(ζ; ε, λ) in (4.52) obey∣∣∣∣ℜ (ã1(ζ; ε, λ)) +

1

θlfc3
(
ℜ(λ)2 −ℑ(λ)2

)∣∣∣∣ ≤ C
(
|ℜ(λ)|+ |ℑ(λ)|2

)
(|xε(ζ)|+ |yε(ζ)|) + Cν |λ|3

for ζ ∈ [ζin, ζout] and

a1(ζ; ε) ≥ −Cνε
1/3

for ζ ∈ [ζmiddle, ζout].

Proof. The bound on the coefficient ã1 can be obtained directly from the coordinate transformation of
Lemma 4.2 by taking real parts and using Lemma 4.1.

For the bound on a1, we note that the point ζmiddle ∈ [ζin, ζout] can be taken as the entry point of the
chart K2. The estimates on ζmiddle follow from the fact that the time spent in the chart K1 is of O(ε−1),
and the time spent in the charts K2,3 is of O(ε−1/3). For ξ ∈ [ζmiddle, ζout], the wave train is thus captured
by either the chart K1 or K2, in which case we can bound xε(ζ) ≤ Cνε

1/3. Furthermore, in the chart
K1, we have that |yε(ζ)| ≤ Cν |xε(ζ)|2, while in the chart K2, we have |yε(ζ)| ≤ Cνε

2/3, hence the result
follows.

We are now ready to establish the tame estimate on the backward growth of solutions to (4.52) on
[ζin, ζout].

Proposition 4.12. Let 0 < ε, |λ| ≪ ν ≪ 1 and ℜ(λ) ≥ ε1/5. Then, for each Ψout ∈ C2, the solution
Ψ: [ζin, ζout] → C2 with initial condition Ψ(ζout) = Ψout obeys

∥Ψ(ζin)∥ ≤ e
ℜ(λ)

c
(ζout−ζin)∥Ψout∥.

Proof. Since Ψ(ζ) solves (4.52) with initial condition Ψ(ζout) = Ψout, we find that Φ(ζ) = e
λ
c
(ζ−ζout)Ψ(ζ)

is a solution with initial condition Φ(ζout) = Ψout to the weighted problem

Φζ =

(
Ã(ζ; ε, λ) +O(ε) +

λ

c

)
Φ, (4.54)

whose coefficient matrix may be written as(
a1(ζ; ε) + ã1(ζ; ε, λ) +

λ
c a2(ζ; ε, λ)

0 λ
c

)
+ εB̃(ζ; ε, λ),

where the matrix B̃(ζ; ε, λ) and the coefficient a2(ζ; ε, λ) are bounded on [ζin, ζout] by an ε-, λ- and ν-
independent constant C0 > 0. Provided 0 < ε, |λ| ≪ ν ≪ 1 and ℜ(λ) ≥ 0, Lemma 4.1 and Lemma 4.11
yield

ℜ
(
ã1(ζ; ε, λ) +

λ

c

)
≥ 3ℜ(λ)

4c
. (4.55)

for ζ ∈ [ζin, ζout]. The evolution T̃ε,λ(ζ, y) of system

Ψζ =

(
Ã(ζ; ε, λ) +

λ

c

)
Ψ,
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reads

T̃ε,λ(ζ, y) =

e(a1(ζ;ε)+ã1(ζ;ε,λ)+
λ
c )(ζ−y)

∫ ζ

y
e(a1(ζ;ε)+ã1(ζ;ε,λ)+

λ
c )(ζ−z)a2(z; ε, λ)e

λ
c
(z−y)dz

0 e
λ
c
(ζ−y)


for ζ, y ∈ [ζin, ζout]. Hence, combining (4.55) with Lemma 4.11, we establish, provided 0 < ε, |λ| ≪ ν ≪ 1
and ℜ(λ) ≥ ε1/5, a ν-, ε- and λ-independent constant C1 > 0 such that∥∥∥T̃ε,λ(ζ, y)∥∥∥ ≤ C1

ℜ(λ)
e

ℜ(λ)
2c

(ζ−y) (4.56)

holds for ζ, y ∈ [ζmiddle, ζout] with ζ ≤ y. We express the solution Φ(ζ) to (4.54) through the variation of
constants formula

Φ(ζ) = T̃ε,λ(ζ, ζout)Ψout + ε

∫ ζ

ζout

T̃ε,λ(ζ, y)B̃(y; ε, λ)Φ(y)dy (4.57)

for ζ ∈ [ζmiddle, ζout]. Setting

η(ζ) = sup
y∈[ζ,ζout]

∥Φ(y)∥e−
ℜ(λ)
4c

(y−ζout)

we bound (4.57) with the aid of (4.56) and obtain

∥Φ(ζ)∥ ≤ C1

ℜ(λ)
e

ℜ(λ)
2c

(ζ−ζout)∥Ψout∥+
4C0C1ε

ℜ(λ)2
η(ζ)e

ℜ(λ)
4c

(ζ−ζout)

for ζ ∈ [ζmiddle, ζout]. Provided 0 < ε, |λ| ≪ ν ≪ 1 and ℜ(λ) ≥ ε1/5, the latter implies

η(ζ) ≤ 2
C1

ℜ(λ)
∥Ψout∥

for ζ ∈ [ζmiddle, ζout]. Hence, provided 0 < ε, |λ| ≪ ν ≪ 1 and ℜ(λ) ≥ ε1/5, we establish

∥Φ(ζmiddle)∥ ≤ 2C1ε
−1/5e

ℜ(λ)
4c

(ζmiddle−ζout)∥Ψout∥.

Therefore, observing that the coefficient matrix of (4.54) is bounded on [ζin, ζout] by an ε-, ν- and λ-
independent constant C2 > 0, we apply Lemma 4.11 and Grönwall’s inequality to infer

∥Φ(ζin)∥ ≤ eC2|ζmiddle−ζin|∥Φ(ζmiddle)∥ ≤ ∥Ψout∥,

provided 0 < ε, |λ| ≪ ν ≪ 1 and ℜ(λ) ≥ ε1/5. So, reverting to the original Ψ-coordinate, the result
follows.

4.5 Proof of Propositions 3.6 and 3.7

Incorporating the (hyperbolic) Z-dynamics in (4.18), we have the following linearized problem

Xζ = X

(
−2x− λ2

θlfc3
+O(x2, y, ε, λx, λ3)

)
+ Y (1 +O(x, y, ε, λ)) ,

Yζ = O(εX, εY ),

Zζ =

(
− c

θlf
+O(x, y, ε, λ)

)
Z.

(4.58)

We have the following.
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Proposition 4.13. Fix M > 0 and ν > 0. There exists µ > 0 such that for each (Xout, Yout, Zin) ∈ C3

and λ ∈ Λε(µ,M), there exists a solution ψuf = (Xlf , Ylf , Zlf) : Ilf → C3 of (4.58) which satisfies

Xlf

(ν
ε

)
= Xout, Ylf

(ν
ε

)
= εYout, Zlf

(
1

ν

)
= Zin

Moreover, (Xlf , Ylf) = (X0
lf , Y

0
lf ), the corresponding solution guaranteed by Proposition 4.3, and there exist

(ε, λ)-independent constants Cν , ϑν such that the solution satisfies∣∣∣Zlf

(
ξout,Llf,ε,ν

)∣∣∣ ≤ Cν |Zin|e−ϑν/ε.

Proof. The results follows from Proposition 4.3 and the block-diagonal form of the equation (4.58).

We are now able to complete the proof of Proposition 3.6. The proof of Proposition 3.7 is similar.

Proof of Proposition 3.6 . In light of Proposition 4.13, it remains to reframe the results in terms of the
original (U, V,W )-coordinates. Through the fold, we define projections Q

cu/s
uf (ξ) for the system (4.58),

given by

Qcu
lf (ξ) =

(
I2 0
0 0

)
, Qs

lf(ξ) =

(
0 0
0 1

)
. (4.59)

To obtain these projections in the original coordinates, we recall the transformation of Lemma 4.2 and
obtain corresponding projections P

cu/s
lf,ε,λ,ν(ξ) as

P
cu/s
lf,ε,λ,ν(ξ) := Nε,λ(ξ)Q

cu/s
lf (ξ)Nε,λ(ξ)

−1. (4.60)

For (i), we note that near ξ = ξout,Llf,ε,ν = Lε+
ν
ε , when the wave-train solution is close to the left slow manifold

Ml
ε, the projections P i

lf,ε,λ,ν , P
i
l,ε,λ,ν , i = s, cu, can both be extended in such a way that they are each well

defined on an overlapping interval of width ν
2ε . As the projections P

i
lf,ε,λ,ν , P

i
l,ε,λ,ν along the wave train while

it lies inside and outside an arbitrary small neighborhood of the fold point, respectively, one can extend
the definition of the projections P i

l,ε,λ,ν(ξ) to ξ =
3ν
4ε , and the projections P i

lf,ε,λ,ν(ξ) to ξ = Lε +
5ν
4ε , where

we note that ξ = ν
ε and ξ = Lε +

ν
ε can be identified by periodicity. Therefore, applying [14, Lemma B.3],

the estimate (3.38) holds.
In order to describe the behavior of the projections P i

lf,0,λ,ν as ε→ 0, we denote

P i
lf,0,λ,ν

(
1
ν

)
:= lim

ε→0
P i
lf,ε,λ,ν

(
Lε +

1
ν

)
.

For the estimate (3.37), we first note that by construction and the pointwise estimates of Proposition 2.2,
we have that ∥∥P i

lf,ε,λ,ν

(
Lε +

1
ν

)
− P i

lf,0,0,ν

(
1
ν

)∥∥ ≤ Cν

(
ε

2
3 + |λ|

)
.

We now claim that P i
lf,0,0,ν

(
1
ν

)
= P i

f,ν

(
1
ν

)
. To see this, we first recall from Proposition 3.2 that

kerP s
f,ν

(
1
ν

)
= RanP cu

f,ν

(
1
ν

)
= Sp

{
Φf(

1
ν ),Ψf,ν(

1
ν )
}
,

where the solutions Φf(
1
ν ),Ψf,ν(

1
ν ) are both bounded as ξ → −∞. Furthermore, since P s

f,ν

(
1
ν

)
has rank 1,

we have that

RanP s
f,ν

(
1
ν

)
= Sp

{
Ψf,∗(

1
ν )
}
,

where Ψf,∗ is the unique (up to scalar multiple) solution of (3.6) which decays exponentially as ξ → ∞
and is unbounded as ξ → −∞.
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Inspecting (4.10) in the limit ε → 0, we see that the one dimensional subspace X = Y = 0 uniquely
captures all solutions which decay exponentially in ξ, hence

RanP s
lf,0,0,ν

(
1
ν

)
= RanP s

f,ν

(
1
ν

)
.

By construction (see Lemma 4.2), when λ = 0

RanP cu
lf,ε,0,ν

(
Lε +

1
ν

)
= kerP s

lf,ε,0,ν

(
Lε +

1
ν

)
= TΓε( 1

ν )
Wu(Γε),

where TΓε(1/ν)Wu(Γε) denotes the tangent space of the unstable manifold Wu(Γε) of the periodic orbit Γε

at ξ = 1
ν . Furthermore, it follows from the proof of [22, Proposition 4.7] that the manifolds Wu(Γε) and

Wu(Mr
0) are C

1-O(ε)-close upon entering a neighborhood of the upper fold. Thus we have that

RanP cu
lf,0,0,ν

(
1
ν

)
= kerP s

lf,0,0,ν

(
1
ν

)
= T(uf( 1

ν ),vf(
1
ν ),f(u1))W

u(Mr
0).

This space is two dimensional and must consist of solutions which are bounded as ξ → −∞. Since the
reduced fast front

(
uf
(
1
ν

)
, vf
(
1
ν

)
, f(u1)

)
)⊤ lies in Wu(Mr

0), we have that the derivative Φf(ξ) of the
reduced front solution must lie in T(uf(ξ),vf(ξ),f(u1))Wu(Mr

0) at ξ = 1
ν . As the solution Ψf,∗ is unbounded

as ξ → −∞, the second solution in this space must be a linear combination of Φf ,Ψf,ν . Hence

kerP s
lf,0,0,ν

(
1
ν

)
= kerP s

f,ν

(
1
ν

)
,

and P i
lf,0,0,ν

(
1
ν

)
= P i

f,ν

(
1
ν

)
, i = s, cu, as required, which completes the proof of estimate (3.37).

For the estimate (3.39), we directly apply the definition of the projection P̃ c
f,ν

(
1
ν

)
from Proposition 3.2

to (4.60), from which we note by (4.59) that only the third row of P s
lf,ε,λ,ν(ξ

in
lf,ε,ν) is relevant in determin-

ing (3.39). The result follows upon examination of (4.11), noting the structure of the third row of N ′
ε(Vε(ξ))

via (4.4) and the second row of DWHε,λ(0, Vε) via (4.9).
Finally, we note that the transformation Nε,λ(ξ) given by (4.11) is (ε, λ, µ)-uniformly bounded for

ξ ∈ Ilf and λ ∈ R1(µ), and

U ′
ε(ξ) = N ′

ε(Vε(ξ))V
′
ε (ξ) = N ′

ε(Vε(ξ))

x′ε(ξ)y′ε(ξ)
0

 , (4.61)

so that

Nε,λ(ξ)

x′ε(ξ)y′ε(ξ)
0

 = U ′
ε(ξ) +

O(|λ||U ′
ε(ξ)|)

O(|λ||U ′
ε(ξ)|)

O(ε|λ||U ′
ε(ξ)|)

 . (4.62)

Interpreting the results of Proposition 4.12 in the region ℜ(λ) ≤ ε1/5 and Proposition 4.13 in the region
|ℜ(λ)| ≤ µε1/6 in terms of the projections P

cu/s
lf,ε,λ,ν(ξ), the result follows upon converting back to the

(U, V,W )-coordinates and making use of (4.61)-(4.62).

5 The region R2(µ,ϖ, ϱ)

Let ϱ > 0 be as in Proposition 2.3 and µ > 0 as in Proposition 2.4. In this section, we prove Proposi-
tion 2.5 by analyzing the spectrum of Lε in the compact intermediate region R2(µ,ϖ, ϱ), where ϖ > 0 is
a sufficiently small ε-independent constant. In particular, we prove that all spectrum of Lε in R2(µ,ϖ, ϱ)
must lie in the open left-half plane. To this end, it suffices to show, as outlined in §2.2, that the eigenvalue
problem (2.13)-(2.14) admits no nontrivial solution for λ ∈ R2(µ,ϖ, ϱ) with ℜ(λ) ≥ 0.

We proceed as follows. First, we establish that the fast subsystem

Ψ̌ξ = Ǎf(ξ; ε, λ)Ψ̌, Ǎi(ξ; ε, λ) =

(
0 1

λ− f ′(uε(ξ)) −c

)
, (5.1)
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of (2.13) admits an exponential dichotomy on R by relating it to the spectral problem

uξξ + cuξ + f ′(ui(ξ))u = λu (5.2)

associated with the traveling front (or back) solution ui(x− ct), i = f,b to the Fisher–KPP-type equation

ut = uxx + f(u).

Next, we divide R2(µ,ϖ, ϱ) into two subregions

R2,1(µ,ϖ, ϱ) = {λ ∈ C : |ℜ(λ)| ≤ ϖ,µ ≤ |λ| ≤ ϱ},
R2,2(µ,ϖ, ϱ) = {λ ∈ C : ℜ(λ) ≥ ϖ,µ ≤ |λ| ≤ ϱ}.

For λ ∈ R2,1(µ,ϖ, ϱ) we show that the exponential dichotomy of (5.1) is inherited by the rescaled
system (3.9), which allows for a block diagonalization of the full eigenvalue problem with the aid of
the Riccati transform. As in the proof of Proposition 3.3, the dynamics in the slow component of the
diagonalized eigenvalue problem can be computed to leading-order. The Floquet boundary condition (2.16)
then leads to an equation for λ which has no solutions λ ∈ R2,1(µ,ϖ, ϱ) with ℜ(λ) ≥ 0, provided ϖ > 0 is
sufficiently small.

Given a fixed ϖ > 0, roughness results yield that for λ ∈ R2,2(µ,ϖ, ϱ) the exponential dichotomy on
R of (5.1) transfers to the full eigenvalue problem (2.13). This prohibits nontrivial solutions to (2.13) to
fulfill the Floquet boundary condition (2.14) and, thus, we find that Lε has no spectrum in R2,2(µ,ϖ, ϱ).

5.1 The fast subsystem

We obtain an exponential dichotomy on R for the fast subsystem (5.1) for each λ ∈ R2(µ,ϖ, ϱ). First, we
establish exponential dichotomies for (5.1) along the front and the back of the wave train by perturbing
from the reduced fast subsystems given by

Ψ̌ξ = Ǎ(ui(ξ);λ)Ψ̌, Ǎ(u;λ) =

(
0 1

λ− f ′(u) −c

)
(5.3)

for i = f,b. System (5.3) is the first-order formulation of the Sturm–Liouville problem (5.2), which admits,
provided ϖ > 0 is sufficiently small, no nontrivial bounded solutions for λ ∈ R2(µ,ϖ, ϱ). This yields an
exponential dichotomy on R of (5.3), which can be transferred to (5.1) using roughness results. On the
other hand, the coefficient matrix of (5.1) is pointwise hyperbolic and varies slowly along the left and right
branch of the critical manifold for each λ ∈ R2(µ,ϖ, ϱ). As in the proof of Proposition 3.3, this yields
exponential dichotomies of (5.3) along these branches. Finally, pasting the exponential dichotomies on the
various intervals together, we establish an exponential dichotomy on R for (5.1).

Proposition 5.1. Fix constants µ, ϱ > 0 with µ < ϱ. Provided 0 < ε ≪ ϖ ≪ 1, system (5.1) possesses
for each λ ∈ R2(µ,ϖ, ϱ) an exponential dichotomy on R with ε- and λ-independent constants.

Proof. We start by establishing an exponential dichotomy for (5.3) on R. By Proposition 2.1 there exist
λ-independent constants C, υ > 0 such that∥∥Ǎ(uf(−ξ);λ)− Ǎ(u2;λ)

∥∥ , ∥∥Ǎ(ub(−ξ);λ)− Ǎ(ū2;λ)
∥∥ ≤ Ce−υξ,∥∥Ǎ(uf(ξ);λ)− Ǎ(u1;λ)

∥∥ ,∥∥Ǎ(ub(ξ);λ)− Ǎ(ū1;λ)
∥∥ ≤ C

1 + ξ
,

(5.4)

for ξ ≥ 0 and λ ∈ R2(µ,ϖ, ϱ). Using that f ′(u2), f
′(ū2) < 0, f ′(u1), f

′(ū1) = 0 and c > c∗(a) > 0, we
infer, provided ϖ > 0 is sufficiently small, that the asymptotic matrices Ǎ(uj ;λ) and Ǎ(ūj ;λ) are for
each λ ∈ R2(µ,ϖ, ϱ) and j = 1, 2 hyperbolic. Hence, by [76, Lemma 3.4] system (5.3) admits exponential
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dichotomies on both (−∞, 0] and [0,∞) for i = f, b. Fix i ∈ {f,b}. Since u′i is a solution to the Sturm–
Liouville problem (5.2) at λ = 0 which possesses no zeros by Proposition 2.1, it follows from [87, p. 344 and
Theorem 5.5] that (5.2) admits, provided ϖ > 0 is sufficiently small, no nontrivial bounded solutions for
all λ ∈ R2(µ,ϖ, ϱ). Therefore, the first-order formulation (5.3) also has no nontrivial bounded solutions
for all λ ∈ R2(µ,ϖ, ϱ). Hence, [76, Proposition 2.1] implies that (5.3) has for all λ ∈ R2(µ,ϖ, ϱ) an
exponential dichotomy on R with projections P̌i(ξ;λ). Since R2(µ,ϖ, ϱ) is compact and Ǎ(u;λ) depends
continuously on λ, the constants associated with this exponential dichotomy can be chosen independent of
λ by roughness of exponential dichotomies, cf. [27, Proposition 5.1]. Finally, [76, Lemma 3.4] and its proof
in conjunction with estimate (5.4) yield λ-independent constants K,α0 > 0 such that∥∥P̌f(−ξ;λ)− P̌(u2;λ)

∥∥ , ∥∥P̌b(−ξ;λ)− P̌(ū2;λ)
∥∥ ≤ Ke−α0ξ,∥∥P̌f(ξ;λ)− P̌(u1;λ)

∥∥ ,∥∥P̌b(ξ;λ)− P̌(ū1;λ)
∥∥ ≤ K

1 + ξ
,

(5.5)

for ξ ≥ 0 and λ ∈ R2(µ,ϖ, ϱ), where P̌(u;λ) is the spectral projection onto the stable eigenspace of the
matrix Ǎ(u;λ).

We transfer the exponential dichotomy of (5.3) on R to exponential dichotomies of (5.1) on the intervals
If = [ log(ε)χ , 1χ ] and Ib = [Ll,ε +

log(ε)
χ , Ll,ε +

1
χ ]. Provided 0 < ε ≪ χ ≪ 1, Proposition 2.2 in combination

with roughness results, cf. [27, Proposition 5.1], implies that system (5.1) admits for each λ ∈ R2(µ,ϖ, ϱ)
an exponential dichotomy on Ii with λ- and ε-independent constants and projections Q̌i,ε(ξ;λ) for i = f,b.
In addition, there exists a λ- and ε-independent constant Cχ > 0 such that the estimates∥∥Q̌f,ε(ξ;λ)− P̌f(ξ;λ)

∥∥ ≤ Cχε
2
3 , ξ ∈ If ,∥∥Q̌b,ε(ξ;λ)− P̌b(ξ − Ll,ε;λ)

∥∥ ≤ Cχε
2
3 , ξ ∈ Ib

(5.6)

hold for λ ∈ R2(µ,ϖ, ϱ).
Next, we establish exponential dichotomies for (5.1) on the intervals Jl = [ 1χ , Ll,ε +

log(ε)
χ ] and Jr =

[ 1χ − Lr,ε,
log(ε)

χ ]. First, provided 0 < ε ≪ χ̃ ≪ 1, Proposition 2.2 yields that the coefficient matrix
Ǎf(ξ; ε, λ) of (5.1) is hyperbolic with ξ-, λ-, ε- and χ̃-independent spectral gap and is bounded by a ξ-,
λ-, ε- and χ̃-independent constant for each ξ ∈ Jl,χ̃ ∪ Jr,χ̃ and λ ∈ R2(µ,ϖ, ϱ). Second, there exists a
ξ-, λ-, ε- and χ̃-independent constant C0 > 0 such that ∥∂ξǍf(ξ, ε, λ)∥ ≤ C0δ0(χ̃) for ξ ∈ Jl,χ̃ ∪ Jr,χ̃ and
λ ∈ R2(µ,ϖ, ϱ) by Proposition 2.2. Noting that {ξ + y : x ∈ Ji,χ, y ∈ [−1, 1]} ⊂ Ji,2χ for 0 < ε ≪ χ ≪ 1,
the latter two observations in combination with [30, Proposition A.3] imply, provided 0 < ε ≪ χ ≪ 1,
that system (5.1) has for λ ∈ R2(µ,ϖ, ϱ) and i = l, r an exponential dichotomy on Ji,χ with λ-, ε- and
χ-independent constants and projections Q̌i,ε(ξ;λ) satisfying∥∥Q̌i,ε(ξ;λ)− P̌(uε(ξ);λ)

∥∥ ≤ C1δ0(2χ), ξ ∈ Ji,χ, (5.7)

where C1 > 0 is a ξ-, ε-, λ- and χ-independent constant.
Since (5.1) is Lε-periodic with Lε = Ll,ε + Lr,ε, any exponential dichotomy of (5.1) on an interval I

yields an exponential dichotomy on an Lε-translate of I. Our aim is to paste the exponential dichotomies
of (5.1) on the intervals Jr, If , Jl and Ib and their Lε-translates together with the aid of [14, Lemma B.2]
to establish an exponential dichotomy for (5.1) on a double periodicity interval of length 2Lε. This, in turn,
yields the desired exponential dichotomy of (5.1) on R by an application of [77, Theorem 1]. To this end,
we combine estimates (5.5), (5.6), and (5.7) with Proposition 2.2 and deduce, provided 0 < ε ≪ χ ≪ 1,
that∥∥∥Q̌f,ε

(
log(ε)

χ ;λ
)
− Q̌r,ε

(
log(ε)

χ ;λ
)∥∥∥ ,∥∥∥Q̌f,ε

(
1
χ ;λ

)
− Q̌l,ε

(
1
χ ;λ

)∥∥∥ ,∥∥∥Q̌b,ε

(
Ll,ε +

log(ε)
χ ;λ

)
− Q̌l,ε

(
Ll,ε +

log(ε)
χ ;λ

)∥∥∥ ,∥∥∥Q̌b,ε

(
Ll,ε +

1
χ ;λ

)
− Q̌r,ε

(
1
χ − Lr,ε;λ

)∥∥∥ < 1

2

(5.8)
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for λ ∈ R2(µ,ϖ, ϱ). Therefore, applying [14, Lemma A.1] we deduce that Q̌f,ε(
1
χ log(ε);λ)[Cn] and

ker(Q̌r,ε(
1
χ log(ε);λ)) are complementary subspaces for λ ∈ R2(µ,ϖ, ϱ). In particular, it implies that

the projection onto Q̌f,ε(
1
χ log(ε)χ;λ)[Cn] along ker(Q̌r,ε(

1
χ log(ε);λ)) is well-defined and can be bounded

by an ε-, χ- and λ-independent constant for λ ∈ R2(µ,ϖ, ϱ), because the constants of the exponential
dichotomy of (5.1) on If are independent of ε, χ and λ. Applying [14, Lemma B.2] we find, provided
0 < ε≪ χ≪ 1, that (5.1) possesses for each λ ∈ R2(µ,ϖ, ϱ) an exponential dichotomy on Jr ∪ If with ε-,
χ- and λ-independent constants and projections Q̌1,ε(ξ;λ) satisfying∥∥∥Q̌1,ε(

1
χ ;λ)− Q̌f,ε

(
1
χ ;λ

)∥∥∥ ≤ χ. (5.9)

Combining (5.8) with (5.9) we obtain, provided 0 < ε≪ χ≪ 1, that the estimate∥∥∥Q̌1,ε(
1
χ ;λ)− Q̌l,ε

(
1
χ ;λ

)∥∥∥ < 1

2
+ χ < 1 (5.10)

holds for λ ∈ R2(µ,ϖ, ϱ). Continuing analogously as before, we can use estimate (5.10) and [14, Lem-
mas A.1 and B.2] to prove that, provided 0 < ε≪ χ≪ 1, system (5.1) admits for each λ ∈ R2(µ,ϖ, ϱ) an
exponential dichotomy on Jr ∪ If ∪ Jl with ε-, χ- and λ-independent constants. Proceeding inductively,
while using the estimates (5.8), we thus find that system (5.1) has for each λ ∈ R2(µ,ϖ, ϱ) an exponential
dichotomy on an interval of length 2Lε with ε-, χ- and λ-independent constants. Hence, using that the Lε-
periodic coefficient matrix of (5.1) can be bounded by an ε- and λ-independent constant for λ ∈ R2(µ,ϖ, ϱ)
and ξ ∈ R by Proposition 2.2, system (5.1) has by [77, Theorem 1] an exponential dichotomy on R for each
λ ∈ R2(µ,ϖ, ϱ) with λ- and ε-independent constants.

5.2 The region R2,1(µ,ϖ, ϱ)

The exponential dichotomy of the fast subsystem (5.1), established in Proposition 5.1, allows us to apply
the Riccati transformation to block diagonalize the rescaled eigenvalue problem (2.15). By computing the
scalar dynamics in the one-dimensional slow component of the diagonalized eigenvalue problem to leading
order and employing the Floquet boundary condition (2.16), we preclude the existence of any spectrum of
nonnegative real part in the region R2,1(µ,ϖ, ϱ).

Proposition 5.2. Let 0 < a < 1
2 . Fix 0 < γ < γ∗(a) and c > c∗(a). Take constants µ, ϱ > 0 with

µ < ϱ. Then, provided 0 < ε≪ ϖ ≪ 1, the linearization Lε of (1.7) about ϕε(ξ) possesses no spectrum of
nonnegative real part in the compact set R2,1(µ,ϖ, ϱ).

Proof. As outlined in §2.2, it suffices to show that the eigenvalue problem (2.15)-(2.16) admits no nontrivial
solution for ρ ∈ R and λ ∈ R2,1(µ,ϖ, ϱ) with ℜ(λ) ≥ 0. As in the proof of Proposition 5.1, we adopt the
notation Jl = [ 1χ , Ll,ε +

log(ε)
χ ] and Jr = [ 1χ − Lr,ε,

log(ε)
χ ]. Moreover, throughout the proof we denote by

C ≥ 1 any ε-, λ-, χ-, ϖ- and ξ-independent constant.
First, Proposition 2.2 yields, provided 0 < ε≪ χ≪ 1, that we have∥∥Af(ξ; ε, λ)− Ǎl(εξ;λ)

∥∥ ≤ Cδ0(χ), ξ ∈ Jl,∥∥Af(ξ; ε, λ)− Ǎr(εξ + Lr,ε;λ)
∥∥ ≤ Cδ0(χ), ξ ∈ Jr

(5.11)

for λ ∈ R2,1(µ,ϖ, ϱ), where we denote

Ǎi(y;λ) =

(
−λ

c 1

λ− f ′(ui(y)) −λ
c

)
for i = l, r. Subsequently, we observe that the spectral projection of(

Ǎi(y;λ) B0

01×2 0

)
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onto its center eigenspace is given by

Q̌c
i (y;λ) =


0 0

(
f ′(ui(y))− λ+ λ2

c2

)−1

0 0 λ
c

(
f ′(ui(y))− λ+ λ2

c2

)−1

0 0 1

 .

for y ∈ [0, Li + 1], λ ∈ R2,1(µ,ϖ, ϱ) and i = l, r. By estimate (5.11) we have∥∥Pc
ε,λ(ξ)− Q̌c

l (εξ;λ)
∥∥ ≤ Cδ0(χ), ξ ∈ Jl,∥∥Pc

ε,λ(ξ)− Q̌c
r(εξ + Lr,ε;λ)

∥∥ ≤ Cδ0(χ), ξ ∈ Jr,
(5.12)

for λ ∈ R2,1(µ,ϖ, ϱ), where Pc
ε,λ(ξ) is the spectral projection of the coefficient matrix A(ξ; ε, λ) of (2.15)

onto its center subspace.
Proposition 5.1 yields, provided 0 < ε ≪ ϖ ≪ 1, that the fast subsystem (5.1) has for each λ ∈

R2,1(µ,ϖ, ϱ) an exponential dichotomy on R with ε- and λ-independent constants K,α > 0. Therefore,
provided 0 < ε ≪ ϖ ≪ 1, the rescaled fast subsystem (3.9) has for each λ ∈ R2,1(µ,ϖ, ϱ) also an
exponential dichotomy on R with ε- and λ-independent constantsK,α−ϖ

c > 0. In addition, the Lε-periodic
coefficient matrix of (2.15) can be bounded on R by an ε- and λ-independent constant for λ ∈ R2,1(µ,ϖ, ϱ)
by Proposition 2.2. So, proceeding as in the proof of Proposition 3.3, we apply the Riccati transformation,
cf. [31, Theorem 5.1], to yield continuous Lε-periodic matrix functionsHε,λ : R → C3×3 and Uε,λ : R → C2×1

such that Hε,λ(ξ) is invertible for each ξ ∈ R and Uε,λ can be bounded on R by a λ- and ε-independent
constant. Moreover, if Ψ(ξ) is a solution to (2.15), then Φ(ξ) = Hε,λ(ξ)Ψ(ξ) obeys the diagonalized system

Φξ =

(
Af(ξ; ε, λ)− εUε,λ(ξ)B1 02×1

01×2 εAs + εB1Uε,λ(ξ)

)
Φ, (5.13)

for ξ ∈ R and λ ∈ R2,1(µ,ϖ, ϱ). Analogously as the derivation of estimate (3.17) in the proof of Proposi-
tion 3.3, one establishes the estimates∥∥∥∥∥∥Uε,λ(ξ)−

 (
f ′(ul(εξ))− λ+ λ2

c2

)−1

λ
c

(
f ′(ul(εξ))− λ+ λ2

c2

)−1

∥∥∥∥∥∥ ≤ Cδ0(χ), ξ ∈ Il,χ,

∥∥∥∥∥∥Uε,λ(ξ)−

 (
f ′(ur(εξ + Lr,ε))− λ+ λ2

c2

)−1

λ
c

(
f ′(ur(εξ + Lr,ε))− λ+ λ2

c2

)−1

∥∥∥∥∥∥ ≤ Cδ0(χ), ξ ∈ Ir,χ

(5.14)

for λ ∈ R2,1(µ,ϖ, ϱ), where we used (5.12) instead of (3.15). Furthermore, by roughness results, cf. [27,
Theorem 5.1], the fast block system

Φξ = (Af(ξ; ε, λ)− εUε,λ(ξ)B1) Φ (5.15)

admits for λ ∈ R2,1(µ,ϖ, ϱ) an exponential dichotomy on R with λ- and ε-independent constants.
Now suppose that Ψ(ξ) is a nontrivial solution to the boundary-value problem (2.15)-(2.16) for some

ρ ∈ R and λ ∈ R2,1(µ,ϖ, ϱ). Then, Φ(ξ) = Hε,λ(ξ)Ψ(ξ) solves (5.13) and obeys

Φ(Lε + ξ) = e(iρ−
λ
c )LεΦ(ξ) (5.16)

for all ξ ∈ R, where we used that Hε,λ(0) = Hε,λ(Lε) is invertible. The first two components of Φ(ξ) solve
the fast block system (5.15), which has an exponential dichotomy on R with λ- and ε-independent constants.
Therefore, provided 0 < ε ≪ ϖ ≪ 1, the condition (5.16) yields that Φ(ξ) must vanish identically in its
first two components. Since the last component ϕ(ξ) of Φ(ξ) solves the scalar problem

ϕξ = ε (As +B1Uε,λ(ξ))ϕ,
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it must be nonzero for all ξ ∈ R and obeys

ϕ(Lε) = exp

(∫ Lε

0
ε (As +B1Uε,λ(ξ)) dξ

)
ϕ(0).

Substituting the latter into the last component of (5.16) for ξ = 0, dividing by ϕ(0) ̸= 0, taking the complex
logarithm on both sides and equating real parts yields

ℜ
(
λLε

c
+

∫ Lε

0
ε (As +B1Uε,λ(ξ)) dξ

)
= 0.

Hence, using the approximations (2.11) and (5.14) and the fact that Uε,λ is bounded on R by an ε- and
λ-independent constant, we infer that, provided 0 < ε≪ χ≪ ϖ ≪ 1, the estimate∣∣∣∣∣ℜ(λ)Lε

c
+
γ

c
(Ll + Lr)−

∫ Ll

0

f ′(ul(y))−ℜ(λ) + ℜ(λ)2−ℑ(λ)2

c2

c
∣∣f ′(ul(y))− λ+ λ

c2

∣∣2 dy −
∫ Lr

0

f ′(ur(y))−ℜ(λ) + ℜ(λ)2−ℑ(λ)2

c2

c
∣∣f ′(ur(y))− λ+ λ

c2

∣∣2 dy

∣∣∣∣∣
≤ Cδ0(χ)

holds. Therefore, upon recalling that we have γ, c > 0 and f ′(ui(y)) ≤ 0 for y ∈ [0, Li] and i = l, r, we
deduce that it must hold ℜ(λ) < 0, provided 0 < ε≪ χ≪ ϖ ≪ 1, which concludes the proof.

5.3 The region R2,2(µ,ϖ, ϱ)

We now show that the linearization Lε possesses no spectrum in the compact region R2,2(µ,ϖ, ϱ) for
fixed ϱ,ϖ, µ > 0. The result follows by establishing an exponential dichotomy for the full eigenvalue
problem (2.13) on R.
Proposition 5.3. Let 0 < a < 1

2 . Fix 0 < γ < γ∗(a) and c > c∗(a). Take constants µ, ϱ,ϖ > 0 with
µ < ϱ. Then, provided 0 < ε ≪ 1, there is no spectrum of the linearization Lε of (1.7) about ϕε(ξ) in the
region R2,2(µ,ϖ, ϱ).

Proof. Suppose Ψ̌(ξ) is a solution to (2.13)-(2.14) with ρ ∈ R. Then, it follows by standard Floquet theory,
cf. [48], that

Ψ̌(Lε + ξ) = eiρLεΨ̌(ξ)

holds for all ξ ∈ R. Consider the invertible matrix

Sε =

(
I2 02×1

01×2
√
ε

)
.

We find that Φ̌(ξ) = SεΨ̌(ξ) solves the rescaled problem

Φ̌ξ =

(
Ǎf(ξ; ε, λ)

√
εB0√

εB1
1
c (εγ + λ)

)
Φ̌ (5.17)

and obeys

Φ̌(Lε + ξ) = eiρLεΦ̌(ξ) (5.18)

for ξ ∈ R. Clearly, provided 0 < ε≪ 1, the diagonal system

Φξ =

(
Ǎf(ξ; ε, λ) 0

0 λ
c

)
Φ

admits for each λ ∈ R2,2(µ,ϖ, ϱ) an exponential dichotomy on R with λ- and ε-independent constants by
Proposition 5.1. By roughness of exponential dichotomies, cf. [27, Proposition 5.1], it follows, provided
0 < ε ≪ 1, that (5.17) has for each λ ∈ R2,2(µ,ϖ, ϱ) an exponential dichotomy on R with λ- and ε-
independent constants. Combining the latter with (5.18) implies that Φ̌ must be identically 0. Therefore,
the eigenvalue problem (2.13)-(2.14) does not admit a nontrivial solution for each λ ∈ R2,2(µ,ϖ, ϱ) and
ρ ∈ R. By the exposition in §2.2 this implies that Lε does not possess spectrum in R2,2(µ,ϖ, ϱ).
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5.4 Proof of Proposition 2.5

Choosing ϱ as in Proposition 2.3 and µ as in Proposition 2.4 and taking ϖ sufficiently small, the result
follows from Propositions 5.2 and 5.3.

A The region R3,ε(ϱ)

In this section, we prove Proposition 2.3 concerning spectrum in the region R3,ε(ϱ).

Proof of Proposition 2.3. The principal part of Lε is the diagonal diffusion-advection operator

L0 =

(
∂ξξ + c∂ξ 0

0 c∂ξ

)
acting on Y := L2(R,C)× L2(R,C) with dense domain H2(R,C)×H1(R,C). The skew-adjoint operator
Aα = α∂ξ on the Hilbert space L2(R) with domain H1(R) generates by Stone’s Theorem, cf. [41, Theo-
rem II.3.24], a unitary group for any α ∈ R \ {0}. Consequently, by [41, Corollary II.4.9] and its proof, the
square ∂ξξ = A2

1 : H
2(R) ⊂ L2(R) → L2(R) is sectorial. In particular, there exists a constant C0 ≥ 1 such

that any λ ∈ C \ {0} with ℜ(λ) ≥ 0 lies in the resolvent set of A2
1 and we have∥∥∥(A2

1 − λ
)−1
∥∥∥
L2→H2

≤ C0

(
1 +

1

|λ|

)
. (A.1)

On the other hand, by Sobolev interpolation there exists for any δ > 0 a constant Cδ > 0 such that
∥u′∥L2 ≤ δ∥u′′∥L2 + Cδ∥u∥L2 for all u ∈ H2(R). Hence, for any δ > 0 the operator Ac is A2

1-bounded
with A2

1-bound δ. Therefore, using that A2
1 is sectorial, the proof of [41, Theorem III.2.10] yields constants

C1, r1 > 0 such that any λ ∈ C with ℜ(λ) ≥ 0 and |λ| > r1 lies in the resolvent set of A2
1 +Ac = ∂ξξ + c∂ξ

and we have ∥∥∥(A2
1 +Ac − λ

)−1
∥∥∥
L2→L2

≤ C1

|λ|
. (A.2)

Moreover, since Ac generates a unitary group, [41, Corollary II.3.7] implies that any λ ∈ C with ℜ(λ) > 0
lies in the resolvent set of Ac and it holds∥∥∥(Ac − λ)−1

∥∥∥
L2→L2

≤ 1

ℜ(λ)
. (A.3)

The residual operator Lε − L0 : Y → Y is bounded by an ε-independent constant by Proposition 2.2.
Combining the latter and estimates (A.2) and (A.3) with [66, Theorem IV.1.16] yields an ε-independent
constant ϱ1 > 0 such that Lε − λ is invertible for all λ ∈ C with ℜ(λ) > ϱ1.

We now consider the eigenvalue problem

(Lε − b− iκΩ)

(
u
w

)
= 0 (A.4)

with b ∈ [−3
4εγ, ϱ1], κ ∈ {±1}, and Ω ≥ 1. Inspired by the analysis in [8, Appendix A], we multiply (A.4)

from the left with the diagonal matrix diag(Ω−1, ε−1Ω−1/2) and introduce the rescaled spatial variables
X =

√
Ωξ and W = ε−1w. We arrive at

(L1,ε,µ + L2,ε,µ)

(
u
W

)
= 0,
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where we denote µ = Ω−1/2 ∈ (0, 1) and the operators L1,ε,µ : H
2(R)×H1(R) ⊂ Y → Y and L2,ε,µ : H

1(R)×
L2(R) ⊂ Y → Y are given by

L1,ε,µ =

(
A2

1 − iκ 0
0 Ac − (b+ εγ)µ− iκ

µ

)
, L2,ε,µ =

(
Aµc + µ2 (f ′(uε(µX))− b) −εµ2

µ 0

)
.

Using that b ∈ [−3
4εγ, ϱ1], it follows from (A.1) and (A.3) that L1,ε,µ is invertible and we find a µ- and

ε-independent constant C0 > 0 such that∥∥∥L2,ε,µL−1
1,ε,µ

∥∥∥
L2→L2

≤ C0µ

for µ ∈ (0, 1). Hence, there exists an ε-independent constant µ0 > 0 such that, if µ ∈ (0, µ0), then
the operator I + L2,ε,µL−1

1,ε,µ may be inverted using Neumann series. Therefore, (I + L2,ε,µL−1
1,ε,µ)L1,ε,µ =

L1,ε,µ+L2,ε,µ is invertible for µ ∈ (0, µ0). Udoing the rescaling, we infer that there exists an ε-independent
constant ϱ2 > 0 such that Lε − b − iκΩ is invertible for b ∈ [−3

4εγ, ϱ1], κ ∈ {±1}, and Ω > ϱ2, which
concludes the proof.

B Exponential di- and trichotomies

Exponential di- and trichotomies play a central role in the spectral analysis of linear differential operators
and can be used to characterize invertibility and Fredholm properties [27, 75, 76, 82].

A linear nonautonomous ordinary differential equation admits an exponential dichotomy when it has a
fundamental set of solutions that exhibit exponential decay in forward or backward time.

Definition B.1. Let n ∈ N0, J ⊂ R an interval, and A ∈ C(J,Cn×n). Denote by T (x, y) the evolution
operator of

ϕx = A(x)ϕ, ϕ ∈ Cn. (B.1)

Equation (B.1) has an exponential dichotomy on J with constants K,α > 0 and projections P (x) ∈ Cn×n

if for all x, y ∈ J it holds

• P (x)T (x, y) = T (x, y)P (y);

• ∥T (x, y)P (y)∥ ≤ Ke−α(x−y) for x ≥ y;

• ∥T (x, y)(In − P (y))∥ ≤ Ke−α(y−x) for y ≥ x.

Exponential trichotomies describe linear systems that, in addition to exhibiting exponential decay in
forward and backward time, possess a central subspace corresponding to bounded or neutral dynamics.

Definition B.2. Let n ∈ N>0, J ⊂ R an interval, and A ∈ C(J,Cn×n). Denote by T (x, y) the evolution
operator of (B.1). Equation (B.1) has an exponential trichotomy on J with constants K,α > 0 and
projections P u(x), P s(x), P c(x) ∈ Cn×n if for all x, y ∈ J it holds

• P u(x) + P s(x) + P c(x) = I;

• P s,u,c(x)T (x, y) = T (x, y)P s,u,c(y);

• ∥T (x, y)P s(y)∥, ∥T (y, x)P u(x)∥ ≤ Ke−α(x−y) for x ≥ y;

• ∥T (x, y)P c(y)∥ ≤ K.
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C Properties of the Airy function Ai(s)

In this section, we collect several facts concerning the Airy function Ai(s). We begin with the following
result from [35, §9].

Lemma C.1. The Airy function Ai: R → R satisfies the properties:

(i) Ai′′(s) = sAi(s) for s ∈ R

(ii) Ai(s) has an infinite number of zeros, all of which are negative, the largest of which is simple and
denoted by −Ω0 < 0.

(iii) There exists a constant C > 0 such that

0 ≤ Ai(s) ≤ Ce−
2
3
|s|3/2 , |Ai′(s)| ≤ C

(
1 + |s|

1
4

)
e−

2
3
|s|3/2

for s ∈ [−Ω0,∞).

Using Lemma C.1, we arrive at the following result.

Proposition C.2. Consider the entire function I0 : C → C given by

I0(z) =
z

Ai′(−Ω0)2

∫ ∞

−Ω0

e−z(s+Ω0)
(
Ai′(s)2 − sAi(s)2

)
ds, (C.1)

where −Ω0 < 0 is largest zero of the Airy function Ai(s). There exists a constant C > 0 such that the
following hold:

(i) I0(z) =
2Ω0
3 z +O(|z|2) for z ∈ C with |z| ≪ 1.

(ii) I0(0) = 0, I ′0(z) > 0 for z ∈ R, and I0(z) = 1 +O
(

1
z2

)
for z ∈ R with z ≫ 1.

(iii) I0(z) = 1− 1

Ai′(−Ω0)2

∫ ∞

−Ω0

e−z(s+Ω0)Ai(s)2ds for each z ∈ C.

(iv) |I ′0(z)| ≤ C for all z ∈ C with ℜ(z) ≥ −1.

Proof. Using integration by parts and Lemma C.1, we establish∫ ∞

−Ω0

Ai′(s)2 − sAi(s)2ds = 2

∫ ∞

−Ω0

Ai′(s)2ds = 2sAi′(s)2
∣∣∣∞
−Ω0

− 4

∫ ∞

−Ω0

s2Ai′(s)Ai(s)ds

= 2Ω0Ai
′(−Ω0)

2 + 4

∫ ∞

−Ω0

sAi(s)2ds = 2Ω0Ai
′(−Ω0)

2 − 4

∫ ∞

−Ω0

Ai′(s)2ds

so that

1

Ai′(−Ω0)2

∫ ∞

−Ω0

Ai′(s)2 − sAi(s)2ds =
2Ω0

3
.

Together with Lemma C.1, this implies I0(0) = 0 and I ′0(0) = 2Ω0/3, which completes the proof of (i) and
the first statement in (ii). For the remaining claims, we use integration by parts to obtain

I0(z) = − 1

Ai′(−Ω0)2

∫ ∞

−Ω0

d

ds

[
e−z(s+Ω0)

] (
Ai′(s)2 − sAi(s)2

)
ds

= − 1

Ai′(−Ω0)2
e−z(s+Ω0)

(
Ai′(s)2 − sAi(s)2

) ∣∣∣∞
−Ω0

− 1

Ai′(−Ω0)2

∫ ∞

−Ω0

e−z(s+Ω0)Ai(s)2ds

= 1− 1

Ai′(−Ω0)2

∫ ∞

−Ω0

e−z(s+Ω0)Ai(s)2ds

(C.2)
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for z ∈ C, which establishes (iii). Differentiating (C.2) and using Lemma C.1, we have

I ′0(z) =
1

Ai′(−Ω0)2

∫ ∞

−Ω0

e−z(s+Ω0) (s+Ω0)Ai(s)
2ds

for z ∈ C, implying I ′0(z) > 0 for z ∈ R. Taking absolute values, we find

|I ′0(z)| ≤
1

Ai′(−Ω0)2

∫ ∞

−Ω0

es+Ω0 (s+Ω0)Ai(s)
2ds

for all z ∈ C with ℜ(z) ≥ −1, which yields (iv) by Lemma C.1. Finally, for z ∈ R with z ≫ 1, integrating
by parts and using Lemma C.1, from (C.2) we obtain

I0(z) = 1− 2

Ai′(−Ω0)2z

∫ ∞

−Ω0

e−z(s+Ω0)Ai(s)Ai′(s)ds

= 1− 2

Ai′(−Ω0)2z2

∫ ∞

−Ω0

e−z(s+Ω0)
(
Ai′(s)2 + sAi(s)2

)
ds = 1 +O

(
1

z2

)
,

as claimed.

D Numerical continuation of spectra

In this section, we present some details on the numerical computation of spectra used to obtain the plots
in Figure 6. To verify the (negative) quadratic tangency of the critical spectral curve at the origin and its
asymptotic scaling, we compute the leading quadratic coefficient λ′′ε(0) numerically and compare this with
the predicted leading-order behavior (2.18). We follow [38, §4] to derive an expression for the coefficient
λ′′ε(0). We recall that the wave-train solution ϕε(ξ; c) = (uε, wε)(ξ; c) is an Lε(c)-periodic solution of
the traveling wave ODE (1.8). As Lε is a monotonically increasing function of c, we can equivalently
parameterize the solution ϕε and the wave speed c as functions of the period Lε. Defining the spatial
wavenumber ℓ = 2π

Lε
, and setting ω(ℓ) := ℓc(ℓ), we have that (u∗, w∗)(θ; ℓ) = (uε, wε)(θ/ℓ; c(ℓ)) is a 2π-

periodic solution of the equation

0 = ℓ2uθθ + f(u)− w + ωuθ,

0 = ε(u− γw − a) + ωwθ.
(D.1)

As the translation eigenvalue is simple by Theorem 1.2, the derivative (∂θu∗, ∂θw∗) thus spans the kernel
of the operator

L∗ =

(
ℓ2∂θθ + f ′(u∗(θ; ℓ))u+ ω∂θ −1

ε −εγw + ω∂θ

)
.

The adjoint operator

Lad
∗ =

(
ℓ2∂θθ + f ′(u∗(θ; ℓ))u− ω∂θ ε

−1 −εγw − ω∂θ

)
has a nontrivial solution, which we denote by (uad, wad)(θ; ℓ). Differentiating (D.1) with respect to ℓ, we
find that (∂ℓu∗, ∂ℓw∗) satisfies the equation

L∗

(
∂ℓu∗
∂ℓu∗

)
=

(
−2ℓ∂θθu∗ − ω′(ℓ)∂θu∗

−ω′(ℓ)∂θw∗

)
, (D.2)
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where, upon taking the L2 inner product of both sides with (uad, wad)(θ; ℓ), we find that

ω′(ℓ) = −

〈(
−2ℓ∂θθu∗

0

)
,

(
uad
wad

)〉
〈(

∂θu∗
∂θw∗

)
,

(
uad
wad

)〉 .

Following the discussion in [38, §4.2], by shifting in θ, we can arrange for the solution (∂ℓu∗, ∂ℓw∗) of (D.2)
to satisfy 〈(

∂ℓu∗
∂ℓw∗

)
,

(
uad
wad

)〉
= 0. (D.3)

Turning to the eigenvalue problem (1.10), the critical spectral curve λε(ρ) satisfies the reformulated eigen-
value problem

Lρ,∗

(
uρ
wρ

)
= λε(ρ)

(
uρ
wρ

)
(D.4)

for ρ ∈
[
− π

Lε
, π
Lε

)
, where the operator

Lρ,∗ =

(
ℓ2
(
∂θ + iρℓ

)2
+ ω

(
∂θ + iρℓ

)
+ f ′(u∗(θ; ℓ)) −1

ε ω
(
∂θ + iρℓ

)
− εγ

)
,

and (uρ, wρ) = (∂θu∗, ∂θw∗) at ρ = 0. By differentiating (D.4) with respect to ρ, and following [38, §4.2],
we obtain

λ′′ε(0) =

〈(
4ℓ∂θ∂ℓu∗ + 2∂θu∗

0

)
,

(
uad
wad

)〉
〈(

∂θu∗
∂θw∗

)
,

(
uad
wad

)〉 . (D.5)

We compute (D.5) numerically in AUTO by solving for (∂θu∗, ∂θw∗) and (uad, wad) as the solutions of

L∗

(
u
w

)
= 0,

and

Lad
∗

(
u
w

)
= 0,

respectively, up to normalization, and for (∂ℓu∗, ∂ℓw∗) as the solution of (D.2) subject to (D.3). The inner
products in (D.5) can then be evaluated numerically to determine λ′′ε(0). Figure 6 depicts the results of
numerical continuation of λ′′ε(0) for decreasing ε for a wave-train solution of (1.1) for a = 0.2, γ = 1, and
wave speed c = 2. We see good agreement between the numerically computed expression (D.5) and the
leading-order coefficient −kε2/3 obtained analytically in Proposition 2.4. A log-log plot of the difference
between these two expressions suggests that the error is indeed higher order: While we have not carried
out the higher order analysis in the proof of Proposition 2.4 necessary to capture the error, we conjecture
that this error scales approximately as ∼ ε log ε. This would be in line with the fact that the next order
error term in the ε2/3 bifurcation delay associated with slow passage through the fold is of order ε log ε [69].
This scaling appears to be corroborated by Figure 6.
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E Direct numerical simulations

Direct simulations for Figures 2 and Figure 3 were implemented using a fourth order exponential time
differencing scheme [28] after spectral discretization, evaluating the linear part via fast Fourier transform.
Typical discretization parameters were dx = 0.1 and dt = 0.1. Domain sizes were chosen so that the
domain fit 20 repeat phase waves and 60 repeat trigger waves. The scheme was implemented in Matlab
and computations were carried out on an Nvidia Quadro GV100 GPU. We found wave trains by first
simulating in a fundamental period with a spatial relaxation type initial profile until changes in time were
small. The result was used to initialize a Newton method with the same spectral discretization and a
comoving frame derivative with speed approximately from direct simulations. The resulting wave train
was then repeated 20 times for phase waves or 60 times for trigger waves to yield an exact equilibrium in
the large domain. We simulated the system in the large domain in both steady and comoving frames with
initial perturbations random or localized in space (Figures 2 and 3, respectively). We found the size of the
perturbation upert in the first component of the solution u∗ by finding the closest perfect wave-train solution.
For this, we constructed the family of translates of wave trains uwt(·+ ξ0) using spectral interpolation and
then finding the minimum location ξ∗0 = argminξ0

∫
ξ |u∗(ξ, t) − uwt(ξ + ξ0)|0.1dξ. The exponent 0.1 used

for finding the minimum location effectively penalizes a distribution of the mismatch across the domain,
so that the error is localized in a region where it is actually large. The perturbation shown in Figure 3 and
used to compute the width of the region with amplitude larger than 10−5 is u∗(t, ξ)− uwt(ξ + ξ0).
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