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A DISCRETE SAINT-VENANT PRINCIPLE FOR FINITE ELEMENT
DISCRETIZATIONS OF ELLIPTIC PROBLEMS

TIM BUCHHOLZ AND JULIAN DORNER

ABSTRACT. The present paper studies finite element discretizations of second-
order elliptic boundary value problems with homogeneous right-hand side and in-
homogeneous boundary conditions. We establish discrete spatial decay estimates
on element patches for the energy norm of the discrete solution, showing that the
influence of boundary data decays exponentially away from the boundary. The
resulting estimates are a discrete analog of Saint-Venant-type principles and pro-
vide a rigorous foundation for localization arguments in finite element methods.
As an application, we present how these results can be employed in the conver-
gence analysis of domain decomposition methods, on the example of the discrete
parallel Schwarz method. Finally, the findings are thoroughly demonstrated on
several numerical examples.

1. INTRODUCTION

The spatial decay of boundary-induced effects in elliptic problems can be traced
back to the Saint-Venant principle, originally formulated in the context of linear
elasticity in the mid-19th century [34]. A classical and widely cited description
states that "...the difference between the effects of two different but statically equivalent
loads becomes very small at sufficiently large distances from the load’, cf. [28]. Early rig-
orous investigations focused on linear elasticity and established decay properties
of stresses and strains away from regions of load application, see, e.g., [25,37].

It was soon recognized that the underlying mechanism is not specific to elastic-
ity but rather a consequence of ellipticity. This insight led to extensions of Saint-
Venant-type results to general second-order elliptic equations, where spatial decay
of solutions was established primarily in a pointwise sense and under strong regu-
larity assumptions, cf. [23,24,38]. Among these developments, the work of Mieth
[32,33] is particularly relevant for the present paper, as it derives a decay estimate
at the level of the energy norm. Since our analysis focuses on energy quantities,
this perspective is the important analytical motivation of our work. Thus, we re-
peat the argument in brief below, see Section 1.1.

Comprehensive perspectives on the Saint-Venant principle and its extensions
were later provided in a series of review articles by Horgan [20-22], emphasizing
both the physical origins and the mathematical structure of the principle. While
these classical results are formulated at the continuous level, they establish the
conceptual foundation for spatial energy decay as a generic feature of elliptic op-
erators.

In the present work, we adopt this viewpoint and investigate analogous decay
phenomena directly at the discrete level. Our results may thus be interpreted as
a finite element analogue of Saint-Venant-type principles, providing quantitative
spatial energy decay estimates for discretizations of elliptic problems with homo-
geneous right-hand side and inhomogeneous boundary conditions.
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Spatial decay properties play a central—though often implicit—role in the anal-
ysis of domain decomposition (DD) methods; see, e.g., [12, 14, 36]. While many
modern DD approaches are formulated at the matrix level, their analysis is fre-
quently guided by continuous decay arguments, as discussed in detail in [12].
In particular, superlinear convergence results for Schwarz waveform relaxation
methods rely on analytic decay properties of solutions to elliptic problems on un-
bounded or semi-infinite domains, cf. [11, 16].

Recent developments in DD methods for time-harmonic wave propagation have
been made; see [7]. The authors formulate the problem on the skeleton of the sub-
divided domain and define exchange operators that govern the communication
between subdomains. Many possible choices of such exchange operators are stud-
ied in [7, Sec. 5]. A particularly interesting choice for our work is a global exchange
operator, which exhibits excellent stability properties but appears at first glance to
be incompatible with a fast algorithm. In [6], it is numerically demonstrated that a
truncation of this operator is sufficient and enables fast evaluation. This operator
fits in the class of problems studied below.

More recent surveys, including work on time-parallel methods for parabolic
and hyperbolic problems, further underline the importance of decay phenom-
ena in both theoretical and practical contexts [13]. Related localization arguments
also arise in tent-pitching methods combined with implicit time discretizations
(cf. [18]), where the causality constraints limiting the admissible height of space—
time tents may be interpreted as reflecting a localized influence of boundary and
interface data. Finally, similar energy-based decay statements appear in [10] and
constitute one of the main analytical tools in our own recent work [4].

Decay estimates are most explicitly exploited in numerical homogenization and
multiscale methods. In the context of the localized orthogonal decomposition
(LOD), Malqvist and Peterseim [30] proved the essential decay of corrector func-
tions via Caccioppoli-type inequalities, justifying the truncation of global correc-
tors to local patches; see also [31]. Closely related principles appear in general-
ized finite element methods (GFEM) and multiscale GFEM variants [1,29], while
alternative decay arguments based on Green’s functions have been explored in
[17]. Decay estimates of a similar nature also underlie localization phenomena for
eigenstates of Schrodinger operators, which are closely related to the exponential
decay of the associated Green’s functions, as shown in [2].

These works demonstrate that spatial energy decay is a fundamental structural
property underlying many modern numerical methods. The present paper aims
to strengthen this perspective by establishing such decay directly for finite ele-
ment discretizations, following the arguments of the aforementioned analytical
results. We prove a fully discrete Saint-Venant-type principle with explicit mesh-
and problem-dependent constants and demonstrate that its asymptotic behavior
agrees with the decay rate of the analytical solution. We demonstrate the results on
an overlapping domain decomposition algorithm. Furthermore, we thoroughly
validate our results numerically, verify the dependence of problem-dependent pa-
rameters on the decay rate, and demonstrate their asymptotic optimality.

Outline. The paper is organized as follows. We close this section below with the
analytical motivation on a simple example. Section 2 introduces the model prob-
lem and its variational formulation, the conforming finite element discretization,
and the definition of local energies on element patches. Following that, we state
in Section 3 our main results, i.e., the discrete spatial decay estimate for the finite
element approximation, and show that its asymptotic behavior agrees with that
of the corresponding continuous solution. In Section 4, we build the necessary
tools for the proofs of the main results in Section 5. Section 6 demonstrates how
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FIGURE 1. A smooth domain (), star shaped with respect to the
origin. A subdomain Q)(s), for s > 0 is drawn in red, while the
hatched blue area depicts Q(s + J) \ Q(s).

the decay estimate can be used in the convergence analysis of an overlapping do-
main decomposition method. Finally, Section 7 presents numerical experiments
that investigate the parameter dependence and asymptotic behavior predicted by
the theory.

1.1. Analytical motivation. We briefly illustrate the proof technique on the con-
tinuous level to motivate our subsequent work. For simplicity, we choose a sim-
plified setting which lags no descriptiveness and refer to the literature mentioned
above for a more general setting; especially to the work from Mieth and Horgan,
in particular [32, Chapter 2.3.1] and [22, Section II.D].

Let QO C RR? denote a smooth domain, star shaped with respect to the origin.
The function u € C?(Q) denotes the strong solution of the problem

1) —Au+Au=0inQ, u=g onT =09Q,
where g is a sufficiently smooth boundary datum. Centered around the origin, we
define a series of subdomains of () as

Q@) ={sx|xeQ}, 0<s<1 Q) =Q,
cf. Figure 1. We define the energy functional of the solutionas E(s) = [ ) |Vul? +
A?u? dx and prove the result

) E(s) < e 2M1=9E(1), for0<s<1.

Hence, a smaller sub-domain has an exponentially smaller energy concentrated
on it.

The proof follows two main steps, which we later replicate in the discrete set-
ting. We first derive a differential inequality for the energy. By integration by
parts, eq. (1), and Young’s inequality, we obtain

E(s) = ./r(s) uVu-ndo < 21)\/r(s) |Vu|> 4+ A%udo.
Integration of this inequality with 6 = }(1 — s) shows that
/SHE(t)dtg S |Vu|?> + Audo = i(E(s+5)—}5(s)).
s 2A JO(s+6)~0(s) 27
Thus, we obtain the differential inequality

d

s+6 s+6
—7/ E(1) dt+2/\/ E(t)dt <.
dS s s
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In the next step, we solve the differential inequality and use monotonicity of the
energy functional to obtain

s+0 1
SE(s) < / E(f)dt < e 2M1-9) / CE()dt < oe 2 0IEQ),
s S+

Division by 4 then provides the desired result (2).

2. PRELIMINARIES

2.1. Sobolev spaces & traces. In this section, we introduce the functional analytic
framework. Let O C R? be a Lipschitz domain. Throughout the manuscript, we
make use of the Lebesgue space L2(Q) of square integrable functions and denote
its inner product and norm with (-, -) , and |-|| 12()), Tespectively.

We denote by H!(Q) the Sobolev space of functions with weak derivatives up to
order one in L?(Q)). The closure of the compactly supported test functions C ()
in H'(Q) is denoted by H}(Q). For the usual norm and semi-norm of H!(Q) we
write |- || ;1) and || g ), respectively.

It is well-known that every function u € H'(Q) admits a well-defined trace
u|an € H'2(3Q), where the latter space denotes the fractional Sobolev space of
order one half on the boundary d(); see, for example, [8, Def. 2.14, Thm. 3.10]. In
the model problem considered below, we will make use of functions that are only
defined on a relatively open Lipschitz part of the boundary, i.e., I' C 9Q). Thus, we
define the Lions-Magenes space as

H (1) = {g € HYA(D) | § € H200) ), gl = 18llnr20)

where g denotes the extension of ¢ by zero to the whole of dQ). This space is alter-
natively defined via interpolation of Hilbert spaces, and we refer to [26] for a thor-

ough treatment. Infamous for their abstractness, we emphasize that Hé/ ) ¢
H(%2(1") for any € > 0.

2.2. Problem & variational formulation. We now introduce the model problem.
Let O C RY be a bounded and simply connected polyhedral domain. We denote
with I' C 9Q) a simply connected subset of the boundary and define the comple-
ment I€ = 9O\ T. Let A > 0and A € L®(Q,R?*?) be a positive and bounded
coefficient that satisfies « < A(x) < B almost everywhere in Q) for positive con-
stants &, B > 0.

Foragiven g € H(l)é 2(T'), we consider the following boundary value problem

—V - (AVu)+A2u=0, inQ,
3) ulp =g, onT,
u|rc =0, on rc.
Recall that g is the extension of g by zero. As discussed in the previous section, we
note that § € H/2(0Q)).
We emphasize that we allow in general I' = 0Q). Moreover, the case A = 0 is

permitted. However, to ensure coercivity of the problem, we restrict ourselves to
the following two cases.

Assumption 2.1. Either A > 0 0or TC # @.
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In the following, we briefly discuss the well-posedness of (3). Since we have
g € HY/2(0Q)), we find a lifting uy, € H'(Q)) such that ”8‘60 = g with

4)

where C, > 0is constant, uniform in g. We introduce the continuous bilinear form

|u8||H1 Q) < C7||§||H1/2(an) =Cy ”gHH&{Z(F) ,

o : H(Q) x HY(Q) = R, (1,0) / (AVu-)Vodx,
Jo
and the restriction
a0 = ”O’Hg(o)ng(o)-
The bilinear form induces an equivalent semi-norm on H'(Q) defined as
2 ~
|”‘a,0 =aq(u,u).
Thus, we define the natural energy norm of our problem as
(5) il = [l A% 142 0y

The variational formulation of problem (3) reads: Seek u € H'(Q) such that ug =
u—uy € HY(Q) and

(6) aq (1o, v) + A2 (1o, U)Q =b(v), forallv € H}(Q),
with the continuous linear form b(v) = —in(ug,v) — A%(ug,v)q. Note that the

left-hand side of (6) is coercive. The Lax-Milgram lemma, see [9, Lem. 25.2], thus
shows that (6) is well-posed, and we obtain the a priori estimate ||ug||q, < ||ug]|q-
Furthermore, we obtain the estimate for the solution

@) llullo < 2max{p!/2 A} [lug|| ) < 2Cy max{B"/% A} I8l 12 r) -

2.3. Space discretization by conforming finite elements. Next, we discretize the
variational problem by standard conforming Lagrange finite elements. We con-
sider an affine, shape-regular, matching simplicial mesh 7;, = 7,(Q) of ), see,
e.g., [8, Definition 8.11], where the parameter & denotes the maximal diameter of
the elements in 7j,. We denote the minimal diameter of the elements in 7}, by Iiin.
Let K € Tj, be an element. We denote the set of all polynomials in d variables of
degree < k by IP¢(K) for k > 1. Based on these sets of polynomials we introduce
the finite-dimensional approximation space

®)  PelTh) = {vy e LNOGR) | o], € Pe(K), VK € Ty} NCU(R).

The subspace with homogenous boundary traces is denoted by Py o(7j,)-

Since the treatment of inhomogeneous boundary data is essential to our prob-
lem, we briefly recall it in the following and refer to [9] for more details. A finite
element method is only able to produce solutions with boundary traces in the
discrete trace space Py (7y)| asc- Therefore, the boundary data needs to be approx-
imated, i.e., g & g for a suitable g, € Pi(T;)|,,- For the approximate gj, we
choose, like in the continuos case, a lifting

) upg € Pe(Tn), st th’m = &h-

The discretized analog of (6) then reads: Seek uj, € Pi(7,) such that u,y =
up — uhg S Pk,O(E) and

(10) aq (tno, on) + A (upg, op) = by (vy), forall oy, € Pro(Ty),

where by (v;) = —aq (ung, 0n) — A* (g, v)r-
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As in the continuous setting, coercivity ensures well-posedness via the Lax-
Milgram lemma, and we obtain analogously to (4)

(11) llunlley < 2fungll < 2max{B'2, A} |ung|l 1 gy

A particular choice of a lifting uj, in (9) is a nodal one. We briefly recall its
construction. For each element K € 7T;,, we introduce the nodal basis

NK = {UK,L' . "UK,N}f}

consisting of the point evaluations ok ;(v) = v(ag ;) at suitable nodal points ag; €
Kfori=1,..., N;(i, see e.g. [8, Section 7.4]. Hence, (K, Px(K), Nk) is the standard
Lagrange finite element. We denote the set of all nodal points in 7, by A; =
{a1,...,an,} and corresponding global shape functions by ¢, for a € A, as in
[8, Def 19.2]. The set of nodal points on the boundary is defined as A9 = {a €
Ap | ‘Pu|aQ #0}.

Let g € Hy (T), for s* > (d — 1)/2. This ensures that the embedding Hj(I') —
Co (f) is continuos, hence the pointwise evaluation of g is well- deﬁned Thus, the
nodal approximation of g at the boundary is givenby ¢, :=}_ . A7 g(a)@a| ey and

the canonical lifting by
(12) = Y §@)ga € Pe(Th),

uGAa

with the property that u,g|, = i

While this nodal lifting is the natural choice for implementation, it is often de-
sirable for analysis to introduce a discrete lifting that requires weaker regularity
assumptions on g, and satisfies an estimate of the form (4). In Appendix A, we
construct such a lifting, which is later used for the domain decomposition applica-
tion in Section 6. Note, that the main results presented in Section 3 do not depend
on the particular choice of the boundary lifting 1. This allows to pick the con-
struction of u;, dependent on the requirements driven by the application.

2.4. Patches & patch energy. In the following we introduce layered patches and
associated energies. Let Dj, C 7}, be a fixed subset of elements. The set D, is called
suitable if T N K = @ for all K € Dy, hence Dy, does not touch the inhomogeneous
part of the boundary.

We define patches of elements around Dj, recursively for £ € IN by

Py(Dy) = {K|K € Dy} = Dy,

13 ~ — =
(13) Pg(Dh) = {K eTy, | JK € Pg_l(Dh) : KNK # @}

Patches are nested by definition, i.e., P/(Djy,) C Pyy1(Dy,). We call P;(D},) the patch
around Dy, of size ¢ and define the maximal suitable patch size as

(14)  fmax = lmax(Dy) := max{ £ € N | VK € Py(Dy) : KNsuppup, =D }.

Thus, max is the maximal number of layers separating the set Dj, from the support
of the discrete lifting. For a nodal lifting, as described in (12), the support of u,¢
consists of one boundary layer around I'. Other discrete liftings might have a
larger support, which we account for in (14). We refer to Figure 2 for an illustration
of the construction.

Finally, the ¢-th boundary layer of cells is denoted with

(15) 2y(Dy) = Py(Dy) \ Pr—1(Dp,).
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FIGURE 2. First three patches P;(Dj,) for ¢ = 1 (red), ¢ = 2 (green)
and ¢ = 3 (orange). The support of nodal lifting 1, (12) around
I' is depicted in light-blue, and max = 7.

Let uy, = upg + upg € Pr(Ty) such that uyg € Py o(Ty) solves the discrete prob-
lem (10). For any ¢ € IN we define the discrete energy in a patch around Dy, by

(16) Ep,(f) == Z / AVuy, - Vuy, dx + A2 / upuy, dx.

KePy(Dy) 'K 7K
This quantity is the discrete counterpart of the continuous energy functional in-
troduced in Section 1.1 and will be the central object in the discrete Saint-Venant
estimate.

3. MAIN RESULTS

We are now in a position to state the main result of this work. It establishes
a discrete Saint-Venant-type principle for conforming finite elements. More pre-
cisely, we show that the discrete energy contained in successive element patches
around a suitable interior cell set contracts by a factor strictly smaller than one.
This layer-wise contraction implies exponential decay of the discrete energy with
respect to the number of mesh layers separating the patch from the inhomoge-
neous boundary.

Theorem 3.1. Let Assumption 2.1 hold and 0 < £ < L.
a) If A > 0, then

M, . 1
<4 = —).
(17) Ep,(0) < 77 AT ED (+1) with My =Ci(1+ ZAhmm>
b) If A =0, then
My )
< = .
(18) EDh (ﬂ) S 15 My EDh (ﬂ + 1) with My =C, (1 + hmin)

The constants C1,Cy > 0 only depend on the bounds of the material coefficient o, B, and
the shape-reqularity of the mesh but are uniform in the mesh size and A.

The proof of Theorem 3.1 will be presented in Section 5.
Corollary 3.2. Let Dy, C T, be a suitable subset of elements. Then
(19) Ep,(£) < pEp,({+1), 0< L < lyax,

with p < 1 depending on the regularity of the mesh, on the material parameters « and B,
and also A and the minimal element size hyin. Moreover, we obtain

(20) Ep, (0) < p"Ep, (bmax) < p"m |up ||, -

In words this means: The more layers of cells we can form between Dj, and the
support of iy, the smaller the discrete energy in Dj,. The scaling is exponential in
the number of layers {max.
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Proof of Cor. 3.2. Following Theorem 3.1 the contraction factor p in (19) is given by

= 1

Pmism =~
with M = M, for A > 0 and M = M for A = 0 defined in (17) and (18), respec-
tively. To obtain (20) we apply Theorem 3.1 /15« times and then use (11). O

Next, we show that our decay rates agree with the expected analytic decay rate
in the limit & — 0T. In that sense, we show that the discrete contraction factor ob-
tained above is asymptotically consistent with the classical continuous decay rate
as the mesh is refined. In particular, under quasi-uniform refinement, the discrete
layer-wise decay converges to an exponential decay in the physical distance to the
boundary.

Corollary 3.3. Let the assumptions of Theorem 3.1 hold. Assume that the mesh sequence
is quasi-uniform, i.e., hmin/h — 6 € (0,1], for h — 0.
a) If A > 0, then

(21) (1 i/[]/\\/u)l/h — exp(—%), h— 0%,

b) If A =0, then
@) (o) sen(-L),  noor

Proof of Cor. 3.3. Let p = 15:4—]% We only prove a) since b) follows analogously
with different coefficients. We determine the leading hmin-coefficient of the map
Hmin — 1 —p as

1_p:2M%m 1
C1 14 2A(C7 ! + 1) hmin

Therefore,
1 2A

1—0) > =, for hpmy— 07,

hmin ( P) Cl i

where we used the expansion (1 + alimin) ™! = 1+ O(hmin), fmin — 07, for any

« > 0 in the second term. Thus, the expansion yields

2Ahmin
C1

With the expansion In(1+ x) = x + O(x?), for |x| — 0, we obtain
1 2A 2A

1 =——= i —=
Nimin n(e) G + Olhmin) = G’

Finally, the claim is a result of the quasi-uniformity. O

p=1- +0OH2,), i — 0.

min

In(p!/Mmin) = Bgnin — 07

Remark 3.4 (Geometric interpretation). Corollary 3.3 allows for a qualitative geo-
metric interpretation. Given an initial patch D, with distance § = inf,cp, dist(x, T
to the boundary, the maximal number of possible layers (14) increases with the
mesh size in the limit k — 0%, i.e., max ~ /. Figure 3 illustrates this relation be-
tween mesh layers and geometric distance. Hence, we obtain with Corollaries 3.2
and 3.3 in the limit the estimate

ED, (0) £ 0™ Ep, (fmax) S ¢ 813 1)

where ¢ = 20A/Cy for A > 0, and ¢ = 0/C; for A = 0, respectively. Thus, the
energy norm of the solution decays exponentially in the distance of the patch to the
boundary. This is precisely a discrete version of the underlying analytic principle.
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FIGURE 3. An interior set Dy, (red) is separated from the inhomo-
geneous boundary I' (blue) by several layers of mesh elements
(white). Left: coarse mesh with relatively few admissible lay-
ers. Right: refined mesh with smaller mesh size h, allowing
more layers between Dj and I'. For fixed geometric distance
0 = inf,cp, dist(x,I'), the number of layers scales as {max ~ 6/h.

4. SMOOTH CUTOFF ON PATCHES

To evaluate the discrete energy locally on patches, we need a mechanism that
allows us to restrict the discrete solution to a given patch without leaving the finite
element space. To this end, we multiply the solution with a suitable cutoff func-
tion and interpolate the resulting product back into Py (7). In order to use this
construction in the analysis, we require stability of the nodal interpolation opera-
tor when applied to products of discrete functions. We therefore briefly recall the
definition of the Lagrange interpolation operator and collect the stability property
needed in the sequel.

4.1. Nodal interpolation. Recall from Section 2.3 the definition of the Lagrange
element (K, P(K), Nx). Let v € C(K,R). We define the local interpolant by

N}‘j Ng
Ixv = EUK,Z'(U)(P&K@ = Z v(aK,i)(PaK/i/
i=1 i=1

where @, ; denotes the local shape function associated with the nodal point ag ;.
We can then further retrieve the standard Lagrange nodal interpolation for v €
Cc%(Q) by

(23) (Zyo) | = Ikv, VK ET,
Lemma 4.1. Let K € T;,. For m = 0,1 there exists a constant cg uniform in K and h, s.t.
| (Pnn) | () < € |Pnhl g ) -

for all ¢y, ¥y, € Pr(Ty). The constant cz depends on the polynomial degree k, the spatial
dimension n and the shape regularity of the mesh Ty,.

Proof. Letm = 0orm = 1and |-|jo = [|||;2. The argument is carried out on the
reference element K. The map

1d — T : (Poe(R), ) = (Por(R), |- gp)

is linear and bounded since dim(IP»(K)) < oo and the constant functions are in
the kernel of the operator. Thus, it holds for ¢y, ¢, € Px(K)

T (P1) a2y < |Zn(@utb) — Butb| g ) + |

where ¢; > 0 depends on k, the reference element and the nodal set. Let Fk : K —
K with Fg(X) = BgX + bk be the affine map from the reference element K to the
physical element K. For any ¢y, ¢, € IPx(K), we define p = ¢y, and p = p o Fx.

H"’(E) <0 |(,ﬁh{1[;h|HM(i<\) ’
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With the usual transformation properties, see, e.g., [5, Theorem 3.1.2], we conclude
that

|| iy < 2| BH[™ |det B|'/2 | Z&P i &)
< e B|" |det B2 e [Pl )
< ac||Bl"1B7H" plam)

with a constant c; > 0 depending on the dimension and m. Furthermore, the prod-
uct ||B|/|| B! || is bounded uniformly by the shape regularity, see, e.g., [5, Theorem
3.1.3]. This proves the claim. g

4.2. Discrete cutoff. Recall the definition of patches P;(Dj,) in (13). Similar to
[30, Definition 3.3] we define for each P;(Dj,) a discrete cutoff function 7, € Pi(Ty,)
with

(24a) 0<y, <1, on (),

(24b) =0, onK for K € T;, \ Ppy1(Dy),
(24¢) e =1, on K for K € Py(Dy,),

(24d) IV71¢l] oo 0y < nltnin

with a constant ¢;; > 1 uniform in hy;n.

By combining this cutoff function with the element-wise nodal interpolation Zj,
defined in (23) we define the following discrete cutoff operator, which will play a
crucial role in the proof of Theorem 3.1. We define

(25) Xy Pe(Th) = Pe(Th), on = Tu(evn).
Next, we gather important properties of Xfl in the following Lemma.

Lemma 4.2. Let vy, € Pi(Ty,). Then, it holds:
a) InK € Pg(Dh),

Xfﬂ’h‘K = Uh‘K .
b) nK € T, \ Pry1(Dy),
x?t ) =0.
WOh|
o) InKeX,,
/K ooy dx < 7 [lonl1Fa k) -
d) 11’1 K S Zf+1/

-1 1
ok (Crhimn 10l 20 + 17z 1o

/KAVvh -V (Xpop) dx < czB2 vy

a,K) .

Proof. Let K € Py(Dy,). We have 17, = 1 on K by (24c¢). Since vj, € Py(7T;,) and (23)
this yields

Xﬁvh‘K = T(nevp) |« = I (On|g) = vy »
which shows Lemma 4.2a). Next, let K € T, \ Py, 1(Dj,). Then we get
Xion| = Taneon) | = Z(0) =0,

since 77, = 0 on K by (24b), so Lemma 4.2b) holds.
For the remaining part of the proof, let K € ¥y,,. Note, that

(26) /th(?(flvh)dx < llonll 2k ||Ih(th)||L2(1<) :
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By Lemma 4.1 and (24a) we get
1 Zn(neom) | 2y < CIHWUhHLz < CIHWHLoo(K lonlli2k) < ez llonllr2 k)

Combining this with (26) shows Lemma 4.2¢).

Similarly, using the bound on || V7| (0 from (24d) and Lemma 4.1 we derive

/ AVo,V (Xhoy)

(eon) 14 x
< ﬁl/z thHa,K |Ih<’750h) ’Hl(K)

<czB

Further, by the product rule we have

ok [100n] k) -

eonl k) < 11V el oo k) thHLz 1l o iy VORI 2 k)

-1
< phpin o0l 2x) +

which concludes the proof. O

5. PROOF OF THEOREM 3.1

This section contains the proof of Theorem 3.1. The argument is structured in
two steps.

First, we show that the energy Ep, (¢) on the patch P;(Dj,) defined in (16) can
be represented as a flux across the outer layer >,,,. Second, we bound this flux
by the difference between the energies on two consecutive patches, Py, 1 (D) and
Py(Dy,). Combining both steps yields a contraction estimate

27) Ep,(¢) < M(Ep,(£+1) — Ep, (1)),

where the constant M > 0 depends explicitly on the parameter A, the minimal
mesh size liin, the bounds on the material coefficient &, B, and the shape-regularity
of the mesh. The proof tracks these dependencies throughout. We treat the cases
A > 0and A = 0 separately. Rearranging (27) then gives (17) and (18), respectively.

5.1. Strictly positive A > 0.

Proof of Theorem 3.1a). Recall, that upg = uy —upg € Pro(Ty) satisfies (10). By
assumption it holds that ¢ < ¢max, and the definition of max in (14) implies that
Pyy1(Dy) Nsupp upe = @. Therefore, the energy on Py(Dy,) is the same for both uy,
and uy, i.e., we define

(28) ED;,,O(E) = Z / AVuhO Vuho dx + /\ / UpoUno dx = EDh (ﬂ)
KGP[

Let Xﬁ be defined as in (25). By Lemma 4.2a), it holds that Xiuh()’K = uy for
K € Py(Dy,). Thus, we can plug the cut-off function under the integral and obtain

(29)  Ep,o(¢) = Z /AVuho Xhuho)dx—b—)\z/ uho(Xﬁuho)dx.
KeP,(Dy) K

Again, by definition, the function X uyy € Pyo(T;) is a valid test function for
the variational formulation (10), and we see that

(30) aq (o, Xhino) + A2 (o, Xytno) o = by (Xiuno)-
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From by, (Xfluho) = —dq(Ung, Xfluho) — Az(uhg,xfluho)g we conclude that

(31) supp Xj,tuyo N supp g = @ == by (Xjuy0) = 0.

Hence, the right-hand side of (30) vanishes.
This allows for subtraction of (30) from (29), which yields together with Lem-
ma 4.2b)

EDh,o(é) = 2 / AVuhO Xhuho) dx + Az/ Llho(Xfluh()) dx
KePy(Dy) K
—aq (uhOIXh”hO) -+ A% (uno, Xpttno )

= /AVuhO V(Xﬁuho)dx—i—)\z/KuhO(Xﬁuho)dx

(32) KEP[ Dh
— Z /AVuhO V(Xhuho)dX'i—)\ /”hO Xhuho)d
KeT,
- /Awho V(XL tty0) dx + A2 /uho (Xb1upo) do .
KeXyiq

By assumption (14), the lifting uy,, is unsupported in X4, ie., KN supp Upg =
@ for K € Zy4. Therefore, uy|, = uyg|, forany K € £,4, and the equality in (29)
shows that

(33) Ep,(£) = Ep,o(f) = / AV -V (Xhuy) dx + A2 / up (Xouy) dxc .
K€Z£+1

Using Lemma 4.2c) and Lemma 4.2d) we derive the estimate

2 1/2 1
Ep (0 Ser 1 (A% Tz + B il (ot Il + 7 Il
€2y

The occurring mixed term is estimated by Young'’s inequality

1 2 2
6 L ol < 57 (T B+ Tl
KeXyiq KeXp KeXpy
which yields for o >1
ﬁl/Z '31/2(:,7 ) ) )
(35)  Ep,(f) <cr + Y e +2% Y Ml )-
(O er( i) (E loxt 2 X i)

The right-hand side term in (37) is now the difference between the energies, i.e.,
(36) L lwnlax+4% 3 llwnlfz = Ep, (¢ +1) = Ep, (0)

KeXyiq KeXyiq
Hence, this proves the claim
(37) Ep, () < G (1+ 55— ) (En, (£ +1) ~ En, (0))

h - 2 AR min f f ’

where the constant C; > 0 depends on ¢z, ¢, &, and B. O
5.2. Vanishing A = 0. We proceed with the proof for the case A = 0, which is

similar to the previous one. Additionally, we require a Poincaré inequality, e.g.
[3, Thm. 10.6.12].
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Proof of Theorem 3.1b). We distinguish again two cases: First, let KN T¢ = @ for all
K € Py(Dy,). Let ¢ > 0be a constant, which will be determined later. Since Ve = 0,
we proceed as in the proof of Theorem 3.1 and obtain

(38) ED;,,O = / AVuhOV(uho — C) dx = ED;, (5)
KEP[ Dh
With Lemma 4.2a) it holds that

(39) Epo= Y. | AViV(Xj(up—c))dx.
KePy(Dy) 'K

Since KN = @ for all K € Py(Dy,), the function Xﬁ(uho —c¢) € Pro(Ty) is a valid
test function and (10) shows that

(40) a (uno, X (o — ©)) = by, (X}, (1po — €)) = 0.

The last equality is a consequence of KNsupp up, = O for K € X, since £ < max.
Taking the difference between (39) and (40) and repeating arguments above for
(32) and (33) shows that

1) Ep, () =— Y. /AVuhV(xﬁ(uh—c))dx.
KeXyiq K

Using Lemma 4.2d) and Young's inequality with ¢ > 0 shows that

1 Ty 2
(42) Ep,(¢) <cz 172 —4—7 uy + = / uy —c|“dx),
(0) < ez (K%H(al/z pie ot g [, o= e dx)
where Z;; = int(Ukeg,., K). We choose ¢ = fZ uy dx and obtain with the
Poincaré inequality, see for example [3, Thm. 10.6. 12 eq (10.6.13)], that
C
@) [ m-cPdr<G ¥ b <= ¥ lwlik
+1

KeXy KeXpi

with a constant C, > 0 that depends on the smallest angle of all elements K com-
prising 2, 1. Thus, from (42) we obtain

1/2 ¢y al/2 vy Cp

Ep () < erP (1 2,
Dh( ) 7 al/2 ( + 2’Yhmin + 2hmin“1/2) Ke;/H ”uh”u,K

which yields by choosing v = (a/Cp) /2 and repeating the argument from above
for (34)-(36)

1/2 ¢y /Cp
(44) Ep,(£) <c151/2( 7 )( (£ +1) — Ep, (£)).

h min

The claim follows for this case directly with C; = czcy B/ 2a=1/2, /Cp.
In the second case, the patch Py(D),) touches the homogeneous Dirichlet bound-

ary, i.e., K, NTC # @ for some K, € P;(K). Here, we set ¢ = 0 in above derivation
and replace (43) using [3, Thm. 10.6.12, eq. (10.6.14)] with

C
2 0 2
(45) Iz < =2 8 Il
KeXpi
where Cp, o depends only on the shape regularity of ¥, ;. The rest of the proof

follows analogously with C; = czcy B/ 2q=1/2, /Cp,0- 0
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Remark 5.1 (Localized right-hand sides). The mechanism behind Theorem 3.1
relies on spatial separation between inhomogeneous data and the region where
the energy is measured rather than on boundary conditions themselves. Conse-
quently, analogous decay estimates hold for problems with homogeneous bound-
ary conditions and spatially localized right-hand sides, since the discrete solution
satisfies a homogeneous equation outside the support of the data.

This recovers exponential energy decay estimates used in localized orthogonal
decomposition and related multiscale methods; see, e.g., [31, Theorem 4.1], [2,
Corollary 3.7], and [10, Lemma 3.1]. Hence, boundary- and source-driven decay
arise from the same locality property of the discrete elliptic operator.

Remark 5.2. While the construction of the discrete cutoff operator from Section 4
reminds of techniques used in the analysis of multiscale methods — in particular
in the localization of corrector functions within the LOD framework, see for exam-
ple [30] and [31, Chapter 4] — the present approach differs in a fundamental way.
No multiscale decomposition or orthogonality property is invoked. Instead, the
localization mechanism is applied directly to the full conforming finite element so-
lution, while using the discrete product estimate of the nodal interpolation. From
a conceptual point of view, the proof of Theorem 3.1 presented in Section 5 is closer
to the classical energy-based decay arguments of Mieth and Horgan, translated to
the discrete setting.

6. APPLICATION: DISCRETE PARALLEL SCHWARZ METHOD

The discrete decay estimate of Theorem 3.1 provides a natural tool for studying
the propagation of interface information in iterative domain decomposition meth-
ods. In particular, it allows us to analyze the convergence of a parallel Schwarz
iteration for a finite element discretization of an elliptic boundary value problem.

To this end, we consider the Laplace problem on a bounded polygonal domain

Q C R?,
16 —Au=f, inQ),
(46) u=0, ondQ.

Rather than solving (46) directly on (), we introduce overlapping subdomains ()4
and (), together with their interfaces
Ij:=00;Nn0, i=1,2.

We then solve iteratively, for n > 0,

—Aup . =f, inQy, —Au2 = f, in(y,
47) up,1 =0, ondQNaYy, u2,; =0, ondQNay,
”}l+1 = u,zz, onl’, ”%-H = u}l, onlIH.

This iterative scheme is known as the parallel Schwarz method and dates back
to [27]. As described in (47), the method is typically formulated at the continuous
level, although it is ultimately combined with a spatial discretization.

The convergence analysis of this method, as well as of many related domain
decomposition schemes, is often carried out either continuously in space, that is,
prior to the application of a spatial discretization (see, e.g., [14, Section 2]), or after
discretization, at the matrix level (see, e.g., [36, Chapter 2]). In contrast, Theo-
rem 3.1 provides another approach to proving the convergence of a finite element
discretization of (47), which incorporates the spatial discretization directly.
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)
Ql 02 rl

FIGURE 4. Left: Example decomposition of a rectangular domain
into two overlapping subdomains ()1 and (), with /o, = 3. Right:
Interfaces I'; and I'; of the subdomains.

For simplicity, we consider a rectangular domain () with two fixed overlapping
subdomains (); and )y, and denote by ¢, the number of mesh layers in the over-
lap; see Figure 4 for an illustration.

The finite element discretization of (47) then iteratively seeks a sequence of so-
lutions

(48a) (u}z,n'u%l,n) € Pk(’ﬁl“)l)) X Pk(E(QZ))/ n >0,

solving the two problems

a0, (i1, 94) = (Fr 9h) g, forall g € Pro(Th())

1 _
uh,n+1‘ - uh,n .’
1

a0, (i, 03) = (f190)q,  forall g € Pro(Th(2))

(48b) I1

u%,n-i—l‘rz = ull1,n T s
with some initial values uh o and uh o- Note, that we do not rely on any specific
lifting of the boundary datum. The usual nodal lifting is sufficient and preferred
for implementation.

We aim to prove that our iteration is a contraction when compared to a global
discretization of (46). Hence, we define u;, € Py (7},) as the solution of

(49) an (uhr Goh) = (fr GDh)Q/ for all Pn € Pk,O(ﬁl)‘
The discrete error of the n-th iterates is now defined as
L i 2 i 2
(50) Epn = 1‘:21,2 (|4}, “hHa,Q,- = :Z Ui = ] )

Theorem 6.1. If £, > 0 is sufficiently large, then
Ennit < 0, <0, 120,
where § < 1.

The contraction factor § < 1 is exponentially small in the number of mesh lay-
ers {oy of the overlap. Thus, even a modest overlap typically guarantees rapid
convergence, while larger overlaps further improve the contraction.

Proof of Theorem 6.1. We define the differences dh n = ”h " uh|Qz, fori = 1,2,
of the domain decomposition solution (48) and the global finite element solution
(49). Combining the defintions of (48) and (49) shows that the differences solve the
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problems
agy (dji1,91) =0, forall g € Peo(T (1))
dl%,nJrl‘rl = d%,n

1) 2 2 ' 1
aq, (dy ,41,93) =0, forall @ € Pro(T,(Q2))

7

7

Iy

_ 41
dh n+1 ‘1‘ dh,n

forn > 0.

We note that any discrete lifting, which is a projection on the discrete trace space
Pr(Th () [ N Hcl)g 2(I;), produces the same sequence of solutions, since the as-
sociated bilinearforms are coercive and hence, the solution is unique. In order
to use a sharp a-priori bound of the discrete solution, we choose a localized lift-
ing. We fix a localization parameter € > 0 independent of & and choose liftings
dj, w1 € Pe(Tu(Qi)) N Hy, AL (Q);) such that

7

1 2 ) 1
dh,e,n-&-l‘rl == dh,n rl, dh,e,n+1 ’rz = dh,n r
with

suppdpens1 C Qie = {x € Q; | dist(x,T;) < e}

A suitable lifting is constructed in Appendix A, which is based on a Scott-Zhang

interpolation operator together with a localization argument. In Corollary A.2, we

prove the bounds

< Cie7V?||d2
A

||dh€ﬂ+1||H1(Ql) (rl)/

(52) _
el ) = Coe™ 2l ey

with constants C1,Cy > 0 that only depend on the shape regularity of the mesh
and not on / and €.

Combining the definition of the discrete error (50), the a-prior estimate (11), and
the inequalities (52), we obtain the estimate

2

oy = o

i=1,2

_ i i
Enpnt1 = Z ‘”h,m—l — Up dh,n+1

i=1,2 H()

<4(|d} ’ d>
= hen+1 H1(01 + h,en+1

e (cE ],

The trace inequality now allows swapping from one subdomain (); to its comple-
ment () \ ();, that is

Hdhn

See also Figure 5 for an illustration. We now use the decay estimate of Theo-
rem 3.1b) to enlarge the complementary domain to the full subdomain, gaining a
contraction factor depending on the size of the overlap {,y. That is,

j{1(02))

+C2 H hn

Hl/Z(r H]/2(F2))

2 2

HU2(r,) = H”hn uhHHl/z ) < Cq i=1,2,and ] #i.

woo—u ,
h g onoy)

2 2

{4

v |l
S P |y, — Up

j
w, —u ,
= 10 (@)
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(@AV(O QN Qo

FIGURE 5. The complement domains Q) \ (); in the example de-
composition of Figure 4. Note, that Q) \ Q; C (), and vice versa.

with p = Mp/(1+ Mp) < 1forj = 1,2 and i # j. Combining the previous
estimates then yields

2 2

4 2 ~2 14 1
<z ov _
Eh,nJrl =2 maX{Cl,Cz}Ctrp (‘uh,n Up H1())

+ ’u%/n — Uy

J— ZOV
HI(0y) ) =P

Hence, if 4,y is sufficiently large such that
0 == 4e ' max{C?, C3}Cyr p'v < 1,

the method converges independently of the initial iterates u} , and u? ), which
proves the claim. O

7. NUMERICAL VALIDATION

In this section, we numerically validate the discrete energy decay proven in

Section 3, namely

EDh<£) SPED;,(£+1)/ ! < gmax/
where p < 1 denotes the contraction factor from Corollary 3.2 and the discrete
energy Ep, (£) is defined in (16). Moreover, we compare the observed decay rates
with the asymptotic scaling predicted by the estimate in Corollary 3.3.

For each numerical example, we consider a domain () equipped with a con-
forming triangulation 7, (Q2) and fix the polynomial degree k of the finite element
discretization. OnI' C d(), we impose inhomogeneous Dirichlet boundary data g,
while homogeneous Dirichlet conditions are prescribed on the complementary
part T'C. Furthermore, we specify a starting patch D;, C T, = T;,(Q). Throughout
this section we denote the discrete solution by

up = upg + upg € Pr(Tn),
where u;,; denotes the solution of (10).

Measurement of the contraction factor p. The total energy of the discrete solu-
tion uy, on Q) is given by ||u, |Hf), cf. (5). For eachlayer ¢ =0, ..., fmax, We construct
the corresponding patch P;(Dj,) and compute the localized energy Ep, () accord-
ing to (16). For comparability, we introduce the relative energy

(53) gl (0= T2

= , for0 < /{ < /lmax-
lunllic
A semilogarithmic plot of the values Ergi (¢) already provides a first indication of
the expected exponential decay.
To determine the contraction factor quantitatively, we form the quotient

ES1(0)

Qp,(¢) = W

, for0 < /? < lmax-
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@ Q Dh

FIGURE 6. Triangular finite element mesh of the rectangular do-
main () with inhomogeneous boundary conditions prescribed on
I' (Ieft boundary). The initial cell set Dy, is highlighted in red. The
displayed mesh corresponds to target mesh size h,r = 0.1. Simu-
lations were performed on independently generated finer meshes.

For a fixed layer /, this quotient measures the ratio of the energy contained in the
patch P;(Dj) to that of the next larger patch. Equivalently, it represents the local
slope of the relative energy increase from layer ¢ to layer ¢ + 1.

In practice, the values of Qp, (¢) may exhibit mild fluctuations for the first and
the last few layers. In our experiments, we observed slightly smaller quotients for
small ¢, while the quotients tend to increase for large ¢ as the patches approach
the full domain ). To obtain a single representative value of the contraction
factor for a given configuration, we therefore define p as the median of the set

{QD, (€) Yo<t< tmaer i€
(54) p = median{ Qp, (¢) | 0 < £ < lmax }.

This quantity provides a robust estimate of the slope of the normalized energies
for the majority of layers as verified later.

7.1. Rectangular domain with inhomogeneous boundary conditions on the left.
As a first numerical example, we consider the rectangular domain

Q=10,2] x[0,1],
with boundary decomposition 90 = I' UTC, where
r=00n{(xy) € R*:x =0}
The domain is discretized by a non-equidistant triangulation 7, = 7;,(Q) gener-
ated using gmsh (cf. [15]), and we employ linear finite elements. The resulting
mesh with target mesh size hiar = 0.1 is shown in Figure 6, with hpin &~ 0.089 and
h = hmax = 0.117. For the later experiments, finer meshes were generated using

smaller values of hy,r.
OnT C 0Q) we prescribe the inhomogeneous Dirichlet datum

8(y) = sin(my).
We first verify that the proposed procedure for measuring the contraction factor p
is justified; see Figures 7 and 8, where we depict the relative energies ErDelll () and
the per-layer quotients Qp, (£), respectively. Moreover, the data exhibit extremely

low dispersion around the median, which is quantified by the median absolute
deviation (MAD), which is defined as

MAD := median{ |Qp, (¢) = p| |0 < ¢ < lmax }

and reported in Table 1.

The small MAD values (of order 10~°) indicate that the layer-wise quotients
Qp, (£) exhibit only negligible fluctuations around their median, apart from the
first few layers. This quantitatively confirms the strong alignment observed in
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FIGURE 7. Relative energy Ergi (£) on the patches P;(Dj,) for 0 <
¢ < lmax shown in a semilogarithmic plot for different values of A.
The approximately linear behavior indicates exponential growth
with respect to £. The underlying mesh was generated with target
mesh size hy,;, = 0.02.

0.8}

Qp, (£)

,v A =00~ 1y
0.6 - —— A =20 ﬁ/\:z |

FIGURE 8. Layer-wise quotients of relative energies Qp, (£) for
0 < ¢ < fmax and different values of A (solid lines). The horizontal
dashed, dotted, and dash-dotted lines indicate the corresponding
median values p. The underlying mesh was generated with target
mesh size h,r = 0.02.

o MAD

A =00 0.882 444.107%
A =20 0.862 433-107%
A=40 0.816 2.65-1079°

TABLE 1. Median contraction factor p and MAD of the layer-wise
quotients Qp, (¢) for different values of A. The MAD quantifies
the typical deviation of the quotients from their median.

Figure 8 and supports the interpretation of p as a robust representative contraction
factor.

Next, our goal is to investigate the dependence of the measured contraction
factor p on the mesh size h. To this end, we perform a sequence of computations
on successively refined meshes; see Figure 9.

The numerical results indicate that the decay factor per layer approaches 1 as
h — 0. At first glance, this behavior appears to contradict the discrete decay result.
However, this effect can be explained by the fact that both the diameter of the
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FIGURE 9. Left: Relative energies Eg’}l (¢) in a semilogarithmic
plot versus the layer index ¢ for A = 0 and different mesh sizes h.
Right: Measured contraction factor p plotted against & for differ-
ent values of A.
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FIGURE 10. Scaled contraction factor p'/" plotted against the
mesh size /1 in a double logarithmic scale for different values of
A. Ash — 0, the scaled contraction factor approaches a constant,
in agreement with the asymptotic prediction of Corollary 3.3.

starting patch Dj, and the physical width of each layer £, decrease with h. At the
same time, the maximal layer index /max increases as the mesh is refined, so that
the discrete Saint-Venant principle from Theorem 3.1 can be applied over a larger
number of layers.

Motivated by the asymptotic estimate in Corollary 3.3, we therefore rescale the
measured decay by raising the data to the power 1/h. The resulting behavior is
shown in Figure 10 and we see that the scaled rate indeed behaves like a constant,
when h — 0.

7.2. Hexagonal domain with inhomogeneous boundary conditions on all sides.
We consider a hexagonal domain centered at the origin, where the distance from
each vertex to the origin is equal to one. On the entire boundary I' = 902, we pre-
scribe the inhomogeneous Dirichlet condition ¢ = 1. The mesh is constructed such
that it contains a structured submesh covering the square [—0.2,0.2] x [-0.2,0.2],
see Figure 11. The starting patch Dj is chosen as the collection of all elements
K € 7T}, belonging to this embedded submesh. By this construction, the geometric
support Ugep, K remains of fixed physical size under mesh refinement.
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FIGURE 11. Triangular finite element mesh of the hexagonal do-
main () with inhomogeneous Dirichlet boundary condition g = 1
prescribed on I' = 9d(). The starting patch Dj, (red) consists
of the elements of the structured submesh covering the square
[—0.2,0.2]2. The depicted mesh corresponds to target mesh size

hiar = 0.1.
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FIGURE 12. Relative energies Ef)e}ll (¢) plotted against the layer in-
dex ¢ in a semilogarithmic scale for different values of A. The
starting patch Dy has fixed physical support. The underlying
mesh corresponds to target mesh size har = 0.01.

In Figure 12, we plot the relative energies Ergi (¢) for a fixed mesh size h and all
layers 0 < ¢ < fmax, considering several values of the parameter A. The approx-
imately linear behavior confirms exponential decay per layer. The corresponding
quotients Qp, (£) are shown in Figure 13, where we additionally indicate the me-
dian value p for each choice of A.

Overall, the measurement p still provides a reasonable characterization of the
decay behavior, in particular for larger values of A. For small A, however, the
median quotient may be pessimistic in the sense that the decay in the first few
layers is even stronger than suggested by p; see Figures 12 and 13.

Rather than rescaling the median quotient by a power of 1/h, we therefore
adopt the more geometric point of view discussed in Remark 3.4. Motivated by
the fixed physical size of the initial patch D), = Py(D},), we introduce a layer index
¢* = {*(h) such that the enlarged patch Py« (D},) covers a neighborhood of D;, with
fixed physical width. More precisely, we fix a parameter § := ¢*hpin, where hmin
denotes the minimal element diameter, so that J represents the additional physical
width of the patch Py« (Dj,) compared to the initial cell set Dj,.

In analogy with the asymptotic estimate in Corollary 3.3, we therefore expect
the ratio of energies on Dy, and Py« (Dj,) to remain bounded as i — 0.
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FIGURE 13. Layer-wise quotients Qp, (¢) for 0 < ¢ < fmax and
different values of A (solid lines). The horizontal dashed lines in-
dicate the corresponding median contraction factors p,. The start-
ing patch Dy, has fixed physical support. Mesh target size hiar =

0.01.
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FIGURE 14. Energy ratio Ep,(0)/Ep,(¢£*) plotted against the
mesh size h for fixed physical width § = *hpin = 0.3 and dif-
ferent values of A. The near constant behavior as & — 0 confirms
the exponential decay with respect to physical distance as stated
in Corollary 3.3.

To verify this, we plot the energy ratio Ep, (0)/Ep, (¢*) against h for a fixed
value 6 = 0.3; see Figure 14. Finally, Figure 15 shows that the logarithm of this
ratio depends linearly (with negative slope) on A, in full agreement with the pre-
dicted structure of the constant in Corollary 3.3.

Conclusion. The numerical experiments fully confirm the discrete Saint-Venant
principle and its asymptotic interpretation. The relative energies exhibit a clear
exponential decay with respect to the layer index, and the layer-wise quotients
remain remarkably stable, as quantified by the small median absolute deviations.
Under mesh refinement, the measured contraction factor behaves consistently with
the predicted scaling, approaching unity per layer while yielding a constant decay
rate per physical distance. In the fixed-width setting, the energy drop across a
prescribed physical neighborhood remains bounded as I — 0, and its logarithm
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FIGURE 15. Dependence of In(Ep, (0)/Ep, (£*)) on A for hir =
0.002. The dotted line shows the reference slope —2A/C with
C = 2.6, in accordance with Corollary 3.3. The linear behavior
confirms the predicted exponential dependence of the decay rate
on A.

depends linearly on A, in precise agreement with the structure predicted by Corol-
lary 3.3. Together, these results provide comprehensive numerical validation of
the theoretical decay estimates.

The code accompanying the numerical experiments is publicly available at

https://gitlab.kit.edu/tim.buchholz/dsv-numerical-validation.git .

APPENDIX A. LOCAL BOUNDARY LIFTING

We are in the setting of Section 2.2, i.e,, O C R is a polyhedral domain and
' C 9Q) a simply connected subset of the boundary with complement ' = 90\ T.
In this section, we assume that I' # @ and restrict ourselves to d = 2 for the sake
of presentation.

The aim of this section is to construct a discrete lifting for g € Hé({ 2(T), that is
H'-stable and localized in an e-neighborhood of I'. We use a common construction
by interpolating a harmonic extension of the trace on the strip. Since we demand
that the lifting is a projection with respect to Pi(7})|, we use the Scott-Zhang
quasi-interpolation [35], which is precisely constructed for that purpose. Further-
more, we explicitly track the thickness € of the strip.

For a given geometry dependent ey > 0, we define for all e € (0, €p) the tubular
subdomain

(55) Qe ={xeQdist(x,T) <e} C Q.

Note that a small enough € ensures that 0Q)¢ \ T is an offset of straight-line seg-
ments connected with circular arcs of radius € for every vertex of I'. Hence, ), is
a Lipschitz domain.

Lemma A.1. Let g € Hé({ 2(T) and ue € H'(Q) denote the harmonic extension, i.e.,
(56) —Aue =0, Uelp = g, ”€|aoe\r =0.
There exists a constant C > 0 independent of € and g such that

(57) ||M€HH1(Q€) < Ce 172 Hg”Hééz(l") :

The Lemma is proved at the end of this section. We motivate the scaling e ~1/2 in
dimension one. Let Q) = [0,1] and I = {0}. Then, the solution of (56) for ¢ € R is
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given by u(x) = g(1 — e !x). Hence, we obtain the scaling 1/l 12(00,) = e 1/2g|,
which is sharp in one dimension.

With Lemma A.1 and the Scott-Zhang interpolation operator in [35], we can
proof the existence of the desired discrete lifting.

Corollary A.2. Let 2h < €. For g € H(%Z(F) there exists a discrete lifting up, €
Pi(Ti) N HEe (Q) such that

—-1/2
H”hg’ oy = € I8l 2y - suPPH#rg C Qe

where the constant C > 0 is independent of €, g and h, but depends on the shape-
regularity. For g € Pr(Tp)|p N Hy (L) the lifting is a projection, i.e., Uig| . = &

Note that 21 < € is not a restriction, since it only prohibits degenerate cases
where the mesh size is too large to make sense of the claim supp uy C Q.

Proof of Corollary A.2. Let €’ = €/2 and define uy € H'(Q) according to Lem-
ma A.l. Since it holds u|;q Ar = 0, we can extend by zero to the whole of the

domain Q). We denote this extension with i, € HL(Q), satisfying the estimate
- -1/2 %
e\l () = e |,y < CV2e™ Igll 2y - suppiier C Q.

Furthermore, let IT9% : H'(Q) — Px(7j) denote the Scott-Zhang interpolation
operator, defined in [35, Sec. 2]. Then, the discrete lifting defined as 1, = H%Zﬁe/

fulfills the requirements.
With the stability in [35, Thm. 3.1] and Lemma A.1 it holds that

s

The discrete lifting is locally supported on (), since for any K € 7Tj, the value of the

= ||I1%%0.
Q) H h"e

=~ -1/2
HI( ) <C ||”6’HH1(Q) < C\/Ee Hg”H&{Z(r) :

H(Q
interpolation uy, B is completely controlled by its surrounding patch. Addition-

ally, it fulfills the desired properties on the boundary, as mentioned in [35, Sec. 5].
O

It remains to prove Lemma A.1.

Proof of Lemma A.1. Note that the extension by zero § € L?(9()) is an element of
H'2(2Q)) since ¢ € Hyj*(T) by assumption. Hence, since Q) is Lipschitz, the
Lax-Milgram Lemma ensures that a unique weak solution ue € H'(Q¢) exists.
Furthermore, by the Dirichlet principle, u, is the minimizer of the functional

1 f N
J: Ve =R, ¢H>§./Q IVo(x)Pdx,  Ve={¢cH(Q)|lyn, =3}

Thus, by the minimizing property and Poincaré inequality, it is sufficient to con-
struct

veVy st ol < Ce 2 gl
in order to show (57). In the following, we construct such a suitable v with respect
to a finite open cover of T, following essentially ideas from [19].
Let Vi = {ay,...an} C R? denote the vertices of I'. For every vertex we define

U]-:Be(oc]-):{xelR2|]x—zx]-|<e}, j=1,...,N.

Note that we can always choose €y > 0 in (55) sufficiently small such that for all
€ € (0,€9) the set U; N Q) contains no vertex a with k # j, and no edge except for
the two edges adjacent to «;.
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FIGURE 16. Finite cover of the boundary I for given € > 0. Note
that €;; < € due to the small interior angle at the vertex a,.

The N vertices are connected by N — 1 straight line elements, and can each be
covered by a tubular neighborhood Vj; of size €;, > 0, form =1,...,N —1, such
that V;;, N Q) does not contain any vertex and any other line element, but overlaps
with the balls at the neighboring vertices. Note, that we need €, < € in general to
accomplish this construction. Nonetheless, the additional restrictions on €, only
depend on the angles of adjacent edges. Hence, there exists a C > 0 depending
only on the smallest interior angle of the domain such that

-1 -1
(58) m:%li)zilfl €, < Ce 7,
see also Fig. 16.

Thus, the two sets {U]}]Z\i 1 and { V]}]]\L ! are an open cover of T, and we stress
that N does not depend on € but only on the number of vertices.

We choose a partition of unity subordinate to the cover, i.e., ¢;, Pm € CZ (R?)
such that

N N-1
(59) 1=) ¢i(x)+ ) ¢u(x), xeT, supp ¢; C Uj, supp ¢ C V.
j=1 m=1

Next, we construct a local lifting in every corner. Letj € {1,...,N}. We define
the cone K; = (AN U; of radius € at the corner «; and set g; = ¢;g. We denote the
legs of K; with I'; = K; N T and the arc with A;, forming the boundary of K;. Note,
that the support of ¢; is compact in U; and, thus, the zero extension of g; to dK; is
element of H!/ 2(al<j). Hence, we conclude that there exists a unique v; € H 1 (K;)
solving

(60) *AZ)]‘ = 0, in Kj, Z)]"rj = g], on Fj, Z)]"Aj = 0, on A]

We prove the desired norm estimate with a scaling argument. After possible rigid
motion, we can assume that the cone has the polar-coordinate representation

Ki={(r,0) eR* x[0,271] [0 <r<e, 6€(0,9)}
for some angle ¢ € (0,27).
LetK={(r,0) e R" x[0,2] |0 <r <1, 6 € (0,¢)} denote the reference

cone with angle ¢, and let T : K — K; be the reference map given in Cartesian
coordinates by (x,y) — (rx,ry). Then, the transformed function ¥ = v; o T solves

—AT=0,inKk, olp =g, onT, 0] =0,0n A,
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where § = gjoT, I=TYr j), and A=T" (A]-). With the usual a priori esti-
mate and the Poincaré 1nequa11ty, we obtain the estimate || V|| 2R S 181l 172 ()7
00

where the hidden constant only depends on the angle ¢ but not on the radius €.
From integral substitution, we further see that || Vo;|| k) = VOl 2(g)- Further-
j

more, it holds that

182, = [ 150 T)C,0P +1(g50T) 7, p) Pl
= [ g(en 0 + lgy(er, ) P o
= [ g0+ [37 0) P o7

_ 2
=e! Hg]'HLZ(r])

(61)

For the semi-norm || HU2(F) let 7, € {0, ¢}. With integral substitution, it holds
that

[ (5o D)~ (e D6
0 JOo

|r—sf?
:/1 /1 siterm) —giles, OF
62) 0 Jo Ir—s|?

_// 50~ 5 g)|Ze‘2c1’fdr§

le~ 1r—e 135)2

_// Ig]rﬂr_s|2 goli s

With the considerations in [19, Sec. 1.5.2], this shows that |g] 1 2

’g] | HY/2(T;)"
Repeating the substitution argument for the compatibility condltlons, which we
can express as weighted L? integrals, shows that

1 €
6 [ =g TnmPdr= [ e =7 g E PR

& -1/2 || .
Thus, (61)-(63) show that [|g]| HYA(T) <e llgll HY2(T,): Hence, we conclude
that
— = -1/2
(64) HVU]'HLz(Kj) = Vol 2g) S ||8HH1/2(A) Se H&‘HH&{Z(F]}'

with the hidden constant only depending on the angle ¢.
Next, we construct a lifting for every straight edge. Let T,, = Q NV, form €
{0,...,N —1}. After possible rigid motion, we can assume that

Ty = (6,,,6,) % (0,€m),

for 5, > 0. We define I';, = (8,,,6,;) x {0} and g = ¢mg. Note that g, €
H(% 2(T)y) since ¢, is compactly supported. Hence, there exists a unique w;, €
H(T,,) solving

_Awm - 0, in Tm, wm|1—~m - gm, on Fm, Wm‘aTm\rm — 0, on aTm \Fm.

In order to prove an estimate like above on the cone, we use an explicit repre-
sentation of the solution. Since g, € Hé({ 2(l“m), we find a sine series expansion of
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the data
xX)=Y gm sin(%(x - (5*)),
n=1

where L = (67 —67) and g, = %ffj gm(Q) sin(%(g — (5‘)) dz, forn > 1. A
separation of variables ansatz and matching this expansion at I';, (y = 0) shows
that the solution is of the form

>, sinh(ky (e

Z sinh (kn €m)

~Y)) sin(k,(x —37)), kn = —.

Taking derivates and using standard orthogonality relations of trigonometric func-
tions show that

L o
vamHLz (Tw) 5 Z

I sinh? (kyy) + cosh(kny)

sinh? (k€

To evaluate the latter integral, we use the identity sinh?(k,y) + cosh?(kny) =
cosh(2k,y) and obtain
1 sinh(2ku€en) 1

1 €m
— cosh(2k,y) dy = — ————= = —— coth(k,enm),
sinh? (kpen) /0 (Zkny) dy 2kn sinh?(kyen)  2kn (Knm)

where the half-angle formula sinh(2k,€,,) = 2sinh(k,€,,) cosh(ky€ey) is used in
the last equality. Hence, we obtain the representation

IVwmlf2r,) = 2 | [2ky coth (ke ).

Application of the estimate coth(kney) < 1+ (kn€ey) ! finally shows that
(65) IV@nlliz(r,) < €'’ I8mllyer,) -

Putting everything together, we define v € H'(Q) by v = Z] 10+ + YN L wy,.
Note that v is well-defined since any v; and any wy, can be extended by zero to the
whole of the domain, while remaining in H!(Q)) due to the homogenous Dirichlet
boundary conditions at the interior boundary. Furthermore, by the partition of
unity (59), we conclude that

N N-1 N N-1
olp =10l + X wnlp =} g+ X ¢mg =g
j=1 m=1 j=1 m=1
Finally, by (64), (65), (58), and the fact that the partition is finite, we obtain the
desired estimate

V][ 2(q) < Ce™ 12 ”gHHl/Z(F)’

with a constant C > 0, which is mdependent of €. This proves the claim. O
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