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Abstract

We consider the dynamics of the Bose polaron system, a dense quantum
gas consisting of N bosons evolving in R3 in the presence of an impurity
particle. The system is studied in the mean-field scaling with initially high
density p and large volume A of the gas. In the initial state, almost all
bosons are in the Bose-Einstein condensate, with a few excitations. We
derive from the microscopic dynamics, in the joint limit of large densities
and volumes, with the constraint A® « p, the effective description by the
translation-invariant Bogoliubov-Frohlich Hamiltonian, which couples the
quantum field of excitations linearly to the impurity particle.

Contents
1 Introduction 2
1.1 Definition of the Model . . . . ... ... ... ... ..... 4
1.2 Mean-Field Description of the Condensate . . . . . . .. ... 5
1.3 Excitation Dynamics . . . . .. .. ... .o L. 6
2 Main Results 10
2.1 Infinite-Volume Dynamics . . . . . . . ... ... ... .... 10
2.2 Finite-Volume Dynamics . . . . . . . .. .. ... ... .... 12
2.2.1 Conditions . . . . .. .. ... 12
2.2.2  Finite-Volume Approximation . . . . . . .. ... ... 15
2.2.3 Tracer Localization . . . . . ... .. .. ... ..... 17
2.3 Notation . . . . . ... .. 18

*Université Bourgogne Europe, CNRS, Laboratoire Interdisciplinaire Carnot de Bour-
gogne ICB UMR 6303, 21000 Dijon, France. jonas.lampart@u-bourgogne.fr

fFachbereich Mathematik, University of Tiibingen, Auf der Morgenstelle 10, 72076
Tiibingen, Germany. p.pickl@uni-tuebingen.de

Hnstitute for Analysis, Karlsruhe Institute of Technology, Englerstraie 2, 76131 Karl-
sruhe, Germany. siegfried.spruck@kit.edu


https://arxiv.org/abs/2604.11976v2
Christian Knieling


3 Bogoliubov Approximation 20

3.1 Determination of the Error Terms . . . . . . .. ... . ... 20
3.2 Error Estimation . . . . . . . . . ... ... ... 22
4 Control of the Tracer-Condensate Interaction 24
4.1 Mean-Field Interaction . . . . . . . . . . . ... .. ... ... 24
4.2 Tracer Localization . . . . . . . . . . . . ... ... ..., 28
5 Infinite-Volume Approximation 32
Appendices 38
A The Localization Function 38
B Control of the Condensate Dynamics 41
B.1 Propagation Estimates . . . . . ... ... ... ... 42
B.2 Local Stability . . . ... ... ... .. oL 44
C Supplementary Proofs 48
C.1 Remainder Term Estimate for Theorem 3.5 . . . . . . . . .. 48
C.2 Proofof Lemma 3.3 . . . . . . . ... ... .. ... 54
C.3 Proof of Lemma 4.5 . ... .. . .. ... ... ... .. ... 55
C.4 Proofs of the Infinite-Volume Approximation . . ... .. .. 58
D An Explicit Example of Zé\ 68

1 Introduction

Understanding the emergence of effective theories in quantum many-body
systems from their microscopic counterparts is a central challenge in math-
ematical physics. In this work, we study an interacting system consisting
of a Bose gas and a single impurity particle. This impurity, often referred
to as a tracer particle, is commonly used in experiments to probe various
properties of the gas, such as its spatial density distribution [SHD10] and
superfluid behavior [GMDA?24]. Beyond these, it has found numerous addi-
tional experimental applications [ZPSK10].

In this work, we assume that the bosonic part of the system exhibits
Bose-Einstein condensation, where a macroscopic number of bosons occupy
the same quantum state, called the condensate. Particles outside the con-
densate are referred to as excitations, and their number fluctuates due to the
interacting nature of the system. These excitations were first modeled by
Bogoliubov [Bog47] using a quantum field theory generated by a quadratic
Hamiltonian, now known as the Bogoliubov Hamiltonian. The validity of
the Bogoliubov approximation has been studied extensively in the mathe-
matical physics literature. Rigorous results for the dynamics can be found



in [GMM10, GMM11, LNS15, BAOS15, NN17, MPP19, PPS20, COS24,
BCS17] and for the static case in [Seill, GS13, LNSS15, YY09, DN14,
BBCS19, BCS21, NT23, BSS22, FS20, FS23, BPS21, BPPS22, Bro25|.

When an impurity is introduced into the system, it interacts with the sur-
rounding bosonic gas. Such impurity—boson interactions can be effectively
described by the Bogoliubov—Frohlich Hamiltonian, which linearly couples
the impurity—via creation and annihilation operators—to a Bogoliubov-
type field of excitations [GD16, GMDA24]|. The rigorous derivation of the
Bogoliubov-Frohlich Hamiltonian has been established on a unit volume with
periodic boundary conditions. In the static case, Mysliwy and Seiringer de-
rived the effective Hamiltonian in the mean-field regime [MS20], which Lam-
part and Triay extended to the dilute regime (the Gross-Pitaevskii scaling)
[LT25]. These results also imply convergence of the dynamics in an ap-
propriate sense, as shown in [LT25, Corollary 1.6]. A direct result on the
mean-field dynamics with weaker assumptions on the potentials and an ex-
plicit convergence rate was obtained by Lampart and Pickl in [LP22]. In
a different scaling regime involving a heavy impurity in a Bose gas, other
results yield effective dynamics modeling the tracer as a classical particle
[FG14, DFPP14].

In this article, we consider, as in [LP22], a dense regime, meaning that
the interaction range of a typical particle overlaps with many others. The
main novelty lies in removing the periodic boundary conditions, which re-
sults in a non-constant condensate evolving in R3. We assume that the
condensate initially varies on the large length scale A3 » 1, which defines
the volume A of the gas, while both, the impurity—boson and boson—boson
interaction ranges, are of order one. Consequently, the condensate appears
nearly constant on all interaction length scales. These changes introduce
significant new mathematical challenges and bring us closer to a physically
realistic model.

In this setting, we prove L?-norm convergence of the full N-body wave
function 97, evolving under the microscopic Hamiltonian H, (1.2), to the
solution generated by the Bogoliubov-Frohlich Hamiltonian HEF. The con-
vergence holds in the joint limit of large densities p = % and volumes A,
assuming the relation p® = A, 0 < o < 1/3, on R3. Moreover, we provide an
explicit convergence rate in Theorem 2.12. The effective Hamiltonian HEF
still depends on A through condensate contributions and the Bogoliubov
Hamiltonian, which creates excitations on the whole condensate volume.
After extracting a divergent number of excitations from HPY, we show that
its infinite-volume limit exists. The resulting limiting Hamiltonian HEF
provides a translation-invariant effective description of the system, indepen-
dent of the scaling parameters p and A, and admits the explicit Bogoliubov
dispersion relation (see (1.4)). A precise statement on the result is given in
Theorem 2.2.

A rigorous proof of the validity of the Bogoliubov-Fréhlich Hamiltonian



is particularly relevant in light of its widespread use in the study of the
Bose polaron, where the Bogoliubov-Frohlich Hamiltonian serves as the un-
derlying model for capturing quasiparticle behavior (see [GMDA24] for an
overview). Notably, recent mathematical results have demonstrated the ex-
istence of a stable quasiparticle for the translation-invariant Bogoliubov-
Frohlich Hamiltonian [HL24].

1.1 Definition of the Model

Microscopic Hamiltonian. We study the dynamics of a quantum gas
consisting of N bosons evolving in R? in the presence of an impurity particle.
We assume that the Bose gas occupies a large initial volume A > 1 and
has high initial density p = % Moreover, we impose the scaling relation
p* = A, a = 0. The case a = 0 is the usual mean-field regime, whereas
« = oo corresponds to the thermodynamic limit. The system’s microscopic

dynamics is governed by the Schrodinger equation

i = Hyp, ol = (L.1)
with the Hamiltonian
A NA, 1 1 X
Hy=—2 =3 =F 4= 3 Vli—y)+—=2 Wa-v) (12
2m i=1 2 P 1<i<j<N \/ﬁi=1

acting on the Hilbert space

L*(R}) ® L (RYY).
Here, x denotes the position of the impurity, y; the positions of the bosons, m
the impurity’s mass in units of masses of the gas particles, and A the Laplace
operator. The interactions are weak of mean-field type with both the boson-
boson interaction potential V € L®(R3,R) and boson-impurity interaction
potential W € L®(R3 R) even and rapidly decreasing (see Assumption 2.4
for a precise definition). The scaling factor % of the potential V is chosen

as a mean-field scaling and the ip scaling for W ensures that the impurity-

excitation interaction remains of O(1) (see Section 4.2 for details). The
Hamiltonian (1.2) in the same scaling, without tracer particle, was first
introduced in [DN14] and later studied in [DFPP16, PPS20].

Effective Hamiltonian. We decompose the system’s dynamics into con-
tributions from the condensate and its excitations, i.e., particles outside the
condensate. The goal is to describe the excitation dynamics through an effec-
tive theory. This is achieved via the Bogoliubov approximation, which leads
to the Bogoliubov Hamiltonian [Bog47]. Including the tracer particle and
passing to the infinite-volume limit then leads to the translation-invariant



Bogoliubov-Fréhlich Hamiltonian HBY. This Hamiltonian provides an ef-
fective description of the coupled dynamics of the tracer and collective ex-
citations, known as phonons. In Fourier representation for the phonons, it
takes the form

. A . .
HBF — ar(w) — ﬁ +a < gZWe‘p‘r) + a* ( giWelpx> ,  (1.3)
acting on L2(R3, F(L?(R3))), where the symmetric Fock space F(L?(R3))
is used to describe excitations. The Bogoliubov dispersion relation is given
by

wip) = B+ p20 (p) (2732 (1.4)

where we assumed that V > 0. By the commutator theorem [RS75, Theo-
rem X.37], it is readily verified that ﬁO%F is essentially self-adjoint on every
core of _2ATZ + dI'(p? 4+ 1) + 1. This model describes an impurity linearly
coupled to a freely evolving field of phonons, in a homogeneous condensate
with density equal to one [GD16].

The translation-invariant and time-independent Hamiltonian HO%F can
then be fiber-decomposed in the total momentum of the system as in [HL24],
to obtain an effective dispersion relation for the impurity particle. This
provides direct information about its quasiparticle behavior.

1.2 Mean-Field Description of the Condensate

In the mean-field regime, the dynamics of the condensate wave function is
effectively described by the Hartree equation:

0l = b, oo = b (1.5)

with
A
hit = hlgp] = =5 + Vsl —ui (1.6)

where the convolution term V = [p|?(y) = (V (2 — y)|¢l|?(z)dz accounts
for the mean-field interaction between bosons. The constant ui* € R can
be freely chosen, as it only affects the global phase of p}. We choose the
normalization |pd |2 = A2, and, following the convention of [LNS15], set

1/ ¢ o
pp = 5 ATt/Q,V * \@?FAT':/Q . (1.7)

For initial data ) € H*(R?), standard arguments using Duhamel’s formula
yield a unique global solution o™ € C! (R, H OO(R?’)) of the Hartree equation,
which we refer to as the condensate wave function. The interaction between



the impurity and the condensate is not included in (1.6), as it is subleading
in the regime of large density p. The condensate, consisting of O(N) bosons,
thus evolves independently of the single impurity. The rigorous justification
of the Hartree description in the setting considered here without the impurity
is given in [DFPP16, PPS20].

1.3 Excitation Dynamics

Excitation Representation. To effectively describe excitations out of
the condensate, we use the excitation representation [LNSS15]. In this
framework, a given N-body wave function 1 € L?(R?*)®V is decomposed
into a component in the direction of the condensate ¢ and a component
orthogonal to it. To formalize this approach and the special role of the
condensate, we introduce the orthogonal projection P> : L2(R3) — L%(R3)
onto the condensate via

A —
Py = A1/2><A1/2 ) A1/2 A1/2’77Z)> (1.8)

The projection onto excitations is given by Qf =1- PtA. Any ¢ €
L?(R3)®N can be decomposed into

QN —k
b= (P QMY = Z(Am> ®, ()™

with unique (x)®) ({@A}i)& . To analyze excitations out of the con-
densate, we define the excitation map U} := U(pp) : L2(R3)®N - ﬂ’j},t
by

N

Ule )y = D)™, (1.9)

k=0
which acts on N-particle wave functions and maps them into the excitation

e 0]
space ﬁ’i\i =@ ( @?}L)&k. Note that U/ is an isometry. We can now

introduce the excitation Hamiltonian
HE(t) = UMH,(UM* + 10 UM (UM, (1.10)

which describes the microscopic dynamics in the excitation space, by satis-
fying

ot = Hptt = 10UPMy) = HX (UM (1.11)



Bogoliubov-Fréhlich Hamiltonian. To motivate the definition of HEY,
we first introduce the volume-dependent Bogoliubov-Frohlich Hamiltonian
HPY(t) and show that we can make sense of its infinite-volume limit, giving
rise to HBY.

We start by deriving the Bogoliubov Hamiltonian from Hp*(t) by ex-
pressing it in second quantization with a basis that includes the condensate
wave function. Replacing all creation and annihilation operators of the con-
densate by v/N, and neglecting terms that are small when the number of
excitations is negligible compared to the total particle number N then yields
the Bogoliubov Hamiltonian. Applying this procedure to all parts of the ex-
citation Hamiltonian that are independent of the tracer leads to the effective
Bogoliubov Hamiltonian, describing the excitation dynamics without an im-
purity. It acts on the Fock space F(L?(R?)) and has the form

HY8(t) = dD (R + K2 (1)) + % D (K3 () mnagal + hoe), (1.12)

m,n=0

where h{ is the mean-field Hamiltonian from the Hartree equation (1.5),
h.c. denotes the Hermitian conjugate and the operators K{(t) and K3\(t)
are defined by

K{ () == QP KT (DQY Ki(t): L*(R) — L*(R?),  (1.13)
K3 (t) = QK3 () JQ T, (1) (LP(R%)* — L*(R?),  (1.14)

(RN 06 (x) = f [ @)V (& — 1) (o) ()] ) dy. (1.15)
K2 0.1010) = [ @)t )V @ = 910 Wiy, (1.16)

where J maps L2(R?) into its dual with Jiy = (1, .);2. Note that Ki* €
CY(R,HS(L?)), K& e CY(R,HS((L?)*, L?)), K{(t) self-adjoint and we have
K3t)* = JK&(t)J. The operators a¥, and a,, denote creation and annihi-
lation operators of u,, where {uy,(t)}men is a time-dependent orthonormal
basis of L?(R?) including the normalized condensate ug(t) := @} /A2, We
set (K2 (t)J)mn = (tm, K2 (t)Juy, ). To prove the validity of the Bogoliubov
dynamics, it is essential to control the number of excitations (see Section 3).

Repeating the procedure above for the missing tracer contributions, we
obtain the finite-volume Bogoliubov-Frohlich Hamiltonian acting on the
space L?(R3) @ F(L*(R?)) = L*(R3, F(L?(R3))), effectively modeling the
dynamics of the full system:

Ag
HRT (1) = =37 + a(QMWapl) +a*(QMWapl) + H{®(),  (117)



where W, (y) := W(z — y). This model describes an impurity linearly cou-
pled to the field of excitations, while the excitation-excitation interaction is
quadratic in the creation and annihilation operators.

Note that in HEF the mean-field contribution of the condensate—impurity
interaction, p*/2W | |?(x), is omitted. In fact, given that the condensate is
sufficiently flat near the impurity at the initial time, it can be approximated
by a constant, so that p'/2W %|@M2(z) ~ p!/2W 1. Thus, it can be neglected
in the dynamics, as shown in Section 4. This omission is crucial: a non-
constant mean-field contribution would dominate the impurity’s dynamics,
masking its interaction with the excitations and potentially causing it to
escape the Bose gas on short timescales (see Remark 4.1).

Remark 1.1 (Bogoliubov-Frohlich Dynamics).  The differential equation
i&tw/]i}z = HEF(t) [}?E, /]%5:0 = 1 has in a weak sense the unique global
solution given by ¢l = UPT (t,0)4o, Yioo € L*(R?, F(L?)), where UFF (t,0)
is the unitary propagator of HLT (t) (see [LNS15, Theorem 8] and [Spr25,
Appendix D]). The dynamics generated by HEF (t) leaves the excitation
space invariant:

URT (¢, t0) (L* (R, F({9} } 1)) 0 L*(R?, Q(N)) = LA(R?, F({er})

which can be proven analogously to [LNS15, Theorem 7].

Infinite-Volume Dynamics. The effective Hamiltonian HE¥ (t) depends
on the volume A in two ways. First, through the condensate 90,’}, whose
initial datum varies on the scale AY3. Second, through Hfog(t), which
creates excitations on the whole condensate volume A. In order to obtain a
genuine limiting dynamics, independent of the scaling parameter A = p®, we
have to remove the A-dependence from the effective dynamics. In addition
the initial data may also contain a number of excitations that diverges with
the volume and must be extracted (see Section 5 for details).

Given the right initial conditions on the condensate, especially that it
is flat around the origin, we can show that go,{\ converges locally to a phase
e~ peR (see Corollary C.4)

To study the infinite-volume limit of H[]f‘og (t), we introduce Bogoliubov
transformations. We call an operator Z € £(L?(R®) @ JL?(R?)) a Bogoli-

ubov map if
c J*bJ*
Z = <b JeT* > (1.18)

and if it satisfies the symplectic condition ZSZ* = Z*SZ = S, where
S = diag(1,—1). A Bogoliubov map Z is called unitarily implementable if
there exists a unitary Uz on the bosonic Fock space F(L?) with

Uza(f)U% = a(cf) + a*(J*bf), (1.19)



Uza*(f)U% = a(J*bf) + a*(cf). (1.20)

We refer to Uz as a Bogoliubov transformation, and the states Uz() are
called quasi-free states (for a detailed discussion of Bogoliubov transforma-
tions see [NNS16, Napl8, BPPS22]).

Now, to obtain a candidate for the limit of Hf’og(t) we look at its
propagator Uf’;g = Ufog(t,O) = UVtA, which is a Bogoliubov transfor-
mation (see e.g. [AKS13, Theorem 2.2] or [BPPS22, Lemma 4.8]), where
VA e L(L2(R3) @ JL2(R?)) is given by

i0,V) = AV, V=1, (1.21)
with
R + KM(t) — K3 (t)
20 = (" s Cateyr) - 02)

On the level of the Bogoliubov maps V}*, we are able to take the limit A — oo.
That is, there exists a limiting Bogoliubov map V;°, such that Ve — V°
in the strong sense. For boson—boson interactions of positive type, V> 0,
the limiting dynamics admits a diagonal form in Fourier representation:

~ 1 e—itw 0
7-Vt T = 0 Jefitwj* ) (1'23)

for a diagonalizing operator

1 471 (1 — 7 YRCJ*
2 \JCR(r—77Y Jr+7rHgr )

where 7(p) = +/p?/(2w(p)), Ctb = ¢* and Ri)(p) = ¢¥(—p) (see for exam-
ple [BDO7]). Although V/° itself is not unitarily implementable, the di-

agonal evolution e ™ @ Je ™ J* admits a unitary implementation. We
emphasize that 7 does not satisfy Shale’s criterion [Sha62] for unitary im-
plementability on Fock space, since the off-diagonal term 7 — 71 fails to
be Hilbert—Schmidt. In fact, 7 is not even a Bogoliubov map in the strict
sense, as it is unbounded due to the infrared divergence of 7=1. This creates
substantial technical difficulties in rigorously conjugating the many-body
dynamics on Fock space by T.

Nevertheless, at a formal level one can proceed as follows: First, take
the formal limit A — oo in the HEF. Then, assuming hypothetically that 7
were unitarily implementable, one conjugates the limiting Hamiltonian by
the corresponding unitary. This procedure yields a natural candidate for the
infinite-volume Bogoliubov—Froéhlich Hamiltonian governing the transformed
dynamics, namely HZY in (1.3) (see Section 5 for more details). The rigorous
validity of HBY is established in Theorem 2.2.

T (1.24)



2 Main Results

We now come to the main results of this article, which establish the va-
lidity of the Bogoliubov-Frohlich dynamics in the joint limit of large initial
volumes A = p® and large initial densities p for 0 < o < 1/3. We first
present the result for the infinite-volume Hamiltonian HE2Y, followed by the
corresponding statement for the finite-volume case HLT ().

2.1 Infinite-Volume Dynamics

To derive the infinite-volume limit, we introduce a unitary implementable
approximation Zé‘ of the limiting operator ’f, which diagonalizes the Bogoli-
ubov dynamics. We then show that the transformed microscopic dynamics,
with initial state Uza Uplt — 13, converges to the dynamics of the infinite-

volume Bogoliubov-Frohlich Hamiltonian HEF with initial state 4.
Applying the Bogoliubov transformation Uz(g\ to the microscopic initial

state U(/)\T/Jé\ yields a representation in which a divergent number of exci-
tations, scaling with the volume, can be extracted. These excitations are
interpreted as arising from the Bogoliubov-transformed vacuum (see Re-
mark 3.4). After extracting this expected divergent contribution from the
initial state, it is natural to take the infinite-volume limit U z) UM — o,
which is further justified in the proof of Theorem 5.1.

The precise conditions under which Zé\ approximates T are collected in
the following condition, which will later be applied to more general maps
Z5° beyond the specific choice T.

Condition 2.1. Let Zé\ be a family of unitarily implementable Bogoliubov
maps, € > 0, and gof)\ the initial condensate. We say Zé\ satisfies Condi-
tion 2.1 with growth rate e if there exists a constant C' > 0 such that, for
allA > 1

128 lop < CA®,  |281(26)* — 1ms < CAM*, (2.1)
and if U;OA leaves F({p)}+) and Q(dT'(—A + 1)) invariant.
Moreover, we suppose that there exists a linear operator Z° : D(T) <
* N
L*®JL? - L?@®JL? such that J 2T = ZL with J = <J J ) ZeT 1
is bounded, and Z{ is approximated by Z4'. That is,
(2 -28) T r@IrsF

sz 0, asA— (2.2)

for all F € L? ® JL?. Furthermore, we require that the commutator of
Z) — Z% with translations T, T,.f(y) = f(y — ), converges to zero:

2D 2P T, @ JT,J*] F|

—0, asA—

su
b L2@JL?

1
o il |
(2.3)

10



forall Fe L2@ JL2.

An explicit example of a family Zé\ that approximates 7 in the sense of
Condition 2.1, with an arbitrary growth rate 0 < € < 1/3, is constructed in
Section D, assuming that the initial condensate gof)\ is real-valued.

We are now in a position to state the main result in the infinite-volume
case.

Theorem 2.2 (Infinite-Volume Bogoliubov-Frohlich Dynamics). Assume
that the potentials V and W are Schwartz functions, with V >0 and 17(0) >
0. For given 0 < a < 1/3 choose A = p®, 0 < € < 1/4min{1/6, 2/a(1/3 —
a)}, and n € Ny with n > 9/4(1/a — 2).

Letne H®(R3), |n|s = 1, and let the initial data of the Hartree equation
be pd (y) = n(A~Y3y). Assume that the condensate is flat around the origin,
namely for all f € N3 with 1 < || < 2n — 1 we have

Furthermore, assume that there exists a family of unitarily implementable
Bogoliubov maps Z(’]X that approximates 7‘, defined in (1.24), in the sense of
Condition 2.1 with growth rate €.

Let P € L*(R3, F(L*(R?))) and assume that there exist a family of
states 1y € L*(R?, LZ(R*N)) with UgaUgpy — o in L*(R?, F(L*(R?)) as
p* = A — o0, where UtA denotes the excitation map.

Then we have that for all times T = 0,

— 0

L2(R3,F(L?))

i % 7rA_—itH,, A —itHBF
et U7V'V§°7v'*1UZé\UV{\Ut e Py — e R

sup
te[-T,T]

as p® = A — o0, where we set v} = §o(p"/2§W — p)ds € R, and p € R
is given by (1.7). By Uya we denote the propagator of Hf’og(t), and the
diagonal Bogoliubov map 7V'Vtoo7v'71 is given in (1.23).

Proof of Theorem 2.2. This theorem follows directly from more general The-
orem 5.1, proven later in the article, and the fact that T diagonalizes the
infinite-volume limit of V? (see (1.23)). Further details of the proof can be
found in Section 5. |

Remark 2.3. Note that 7 diagonalizes the limit of VA (see (1.23)), and that it
is neither unitarily implementable nor bounded. The Bogoliubov maps ﬁA =
'7V’Vtoo 7‘712’6&(1){&)*1 are used as a unitarily implementable approximation of
T. Since, formally 7' Z{ converges to the identity and (VA)™! to (V@)1
we also have the convergence of 7;* to the time-independent 7. A rigorous
proof of this convergence follows from the convergence of Zé\ in Condition 2.1
together with the convergence of VtA shown in Lemma C.6.

11



The action of 7va can be interpreted in three steps: first, it removes the
Bogoliubov time evolution from the dynamics; next it changes the reference
state via Z(/)‘; finally, it reintroduces the Bogoliubov dynamics, but now in
the infinite-volume limit, through 7V©7T L.

One can generalize the assumptions on the potential and the conden-
sate in Theorem 2.2. For the more general but technical conditions, see
Theorem 5.1.

The Scaling and Comparison to the 5-Scaling. The considered scal-
ing with p® = A, @ > 0, introduced in [DN14, PPS20] provides a framework
for approaching the thermodynamic limit in the dense regime. The usual
mean-field scaling is obtained at a = 0, while the thermodynamic limit cor-
responds to o = 0. In contrast, most of the literature focuses on the dilute
regime, known as the f-scaling. To compare with the standard [-scaling,
we place the system in a box of volume A and rescale it to unit volume,
yielding for the bosonic part of the system the Hamiltonian

N
A, -
Yo TN Y VN i—w) . me 12,12, (24)
i=1 1<i<j<N

with 8 = ﬁ Thus, our scaling is not directly comparable to the -
scaling in the literature. While the interaction potential can be written in
the same way, (2.4) involves a semiclassically scaled Laplacian.

2.2 Finite-Volume Dynamics
While Theorem 2.2 assumes simplified conditions, we consider for HLT ()
in a more general framework with weaker assumptions discussed below.

2.2.1 Conditions

Conditions on the Potentials. Both potentials may depend on A and
p provided that all bounds below are satisfied uniformly. However, this
dependence is not captured in our notation.

Assumption 2.4 (Assumptions on the Potentials). We denote the boson-
boson interaction potential by V e L'(R3,R). The potential V is even and
for all £ € Ny there exists a constant C' > 0 such that for all densities p > 1
and all volumes A > 1

VI + ([ ly*V ||, + ][V ], < C. (2.5)

We denote the boson-impurity interaction potential by W e L®(R3,R). The
potential W is even and Yk € Ny 3C > 0 such that VA, p > 1

IWge + || ly*W |, < C. (2.6)

12



We say V and W satisfy Assumption 2.4, for M € N, if the assumptions
above are satisfied and 3C' > 0 such that VA, p > 1

IW llgpratn s gy + (1 + 4% — A)Y4PW | 2w gy < € for all |B] < M.
(2.7)

Remark 2.5.

e Assumption 2.4; for M = 1 is assumed throughout the whole article
without being mentioned explicitly. Whenever additional regularity
of the boson—tracer interaction potential W is required (i.e., M > 1),
we refer to this explicitly by Assumption 2.4p;. Note that we use
W e Wh* ~ H? for the well-posedness of the Bogoliubov-Frohlich
dynamics stated in Remark 1.1.

e There exists a decreasing function kg of o, with « given by p = A,
such that it suffices to assume (2.5) and (2.6) only for all k < ko.

Conditions on the Condensate. In contrast to Theorem 2.2 we do not
need to require that the condensate wave function is a rescaled function
varying on the scale O(A'/?). In the following, we weaken this condition by
only requiring that certain LP-norms are consistent with the scaling behavior
of a rescaled condensate.

Condition 2.6 (Initial Condition of the Condensate). For all volumes A >
1, let the condensate wave function ¢y € H*(R3). We say ¢} satisfies
Condition 2.6 if there exists a constant C' > 0 such that for all A > 1

[ <c. leblz = a¥2, (2.8)
1

IVl s <CA™3, Vel < CA2Z™5, |Apdly <CAZ75.  (2.9)

Next, we specify a condition that tracks the required bounds on the
derivatives of the condensate.

Condition 2.7 (Initial Condition for higher Derivatives of the Condensate).
For all volumes A > 1, let the condensate ¢y € H*(R3).

i) We say o) satisfies Condition 2.7i);, for a given k € Ny if for all 3 € N3
with 0 < |8] < k, there exists a constant C' > 0 such that for all A > 1

1800 o < CAIAI/3 (2.10)

ii) We say o satisfies Condition 2.7ii) for a given k € Ny if for all 3 € N3
with 0 < |B| < k, there exists a constant C' > 0 such that for all A > 1

10808 |ls < CATIBIB+L/2, (2.11)
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We say gpf)\ satisfies Condition 2.7 for a given k € Ny if both Condition 2.7i)
and Condition 2.7ii); are satisfied.

The generalized flatness condition around the origin of the condensate
is given below.

Condition 2.8 (Condensate, Flat Around the Origin). For all volumes
A > 1, let the condensate )} € H*(R?). We say ¢}y satisfies Condition 2.8 ¢
for a given k € Ny and 1/3 > s > 0 if for all 0 < || < k — 1, there exists a
constant C' > 0 such that for all A > 1

107 (00 (0) = 1)] < C|0° (pf — 1) ]| o A~ RT1EDW/3=) (2.12)
Remark 2.9.

i) For 8 = 0, the bound in (2.12) gives us that the condensate is approx-
imately equal to 1 at the origin, using |p) |« < C (Condition 2.6). If
we consider ¢} as a rescaled function, ) (y) = n(A~'/3y), then Con-
dition 2.8y s reduces to 0°(n(0) — 1) = 0, ¥|3| < k — 1. In general, the
inequality (2.12) implies that the derivatives of ¢{} are much smaller
close to the origin than their supremum.

ii) The flatness of the condensate plays a key role in controlling the dy-
namics of the tracer particle and has two main effects. First, the inter-
action of the tracer with condensate particles is subleading compared
to its interaction with excitations (see Section 4 for details). Second,
the tracer remains inside the Bose gas over the considered timescale
of O(1) (see Remark 4.1 for details).

ii) If C~ondition 2.8}, 5 is satisfied for some k € N4 then it also holds for
all k < k. Clearly, Condition 2.8 , cannot be satisfied for negative
values of k.

In Appendix B we analyze how the listed conditions on the condensate
are propagated by the Hartree evolution. In particular, if pd (y) = n(A~3y)
then one can think of p(y) ~ n;(A~'/3y) for some 7, € H®.

Conditions on the Tracer Particle and Excitations. We now specify
the initial conditions on Ué\wé\ =: w/]z’% for the excitation dynamics. For this
we assume that the excitation number is of order one locally and essentially
of order A globally. That is, only O(1) many excitations effectively interact
with the tracer. The control of the global excitation number is needed for
the Bogoliubov approximation, Theorem 3.5, and the local one to prove
tracer localization, Theorem 2.14, both are needed for the finite-volume
approximation in Theorem 2.12.

To achieve this we assume that w/]i% is a perturbation of a quasi-free state.
That is, the Bogoliubov-transformed initial state U 26\1/1/]%7% contains at most

O(1) many excitations, whereas 1/11]?18 itself may have order A excitations.

14



Condition 2.10 (Initial Conditions for the Tracer Particle and the Ex-
citation Number). For all densities p > 1 and volumes A > 1, let 1/16\ €
L2(R?, F(L?)). We say 9§ satisfies Condition 2.10ya ps.e with power M € Ny
and € > 0 if there exist constants C;, C' > 0 such that for all densities p > 1
and volumes A > 1 there exists a unitarily implementable Bogoliubov map

Z{ e L(L*@® JL?) such that ¥ € Q((—Az +2° + Uia(N + I)ZUZ{)\)M) and
0

M
(08, (2 + )@ T+ IQUEN + 1)Uzy ) ¥ ) <Cu  (213)
as well as the following bounds

|1Z8T Mm@ JrT*)| ceairzy < C, (2.14)
128 | ere@rrey < CAS, |20(20)* = Uns2esre) < CAY2re. (2.15)

Remark 2.11. Due to elementary properties of the Bogoliubov transforma-
tion U £ it suffices to control only the transformed number of excitations

(/\/ +1)U N in Condition 2.10. Moreover, U z) can change the global ex-

mtatlon number by | Z8H(Z8)* —1|3g + | 2012, (see [BPPS22, Lemma 4.4]).
The localization of the tracer, being a local phenomenon, only requires
bounds on | Z{|op, as well as the uniform bound in A shown in (2.14), which
is proven later in Theorem 2.14. Thus, we interpret |Z5(Z8)* — 1|4g ~
O(A'2¢) as the global excitation number, while the bounds on the operator
norm ensure that the local excitation number is of O(1).

All bounds (2.14) and (2.15) hold provided | Z{|op < C. However, this
condition does not appear to be directly compatlble with the requirement
in Condition 2.1 that ZAT (re JrJ*) — ZOOT Y7 @ JrJ*) strongly
in L? @ JL?, since the limiting operator, for instance, 26% = T, is un-
bounded. A more careful construction of a Zé\ satisfying both the operator
and Hilbert—Schmidt bounds, as well as the strong convergence, is given in
Section D. Under the assumption of strong convergence, the uniform bound
(2.14) is automatically satisfied. The existence of a Zé\ satisfying strong
convergence and all bounds above is a key ingredient in our proofs.

2.2.2 Finite-Volume Approximation

We are now able to state our main result for the finite-volume HEY (¢).

Theorem 2.12 (Finite-Volume Bogoliubov-Frohlich Dynamics). For given
0<a<1/3 and0 < s < 1/3 choose A = p* and n,k € N large enough.
Assume that the potentials V- and W satisfy Assumption 2.4,.

i) (Condensate conditions) Assume that for all p > 1 the condensate o}
varies on the scale A3 = p®/3. That is, Condition 2.6 with additional
reqularity in the derivatives of @6\, namely Condition 2.7i)g+on—1 and

15



Condition 2.7, for m = max{k,2} + 2. Furthermore, we require that
gp{)\ is flat around the origin, namely Condition 2.8, s, and assume
that there exist n € H(R3) and constants §,C > 0 such that YA > 1

loo (A2.) = s < CA™°. (2.16)

it) (Tracer localization and excitation number bound) For all densities
p =1 let ) € LA(R3, HY (R3N)) and set PR = ULy, where U
is the excitation map from (1.9).
Assume that %%}8 is a perturbation of a quasi-free state with localized
tracer particle, namely that 1#1]%% satisfies Condition 2.102,  with € > 0

small enough.

Let wEE e L2(R3, F({eM1)) be the solution of the effective Bogoliubov-
Fréhlich dynamics with initial data V8% (see Remark 1.1). Then for all
times T = 0, there exists a constant C > 0 such that for all p = 1
. . (1+2€)a—
sup [t Ut oy — RN < CpTE L (2a7)
te[—T,T] ’

where v}t = Sé(pl/QSW —uMds e R and p* € R as in (1.7).

Remark 2.13. We have explicit control on the lower bounds on n and k£ and
upper bound on € such that Theorem 2.12 is valid:

3 1 s (2n—1/2)(1/3 —s)
n>4(1/3_8)<a— —3>, k> 1/3+$ ) (218)
0 <e<1/4min{J, s, 3/2(1/3 —s), 1/6, 2(1/(3a) — 1)}, (2.19)

where € < 1/2(1/(3a) — 1) ensures that (2.17) converges to zero.

Proof of Theorem 2.12. We define f{\ as the solution of the intermediate
Bogoliubov-Frohlich dynamics by

gt = (HEE (1) + 02 W+ oA (2)) € (2.20)
&ito = ¥R € LR, Q(A0(1 - A))),
which still includes the mean tracer-condensate interaction term. The well-
posedness of (2.20) as well as the invariance of the excitation space under

this dynamics, follow by the same arguments as in Remark 1.1. Then we
split

156 ("2 SW=n)ds [ @ [l g—iHpt A BE
—iff ud —i
< e orsdsp @ e oty — el (2.21)

itpl/
+ et SN —yBE. (2.22)
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The effective Hamiltonian HLT (t) 4+ p'/2W * |pP|?(x) is chosen so that the
leading-order contributions generated by the two distinct dynamics in the
first term (2.21) cancel, thereby rendering it small.

In the second term (2.22) we extract the p-dependent mean tracer-
condensate interaction term p'/2W = |o|? from the dynamics by approx-
imating it with p!/ 2{W, which is large but constant. For this we use the
results from Section 4, especially the localization of the tracer particle, given
in Theorem 4.2, (with v = 1/2(3 — 1/a) > 0 such that A=7 = (A3/p)'/2).

Note that the conditions of Theorem 3.5, are satisfied for k = 2¢, since
Vi<m <4

& NV + 1)) = Uz &, (Uzo (N + 1)"U3,) Uz, &8
< Cn(1+ |2025 — 1fs + [ 20l2,) ™ Uz, &0, (N + 1) Uz,&0 )
< Cn(1+ 2028 — 1fs + [2012,)™ < CrpALT29™

where we used [BPPS22, Lemma 4.4], | 28| zz2@sr2) < CAS, |Z3(28)* —
Ulas(z2err) < CAY2*¢ and Condition 2.10%1%%727176 together with 4n >
[

b~ (1-2-%)>8>mfora,se(0,1/3).

2(1/3—s) \a 3

2.2.3 Tracer Localization

One of the important ingredients for Theorem 2.12 is the localization of the
tracer particle, which is an interesting result on its own. For details about
its derivation and interpretation we refer to Section 4.2.

Theorem 2.14 (Tracer Localization in Position and Momentum for the
Effective Dynamics). Let M € Ni. Assume that the potentials V' and W
satisfy Assumption 2.4max(rr,2}-

i) (Condensate conditions) For all volumes A =1 let ¢* be the solution
of the Hartree equation (1.5). Assume that its initial data cp{)\ varies on
the scale AV/3, that is, Condition 2.6 and Condition 2.7y. Furthermore,
we require that gof)\ is flat around the origin, namely Condition 2.8,
0 < s < 1/3, and assume that there exist n € H'(R3) and constants
6,C > 0 such that for all A > 1

lpo(AY ) =nls < CA™C. (2.23)

ii) (Tracer localization) For all densities p = 1 and volumes A > 1 let
1/)/]?718 e L? (R3, Q(dI'(1— A))) Assume that 1/}}%}8 is a perturbation of a
quasi-free state with localized tracer particle, namely that wE% satisfies
Condition 2.10p;, with power M and 0 < € < 1/4min{d, s, 3/2(1/3 —
s), 1/6}.
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Let 1/)}%1; be the solution of the effective Bogoliubov-Frohlich dynamics with
initial data w/]?,Fo (see Remark 1.1). Then

a) (t—¥Ry) € L (R, Q((—A2)M)) n L (R, Q).

b) For all times T = 0 there exists a constant C > 0 such that for all
densities p = 1 and volumes A = 1

sup (YR, ((—82)" + M) < O
te[—T,T]

The proof of Theorem 2.14 is given in Section 4.2.

2.3 Notation

Our notation is based on [DFPP16, LP22, NNS16, LT25, LNS15]. Let 57, %
be C—Hilbert spaces and 5#* the topological dual of 7.

1. By C we denote a universal constant, which is independent of our
scaling parameters A and p and whose value may change from one line
to another.

2. We denote N := N\{0} and Ny := N u {0}.

3. Let E be a Banach space and p € [1,00]. We denote by LP(R?, E)
the space of strongly measurable functions f with |f|z» < oo and
by LP(R%, E) the corresponding £P-space modulo functions vanishing
almost everywhere. We set |. [, := |.|zr. By LE(R™ E) we denote
the subspace of LP(R%", ) which is symmetric under exchange of the
n variables. We set LP(R?) := LP(R?, C).

4. For a Banach space E we denote the Sobolev spaces by WP (R?, E) :=
{(f e LP(RYLE)|0°f € LP(RY E) for |a] < m}, p e [1,0],m € Ny,
by H™ = W™2(R4, E) and by H® = nen, H™. We set H™(R?) :=
H™R4,C).

5. Let f e L2(R?, J#) and let A be an operator on . We denote the
Fourier transform of f and the Fourier-transformed operator associ-
ated with A by

¢ 1 —ikx
FW) = F0) = s [ e rwyie, ke,
and
FAF1=A.

6. J: H — A" :1p — (¢, .) denotes the canonical anti-unitary map
between a Hilbert space and its dual.
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10.

11.

12.
13.

14.

15.

We denote by #R% = lin{f®g|f € 7, g € X} the algebraic tensor
product and by 47 ®s £ the symmetric tensor product of Hilbert
spaces. For ¢ € %% and ¢ € #® we set

Dk ®s wz<y1, e Yktl)

k'l‘ A l Z d) Yo(1)r -+ ya(k))w(ya(k+1)7 s 7ycr(k+l)) .

UEPk+z

For ¢ € D(N'/?) and f € L?(R3) we define the bosonic creation oper-
ator by a(f)*y = f ®s 1 and a(f) as its adjoint. For f,g e L*(R3) we
denote A (f @ Jg) := a(f) + a*(g).

We denote by F(#) = @_, #®" the symmetric Fock space over
A and by FSN () its truncation to at most N particles. For v €
F () we denote its n—th component by v, € J#®" and define the
particle number operator N := Zn>0 n, on a suitable subspace of

F ().

For a self-adjoint operator A on 7 weset A; = 1®..QIQA®...Q1,
where A acts on the j—th space and set

Ay = > > A,

n=11<j<n
on the domain of self-adjointness.

Let A > —p, for 8 € R, be an operator on a Hilbert space then g4
denotes the closed symmetric quadratic form associated to A and Q(A)
its quadratic form domain (see [RS80, Chapter VIIL.6]). We denote

qa(¥) = <, Ap).
For f : R? — C we denote f,(y) := f(z — ).

For a map A : ¢ — A, on R3 whose values are quadratic forms we
define for suitable 1 € Q(A) = L*(R3, F (7))

W A%) = [ (W), A,
Q(A) = {v € 2R, F()| (v — (W(a), Aui(@))) € L' ®Y)}.

For L?(RY, F(L*(R%)) or similar spaces we often use the notation
LY(RE, F (L2(}Rg)) to clearly separate the different arguments of the
corresponding functions.

We call a two-parameter family of operators U(s,t), s,t € R, on 7 a
unitary propagator if satisfies U(r, s)U(s,t) = U(r,t), U(t,t) = I and
U(s,t) is jointly strongly continuous in s and t.

19



16. We denote by L(.7, %) the space of all bounded operators mapping
from S to ', and by HS(s, %) the space of all Hilbert-Schmidt
operators. The corresponding norms are denoted by | .|z, ») and

|- lase,x), respectively.

17. We denote by * the convolution:
(F 9)@) = [ £~ gtw)dy

for measurable f,g : R — C such that (y — f(r — y)g(y)) e L' for
almost all z € R3.

18. We denote by C the complex conjugation operator, Ci) = *, and by
R the reflection operator, Ri(y) = ¢ (—y).

3 Bogoliubov Approximation

In this section, we establish the validity of the intermediate Bogoliubov-
Frohlich Hamiltonian HET (t) + p/2W = | (). To this end, we first isolate
those contributions in the excitation Hamiltonian H7* that constitute error
terms (see Section 3.1). We then proceed with the Bogoliubov approxima-
tion in Section 3.2, where we rigorously justify the resulting intermediate
Bogoliubov—Frohlich Hamiltonian.

3.1 Determination of the Error Terms

Starting from the excitation Hamiltonian (1.10), we derive the intermedi-
ate Bogoliubov-Frohlich Hamiltonian HEF () + p'/2W # |} |2 (), which still
includes the mean tracer-condensate interaction, treated in Section 4. For
this, we isolate all terms in the excitation Hamiltonian that are small when
the number of excitations is small compared to the total number of parti-
cles N. These terms are collected into an error term Ry. Additionally, we
extract the constant — ué\ from the dynamics. The process of obtaining the
effective Hamiltonian is referred to as the Bogoliubov approximation. The
analysis in this section is based on results from [LNS15, PPS20, LP22].
Unless stated otherwise, we use a time-dependent orthonormal basis
{tn }nen, of the Hilbert space L?(R?) with ug(t) := @ /A2, We set Vipnpg =
Qi @ U, V(y — v )up @ uy) and denote by N2 (t) = N —a* (%’%) a (%)
the number operator on the excitation space F ({¢f*}1). Observe that N (t)

and N coincide on the excitation space.

Proposition 3.1 (Intermediate Bogoliubov-Frohlich Hamiltonian). For all
volumes A = 1 let @ be the solution of the Hartree equation (1.5). We set
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pl = %<ﬁ Vo |ol)? s > as in (1.7). Then

ALl/20 AL/2
HE(t) = HRF (t) + p°W = ol P () — pi* + R (t) (3.1)
and
1 NA
Riv= — a0 @[V 1ol + Kaft) - ] @) 2
WA+ D\ N -ND@)
- N Vo || A2

t3 X o Vawaat (V- N2 0 - DIV - NA(0) - V)

m,n=1

AN = NA(®) 1 NA@)

+ Z A%mnp N a;knanap iﬂt N + h.c., (32)
m,n,p=1
1
Ro N = oN Z AVinpgal,arayay (3.3)
m,n,p,q=1
1
A A
1 1
Rin = — —W s |} (o) NA () + —dT(QIW,QP), 3.5
7 ’t‘()+()\/ﬁ(t ) (3.5)
4
Ry = Z Rin, (3.6)
i=1

on the truncated excitation space ng({goé\}L) and R; n = 0 elsewhere.

Proof of Proposition 3.1. The error terms in (3.1) can be extracted by split-
ting the purely bosonic part of the Hamiltonian from the tracer-dependent
part, and then calculating the action of the excitation map. For the purely
bosonic Hamiltonian this was done in [LNS15, Appendix B and Lemma 6].
The proof can be adapted to our setting if one replaces the potential there
with A-V and u; with ;5%. Note that ;7% ]2 = 1 is normalized. This gives
A . Ayi 1 Ay * : A A *
Uy (_274‘* Z V(yi_yj)>(Ut ) "'l(atUt ) (Uy)
i=1 Pi<izj<n

= HY*5(t) — i + Ry + Rov (3.7)

where H/]?Og (t) is the Bogoliubov Hamiltonian defined in (1.12).

The calculation of the tracer-dependent part of the Hamiltonian can be
found in Lemma 3.2 below. |
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Now, we follow the method displayed in [LP22, Lemma 3.2] to transform
the tracer particle contributions to the microscopic Hamiltonian H, into the
excitation space.

Lemma 3.2. For all volumes A = 1 let goé\ be the solution of the Hartree
equation (1.5). Then

A
1/2UtAZ
A,
— pPW | (a) = T+ A QW © JQMWagl) + Ron + Ra,

where R3 v and R4 N are defined in Proposition 3.1.

Proof of Lemma 8.2. Our analysis is carried out for a fixed z € R?. We
write S | (W,),, in its second quantized form to see that

n=1
N
Son

n=1 J

(Wa)jrajar + Z )00 a;j

“EM8

+ (Wx)joa;ao + (Wz)ooagao .

s

1

J
We can transform creation and annihilation operators with the excitation
. . . N A2 NH
map using [LNSS15, Proposition 4.2]. That is, U* = @ Q?k( (Aft i)'
k=0 -
With this we find

(Wa)joarao(UR)* = > (Wa)joai/N — Ny

1 j=1

¥ /
<Uj,qu0>a*(u]~) N—N_{} =a* Q?W Alt/2> N —N_{_\

s

Ut

J

s

1

J

and
A * Ay* A N
Uy (Wa)ooagao(Up )" = (Wa)oo(N — NY) = A SPAREN
o0
Z Diwaiap (UM = D (We)jpaiar = AD(QAWLQP),
Jk 1 g k=1
yielding the claim. |

3.2 Error Estimation

We aim to estimate He_igé“é\dslbf,f‘t — &)|, where Yoy = = Upe HHotepd and
¢} solves the equation i0& = (HEY(t) + p/2W = |<pt 2(z)) &*. To this
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end, we adapt the methods of [PPS20] to the second quantized setting,
incorporating the interaction with the tracer particle. The key tool is a
bound on the excitation number operator acting on the effective dynamics
¢), which controls the difference between the two dynamics. The following
lemma shows that the number of excitations grows at most as the volume.

Lemma 3.3 (Excitation Number Estimate). For all volumes A = 1, let @}
be the condensate satisfying Condition 2.6. Then for all n € Ng and times
T = 0, there exists a constant C > 0 such that for all densities p = 1 and
volumes A = 1 we have

sup (&M TR N + 1)) < CUE IQ (A + N + 1))y, (3.8)

te[-T,T]

Remark 3.4. The bound (3.8) indicates that the excitation number grows
with the volume A. Indeed, by applying Duhamel we see that on short
timescales

Bo Bo
(UREQNLUREQ ) ~ KR W)l ~ AV IB(0)2,

where we set j (y) = n(A~3y) and used (1.16) for large volumes.

The proof of Lemma 3.3 can be found in Appendix C.2. The growth
in A is determined by the estimates in Lemma C.1. The final Bogoliubov
approximation is given in the following theorem.

Theorem 3.5 (Bogoliubov Approximation). Assume that for all volumes
A =1 the condensate @} € H*(R3) varies on the scale A3, namely that it
satisfies Condition 2.6. For all volumes A = 1 and densities p = 1 let w{} €
LA(R3, HL,,(R¥)) and & = Uy € HY(R3, F(L?)) n L*(R?, Q(dI'(1 —
A))), where U is the excitation map from (1.9).

If 56\ € Q(N™*) and there exists constants C,k = 0 such that for all densities

p=1and volumes A>1 and 1 <n<4
(€. T@ W +1)"g)) < CA), (3.9)

then for all times T = 0, there exists a constant C > 0 such that for all
densities p = 1, volumes A > 1 and t € [-T,T]

1/2 1/2
3(1+k 14k
eI s yhemiflityd — | < © (A ( )> (1 + (A( )> ) '
p p

(3.10)

Remark 3.6. If we choose A = p® with a(1 + k) < 1 then the right-hand
side of (3.10) can be simplified. In this case, we have that A1*%/p < 1 and
thus

1/2
- ) A3(1+n)
sup e tomsds e ifotyd — gl < C ( ,
te[—T,T] p

which tends to zero for p — o0 if @« < 1/3 and k < 1/(3a) — 1.
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Proof of Theorem 3.5. To shorten our notation we write e! % “stftA =: §,
and UtAe_iHPtiﬁé\ =: Yf*. For the proof we use a Gronwall estimate. We
start by calculating the time derivative

d
ol — @ = 2, (H* = HEF (8) = W x o (@) + i) @)
= 2Im{yy™, Ry Py .
We now use the estimate on the remainder term proven in the appendix (see
Lemma C.2) to bound the right-hand side by the particle number operator
acting on the effective dynamics ®;
3
2Im{yf™, Ry @) < Cp V2[4 — D4 [(N +1)2 P4
+ Op U™ — @[ (N + 1) . (3.11)

It follows with our initial condition (3.9) and the excitation number esti-
mates Lemma 3.3 that V7' > 0 3C > 0 such that VA > 1and T <t <T

d ex ex _ 1/2
o = @ < g = @ {Cp (@0, (A + N+ 1))
+Cp (@, (A+ N + 1)4<I>0>1/2}
< [ — @ {Cp AV 1 0 p 2050 ]

The claim now follows with Gronwall’s lemma. |

4 Control of the Tracer-Condensate Interaction

We started with the Hamiltonian H, and established the validity of HEF +
/PW x| ?(z) for the corresponding excitation dynamics in Section 3. In
this section, we show that the mean tracer-condensate interaction /pW =
|o?(x) is approximately constant, allowing us to remove it from the effec-
tive dynamics. As a result, the system is well described by HEF (¢).

4.1 Mean-Field Interaction

Overview of the Method. Since the mean tracer-condensate interaction
term /pW x| [2(z) is of O(,/p), it could potentially dominate the dynamics
of the tracer particle and lead to the tracer leaving the Bose gas during
times of order one (for details see Remark 4.1). However, our focus is on the
interaction between the tracer and the excitations, so we choose a setting
where /pW = |o2?(x) does not outweigh the other interactions. In fact, for
the tracer to be able to interact with excitations it has to stay inside the
gas cloud. To achieve this, we show that

PW |2 () ~ V/PW 1 ~ constant , (4.1)
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by using that the condensate remains flat around the position of the tracer
particle, specifically || ~ 1 if [p}|2 ~ 1. Note that we only need to
control | |2 within the range of interaction potential W around the tracer
particle’s position.

The idea above is realized in two separate steps:

1. Flatness of the Condensate. Show that the condensate remains flat
around the origin, ensuring that (4.1) holds rigorously in this region.

2. Tracer Localization. Show that the tracer is localized around the ori-
gin, assuming the condensate remains flat in this region.

Since we do not control the precise position of the tracer, we assume it is
initially localized around a fixed point — taken to be the origin — and show
that the condensate remains approximately flat around this point. Then,
we demonstrate that the tracer remains localized around this fixed position
over time.

Remark 4.1 (Necessity of a Flat Condensate). Consider a rescaled conden-
sate ) (y) = n(A=1/3y), which is not necessarily flat near the origin. Then
the term /pW = |2 contributes to the tracer dynamics. Its influence can
be estimated the following way

07 ey wapey = (2m) My, i[H, =iV Jibr) .

The contribution of the additional /pW # ¢ |*(z) term in the Hamiltonian
H can be estimated by (v, (V\/pW # |p}?)¢) < C/pA~Y/3. And thus
for O(1) times it can lead to a position change of O(,/pA~Y?). To ensure
the tracer remains inside the condensate of volume O(A), we obtain the
constraint p « A*3. This conflicts with the condition A?1+%) « p of the
Bogoliubov approximation (Theorem 3.5). Therefore, without flatness to
suppress tracer energy gain, it is not expected that the tracer remains inside
the condensate on O(1) timescales.

Following the strategy outlined above, we derive the following estimate,
proving convergence of the intermediate Bogoliubov-Frohlich dynamics §,{X
(see (2.20)) to the Bogoliubov-Frohlich dynamics wEE (Remark 1.1) with
extracted mean-field interaction of the tracer and condensate.

Theorem 4.2 (Control of the Mean Tracer-Condensate Interaction). Let
a>0,v>0,1/3>s>0 and n,k e Ny with

(1/31— 5) <1 Y- S) k2 (%_ig)ﬂg_ 23 (42)

n =
4o 4
Assume that the potentials V' and W satisfy Assumption 2.4,.
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i) (Condensate conditions) Assume that for all volumes A > 1 the con-
densate o}y € H*(R3) varies on the scale AV/3. That is, Condition 2.6
with additional reqularity in the derivatives of gpé\, namely Condi-
tion 2.7 )g+on—1 and Condition 2.7, for m = max{k,2} + 2. Fur-
thermore, we require that goé\ is flat around the origin, namely Condi-
tion 2.80p.s, and assume that In € HY(R3), §,C > 0 such that VA > 1

log (A2 .) = s < CA™°. (4.3)

i1) (Tracer Localization) For all densities p = 1 and volumes A = 1 let
& = w/]iFO e I®RQ(AI'(1—-A)). Assume that w/]i% is a perturbation of a
quasi-free state with localized tracer particle, namely that wB% satisfies
Condition 2.10y, ¢ with 0 < € < 1/4min{d, s, 3/2(1/3 — s), 1/6}.

Then for all times T = 0, there exists a constant C' > 0 such that for all
volumes A =1 and densities p = AY* we have

AT

itpl/2 (W £A BF
sup e IWel — y B8
te[—T,T]

Proof of Theorem 4.2. Applying Duhamel’s formula we obtain the estimate
BE)2
At
t
= [ (e I oW (or? — 1)(a)uRE Y
0

i 1/2
[eite SWel )

¢
(G
2f|@A\fPW*(\%\2 Dol |() dr, (4.4)
0
where we have inserted the function ©p(z) = W, 0 <s < 1/3,

which localizes on a scale smaller than the O(AY3) scale of the condensate
(see Appendix A).

The estimation of the localized mean-field interaction |©4/pW = (| |2 —
1)|oo corresponds to step 1 (flatness of the condensate) and can be found

in Proposition 4.3. The estimation of the effective dynamics weighted with
BF

moments of the tracer position operator g A( ) corresponds to step 2 (tracer

localization) and can be found in Theorem 2.14. We conclude

s 1/2
Heltp SWft 1/1

| < {A2f¥ ( +3 +ks)+A—7772n(1/375)}’ (45)

where the exponent on right-hand side of (4.5) is smaller than —y due to
the condition (4.2) on n and k. [ |
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To control [Op/pW * (|2 —1)||l in the proof of Theorem 4.2, we need
precise control over the localized condensate @Acpé\ and that its flatness is
preserved in time. The desired estimates on the condensate are proven in
Appendix B.2, leading to the following bound.

Proposition 4.3 (Local Control of the Mean Tracer-Condensate Interac-

tion). Let « > 0,1/3 > s > 0, n,k € N4, and Op(x) = m be the

localization function. For all volumes A = 1, let o} be the solution of the
Hartree equation (1.5). Assume that its initial data @} varies on the scale
A3 That is, Condition 2.6 with additional reqularity in the derivatives of
goé\, given by Condition 2.7i)12n—1 and Condition 2.7ii)g+o. Furthermore,
we require that gof} is flat around the origin, namely Condition 2.8, .
Then for all times T = 0, there exists a constant C > 0 such that for all
volumes A =1 and densities p = AV we have

Sup_ (OB * (o2 — 1)l < C{AT(3548) 4 pze—5-2n1/39))
te[—T,T]

(4.6)

Remark 4.4. By choosing k and n large enough, we can obtain an arbitrarily
good convergence rate in (4.6).

Proof of Proposition 4.3. Let T = 0and —T <t < T. We start the estimate
by splitting |Oa/pW # (| > — 1)| into two parts

[©AvAW * (|91 * = 1)]loo < [Oav/PW * (l9§ > = 1)]oo (4.7)
+ 10avEW = (I9f 2 =106 ) oo . (4.8)

Since we assume that initially the condensate is flat around the origin (see
Condition 2.8, ), the term in (4.7) can be estimated straightforwardly.
We use Taylor expansion of ©Op(z —y + y) at x — y to move O, inside
the convolution (see Lemma A.2b) and then estimate the potential W with
Assumption 2.4. This yields, Ym e Ny and A > 1

|OAW = (|f | = 1)] (2)
< VPCm[((9)* + 1)Oa(ph — Dlw + oA Crulllp5 % + 1)
< Cpy/pA2n(579) | (4.9)

where we used ||¢{ 0 < C, Lemma A.2a) (which requires flatness around
the origin of the condensate) and that we can choose m large enough (for
fixed n,s > 0), such that A=™ < A—2n(5-9),

Since |2 — |pi|? is missing a flatness condition around the origin, the
estimate of (4.8) is considerably more delicate. However, using the estimate
of the localized condensate © Anpé\ from Appendix B.2 we can complete the
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argument. We again use Lemma A.2b) to move O, inside the convolution
to conclude

A
[©AvAW = (It * = 10§ 1) lo < vPCIOA (e * = 195 )l 1h2000
+ CVpA™" 1o * = 195 P a2 00

Note that the norm ﬂ |1r2400 is defined in Notation A.1. We use Proposi-
tion B.8, for (8 =0,k =k — 1), and Corollary B.4 to get that Vm € N

1 k 1
Oav/BW (o 2 = |62 oo < vpC{ATE 5k 4 Amdem2n1/a=0)}
+ /A (Gtms) | (4.10)

Since s > 0, we can choose m in (4.10) large enough such that ATSA™S <
A—9/2=27(1/3=5) With this choice, Proposition 4.3 follows directly from (4.7),
(4.8), (4.9) and (4.10). [ |

4.2 Tracer Localization

In this section we explain the idea behind the tracer localization in both
position and momentum space in the dynamics generated by HEF (t), given
in Theorem 2.14. Its proof can be found at the end of this section.

Our goal is to show that the tracer remains confined within a region of
O(1) over timescales of O(1). For this, we have to control two contributions
to its dynamics, one coming from the condensate wé\ and one from the
excitations.

e Condensate Contribution. This is minor, as the largest contribution
that arises from its interaction with the tracer, ,/pW * |@|?(z), has
already been extracted from the dynamics.

e Excitation Contribution. We will show that the tracer gains at most
O(1) energy from its interactions with the excitations. This involves
proving two key points:

1. The Number of Effective Interactions. The tracer effectively
interacts with only O(1) many excitations. Heuristically, this
follows from the finite O(1)-range of the tracer-boson interac-
tion potential W, together with the assumption that the glob-
ally present excitations of essential order A (see Remark 3.4) are
roughly evenly distributed in the gas.

2. The Energy Gain per Excitation. The tracer particle gains at
most O(1) energy from each excitation it interacts with, as con-
trolled by the interaction prefactor in HEF. Rescaling the term

N
p—IT > W(x — ;) in H, yields an interaction p'/2~" A(QM W, @
i=1
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J Q{\Wxgp{\) in HE’F. To ensure localization, this energy gain must
remain O(1), requiring r > 1/2. For r < 1/2, the interaction is
too strong and localization may fail.

Number of Effectively Interacting Excitations with the Tracer.
To establish localization of the tracer, we derive bounds on the moments of
its position operator, (BE t | |2M @Z)E’ , by using Gronwall-type arguments.
For a simpler understanding, consider <wAt,xi¢EE . Its time derivative
involves the commutator [a:z,H A ] = 20,,, requiring bounds on J,,. Ap-
plying the same strategy to 0,,, we encounter the commutator [0,,, Hy' | =
a0, QMWoo) 4+ a* (02, QMWL) < C(N +1)Y2. According to Remark 3.4,
(N + 1)1/2 is expected to scale as A2, which does not suffice to conclude
localization of z; to an O(1) region.

To improve the above estimate, we conjugate H Y (t) with the propagator
of the Bogoliubov Hamiltonian, Uf’og =U Bog(t 0) = Upa, which is itself
a Bogoliubov transformation (see (1 21)). By the conjugation with Upa we
extract the excitations that are effectively non-interacting with the tracer.
The transformed Hamiltonian is

HEF(t) = 10 (U HE (D1 @ U +i (10 aURE) 1@ U
Ay

:_27+A(( ) (Qt x% @JQt m‘Pt))- (4.11)

In the transformed dynamics we get in the Gronwall argument for the
excitation number operator that

A (( ) (Qt :ESOt @JQt z$t )) < O||(VtA)_1HOp(N+ 1)1/2-
And hence due to [V} op < C (see (C.73)), (VM1 = SViS and Gronwall:

<¢At,/\/+1zp >  te[-T,T] (4.12)

if we assume <¢ A0 (N + 1)@ZEE> < C. Although we have extracted a global

number of excitations growing with the volume A with the Bogoliubov trans-
formation U}i‘;g coming from H/]?Og (t) (see Remark 3.4), the interaction term
with the tracer particle has changed only by O(1) due to [V{|op < C. This
indicates that the tracer effectively interacts with only O(1) many excita-
tions. This way |V} |op controls the local quantity of effective interacting
excitations with the tracer.

In the transformed dynamics, the Gronwall estimate becomes:

FRF =25 g, NODTOMEASIGIAN (7 qyz Betimste o),
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ensuring localization. Since I ® Uf‘zg commutes with x® I, bounds on tracer
position in the transformed system ﬁIEF carry over to the original dynamics.
The bound on the excitation number in the transformed dynamics indicates
that indeed the excitations are evenly distributed in the gas as claimed in
our heuristic argument.

Generalization of the Inltlal Conditions. In addition to the Bogoli-
ubov transformation US° At , we can apply a time-independent Bogoliubov
transformation, U 7S This allows us to follow a similar argument as above
while generalizing the initial state in Theorem 2.14 from &% AO = 1/1/]%7% to
Mi% =1I® U;NZ/]?,FE) (see (4.14) below), where we only need to assume
control of the excitation number on the transformed initial state, as in Con-

dition 2.10.
The resulting transformed Hamiltonian takes the form:

HAZA()

UZ[/)\ ((UBog) HBF( )Ufog +i (atUBog) UBog> UZ(,)\
Ay 3
= o FA(ZEON QW) @ TQMWLe)) . (413)

The dynamics of the original state 1y under HYY (¢) are equivalent to the
transformed dynamics:

i = HRF (0 < 10Uz (URE) 0 = HRGA(OU 2y (UR) 0
(4.14)

Technical Implementation. For a rigorous version of the Grénwall es-
timate we use [LNS15, Theorem 8|, which was adapted to our setting in
[Spr25, Theorem D.1.1]. Specifically, we apply [LNS15, Theorem 8] to the
time-dependent quadratic form generated by H BF (t) with comparison op-

erator A := B := hM M e N,. Here, h)! = (—Ax + 22 + (N + 1)H)M
the well studied harmonic oscillator in the tracer position x, which controls
2?M (=AM and (N +1)*M. The conditions of the theorem are verified in

Lemma 4.5 below.

Lemma 4.5. Let M € N . Assume that the potentials V' and W satisfy
Assumption 2.4max(n,2}-

i) (Condensate condition) For all volumes A = 1, let @i be the solution
of the Hartree equation (1.5). Assume that its initial data o} varies on
the scale V3, that is, Condition 2.6 and Condition 2.7s. Furthermore,
we require that goé\ is flat around the origin, namely Condition 2.8 s,
0 < s < 1/3, and assume that In € H'(R3), §, C > 0 such that YA > 1

et (AY3) = mlls < CA™C. (4.15)
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i) (Bogoliubov map) For all densities p > 1 and volumes A > 1 let Z €
L(L?> ® JL?) be a unitarily implementable Bogoliubov map such that
3C >0 and 0 < € < 1/4min{o, s, 3/2(1/3 — s), 1/6} with VA,p > 1

|1Z8T e @ JrT*)| ceairey < C, HZ(§\|\L(L2@JL2) < CAC.

Then for all T = 0, there exists a constant C' > 0 such that for all densities
p=1, volumes A =1 and =T <t <T we have

a) That

ChM > ABFZA( )= —ChM (4.16)

and the operator hM bounds the commutator of hM with H)\BI;’A( ),

meaning

o0 (AR (0w, 3w ) < CLp hbw), Vo e DD, (417)

b) The time derivative of HBE , () is bounded by h’, meaning Vip € Q(h):

AZA
(t > @, HY\ ()9)) € C'(R,R) and
’dt<w’ Rz )¢>’<C<¢»hé‘§¢>- (4.18)

The proof of Lemma 4.5 can be found in Appendix C.3. Note that the
bounds obtained in Lemma 4.5 are uniform in A and p, which allows us,
together with the validity of [LNS15, Theorem 8], to prove Theorem 2.14
and thereby establish tracer localization.

Proof of Theorem 2.14. Due to Condition 2'1O¢E%va€ there exists a unitar-

ily implementable Bogoliubov map Z{* € £(L? ® JL?) such that we have
BE e 1@ U2, QM) A QUAT(1 — A)) € Q(hee) 0 QT(1 — A)) with
’ 0

(UG U MUy 0RG ) < C . (4.19)

We aim to estimate the dynamics w}i};. To this end, we apply two Bo-
goliubov transformations and define the transformed state by zﬁEE =1I®

Uza Ufog(t, 0)*1,[)]]% with initial data ¢A 0 =1® UZ(/]\@Z)EE, where Ufog(t, 0)
denotes the propagator of the Bogohubov Hamiltonian as discussed above.
In w A+ we have extracted the dominant contribution to the excitation num-

ber coming from Ufog (t,0). We can now apply the Gronwall-type estimate
[LNS15, Theorem 8] to the transformed state JBE At to control the growth of
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hM under the dynamics. Specifically, for T' > 0 there exists a C > 0 such
that for all densities p > 1, volumes A > 1 and - T <t < T

(PR WYPRE S < CCPRE, hMGRE . (4.20)

The verification of the conditions of [LNS15, Theorem 8] is carried out in
Lemma 4.5. To transfer the estimate (4.20) back to the original dynamics
wAt, we note that the operator I ® UZA yBee (t,0)* commutes with 22 @I

and (—A,)M ® I, and that (—A,)M + 332M < hM. Thus, using (4.19), we
obtain

(R, (@ (=20) ) uRE ) < C(uRf, US, U0l ) <

which proves the claim. |

5 Infinite-Volume Approximation

In this section, we establish the effective description of the dynamics through
the infinite-volume Bogoliubov-Fréhlich Hamiltonian HEBF. To this end, we
first motivate the infinite-volume limit, which leads to the general result
stated in Theorem 5.1.

To derive the infinite-volume limit description of the effective dynamics,
we restrict ourselves to the case where the interaction potentials V' and W
are independent of p and A.

As in the tracer localization argument of Section 4.2, we have to extract
the Bogoliubov Hamiltonian Hfog(t) from HEY¥(t), since it generates a di-
vergent number of excitations that grows with the volume (see Remark 3.4).
This is done by conjugating with the propagator U]]i(;g = UVtA of the Bogoli-
ubov Hamiltonian. Although in general thA does not converge as A — o0,
the corresponding Bogoliubov map VtA admits a well-defined limit, intro-
duced later in (5.5).

Moreover, as in Theorem 2.12, we consider initial data for the excitation
dynamics of the form {5 0= *AY/JA with (¢, (N + 1)¢* ) < C. Here the

Bogoliubov transformation UZA can create order A'*2¢ many excitations.
Accordingly, we conjugate the Hamiltonian with U z) in order to extract
these contributions from the initial state to the dynamlcs

The resulting Hamiltonian H BE Az relevant in the infinite-volume limit is

given in (4.13), precisely
Ay
HAZA :—%—i—A(ZéX(VtA) (Qt xSOt @JQt :vSDt)) . (5.1)

In order to define the infinite-volume limit of the Hamiltonian, we introduce
the corresponding limits of all quantities appearing in H Az while retaining
their precise definitions for each theorem in which they are used.
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For the initial data we assume that for A — oo the Bogoliubov map
Z{]\ admits a limit Z3° (possibly unbounded), which satisfies the symmetry

*
condition JZPJ = Z{ with J = < J J ) For the initial condensate,

scaled to order one, we assume that
Py (M) =1 (5.2)

in L2(R?). In this setting, we define the limit of the constant ,ué\, appearing
in the Hartree equation (1.5), as

5 it v (5.3)

Further we make use of the flatness of the condensate around the origin in
order to neglect the Laplacian in the Hartree equation (1.5), leading us to
the limit

o} — V1) (5.4)

To define HBE AZD in the infinite-volume limit, we construct a candidate

V;° for the limit of e‘t(s V—p*)$s VA by taking the limit of its generator. Thus,
we define V;° as the solution of the differential equation

10V =A*)VS, V=1, (5.5)

with generator

_A + K® _K%®
o0 __ 2 1 2
= (T (-5 + Ki’o)J*> | >0

where K% is the limit of K (¢) and K$ the limit of e2*§V-t") KA (1), given
by

K=V x4, (5.7)
KL(t)J =V 4, (5.8)

for 1 € L?(R3). Equation (5.5) has a unique global solution, which can be
proved similarly to [BPPS22, Lemma 4.8] or [Spr25, Lemma D.2.6]. Rigor-
ous convergence results on i, ¢ and KlA (t) are collected in the appendix
(see Lemma C.3). There it is also shown that e*(§V=#)SPA _ Yo strongly
in L2® JL? as A — o (see Corollary C.7).

Motivated by the limits established above, we define the infinite-volume
Hamiltonian:

H™(t) := —2%2 + AR W@ W) . (5.9)
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a J*bJ
b JaJ*
is symmetric. Moreover, by [LNS15, Theorem 8], H*(t) generates a well-
defined dynamics, such that the differential equation i0up° = H™(t)9{°,
Y2y = Y& has in a weak sense the unique global solution given by 1® =
UP(t, 00, YoF € L*(R3, F(L?)), where U® := U®(t,0) is the unitary
propagator of H*(t). The infinite-volume Hamiltonian H*(¢) admits a
considerably simpler time evolution than .FNIRFZ,\ (t). In fact, the condensate
evolution governed by the Hartree equation ﬁeduces to a constant phase
factor, while the time evolution of V/° can be made explicit (see (5.12)

below).

Since Z& and (V°)~! are of the form we know that H®(t)

Diagonalization of V;°. The diagonalization of the translation-invariant
Bogoliubov map V;° is well known in the literature, see for example [BD07].
To fix notation we repeat the results here. In Fourier representation A%
takes the form

AP = (FQJFJAX(F @ JF 1%

(5 st 0 wer)- 510

where ¢(p) = & + (21)3/2V (p), b(p) = (27)*/2V (p), Ctp = ¢* and Ri(p) =

—

Y(—p). If V> 0, we can explicitly diagonalize A%:

TAST ! = <(g _JS}J*> : (5.11)

where w(p) = 2 —b? = \/p4/4 + p2V (p)(27)3/2 and the Bogoliubov map
T is defined in (1.24). Since lzao is generated by A% (see (5.5)), we find

V=77 (e_oitw Je_SwJ*> T (5.12)
[ Lt)  M({t)*CRJ*
= (JCRM(t) JL(#)J* ) (5.13)

with

L(#) = cos(wt) — i sin(wt), M(t) = —igsin(wt). (5.14)

Convergence to the Infinite Volume Dynamics. We are now able
to prove the convergence of the dynamics generated by the transformed
microscopic dynamics to the one generated by H*(t).
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Theorem 5.1. For given a,s € (0,1/3) choose A = p® > 1, n,k € Ny
large enough and e > 0 small enough (as in Remark 2.13). Assume that the
potentials V. and W satisfy Assumption 2.4,. For the initial condensate cpg
we impose the conditions of Theorem 2.12.

Furthermore, assume that there exists a family of unitarily implementable
Bogoliubov maps Zé\ that satisfies Condition 2.1 with growth rate € and lim-
iting operator Z§°.

Let ¢ € L*(R3, F(L*(R3))) and assume that there exist a family of
states vy € L*(R?, LZ(R*N)) with UznUgg — o in L*(R?, F(L*(R?)) as
p* = A — oo, where UtA denotes the excitation map. Then, for all times
T =0,

. A s
[Sup ]Hew‘ UZé\U;tAUtAe oyt — U | p2re 7 (12)) = 0
te|-T,T

as p® = N — oo, where UF denotes the unitary propagator of H*(t), Uya
p i y propag Vi

the propagator of HY8(t), v = S(t) (p2 S W —pud)ds e R and i € R is given
by (1.7).

Proof of Theorem 5.1. We first restrict ourselves to the case of regular ini-
tial data for the infinite-volume dynamics. Let % € Q((—Ay + 22 + (N +
1)2)2n(1+4a(1429))y ~ Q(dI'(—A)), where we choose n € N, as in Theo-
rem 2.12. Let ¢ > 0 such that it satisfies (2.19) and we have (2.1). For
the initial data of the microscopic dynamics we choose a specific sequence

vy = (Ug) 1SN UZD(Q))Y0° (5.15)

where 1% is the projection to the truncated Fock space with at most N =

[pA] particles. Note that, due to the conditions imposed on U ;A, we have
- 0
U;OAF(QQ) © e Q(AT(—A + 1)) n L2(R3, F({¢i}+)). Thus the action of
(UL)* in the definition of 4 is well defined, and 9§ € L*(R3, H!(R3N)).
Applying Theorem 2.12, we obtain
. . ~ ( e)a—
HUZS\U;{‘ (elgé(plpSW—HQ)dSUi/\e—Ithwé\ _ %1%5) H < Cp3 1+200-1 (5.16)
where w/]iFt is the solution of the effective Bogoliubov-Frohlich dynamics
with initial datum %1?,% = UMY (see Remark 1.1). The conditions of Theo-

rem 2.12 apply, since U} satisfies Condition 2.104,, especially (2.13), as
we now show. To obtain the bound (2.14) on Z{ required in Condition 2.10
we use the convergence (2.2) together with the uniform boundedness princi-
ple. The tracer localization (2.13) follows from combining the bound 1>V <
(N/N)™ for all m € Ny, the estimate Uza (N + 1)™ ;.6\ < CA™(N +1)™

(see [BPPS22, Lemma 4.4]), the strong convergence '(Q}) — 1 (see Corol-
lary C.4), and the fact that ¥ € Q((—A, + 22 + (N + 1)2)2n(1+da(1+2q)),

35



Moreover, in the same way, one shows that
Uaa Uy =4, p*=A 5.17
zp 0% = Yo, P — . (5.17)

It remains to prove that

"Uzé\U;tATPEE UPhg

-0 5.18
g 0 (5.18)
which would yield the claim for initial data 1;80 and 1;6\ To simplify the
notation we set ¢ = UZ(I)\ U;AwEFt. Then
AYA,

£00 |07 = 7 g 7y = £2m 0 — v, (HESA (1) — HZ(1) 67 )

< 2o — v | (sup(L +2) 2 |20 — ZEEL ()] g2 )
xX

x (14 2?) 2N+ 1) (5.19)

where we introduced FA(t) = (VM) QMW 0P @ JQMV,pl) and FX(t) =
(V@)Y (W, @ JW,,), which we localized with (14 22)~/2 around the origin.
The term ||(1 4+ 22)Y2(N + 1)Y2¢}| is controlled by our tracer localiza-
tion argument, discussed in Section 4.2. In fact with (4.20) and Condi-
tion 2.10@%,]\/]:2, we get

|1+ 2?) 2V + DY} < CllhocUzp R0l < (5.20)
We now show that
sup (1 + %)~V Z8EN(E) — Z8FL (0] 2g012 — 0. (5.21)
z€eR3
Let z € R3 fixed. Then we use that |Z{]|op < CA€ to get
(1+2) 2| 20 FA2) ngFOO )|
< CAS(1+ )V EMt) — B2 (1) (5.22)
+(1+ 272 (28 - 2P (v T W @ TWL)] (5.23)

We conclude the convergence (5.22)— 0 as A — o0, from Lemma C.8. The

convergence of (5.23) is proven below. We use the diagonalization of ﬁ?o in
(5.12) to obtain

itw 0
0 Jeith*
=(1+ 932)_1/2H (ég\ - @)T_l(eitwﬂ/[//\m &) JCRe_ithW//\x) .

(5:23) = (1+2%) 2 (20 - Z) T (e ) T(W, ® JW,)

(5.24)
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Now we use W//\x(p) = eipxl//[\/(p) to get, since €'P* is unitary,

(5.24) < (1 + g:Q)—l/?H [Z?OA — 22, Jeipr*] 71

X (eitwrﬂ//\x @ JCRefit“’TW//\x) (5.25)
+| (20 - Z0) T (W @ JeRe W), (5.26)

where (5.25) and (5.26) converge to zero due to convergence of the commu-
tator of Z) — Z& with translations and the convergence of Z}' — Z (see
Condition 2.1). And thus we have the full convergence (5.21).

We conclude using Gronwall from (5.19) and (5.20) that

ot — ] < |ob — o5
t
+C | sup(1+22) V2 Z0EM(s) — ZPFP(8) | requrz ds.  (5.27)
0 zeR3

Then (5.18) follows from (5.21), dominated convergence, and ¢} — g in

(5.17). Indeed, for s € [0,f] we have the integrable majorant |F2(s) —

FX(s)| L@z < Cr € L'((0,t)) with C; independent of s and A, which

follows directly from Lemma C.9 and the fact that ZS’\OT_I is bounded.
Thus as a direct consequence of (5.16) and (5.18), we get

ool WYy U Ufte e g} — UG 0, (5.28)

which proves the claim for the specific initial data 1% and .

Now, let € > 0 and consider general initial data vg° and 1,[){} with
UzéxUé\wé\ — . By density, there exists a P € Q((—Az + 2% + (N +
1)2)2n(1+42(1+2)) ~ Q(dT'(—A)) such that |§ — dF| < & As before, we
set 1) = (Ug)*1SNU%,T(Qf)w§ . Then from

0
[0 — ol < IP(@0)9E° — Uzp U o' | + 17V UZxT(Q0)¥5|
< @G — &l + g — UzaUg i + 196° — 4|
+ |17 NUZAT (@)
the strong convergence I'(Q}) — 1, UzéxUéxwé\ — P, and 17N < N/N, it

follows that |[{) — | < 2¢ for large enough A. Combining this with (5.28),
we obtain for large enough A

.t 1/2 _ . ~
o o0 IV TR U Ut e oy — U] < €+ [ — 93|

which proves the claim. |
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An explicit example of Zéx satisfying Condition 2.1 with Z° = T is
constructed in Section D, under the additional assumption that the initial
condensate gpf)\ is real-valued.

In the case that Z° = T we observe, using (5.12), that the infinite-
volume Bogoliubov-Frohlich Hamiltonian defined in (1.3) is equal to

HBF _ o—itdl(F'wF) proo itdl(F1wF) | ( o, e—itdF(]—‘*lw]-')) QitdD (F1wF)
s :
Consequently, Theorem 2.2 follows directly from Theorem 5.1.
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Appendices

A The Localization Function

For 0 < s < 1/3 and n € Ny we define the localization function

1

3
ZWGCOO(R ,R),

O (z)

which is used to localize the condensate around the origin. It satisfies the
following characterizing properties: For all 3 € N3 there exists a constant
C > 0 such that for all volumes A > 1

Oa] <C, |0%°0,] < CATIPlO,]. (A1)

In order for O to localize the condensate ¢ we have to choose s < 1/3
such that its scale is smaller than the O(AY3) scale of the condensate.

To facilitate our estimates, we introduce some notation from [DFPP16],
which is particularly useful when applying Young’s inequality.

Notation A.1. For 1 < py,...,pm <0, M € N, we define the norms

llwncmmse = 8 (ol o+ Ul )

and
Hprh--WM = ”f”m +...+ Hpr]\/I :
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All relevant estimates for the localization function, obtained via Taylor
expansion, are collected in the following lemma.

Lemma A.2 (Localized Estimates). Let n € Ny and s > 0. Let Op(z) =

m be the localization function.

a) (Functions flat around the origin) Let k € No with k < 2n. For
all volumes A = 1, let f := fo € C*(R3 C). If we have flatness
around the origin of f, namely there exists a constant C > 0 such
that for all volumes A = 1 and 0 < |B] < k — 1 we have [0°f(0)] <
108 f[| o CA—*=1BDA/3=5) then,

i) There exists a constant C' > 0 such that for all volumes A =1

[Oafle < CATFOA=I (S ol floalP) . (A2)
18I<k

it) If in addition n > 1 and k < 2(n—1) then there exists a constant
C > 0 such that for all volumes A = 1

|Oafllz < CATKVE= 32 (N7 0 A (A3)
18l<k

b) (Convolution) Then for all orders m € N, there exists a constant C' >
0 such that for all volumes A > 1 and f,W € LP(R3), for 1 < p < o,
we have

[OaW = fla<C >, [ P'w

0<|Blsm—1
+ CA |y W1 2] flliaz, (A4)
[OAW = flo<C > |ylflw
0<|Blsm—1

+ CAT Y™ W20l fFlinzne - (A.5)

11,2[©a fll1 A2

|1,2,00H@Af“1/\2A00

Remark A.3. Part b) of the lemma is required to close Gronwall-type es-
timates of the form |Oaf:] < a(t) + B(t)|Oaf:], where the localiza-
tion function ©5 has to be moved inside convolution terms of the form
W % f in order to complete the argument. In this context, the terms
CAT [ y[" Wizl flinz and CAT | |y W1 2.00] fl1r240 appear as er-
ror terms.

Note that the flatness around the origin of the initial condensate, Con-
dition 2.8, is chosen in such a way that the condensate satisfies the require-
ments of Lemma A.2.
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Proof of Lemma A.2. Part a):
The case k = 0 is trivial. Now let £ > 1. By the Taylor expansion formula
of f up to order k — 1 around 0 we have VYo € R? 3¢ := &, € [0, 1] such that

B B
0 g!(())lﬂ+ 5 e f(!fx)mﬂ

(Oaf) (@) = Onl2)| ),

0<|B|<k—-1

<C )| fllpAmBIADA/E=)
|B|<k

18]=k
|$|IB|

_ A.6
v A
where we used |02 f(0)] < |07 f|oA~F—1BD(/3-9) y0 < |B] < k — 1, and the
definition @A(.CL') = W = 0.

Using || < k < 2n and distinguishing between the cases |z| < A® and
|z| = A* we can show for all z € R3

mlﬁ\

< 5|5\‘ .
1+(A—s‘x’)2n <A (A 7)

The estimate (A.2) follows from (A.6) and (A.7).
Now we want to prove the O, f[2 estimate. Let us assume k < 2(n — 1)
and thus n > 1. We use (A.6) and the substitution y = A~z to obtain

1/2
|Oafl2 = (JR‘ ]@Af(x)de)

2
18l 1/2
<CA—]€(1/3—S) Z HaﬁfHooAlﬁV?) J < ‘y| . A3sdy>
=k rs \ 1+ [y[*"
< O NF(/3=)+3/2s Z ||anHoko|/3-

1Bl<k

Part b):

We want to change the argument of ©, from x to x — y such that we can
move it inside the convolution. To this end, for z,y € R?, we expand O
around the point x — y. By Taylor’s theorem, there exists a 6 € [0, 1] such
that

8
Oa@) < Y CulOr (A (z —y))| -A—SW'%
0<|8|<m—1 :
I
+ ) Cm- AP (A8)

18=m g

where we have used (A.1). Now with (A.8)

OA@W * f(2)] < C Y] jdmm'ﬁ'-\W(y)@m—y)f(x—yn

0<|B|l<m~1
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+Coud ™ [ dylyl™ W () )
with Young’s inequality for p > 1

|OAW 5 flp, < Co D) | yFIW

0<|B|l<m—1

+ Cn A [y W1

11O fl1Ap

flinp-

This proves (A.4). The proof of (A.5) is analogous. |

B Control of the Condensate Dynamics

To control and approximate the dynamics of the condensate ¢, we define
an auxiliary function ¢} as in [DFPP16].

Definition B.1 (Auxiliary Function). For all volumes A > 1, let ¢} €
H*®(R3). We call

b = otV el 255 N?dS)Qpé\ (B.1)
the auxiliary function, where p* is defined in (1.7).

Remark B.2. The kinetic term in the time evolution of ¢} in (1.5) can be
omitted, as it is subleading compared to the interaction term. Specifically,

| = Apglz < CAY223 ., while |V« | P2 < CAY2.

Due to the appropriate scaling of 4,06\, these properties also hold for the time
evolved state (see Corollary B.7 below). This justifies the approximation
of cp,{\ through cﬁ,{\. In particular, @? and its derivatives satisfy analogous

estimates as ) (see e.g. Lemma B.5 below).

The following preliminaries (B.2) and (B.3) form the foundation of our
control of the condensate. They are adapted from bounds in [DFPP16],
and remain valid under slightly weaker conditions than considered there.
Nevertheless, their proofs are analogous to those presented in [DFPP16]
(see [Spr25] for an adaptation to the setting considered here).

Proposition B.3. For all volumes A > 1, let o be the solution of the
Hartree equation (1.5). Assume that its initial data gp{)\ varies on the scale
A3, that is, Condition 2.6. Then for all times T = 0, there exists a constant
C > 0 such that for all volumes A =1 and —T <t <T

o — @, < A, (B.2)
lofoo < C. (B.3)
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Corollary B.4. Assume the conditions of Proposition B.3. Then for all
times T = 0, there exists a constant C > 0 such that for all volumes A = 1
and =T <t<T

_1
let? = @612 liae < CATS . (B.4)

Proof of Corollary B.4. The claim follows directly from Proposition B.3, the
definition of the norm |. |12 (see Notation A.1) and the identity |¢|? —

[0 ? = ot — G ° + 2Re(1)* (¢f — @), where we use |¢f| =[] W

B.1 Propagation Estimates

In this section, we use the auxiliary function 4,51{} to approximate the con-
densate ¢*. We begin by estimating @2

Lemma B.5 (Estimates of ¢). Let 8 € N3. For all A > 1 let ¢} be
the condensate, which varies on the scale AY3, meaning it satisfies Condi-
tion 2.7g. Then there exists a constant C' > 0 such that for all volumes
A =1 and timest e R

‘m

= HOO\CA
|6%3M 2 < CA~ %. (B.6)

‘m

Proof of Lemma B.5. The claim follows directly from the definition @ =

s A2t A . o
o1tV It =g 13 ds)go(’)\, our assumptions, and the Leibniz rule. |

The following Proposition B.6 extends (B.2) to derivatives of @it — @,
enabling us to transfer estimates from @2 to the condensate ¢ and serves as
an essential ingredient for the proof of Lemma B.9 in the following section.

Proposition B.6 (Approximation of ¢ by ¢). Let B € N3. For all
volumes A = 1, let o be the solution of the Hartree equation (1.5). Assume
that its initial data cpg varies on the scale AY?, that is, Condition 2.6 and
Condition 2.7 g|42-

Then for all times T' = 0, there exists a constant C' > 0 such that for all
volumes A =1 and -T <t<T

10° (o} — @M ]2 < CATHO-IBV3, (B.7)

Proof of Proposition B.6. Let T > 0 and —T <t < T. We prove Proposi-
tion B.6 by induction on |3|, denoted as n.

Base Case: |f| = 0. For || = 0, the claim is the statement of Proposi-
tion B.3, noting that we assume Condition 2.6.
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Induction Step: || =n+ 1. Now let n € Ny be fixed. Assume that the
assumptions of Proposition B.6 are fulfilled for n+1, namely Condition 2.6
and Condition 2.7(,,1)42. Now, consider a multi-index 3 € N} with |3] =
n+ 1.

As the induction hypothesis, suppose that Proposition B.6 holds for all
multi-indices |3 < n. Thus

10%(f — @) < CATYE-IAS.
We use a Gronwall estimate to get the desired bound:
o0 (o = 213
B, A <A\ AB(( 1 A2 Al A L <A
= 2Re{ (g = &), & ((=D)| — 58+ V x o2 — | (el £ &)

F1(V Il - 1) 3t))

= Re (P — ), (1) [0, Vb P -] (R -2y (BY)
+ 2Re<55(¢f\ — 1), (—i)[ - %A Vo |2 — u?]aﬁ(ap{‘ _ cﬁ,‘})>

(B.9)

2Pk - ). (DY (PR E)  (B)

2Re( 0% — ), (02 (— 5A)gl ), (B.11)

where we used pf* € R. The term (B.9) vanishes, because we only consider
its real part and ,u{f\ € R. In the following we estimate the remaining terms
(B.8), (B.10) and (B.11).

Given Condition 2.7, 3-|g/4+2, the estimate for (B.11) follows directly from
Lemma B.5. For (B.10) and (B.8), we again use Lemma B.5 together with
the induction hypothesis, which ensures that

[1V] % 2%10f* oo < AP 4 C1% (o =)z, (B12)
1IV] %07t = 16012 1o < CATYO7IR 1 07 (o = g, (B.13)
| - %Aaﬁaﬁﬂb < o i < CAS (B.14)

To summarize

0108 (e} — M2 < (B.8) + (B.10) + (B.11)

- _1_ 18l -
<10 (p = g0 (ATF75 + 1070 - 21)l:)

with Gronwall and @9 = ¢o we get the claim [0°(¢ — g2 < CA 3
for |8] = n + 1, thereby completing the induction step. [ |
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Combining the estimates of Lemma B.5 and Proposition B.6 we gain
control of the condensate @ as stated in the following corollary.

Corollary B.7 (Estimates of the Condensate ). Let 3 € N§. For all
volumes A = 1, let o be the solution of the Hartree equation (1.5). Assume
that its initial data @6\ varies on the scale AV/3, that is, Condition 2.6 and
Condition 2.7 g42-

Then for all times T = O there exists a constant C' > 0 such that for all
volumes A > 1 and —T <t <T

||5580§\H2 < CNPIPI, (B.15)
1% [an00 < CATIAS (B.16)
where the norm ||. |2rx0 s defined in Notation A.1.

Proof of Corollary B.7. Corollary B.7 follows directly from Lemma B.5 and
Proposition B.6, using ¢ = @) + (o — @P). [ ]

B.2 Local Stability

The goal of this section is to show that the localized condensate © 4 |¢:|? can
be approximated arbitrarily well by the initial condensate © A]cp |2, thereby
improving Corollary B.4. Note that the localization function ©, varies on
the smaller scale O(A®), with 0 < s < 1/3, localizing the condensate varying
on the scale O(AY/3).

Proposition B.8 (Local Stability of the Condensate). Let n € Ny, k € Ny
and 0 < s < 1/3. Set the localization function to be Op(x) = m For
all volumes A =1, let @ be the solution of the Hartree equation (1.5). As-
sume that its initial data pg varies on the scale A3 that is, Condition 2.6,
Condition 2.7.+3 and Condition 2. 7i)(k+2)+2(n—1)~ Furthermore, we require
that o is flat around the origin, namely Condition 2.85(;,—1)s-

Then for all T = 0, there exists a constant C' > 0 such that for all volumes
Az1land -T<t<T

—1_ k4l S —1s-9n —s
Oa(el 2 = 1682 a2 < C{AT3 =5 - (s 4 pmgem2003-9) - (ga7)

Proof of Proposition B.8. The claim follows directly from Lemma B.9 be-
low, together with the definition of the norm |.||;,2 (see Notation A.1)
and the identity [0} > = |¢g]* = |¢f — @1 + 2Re(P))* (¢t — &7) with
& = ‘900‘ |

Although flatness of the initial condensate is not assumed in this sec-
tion, the above approximation provides a mechanism to propagate flatness,
if present in the initial data, to the evolved cp{\, as for instance in Proposi-
tion 4.3.

The estimate in Proposition B.8 is based on the following approximation
of Ot by ©4@», which also needs control over their derivatives.
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Lemma B.9. Assume the conditions of Proposition B.8. Then for all B €
N} with |3] < k, and T = 0, there exists a constant C > 0 such that for all
volumes A > 1 and T <t<T

1_k+1 1 18]

10407 (o — &1)]2 < C{A_E_T_(]”l_'m)s + A5 3 —2n(1/3-9)
(B.18)

Proof of Lemma B.9. Let T > 0 and —T <t < T. We prove Lemma B.9
by induction on k.

Base Case: k£ = 0. For k=0 also 8 = 0 and the proof is analogous to the
argument in the induction step below. Note that the use of the induction
hypothesis is not necessary as no terms 0,07 (¢ — )|z with |y] < |3 -1
appear.

Induction Step: £ — 1 to k. Let k € N, be fixed. In order to estimate
derivatives with greater order than k—1, for which we cannot use the induc-
tion hypothesis, we need an external estimate provided in Proposition B.6.
We use a Gronwall argument to prove the induction step. We have

A CIG el b
5, A=A af, . 1 A2 _ A (A L A
2Re<@Aa (pr —@¢), Oa0 {(—1)<—§A+V*’S@t‘ _Ht>(90t &)
+i(VelgbP - ) o))

— +2Re (027 (9 — 1), (-0 07, V 5 [P — | (4 — 30))

(B.19)
+2Re (020 (0 — 1), (—1)0207V + (Jo} 2= 08 P) ) (B20)
+2Re( 040% (o — 1) ()02 - %A) &) (B.21)
~ 2Re (0107 (of — &), (~)(VOMV (4 — &) ) . (B.22)

We will now estimate 0;]|0x0°(p) — @[3 by estimating the individual
terms (B.19), (B.20), (B.21) and (B.22). To shorten the notation we set
H|B\,k(A> — —é—%—(k-i—l—\m)s + —gs—3 —2n(1/3-=s)

To (B.19):

Consider the case || = 1. Note that (B.19)g_o=0. We use Corollary B.7
and the induction hypothesis Lemma B.9;_1, || < |3|—1 < k—1 to conclude

for all 0 < |B| < k:

(B.19)5 < 0407 (01 — 312
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B
x D OV "0l Pl 047 (9 — &2
7=0, hyI<|8l-1

< [©07 (1 — @f)\bcmm,k(/\)? (B.23)
Where we used |y]s < (|f]| — 1)s and A >

To (B.20):
First note that for 0 < |8| < k we have that

104V 87 (|0 — | 1?) |2 < Crigi(A) + C1O4° (0} — &2, (B.24)

which follows from the induction hypothesis Lemma B.9;_1, the external
estimate Proposition B.6, ©, < C' and Lemma A.2b) with the use of the
identity 62 — 2 — [¢& — GA12 + 2Re(#)* (¢ — ) and Lemma B.5.
We use Lemma B.5, |8| < k, and (B.24), |v| < k < k + 2, to conclude

H@Aﬁﬁv* (thl [©01%) @22

(I = leb ) Il2

/3
< 208 T ks 0) 41080 — g} (B25)
Then we use the induction hypothesis Lemma B.9;_; for |y| < |5]—1 < k—1
to conclude
(B.25) < Crigp (L) + ClOA07 (01 = &) 2.
Therefore for all 0 < |5 < k
(B-20)5 < 0407 (" — &) [2CK g k(M) + C1O1° (0 — M3 (B.26)

To (B.21):
We have to estimate |©50°A@ 2. In the first step we use Lemma A.2a)
on cpg — 1 which is flat around the origin to get that

|OAPA( — 1)y < CA-2(5=9)= 52+ (B.27)
Then it follows from @} = o itV x| =fg il ds) ¢} and the Leibniz rule that
10A0PAGM o < CA~2-D(5-5) =252 +5s (B.28)

Thus V0 < |3] < k we have the estimate!

(B.21) < [©40° (] — &) a2 (5)

!This estimate is precisely the reason why we required Condition 2.85(n—1),s, Condi-
tion 2.71) (k+2)+2(n—1), and Condition 2.7ii)x 2.
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— 0228 (p — M) [sCA" 5 A2 (5 —9) (B.29)

To (B.22):

The desired estimates for (B.22)s build on one another: the bounds for
higher derivatives propagate to the lower ones. This also explains why it
is necessary to control higher derivatives in order to improve the estimate
in the derivative-free case, |©x (¢ — @})||2, which is the main objective of
this lemma and used to prove Proposition B.8. Therefore we start with the
estimation of (B.22)g—;. Here, we use Proposition B.6 and © < C to get

(B22) 5y, < ClOa" (¢ = )2 (VON) V(o = &1)]2

1_ k+1

< Cl02% (¢ = @) 2A AT (B.30)

where in the first step we used (A.1) for © 5 and in the second Proposition B.6
for |B|+1=Fk+1.
For || = k the estimates obtained above imply

M@A@ ( _%)H ((B.22) +(B.21)+(B.20)+(B.19))|5‘:k
< ((B.30) + (B.29) + (B.26) + (B'23))|B\ &
< [040° (01 — @) |2Ck 5 1(A) + C©40° (07 — )3,

with Grénwall and ¢ = ) we conclude for || = k

10407 (91" — 1)z < Crpp(A) . (B.31)

We have proven (B.18) for |3] = k. With this we have improved our esti-
mate for [|©40° (o} — pM)||2 from (B.18)_1, i.e. Lemma B.9;_1, to (B.18)y.
This result will now be used to improve the estimates for 0 < < k—1. As
we will show below, each estimate for 0 < |#| < k£ — 1 from our induction
hypothesis Lemma B.9;_; is improved by the one corresponding to the next
higher order in |3|.

Now let 1 < m < k and we assume that (B.18) holds for all m < || < k. In
this case, we will show that (B.18) also holds for |3| = m — 1, which proves
the lemma.
Due to the estimates (B.23), (B.26) and (B.29), it only remains to bound
(B.22)8/=m—1- With the help of (B.18) which holds for || +1 =m
(B.22) 51 < ClOA (g — ) oA~|OA T (6 — 3]
< 040 (¢ — 1) [20A* K18)+1,k(A)
< [040% (o1 = &) [2Crig £ (A) - (B.32)

With (B.32), (B.29), (B.26) and (B.23) all for |3| = m — 1 we conclude

6tH9A(9’3(4pt — ¥y )H ”@Aa’g(% — ¢ )H2Cﬁ\ﬁ| k(A)
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+ ClOnd"(pr = &2)I3 -
From here it follows with Gronwall that for |3] =m — 1
10407 (0 = &)2 < Criyga(A) -

As mentioned above, this proves the lemma. |

C Supplementary Proofs

C.1 Remainder Term Estimate for Theorem 3.5

We begin with Lemma C.1, which provides one of the key estimates under-
lying the remainder term estimate in Lemma C.2, as well as the excitation
number estimate in Lemma 3.3, and consequently Theorem 3.5. In particu-
lar, Lemma C.1 yields a result similar to [PPS20, Lemma 3.5, Part 7%].

Lemma C.1. For all volumes A =1, let goé\ be the condensate satisfying
lpdla = AY2. Let &,® € L*(R?, D(N)) < L*(R?, F(L?)). Then

K&)’ 2 AV}'kOO“?‘G£¢’>| < M2V I VY2 N 20|
Ji:k=1

+ Ao oo V2N 22 2] (C.1)

Proof of Lemma C.1. For the proof we follow the ideas of [PPS20, Lemma
3.5, Part 7%]. We compute, using the definition of AVjioo and Cauchy-
Schwarz,

’<§>, Z Aijooa;‘azCI)>‘

Gk=1
= A‘ > <‘i’7 deldmv(m - Z/2)u0(y1)UO(y2)U;(Z/1)Uz(y2)a}ka?§‘1’>’
7,k=1
<A f dyn S ws(y)a;®] - uo(yn)| (C.2)
j=1
<Y f dyaV (1 — y)uo(y2)ul (y2)al (C.3)
k=1

Both terms (C.2) and (C.3) have one ug = ul} = ¢/AY? term. We would
like to bound both using |[uj]c < CA™Y2 to cancel the pre-factor A in
(C.2), but this is not possible for some of the terms appearing below.

We start with the estimate of (C.3). We want to estimate the a} operator
by N'V/2. Since this cannot be done directly for ay, we first replace it by ay
using the CCR. Using the notation Vj, (y2) := V(y1 — y2), we find

(C3)" = a*(QVyyup) @)
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(@, a*(QF'Vy,u))a(Qf Vyyup) @) + |QF Vy ufy I3

<
< [a(@MVyug) @ + [V (5 ]ug %12 - (C.4)

The change in (C.3) from a} to ay is thus at the expense of the additional
term in (C.4), coming from the CCR. We will see below that this additional
term will give us the largest order in A. For its estimate it is important
that the integral over y, is inside the norm in (C.3). To estimate the first
term in (C.4) together with (C.2) we pull V again outside of the annihilation
operator and split all terms symmetrically. Here we can estimate both wug
in the | . |.o-Norm, since we can regularise the integrals with [V["/2(y; — y2)

(C-2) - [a(Q Vyyup) @ < Afdmdyzl‘/l(m — ) lug (y2)|lug (1)

x| 25 ui(y)ag @Il Y unlyz)are|

Jj=1 k=1

N2
<l ( [ anawiivz - Y, uj<y1>aj<1>12)

j=1

1/2
< [ andnl V1201 - ) ¥ e

k=1

< et IZIV IV 2N 2o (C.5)

in the last step we have used

[ el ¥ wntwanel? < (2. Y afane) < WRe. (o)

k=1 k=1

Now we estimate the second term in (C.4) in combination with (C.2).
Unlike above, here the potential term ||[V'||2 no longer depends on y;, and we
cannot estimate uj) (y1) by |ud e, as we need it to use Cauchy-Schwarz in
the integral over y;:

~ 1/2
(C.2) - [Vallug oo ®] < Alqulz(fdyll > uj(yl)aj<1>l2> g oo V2]
Jj=1

< Aot oV 2| @IIN Y22 (C.7)

where we have used (C.6). We finally conclude

K@ 3 AVjigoa] ak<I>>| (C.4)Y2 < (C.5) + (C.7)
7,k=1
< MBIV ILINY2RIN2D] + AV [0l o[ V2 VY22 @]

which proves the claim. |
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We proceed with the estimate of the remainder term Ry as given in
(3.11).

Lemma C.2 (Remainder Term Estimate). For all volumes A = 1, let o
be the solution of the Hartree equation (1.5) satisfying Condition 2.6. Then
for all T = 0, there exists a constant C > 0 such that for all A,p = 1 and
—T <t <T we have
1 3
2Im{y™, Ry @) < Cp 2[4 — Q4| [(N + 1)204
+ Cp ™ — @4 (N + 1) . (C.8)

Proof of Lemma C.2. Setting ¢ — &y =: d,, we write
2Im{Y*, Ry @) = 2Imyp™ — @y, Ry Py) = 21m<‘i’t, RN(I)t>~
We estimate this expression term by term, considering each R; y separately.

To R47 N~
We estimate

2Im{ & —LNW el o <2 o2 Wl | @ |V ® C.9
m( Py, 7 *r )y \ml\wt\\w\\ [ @[NP (C.9)

Using that |dI'(A)¢| < [|AllopNY| we get for a fixed =

f1m<<1>t,dr QMWLQM P, W oo | B IV - (C.10)

-5

We get the Ry y estimate from (C.9) and (C.10):

2 By, Ro ) = 20/ % (e + 1) (W] + W) Bl N

(C.11)
To Rg,N.'
We insert N ~1/2N1/2 t6 obtain
~ N -N
21m<<1>t, <\/N — 1>a(QtAWx¢tA)<bt>
N-N —1)25 Aviy Ay L2
<o (VR 1) 4 )8 (@A
<2 W 2o oo N V2| B4 IN Dy, (C.12)

where we have used that |a(QMW,pM)®:| < sup, |QA W2 N ;| and
I(WN =N — V/N)y|> < (4, Ny). For the Hermitian conjugate term in

R3 v we find an estimate similar to (C.12) leading to

(Be, Ry ®: ) < AN oo [W 2| DoV + 1)) (C.13)
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To Ro n:

21m<<1>t, Ry N@t> - 2Im<<I>t, N AVinpgaaiapagN N <1>t>

mnpq> 1

A ~ 1/2
< N(deldy? > Vin - yz)um(yl)un(y2)aman/\/‘1¢>t|2>

mn=1

1/2
< [ananl T wmutmaye?)

pg=1

A -
< IV el @IV @], (C.14)

where in the last step we have used {(up, um) = 0pm to get

j dyidys| S (g (yo)apag]? = S (0, atatapaq)

pg=1 pg=1

= N agth Nagh) = (b, (N = DINY).

p>1

(C.15)

To Rl, N~/
The remainder Ry y consists of several terms, see (3.2). In the following we

will estimate each of these terms individually.
To the ué\ terms in Ry n:

2:[111 it? 2/“Lt N 2 t N ' 7£t OO 1 t t

where we have used R 3 p = <A1/2,V x| 2/@/2> < 3leME IV ]a
To the a(.),a*(.) Terms in R; n:

~/ N — A
21m<<i>t, [—(NH) N Na( AV« @?]2%) +h.c.] <1>t>

N A1/2

5[ Dell [ (A + 1)%2, . (C.17)

\FHVH et

To the a;‘ak Terms in Ry n:
We got with [AE(A)G] < [Afop N9 that

@V It PN e,y < e 6 vy (9

2Im<<i>t, —dr

The Ki(t) term in R; y is estimated in the following
N A A
2lm( b, —5 - dD(QL KT (1)Q)) P,
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—21H1<q)t,_* Z A‘/Omnoa an%’q)t>

mn=1
_ It
N
1 ~ 1
X deldw‘ > <|V|2(y1 = y2)um(y1)am Py, [V[2 (y1 — yz)un(yz)anf\/‘l)t>‘
m,n=1
%
< Bty 3y + 2. (C.19)

Putting both estimates (C.18) and (C.19) together we conclude

N N
21m<<1>t, =5 Y AVmowahans — 5 Z AVomnoa,an 5 +h.c.]<I>t>
mn>1 mn>1
HSO E
< OOHVH [De[[| (N + 1)%y|, (C.20)

where we used that the h.c. terms coincide with the original terms due to
V(yr —y2) = V(y2 — 1)

To the a},ay, ama, terms in Ry n:

The estimates given here rely heavily on Lemma C.1. By using Lemma C.1,
0< —/(N-N)(N-N-1)+N<—-(N-N-1)+N=N+1 and
inserting (N + 2)~Y2(N + 2)!/2 before ®; we get

21m<(1>t, > AVinooal,a (V(N_N)(N_N_l)—1>q>t>

N
mn=1

1 -
< NCH%: IV I @e ]| (N + 1)%@]

AL/2 -
+ TCH%AIIOOIIVHzH@tHH(N +1)32®, . (C.21)

The conjugate term can be estimated with the same argument as above with
®; and ®, interchanged and inserting (A + 1)=32(N + 1)%/2 before ;:

2Im<<i>t,<\/<N_N)(N_N_1) > > AVOOmnaman@t>

N mn=1
fl\sot IV [ D[V + 1)@
ﬁ V][NV 4 3)7 128, (N + 1)%®
+ loMlao |V 2l (N + 3) 71204 (V + 1)
AI/Q B 5
<C (H<p loo + [0t 12) (VI + [V [2) | @] (N + 1)@ . (C.22)

Note that (C.22) has larger prefactor than (C.21), namely AY2/N instead of
1/N for the (M +1)? term. However, this is not important, as Ry y already
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introduces a larger prefactor A/N for a (N + 1)? term, due to (C.14).
To the a},anayp, ay,ara, terms in Ry y:

- N
2t 81, 3 Vo S ) < 20

mnp=>1

IN =N /
N N(I) |2>1 2 (C.23)

<de1dy2 Z V(y1 — y2)um(y2)am N

m=1

1/2
< [ananl ¥ wmwtmone) . 2

np=1

Now we estimate both terms (C.23) and (C.24) separately.

. NN
237 = [[andne 3, V2o~ vo)us(2)um(va) (B om0
mnz=1

= VI3 D] <<I>t,amam Ni)t> < yv|g<<i>t,/]\vf§>t>, (C.25)

m=1

where we have used that (N —N)/N < 1. Now we estimate the second term

(C.24)7 deldy2 DT un(yn)up(y)uk, (y)uk (y2) By, af akanap®y )

mpnqg=1

Z <¢t,ana anapq)t> <q)t7N (Pt> (026)

np=1

We conclude

- VN —
2Im<<1>t, D AVOmnpNNa;anapcpt>

mnp=1

< 2A1/2||so£|\oo<c 25)/2 . (C.26)"/

< 2020 oo w75 IV 2 V2 @ [ [N @ (C.27)

N1/2
Analogously one finds the same estimate for the conjugate term. Now by
inserting (N + 1)~Y2(N + 1)1/2 before ®; at the start of our estimate in
(C.27) and (M + 1)~Y(NV + 1) for the conjugate term, we conclude

21m<<i>t,( 3 A‘/()mnpvjvj\[/\[afnanap+h.c.)<1>t>

mnp=1
Al /2

et ol Vo[ @IV + 1?20, (C.28)

<2

R n estimate conclusion:
We now collect all estimates for the terms in Ry n, ie. (C.16), (C.17),
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(C.20), (C.21), (C.22), (C.28) and group contributions by the order of N'+1.
In doing so, we use the bounds 1/N < AY2/N < AY2/NV2, valid for A, N >
1. This leads to

21m<<i>t, R, N(I)t>

N

AL/2 ~
+ O (oo + I 1) (VI + [VIi2) [ 24|V + 1)@, (C.29)

A 1/2 )
<C <) (leMoo + 12RM%) (V11 + [V]2) [ DN + 1)%20,

which concludes our estimate for Ry n.

Collecting the different R; y estimates done above, i.e. (C.11), (C.13),
(C.14), (C.29) and using A > 1 to simplify, yields the Ry estimate after
applying ||¢2 ]l < C (see Proposition B.3). [

C.2 Proof of Lemma 3.3

The proof of Lemma 3.3, estimating the excitation number, is given below.

Proof of Lemma 8.3. We use a Gronwall estimate. To shorten the notation
we write Ei =: ¢s. We consider

R > ﬁt@)t, (N + 1) Q,Z)t> Re<¢ta - [ N + 1) H/]\BF] ¢t>
=t wr, [V + 1), % S (KD O )il +he) [y (C.30)
+ImWy, [V + 1), a*(QF Wai)) + a(@EWal) 4y (C.31)

We now estimate both terms (C.30) and (C.31) separately. For (C.31) we
use (N +b)™ —a™ < (14 b)"N™ 1 ¥me Ny and b > 0, to obtain

(C.31) = 2Im{¢y , a* (@MW (N +2)" — (N + 1) }ebe
= 2 (N + 1) = N} 2, a* (@Wagf UV +2)" — (W + 1"} 2 )

< CIW 2l W + 1T 2 + CIW o 151V + 1) F g2 (C.32)

The estimate of (C.30) follows from Lemma C.1 and the identity
Dnnz0 (K2 (1) )mn@al = 31 AVmnooasar, yielding

(C:30) < CUIV I + IV I2) @i 3| (N + 1) 24
+ CAIV oV + 1) 9. (C.33)

This finally leads us to

or(ibe , (N + 1)™y) < (C.30) + (C.31) < (C.32) + (C.33)
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<CleMZ (VI + V]2 + [W]2) [NV + 1) Ee 2
+ CA| V]2 + [W]2) [V + 1) . (C.34)

From (C.34) and (B.3) we are now able to prove by induction on n, using
Gronwall’s inequality, that

(pyy N+ D)™y < Clipo, (A+ (N +1)) "oy, VneNp. (C.35)

C.3 Proof of Lemma 4.5

Proof of Lemma 4.5. Let UBog Uya be the propagator of the Bogoliubov
dynamics. We write

ZA . CA J*bAJ* VA . UtA J*V;AJ*
0\t gt ) T VA Jutar )

Set fA = (t— (z— ( + TN (UM* — (VM)*T)QMW,el)) and note
that (WM)™' = S(V*)*S. In Lemma C.9 we prove the following regularity
and bounds for fA:

a) For almost all 2 € R? we have (t — fM(x, .)) € C1(Ry, L2(RY)).

b) For all times T" > 0 there exists a constant C' > 0 such that for all
volumes A > 1, zeR3and -T <t<T

D+l ey + (L + 2TV 0 pewey < €
EY
(C.36)

The bound on the Hamiltonian by +he. in (4.16) follows directly from
0< —Aq < hoe, A @ [,) < 2(sup, (1+2%) V4 L |2) 1 +2) VAN +
DY2, (1 + 22)YAHWN + 1)1/2 < hoC and the estimate (C.36) on f.
The regularity of (¢ — (1, HA Z (t)¢)) € C1(R,R) follows directly from the
regularity of f*. The bound in (4.18) can immediately be seen by calculating
the derivative %<¢; I;TE.I}O (t)w> explicitly.

Thus, it remains to verify the commutator estimate for H EFZ,\( ) and h)M as

n (4.17). To this end, let ¢ € ;-0 DL, y(Rd,C)@)L?(Rd)@s" =: D and
feCy (R4, L?). We prove that there exists a constant Cj; only dependent
on M such that

(¥, [—As, Bl w>\ Culap, By, (C.37)
[(Afre ® T fr0)t, RS — (B, A fr 0 ® T fr0)00)]

95



<Cu(sup 3 (142740 frall2) (R (C.38)
zeR3 |B|<M

These estimates can be extended to all ¥» € D(hM) and all f satisfy-
ing sup,ers 2 5<p (1 + :v2)_1/4|\6fft7xH2 < o0, and hence, in particular, to
fA, by a standard density argument. This will prove (4.17) and therefore
Lemma 4.5. It remains to prove (C.37) and (C.38).

We start with the proof of (C.38). We begin with the case of M =: 2m
even. This allows us to symmetrically split hg’g"‘ =: h®™ between the ar-

guments of the scalar product. Using the recursive definition of the iter-
ated commutator, namely adglo)(a#(fx)) := a”(f,) and adgf)(a#(fx))zp =
[adgk_l)(a#(fx)), h|¢ for k € N, we commute the h operators with a (f,)
step by step, applying this definition m-times. This yields an expansion of
the commutator terms in (C.38):

@ (g e h2m0 ) = (127, ()0
-| 12) () {<no.ad ey

— (B, (~1)"Fad (" (0 (f) b0 |

where the k = m terms cancel, as they have identical numbers of h operators
on both sides of the scalar product. To proceed, we need the following
representation for the iterated commutator (for m — k > 1):

, (C.39)

ady" et (= ¥ O e (DLN' D

|Bl+1v|+6]+I<2(m—k)
Iy |+[8]+1<2(m—k)—1

(C.40)

This representation is not valid for m—k = 0, as ad,(lmfk) (a¥(f2)) = a¥(f2).
Thus, it is essential that the sum in (C.39) only runs over k < m — 1.

A key feature of (C.40) is that the combined order of N'27D? is strictly
less than the order of monomials in h™ % allowing us to ultimately close
the estimate. (C.40) can be verified by induction and readily checked for
m — k = 1 using the definition of the harmonic oscillator h.

We now combine the representation (C.40) with the inequality

(—iD,)° 2 N7 (—iD,)? < CRlOIHII+E (C.41)

which follows from the definition of the harmonic oscillator h = —A, + 22 +
(N +1)2 by an induction argument on (|7, |§],1). Applying this, we estimate
(C.39):

Jad{™ 9 (a# (f.))hF4p|
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< D Cone(sup(1 +2°) V4| D2 L, 12)

[Bl+Iv]+18]+I<2(m—k)
Iy |+ 8]+ <2(m—k)—1

x (14 a)AWN + 1)V DIy
(C.41)
< > Coore(sup (1 + 22 V4B fo ) Clh =

|81+ ||+ 18] +1<2(m—k) aeR?
]+ 6]+ <2(m—k) -1

<C’m7k(sup Z (1+x2)_

3
v |gl<m

I6I+Iv\+l+1

hEy|

ILEE (C.42)

We conclude from (C.39) and (C.42)

(@ (L)) 6 h2m0 ) = (127, ()0 )|
<Cu(sup D) (14077 2 ) 2.

3

This proves the bound (C.38) in the case of even M = 2m for all f € C}°.

Now we consider the case M = 2m + 1 odd. To avoid commuting a* (f,)
with A2, whose commutator is not directly accessible, we rewrite h in the
following form:

h=(-Ve+2)(Ve+z2)+ N +1)(N +1)+3. (C.43)

To keep the argument simple, we restrict ourselves to the case of m = 0.
We use the decomposition (C.43) to get similarly to (C.39) that

[(@* (o) by = (e a (o))
S (e et s)

Be{(Vz+z),(N+1)}

— Im<B1/), (f), B*] ¢>)) (C.44)

The commutators in (C.44) can be estimated directly, proving (C.38) for
M = 1. The result then extends to all odd M = 2m + 1 by analogy with
the even case.

With the use of the following identity,

ad) (A w = > M Dly, ke, (C.45)
yl+l8<2

instead of the representation of the iterated commutator in (C.40) the proof
of the estimate (C.37) follows in a similar fashion to the proof of the (C.38)
estimate shown above. |
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C.4 Proofs of the Infinite-Volume Approximation

The following lemma establishes the convergence, as A — oo, of the terms
that appear in HRI;O (t) and in the generator of V.

Lemma C.3. For all volumes A > 1, let o} be the solution of the Hartree
equation (1.5). Assume that its initial data @} varies on the scale A3, that
is, Condition 2.6, Condition 2.7i)y. Furthermore, we require that @6\ is flat
around the origin, namely Condition 2.8 5, 0 < s < 1/3, and assume that
Ine HY(R3), §,C > 0 such that YA > 1

e (AY?) =ml2 < CA™C. (C.46)
We set
v = min{4, s, %(% —s), %} . (C.A47)

Then we have for all T = 0 that there exists C > 0 such that for all A = 1
and f € L*(R3) with y*f € L?

Q) — 1) f]l2 < CA=320B=9(1 1 42 f],, (C.48)
= p”| < C(A™ + A7Y5), (C.49)
(ot = e OV g < OATN(+ 9P 1
+ CA YY) f|le, if fe L™ (C.50)
and
[(BM 1) = K7°) fl, < CATY(L + %) f2 (C.51)
(K2 (1) — Kge V) gpl <oA1+ ) flee (C52)

If in addition Condition 2.7 is satisfied then
()~ (¥ =)o) < enoi,
+CAT|(L+y*) fll2, if fEL®, (C.53)
and
2@ 1], < (A6 + A1) (1 4y 1. (50

Proof. To prove the lemma, we localize the condensate around the origin,
where it is approximately flat: |¢f| ~ 1 (see Corollary B.4 and Condi-
tion 2.8). For this purpose, we use the localization function with n = 1 and
0<s<1/3: Ox(y) = 1/(1 + (A=%y)?) as defined in Section A.

Let T> 0 and -7 <t <T. We begin with the estimate of (C.48)

1
1@ = Dfll2 = £ et [21<Oagr, X )l
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A
()0 — —S
< L2002 o o1 (1 4 42) 112 < CA20B (1 42 .

Next, we prove |uf — pu®| < C(A™0 + A=1/6). We have

i = oy | WAP@V @I P - y)dady
= SRR ), AVAYS ) [P

after the rescaling z — A3z and y — AY3y. Using assumption (C.46), we
get

1 _
it = S AV )| < V]zA ™. (C:55)

The convolution with AV(A/?.) acts as an approximation of the identity,
yielding

P AV s ) = 3Pl [ V)] < €A1Vl
(C.56)

By Corollary B.4, we also have |ud — u)| < C|V|[12A7Y°, which shows
(C.49).

We now prove (C.50). For this we first estimate |V # (Jo 2 — 1) f|l2 <
1OAV * (|2 — 1)l ]1/©4 ]2, and following the proof of Proposition 4.3,
we obtain

IV (9P = 1) flz < O(A™ + A7) L AZVO) (14 yP) fl2. (C.57)

We proceed by showing the claim for ¢ and subsequently extend it to ¢}
Using Lemma A.2a), we have

|8 - civebr=Gta)) 1] — gh — 1ypl
<[0a(00 = Dlel1/Oafl2 < CA2E (L +97) 2. (C58)
Next, using |e — 1| < |z|, (C.49) and (C.57), we obtain

H( —i(tV e 2= nids) _ e*it(SV*u“)) ng <CA |1+ ) fla.  (C.59)

To estimate cpé\ by the simplified phase, we insert i@,{\ and apply (C.58),
(C.59), and Proposition B.3, yielding

(et = 0= 4] < 1ot = Gl o + 10 — DSl
+ | (et ) _ oo V=) ]
2
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< CATV fllop + C(A2B7) 4 A (1 + y2) f2,

which proves (C.50). In the same way, estimating ||(o) — @) flia2 < [} —
G121 f ]2, yields

L

This estimate is used to prove (C.51) and (C.52). .
 Now, we prove (C.51). Using (C.48), KMt) = QREMHQP, as well as
IK2(1)]op < C, we have
|(ET (1) — K7°) f 2
< QKT (QF = 1) fll2 + Q7 (KT = KP) flo + (@2 = 1) K[
< CATVUI (14 ?) s + (KD = K7) f2. (C61)

CSOATA A k. (C60)

The last term is estimated using (C.50) and (C.60)

(K — KP) flla = [0V = () f) = V = f2

v (0 ) Ve (s
SCAT(|(L+ )V s flo + (X + D) fll2) + CATVEV = flo
<SCAT(1+ ) fll2, (C.62)

2

where we used [[(1+y2)V# fl2 = Cl(1=A)V fl2 < Ol (1+y*)V ]2 (L+4) f 2.
We conclude ||(K{(t) — K°) f|2 < (C.62). Analogously, one shows (C.52).
From here on, we additionally assume Condition 2.74. We start by prov-
ing (C.53). This estimate follows from the Hartree equation, 10,0 = hyp,
where h; = —7 +V # |@)? — uf, together with the preceding estimates and
Corollary B.75/—2.
Finally, the bound of (C.54) is obtained analogously, using i0;Qf =

A hyo <g0t ,f> AL <—htcp{},f> and applying the same type of esti-
mates as in (C.53). [

By a density argument, together with the uniform boundedness of the
operators appearing in Lemma C.3, the convergence extends immediately
to the whole L?-space.

Corollary C.4. Under the conditions of Lemma C.3 we have for f € L?
that, as A — o0,

1@ = Dz + i = | + | (e = e OV f| 0, (C63)
(KR () — KP) fllo + (K2 (t) — Bgre 2 0V=rN) T fs > 0. (C.64)
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Consequently, in the infinite-volume limit, all functions in L?(R3)\{0} are
not in the condensate and thus represent excitations. This is because the
condensate becomes a constant phase (see (C.63)) and therefore no longer
belongs to L2(R3). This can also be seen from the strong convergence of the
projection Q2 to the identity.

To prove the convergence of V to V° we need the following lemma.

Lemma C.5. Let V{° be from (5.6). Set h:= —A+y*+1 then V*(D(h)®
JD(h)) = D(h) ® JD(h), and for all T = 0 there exists a constant C > 0
such that for all F € D(h)® JD(h)

sup H(hEi—)JhJ*)VtOOF

<C|(h® JhJ*)F ) C.65
te[~T.T] |(he ) ||L2@JL2 ( )

HLZ@JL2

Proof of Lemma C.5. Let ¢ € S(R?). Since K¥ = V %1 and KL J =
V s p*e 2t V=1") gpe can verify via Fourier transform that

Iy, K1l < Cl(2 + DV (° + 122, (C.66)

Iy, KT )2 < Clw? + DVl (* + 1)), (C.67)
(C.41)

Ily?, —Algle < CIL+yV)ela < Clhgla, (C.68)

RS Yla < CI(1+y*)V 1] he)2 - (C.69)

Since A% is translation-invariant it commutes with the Laplacian. There-
fore, we have

I[h @ JhJ*, AZIVEF| = |[y* @ Jy? J*, AZ] VI F|
< C|(h® JhJ*)VFF| .

We use (A%®)* = SA™S to conclude
+ 04| (h® JhT*)VEF|? = ?LIm{<(h @ JhJ*) VP, APVEF)
— (AVEPF, (h@ JhT*PVEF) |
_ ;Im{@t@ﬂ [(h@® JhJ*)?, AC|VEF) (C.70)
+ (VPF, (A* — SA”S)(h & JhJ*)QVfOF>} . (C.71)
First, we estimate (C.70) using (A%)* = SA%S:

(C.70) < |h@® JhJ* - VFF| |[h® JhJ*, A°] VEF|
+[S[h@® JhT*, A°] SVEF| |(h @ JhJ*)VCF|
< C|(h@® JhJ*)VFF|? .
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The second term (C.71) is controlled in the same way using (C.69)
0  —2KF

(E5)* 0

<[ (h@® JhJ*)VPF|?.

(C.71) < H(h@JhJ*) (2 )v;OFH [(h® JhJ*)VOF|

The claim follows from Gronwall’s Lemma and the estimates above. More-
over, since (V?)~! = (V%) (see (5.13)), the bound (C.65) also holds for the
inverse dynamics. Consequently, Vi°(D(h) @ JD(h)) = D(h)@® JD(h). ®

Lemma C.3 and Lemma C.5 allow us to conclude the convergence of
S V=HP)SPA 16 e,

Lemma C.6. Assume the conditions of Lemma C.3 and set h = —A+y>+1.
Then for all T = 0, there exists a constant C > 0 such that for all A = 1,
FeDMh)®JD(h) and -T <t<T

o) v )
< CA7|(h@ JhJ*)F|. (C.72)

Proof of Lemma C.6. Recall that the Bogoliubov map V{ satisfies the evo-
lution equation i,V = AM(t)VA, Vi = T (see (1.21)). We remark that

VM e(re,r2) < C- (C.73)
To prove this, write

UA J*VAJ*
VA = < ! { ) . C.74

Then (similar to [BPPS22, Lemma 4.9]) it follows from a Grénwall argument
with the use of Duhamel and the time evolution of V; in (1.21) that

t
10U op + Vi lop < 1 + L 13 () lop (1 op + [V o) dr -

Since | K2 (7)]op < C it follows immediately that [V |op < C. Indeed, the
bound on K> follows directly from its definition (1.16):

|52 () Y]z = |QF K2 (1) T2 < @V = (0e(Q1)*) 12
< letleolVIzlef ol Q 4]z < Clpll2 - (C.75)

Next, let F' € D(h)® JD(h) and set v = (§V — ). Then

+ atH(l _ (VtA)flefituSV;)o)FHZ
= —|_—21m<(1 _ (Vt/\)flefitusz)c)F7 (VtA)fl(eitVS‘AA(t)efitVS
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—vS — AP)VPF)
<= eIV PP (C.76)
+ (™S AN )e IS — 1S — APYWEF|?. (C.77)

The second term (C.77) can be estimated using Lemma C.3 together with
the definitions (1.22) and (5.6) of A™(s) and A*:

(CAN) < CA™ (L +yH) @I+ y*) ) VP F|?. (C.78)

Since (1 + 3?) < h and the uniform boundedness of V{° with respect to
the graph norm of h @ JhJ* (see Lemma C.5), it follows that

(C.78) < CA | (h@® JhJ*)F|?. (C.79)

Thus by Gronwall’s Lemma using the estimates (C.76) and (C.79), we have
for all F e D(h)® JD(h)

(1= (W) e ™ SYP)F| < CA | (h@ ThT*) F] . (C.80)

The claim then follows from the uniform boundedness of V;° with respect
to h@® JhJ*, and the fact that (V°)~1 = V=, [ |

From Lemma C.6 we conclude strong convergence of VtA on the whole
L*(R®) @ JL?(R3).

Corollary C.7. Assume the conditions of Lemma C.3. Then we have in
the limit A — oo that

eIV ISYA e (C.81)
(W e VRIS () (C.82)
strongly as operators on L?>(R3) @ JL?(R3).

The following lemma describes the convergence of VtA when applied to
the state appearing in the creation and annihilation operator of the finite-
volume Bogoliubov—Froéhlich Hamiltonian (see (1.17)).

Lemma C.8. Assume the conditions of Lemma C.3 and let v be given by
(C.47).

i) Let B € Ng and assume Assumption 2.451. Then we have that there
exists a constant C' > 0 such that for all volumes A = 1

sup (1+2%) /4 ()7 (@MW)l @ QM Wa )l )

zeR3

— (vl (aﬁwm @ Jaﬂwm) )

L2@JL?
< CAA(J(1+ 2 = D)Wy + |0 ) (C.83)
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i1) Assume Assumption 2.49 and Condition 2.7;. Then we have that there
exists a constant C > 0 such that for all volumes A > 1

sup (1+2%) 4] & (V1) (@MWt @ JQIWai})

zeR3

— V)T W@ W) )

L2@®JL?

<cA Y (y|(1 +y? — A)YVAPW |, + naﬁwuw) . (C.84)
18l<2

Proof. Let x € R3 be fixed. We start with the proof of (C.83). We have
(1+a2) () e 56 QMWL) @ JQN W)l )
- o) (W W) |
<(1+ xQ)—l/‘lH (VA te ™S — (vo) ) (aﬁwz @ Jaﬂwx) H (C.85)
5 (QMNWL)p! @ JQN W)t

— W, ® JoPW,

+O(1 42~

. (C.86)

The first term is estimated with Lemma C.6 and the Heinz-Kato interpola-
tion theorem [RS75, Chapter IX, Proposition 9]

(C.85) < CA™ (1 + 2% (he Jhs*) (W, @ J°W,) |, (C.87)

where h = 1 + 32 — A. Similarly, for the second term, in analogy with
Lemma C.3, using the Heinz-Kato theorem, we get

(C.86) < CA™/4 ((1 +22) V(1 + ) HAPWL, + ||aﬂWHoo) . (C.88)

I
Using W,(y) = W(z — y) and a simple substitution argument, we get
(1 + 22)7ho®W, |2 < C|hoPW|s. Then by (1 4+ 22) Y hoPW,|s = (1 +
22) Y T*hT,0PW |2, where T, denotes the translation operator by z, and
the Heinz-Kato interpolation theorem

(1 + 22) VA RYA0PW, |y < C||RYVAPW |5, (C.89)

which gives an z-independent estimate. Combining (C.87), (C.88) and
(C.89) proves (C.83). Note that the constants C' appearing above are all
z-independent.

Next, we prove (C.84). Using the evolution equations i0;(V®)~'F =
(V@)1 (=A®)F and id;(VM)~1F = (VM) (—A(t))F, we have

(1+2%) 74 (O (@AWl @ TQIWagt)
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- V) (W@ IWL) )

L2@JL?
<1+ xQ)—l/‘*HwiA)—l( — AMND) (QMW, 0l @ JQMW 1)

— (VO (= A = vS) (W, @ JW,) (C.90)
(14 x2)_1/4H (VM 7lioy (QMWapel @ JQMW, o)
— (VY S (W, @ JW,) |. (C.91)

The first term, (C.90), is bounded using |V ||op < C (see (C.73)):

(C.90) < (1 +2%) VAW le ™5 — (V)™ (— A* — vS)
x (W@ JW,) | (C.92)
o1+ m2)—1/4H (eitVSAA(t)e—ituSeitVS( ?wa?@{]Q?Wm@é\)

— (A% + vS) (W, @ JW,) )

. (C.93)

where (C.92) is estimated with the help of Lemma C.6 and the Heinz-Kato
theorem

(C.92) < CATYH (1 + 23V (h @ JhT*)VH (AP + vS) (W, @ TW,) |-
(C.94)

We see from the definition of A* that A (W, @ JW,) = —AW, ® JAW,,
where the K7° and K3° contributions cancel, since W, is real valued. Using
this and an argument similar to (C.89), we get

(C.94) < CATH(h @ JhT* )V (=A + V)W, @ J(A — v)W,|
< CATA (IR (=2)W [ + [W AW ) - (C.95)

We continue with the (C.93) estimate

(C.93) < (1 + x2)*1/4H (S AN (t)e S — AP — 1S) (W, ® TW,)

(C.96)

+ (1 + 1:2)—1/4 eituSAA(t)e—itVS (Q?waé\eitu ) JQ?WISD?eitV

~ W, @ JW,)

) . (C.97)

The bound for (C.96) follows from Lemma C.3, the Heinz-Kato theorem,
and (C.89)

(C.96) < CAA(1 + 22 V4 (1 +y?) @ (1 +42) (W @ TW,))|
<O+ )YV W, . (C.98)

A
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For the last term, (C.97), using the fact that all operators, except the Lapla-
cian, appearing in the definition of A®(¢) (see (1.22)) are uniformly bounded
in A, we first observe that

(C.97) < C(1 + 2?) V(A + 1) (QAW,ple™ —W,)| . (C.99)

By separating the terms where all derivatives act on W, from those where
they act on o} or QP, we get

co9<c Y 1+ x2)—1/4HQtA(aﬂWx)¢tAeiw — W,
181e70.2}
AN (14 m2)_1/4H8ﬂWxH2 . (C.100)
B1<1

Applying Lemma C.3 together with the Heinz-Kato theorem and again
using (C.89), yields

(C.100) < CATA N (L + ) 40PW ], + CATYE Y 0P o, -

18]<2 1Bl<2
(C.101)
Collecting all contributions, we conclude
(C.90) < (C.92) + (C.93) < (C.95) + (C.96) + (C.97)
< (C.95) + (C.98) + (C.101)
<cAt Y (th/%ﬁuvu2 + Haﬁwuoo) . (C.102)

1Bl<2

The second estimate required for (C.84) concerns (C.91), namely, the case
where the time derivative acts on the state. This bound follows by a
straightforward application of Lemma C.3 and Lemma C.6, together with
the Heinz—Kato theorem:

(C.91) < CAVA(|W W g + [ W) - (C.103)

Combining (C.102) with (C.103), we conclude the claimed convergence rate
in (C.84). m

We now use the convergence established in Lemma C.8 to prove uniform
boundedness with respect to both z and A. In fact, these uniform bounds
remain valid even after multiplying with a Bogoliubov map Zé\. The es-
timates provided in the following lemma play a crucial role in the tracer
localization argument (see Lemma 4.5).
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Lemma C.9. Let 3 € N} and v be given by (C.47). Assume the condi-
tions of Lemma C.3, Condition 2.7y and Assumption 2.4maxq g2y For all
densities p = 1 and volumes A = 1 let Z) € L(L?> ® JL?) be a unitarily
implementable Bogoliubov map such that 3C > 0 and 0 < € < /4 with
VA, p>1

1Z0T N (r @ JTT")| r2@i12) < C ”Z(/)\”ﬂ(LQ@JL?) <CA°. (C.104)

Then for all times T = 0, there exists a C > 0 such that for all p, A = 1,
reR3and -T<t<T

(L+a) 220N (MWL)l @ IQN O Wa)et)

<C,
L2@J L2

(C.105)

(L+2%) e (Z8 (VT (AW @ TQIWa)) | agyre < C-
(C.106)

Proof. We begin with the proof of (C.105). We have
(C.105) < HZOA(VSO)*(aﬁWI @ JPW,)

O (@O W)e! @ TR0 Wa)et)

(C.107)

+ (1 + $2)_1/4‘|Z€||0p

— (V) (@W ® JOPWL) (C.108)
We first estimate (C.107). For this, we prove for f € L?(R3)
|Z8 (V)1 (f ® JCRS)| 2@y < C| f2- (C.109)

Recall the explicit form of the Bogoliubov map V;° in (5.13):

—~ L(t) M(t)*CRJ*

w =

: <JCRM(t) JLWJ* ) (C.110)

‘% + (2%)3/2‘7

j2 T\ v
w

=

L(t) = cos(wt) — sin(wt), M(t) = —iT sin(wt) .

We remark that from (C.104), we can conclude

128 (f @ JCRS)| cirr@arzy < 120T e @ JrT)|I(f @ JCRS)| (C.111)

—_

by inserting 7-17. Now, since (V)= = @, using (C.111) and (C.104),
we get,

(C.109) = '

z} (Jc%((;f()—ts)ﬂfgf)—)t])c)f) H
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<

<Clfly+C

ZA< cos(wt) f )' g sin(wt) f
JCR cos( wt JCR(— )p2 sin(wt) f
i5-sin(wt) f
( 0 JT_lJ*> T (JCR(2 )p2 sin(wt) >‘ (G-112)

Applying the definition of 7 (see (1.24)) to the second term in (C.112), we

find
(7‘1 ) T 20.) Sln wt
0o Jrtgx JCR(—1) £ sin(wt) f

= CHT sm(wt)f”g C’||f||2 ) (C.113)

From (C.112) and (C.113) we conclude (C.109), and hence obtain the bound
(C.107) < C. Together with the estimate (C.108) < C, obtained using
Lemma C.8, this yields (C.105).

The estimate of (C.106) follows analogously using Lemma C.8, (C.104)
and € < y/4:

(1+2%) "4 o (20 (V) (@AWl © TQWaio))| o s12
S OANT 4 |28 (VE) H AP (W, @ TW,) |
<C+ HZé\(VtOO)‘l (EW, ®.J - EW,)

(C.114)

The second term in (C.114) can now be estimated using (C.110), (C.104)
and (C.111):

(Cl114)<C+C HT_2p2 cos(wt)Wo| + C Hi% (% + (27r)3/2‘7> sin(wt)

<C+CIW g2 (1 + A+ Vi), (C.115)

where in the last term we estimated small and large momenta separately.
Now, (C.106) follows from (C.115). [ |

D An Explicit Example of Z{

In this section, we construct a unitarily implementable Bogoliubov map Zé\
to approximate Z;° = T in the sense of Condition 2.1. For the reader’s
convenience we repeat the definition of 7T

1 T+t (r— 7 YRCJ*
T=3 <JCR(T -7 J(r+ I ) ’ (D-1)

with Cyp = ¥*, RY(p) = ¥(—p), 7 = W. The operator T is given by
T = |p|=1(27)3/2V (p)|p|~", where we assume V (0) = 0. The main difficulty

68



in constructing Z(/)\ arises from the fact that, in general, 7 is neither a
bounded operator nor unitarily implementable, whereas Zé\ must satisfy
both properties. To overcome this issue, we introduce an infrared cutoff by
replacing |p|~! in the definition of T' with (p?> + A=¢)~1/2 for some ¢ > 0.
The resulting operator is bounded but still not unitarily implementable.
To ensure unitary implementability, we further replace (27)3/ 2V (p) by its
finite-volume approximation K2 := K{e?? v = SV —p™.

The operator obtained in this way is then dressed with Qé\ S0 as to leave
the excitation space invariant. More precisely, our approximation of 7 is
defined by

= (T, (D.2)
T = Q) (¢ + A7) TR (2 A7) ) (D.3)
And we set
A_( T HET R
Zé\ B <J (TA _ (TA)*l) CR J (TA + (TA)fl) J* > . (D.4)

In order for Z(/)\ to define a Bogoliubov map, it is necessary to assume that the
initial condensate is real-valued. In the following, we verify that this choice
of Z} satisfies Condition 2.1 (see Lemma D.4 for a precise statement).

Remark D.1. On the Torus, an infrared regularization of the operator di-
agonalizing the Bogoliubov dynamics is not necessary, as the ground state
of the Laplacian (corresponding to the condensate) is separated by a gap
scaling like A~2/3, which naturally provides an infrared cutoff. The cutoff
introduced here, A™¢ with € > 0 sufficiently small, would then correspond to
allowing only excitations with momenta that are not too small in the initial
data.

The following lemma allows us to control the difference of 7* and

coming from the regularized momentum terms (p? + A_E)_l/ 2 and Qé\.
Lemma D.2. Let V > 0 and assume Condition 2.6.

i) Then C,/Q?OXD(\p]) < D(p|) , K}D(|p|) = D(|p|) and 3C > 0 such that
VA =1 and f € D(|p|)

1Q8 12l = 1P1Q | cz2) + 1K p| = PIET |22y < CATYE. (D)

it) Then we have for 1 € D(|p|), 2/3 > € > 0 that

(i )bl < gpalvle. @)
’(MQAQ - |;|>|JDI¢H2 -0, A—> 0. (D.7)

69



Proof of Lemma D.2. For the proof of the ﬁrst part let fe D(|p|) Then we
have with Qo =1—-A"1 <9007 > and “ !p\tpg HQ et HpZ‘PO HQ that

[(@31pl - 1@} £] < 28721 plgd |, f1e < CABUfLe,  (DS)
which proves the estimate of 6570\ in (D.5). Now, since K} = o)V «

((gié‘)*]i)‘_vle have ;(\{\f = {K(p,r)f(r)dr with K(p,7) = (2#)*3/2&;%\(1?
9)V(9)(¢))*(q — r)dg. Then
2

[(KMp| - rp@)fné — dedr<r| — 1)K (p, 1) £(r)

<[ (f Z“ 3/3

Splitting |r; — pi| < |ri — @i + |gi — pil gives

j dagh (0 — )V () (@h)* (a — ) ()

2
) (9)

(D9)1/2<CZ{H|51900 (|‘7||W|*|f|)H2
+H|%A|*(|V| @b+ 171)], }

<CZII(%¢0 I8 11T e 712
i=1

which proves (D.5) using Condition 2.6.
The second part follows from

(2 + A)72Q) — 1ol ol
<@ + a9 Inllw| + | (02 + A7) 21pIQh — 1)

< CAP Bl + (0 + A 2pl — Dol + (@) — D2, (D.10)

where we used (D.5) and (p? + A=¢)~¥2|p| < 1. We conclude the conver-
gence (D.7) from (D.10) and Corollary C.4. The estimate (D.6) is proven
analogously. [ ]

We show that, in an appropriate sense, 72 and its inverse converge to T
and 77!, respectively. In contrast to (TA)*l, the limit 7~ ! is unbounded, so
to obtain convergence we regularize both with 72.

Lemma D.3 (Convergence of 74). Let V>0, ‘A/(O) >0and0<e<1/3.
Assume the conditions of Lemma C.8 and Condition 2.7,. Then we have
that

O I e S

, as A — (D.11)

strongly as operators on L*(R3).
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Proof of Lemma D.3. We begin by proving that for v € D(|p|?) one has

[(T* = 1) p|*y], — 0, A > o. (D.12)
Using the definitions of 7 and T', we obtain
[(T% = T)lpl*0 ],
(@8 @+ 472K (07 + A7) T Q) — Ipl T @ PPl ) bl
<| (@ = 1) 2m)2 0y (D.13)
O (GRS Iy S (S B R e R IR B
(D.14)

The term in (D.13) converges to zero as A — o by Corollary C.4. Next, we
estimate (D.14) by

(D.14) < H ((p2 AT |p|—1) |p|f/¢H (D.15)
n H (p2 n A_e)—1/2 (@ (p2 + A_e)—1/2QA6\ B (2ﬂ)3/2‘7|p|—1> |p|2¢H .
(D.16)

The contribution in (D.15) converges to zero by Lemma D.2. To treat (D.16),
we commute |p| through the operator to compensate the left factor (p? +
Afe>fl/2:

(D.16) < (7 + A7) KD (2 + A7) [ @) ol e (D.17)
|7+ A7) RN pl] (0 + A7) IplQBpl| (D.18)
P+ A Tl (R 0P+ A9 TR - )Pl ol

(D.19)

By Lemma D.2, the commutators satisfy H[ég\, Ip|]ll + H[@, p[]]| < CA—Y/3
and therefore (D.17) < CA<" Y3 — 0 and (D.18) — 0 for € < 1/3. Finally,
we bound (D.19) by

(D.19) < K3 op

‘((pQ + A—e)71/2 é?o\ _ |p|_1> |p|7’bH (D.20)
(K3 = @m)20) 1ol ol

where (D.20) — 0 by Lemma D.2, and (D.21) — 0 by Corollary C.4. Col-
lecting all estimates, we conclude (D.12).

We proceed with the proof of the strong convergence of (74)~!72 to 7.
Let ¢ € D(T"Y?). Then 72 € D(T), and by the functional calculus we
obtain

[N =) P = (@ 7YY - @ 1)) )

: (D.21)
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_||sin(w/4) JOOA—W 1+74 14T
B O L+AM1+Td) 1+00+47)

>T2¢ dA' . (D.22)

Using the identity B/(1 4+ AB) = A~ — A7}(1 + AB)™!, we rewrite this as

JA5/4<1+>\(1+T) 1+/\(11+TA)>72WD‘H

(D.22)

1
_ 1/4 A 2
¢ fo AT a Ty (T T)1+)\(1+T)T¢d)\'
0 )\—1/4 A 1 )

We prove that (D.23) converges to zero as A — o by the dominated con-
vergence theorem. First, we show pointwise convergence of the integrand.
In fact,

1 p|* lp|”!
TA —T) ————— 72| = (T = T) |p|?
‘( )1+A(1+T)”/" H ) 1P i+ a+1)2?
(D.24)
d we have the bounds |— B CA2 4 d |2
and we have the boun S”1+>\(1+T)H0P\ ( 1) and | 0+ 1/2H0p\

C. This follows since for small momenta p we have the bound 1/(p* +
)\V( N2 < 2/()\V( 0))/2, which holds since V( ) > 0 and V is continuous.
The representation in (D.24), together with the previously established con-
vergence of T to T in (D.12), implies that the integrand converges to zero.
Moreover, by an argument analogous to the proof of the convergence of T
to T, one shows that |T*|p|?|op + |T|p]?[op < C. Consequently,

)\—1/4
14+ A

1

AN 4 1)
(7% - 1) 1+ M1+7)

1+ A

Ll((ov OO))\’ R) )
(D.25)

T%H <C

which provides an integrable dominating function. The dominated conver-
gence theorem and (D.23) therefore yield | ((%)~! — 771) 72| — 0 for all
¥ € D(TY?). To extend this convergence to the whole space L?, it remains
to show that (7)~172 is uniformly bounded. By an argument analogous to
that used in the proof of (D.12), one obtains for all ¢ € L?

[0+ T%) 50l < Clé] (D.26)

(1+ )
and thus (1 + T"¢| < C|(1 + T)3¢||. By operator monotonicity of the
fourth root, this implies the uniform bound [(74)~! 2H0p C. Combining
this with the bound |7]op < 1, we conclude that | ((4)~! —771) 72y - 0
for all ¢ € L2.
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Next, for ¢ € L? we compute
I =yl = I (= ) el < - () 2 0.

Since 7 is self-adjoint and injective, its range is dense in L2. Together
with the uniform bound |72 (op + |7]op < 2, this implies that 7% converges

strongly to 7 on all of L2.
|

The following lemma shows that Z{* defined in (D.4) satisfies Condi-
tion 2.1.

Lemma D.4. Let ¢ > 0. Let V > 0, 17(0) >0 and 0 < e <1/3. Assume

the conditions of Lemma C.3 and Condition 2.7. Assume po(y) € R for all

y € R3. Then 7 commutes with CR, and Z{)\ 1s a unitarily implementable
Bogoliubov map with

|28 lop < A, (D.27)

128(28)* — 1us < CAY?e, (D.28)

For all f,g € L? we have the following convergence
éng_l (tf@®Jrg) >1f® JTg. (D.29)

The commutator of Z3 with translations T, converges to zero:

1
sup H [Zéx, T, ® JT:BJ*] FH2 -0, asA— (D.30)

zeks (1+22)1/2

for all F e L?> ® JL?. For the corresponding unitary we have the following
muvariances

UsaF (1e6}) = F ({e0}) (D.31)
UZaQAI(=A +1)) = Q(AI(-A +1)). (D.32)

Proof of Lemma D.4. Since ¢} (y) € R, for all y € R3, 74 commutes with
CR, and hence Zé\ is a Bogoliubov map. Implementability follows from the
Hilbert—Schmidt bound (D.28), which we now verify. Using the functional
calculus and an orthonormal basis {e;} of L?, we obtain

& 0
1
];_0 H (TA — (TA)_l)ekH2 = kz:_o Hm(l _ (1 + TA)l/z)ekHQ
= 1 1 1 TA 9
) kZ—O H (1+ TA)1/42J0 (1+ tTA)l/Qekdt‘ < 1/2[T"us - (D.33)
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By the definition of 7% in (D.3) and (1.15),
T s < A g < €AV,

and thus |7 — (7%)"Yus < CAY?*¢ proving (D.28). Moreover, since
Hla\HOp < C, we have |(1 + T%)[op < CA€. Taking the fourth root gives us
H(TA)_IHOp < A yielding (D.27).

Next, we prove (D.31) Since TAP(;\ = 0, where P = 1/A|p) X ph], it is
easy to see that (TA)ilPA PA Thus

alp )U*AQ Uz,é\a(goé\)(lzo, (D.34)

S0 U;SQ e F({eh}t). Now (D.31) follows from [(4)F!, Q4] = 0, the

density of | {A(F) - A(F,)U| Fj € {0} @ J{po}'} in F({gd}t) and
the continuity of U*A in F(L?).

Next, we discuss (D.32). For an orthonormal basis {e;} = H', we com-
pute using (1.19)

(Ukpth, AT (~A) %016 ) = D=8 FeUzyul?

- Z JA(Z8(—A) Pep @ J0) 9. (D.35)

Using the definition of Z', (D.4), this splits into the diagonal term (D.36)
and the off-diagonal term (D.37):

(D.35) CZ la(FHA + (=Y Iplé) vl (D.36)

+Z|\a (r* = (™) "HCRIplé) v - (D.37)
k

Since (7% — (r4)71)|p| is Hilbert-Schmidt, which follows analogously to
(D.33) using the commutator bound (D.5), the second term is bounded
by

(D.37) < (v = (#*) ") pllus (N + )¢ < 0. (D.38)

The first term (D.36) can be rewritten as

(D:36) = (B, dr (7 + ()PP + (7))

>

I
PR

[ + ) Y[ (D.39)

i M:

3
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But with the integral representations for 0 < o < 1, ¢ €

Aa,  sin(am) (P 71+ TY)
(1+TH% = - fo 1+t(1+TA)¢dt’ (D.40)
Ao,  sin(am) (* =
(1+T%) % = - L t+(1+TA)¢dt (D.41)

and Lemma D.2 it is easily shown that ||[p|(7*)'¢]2 < Ca|¢] + C||p|o|| for
all ¢ € H', and thus

(D.39) < Cu|[(N + DY2|? + Cp, dD (= A)Y) < 0. (D.42)

Now, we conclude (D.32) from (D.38) and (D.42).
Next we prove the convergence of the commutator of Zé\ with translation
T, in (D.30). We start by showing that for all z € R® and f e L

1[@6, Tl f], < A2l £z, (D.43)
KN, Te] £, < A3 2] £z - (D.44)

To this end, using the definition of QOA, we obtain
(D.43) = A7y — Tuipp 200, T f )| + A_lHTwoAH Ko, (T = 1) )]
<207 21T = D2 < 287 lo]sino/2) ],
_ 1/2 1/2 _
Az £12 |l Ay |t 5% < Ol Fl2AP (D.45)

which proves (D.43). For the commutator with K(0) we use its definition
(1.15) and the mean-value theorem to get

(D.44) = | KT f — T K7 £ 2
= H‘P{)\V * (( ac(PO) T. f) IQOOV * (( )*Txf) H

< 2)(Te = Db oo V198 oo 112
< O 121Vl |olz] < O fl2A™Y3a], (D.46)

which proves (D.44). With this at hand it is readily checked that
[T 2| < A B f e (DAT)
and with the use of the integral formulas (D.40) and (D.41) also
[+ T < OA3) £l (D.48)
Thus it follows for all x € R3 and F € L2 @ JL? that

sup

—_— * < OAL/3
sup o ”2 5| (28 T @ I T F| < AP (D.49)
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and then also (D.30).

It remains to prove the convergence of Z to T in the sense of (D.29).
This follows from the identity

2/73&7-_1(7'(—9 JTJ*)

B R Gl o e 17 N
- 2 \JCR (TA — (TA)_17'2) J ((TA)_17'2 + TA) J* ’
together with the convergence of 7 to 7 established in Lemma D.3. |
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