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ROGUE WAVES FOR SEMILINEAR WAVE EQUATIONS

JULIA HENNINGER!

ABSTRACT. We study the semilinear wave equation V (2)d2u-+d(t) M (x, Va)u = V (x)d(t)|ulP " u
on RY x R and show the existence of solutions which are localized in space and in time, called
rogue waves, by means of variational methods. We introduce an energy functional on a suit-
able Hilbert space, and provide sufficient conditions on the coefficients V| f/, d, d, the elliptic
operator M and p > 1 for the existence of a critical point. Our approach is based on a detailed
analysis of the wave type operator and in particular its spectral properties. Further regular-
ity considerations show that critical points are weak solutions to our equation. Moreover, we
provide examples of the coefficients and the elliptic operator which satisfy our assumptions.

1. INTRODUCTION AND MAIN RESULT

We study the semilinear wave equation
(1) V(2)0%u + d(t)M(z,V)u = V(z)d(t)|ulPu, (z,t) e RY xR

for the existence of rogue wave solutions under suitable conditions. Rogue waves to (|1|) are
real-valued solutions which are localized in space and in time, i.e. limg 4|—oo u(z,t) = 0. In
general, they are a rare nonlinear phenomenon and not yet well understood in a mathematically
rigorous sense for wave-type equations such as . The likely most well-known example for a
rogue wave type solution is the Peregrine soliton. In [16] Peregrine studied the one-dimensional,
cubic, focusing NLS ig; + %qm +1g|*¢ = 0 for (x,t) € R x R and provided an explicit solution

q(z,t) = (1 - %)e” with |g(x,t)] — 1 as |(z,t)] — oo. Note that this solution is
localized with respect to the constant background 1 and not 0 as we introduced in the notion
of rogue waves. Inspired by this example, further results on rogue waves were achieved for
various types of equations by different approaches. In the setting of integrable systems we
would like to mention the books by Yang and Yang 23| and by Guo et al [9] and the contained
references. There, they physically motivate numerous equations and construct rogue waves
for them using different methods such as the Darboux transform, the bilinear method and
inverse scattering theory. Further we point out the papers by Chen, Pelinovsky and White,
where they give explicit examples of rogue waves to derivative NLS [3], focusing NLS [4] and
modified Korteweg—de Vries [2]. In the context of nonintegrable systems different techniques
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2 ROGUE WAVES FOR SEMILINEAR WAVE EQUATIONS

are required to construct solutions and in particular rogue wave solutions. For the Benney-
Roskes model and nonlocal NLS equation, Kevrekidis et al, proved the existence of rogue waves
using a perturbative method, see |10, 20, |21]. In the work of Schneider and Thorin, see [18],
they demonstrated an approximation result for the Peregrine soliton in nonlinear dispersive
wave equations. Further, Plum and Reichel constructed an explicit rogue wave solution for a
semilinear curl-curl wave equation in dimension three |17]. Lastly we would like to mention
that there exist many contributions about rogue waves in a physical context, for example by
E. Pelinovsky, Kharif and Slunyeav [5] on oceanic rogue waves.

For our purposes we work with the weighted Li-spaces LY, = LL,(RY) = LYRY,V(x) dx)
and LY, = L1, (RY x R) = LYRN x R,V (z)d(t) d(z,t)) where V and d are measurable,
bounded and non-negative functions. We use the notation < for inequalities up to constants,
more precisely, a < b means that there exists a constant ¢ > 0 such that a < ¢b for a,b € R.

Our method is based on a detailed analysis of the spectral properties of the weighted wave
operator

— 1 2 1 T
L= d(t)at + V(x)M( , V).

In general, we assume that M is elliptic and V, V', d, d are non-negative. More precisely we work
under the following assumptions.

(A1) & 1 v M (@, V,) is a self-adjoint operator on L{,(RY) with distinct eigenvalues 0 < vy <
1/2 < v3 < .... For each eigenvalue v, we denote the dimension of the eigenspace by d,,.
The corresponding complete orthonormal system of L2, (RY) is given by the associated
eigenfunctions (¢n,1)nen 1<i<d, -

(A2) There exists K € N such that the eigenvalues v, satisfy #{n: /v, € B} < K for any
interval B of length 1.

(A3) There exist a > 0 and ¢ > 0 such that dnH@mlHio <l foralln e Nand 1 <[ <d,.

(A4) d,d € L®(R) with essinfg d > 0, d > 0 almost everywhere, and d has locally bounded
variation.

(A5) There exist T+ > 0, R* € R and T*-periodic functions di.. € L™(R) such that
d(t) = d}..(t) for t > R™ and d(t) = d.,(t) for t < R™.

per
(A6) There exists 7 > 1 such that the point spectrum of — %d—g : H*(R) C LA(R) — L3(R)

fulfills
Z AT < oo
Neop(— gl )
(A7) 1nf{ nGNAEa( ! d2)}>0.
d( ) dt?

(A8) V,V € LOO(]RN) with essinfp, gV >0 forall R>0and VSV S V.
(A9) d and d satisfy additionally one of the following assumptions
(a) (compact case) limy o d(t) = 0.
(b) (asymptotically periodic case) d = dye, is T-periodic on R and d = dye; + dioe where
Jper is T-periodic and djo. > 0, limjg o0 azloc(t) = 0.

We can now state our main result.
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Theorem 1.1. Letp € (1,1 + 5=) and assume that|(A1)H(A9) hold. Then (1)) has a non-trivial
rogue wave solution u in the sense of Deﬁm’tion withu € LY, (RN xR) for allq € [2, 2+ i)

Definition 1.2. Consider the space
W= {u € LI (RY x R),0u € LL(RY x R), /£ Mu € L (RN x R)}.
A function u € W is called a weak solution to if

/R v —(Ou) (9h)V (z) + (\/%Twu) (Wﬁ) V(z)d(t) d(z,t) = /R [P uhV (2)d(t) d(z, )

NxR
forall h € W.

Remark 1.3. (a) If V and V are symmetric we can formulate also for operators
which are self-adjoint on symmetric subspaces of L% (RY) that are compatible with ,
cf. Remark [L.71

(b) Assumption |(A2)| implies that (v,),en grows at least quadratically.
(c¢) Assumption |(A7)|is central for our method. It guarantees that L has a spectral gap

around 0 and is therefore invertible on suitable function spaces and moreover it provides
embedding properties of theses spaces.

Remark 1.4. By |(A7)|there exists a constant ¢ > 0 such that
(2) |~ A+ v| = VA = VIV + V| > ev/on
1 d2

for alln € N and A € a(—mm) This estimate is used several times throughout this paper.

We continue with presenting examples for M, V' and d that satisfy our conditions (A7)
The corresponding proofs are provided in Appendix . According to assumption |(A8) and [(A9
one can construct various examples for V and J, based on V' and d, respectively, and therefore
we do not give explicit examples for them.

1.1. Examples for M and V.

2
Example 1.5 (Quantum harmonic oscillator). Let N = 1, M = <—% —i—xZ) and V = 1.

Then assumptions hold with a = 0. In particular, we have v, = (2n + 1)?,
n e NU{0}.

Example 1.6 (Weighted Laplacian). Let N > 2, even and M = —A+V (z) with V' (z) = W
Then ass?n;ptions (A1)H(A3)[hold with o = %. In particular, we have v, = (2n + N — 1)
n € NU{0}.

Remark 1.7. In the case of Example 1.6 we can study (1] also in the spatial radially symmetric
setting, assuming in particular V' being radially symmetric. Then assumptions hold
with a = % and d,, = 1 for all n € N, which provides a larger range for p. Nevertheless it is

open if our solutions, obtained in the setting of Example [I.6] are radially symmetric.

With regard to assumption [(A2)] note that in Example [1.5] and [1.6] we denote the eigenvalues
by v, with n € NU {0} as commonly found in the literature.
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1.2. Examples for d. We continue with examples for d. In view of assumption [(A7)] we
assume that M and V satisfy one of the Examples or [I.6] in particular, the eigenvalues are
of the form v, = (2n + 1)2. Motivated by [11], we consider d to be a periodic step potential or
a perturbation of it. By d,e we define the positive periodic step potential

(3) dper(t) = Qa; for ¢t € [Gi,lT, ezT>,Z = 1, e,y
dper(t) = dper(t+T')  for all t € R,
where 0 =6y <0, <---<¥6,,=1and aq,...,a,, >0.

Example 1.8 (periodic m-step potential). We abbreviate ¢; :== \/a;(0; —0;—,) for i = 1,... , m.
Assume that ¢; € N for all i =1,...,m and

™
qi; € §Nodd

is satisfied for an even number of indices 1 < i; < 19 < «++ < iy, < m and no others. Further
let
o= QinGig "~ iz £ 1.
Qiy Qg = "+ Qg

Then hold for d,e,.

Remark 1.9. In the case m = 2 the assumptions reduce to

™ .
\/CL_191, \/@(1 — 91) S §Nodd with aq 7é as.

Beyond the purely periodic case we can also treat perturbations of it. One possible kind of
perturbation is the interface of dislocated periodic potentials.

Example 1.10 (Interface of dislocated periodic potentials). Let d,, be given by satisfying
the conditions from Example [I.§ and for dy,b > 0 consider

dper (1), t <0,
d(t) = < do, 0<t<b,
dper(t — ), b <t

Assume that v/dob € 7N. Then hold.

Another possible perturbation is the interface of two different purely periodic step potentials.

Example 1.11 (Interface of different periodic potentials). Let d.. # d_,, both be given as in
satisfying the conditions from Example . Consider

B d;er(t), t <0,

per

and assume additionally that a™,a™ > 1 or a™,a” < 1. Then [(A4)] hold.

Now, having concrete examples for M and V' in hand, we can analyze the regularity properties
of our solutions obtained by Theorem [I.I, We have the following result.

Theorem 1.12. Let u be a solution as in Theorem [T
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(a) Let M and V be as is Example|1.5. Then Oyu, vu, x°u, dyu, x0yu, 0?u € L*(R x R).
(b) Let M and V be as is Example|1.6. Then dyu € L3 (RN x R) and V,u € LA(RY x R).

The paper is structured as follows: We use a variational method to show the existence of rogue
waves solutions to . In Section , we develop the variational setting, i.e., we introduce an
energy functional for on a suitable Hilbert space. Further we present embedding properties
of the Hilbert space into weighted L%-spaces, which are central for the variational argument and
are proven in Appendix [B] In Section [3] we proceed with the variational method and show the
existence of a nontrivial critical point to our energy functional using a saddle point technique,
see Theorem [3.4] In particular, Theorem then follows from the existence of a critical point
and its regularity properties, see Lemma (3.5 and Moreover, in the case of our examples,
we further analyze these regularity properties and prove Theorem [I.12] Lastly, the proofs for
the Examples of M, V and d are examined in Appendix [A] Throughout the paper we assume

that [[A)H{A9) hold.

2. VARIATIONAL SETTING AND EMBEDDING RESULTS

Our goal is to find rogue wave solutions to as critical points of the corresponding energy
functional. According to we use the eigenfunction basis (¢n1)nen1<i<a, and expand u by

(4) u(e ) = 3t (g (2)

neN [=1
with w,(t) = (u(-, ), gpn,l(-))L%(RN). Applying formally the weighted wave operator L to the
ansatz leads to a family of Sturm-Liouville operators
L, = Ld—2 +v,, neN
Toodt)dez " '

For each n € N we have a bilinear form by, corresponding to L,, given by
by, (v,v) = / —|v' 2 + vpd(t)|v* dt, v e H'(R)
R

with (L,v,v) 2@y = br, (v,v) for v € C°(R). Next, we construct a suitable domain to bz, . For
d
that we use a spectral resolution of

(5) —ﬁ% . H2(R) C I2(R) — I2(R), —ﬁ% _ /R)\dPA

and define
] = / V= F aldP,
R
on H'(R). As a consequence of we can define the norm
2
2
= Ly,

Iolfe, = [VIET,

on H'(R). By definition of bz, and Lemma in Appendix |B| the norm || - ||, is equivalent
to the standard norm || - || g1y on H'(R) for every fixed n € N. Hence we denote the Hilbert
space My = (H'(R), [| - [l3,)-

= ban|(U7 U)
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We define the two orthogonal projections P : H,, — H, by

vt = P[] = /Vn 1dPy[v], v~ =P, [v] = /V:o 1d Py [v]

—00

and decompose H,, orthogonally such that H,, = H} ® H,, v =v" + v~ with
2 2 12
oll3, = 1" {15, + 1o~ {15,
For v € H,, our bilinear form satisfies

(6) b, (v,0) = /R—!U’P +und(®)o* dt = [l |l7, = [[v7]5,.-

Lastly we introduce the form domain for L via

H = {uEL%/d(R x R) Zzunl Oz HUH’H<OO}

neN (=1

with the norm given by

dn dn
2 2
Jull3 = ZZ”uanHn = ZZbILnI(un,l’un,l)'

neN [=1 neN [=1

By Remarkthe space H embeds continuously into L% ,(RY xR). Further we have H = @, cyH
and the orthogonal decomposition of H, = H} @& H, extends to H = HT & H~ where
HE = @penHIE. The corresponding energy functional to () is then given by

d
1 E 1
-3 Z Z br, (Ung, tni) — || ||];:+1 (RN xR)

neN (=1

1
= §Hu+HH - 5”“ HH H HZJ;“ (RN xR)

for u € H. The following embedding result is central for our method and ensures, in particular,
that J is well-defined on H.

Theorem 2.1. Let 7 > 0. Then H — L, ,(RY x R) is bounded and H < L}, ,(RY x [—7,7])
1s compact for all q € [2, 2+ é)

By Theorem [2.1] the embedding is only locally compact with respect to time. In order to
overcome this lack of global compactness we will later use the following variant of P. L. Lion’s
concentration compactness result, see [22|, in the case when d is periodic.

Theorem 2.2. Let T > 0 and g € [2,2+ 1) be given and let (u;)jen C H with ||u;lly < ¢ for
all 3 € N. Further assume

lim sup/ |u;(x,t)|7V (x) d(z,t) = 0.
)70 meZ JRN [mT,(m+1)T)

Then, u; — 0 in L“j/d(RN X R) as j — oo for all G € (272+ é)

The proofs of Theorem [2.1] and [2.2] are presented in Appendix [B]
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3. PROOF OF MAIN RESULT

3.1. Existence of a critical point. In order to find solutions to (1) we first show the existence
of critical points of J. Since J is unbounded from above and below we find them as saddle
points. A suitable approach for our setting is the method of the generalized Nehari manifold,
see Section 4 in [19] by Szulkin and Weth.

The idea is to minimize J on the set
M={ueH\H :J (u)w] =0 forallweRu+H }

which is called the generalized Nehari manifold. Note that M is a natural constraint for J and
does not generate a Lagrange multiplier. In order to apply the results from [19] we first observe
that our functional J can be written as J = Jy — J; where

1 1 1
0 Jo(w) = 5l e = 5le I A

= [ e P @ dG
X
Further, J is a C'-functional on H with

J(u)v] = (uh oy — (U™, 07 )gy- — /RNXR Ju(, t) [P u(z, t)o(z, )V (2)d(t) d(x,t)

for all u,v € H. The following lemma guarantees that the conditions (By), (Bs), (i), (i) and
in the case of [(A9)][(a)] also assumption (i) from Theorem 35 in [19] are satisfied.

Lemma 3.1. (a) Jy is weakly lower semicontinuous,

7(0) =0 and %J{(u)[u]>J1(u)>0foru7é0.

(b) lim,_o 2% = 0 and lim, o 2% = 0.

[l ¢ l[ull3,
(c) For a weakly compact set U C H \ {0} we have limg_,q % = oo uniformly w.r.t.
uel.
(d) In case|(a) of assumption[(A9) the map u — J;(u) is completely continuous from H to
H'.

(e) For each w € H\ H™ let H(w) = Rsow + H ™. Then there exists a unique nontrivial
critical point m(w) of J|yw). Moreover, m(w) € M is the unique global maximizer of
I () as well as J(m(w)) > 0.

(f) There exists § > 0 such that [[m(w)*|y > 6 for allw € H\ H™.

Proof. The proofs are essentially the same as in [15] and |11]. More precisely, by using [(A4)|
and [(A8)| we can directly follow the lines of the proof of Lemma 5.1 in |15] to show (c). For

we use that d is localized and that the embedding H < Lf,fil (RN x [—7,7]) is compact by
Theorem [2.1) for 7 > 0, see Lemma 2.3 in [L1]. For [(e)| we can follow the proof of Proposition
39 in [19]. Lastly the proof of [(f)]is the same as the proof of Lemma 5.2 b) in [15]. O

To obtain a candidate for a critical point, the following lemma is very useful.

Lemma 3.2. (a) Any Palais-Smale sequence (uj);en C H for J is bounded.
(b) There exist constants C,e > 0 such that

(8) e < |lully < CI(w)7 for allu € M.
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Proof. We need the following identities. First we have

Ly _r-1 PV (2)d x or u
(9 T = 37wl = 5o [ @) ) for we w
and in particular

_p—1 pt+1y) 7 ru

(10) ) = 5 /RNXRyu\ V(2)d() d(x,t) for u € M.
Further for v = u* +u~ € H we have
(11) J'(u)[u] = [lu" 13, - /RN . P~ uutV (2)d(t) d(x, t),
(12) —J'(w)u] = [Ju” |3 + /RN . JufP~ un V ()d(t) d(z, £).

Now, let (u;)jen C H be a Palais-Smale sequence for J. Then from , , assumptions
(A4)| and [(A8)] Holder’s inequality and Theorem we infer

~ 1 _ 5 #
EA PR <||d||531 (/ [ ["F1V () d(1) d(x,t)> + o(1)> ¢
RN xR

and hence
_p_

(13 e s ([, P v@ioda@n)” 1

Together with @D we obtain

/RN . [ PV (@)d(t) d(w, t) S T () + o(1)|luy

- =
saw)+ ([ mlrv@dnaen) v
RN xR
Therefore we have
[ P v e < )+ 1
RN xR
and again using it follows that

pt1

lujlly) < J(uy) + 1.
This completes the proof of @

Now let w € M. Then J'(u )[u ] = J’(u)[u —u~] = 0 and J'(u)[u"] = 0. Similarly as in

the proof of [(a)] we have by (12), assumptions and |(A8)] Holder’s inequality and
Theorem 2.1]

.1 L =)
ot < 11T ([ | v ) e
RN xR

P
p+1

I ([ 7@ o) et
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Together with we obtain
ull,, S J(u)7 for u € M.

This shows the second inequality in . On the other hand, by and Theorem we have
J(u) < |Jul|% for u € M and since u # 0 also the first inequality of (8] holds. O

Remark 3.3. Functions of the form

mn

u(z,t) = Z Z Un 1 (t) P ()

n=1 =1

where all u,,; € H'(R) have compact support are dense in H.

We can now state and prove our central existence result.

Theorem 3.4. The functional J admits a ground state.

Proof. We use Theorem 35 in [19] to show the existence of a ground state for our functional J.
First we observe that by Lemma [3.1] the conditions (By), (B2), (¢) and (i) in Theorem 35 are
satisfied. In the case of assumption [(a)] also condition (iii) holds by Lemma and we
directly obtain the existence of a ground state of J on M by Theorem 35.

For the rest of the proof we assume that [(A9)][(b)] holds. By Theorem 35 in [19] we obtain a
minimizing Palais-Smale sequence (u;);eny of J in M. Lemma guarantees that (u;);ey is
bounded. Thus, there exist u € H and a subsequence (again denoted by (u;);en) such that

u; — uin H as j — oo. By weak convergence we have Jj(u;)[v] — Jj(u)[v] as j — oo for all
v € H. Further, by Theorem [2.1] we have

Jy(ug)[v] = éN Rlujlp_lujvf/(x)d(t) d(z,t) = Ji(u)[v]

as j — oo for all v € H with supp(v) C RY x [-7,7] and 7 > 0. By Remark and the
local compactness of the embedding from Theorem this is sufficient to conclude that u is a
critical point of J.

It remains to show that the weak limit u is in M, meaning v ¢ H~ and that it is a minimizer of
J on M. We distinguish two cases according to assumption [[A9)|[(b)] Note that the proofs are
essentially contained in [15] and [11] but for the reader’s convenience we sketch the arguments.

Periodic case: We first consider d = dpe, and d = dper to be purely periodic with the same
period T, i.e., di,. = 0. In particular our functional J has a periodic structure in time. This
allows us to use concentration compactness arguments in order to bypass the lack of global
compactness in time. We proceed in two steps:

Step 1: We show the existence of a new Palais-Smale sequence (v;) ey in H such that v; = v € M
and J(v;) = infy J as j — oo. Since (u;)jen is in M and by Lemma , there exists ¢ > 0
such that ||u,]| = c>0 for all j € N and by Theorem [2.2| follows

(14) lim inf sup / w2V () d(z, ) > 0.
RN x[mT,(m+1)T)

J=0 mez
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Therefore we find § > 0, a sequence (m;);jen € Z of translations and a subsequence of (u;) en
(again denoted by (u;);en) such that

/ lu;|*V () d(z,t) > 6 >0
RNX[ij,(mj-i-l)T}
for all j € N. By setting

vj(x,t) = uj(z,t +m;T)

we obtain a new Palais-Smale sequence (v;) ey for J with J(v;) = J(u;), lim; . J(v;) = infyq J,
and
w [ e den - | 0,2V () (1) > 6> 0

RN x[0,T] RN x [m; T, (m;+1)T]
for all 7 € N. Again by Lemma we know that (v;),en is bounded in #H, thus v; = v € H
(for a subsequence) and from Theorem and we know v # 0. The property J'(v) =0

follows from the observation from the beginning of the proof. It is left to prove v* # 0. For
that we assume v =0, i.e. v =0v". We test J'(v) = 0 with v and conclude

0=J'(v)[v] = —|lv7I5 - / 0[PV (2)d(t) d(z,t) < 0.
RN xR
This is a contradiction and thus our assumption is false. Therefore v € M.

Step 2: We show that v minimizes J on M. Since v € M we obviously have J(v) > inf J.
On the other hand v; — v pointwise a.e. (for a subsequence) and the reverse inequality follows
by Fatou’s Lemma, i.e.

1 1 o
inf J = lim J(v;) = =J'(0;)[vy] = w [l V@ e
M j—ro0 2 RN xR

b li
2(p+1) joo

> 25;11) / PV @) d(e.t) = () - 3T @] = T(0)

Perturbed periodic case: In this case we have d = dpe, and d= ciper + Jloc with Jper, CZIOC # 0.
We consider the functional J = Jy — J; as introduced in (7)) and the auxiliary JP = Jy — JP
with Jy as before and

1 .
J(u) = —— wlPV (1) d e (t) d(z, 1).
v =omg eV @) () A ?)
By the previous case, JP attains its minimum at the ground state level ¢ = inf{JP*"(u) :
u € MP} = JPer(yP") on the corresponding Nehari manifold

MP =Ly e H\H™ : J*(u)[w] = 0 for all w € [u] + H }.

With this information in hand we will show that J attains its minimum on M at the ground
state level c¢. First, since Jper < Jper + doe, we have J(u) < JP"(u) for all w € H. Next,
according to Lemma we introduce the maps m : H \ H~ — M and mP* : H\ H™ — MP*
and we have mP? (uP®) = uP” & H~. We define u = m(uP®) € [0,00)uP” + H~ and from
Lemma |3.1| we conclude JP(u) < JP(mP (uP)) = JP (uP®") = P, In total we have

c < J(u) < JP(u) < JPT(uP) = P
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In the case ¢ = ®* we have J(u) = J* (u) = JP (u*") and this implies in particular djgeu = 0
and u = uP®" by the uniqueness of the maximizer from Lemma Lastly, we analyze the case
¢ < P and show that c is attained. Let (u;);en be the minimizing Palais-Smale sequence of
J on M from the beginning of the proof. By Lemma , uj A 0in LN RY x R) as j — oo
and by Lemma there exists § > 0, a sequence of translations (m;);en and a subsequence of
(u;)jen (again denoted by (u;);en) such that

(16) / s [PV (2) d(2,8) > 6> 0
RN x[m;T,(m;+1)T)

for all 7 € N. Now we assume there exists a subsequence of (u;);en (again denoted by (u;);en)
such that (u;);ey — 0 in L%,IIOC(RN x R) as j — oo. Then from we conclude |m;| — oo
as j — oo. The sequence vj(x,t) = u;(z,t —m;T) is again bounded in H, and hence there
exists a subsequence (again denoted by (v;);en) and v € H such that v; = v in H, v; — v in
L{J/tllloc(RN x R) and pointwise a.e., as j — oo. In particular, v # 0 by and Theorem
Next we show that v € MP is a nontrivial ciritical point of JP*'. For that, we take o € M wit
compact support according to Remark 3.3 and define p;(xz,t) = p(x,t +m;T). Since (u;) en
is a Palais-Smale sequence of J, we have J'(u;)[p;] — 0 as j — oco. Further we calculate

J'(uy)le] = Jo(uy) ;] — Ji(uy)[ey]
= Jo(uy) ;] = I () 5] — /RN . i [P o,V () dioe (1) (1)
X
= Jo(v)le) = I (v;)[0] — /RN i 0P 050V () dioe (t — m;T) d(a, 1),
X
Since v;£+ — v* in H, v; = v in L@Z}lOC(RN X R), ¢ has compact support and dioe is localized,

we conclude J'(u;)[p;] = JP*'(v)[¢] as j — oo and hence v € M is a nontrivial critical point
of JP'. Lastly we have

P < JPT () = JPT(y) — 1,]per’<v)[1)]

=&/RN OV (@) A

2(p+1)
< —— liminf N P A(z, t
_Qpﬂ stimint [ )V @)l (o)
< —— llmmf/ 1)V (z)|v; [P d(z, t)
2 jJEN NyR

— lim inf(J(uj) . '<uj>[un1)

jEN

\)

= C.

This is a contradiction to the inequality ¢ < ¢P*" from the considerations above. Hence our
assumption was wrong and u; / 0 in L"'}ZIIOC(RN X R). From this we can conclude that there
exists u € M and a subsequence of (u])jeN (again denoted by (u;);en such that u; — u as

j — oo and ¢ =infy J = J(u). O

3.2. Regularity. So far the solution u to (| . that we obtained from Theorem |1 - 1|lies in ‘H and
by Theorem n also in LY (RN x R) for q € [2 2+ ) In the following we present the proofs
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of further regularity properties of u as stated in Theorem and Theorem [[.12] Some parts
are based on the ideas of Chapter 6 in [15] and Chapter 2 in [11].

First, we study the linear problem

(17) V(2)0tw + d(t)M (2, V) )w = f(z,t)V(x)d(t).
Lemma 3.5. Let f € H'. Then there exists a unique solution w € H to
dp
(18> Z Z bLn (wn,la ¢n,l> - <f7 ¢>H’><'H fO’f’ all (b € H
neN =1

with {[wlla, = [[flly-
Further, if f € L}, 4(RY x R) then \/+-Mw € L3, (RN x R) and dw € LY (RY x R).

Proof. Asin Lemma 6.1 in |15], from the decomposition of H = HT®&H ™ and H' = (HT) & (H™)
together with the Riesz representation theorem we infer the first statement. For the proof of
the second statement we use the spectral resolution as in to expand

D=3 nile) ([ anira)o

neN [=1

so that the solution w to is of the form

w0 = 3 puao) ([ iy APl )

Further we have

1 e Ca
\/V(x)M(xV) w(z, t)-ZZQ%,z(@( i - dP)\[fnl])()

neN [=1

By Remark [1.4] we know

VU _
A= vl T

for alln € Nand A € o(— ) and hence

B / — dIP ol

L%/d(RN xR) neN [=1

AT / TPy Fuall sy = 11 v iy

neN (=1

(t)
2

Vi )w

Next, by the property @ of by, we can estimate

ZZbLn Wn,1; Wn,1) ZZ/ —|wh | + vad(t)|wn,* dt = ||w+HH— [[w™ HH

neN =1 neN =1
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> —||wt |, = [l I, = =l

This implies

dn dn
1 / wl fdt <3y / V() a2 At + (]

neN (=1 neN =1
2

1 2
— \/V(x)]\/[(:v, V. )w + |wl[3;5
L2 (RN xR)
so that we finally obtain
dn
2 2
||atw”L%/(]RN><]R) = Z ZHw;L,l”lg(R) < 0. O

neN [=1

Next, for both of our examples, we analyze what 4/ %M w € L, (RY x R) means for a function
w € H. We start with Example and prepare the corresponding result with a lemma.

Lemma 3.6. Let M and V be as in Example (1.8, Then w € H implies zw, d,w € L*(R x R).

Proof. Since V =1 and M = (=92 + 2%)? we have |/ +M = —0% + 22, Consider the associated

1
%
bilinearform

b(z, 2) :/|z'|2+x2|z|2 dz
R

for z € H'(R). Using the spectral resolution and the estimate there exists ¢ > 0 such
that for w € H we obtain

2
ol = 3 [ 1= 3+ vl dl Py

neN

v

oS [ VadlPuye,

neN R

= CZ V ’/nHwnH?Lﬁ(R)

neN
/1
VMUJ

_ C/R (0l +aul)d(o) (.

2

=C

L% ,(RXR)

and hence
Oyw, zw € L*(R x R).
O

Lemma 3.7. Let V and M be as in Example . Then w € H and /5 Mw € L} 4(R x R)

implies xw, ,w, ?w, 0, w, 2w € L*(R x R).
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Proof. By Lemma 3 3.6| we already know that zw,d,w € L*(R x R). First we consider the
function w(z,t) = > w,(t)pn(x) where w, € H'(R) have compact support. Then using
integration by parts We obtain

/ |—02w + x2w|2 d(z,t) = / (02w)? + x'w?® — 22°wdw d(z, 1)
RxR RxR
= / (02w)? + r'w?® + 222 (0,w)? — 2w? d(w, 1)
RxR

which is equivalent to

2 2 2 2 2
H(—ai + I2)WHL2(RX]R) + 2[|wl| 2 g r) = HaﬁwHLQ(RXR) + Hx2w||L2(R><R) + 2] 20w 2 )
Finally, the claim follows by density according to Remark [3.3] O

We continue with the second example for V' and M.

Lemma 3.8. Let M and V be as in Example and w € H. Then \/+Mw € L} ,(RY x R)
implies V,w € LA(RY x R).

Proof. Let D(
form

%M) C H be the domain of %M and for w, z € D(%M) consider its associated

b(wa Z) = <V(133)M(x7v:v)wu Z>L%/d(RN><R) = /RNXR(MQU)Zd(t) d(I7t)

/RN (A= Vi)u)zd(t) de.)

_ /R o (Ve Yz wzV(@)d(0) d(e 1),

By D(b) € H we denote the domain of the form b. Then it follows from Kato’s second
representation theorem, see Theorem 2.23 in Chapter 6, §2 in 13| that D (, / %M) = D(b) and

b(w,z):< %Mw,\/%Mz>

2

for all w, z € D<,/%M>. Hence H %Mw‘
L

L2 (RN xR)

< oo implies in particular V,w € L3(RY x R).
U

Vd

The following lemma transfers the regularity results from the linear equation to the semi-
linear wave equation ({1).

Lemma 3.9. Letu € H and p € (1,1+ 5=). Then |ul/"'u € L} (RY x R).

Proof. Follows directly from Theorem [2.1] O
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Proof of Theorem [1.1, By Theorem [3.4] there exists a critical point u € H of J and by Theo-
rem we have u € L (RY x R) for all ¢ € [2, 2+ i) Further, by our assumptions on d, d

and V,V we can write
V(x)d(t)
V(x)d(t)

with g% € L*°(RY x R). From Lemma we conclude f = |u|p_1ug—j~ € L3 ,(RY x R) and
since u is a solution to for such f, we infer from Lemma (3.5 that ,u € L% (RY x R) and

& Mu € L2, (RN X R). 0

Proof of Theorem[1.13. By Theorem [1.1, our solution u € H satisfies dyu € L (RY x R) and

+Mu € L}, (RN x R). By Lemma [3.6/ and [3.7| we obtain the result for Example 1.5 and by
Lemma [3.8 we obtain the result for Example [I.6] O

[ul”"tuV (2)d(t) = Jul’~tu V(x)d(t)

APPENDIX A. DETAILS ON THE EXAMPLES

In this section we present details on the examples of M, V and d introduced in the beginning
of this paper and verify that they satisfy our assumptions.

First we study the eigenvalue problem
M(z,Vo)p =vV(z)p, =eRY
and begin with Example [I.5] i.e.

(19) (—dd—; + 372)2<p(x) =vp(r), z€R.

By Chapter 10 in [8], an L? orthonormal basis of eigenfunctions of is given by ¢, (z) =
%%e’%ﬁf[n(x), where H,, are the Hermite polynomials, with eigenvalues v, = (2n + 1)2,

n € Ny. The eigenfunctions (@), oy, form a complete orthonormal system of L*(R). This veri-
fies conditions|(Al){and [(A2)| It is furthermore known (Chapter 10 in [8], Cramér’s inequality)
that sup,cg |¢n(x)] <1 for all n € Ny. This shows that holds for a = 0.

The proof in the case of Example [I.6] in particular the L> bounds on the eigenfunctions, is
involved. We therefore divide the proof in several parts.

We consider the eigenvalue problem

1
(20) —Ap=A———0p, zERY
(1 +Jaf?)®
for N > 2. The formulas for the eigenvalues, eigenfunctions and dimension of the eigenspaces
to are derived in [1] and will be recalled below. Since the L bounds on the eigenfunctions
as required in assumption |(A3)| are not provided in [1], we state and prove them below, see
Theorem [A.2] First we present the formula for the eigenvalues and eigenfunctions and therefore
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introduce some notation as in [1]. Let S¥ = {z € RN : |z| =1}, My == (0,...,0,1) € SV
and SY = SN \ {M,}. Furthermore we need the stereographic projection

Im:SY — RY, f»—)(g—l . é—N)

1—énvp’ T1—=Ennm

with its inverse

2 2 21
Imt:RY —» sV, xl—>( o v 2l )

2+ 1 Tz + 1 |22+ 1

By Theorem 3.2 in [1] the eigenvalues and eigenfunctions to are given by

N-2

2 Tz _
AV =(@2n+N - 1)2 -1, SOTIXz(x) = (W) fxz(ﬂ 1(~"U))

withnENo,lglgdévwheredévzl,dN:N+1and

1) dg:<N;n>_(N+]G—2>.

Here, yjz\,[l are the spherical harmonics of degree n on S and for each n, there are d¥ such
functions. In particular the eigenspace of A\ has dimension d” for each n. Moreover, {(p,’f L

form a complete orthonormal system of L2 <RN , de)

In order to determine the value of « in assumption we need an estimate on dY and L™
bounds on the eigenfunctions.

Lemma A.1. Let N > 2. Then there exists a constant cy > 0 such that dﬁLV < ennN Tt for all
n € N.

Proof. Let N > 2 be fixed. For n € N we define
_(N+n\ KN+n) 1
1
= M(TLN +pN_1TLN_1 + ...+ pin + po)
which is a polynomial in n of degree N with coefficients 1, py_1,...,po € R. By we have

dY = P(n) — P(n —2)

1 _
- ﬁ(nN - (n—Q)N—l—pN_l(nN*l —(n—=2)" 1) + .. 4 pi(n— (n—2))>
which is a polynomial in n of degree N — 1. O

The following result presents L> bounds on the eigenfunctions.

Theorem A.2. Let N > 2 be even. Then there exists a constant ¢ = ¢(N) > 0 such that

N N2_2
sup |, (v)] <en 3
RN

for alln € Ny andlglgdﬁf.
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We present the proof of Theorem [A.2] after Theorem [A.3] below.

Change of variables: In order to prove the L* bounds it is more convenient to express
the eigenfunctions in spherical coordinates: For & € S¥ and 6, € [0,27x], 6; € [0, 7] for all
t=2,...,N we write

cos(fy) sin(fy) sin(6s) sin(fy)
sin(f;) sin(fe) sin(fs) sin(fy)
cos(fy) sin(f3) sin(fy)

£ = cos(f3) sin(fy)

cos(On_1) sin(@N)
cos(fx)

with W% = 1 — cos(fy). Additionally, we change the enumeration of the eigenfunctions:

Instead of using the index [ with 0 < [ < an we use the N-tuple (Iy,1y,...,IN) € ZN with
0<|li]| <l <...<lIy:=n. In the following, instead of using the notation cpﬁl, we will use

..... in (015, 0N).

..... 1y are given by

N
1 —l,_
Vian(O1,...,0n) = \/—Z—Wellel HiPzi '(6;)
=2

with

PO = | e @) P (costo)

K \/2L+@'—1(L+K+i—2)

for 0 < K < L where Pé‘ are the Legendre functions of order u € R and degree £ € R. As a
function of ¢, y(0) = P{(0) solves the Legendre equation
@) L 0(0) + cot(O)~y(0) + &6+ 1) = )y() = 0

—_— cot(0)— - =0.

a62? a6 sin(0) )Y
For the special case of order 0 and integer degree n, P? are called Legendre polynomials. With
this notation in hand we can now state the central result which is used for the proof of Theorem

A2
Theorem A.3. Let N > 2. Then there exists a constant ¢ = ¢(N) > 0 such that for all
2<i< N and for all 0 < K < L we have

(23) sup [PE(@) <y b s even,
0€[0,) Lz, if 1 1s odd.

Proof of Theorem[A.J. Using the formula for the eigenfunctions and the estimates from Theo-
rem [A.3] we conclude Theorem [A.2 O

We prove Theorem [A 3] after presenting some properties of the Legendre functions and proving
for the values i = 2,3, 4.
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Properties of Legendre functions: In the following lemma we collect some properties of
the Legendre functions Pﬁ” such as recurrence formulas and formulas for special values of £ and
p which can be found in [6], Chapter 14.

Lemma A.4. For 6 € (0,7), £, u € R we have
(24) P;+2(COS(9)> +2(p+1) cot(@)PgH(cos(H)) + (= )€+ p+1)Pf(cos(0)) =0,

(25) sin(@)Pg"H(cos(G)) —(E—p+ 1)P£“+1(cos(9)) +(E+p+1) COS(Q)P;(COS(@)) =0,

(26) (26 + 1) sin(6) P2 (cos(8)) + PLH (cos(8)) — P (cos(6)) = 0,

@1 eos(0) + P eos0) + (€~ -+ (€~ + DPL cos(0) =
28— (PEeos(0)) = (€ + (€ —n+ VP cos(0)) — PV (cos(0))
(29) sin(@)%(Pé‘(cos(@))) — sin(0) P2 (cos(0)) + 1 cos(8) PL (cos(6))

) P ontt) = (wsiiw))%s Fron((e+g)7)

(31) P (cos(6) = %

where T is the Gamma function. If p = m is a nonnegative integer, we additionally have

mLE=mED) pnosa)),

(32) P (cos(0)) = (—1) TEtmyl) e

For later purposes such as integration by parts, we also need the behavior of the Legendre
functions at the boundary points 0 and 7. We have the following result, see [6], Chapter 14.

Lemma A.5. If u # —1,—-2,-3,..., then we have

_ 1 1— cos(6)\ 2 n
P§N<COS(6))NF<1+/L)( 5 <)) , as 0 — 07,

For the behavior at 0 = w, we can use the following relation

P "(=cos(0)) = cos((§ — p)m) P *(cos(6)) — %Sin((f — p)m)Q¢ " (cos(0))

where Qg“ is the Legendre function of the second kind

Remark A.6. In our situation, £ — p will be an integer and therefore the term with the
Legendre function of the second kind will vanish.

In general, the Legendre functions Pg“ satisfy two different types of orthogonality relations,
depending on whether the degree ¢ or the order y is fixed. If the order p is fixed, we have the
orthogonality relation as stated in formula (2.11) in [12]|. If the degree ¢ is fixed we have the
following result.
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Lemma A.7. Let p,ji >0 and § — pu, & — p € NU{0}. Then we have

[P costo) P eos(0) = 40 = (€. )

and for the special case & = L + %, w=K+ %, 0 < K < L the normalization constant is given

by
11 1 (L-EK)
L4 K+2)= .
C( i +2) K+l(L+K+1)

Proof. First, we study the orthogonality property. Let £ be fixed. By the Legendre function
P! satisfies

(33) ﬁ% <sin(9)%(PE_“(cos(6’)))) " (g(g 1) - %) P *(cos(8)) = 0

and ng satisfies

(34) Sml( 7 % (sin(&)% (Pgﬂ(cos(ﬁ)))> 4 (5(5 +1) - %) P (cos(6)) = 0.

The multiplication of with Pgﬂ and with Pé_“ and subtraction leads to

sﬁwﬁ%<wwﬂc?”m“@h%ﬂ?Wwﬂ@ﬂ—f?Ww“”ﬁ%@?W““”D>)

R —h
e P o) eostO)

Then we multiply this equation with sin(#), integrate and obtain
. i d, _ d/ __.
[sm(&) (Pé “(cos(@))@(Pg "(cos(0))) — P, “(cos(@))@ODé ”(cos(@))))]

(7 — 1) /“ P{“(cos(@))Pg_ﬁ(cos(Q)) W

sin(0)
Using Lemma and the assumption £ — u, & — 1 € NU {0} we conclude that the boundary
terms vanish. Since i # p the Legendre functions P{“ and P{“ are orthogonal with respect to

: 1
the weight Ok

™

0=0

In order to calculate the normalization constant, we abbreviate

sin(6)
In the following we will show that /¢, satisfies the recurrence relation
21 w41
(35) Teer = 277 (6€ + 1) = w2) ey = |27 (€ = 0 (€t 1) T

From the recurrence formula we conclude

(Pg_’”rl(cos(e)))2 B 1 d o peos(d) o ?
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Then by integration we have

Ie i :/O“< ! i(P (008(9)))> + QM.COS(Q)P_“(COS(Q))%(P "(cos(h)))

sin(f) do sin?(9) = ¢

+ ((‘S‘;‘z(») - (cos(e))> d6.

For the first integral, we use integration by parts and the fact that PS_M (cos(0)) solves (22).
Hence

/0 Wﬁ((ﬁ%(gﬂ(mw)))) a6 = /0 Wzsciii((gpg”(cosw))%(zag“(cos(e))) a6

_ /0 %(Fg#(mg(e))f df +&(§ + 1) ¢ p-

Note that the boundary terms vanish by the same arguments as above and we obtain

Tepor = (€€ 1) = 1) Ty + (1) [ 2 P o) (P (cos(8) 00

Now we use the recurrence formulas , and the orthogonality property from the beginning
of the proof to calculate

™ 2cos(0) d
P K — (P~ =
/0 2 (9) e (cos(0)) d¢9( "(cos(6))) d =
Altogether we have
+1 +1
Iep1= %f&ul - %(f — ) EF D e + (EE+1) = 1) L

which is equivalent to (35)).

1
24

Te 1 — _(5 +p A+ 1) (- M)QIE,MH-

One can show that ;1112(6 - E; also satisfies the recurrence relation (35) and that the initial
values
1 2
(36) I / iy 0) -2 AT+
11 = = =
Iz ) sin(6) L+1 T(L+2)
P, : (cos(#)) i
(37) 7 _/ Lt d8—2 1 2 I
Ligs — sin(6) T 3(L+2)(L+1)L  3T(L+3)

for L > 1 coincide. This then provides the formula of the normalization constant.
We sketch the proof of the identities and . From the formula we conclude

2 /7r (sin((L + 1)0))*
11 = 5 _ 5—— do
22 g(L+1) (sin(0))

To calculate the integral we use the identity

(sin(('L + 1)29))2 L1+ QXL:(L + 1 — k) cos(2k0)
(sin(0)) k=1

I,

(38)
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which follows from Euler’s formula, the formula for the finite geometric sum and a suitable
rearrangement of the terms. This then verifies the identity . In order to show the identity

we first use and obtain

. <PL+3 (cos<9)))2
/0 sin(0) a0

Iy

t\.’)\»—‘
l\.’)\w

1 2

= 5/; sin(0) (P 2 (cos(@)))
2L+ 3)(L+4)sin(6) P, (cos(0)) P,

5
2
L+3

+ (L +3)%(L + 4)* sin(6) (PL‘ + (cos(@))>2
(cos(f))dé.

The first two integrals containing the square of a Legendre function are given by formula (2.11)
from [12]. For the last integral we use twice to increase the order of the Legendre function

PL+27 from —32 to —1, i.e.
/ sin(6) P 2§(cos(9))PL_E§(cos(0))d6’
0 2 2
ey | s P e @) P o) at
AL +2)(L+3) ), sin(g) £+3 PV TLppieo

X :
TITT T2 /0 sn(6) -
1

AL+ 1)(L+3) /OW sinl(G) (P;f (COS(‘)))Y'

The last integral can be calculated using the identity for L + 1. The first integral can
be calculated by making use of formula , trigonometric addition theorems and the identity
(38). The second integral then follows from the first integral by replacing L by L — 2. Merging
all the calculations together leads to the identity . 0

In case of integer order and integer degree we have the following result to bound the Legendre
functions.

Lemma A.8. For any m,n € N with 1 <m <n, we have

e 1P () 2

se[—1,1]

For any n € N we have

= < 1.
Sé?af(l' a(8)] <

Proof. The first result goes back to Lohofer, Corollary 3 in [14]. The second result can be found
in Chapter 10 in [8]. O

The following result verifies for the special case i = 2.
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Lemma A.9. There exists a constant ¢ > 0 such that

sup 2P (0)] < (L + 1)
0€[0,x]

for all0 < |K| <L

Proof. We have

P 0) = \/ P eos(o)

and for the case 0 = K < L, Lemma directly implies

— 2L +1
sup |2P0L(9)| <4/ - <e(L+1)
0€[0,n] 2

for a constant ¢ > 0 independent of L. Next, for —L < K < —1 we use Lemma [A.§ and obtain

_ 1 2 +1
sup 3P, (0)] € — /2 < oL+ 1)
0c[0,] (—K)3 2

for a constant ¢ > 0 independent of L and K. Lastly, for the case 1 < K < L we use formula
and then proceed as before using Lemma . 0

S

N

Similarly we can prove for the special case i = 4 directly.

Lemma A.10. There exists a constant ¢ > 0 such that

sup \4F§(9)\ <c(L+ 1)%
0€[0,n]

forall0 < K < L.
Proof. First, using and then applying the recurrence relation (27)) we obtain

—K 2L+ 3 (L + K +2)!

sin() ' P 5 (cos(6))

_ (_1)K+l\/ ZL; 5 (L(i ;{Ii )!2)! sin(6) ™ PX4 (cos(6))

Let 0 = K < L. Then

P0) = é\/ ST BT (Phealeos0) + (L DL +2)PEsafeost0)

and from Lemma [A.8] and [A.8 we conclude

—0 1 2L+ 3 3/4
921[31] |4P;(0)] < 5\/2(L+2)(L+ 0 (2 AL+ 4)(L+3)(L+2)(L+1)+ (L + 1)(L+2)>
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3
2

<e(L+1)
for a constant ¢ > 0 independent of L. Similarly, for 1 < K < L we estimate by Lemma

—K 1 2L+3 (L—K)! 1 L+ K+4)!
sup 4P, (0)] < Ve \/ ( ) ' < T ( ')
0€[0,7] +2 2 (L+K+2) (K +2)1 (L—K)!
+(L—K+1)(L—K+2) (L+ K +2)!
K1 (L — K +2)!
SC(L-Fl)%
for a constant ¢ > 0 independent of L and K. O

We also prove estimate for the special case i = 3.

Lemma A.11. There exists a constant ¢ > 0 such that

(39) sup [Py (0)] < ¢(L +1)2
0€[0,n]

forall0 < K < L.

Proof. We have

—K B (L+ K +1)! 1 —(K+%) cos

First, if K =0 and L > 0 we have by (30)
2 sin((L+1)0
(cos(8)) = \/j(sm(( +1)6)
T

L+ 1)4/sin(0)
sup |3F§;(9)| = sup

\/?sin((LJrl)G) <\/§(L+1).
9e[0,] ocloq|V ™  sin(0) SV

Next, let 1 < K < L. We use Lemma and the fact that L — K € NU {0} and observe that
lim 3P (0) =0, limsP, (6) =0
0—0 0—m

1
)2
+

=

and in particular

_ 2
for 1 < K < L. In the following we will show that H%(ng(Q))‘ o) < ¢(L+1)%. Then,
L2(0,m

by Sobolev’s embedding theorem and Poincaré’s inequality we obtain the bound as stated in

(39). For readability we omit the prefactor of 3Ff depending on K and L in the following
calculations. By the product rule we obtain

™ d 1 (k1) 2
{8t enn)

:/07T (% \/SiIW)2<PL__£§+§)(COS(0)))2 + ( siln(e))2<% (PL_JE?F;)(cos(Q))))z
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1 —(K+1) d 1 (d ( ~(K+1) ))
+2 P cos(0))| — —( P cos(6 de.
=P e >>(d9 W) (P (cos(o))
We calculate the three integrals separately. For the first integral we use[24]and then Lemmal[AF|
(a4 1 —(K+1) )2
— P ' ?(cos(f dé
/(dwn—>( 0 o))
o1 cos(6 ) )
= dé
/0 431n(9) (sm 0) L (cos(6 )))

—(K+
[ ~(+3) :
_/O T 2K+1 (L+2 (cos(®)) + (L + K +2)(L = K)P, || (cos(e))) do

1 (L-—K+1 1 1 (L - K)!
= + L+ K+2)(L-K).
22K 4 1) 2K—1 (L+K). 2(2K+1)22K+3(L+K+1)!( ) )

For the second integral we use and Lemma reflem:behsing

/0” Sinl(Q) (% <P ng (cos(e))) > 46
1

- [ (- 0w s er o) - P‘<?‘5><cos<e>>)2de

1
2

L+3

1 1 (L—K) 1 1 (L-—K+1)
— (LK) (L+K+2 =
b R K ) e ST+ R+ 1) 20K =1 (L1 )

For the last integral we use , and Lemma

A 2%&5?”@0% () (2 Do)
- [ ey n B osto (55 (P P ieoston)) ) ao

/ (2K + 1) sin(0) <(P L_ff_;) (608(9))> T (L— KL+ K +2)? (PL‘ g*g) (cos(e))) 2) a6

| (L-K+1)! 1 1 (L - K)!
L—K)L+K+2)—2— )
2K+12K—1 C+RT ek s1aK 3L T O R GETT

Altogether, including the prefactor of 3?5, we have

a7

L2(0,m)
(L+1) 2K? 2K +1)°
= — | (L-K+1)(L+K+1 L-K)(L+K+2)————
QK+ 17 ( DL+ K+ 1) g +( L+ K +2) YK T3
<c(L+1)°
as claimed.
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Proof of Theorem[A.3. We prove the statement via induction over i and distinguish the two
cases ¢ even and ¢ odd in order to use recurrence formulas for the Legendre functions. We
present the proof for the case when 7 is even. The proof in the case when ¢ is odd works the
same way with Lemma as the base case for the induction. In the following, let ¢ be even:
For 7 = 2 and ¢ = 4 the statement holds true by Lemma and Lemma respectively.
Induction hypothesis: For ¢ > 2, even, arbitrary but fixed there exists ¢ > 0 such that

sup [iPy ()] < c(L+1)F
€[0,7]
foral 0 < K < L.

Inductive step: 1 — 1 + 2:
We have

P ) = \/ A i) sin(o) 1 T (cos(0)

and by we obtain

@m@»*ﬁjﬁﬁﬁﬂmww»
7(K+2+i;2

= 2K1+ - (PLfit}Q)(cos(e)) +(L+K+1+0)(L+K+2+ i)PL+2+% >(cos(9))) .

We estimate the two terms separately and use the inductive hypothesis both times. In the
following, ¢ > 0 is a constant only depending on ¢, which may vary from line to line. First we
have

2L+i+1(L+ K +19)!, . =i 1 —(K+1352
|\/ 2 (L—K)' (Sll’l(@)) 2 2K+Z-PL_£2+1'23 )(COS<0))
—K 1 2L+ 1+
= iP L+2—-—K)(L+1—-K
: L+2<9)2K+¢\/2L+3+¢( * )L+ )‘
i1 1 2L+ 1+
< (L L+2—-K)(L+1—-K
<c(L+3)> 2K—|—i\/2L+3—|—i< + )L+ )‘
<(L+3)7 (L+3)
<co(L+1)"F
and secondly
2L+i+1(L+ K +1i)!, . 2—i 1 ) o —(Ktotiz2
J 2 (LK) <Sm(9>>2—zm@-(““1+Z><L+K+2+Z>PL+(2+32”(eos(e))‘

s 1 PLt+i+q . ,
P20 L+ K+140)(L+K+2
L+2(>2K+@'\/2L+3+¢( HE 4140+ K+2+41)

i—1

<c(L+3)>

1 5L+ 1+
L+ K4+1+40)(L+K+2+i
2K+@'\/2L+3—|—z’( HE 4140+ K+2+41)

i—1

<coL+3)z (L+3)
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(i+2)—1
2

<c¢(L+1) .
Altogether we have
i+l
2

o Py (0)] < (L +1)

where ¢ only depends on . Since 1 < ¢ < N and N is fixed, this finishes the proof of
Lemma [A.3] O

Altogether this concludes the proof of Example [1.6]

Lastly we show that the Examples|1.8 satisfy the conditions |(A4)H(A7)l First, we observe
that assumptions |(A4)[ and |(A5)| are already satisfied by definition for all three Examples

1.11] Note that in the case of the purely periodic potential, Example [1.8] condition holds
1

trivially since Up(_ﬁﬁ) = () by Theorem 5.3.1 in [7]. The eigenvalues in Example and

are of the form v, = (2n+1)? and v, = (2n + N — 1)?, respectively, for n € Ny. Therefore,

Example 1.8 Example and Example satisfy the assumptions|(A6)H(A7)| which follows

from Lemma C.1, Lemma C.6 and Lemma C.7 in [11], respectively, by choosing w = 1 therein.

APPENDIX B. PROOFS OF EMBEDDING RESULTS
In this section we prove the embedding results from Theorem and 2.2l We begin with a
useful estimate.

Lemma B.1. There exists ¢ > 0 such that

1
2 2 2
bz, (v,0) = [[vlly, = c(Vrnlvllizg) + —=I1Vl72w))

NS

for every n € N and v € H'(R).

Proof. By we have
(40) DLl (0,0) = [[0ll3, = ev/Tallvlliem)
for all n € N and v € H'(R).

Now let v € H,;}, then
0 < b, (v,v) =bp,(v,0) = / — V' 4 vpd(t)|v)* dt
R
and hence

2 2
Unllvllza @y 2 1012 @)

which implies together with
br, (0,0) = /o |0l| 72 ) >
For v € ‘H,, we have together with

i, (v,0) = bor, (v,0) = /]R [V = vad ()]0 dt > Vvl 7z

1 2
\/V_nH,U ||L2(R)'
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which implies

> ’/n””U”L2

o

and therefore

1
b_r (v,v) = 7/2—Vndtv2dt>/v/2—Lv/2
R N e L

Proof of Theorem[2.1. The continuity and local compactness of H — L{,,(RY xR) follows from
Theorem 3.27 in [11]. Note that in [11] the eigenvalues of the operator with purely discrete
spectrum are counted with respect to their multiplicity. For our purposes we do not count the
eigenvalues of %M with respect to their multiplicity, instead we introduced the dimension d,
of the eigenspaces to the eigenvalues v, and adapted the assumption from Theorem 3.27 in |11]
resulting in assumption . It remains to show the compactness of the embedding global in
space and local in time. Let 7 > 0. We show that I : H < L2 (RY x [—7,7]) is compact.
This then implies, together with Hoélder’s inequality and the boundedness of the embedding
H < LY (RN x [—7,7]), the compactness of the embedding for the remaining cases of q.

2
ey O

For K € N fixed we define the space
K dn

HE = {u(z,t) € L, (RY x R) =D > () pni(w) and [|ullyyx < oo},

n=1 [=1

where
K dn

2 2
lullfe =D D llunallz,

n=1 [=1

and the operator

K dn
IS = LR < B), Tu =303 i (B)pnle)
n=1 [=1

We show that I : HE — L2 ,(R" x [—7,7]) is compact. Let (u/);en be a bounded sequence
in H*, meaning ||u||,;x < ¢ for all j € N. This implies in particular that Huf”HH < c for all
1<n<K,1<1<d, and j € N. Further by Lemma [B.T] we have

Veymnl P9
H lHHl(R VKHun,lHHn

®) <cforalll <n< K, 1<1<d,and 5 € N. By the compactness

of the embedding H'(R) — L*[—7, 7], each sequence (u))jen, 1 <n < K, 1 <1 < dy has a
convergent subsequence in L?[—7, 7]. Now, we choose a subsequence (u) ™) men of (u 1)jen such
that ufl”; — Upy in L2[—7,7] asm s oo forall 1 <n < K,1<1<d,.

J
and hence Hunl HH

Hence

K dy 2

K dy
ZZ Spnl Zzunl Qonl

n=1 [=1

— 0

L2(RN x[-7,7])

as m — oo which shows the compactness of I%.
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Lastly we show that I converges to I : H — L?,(R™ x R) in operator norm and hence I is
compact. From (2)) we infer

C 2
(1% — u||L2 (BN xR) Z Z Z ||un,z||i < w3,
) n=K+1 I=1 n=K+1 I=1 VVE+1

where v 1 — 00 as K — oo. ]

The proof of Lemma [2.2]is done similarly as in [15]. We define the intermediate spaces

d d
n mn 1
H = {u(z,t) = Zzun,l(t)spn,l(l') = ZZ \/Vn”Un,l”%g(R) + \/_V—Hu/n,lH%?(R) < oo}

neN I=1 neN I=1
and
d, o
X = fule) = 53 i i) sl = S35 2, <o)
neN I=1 nen 1=1 1 St I ®)
for r € (1,00] with £ + & =1 and s,; = [[¢nle for 1 <1 < d,. The space X, captures the

growth of the elgenfunctlons ©n, in n according to our assumption |(A3) m
Lemma B.2. The three embeddings
H— H— X, — L,(RY x R)

4(1+a) )
7 2a+1

are continuous for r € [2

Proof. Step 1: The continuity of H < H follows from the estimate in Lemma [B.1]

Step 2: We show H — X, is bounded for r € [2 4(1+a)). First, for » = 2 we have trivially

2041
dn
lalf, = D> Nwnallfam < sz/vnllunz!\mR \/—Hunl”LQ(R) uall7-
neN =1 neN =1

Now let r € (2, 45;101‘)) and v € H'(R). Then by Gagliardo-Nirenberg inequality we have

ol zym < conllvllz2 vl g,

where 0 = %— Together with Holder’s inequality with the exponents (T +2 T 4(7;,__21) +5e-n = 1

we conclude

! (1-0)r or’
r_ unl < unl un,l 2
HUHXT = nl CGN o Sn,l
nen =1 11 Snt Il Ly (®) neN I=1 LZ®) 1ol L2(R)
dn 2(rt1) u’ 2(r71)’
c un,l n,l s
= GN: :: : o - n,l
S S ’
neN i=1 n,l L2(R) n,l L2(R)
_r+2 r—2
2(r—1) i u;zl 2(r—1) o )
= CgN E E 5 ( n)8<T71) S_ (Vn) 8(r—1) 1)5 l(]/ ) 2(r—1)
neN (=1 I 7t 1L2(R) nl L2 (R)
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42 r—2
dn ” 2 4(r—1) dn u/ 2 A(r—1)
n,l 2 n,l —-1.2
<oy e} (2] v
neN 1=1 Il “mb I L2(R) neN 1=1 Il °mbL2(R)
r—2
2(r—1)
1
-1 2
: E dn(Vn) 28,1
neN
2(7"11)
< fully ™ {2 daln) 7252
< |lul|g n(Un Sn1 .
neN

By our assumptions |(A3)|and |(A2)| we have

Z dn(yn)_isi,l < CZ(VH)_iyg

neN neN

4(1+a)
2a+1

which is finite if ——= 5 ta<— Jle r<

Step 3: We show that X, — L}"/d(RN x R) is bounded for r € [2, 00]. First let r = ' = 2. Then
by Parseval’s equality we obtain

dn
||U||§(2 = ZZ ||Un,l||ig(R) = ||U||i$/d

neN [=1

Next, for r = oo and " = 1 we estimate

It (£)
|lu|lp= = esssup |u(z,t)] = esssup ZZ— O () Sp
(z,t)€RN xR (@) ERN xR, =1 9y Sl

unl

dn
< ess sup ZZ—’| na(T)

(zt)ERNXR o 11

Unp, l 2
< ess sup l
Ry
<Zme””uf
neN =1 R
= [lullx.-
By Riesz-Thorin interpolation theorem X, — L7, is bounded for all r € [2, o0]. O

Proof of Theorem[2.3. We show the result for ¢ = 2 and ¢ € (2, foj ). This then implies,
together with Holder’s inequality and the boundedness of the embedding from Theorem [2.1]
the result for the remaining cases of ¢ and q.

In general, for 2 < s < r < % and 0 € (0,1) satisfying % = g + 1;29, we have by Holder’s
inequality

HUI Be < Ml lull s
Now, for r € (2, 42(3):1‘)) and s = 4( , we have 2 < s <r < 2(}):1‘), 2<s5< 21‘3:;3 and 0 = 2
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Therefore

||u||SL€,(RN><R) = Z ||u||SL€/(RN><[mT,(m+1)T)}
MEZ

—2 2
< sup HuHi%/(RNX[mT,(m+1)T]) Z ”uHLQ(RNx[mT,(m—l—l)T])'
meZ meZ

It remains to prove

Z HUHi;(RNx[mT,(mH)T]) < HUH%
meZ

for r € (2, 4;(1):;)) and u € ‘H. For that, take ¢, € C2°(R), where m € Z, such that
1, t € [mT,(m+1)T],
Pm(t) =0, t & [(m—1)T, (m+2)T7,

€10,1], elsewhere
and 0 < |¢,| < 2. Then, by Lemma

Z [u %(/(RNX[mT,(m—H)T]) < Z ”U¢m||%;d < Z [ ]|

me7Z me7Z me7Z
dn 1
S (S s + —_||<un,z¢m>fnm)
meZ (nEN =1 ¢ Un
dn 1
S (S i + i+ un,lqﬁ;num)
meZ (nGN =1 ¢ Un
dn dn o
<3 Z Z \/Vn||Un,l||%g(R) + Z Z Z _\/V—(||u;z,l¢m||%2(R) + ||Un,l¢/m||%2(ug))
neN (=1 meZ neN =1 n
< cf|ull%
< lull3.
O
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