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Abstract. We present a Chebyshev-based method for approximating matrix functions or products of matrix
functions with vectors. Our main interest is in matrix functions that arise in exponential integrators. The approach
builds upon the construction of a Faber expansion of the function on an ellipse that encloses the field-of-values
of the matrix. We derive error bounds for the proposed approximations and provide an efficient residual-based
error estimator for the product of a matrix function with a vector, that can be computed efficiently using short
recurrences. Since Faber polynomials rely on a priori information on the spectrum of the field-of-values of the
matrix, we propose a novel algorithm to determine a suitable ellipse from appropriate Ritz values. Numerical
examples demonstrate the effectiveness of the proposed method.
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1. Introduction
The numerical approximation of matrix function

f(S) or f(S)v, where S ∈ CN×N , v ∈ CN ,

where f : C → C is analytic in a neighborhood of the field of values of S, plays a fundamental
role in a wide range of scientific and engineering applications (e.g., Section 2 in [24]). Our prime
interest is in φk-functions defined as

φ0(z) = ez, φk(z) =

ˆ 1

0

e(1−s)z
sk−1

(k − 1)!
ds, k ≥ 1 . (1.1)

These analytic functions arise in connection with exponential integrators, which are used to
solve large systems of ordinary differential equations [28]. Exponential integrators are partic-
ularly effective in applications involving stiff or highly oscillatory problems. A common way
to approximate matrix functions is to first construct a projection of the original matrix onto a
lower-dimensional Krylov subspace. This is done by building a suitable basis of this subspace
using the Arnoldi or Lanczos algorithm. The matrix function is then calculated using the sig-
nificantly smaller projected matrix (cf., e.g., [23, 27, 38]). However, constructing such a basis
is computationally expensive, particularly when weighted inner products are required, as it is
∗Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) – Project-ID 258734477

– SFB 1173.
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necessary for matrices resulting from spatial discretizations of differential operators methods. In
addition, even for the Lanczos method, which uses short recurrence, memory requirements can
be high, since the entire basis must be stored.

To address these issues, we consider an approach for approximating matrix functions in the
spirit of semiiterative methods [19], which relies on approximations of the field-of-values of the
matrix. In particular, we employ Faber polynomials associated with suitable ellipses. These
polynomials can be computed efficiently via a three-term recurrence, leading to a significant
reduction in both computational cost and memory requirements. Since, for an ellipse with
distinct semi-axes, Faber polynomials coincide with shifted and scaled Chebyshev polynomials,
we refer to the proposed approach as Chebyshev method.

Chebyshev and Faber polynomials are widely used for approximating matrix functions, see,
e.g., [28, 30, 31]. Error analyses, particularly for the matrix exponential, can be found in [4,
14, 15, 16, 27, 36, 39]. In this our work, we obtain error bounds that apply to the broader
class of φk-functions. Our approach builds on the results of [3] and extends them to general
inner products and their corresponding norms. This extension is motivated by applications
in finite element discretization of partial differential equations, where discrete Sobolev norms
naturally arise (see, e.g., [18, 26]). A popular alternative to Krylov subspace approximations
is interpolation at Leja points [9, 8, 29], which provides superlinear convergence rates but also
requires a prior information about the field-of-values.

The main contribution of this work is the development of an efficient algorithm for approximat-
ing the matrix φk-functions using the Chebyshev method, focusing on two main aspects: First,
we provide a residual-based error estimator to terminate the Chebyshev method. Second, we
develop a method for constructing suitable ellipses by approximating the field-of-values with the
convex hull of suitable Ritz values. Our approach employs spectral preconditioning techniques in
combination with the Arnoldi algorithm. This idea was originally used to compute eigenvalues
with the largest (or smallest) real part, see, e.g., [17, 25, 35, 40]. In the context of exponential
integrators, the proposed algorithm can be viewed as a preprocessing step within an exponential
integrator using a fixed linearization, since the ellipse needs to be constructed only once and
can then be reused at each time step. In contrast to [39], which determines ellipses for specific
problems based on empirical results from numerical experiments, our approach is significantly
more general.

The paper is structured as follows. In Section 2, we present the Chebyshev method for ap-
proximating matrix functions and derive the error estimates. In Section 3, we introduce a
residual-based strategy for selecting the degree of the approximating polynomial. The algorithm
for computing the enclosing ellipse is described in Section 4. Finally, in Section 5, we apply
the method to systems of spatially discretized partial differential equations and report numerical
results, illustrating its effectiveness compared to other methods.

2. Error bounds for truncated Faber/Chebyshev series
We are interested in the approximation of matrix functions for matrices S whose field-of-values
satisfies

W (S) =
{
(Sv, v) | v ∈ CN , ∥v∥ = 1

}
⊂ K (2.1)

where K is a compact set bounded by an ellipse of the form

Eα,βγ = {z ∈ C | z = α cos η + iβ sin η + γ, η ∈ [−π, π]}, α, β ≥ 0, α2 + β2 > 0, and γ ∈ R.

Here, ∥·∥ denotes a suitable norm in CN which is induced by an inner product (·, ·). The induced
matrix norm is also designated by ∥ · ∥. Let S† be the adjoint matrix to S with respect to (·, ·).
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If S is normal, i.e., S†S = SS†, then the field-of-values is the convex hull of the eigenvalues of S.
We will use Faber polynomials with respect to the set K in order to approximate the function.
For the convenience of the reader, we review some basic facts about Faber polynomials and Faber
series. For more detailed properties of Faber polynomials, we refer to the book by Gaier [22],
the survey by Suetin [46], and [19], respectively. Let Dρ = {z ∈ C | |z| ≤ ρ} be the closed disk
with radius ρ and center zero. The mapping

ψ(w) =
α+ β

2
w + γ +

α− β
2

1

w
, α, β ≥ 0, α2 + β2 > 0, γ ∈ R, (2.2a)

maps the exterior of the unit disc D to the exterior of the ellipse Eα,βγ . The map is holomorphic
and one-to-one for |w| >

√
|α− β|/(α+ β) (cf. page 582 in [12]). The boundary of the unit

circle is mapped to the ellipse Eα,βγ , i.e., Eα,βγ = ψ(∂D). The sets

Kρ := C\ψ(C\Dρ), ρ ≥ 1, (2.2b)

are compact sets with ellipses as boundaries. We also use the short notation D = D1 andK = K1.
The coefficient (α+β)/2 is commonly referred to as the logarithmic capacity of K, p. 51 in [49].
The Faber polynomials Fℓ, ℓ = 1, 2, . . ., for the set K are defined by the generating function

wψ′(w)

ψ(w)− z
= 1 +

∞∑
ℓ=1

Fℓ(z)w
−ℓ ,

where z ∈ K and |w| > 1. By equating the coefficients, one obtains the three-term recursion

F0 ≡ 2, F1(z) = 2
z − γ
α+ β

,

Fℓ+1(z) = 2
z − γ
α+ β

Fℓ(z)−
α− β
α+ β

Fℓ−1(z) , ℓ = 1, 2, . . .

(2.3)

It is well known that Faber polynomials for ellipses (α ̸= β) are shifted and scaled Chebyshev
polynomials (cf. [3, 12, 46]). More exactly, the Faber polynomials (2.3), are given as

Fℓ(z) = 2

(
α− β
α+ β

) ℓ
2

Tℓ

(
z − γ√
α2 − β2

)
, ℓ = 1, 2, . . . , (2.4)

where Tℓ are the Chebyshev polynomials of the first kind. The branch of the square root needs
to be chosen appropriately. For circles, α = β, the Faber polynomials are shifted and scaled
monomials

Fℓ(z) =

(
z − γ
α

)ℓ
, ℓ = 1, 2, . . . . (2.5)

Functions holomorphic in a neighborhood of K can be given as a series of Faber polynomials.
The following theorem is inspired by Faber’s original ideas (cf. [20, 21]) and Section 5 of [12].

Theorem 2.1. Let Fℓ be the Faber polynomials for the set K = K1 defined in (2.2). Let Ω ⊃ K
be an open set and f be holomorphic on Ω. Then there is a ρ∗ > 1 such that Kρ ⊂ Ω for
1 ≤ ρ < ρ∗. The Faber series for the function f

f(z) = c0 +

∞∑
ℓ=1

cℓFℓ(z), cℓ =
1

2πi

ˆ
∂D
f(ψ(w))w−ℓ−1 dw ,
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converges absolutely and uniformly on all sets Kρ, 1 ≤ ρ < ρ∗. For the truncated series

pm(z) := c0 +

m∑
ℓ=1

cℓFℓ(z) ,

we have the estimate

∥f − pm−1∥L∞(K) ≤ 2

∞∑
ℓ=m

|cℓ| ≤ 2∥f∥L∞(Kρ)
ρ−m

1− ρ−1
, ρ∗ > ρ > 1 ,

where
∥f∥L∞(K) := sup

z∈K
|f(z)| .

Proof. The existence of ρ∗ > 1 follows from the fact that Ω is open and K is compact. Pick ρ
such that 1 < ρ < ρ∗. Let z be in the interior of Kρ. Then, the Cauchy integral theorem gives

f(z) =
1

2πi

ˆ
ψ(∂Dρ)

f(ξ)
1

ξ − z
dξ =

1

2πi

ˆ
∂Dρ

f(ψ(w))
ψ′(w)

ψ(w)− z
dw

=
1

2πi

ˆ
∂Dρ

f(ψ(w))

w

wψ′(w)

ψ(w)− z
dw =

1

2πi

ˆ
∂Dρ

f(ψ(w))

w

(
1 +

∞∑
ℓ=1

Fℓ(z)w
−ℓ

)
dw .

Since the series is uniformly convergent on ∂Dρ, the series and the integral can be exchanged.
This gives the series with the coefficients

cℓ =
1

2πi

ˆ
∂Dρ

f(ψ(w))w−ℓ−1 dw .

Since f ◦ ψ is holomorphic for ρ∗ > |w| > ρ∗, ρ∗ < 1, the contour can be changed to ∂D. For
α ̸= 0 and β ̸= 0, one might choose ρ∗ =

√
|α− β|/(α+ β), for the remaining cases, one might

choose ρ∗ = 1/ρ∗. The coefficient cℓ can be estimated by

|cℓ| =

∣∣∣∣∣ 1

2πi

ˆ
∂Dρ

f(ψ(w))w−ℓ−1 dw

∣∣∣∣∣ ≤ 1

ρℓ
∥f ◦ ψ∥L∞(∂Dρ) =

1

ρℓ
∥f∥L∞(Kρ) ,

where the last equality follows from the maximum modulus principle. By Bernstein’s lemma (cf.
Lemma 3.6.2 in [37]) and Theorem 2.1 in [3], we have that

∥Fℓ∥L∞(Kρ̃) ≤ ρ̃
ℓ∥Fℓ∥L∞(K) ≤ 2ρ̃ℓ , ρ̃ ≥ 1 .

Let now 1 ≤ ρ̃ < ρ, then

∥cℓFℓ∥L∞(Kρ̃) ≤ |cℓ|∥Fℓ∥L∞(Kρ̃) ≤ 2

(
ρ̃

ρ

)ℓ
∥f∥L∞(Kρ) .

From this, the absolute and uniform convergence on Kρ̃ follows. For ρ̃ = 1, the estimate of the
truncated series on K is deduced.

Theorem 2.1 can be transferred to matrix functions for matrices S with a field-of-values con-
tained in the set K, i.e. W (S) ⊂ K. The following result is a corollary of Theorem 2.1 and of
Theorem 2.1 in [3].
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Corollary 2.2. Let Fℓ be the Faber polynomials for the set K, cf. (2.2b). Let Ω ⊃ K be an
open set and f be holomorphic on Ω. Further, let S be a matrix such that W (S) ⊂ K. Then, the
matrix series

f(S) = c0I +

∞∑
ℓ=1

cℓFℓ(S), cℓ =
1

2πi

ˆ
∂D
f(ψ(w))w−ℓ−1 dw ,

converges in the operator norm. Here, I designates the identity matrix. For the truncated series

pm(S) := c0I +

m∑
ℓ=1

cℓFℓ(S) ,

we have the estimate

∥f(S)− pm−1(S)∥ ≤ 2

∞∑
ℓ=m

|cℓ| ,

where the last series is convergent with the same bound as in Theorem 2.1.

Proof. By Theorem 2.1 in [3], we find the bound

∥Fℓ(S)∥ ≤ 2, ℓ = 1, 2, . . . ,

for the Euclidean inner product and its corresponding operator norm. The proof of Theorem 2.1
in [3] can be extended straightforwardly to an arbitrary inner product in CN , by replacing AT
in the proof with the complex conjugate of the adjoint matrix with respect to the inner product,
A†, and by replacing the Euclidean inner product with the general one. Hence,

∥f(S)− pm−1(S)∥ ≤
∞∑
ℓ=m

|cℓ|∥Fℓ(S)∥ ≤ 2

∞∑
ℓ=m

|cℓ| ≤ 2∥f∥L∞(Kρ)
ρ−m

1− ρ−1
,

where 1 < ρ < ρ∗ has been chosen according to Theorem 2.1.

For the Faber series of the φk-functions, cf. (1.1), we obtain the following theorem.

Theorem 2.3. Let S satisfy (2.1) with K = K1 defined in (2.2). Let Fℓ be the Faber polynomials
for the set K, cf. (2.2b). Then, the matrix series

φk(S) = c
(k)
0 I +

∞∑
ℓ=1

c
(k)
ℓ Fℓ(S), c

(k)
ℓ =

1

2πi

ˆ
∂D
φk(ψ(w))w

−ℓ−1 dw ,

converges in the matrix norm. For the truncated series

p(k)m (S) := c
(k)
0 I +

m∑
ℓ=1

c
(k)
ℓ Fℓ(S) , (2.6)

we have the estimates

∥φk(S)− p(k)m−1(S)∥ ≤
4
√
π√

2m

m!

(m+ k)!
eα+γ

(
(α+ β)e

2m

)m
, m ≥ α+ β .
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Proof. For the exponential φ0, analogously to the proof of Corollary 4.1 in [3], we find the bound

|c(0)ℓ | ≤
√
π√
2ℓ
eα+γ

(
(α+ β)e

2ℓ

)ℓ
, ℓ > α+ β .

With the representation of the coefficients of the Faber series for the φk-functions in Example 4.3
in [3], we find for k ≥ 1 the bounds

|c(k)ℓ | ≤
√
π√
2ℓ

ℓ!

(ℓ+ k)!
eα+γ

(
(α+ β)e

2ℓ

)ℓ
, ℓ > α+ β .

The last formula is the correct estimate for k = 0, too. For k = 0, 1, 2, . . . and m > α + β, we
therefore obtain the estimate

∞∑
ℓ=m

|c(k)ℓ | ≤
√
π√
2m

m!

(m+ k)!
eα+γ

∞∑
ℓ=m

(
(α+ β)e

2ℓ

)ℓ
≤
√
π√
2m

m!

(m+ k)!
eα+γ

∞∑
ℓ=m

em
(
(α+ β)

2m

)ℓ
=

√
π√
2m

m!

(m+ k)!
eα+γ

(
(α+ β)e

2m

)m ∞∑
ℓ=0

ρ−ℓ

≤ 2

√
π√
2m

m!

(m+ k)!
eα+γ

(
(α+ β)e

2m

)m
,

where ρ = 2m
α+β > 2. Corollary 2.2 applied to the φk-functions now proves the statement of

Theorem 2.3.

Theorem 2.3 is our main result for the error of the approximation of the φk-functions by
Faber polynomials. Note that the coefficients of the Faber series are Fourier coefficients of the
periodic smooth function φk(ψ(exp(iθ))) = φk(α cos θ + iβ sin θ + γ), θ ∈ [−π, π], which can
be approximated efficiently by fast Fourier transforms (e.g. [47]). The evaluation of the Faber
polynomials is efficient due to the three-term recursion (2.3).

3. Residual-based error estimator
To achieve the desired accuracy, we propose a strategy for estimating the degree m of the Faber
approximation p

(k)
m defined in (2.6). Here, the matrix functions φk(τS) are considered for some

time step τ > 0 . As in [7, 29], we consider the initial value problems

(Y (k))′(τ) =

{
SY (0)(τ), Y (0)(0) = I, if k = 0,

SY (k)(τ) + τk−1

(k−1)!I, Y (k)(0) = 0, if k ≥ 1,

whose solutions are given by

Y (k)(τ) = τkφk(τS), k ≥ 0.

For the corresponding Faber approximations Y (k)
m (τ) = τkp

(k)
m (τS), k ≥ 0 it can be shown that

the residuals defined by

R(0)
m (τ) = ρ(0)m (τ) if k = 0,

R(k)
m (τ) = ρ(k)m (τ) +

τk−1

(k − 1)!
if k ≥ 1,

ρ(k)m (τ) = SY (k)
m (τ)− (Y (k)

m )′(τ)

(3.1)
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can be used to estimate the error ∥Y (k)(τ)− Y (k)
m (τ)∥, and it holds

R(0)
m (τ) =

(
Sp(k)m (τS)− d

dτ
p(k)m (τS)

)
, if k = 0,

R(k)
m (τ) = τk−1

(
τR(0)

m (τ) +
I

(k − 1)!
− kp(k)m (τS)

)
, if k ≥ 1.

(3.2)

(cf. [7, 29]). To compute the required quantities, we use the fact that Faber polynomials reduce
to shifted and scaled Chebyshev polynomials when ellipses Eα,βγ with α ̸= β are considered (cf.
(2.4)). Consequently, the same technique as in [7] can be applied, where Chebyshev polynomials
of first and second kind are used. We define a weighted version of these polynomials as

Ũj = ϑ
j
2Uj , ϑ =

α− β
α+ β

, (3.3)

where Uj is the standard jth Chebyshev polynomial of second kind (see [7, eq.(3.8)]). A simple
calculation shows that Ũj satisfies the three-term recurrence

Ũj(z) = 2z
√
ϑŨj−1(z)− ϑŨj−2(z), j ≥ 2

with
Ũ1(z) = 2

√
ϑz, Ũ0(z) = 1, Ũ−1(z) = 0, Ũ−2(z) = − 1

ϑ .

Moreover, the following relations can be shown.

Lemma 3.1. Let
T̃j(z) = ϑ

j
2Tj(z),

where Tj is the jth Chebyshev polynomial of first kind. For the weighted Chebyshev polynomials
the following identities hold true:

(T̃j)
′(z) = j

√
ϑŨj−1(z), (3.4a)

zT̃j(z) =
1

2
( 1√

ϑ
T̃j+1(z) +

√
ϑT̃j−1(z)), (3.4b)

zŨj(z) =
1

2
( 1√

ϑ
Ũj+1(z) +

√
ϑŨj−1(z)), (3.4c)

T̃j(z) =
1

2
(Ũj(z)− ϑŨj−2(z)), (3.4d)

Proof. Follows directly from [7, eq.(3.4)–(3.7)] and (3.3).

The following Lemma shows that the residual (3.2) can be efficiently approximated using the
short-term Chebyshev recurrences.

Lemma 3.2. Let p(k)m be defined as in Theorem 2.3 and

τ̂S =
τS− γI√
α2 − β2

, α ̸= β.

Then, we have

p(k)m (τS) = c
(k)
0 I +

m∑
j=1

c
(k)
j

(
Ũj(τ̂S)−

α− β
α+ β

Ũj−2(τ̂S)
)
. (3.5)
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Further, the residual terms in (3.2) can be expressed by

τ
d

dτ
p(k)m (τS) =

m∑
j=1

c
(k)
j j

(
Ũj(τ̂S) +

2γ

α+ β
Ũj−1(τ̂S) +

α− β
α+ β

Ũj−2(τ̂S)
)
, (3.6)

and

τSp(k)m (τS) = c
(k)
0 τS+

m∑
j=1

c
(k)
j

2

(
(α+ β)Ũj+1(τ̂S) + 2γ

(
Ũj(τ̂S)−

α− β
α+ β

Ũj−2(τ̂S)
)

+
(α− β)2

α+ β
Ũj−3(τ̂S)

)
.

(3.7)

Proof. By (2.4) we have 2T̃j(τ̂S) = Fj(τS). Then, (3.5) follows directly from (3.4d). To derive
(3.6) we use (3.4a) and (3.4c):

τ
d

dτ
p(k)m (τS) = 2

m∑
j=1

c
(k)
j τ

d

dτ
T̃j(τ̂S)

= 2

m∑
j=1

c
(k)
j

τS√
α2 − β2

(T̃j)
′(τ̂S)

= 2

m∑
j=1

c
(k)
j j

(√
ϑτ̂SŨj−1(τ̂S) +

γ√
α2 − β2

√
ϑŨj−1(τ̂S)

)
= 2

m∑
j=1

c
(k)
j j

(1
2
Ũj(τ̂S) +

γ

α+ β
Ũj−1(τ̂S) +

1

2
ϑŨj−2(τ̂S)

)
.

We obtain (3.7) by writing

τSp(k)m (τS) = c
(k)
0 τS+ 2

m∑
j=1

c
(k)
j

√
α2 − β2

τS√
α2 − β2

T̃j(τ̂S)v

and using (3.4b) and (3.4d) to express

τS√
α2 − β2

T̃j(τ̂S) = τ̂ST̃j(τ̂S) +
γ√

α2 − β2
T̃j(τ̂S)

=
1

2

1√
ϑ
T̃j+1(τ̂S) +

γ√
α2 − β2

T̃j(τ̂S) +
1

2

√
ϑT̃j−1(τ̂S)

=
1

4

( 1√
ϑ
Ũj+1(τ̂S)−

√
ϑŨj−1(τ̂S)

)
+

γ

2
√
α2 − β2

(
Ũj(τ̂S)− ϑŨj−2(τ̂S)

)
+

1

4

(√
ϑŨj−1(τ̂S)− ϑ

3
2 Ũj−3(τ̂S)

)
=

1

4

1√
ϑ
Ũj+1(τ̂S) +

γ

2
√
α2 − β2

(
Ũj(τ̂S)− ϑŨj−2(τ̂S)

)
− 1

4
ϑ

3
2 Ũj−3(τ̂S),
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which leads to

2

m∑
j=1

c
(k)
j

√
α2 − β2

τS√
α2 − β2

T̃j(τ̂S)

=2

m∑
j=1

c
(k)
j

4

√
α2 − β2

( 1√
ϑ
Ũj+1(τ̂S) +

2γ√
α2 − β2

(
Ũj(τ̂S)− ϑŨj−2(τ̂S)

)
− ϑ 3

2 Ũj−3(τ̂S)
)

=

m∑
j=1

c
(k)
j

2

(
(α+ β)Ũj+1(τ̂S) + 2γ

(
Ũj(τ̂S)−

α− β
α+ β

Ũj−2(τ̂S)
)
− (α− β)2

α+ β
Ũj−3(τ̂S)

)
.

This completes the proof.

In order to estimate the error of the Faber approximation to φk(τS)v for a vector v ∈ CN ,
we compute R

(k)
m (τ)v defined in (3.2) using the short-term recurrence of Lemma 3.2. Note

that although more vectors must be stored, the additional computational effort increases only
moderately, since these vectors can also be reused for the evaluation of (3.5). Finally, [7] provides
pseudocode for a related but simpler case, in which only the matrix exponential is considered
and where S is (skew-)symmetric.

4. Efficient calculation of an optimal ellipse
We seek a best-fitting ellipse E that encloses the field-of-values W (S) in order to provide a reliable
approximation, but which is also "small" enough to guarantee convergence with optimal order.
In this section we restrict ourselves to real matrices S. Since the field-of-values is generally
difficult to compute, we instead approximate it by the convex hull of a few “outer” Ritz values
which are computed by a preconditioned Arnoldi iteration. Note that this is a preprocessing
step which is necessary for all semiiterative methods, see, e.g., [19]. If S is nearly normal, using
an ellipse computed from appropriate Ritz values in the method of Section 2 provides a reliable
approximation, as demonstrated in the numerical experiments in Section 5.

4.1. Construction of the best-fitting ellipse from a discrete complex set
We begin by constructing a best-fitting ellipse for a finite set of points M in the complex plane.
Following the approach of [34], we assume w.l.o.g. that M ⊂ C+ = {z ∈ C | Rez > 0}. Although
our primary interest is in the case where all points lie in the left half-plane, the method can be
easily adapted by first reflecting the points across the imaginary axis, computing the ellipse Eα,βγ

in the right half-plane, and return Eα,β−γ .

4.1.1. Notation and assumptions

We assume that M is symmetric with respect to the real axis. The linear eccentricity of the
ellipse Eα,βγ is defined as ϵ =

√
α2 − β2 ∈ C. Typically, the linear eccentricity is defined as a real

quantity. However, in our setting we allow ϵ to be complex in order to distinguish between the
two possible cases that may arise: the ellipse is horizontal, with the major semi-axis α parallel to
the real axis, in which case ϵ ∈ R≥0, or the ellipse is vertical, with the major semi-axis β parallel
to the imaginary axis, in which case ϵ ∈ iR>0.

Note that these ellipses can be parametrized either by the α, β, and γ or ϵ, γ, and an arbitrary
point λ on the ellipse. Therefore, we define the family of ellipses (see Figure 1) with the same
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x

y

γ + ϵγ − ϵ γ

λ1
λ2

λ3
λ4

Figure 1: Ellipses from Fϵγ , each uniquely determined by the corresponding λi. The ellipse de-
termined by λ4 is the member of the family that passes through the origin.

linear eccentricity and center as

Fϵγ =
{
Eα,βγ | ϵ =

√
α2 − β2

}
.

4.1.2. The Min-Max problem

As proposed in [34] we consider the map

s(ϵ, γ, λ) =
∣∣∣ (γ − λ) + ((γ − λ)2 − ϵ2)1/2

γ + (γ2 − ϵ2)1/2
∣∣∣, (4.1)

which satisfies the following properties: For two ellipses E1, E2 ∈ Fϵγ and two points λ1 ∈ E1 and
λ2 ∈ E2 it holds that

s(ϵ, γ, λ1) > s(ϵ, γ, λ2) ⇐⇒ E1 encloses E2,
s(ϵ, γ, λ1) = s(ϵ, γ, λ2) ⇐⇒ E1 = E2,
s(ϵ, γ, λ1) = 1 ⇐⇒ 0 ∈ E1,

(4.2)

(cf. [34, eq. (2.13) and (3.1)]). These properties lead two important observations. First, let ϵ
and γ be fixed, and let s be maximized over λ ∈M . Then the resulting ellipse encloses all points
in M .

Second, we can rewrite (4.1) as follows. Let Eα,βγ ∈ Fϵγ be an ellipse with λ ∈ Eα,βγ for some
λ ∈M . Furthermore, let Eα0,β0

γ ∈ Fϵγ the ellipse that passes through the origin., i.e., 0 ∈ Eα0,β0
γ

(see Figure 1). By (4.2) and [25, Eq. (7)], we have

s(ϵ, γ, λ) = s(ϵ, γ, α+ γ) =
α+ β

α0 + β0
, (4.3)

where
β =

√
α2 − ϵ2, α0 = |γ|, β0 =

√
α2
0 − ϵ2.

Thus, minimizing (4.1) with respect to ϵ and γ leads, heuristically speaking, to an ellipse with a
small value of α + β and a large value of α0 + β0. The latter means that the ellipse is as far as
possible into the right half-plane, while still keeping λ on the ellipse.

This motivates the following definition of a best-fitting ellipse for M (cf. [34, Eq. (3.2)]).

10



Definition 4.1 (Best-fitting ellipse). Let M be a finite set in C+. Then a best-fitting ellipse is
a solution Eα

⋆, β⋆

γ⋆ ∈ Fϵ⋆γ⋆ of the min-max problem

min
(ϵ,γ)∈R

max
λ∈M

s(ϵ, γ, λ) = s(ϵ⋆, γ⋆, λ⋆), for all λ⋆ ∈ Eα
⋆, β⋆

γ⋆ , (4.4)

where R :=
(
(R≥0 ∪ iR>0)× R

)
\ {(0, 0)}.

Lemma 4.2. Let M be a finite set of points in C+ for which the assumptions of Section 4.1.1

hold. If there exists a solution Eα
⋆, β⋆

γ⋆ of the min-max problem (4.1), then Eα
⋆, β⋆

γ⋆ encloses all
points of M . Further, Eα

⋆, β⋆

γ⋆ ⊂ C+ is optimal in the sense that no ellipse enclosing all points of
M attains a smaller value for (4.3).

Proof. By the assumption, there exist γ > 0 and ϵ ∈ C such that the ellipse Ẽ ∈ Fϵγ which is
contained in the right half-plane and encloses all points in M . We can assume that at least one
point λ̃ ∈M lies on the boundary of this ellipse. For all λ ∈M there exists Eλ ∈ Fϵγ with λ ∈ Eλ
given by (cf. Lemma A.2),

Eλ =

{
{ϵ coshωλ cosψλ + i ϵ sinhωλ sinψλ + γ | ωλ ∈ R≥0, ψλ ∈ [0, 2π]}, if ϵ ∈ R,
{|ϵ| sinωλ cosψλ + i |ϵ| coshωλ sinψλ + γ | ωλ ∈ R≥0, ψλ ∈ [0, 2π]}, if ϵ ∈ iR.

Since all λ are contained in Ẽ = Eλ̃, it holds that ωλ ≤ ωλ̃. Therefore, all Eλ are enclosed by Ẽ .
By (4.2) it follows that

s(ϵ, γ, λ) ≤ s(ϵ, γ, λ̃) < 1

for all λ ∈M . Then, for Eα
⋆, β⋆

γ⋆ with eccentricity ϵ⋆ and center γ⋆ and λ⋆ ∈M with λ⋆ ∈ Eα
⋆, β⋆

γ⋆

it holds
s(ϵ⋆, γ⋆, λ) ≤ s(ϵ⋆, γ⋆, λ⋆) ≤ s(ϵ, γ, λ⋆) < 1 (4.5)

for all λ ∈ M . Using (4.2) again, Eα
⋆, β⋆

γ⋆ enclosed all λ ∈ M by the first inequality in (4.5) and
Eα

⋆, β⋆

γ⋆ lies in the right half-plane.
Finally, for any ellipse Ê ∈ Fϵγ with λ̂ ∈ Ê that encloses M , we have

s(ϵ⋆, γ⋆, λ⋆) ≤ s(ϵ, γ, λ⋆) ≤ s(ϵ, γ, λ̂).

Since Ê was arbitrary Eα
⋆, β⋆

γ⋆ is the ellipse with the smallest value (4.3) that enclose M .

In [34] it was shown that there exists a solution to the min–max problem (4.4) on a compact
set if we minimize with respect to

R̃ = {(ϵ, γ) ∈ R | γ > 0, γ2 > ϵ2},

(see also [33, Chp. 4] for more details).

4.1.3. Finding the ellipse

In the following, we present how to construct the best-fitting ellipses by explicitly solving the
corresponding min-max problems. The calculations can be found in [33]. Because the ellipses
are symmetric with respect to the real axis, λ is contained in the ellipse if and only if λ is also
contained in the ellipse. Consequently, the min-max problem reduces to a minimization with
respect to

M+ := {λ ∈M | Imλ ≥ 0}.

11



As described in [34], the following three cases must be considered.

Case 1: Exactly one point λ⋆ ∈M+ is on the boundary of the best-fitting ellipse:
In this case, we have

min
(ϵ,γ)∈R

max
λ∈M+

s(ϵ, γ, λ) = min
(ϵ,γ)∈R

s(ϵ, γ, λ⋆).

The best-fitting (degenerate) ellipse is

α = 0, β2 = Im2λ⋆, γ = Reλ⋆.

(cf. [34]). This means that all points in M have the same real part and λ⋆ is the point with the
largest imaginary part.

Case 2: Exactly two points λ1, λ2 ∈M+ are on the boundary of the best-fitting ellipse:
In this case, we have

min
(ϵ,γ)∈R

max
λ∈M+

s(ϵ, γ, λ) = min
(ϵ,γ)∈R

s(ϵ, γ, λ1) = min
(ϵ,γ)∈R

s(ϵ, γ, λ2).

We assume that Reλ1 < Reλ2. Further, we define

A =
Reλ2 − Reλ1

2
, B =

Reλ2 + Reλ1
2

, V =
Imλ2 − Imλ1

2
, W =

Imλ2 + Imλ1
2

. (4.6)

By the assumptions of this section, we have A,B,W ≥ 0.

i) If V = 0, according to [34], we obtain

γ = B, ϵ2 =
α2(α2 − (A2 +W 2))

α2 −A2
, (4.7)

by inserting λ1 and λ2 into equation

(Reλ− γ)2

α2
+

Im2λ

α2 − ϵ2
= 1. (4.8)

It remains to calculate α by minimizing the constraint function (4.1). By [34] we obtain that α2

is the only real root of q(z) with

q(z) = q1z
3 + q2z

2 + q3z + q4,

where the coefficient qi, i = 1 . . . 4 can be found in [34, eq.(4.8)].

ii) Else if V ̸= 0, then using again (4.8) [34] obtained

α2 =
(
γ −

(
B − AW

V

))(
γ −

(
B − AV

W

))
,

ϵ2 =

(
γ −

(
B + VW

A

))(
γ −

(
B − AW

V

))(
γ −

(
B − AV

W

))
γ −B

.

(4.9)

Note that there is a small typo in [34] in the last equation. It remains to minimize the constraint
function (4.1) with respect to γ. This leads to

z = γ −B is the root of q(z) in

{
(0, A) for V > 0,

(−A, 0) for V < 0,
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where
q(z) = q1z

5 + q2z
4 + q3z

3 + q4z
2 + q5z + q6.

Again the coefficients can be found in [34, eq.(4.9)].

Case 3: Three or more pairs in M+ are on the boundary
We start with the case where we only have three points λ1, λ2, and λ3, where the construction
from case 2 does not yield the best-fitting ellipse. In this case, we have

min
(ϵ,γ)∈R

max
λ∈M+

s(ϵ, γ, λ) = min
(ϵ,γ)∈R

s(ϵ, γ, λ1) = min
(ϵ,γ)∈R

s(ϵ, γ, λ2) = min
(ϵ,γ)∈R

s(ϵ, γ, λ3).

We assume that Reλ1 < Reλ2 < Reλ3 and

(Reλ2 − Reλ1)(Imλ23 − Imλ21) < (Reλ3 − Reλ1)(Imλ22 − Imλ21). (4.10)

Condition (4.10) ensures that there exists an ellipse such that λ1, λ2, λ3 lie on its boundary. By
inserting the three points into equation (4.8) we obtain a system of three equations with three
unknowns α, ϵ, γ. The details can be found in [34, eq. (4.11) and (4.12)]. In the general case
with more than three pairs, where the construction from Case 2 does not yield the best-fitting
ellipse, we must consider all combinations of three pairs of points that satisfy (4.10) and selecting
the ellipse that minimizes (4.1). The algorithm for calculating the method for determining the
best-fitting ellipse consists of the following steps (see also [34] for more details).

Algorithm 1 Best-fitting ellipse

Input: Set of points M+ = {λi}i with Imλi ≥ 0
Output: ellipse parameters α, β, γ

1: Set Pn =
{
Π ∈ P(M+) | |Π| = n

}
for n = 2, 3 with P(M+) =

{
U | U ⊂M+

}
2: if All pairs lie on a vertical line then
3: Set λ = argmaxλ∈M+

∣∣Imλ∣∣
4: Calculate α, β, γ by Case 1 w.r.t λ
5: return α, β, γ
6: end if
7: for {λi, λj} ∈ P2 do
8: Calculate α, β, γ by Case 2 w.r.t {λi, λj}
9: if ∄λ ∈M+ outside Eα,βγ then

10: return α, β, γ
11: end if
12: end for
13: Set sbest =∞
14: for {λi, λj , λl} ∈ P3 do
15: if (4.10) is true for {λi, λj , λl} then
16: Calculate α, β, γ, ϵ by Case 3 w.r.t {λi, λj , λl} and set stmp = s(ϵ, γ, λi)
17: if ∄λ ∈M+ outside Eα,βγ and stmp < sbest then
18: sbest = stmp
19: αbest = α, βbest = β, γbest = γ
20: end if
21: end if
22: end for
23: return αbest, βbest, γbest

13



M \ {λ1, λ1, λ2}
γ

E

λ1

λ1

λ2

Figure 2: Best-fitting ellipse for a set M . For its calculation only λ1 and λ2 are required.

It is clear that, for the computation of a best-fitting ellipse for a set M , only the outer points
are relevant (see Figure 2). In the following, we therefore derive a method for approximating
the best-fitting ellipse of the set of eigenvalues by approximating the “outer” eigenvalues with
suitable Ritz values.

4.2. Arnoldi method
The Arnoldi method is used to construct an orthonormal basis for the Krylov subspace

Km(S, ν) = span{ν,Sν,S2ν, . . . ,Sm−1ν}.

The basis vectors {νi}i of Km(S, ν) are then stored columnwise in the matrix Vm. The eigenvalues
of the projection matrix Hm =

(
(νi,Sνj)

)
i,j

are Ritz values (w.r.t. Km(S, ν)) and approximate
the eigenvalues of the original matrix S (see, e.g., [10, 43]). Here, (·, ·) denotes the scalar product
used in the method (see Section 2). We are interested in approximating eigenvalues, which lie on
the outmost part of the spectrum (see Figure 2). The Arnoldi algorithm naturally approximates
these eigenvalues (see, e.g. [43, p.156 ff]). However, the convergence speed of the Arnoldi
method strongly depends on the distribution of the eigenvalues. If the eigenvalues are clustered,
convergence can be very slow. In addition, we are looking for a stopping criterion that will allow
us to determine whether we have found enough Ritz values for a good approximation of the
best-fitting ellipse. We will address this issues in the next sections.

4.3. Transformation of the spectrum
We follow [40] to improve the convergence of the Arnoldi method. Suppose we are given an initial
estimate of the best-fitting ellipse E that encloses all eigenvalues of S except for one eigenvalue
λ. Our goal is to construct a polynomial p such that |p(λ)| is large and |p| is small on all other
eigenvalues. We then apply the Arnoldi method to the polynomial p(S).

By the Arnoldi method w.r.t. p(S), we obtain a basis V̂m = {ν̂i}i of the Krylov subspace
Km(p(S), ν) and an approximation of the corresponding eigenvalue of S from the projected
matrix

Gm =
(
(ν̂i,Sν̂j)

)
i,j
, (4.11)

to recompute E . A widely used polynomial in this context is the following (see, e.g., [17, 25, 35,
40, 44]).

14



Definition 4.3. Let Eα,βγ be an ellipse and z0 ∈ Eα,βγ . For α ̸= β and z0 ̸= γ we define

rα,β,γℓ (z, z0) :=
Tℓ(ι(z))

Tℓ(ι(z0))
, ι(z) =

z − γ√
α2 − β2

. (4.12)

We obtain by [40] the following relation for efficiently computing rα,β,γℓ :

rα,β,γℓ+1 (z, z0) = 2σℓ+1ι(z)r
α,β,γ
ℓ (z, z0)− σℓσℓ+1r

α,β,γ
ℓ−1 (z, z0), ℓ ≥ 1,

σℓ+1 =
1

ι(z0)− σℓ
, σ1 =

1

ι(z0)
, rα,β,γ0 (z, z0) = 1, rα,β,γ1 (z, z0) =

z − γ
z0 − γ

.
(4.13)

The contour lines of |rα,β,γℓ (z, z0)| are confocal and concentric ellipses, in particular, the larger
ellipses approach circles (see the discussion in [35, p. 307 ff.] and [34, p. 312 ff.]). The reference
point z0 in (4.12) determines the behavior of rα,β,γℓ , in particular whether |rα,β,γℓ (z, z0)| is large
or small for z ∈W (S). This leads to the following result, (see again [35, p. 307 ff.]).

Lemma 4.4. Let Eα,βγ be an ellipse with z0 ∈ Eα,βγ and α, β > 0. Then,

lim
ℓ→∞

∣∣∣rα,β,γℓ (z, z0)
∣∣∣1/ℓ


> 1 if z is outside of Eα,βγ ,

= 1 if z ∈ Eα,βγ ,

< 1 if z is inside of Eα,βγ ,

for all z ∈ C.

Remark 4.5. A similar result holds in the degenerate cases α = 0 or β = 0, which means that
z is outside of the degenerate ellipse if and only if ι(z) /∈ [−1, 1]. We choose z0 such that
ι(z0) ∈ {−1, 1}. Then

|rα,β,γ
ℓ

(z, z0)| = |Tℓ(ι(z))| for all z ∈ C.

It is well-known that Tℓ(z) = 1
2

(
χ(z)ℓ+χ(z)−ℓ

)
, where χ is the (inverse) Joukowski transforma-

tion [31, p.86 ff], which maps the exterior of [−1, 1] to the exterior of the unit disk. Consequently,
limℓ→∞ |rα,β,γℓ

(z, z0)|1/ℓ > 1 if ι(z) /∈ [−1, 1], whereas |rα,β,γ
ℓ

(z, z0)| ≤ 1 for all ℓ ∈ N otherwise.

4.4. Find best-fitting ellipse for eigenvalues of S
Using the ideas from Section 4.3, we propose the following algorithm for calculating the best-
fitting ellipse. We begin with an initial guess of the ellipse Eα,βγ . This can be obtained by
approximating a small set of eigenvalues, for example those with the largest magnitude, by
standard methods. If eigenvalues with small magnitudes are expected, the origin can also be
used to construct the ellipse.

Next, we apply the Arnoldi method to an initial vector ν and rα,β,γℓ (S, z), where z ∈ Eα,βγ and
ℓ ∈ N and calculate the Ritz values of this matrix. To assess the convergence of the Ritz values,
we employ a standard residual-based error estimator [41, Proposition 6.8]. Specifically, at each
iteration, we check whether the residual of the Ritz pair corresponding to the Ritz value of the
largest magnitude is smaller than some tolerance. Additionally, a maximum number of iterations
is enforced.

Once the Arnoldi process terminates, we check whether the ℓth root of norm of the Ritz value
of the largest magnitude is less than one. If this condition is satisfied, the current ellipse is
accepted as the best-fitting ellipse.

Otherwise, we calculate the Ritz values of S w.r.t. Km(rα,β,γℓ (S, z), ν) by calculating the eigen-
values of Gm (see (4.11)) and determine whether they approximate eigenvalues of S (see Algo-
rithm 3 line 9). If so, these are added to the current set of approximated eigenvalues, and a new
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ellipse is constructed based on the updated set. If no Ritz value converges, we choose as new
starting vector for the Arnoldi method the Ritz vector ν corresponding to the maximum Ritz
value of this matrix with respect to the function

ϱ(λ) =


(Reλ−γ)2

α2 + Imλ2

β2 , if α, β > 0,
(Reλ−γ)2

α2 , if β = 0 and Imλ = 0,
Imλ2

β2 , if α = 0 and Reλ = γ,

2, else,

(4.14)

which indicates how "far" a point λ lies outside the ellipse Eα,βγ . If two Ritz values have the same
value, we choose the one with the Ritz values of larger magnitude. Otherwise, if some Ritz values
converge, we choose a random initial vector that is orthogonal to all converged Ritz vectors with
respect to (·, ·), see Algorithm 3, line 19. Since we consider real matrix S, we can restart the
Arnoldi algorithm with Re(ν) (see [35, p. 303]). The algorithm is summarized in Algorithm 2
and 3.

Algorithm 2 Arnoldi method with spectral preconditioning

Input: Matrix S ∈ RN×N and initial vector ν̂1 ∈ RN with ∥ν̂1∥ = 1,
Point z ∈ R, degree ℓ ∈ N, ellipse parameters α, β, γ
Maximum iterations mmax ∈ N, tolerance TOLres > 0

Output: µmax and Ritz pairs (λi, wi)

1: Initialize R = 1, m = 1
2: while R > TOLres and m < mmax do
3: Compute ηm = rα,β,γℓ (S, z)ν̂m by (4.13)
4: for j = 1, . . . ,m do
5: ĥj,m = (ν̂j , ηm)
6: end for
7: v = ηm −

∑m
j=1 ĥj,mν̂j

8: ĥm+1,m = ∥v∥
9: if ĥm+1,m = 0 then

10: break
11: end if
12: ν̂m+1 = v/ĥm+1,m

13: Compute eigenpairs (µ
(m)
i , y

(m)
i ), i = 1, . . . ,m of Ĥm = (ĥi,j)

m
i,j=1

14: Select (µ
(m)
max, y

(m)
max) such that |µ(m)

max| = maxi |µ(m)
i |

15: R = ĥm+1,m |eTmy
(m)
max| and m← m+ 1

16: end while
17: Form V̂m = (ν̂1, . . . , ν̂m)

18: Compute eigenpairs (λ
(m)
i , x

(m)
i ), i = 1, . . . ,m of Gm =

(
(ν̂i,Sν̂j)

)
i,j

19: return µ
(m)
max and (λ

(m)
i , V̂mx

(m)
i ), i = 1, . . . ,m

Remark 4.6. A more detailed discussion of implementation aspects, in particular the choice of
the parameter ℓn in Algorithm 3, and additional strategies for improving the convergence speed
can be found in Section 5.2.
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Algorithm 3 Method for calculating the ellipse

Input: Matrix S ∈ RN×N and initial vector ν1 ∈ RN with ∥ν1∥ = 1,
degree ℓ1 ∈ N, initial set M1, maximum iterations mmax, nmax ∈ N
Tolerance TOLeig,TOLres > 0, user-defined parameter EPS > 0

Output: Ellipse Eα,βγ

1: Compute Eα1,β1
γ1 with M1 and Algorithm 1

2: Set z1 = max(Eα1,β1
γ1 ∩ R) and n = 1 and W 1 = {}

3: while n < nmax do
4: µn, (λ

(n)
i , w

(n)
i )← Algorithm 2 with

(
S, νn, zn, ℓn, αn, βn, γn,mmax,TOLres

)
5: if

∣∣µn∣∣1/ℓn ≤ 1 then
6: return Eαn,βnγn
7: end if
8: for each (λ

(n)
i , w

(n)
i ) do

9: if ∥λ(n)i w
(n)
i − Sw

(n)
i ∥ ≤ TOLeig · ∥Sw(n)

i ∥ then
10: Mn+1 ←Mn ∪ {λ(n)i }
11: Wn+1 ←Wn ∪ {w(n)

i }
12: end if
13: end for
14: Compute Eαn+1,βn+1

γn+1 with Mn+1 and Algorithm 1
15: if αn+1 = βn+1 then
16: βn+1 ← βn+1 + EPS
17: end if
18: if |Mn+1| > |Mn| then
19: νn+1 is a random unit vector that is orthogonal to all w ∈Wn+1 with respect to (·, ·)
20: else
21: ω = w

(n)
i with i = argmaxi |ϱ(λ

(n)
i )|

22: νn+1 = Re(ω)/∥ω∥
23: end if
24: Determine new ℓn+1 and set zn+1 = max(Eαn+1,βn+1

γn+1 ∩ R) and n← n+ 1
25: end while
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5. Application for discrete semilinear damped wave equation
This section describes how the theory from the previous sections can be applied to systems of
ordinary differential equations (ODEs) arising from space discretizations of semilinear damped
wave equations. First, in Section 5.1, we introduce a second-order model problem. Rewriting
this in first-order form leads to a system matrix S, to which we apply the proposed methods to
approximate the matrix φk-functions, as required when applying exponential integrators to the
model problem. We focus here on the matrix exponential. In Section 5.2, we provide details of
the implementation. Furthermore, we compare our method with other approaches described in
Section 5.3 and present numerical experiments in Section 5.4.

5.1. Model problem
We consider the following semilinear damped wave equation in a domain Ω ⊂ Rd, d = 1, 2, 3
with Dirichlet boundary conditions

∂ttu(t, x)− a∆u(t, x) + B∂tu(t, x) = G(u, ∂tu(t, x)), t > 0,

u(0) = u0, ∂tu(0) = v0,
(5.1)

where a > 0, B is a linear differential operator and G is nonlinear and locally Lipschitz continuous
form H1(Ω)×L2(Ω)→ L2(Ω) and u0, v0 sufficiently smooth. We consider two different operators
B in the following

B = −δ∆, (5.2a)

B = δbT · ∇ (5.2b)

with δ > 0 and b(x) ∈ (C1(Rd))d. The operator (5.2a) appears in, e.g., viscoelasticity, structural
mechanics, and thermoelasticity and represents strong/structural damping (cf. [6, 32]). On the
other hand (5.2b) arises in aeroacoustics [5, 11, 13], and moving-medium wave propagation [2].
Discretizing (5.1) using linear finite elements yields a system of ODEs of the form

Mµ′′(t) +Aµ(t) +Bµ′(t) = G(µ(t),µ′(t)), t > 0,

µ(0) = µ0, µ′(0) = ν0,
(5.3)

where M,A,B ∈ RN×N , M,A are symmetric and positive definite, and G : RN × RN → RN
is locally Lipschitz continuous w.r.t both arguments. Rewriting (5.3) in first-order formulation
gives

x′ − Sx = F(x),

x(0) = x0,
(5.4)

where

x =

[
µ

ν

]
, S =

[
0 I

−M−1A −M−1B

]
,

x0 =

[
µ0

ν0

]
, F(x) =

[
0

M−1G(µ,ν)

]
.

Note that if B = 0 the matrix S is skew-symmetric w.r.t. the inner product

⟨·, ·⟩A×M =
(
·,
[
A 0

0 M

]
·
)
, (5.5)
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where ⟨·, ·⟩ denotes here the Euclidean inner product in C2N . This choice is natural, as it
represents a discrete analogue of the H1 × L2 inner product, which is commonly used in this
setting [18, 26].

When multiplying with S, we solve a linear system involving M using the CG method with a
tolerance of TOLsol = 0.01 ·TOLR, where TOLR is a tolerance used for the error estimator (Sec-
tion 3). This tolerance should be determined by the ODE solver, for example through local error
estimators. We use an incomplete Cholesky factorization without fill-in (IC(0)) factorization as
a preconditioner (cf. [42, Chp. 10]). Although the mass matrix M is generally well-conditioned,
the frequent multiplications of S, when applying our method, requires repeatedly solving such
linear systems. It is therefore advantageous to compute the preconditioner once and reuse it
throughout the computation. In our numerical experiments, we find that the number of CG iter-
ations is reduced to only 1 or 2 when using IC(0) factorization, whereas without preconditioning
it ranges from 5 to 20 depending on the chosen tolerance.

5.2. Implementation details of Algorithms 2 and 3
We now describe the details of the Algorithms proposed in Section 4.4. We begin by selecting
a random initial vector ν1 with ∥ν1∥ = 1, generated using a uniform distribution on (0, 1). As
the first set M1, we choose {λ⋆, 0}, where λ⋆ is an approximation of the eigenvalue with the
largest magnitude of S, calculated with the C++ library Spectra https://spectralib.org/.
Based on this set, the initial ellipse is constructed using Algorithm 1. We stop the algorithm if∣∣µn∣∣1/ℓn ≤ 1+TOLstop (see Algorithm 3, line 5), where TOLstop is a small tolerance that ensures
numerical errors in computation do not destabilize the algorithm.

In the following experiments we choose TOLstop = TOLeig = 10−4. The initial polynomial
degree is set to ℓ0 =

√
⌊ϵ⌋, where ϵ denotes the linear eccentricity of the initial ellipse. Based on

numerical experiments, this appears to be a good choice in many cases. nmax is set to 30.

Error estimator of Arnoldi method For the error estimator in the Arnoldi method, we use a
moderate tolerance TOLres = 10−2 to keep the number of iterations low while still achieving
good convergence. We set the maximum number of iterations to mmax = 200.

Degree ℓ of rℓ(z, ·) We calculate the degree ℓn by the following procedure, which is inspired by
[44, eq.(23),(24)]. In the first steps, we take into account that our ellipses may not be good, which
means that there are eigenvalues that are likely to lie far outside. Therefore, we do not need
a high polynomial degree, as these converge relatively quickly. This is because the convergence
rate to an eigenvalue λ outside of the current ellipse E depends on the “gap” between E and an
ellipse, which passes through λ and has the same center and linear eccentricity as E (see [35,
Theorem 4.1]). A larger gap leads to better convergence. Later, the polynomial degree must be
increased to ensure good convergence of eigenvalues that are not so far outside. We therefore
choose

ℓn+1 = max
{∣∣∣ ln(TOLstop)

2 ln(µn)

∣∣∣+ 10, ℓn

}
,

where µn is computed in Algorithm 3 line 5. Close to convergence, ln(µn) can become very small,
causing ℓn to grow unnecessarily large. For this reason, we propose that if µn−1 < 100 ·TOLstop
then

ℓn+1 = 1 +
(
0.1
∣∣∣ln( µn

1 + TOLstop

)∣∣∣+ 1
)
ℓn,

which ensures moderate growth while avoiding an excessive number of matrix-vector multipli-
cations. We also set a maximum degree ℓmax to prevent excessive computational effort. In the
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numerical experiments, we choose ℓmax = 1000.

Further strategies To improve the convergence, we propose several strategies. Firstly, if the
maximum degree ℓmax is reached and the algorithm has not yet converged, we reduce the tolerance
TOLres by the factor 0.1.

In practice, the ellipse can become quite large when the eigenvalues lie close to the imaginary
axis. To avoid this, we shift all computed eigenvalues by 1. After completing the calculation, we
shift the resulting ellipse back.

Since numerical instabilities can arise when the semi-axes have nearly equal lengths, we slightly
increase one of the semi-axes in this case. In the numerical experiments, we increase β by 10−9

if
∣∣α− β∣∣ < 10−10.

5.3. Krylov subspace methods
We compare our method with two classical approaches for computing matrix functions: the
standard Krylov subspace method and the shift-and-invert method with shift s ∈ R.

Standard Krylov subspace method Similar as in Section 4.2 we can use the Arnoldi method
to construct an orthonormal basis Vm ∈ R2N×m (w.r.t. (·, ·)A×M) and a projection matrix
Hm ∈ Rm×m of the Krylov subspace Km(S, ν), such that

SVm = VmHm + hm+1,mνm+1e
T
m, V Tm

[
A 0

0 M

]
Vm = Im.

Here, em = (0, . . . , 0, 1)T ∈ Rm and Im denotes the m ×m identity matrix. An approximation
of the exponential matrix function is computed by

exp(τS)ν ≈ ∥ν∥A×MVm exp(τHm)e1. (5.6)

(see e.g., [7, eq.(2.2)]). By [7, eq.(2.5)] we get the following expression for the residual

|Rm(τ)| = ∥ν∥A×M|hm+1,me
T
m exp(τHm)e1| < TOLR, (5.7)

which provides an error estimate controlled by a user-defined tolerance TOLR.

Shift-and-Invert Arnoldi method Here the Krylov subspace is constructed with respect to the
matrix (I − sS)−1 with s > 0 being the shift parameter. Then, the Krylov relation reads

(I − sS)−1Vm = VmH̃m + h̃m+1,mνm+1e
T
m. (5.8)

An approximation of the matrix function is then calculated using (5.6), where Hm is defined by

Hm =
1

s
(I − H̃−1

m ),

c.f. [48]. Using [7, eq.(2.10)] gives ∥Rm(τ)∥A×M = |βm(τ)|∥wm+1∥A×M < TOLR with

|βm(τ)| = ∥v∥A×M|
hm+1,m

s
eTmH̃

−1
m exp(τHm)e1|, wm+1 = (I − sS)νm+1,

which provides an error estimate controlled by a user-defined tolerance TOLR. Note, that we
never calculate the inverse (I − sS)−1 explicitly. Instead we solve

(I − sS)x = y ⇔
([A 0

0 M

]
− s

[
0 A

−A B

]) [x1
x2

]
=

[
A 0

0 M

] [
y1
y2

]
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for x =

[
x1
x2

]
and y =

[
y1
y2

]
for x1, x2, y1, y2 ∈ RN . This together with the Schur complement

lead to following system of equations

y1 = x1 + sy2,

Ty2 = Mx2 − sAx1

with T = M+ s2A+ sB. We solve this system using the CG method with tolerance TOLsol =
0.01 ·TOLR if T is symmetric. Otherwise, we use the GMRES method with the same tolerance
TOLsol. In the symmetric case, we use the IC(0) as a preconditioner, whereas in the nonsym-
metric case, we employ the incomplete LU factorization without fill-in (ILU(0)) (cf. [42, Chp.
10]).

5.4. Numerical examples
In this section we present numerical experiments for the model problem (5.3) using the Chebyshev
method from Section 2. All experiments are performed in the C++-library deal.II [1] and run
on an Intel i5-12500K CPU with 32 GB RAM.

Example 1 In order to show how the Arnoldi method with spectral preconditioning (Algo-
rithm 3) works in practice, we first consider a small-scale example. We set Ω = (0, 1) and B as
in (5.2a) with δ ∈ {0.01, 0.03, 0.4} and a = 0.5. For the discretization we use an uniform grid
with grid width h = 2−4 which lead to A,M,B ∈ R17×17.

We first compute the eigenvalues of the matrix S using a standard dense eigenvalue solver from
LAPACK++ (https://lapackpp.sourceforge.net/html/index.html) and calculate the best-
fitting ellipse Ebest containing all eigenvalues using the algorithm from Section 4.1 for reference.

In Figure 3, we show Ebest and the eigenvalues of S together with the result of the Arnoldi
method with spectral preconditioning, which was applied to S for different δ. Note that the axes
are scaled differently for better visualization.

The first Figure 3a shows the case, where the method performed several steps to find a best-
fitting ellipse. Each detected eigenvalue is marked with a cross in the color corresponding to the
step in which it was found. It can be seen that after a few steps, the method finds the best-fitting
ellipse.

The second Figure 3b shows the case where the largest eigenvalue is sufficient to obtain the
best-fitting ellipse, so that the algorithm converges in one step.

The last Figure 3c shows the case where there are eigenvalues that lie slightly outside the
computed ellipse, as they were not found with the chosen tolerance and ℓ0. Theoretically, this
can lead to problems, but in practice we have not encountered any issues with the selected
tolerance and initial degree, as the computed ellipse differs relatively little from the best-fitting
ellipse.

Example 2 We set Ω = (0, 1)2 and B with δ ∈ {0.1, 0.01, 0.001} and a = 0.5 as in (5.2a). We
use a 2D-finite element discretization on a regular rectangular grid with grid width h = 2−7,
which lead to A,M,B ∈ RN×N with N = 16641.

Further, we set νc as the coefficient vector that is obtained from the interpolation of the
function g(x, y) = sin(πx2) sin(πy2) on the grid. As initial vector we choose

ν =

[
ν1
ν2

]
with ν1 = ν2 = νc ∈ RN .
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Figure 3: Eigenvalues of S in Example 1, best-fitting reference ellipse, and the calculated
ellipse of the Arnoldi method with spectral preconditioning for each step and for

different coefficients δ.
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In the following we compute the matrix function exp(τS)ν with τ = 0.1. We compare the
Chebyshev method with the standard Krylov subspace method and the shift-and-invert method.
Since the computational cost is dominated by sparse matrix–vector multiplications, we mea-
sure the computational cost in terms of matrix–vector multiplications with A,B,M or similar
matrices. In CG or GMRES with IC(0)/ILU(0) preconditioning, each iteration requires one
matrix–vector multiplication, and one forward and one backward substitution with the trian-
gular matrices obtained from the IC(0)/ILU(0) factorization. Since, for suitable sparse storage
formats and memory layouts, the cost of these two substitutions is comparable to one sparse
matrix–vector multiplications (see, e.g., [45] for ILU(0)), we approximate the cost of one precon-
ditioned CG/GMRES iteration by two sparse matrix–vector multiplications.

In Figure 4, we examine the error with respect to the number of matrix-vector multiplications
for different δ values and different tolerances TOLR applied to the respective residual error
estimators.

We calculate a reference solution using the standard Krylov subspace method for the matrix
function with a very low tolerance 10−10 and the residual calculated by (5.7). Furthermore, we
set s = τ

2 .
We observe that the Chebyshev method performs significantly better than the standard Krylov

subspace method. Compared to the shift-and-invert method, the Chebyshev method is less
efficient for relatively large tolerances. However, for smaller tolerances, the Chebyshev method
benefits from the exponential decay of the error combined with the low computational cost per
iteration, which considerably improves its efficiency compared to the shift-and-invert method.
This advantage diminishes for larger δ (Figure 4b), so that the shift-and-invert method performs
slightly better (Figure 4c) if δ is sufficiently large. This behavior can be explained by the fact
that for small δ, the eigenvalues are clustered which is advantageous for the Chebyshev method
because the ellipses stay relatively small (see Figure 3). For larger δ, the eigenvalues are more
dispersed, which makes the advantage of an ellipse-based approach less significant.

Example 3 We use the same setting as in Example 2, but B with δ ∈ {1.0, 0.1, 0.01} and

b(x1, x2) =

[
−x1

0

]
is defined as in (5.2b).

Again, we compute the matrix function exp(τS)ν with τ = 0.1. In Figure 5, we examine
the error with respect to the number of matrix-vector multiplications for different δ values and
different tolerances TOLR applied to the respective residual error estimators. Again, we calculate
a reference solution using the standard Krylov subspace method for the matrix function with a
very low tolerance 10−10 and choose s = τ

2 .
We observe that the Chebyshev method performs significantly better than the standard Krylov

subspace method. Compared to the shift-and-invert method, it can be seen, as in Example 2,
that the shift-and-invert method is particularly efficient for relatively large tolerances, while the
Chebyshev method is more advantageous for smaller tolerances.
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Figure 4: Approximation error in ∥ · ∥A×M of exp(τS)v with τ = 0.1 in Example 2 for different
δ. The error is shown w.r.t. the number of matrix-vector multiplications, for

tol = 10−k, k = 1, . . . 8 as tolerance for the residual error estimators.
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A. Useful identities
Lemma A.1. For θωψ = ψ − iω, ψ ∈ [0, 2π] and ω ≥ 0 it holds that

cos(θωψ) = coshω cosψ + i sinhω sinψ.

Proof.

cos(θωψ) =
1

2
(eiψ+ω +e− iψ−ω) =

1

2
((cosψ + i sinψ) eω +(cosψ − i sinψ) e−ω)

= coshω cosψ + i sinhω sinψ.

Lemma A.2. Let
z = α cosψ + iβ sinψ + γ ∈ Eα,βγ .

Then it holds that if α ̸= β

z − γ
ϵ

= cos θα,βψ =
1

2
(ei θ

α,β
ψ +e− i θα,βψ ),

where ϵ =
√
α2 − β2 and

θα,βψ = ψ − i log
(√α+ β

α− β

)
if ϵ ∈ R

θα,βψ = ψ − π

2
− i log

(√β + α

β − α

)
if ϵ ∈ iR

with ψ ∈ [−π, π].

Proof. Follows directly from Lemma A.1.
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