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COMPLEXITY BOUNDS ON NEURAL NETWORKS FOR THE
SOLUTION OF STRUCTURED LINEAR SYSTEMS OF EQUATIONS*

BENJAMIN DORICH!, ROLAND MAIER', AND LUKAS ULLMER

Abstract. We derive upper bounds on the complexity of ReLU neural networks approximating
the solution of a linear system given the matrix and the right-hand side. We focus on matrices which
are symmetric positive definite and sparse, as they appear in the context of finite difference and finite
element methods. For such matrices, we extend available results for the matrix inversion to the task
of solving a linear system, where we leverage favorable properties of classical methods such as the
modified Richardson and the conjugate gradient method. Our bounds on the number of layers and
neurons are not only explicit with respect to the size of the matrices, but also with respect to their
condition numbers.
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MSC codes. 35A35, 41A25, 41A46, 656N30, 68T07,

1. Introduction. In this work, we investigate the complexity of neural networks
for the approximate solution of linear systems of the form

(1.1) Az =,

where A € R"*™, n € Nis a (possibly large) matrix with a certain structure, r € R" a
given vector, and 2 € R™ the (unknown) solution to the system. Specifically, we have
in mind linear systems that arise in the context of finite element or finite difference
methods. These have the property that A is typically sparse with a known sparsity
structure, symmetric, and in general have a large condition number. The main goal
is to understand the realization of the mapping (4,7) — x = A~!r via classical
feed-forward neural networks. While we do not aim at practically realizing such a
construction, the main goal is to understand the complexity of a possible realization
and, particularly, its dependence on the condition number and the sparsity pattern.
In essence, this shall provide a rough estimation on the necessary size of a neural
network to realize the solution of a linear system of the form (1.1) for a specific class
of matrices.

The study of approximation properties and sufficient complexity bounds on neural
networks for different tasks is an active field of research. First theoretical results on
approximation capabilities for certain classes of functions have been presented in [4, 9]
but without explicit dependencies on the size of the networks. An approximation
result with explicit rates has first been obtained in [2] and important findings on the
approximation of a scalar multiplication operator based on the polarization formula
are presented in [23], which have been employed to approximate smooth functions
with ReLLU neural networks in the L°°-norm. These findings can be extended to
approximation results in Sobolev norms, see [7]. In [18], a framework for studying
approximation properties of neural networks has been presented that is based on the
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idea of using smaller neural networks as building blocks for certain, more complicated,
approximation tasks. It has been used to show approximation results in the context of,
e.g., higher-order finite elements [16, 17] and parametrized /high-dimensional partial
differential equations [5, 13, 15] (see also [6] for a corresponding numerical study on
the complexity). An overview on the expressivity of neural networks can be found
in [8].

The main goal of this work is to approximate the solution process of a potentially
sparse linear systems of equations by mimicking iterative algorithms. In [13], the
inversion of a matrix is approximated up to arbitrary precision by a neural network
based on the Neumann series. Further, upper bounds on the size of the neural network
are presented in terms of depth and number of non-zero neurons. While this approach
could be directly used to construct a neural network that implements the solution of a
linear system, the overall complexity scales worse than n? for solving a system with n
unknowns, which even exceeds the effort for inverting the matrix directly. Note that
the main motivation in [13] are rather small matrices and uniformly bounded condition
numbers in the context of a reduced basis method, where the cubic dependence is not
severe. In contrast, we have large matrices in mind, where such a complexity is
prohibitively expensive. Particularly for sparse linear systems in the context of, e.g.,
finite element methods, the complexity bounds appear suboptimal, as well-known
classical iterative methods exist that do not require the inversion of the matrix and
can even solve such systems with almost linear complexity. Note that the dominant
cubic scaling in [13] can be improved to n'°&27 28 as recently proposed in [20].
This is possible by constructing the networks for the matrix-matrix multiplication
via the Strassen algorithm [22] and implementing those in the Neumann series. For
sparse linear systems, this is still suboptimal and to the best of our knowledge, there
are no other works studying the complexity analysis of the solution of linear systems
of equations specifically.

In this work, we aim at constructing a neural network that realizes the solution of a
linear system of equations and which makes use of iterative algorithms, particularly for
sparse systems. Exemplarily, we construct neural networks that realize the modified
Richardson and the cg-algorithm. Compared to the mentioned works, we pay special
attention to the role of the condition number and, in particular, prove our estimates
with an explicit tracing of the condition number. One of the main findings is that the
complexity suffers from large condition numbers, mainly since the underlying iterative
methods deteriorate in this case. Note, however, that our approach opens up the
possibility to study the combination of iterative methods with pre-conditioners. This
can enable the construction of upper bounds on the necessary size of neural networks
which are less sensitive to large condition numbers.

Besides the interesting question of how the (worst possible) condition of a matrix
influences the construction of a neural network and in particular its size, the considera-
tions of this work may also be applied in the context of more involved constructions to
understand the complexity of neural networks for specific tasks. For instance, in [12],
the complexity estimate in [13] directly enters in the context of replacing bottleneck
computations in finite element-based multiscale methods by appropriate neural net-
works. The suboptimal scaling of the size of required neural networks therein is
automatically and substantially improved with our construction.

~n

Outline of the paper. We first introduce our notation in Section 2 and present
for reference the important result on the approximate matrix inversion established
in [13] adapted to our setting. In Section 3, we present the overall framework as
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well as our main results. Further, we discuss the application to stiffness matrices
from a finite element background and the implications on other works that use neural
networks in their algorithms. Several useful results, which are used throughout the
analysis, are recalled in Section 4 and the building block for our main theorems are
shown. Sections 5 and 6 are devoted to the proofs of our main results employing the
Richardson and the cg-approach, respectively.

2. Notation. In this section, we fix the notation of several spaces and objects
which are used throughout this work. First, we note that the dimension n of the
system in (1.1) is fixed throughout the paper. We denote the space of admissible
matrices and vectors appearing in (1.1) by

K= {ACRY Al <2}, K= {reR" ||l <2,

for some z > 0, where || - || denotes the standard Euclidean norm for vectors or the
spectral norm for matrices, respectively. In addition, we need the class of symmetric,
positive definite matrices with bounded spectrum, which we denote by

MU= ARV | A=AT X < Amin(A4) < Amax(A) < A},

where Apmin(A) and Apax(A) denote the smallest and largest eigenvalue of a matrix A,
respectively. We denote the condition number of A by x(A) and recall that for any
A € 3MM we have the uniform bound

=K.

(2.1) K(A) <

>| =

This bound is used for a € {3,1} in the context of the function

(2.2) (%) Mol [0,1)
. a = Pa\R) = =< s L)y
P P Ro 11

which will later relate to the convergence rate of our methods.

We further introduce the space of matrices with a special sparsity pattern. We
define the list n = (ny,...,n,,), where n; € {1,...,n}" are vectors of length 7,
respectively. 1, encodes the columns in the ith row of a matrix, where entries are
allowed to be different from zero. In particular, if j is not an element of n;, then
the entry A; ; = 0 (but the reverse statement is not necessarily true). Matrices of a
sparsity pattern contained in 1) are collected in the set

(2.3) 8™ ={A € R™™" s.t. the sparsity pattern of A is contained in 1 },

and set n := Y ", 7; as the maximal number of non-zero elements, and note that
n<n< n?. Further, we define

Thmax =  IMax 7);.
i=1,...,n
For the application we have in mind, it is reasonable to assume an a-priori known
super-set of the sparsity pattern, and we discuss this after our main results. In
addition, we discuss possible extension in Section 7 below.

Remark 2.1. Within this work, we assume that the matrix A is given in a COO-
type format, i.e., there is a vector AV, which contains the n values and two vectors
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which contain the corresponding row and column index, respectively. However, since
we have a fixed sparsity pattern, the two vectors for the row and column indices do
not change and can be neglected.

In particular, this allows us to abuse the notation as follows: we will interchange-
ably use the matrix A and the vector with its (relevant) values A¥. That is, a matrix A
as input of a neural network (cf. Definition 2.2 below) makes sense due to its (com-
pressed) vector representation. Multiple matrices and/or vectors as inputs have to be
understood as a long vector containing all the input values.

Next, we present the type of neural network which we consider in this work.

DEFINITION 2.2. Let L € N. A neural network ® of depth L consists of a list of
matriz-vector-tupels

& = [(Wy,b1), (Wa,ba), ..., (WL, br)],

where the weights Wy are a matriz in RN*Ne=1 and the corresponding bias by is a
vector in RN¢ with Ny, ..., Nr € N. We call dim;, (®) := Ny the input dimension and
dimey (®) := N, the output dimension. Together with the ReLU activation function
0: R = R, z = max{0,z} and the input vector x, the neural network is recursively
defined via

Xg = X,
x¢:= o(Wexp—1 +by) forl=1,...,L—1,
xp = Wrxp_1+0bp,

where o acts component-wise on vectors by convention. Querall, for a given input xg
the output x5, of ® is given by the relation

(I)(Xo) =X,
and the neural network ® can be understood as a map RYo — RNt The network is
said to have L layers and Nj is the number of neurons in the j-th layer. With ||A||,
the number of non-zero entries of A, for £ < L we denote by

My = [[Wello + [Ibell

the number of weights in the £-th layer and by

M=

M = Mz

{=1

the total number of weights of ®. In addition, we use the functions £ and M to assign
a neural network ® its number of layers and weights, i.e., £(®) = L and M(P) = M.

As a reference result, we present the one from the seminal work [13], where the
authors construct a neural network for a general matrix A € R"*™ without any
sparsity pattern and under the assumption of a uniformly bounded condition number.
As an important reference, we recall the essential parts of the result using our notation
introduced above.

THEOREM 2.3 (cf. [13, Thm. 3.8]). Let & € (0,1). Then, for any € € (0, %) there
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exists a neural network ®™ such that

(-4~ —em(a) <«

sup
Ael(:l—(s

where dim, () = n? and dimey (®™V) = n?. Further, with

B  [log,(0.5¢5)
= e = [ 2GS

there exists a constant Ci,y > 0 which is independent of my, n, €, and 6 such that
(i) £(@") < Ciay logy(mn) (logy (1) + logy(mx) + oga(n) ),
(ii) m(q)inv) < Cipvmn logg(mN) (logg(%) + logy (my) + logy (n))n3

The result in Theorem 2.3 is the starting point for our investigations. In the
upcoming section, we aim to exploit the knowledge of a certain pattern that matrices
in 8™ have; cf. (2.3). The goal is to reduce the computational complexity (in the sense
of number of layers and neurons) also for matrices with a large condition number. In
particular, we aim for a better scaling of the number of weights in the dimension n.

3. Main results. In this section, we first present our main results and apply
them to a class of matrices as they usually appear in the context of finite element or
finite difference methods. In particular, we are interested in symmetric and positive
definite matrices with specific sparsity patterns. As an example of special interest
and based on the notation in (2.3), we will mainly consider the case

n=0(n), k(A)>1.

In the context of finite elements, 7; represents the number of neighboring nodes of the
1th node a; in the mesh, which is a uniformly bounded number even under refinement.
This directly implies the scaling of 7. However, we could also account for systems with
linear constraints such as the Poisson problem with Neumann boundary conditions,
where the last row consists of O(n) non-zero elements. Since we aim at solving linear
systems of the form (1.1), i.e.,

Axr =,

an important aspect of our work is that we do not approximate the map A — A~!,
but rather (A4,r) — x = A~!r, which can be realized by an adaptation of well-known
iterative methods.

3.1. Abstract results. We first present a result which resembles the modified
Richardson iteration, and is thus closely related to the result from [13]. In addition,
we employ a cg-type approach by constructing the optimal polynomial related to the
required number of iteration steps to obtain a given tolerance.

Richardson method. For our first result, we briefly revisit the modified Richard-li
son method [19]. Starting with the original system in (1.1), we rewrite the problem
for A € MM as a fixed-point problem

(3.1) x=I—-wAzxr+wr with w= S
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For an eigenvalue A; of A, we observe with K defined in (2.1) that

A—2)+X  R—23+1
AA R41

1—UJ)\7;:

Since 1 < ’\7 < &, the definition of p; in (2.2) gives I —wA € KP'. By assumption
it holds p; < 1, and we have convergence due to the Banach fixed-point theorem. In
addition, we obtain for z° = 0 the explicit formula

m

(3.2) 2" = (I - wA) (wr).

£=0

Thus, the construction is mainly based on two important steps: First, we pre-compute
A =T—wA and 7 = wr, and second, approximate the Neumann series (3.2) with a neu-
ral network, adapting the results in [13]. More precisely, the matrix-matrix products
are replaced by matrix-vector products, which immediately reduces the complexity of
the network. Further, we reduce the effort by taking the sparsity pattern of A into
account. With this strategy, we are able to prove the following result.

THEOREM 3.1 (Approximation via modified Richardson iteration).
Let 0 < A < A and let w be given as in (3.1) and p1 as in (2.2). Then, for any
€ € (0,1) and cyc € [1, 15E] there exists a neural network @™ such that

sup A r — oRic(A,r) ||2 <,
1468"(72*‘/\,’r‘EszcA

where dimj, (®R€) = n(n + 1) and dimgy (PR€) = n. Further, we define

| logs (55
[logy(p1)| |

MRic = mRic(fycsc,pl) = ’V

Then there e:gists a constant Cric > 0 independent of mgic, n, 0, and €, such that
(i) £(®R°) < Cricmnic(logy(2) + logy(n) + logy (mic)),
(it) M(PR) < Cricmric (logy (1) + logy(n) + logy (mric))n.

Proof. The proof is postponed to Section 5. 0

cg-type method. Next, we consider the approximation via a cg-type approach.
To this end, we rescale A = %A € K and ¥ = %r € k' for r € k*. For the
construction, we decompose the approximation error as

(3.3) A7 — (A1) = (A7 — g1 (A7) + (g1 (A)F — BE(A, 7)),

with an appropriate polynomial ¢ ,,—1 € Pp—1, where Pp,_; denotes the space of
polynomials up to degree m — 1. The first term on the right-hand side of (3.3) is
estimated by classical numerical linear algebra results to obtain a suitable parameter
Meg = Meg(€). The network ®°¢ is then constructed in such a way that it approximates

-~

Gm—1(A)T up to the desired tolerance. This allows us to prove the following result.

THEOREM 3.2 (Approximation via cg-type iteration).
Let 0 < A < A and let w be given as in (3.2) and py as in (2.2). Then, for any
€ € (0,1) and csc € [1,R], there exists a neural network ®¢ such that

sup A7 r — @8 (A,7)]|, <,
AESTINTNA  pekesch
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where dim, (P°8) = n(n + 1) and dimey; (P8) = n. Further, define

Ilogz(@;)w

e = el e 172) = L loga(1/2)]

Then, there exists a constant Ccg > 0 independent of meg, m, 1, and €, such that
(i) £(®8) < Cegimeg (loga(¢) + loga(n) + logy (1meg)),
(ii) M(P) < Cogmeg (logy (L) + logy(n) + logy(m))n.

Proof. The proof is postponed to Section 6. 0

Remark 3.3. The range of ¢ in Theorems 3.1 and 3.2 ensures that the rescaled
version of the right-hand side fulfills ||7]| < 1, which simplifies several computations
in the proof. To be precise, we observe for the rescaling 7 = wr in Theorem 3.1 that
Ase < w™! and for 7 = %r in Theorem 3.2 we have the relation Acse < A. Larger
right-hand sides could be treated as well, which would lead to additional (logarithmic)
terms in the complexity bounds, but we do not further discuss this here for the sake
of readability.

Remark 3.4. For finite element methods, the influence of the condition number
(through p, in (2.2)) is important in determining the number of required iterations
when using iterative algorithms. Therefore, the asymptotic scaling of terms involving
Po 1S essential.

We have m in the denominator of both mgic and mce, which is the main
difference in the size of both networks. Using the definition of p,, we obtain

P;lzlﬁ_ﬁ

and thus by the Taylor approximation of the logarithm

|10y pal ™' = |logy (14 =27)| " SR

for k sufficiently large. Thus, we can see that for large values of kK, the cg-type network
can be chosen to be much smaller than the Richardson-type one.

Remark 3.5. To compare our result with Theorem 2.3, we note that in the deriva-
tion in Section 2 of [13], the matrix A stems from a rescaled system, and the parameter
Am

% = % € (0,1). In particular, we again observe the

0 is approximately given by I

scaling

[logy (1= 8)|7" = [logy (1 + 5)I 7! ~ &,

which resembles the scaling of our Richardson approach. However, let us emphasize
that in [13] the network was applied to matrices which are “pre-conditioned” in a
dimension-reduction step, such that therein the condition numbers are considered
moderate.

3.2. Application to finite element methods. In the following, we discuss our
results for the special case of matrices stemming from a finite element discretization
of some partial differential equation Lu = f for some second-order elliptic differential
operator L, right-hand side f € L?(f2), and bounded domain €.

Condition number. We denote the mesh width by h, which is the largest di-
ameter over all elements. It is well-known that for quasi-uniform meshes, the scaling
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of the eigenvalues implies
A~ h% A~ hI2,

Further, we note the relation n ~ h~% of the degrees of freedom and the mesh size,
which allows us to deduce the scaling

R~ h2 ~n?/d,

for K defined in (2.1).

Band width. Focusing on regular meshes, we denote by N the number of degrees
of freedom per spatial direction, i.e., we set N = n'/¢. In the simplest case, the
sparsity pattern can be chosen to be a band of the matrix. For one-dimensional
problems this allows to choose 7; = 3, and thus < 3n, in dimension two 7; ~ N,
and thus 7 < nN ~ n3/2 and in dimension three 1; ~ N2, and thus n < nN? ~ n5/3,

Including more knowledge on the mesh structure, one can in principle also exploit
that there is only a moderate number of non-zero entries per row, allowing n; < C
for a uniform constant C' depending on the maximal number of incident elements at
each node. If this information is available for the whole class of considered problems,
one can also obtain n < n, which is the typical case for finite element methods.

Load vector. Assembling the load vector r is performed by computing the in-
tegrals

Tiz/f%‘dw
Q

where ¢; are the standard ansatz function of the finite element method. Denoting
the support of p; by S; = supp¢;, we obtain for f € LP(2), p > 2 and conjugate
q=p/(p—1) <2,

il = | /S Ferde] < 11l I9illocsy S 1 oy B2

Hence, we have

N N ~ 1) N
Irlly < n'27HPe|, = ! 2P (3 )P St PVPRY £l L gy
i=1

and by the relation n = h~¢ and % = pp%l, we obtain

I]l, < n/? 1l o) S h= 42\ 1l 2o () -
In view of Theorem 3.1 and Theorem 3.2, this implies that ce ~ h~%2 ~ n2/4 and

thus the iteration numbers mgj. and meg include an additional logarithmic scaling
with respect to the degrees of freedom n.

Implication for constructed networks in the literature. In the specific
setting that not directly the inversion of the matrix is of interest but rather the
solution of a linear system, our results directly improve the complexity bounds that
immediately follow from an application of the results in [13], see Theorem 2.3 above.
Note that this is not a surprise as the results in [13] are much more general and
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the main motivation therein is the solution of smaller systems in the context of a
reduced basis approach. Our results are particularly advantageous in the case of large
sparse matrices with a prescribed sparsity pattern, which is relevant in the context of,
e.g., finite element or finite difference methods. In that regard, our results improve
the complexity bounds for the construction in [12]. Therein, suitable (worst-case)
complexity bounds are derived for the neural network realization of the multiscale
method known as localized orthogonal decomposition, see also [11] and [14, 1] for an
overview on the original methodology. The construction sets up stiffness matrices by
using locally constructed neural networks on certain patches. More precisely, on a
coarse mesh on the scale of interest H > 0 with N = H~¢ degrees of freedom a finite
element-type method is constructed that takes into account fine-scale features from a
much finer scale h < H. This comes at the cost of a slightly increased sparsity pattern
with |logy(H)| entries per row. While [12, Thm. 4.3] suggests a scaling of the number
of layers and overall neurons of O(|logy(h)|?) and O(h~2|1logy(h)|*(| logs (H)|H/h)3?),
respectively, by using the result in [13] (see Theorem 2.3 above), our construction in,
e.g., Theorem 3.2 works with only O(h~!|logy(h)|(|logy(H)|>H/h)?) neurons. The
construction is deeper, though, requiring O(h~1|log,(h)|?) layers. With appropriate
pre-conditioning, one may potentially even avoid the pre-factor A~' for an almost
optimal scaling (up to logarithmic terms), see also the discussion in Section 7.

4. Preliminaries for the proofs. The main goal of this section is to establish
the construction and analysis of networks which can realize elementary maps that
are essential for the two iterative methods. First, we consider the map used for the
Richardson iteration given by

(4.1) R:R"XR"xR" > R"xR" xR" (A,r,c)— (A, Ar,r + ¢),

which will be the cornerstone of the construction of the network in Theorem 3.1.

THEOREM 4.1. Let € € (0,1). Then, there exists a neural network ®% with
dimy, (®F) = n + 2n and dimyy (PF) = 1+ 2n such that for z > 1

sup ||R(Aa T, C) - (I)R(A”/" C)HQ <e
AESTNKY, rek?, c€RM

Further, there exists a generic constant Cg > 0 independent of n, A, r, €, n, and ¢
such that

(i) £(@7) < Cp(loga(L) + logy(n) + logy(2)),

(ii) M(@F) < Cr (loga(L) + ogy(n) + loga(2) ).

The proof of the theorem is given at the end of this section. Second, for the
cg-type iteration we construct the map
(4.2) So: RTxR" xR" - R" x R" xR",  (A,r,¢) = (A,al +2Ar —¢,r)
for some fixed @ <1 and 1:= (1,...,1)T. This map is the basis to perform a neural
network version of the Clenshaw algorithm and thus to prove Theorem 3.2.

THEOREM 4.2. Let € € (0,1). Then, there exists a neural network ®5 with
dimy, (®%2) = 1 + 2n and dimgy (®5+) = 1 + 2n such that for z > 1

sup 1S (A;7,¢) = @5 (A, r,¢)[|2 < €
AeSTMNKL, rek?*, ceR”
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Further, there exists a generic constant Cs > 0 independent of n, A, r, ¢, €, n, and
« such that

(i) £(25) < Cs (logy(2) +logy(n) +logs(2))
(ii) M(@5) < Os (108 (1) + loga(n) + loga(2) ).

The proof is also provided at the end of this section. Note that one could as well
use an adaption of Theorem 4.1 for the Chebyshev polynomials, replacing the third
entry of R defined in (4.1) by ar + ¢. However, this results in the multiplication with
different large coefficients v up to size ~ 2™ and thus induces additional factors of m
in the scaling of the layers and neurons.

We now provide all the auxiliary results to eventually prove the two theorems on
the approximation of R and S, starting with the identity network.

LEMMA 4.3 (identity network, cf. Lem. 2.3 and Rem. 2.4 in [18]). For any
L €N, L > 2, there exists a neural network ®9 that realizes the identity in RF with
dimy, (®19) = dimgy (@4) = k

(i) £(@) = L,

(ir) M(P) < 2kL.

The identity network is an important ingredient to define appropriate (sparse)
concatenations of neural networks. A main issue with a classical concatenation of
two neural networks ®' and ®2 (denoted ®! e ®2) is that it does not easily allow for
an estimation of M (®! e ®2) which depends linearly on M (®!) and M (®?) (due to
the merge of two layers from different networks). This issue can be resolved by the
introduction of an intermediate identity network.

DEFINITION 4.4 (sparse concatenation). Let the networks

(I)l = [(Wllvb%)a' cey (Wlllub}‘l)] ; (1)2 = [(levb%)v ceey (WgyszQ)]

with dimy, (®!) = dimey (®2) be given. Further, denote with ®9 the identity network
with input and output dimension dim;,(®') = dimyy (®?). Then we call

(PIO®2 ::¢1.¢id.¢2

the sparse concatenation of ®' and d2.

DEFINITION 4.5 (parallelization, cf. [18, 5]). Let ®!,... & be neural networks
with L layers each. Then the neural network
P(®',..., %)
wi bl Wi bL
wi) o wi) \n
realizes the parallelization of ®1,... ® (without inter-network communication). The

definition naturally extends to networks that do not have the same number of layers by
bridging missing layers with identity networks, which will be the case in the following.

The next result follows directly from a repeated (recursive) application of [5,
Lem. 5.3]. Note that the result is typically not sharp.

LEMMA 4.6 (sparse concatenation). Let ®1 ... ®7 be j neural networks with
dimj, (@) = dimgye (®11), i = 1,...,5 — 1. Then the sparse concatenation ® =
®lo...0o®I as defined in Definition 4.4 satisfies
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(i) 2(9) < oL, (@),

(ii) M(P) < 3375, M(PT).

We also have a result on the parallelization of networks, see [5, Lem. 5.4].
LEMMA 4.7 (parallelization). Let ®1,... ®7 be neural networks and define the

network ® = P(®', ... ®7) as their parallelization according to Definition 4.5. Then
(Z) 2((1)) S maXi:Lm)j S(q)z);

(ii) M(@) <2 (L, M() ) +4 (L1, dimows (7)) maxics,...; £(P).

The following lemma follows directly from [13, Prop. 3.7] and is adjusted for our
purposes as the special case of a matrix-matrix product.

PROPOSITION 4.8 (Scalar product). Let e € (0,1) and k € N. There ezists a
neural network ®°*F such that for z > 1

T sca,k
sup ly' z —® (y,z)| <e.
z,yERF |z, <1, |yl <2

Further, there exists a generic constant Cscn > 0 independent of k, y, x, €, and z such
that

(i) £(@%*) < Cpea (loga(L) + logy (k) + loga(2) ),
(i1) M) < Cuea (108(2) + logy (k) + logy (2) ) k.

With Proposition 4.8, we may deduce the generalization to matrix-vector multi-
plication for sparse matrices, which is the essential ingredient for approximating the
maps R and S,.

THEOREM 4.9 (sparse matrix-vector multiplication). Let € € (0,1). Then there
exists a neural network @™ with dim;, (@) =+ n and dimyy (@) = n such
that for z > 1

sup ||Ar — <I>m“1t(A,r)||2 <e.
AeSTNKL, rek=

Further, there exists a generic constant Cpyg > 0 independent of n, A, x, €, and z
such that

(i) (™) < Cinur (logs (1) + logs(n) + logy(2) ).
(i1) M(@™1) < Crnas (1085(2) + logs(n) + logy(2) ).

Proof. Recall that the exact sparsity pattern of A is given. For the ith row, we first
restrict 7 to the relevant entries with a one-layer network with O();) non-zero entries
(a classical restriction matrix). Then, we approximate the sparse scalar product of
the 7; entries of e;'—A, where e; denotes the i-th unit vector, with the corresponding
restricted vector of r-values, which altogether realizes (Ar);. With Proposition 4.8,
this is possible up to accuracy €/+/n with a network ®5®7% fulfilling

(™) < Cuca(log(2) + log (n) + logs(2))

(S ) < Cuen (108(2) + logy(n) + oy (2) ).

Note that we have used that n; < n.
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Computing the (Ar); in parallel, we obtain with Lemma 4.7 for the final network
O™t the desired bounds, using that n = >t mi and

n

[Ar — @™ (A, r)[|5 = [(Ar); — ¥ (e] A,r)[* < ne/n = €.

i=1

Note that we slightly misuse the notation by implicitly treating eZTA and r as vectors
of length ;. O

The next result is again important for the construction of both R and S,.

LEMMA 4.10. Let o € R and n € N. Then, there exists a neural network ®,
that realizes the map

R*" xR" - R", (x,y)— ax+y.

Further, we have
(Z) E(q)scale) <2,
(ii) sm(@scale) < 8n.

Proof. The result follows directly from using Lemma 4.3 with L = 2 for z (scaled
by the factor ) and y in parallel, and a summation in the last layer. 0

Finally, we conclude this section by assembling all the ingredients for the proofs
of Theorem 4.1 and Theorem 4.2.

Proof of Theorem 4.1. For the construction of the network to approximate the
operator R, we parallelize the networks that
e realize the identity with input A based on Lemma 4.3,
e approximate Ar with accuracy e according to Theorem 4.9,
e calculate r + ¢ based on Lemma 4.10.
Clearly, the approximation of Ar requires the deepest network. Therefore, we directly
get with Lemma 4.7 and a slight adjustments of the constants in Theorem 4.9

(@) < Cr(logy(2) + logy(n) + log, (=) )
and
M(0F) < Cr (10ga(L) +logy () +logy (2) ).

Note that we have used that n < 7. Therefore, the effort for computing the approxi-
mation of Ar dominates the overall complexity. This concludes the proof. 0

Proof of Theorem 4.2. The construction is very similar to the one in the proof of

Theorem 4.1. We parallelize the networks that

e realize the identity with input A using Lemma 4.3,

e approximate Ar with accuracy € according to Theorem 4.9 followed by appli-

cations of Lemma 4.10.

e realize the identity with input r using once more Lemma 4.3,
Again, the dominant contribution comes from the approximation of Ar and with
Lemma 4.7 the bounds from Theorem 4.1 are resembled (up to constants). |
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5. Richardson method - proof of Theorem 3.1. In this section, we provide
the construction of the network stated in Theorem 3.1. In the first step, we determine
the necessary number of iterations m in (3.2) to achieve the required accuracy.

LEMMA 5.1. Let € > 0, ¢sc > 1, and let w be given as in (3.2). Then, there exists
an integer m > 1 such that

m

sup Ay — Z(I - wA)[(wr)H < 57
AESTNENA pekescr —o 2 2
where m = m(e, csc, p1) satisfies
|10g2(20€sc )l
~ [logy(p1)

with py defined in (2.2).

Proof. We use the same technique as for the error bound of the Richardson
method, see for example [21, Sec. 4.2.1], and recall the approximation sequence
from (3.2) with 2° = 0. Using that * = A~'r = (wA) " 'wr and defining the er-
ror ™ = x — z™, we obtain the recursion

em = (I —wAe™ = (I —-wA)™z.
Since || — wAl|2 < p1, we conclude
le™ 12 < pi* 2]z < PP IAT 2ll7ll2 < PP AT esch = P se

We can then guarantee the claimed bound if

€ 2¢,
plhese < 3 or, equivalently, (p1)~™ > ==
€

as stated. O

Finally, we provide the construction of the neural network which approximates
the polynomial in (3.2).

Proof of Theorem 3.1. The main idea of the proof is to approximate the polyno-
mial construction in Lemma 5.1 with the optimal m = mg;., followed by a triangle
inequality. R

In the first step, we construct a network to perform the rescaling A = I — wA
and 7 = wr, using Lemma 4.10. The complexity for this operation scales linearly and
is therefore negligible for the overall complexity bounds. The same statement holds
true for the final rescaling in the very end.

We focus on the main scaling, which is introduced via the realization of the poly-
nomial in Lemma 5.1. We express the desired polynomial via the map of Theorem 4.1,
and note that

N
—

(5.1) Rk(xo):Ro...oR(xo):(/T,me, Ef?), X0 = (4,7,0),

~
Il
o

where we also use o here for the standard concatenation of operators. We approxi-
mate (5.1) with k — 1 sparse concatenations of ® with itself and abbreviate [®@#]F =
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®fo...0®E. Note that  is constructed with accuracy § = 6(¢) = ¢/(2m?) > 0 for
input variables of size z < m + 2.
(a) We now show by induction that for i =0,...,m

(5:2) IR (X) = [ (X2 < 5, [@T]/(X")]2 < i +3,

and note that the induction is trivially anchored at i = 0, if we define in this case
both operators as the identity.
Now let 1 <4 < m, assume that (5.2) holds for 0,...,i — 1, and compute

IR (X°) = [@F) (XO)]
<D IRTHRMAX) = RTTH@M X))
£=0

= S R R(BR(XO) — R @ (R (X))
=0

= SR R(XD) - RN @R
=0

for X* = [®R]*(X?). Further, note that the first and last argument of R(X*) and
®F(X*) are identical, and we denote the second arguments by b and b, respectively.
We now have to consider the stability of R* for such arguments. We first compute

k—1
|RF(A,bye) = R¥(AL, )2 = |0, %0 = 8), > A= B)|| < (k+ Dlb =D

j=0

using that || A < 1. Since ¢ < i — 1, we can apply (5.2) to obtain the bounds on the
argument X ¢ and we can use the approximation property in Theorem 4.1 to obtain
b —b|l2 < §. Plugging this into the sum and using i — 1 < m, we estimate

[RY(X°) = [@F](X°) |2 < m?0 = 5.
For the second part of the induction, we write
IR (XO)[2 < [RI(X) ]2 + [RI(X°) = [@F)(XO)la < i+ 2+ § <i+3,

using ||7]| < 1 and the stability of R’ based on (5.1). This closes the induction.
(b) For the size of the network, we first observe that with m = mg;c

10g2(%) ~ logQ(%) + logy (MmRic)

and the estimates in Theorem 4.1 then gives

(i) £(2%) < Cricmric (loga (1) + logy(n) 4 logy (mric)),

(i) M(PR) < Cricmric (logz( ) + logy(n) + logy (mric))n,
which is precisely the claimed network size.

Finally, we combine Lemma 5.1 with the above construction, which gives the
result using the triangle inequality. 0
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6. Cg-type method - proof of Theorem 3.2. In this section, we prove our
second main result in Theorem 3.2, for which we recall the decomposition in (3.3).
The first estimate can be deduced from classical estimates, which we collect in the
following lemma, see for example [21].

LEMMA 6.1. Let € > 0. Then, there exists a polynomial ¢—1 € Pm_1 such that
-1 141 €
sup AT — g1 (5 A) 57|, < =

AESTNTMA rekescA H " A A H2 2

where m = m(e, csc, p1/2) satisfies

. | logy ()|
= [logy(p1/2)]
with py o defined in (2.2).

Proof. The idea is to start with the (matrix) polynomial which is used in order
to prove the approximation property of the cg method. Let us denote A = %A and
r= %r. For the convergence proof of the cg method, one solves the minimization
problem over all polynomial p,, € P, with p,,(0) = 1 such that the induced energy
norm

[pm (A7) 2
becomes small. Here, the optimal choice is the rescaled Chebyshev polynomial given
as
_ Tn(o(2)) k+1 2 s
B K—1 A-)"

Since p,,, (0) = 1, we can define the polynomial of degree m —1 by ¢,,—1(z) =

Pm (Z)—l
e
This gives for x,, = qm,l(%A)%r the estimate in the induced energy norm, i.e.,

|z — zmll 7 < 2072 |2]l 7,

see [21, Sec. 6.11.3]. This allows us to conclude

—-1/2, % —1/2, N m 1 T— ~
lz = Zmll2 < Apil (D)2 — 2| 5 < At ()27, || A7/ At

min min
< Xain(A)207)5[7ll2 = A (2071712 < 2scpT)o,
and hence we can ensure ||z — |2 < § by the above choice of m. 0

Before we eventually present the proof of Theorem 3.2, we need to recall some
results on Chebyshev polynomials. Besides the ones of first kind, which we denoted
by T}, we further need the Chebyshev polynomials of second kind, denoted by Uj.
They are defined via the same three-term recurrence, starting however with Up(z) = 1
and U; (x) = 2z. The crucial identity for our construction is given by

(6.1) %ﬁ:(%) = i ap(0)Up(z),
£=0

with the coefficients

To—1-¢(xg) for=0and {L=m —1,
(o) =

2T —1—¢(xg) for 1 <L <m—2,
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see [10, Thm. 5]. We can thus rewrite the polynomial ¢,,_1 as

Gm_1(2) = Ty (0(2)) — Tin(0(0)) _ 2 Tr(0(2)) — Trn(0(0))
" T (0(0))z (A= A)Tm(a(0)) o(z)—o(0)

such that we can plug in (6.1) for = o(2) and zg = 0(0). Further, if we define

Qmax = Z:Oma}n(’tfl ap (J(O))7

the main effort in the network can be traced back to the construction of an approxi-
mation of

(6:2) > 2O oy,
?=0 max

which is a Chebyshev series that can be evaluated by the Clenshaw algorithm [3] with
m matrix-vector multiplications. Indeed, for p(z) = Z;nzz)l aUy(z), the iteration
reads

b = ay + 2xbgy1 — bro, k=m—1,...,0, with by =bn+1 =0,

and the result is given by p(z) = by. This is realized by the concatenation of the
maps Sy, defined in (4.2), and approximated by the neural networks constructed in
Theorem 4.2.

Proof of Theorem 3.2. The proof is similar to the one of Theorem 3.1. We ap-
proximate the construction in Lemma 6.1 for m = meg by a neural network and then
apply the triangle inequality. As before, we first need to perform the rescaling of
A= 1Aand7 = %r. Further, we need to compute o(A4). Again, this is done in linear
complexity and can thus be neglected. After computing (6.2), we need also need to
rescale in linear complexity.

Thus, we focus on (6.2). Note that the desired polynomial can be expressed via

~

(6.3) Spo...08,_1(X%, X°=(4,0,0),

where Sy, = S,,, cf. (4.2). Further, we set S, ; = S;0...08; for j >4, S; ; = 5; for
i =j, and S; ; = id the identity map for j < ¢. We approximate (6.3) with the sparse
concatenation <I>fj = @f 0...0 CIDf, where each <I>f approximates Sy as constructed in
Theorem 4.2 with accuracy § = §(€) = ¢/(2(m + 1)?) > 0 for input variables of size
z < 3m?. Note that we use same convention on 4, j for (ID;S:J» as for S; ;.

(a) We now show by induction that for ¢ =m,...,0
(6.4) 1S5m-1(X%) = @5 1 (XO)l2 < 5, @71 (XO)2 < 3m®,

and note that the induction is trivially anchored at ¢ = m.
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Now let 0 <4 < m — 1, assume that (6.4) holds for m,...,i+ 1, and compute

[185m-1(X%) = @7, 1 (X°)]|2
m—1
< S o5 X)) = G, o (®7 X°
< H i0-1(P7 -1 (X)) = Sie( @41 m—1(X7))]I2

N

3
L

95,6~ 1( (P71 11 (X)) = Sie—1(Se(PFy 1 1 (X)) l2

[
N\

3
L

1S5,6-1(@F (X™ 7)) = Si.0-1(Se(X™ 79Iz
for Xm=17t = &F , _(X°). We emphasize that the first and last argument of
Sp(X™=17%) and ®F(X™~ 1) are identical, and as above we denote the second ar-
guments by b and b, respectively. Thus, we have to consider the stability of S; ;1 for

~
I

such arguments. We first compute for B = G‘(A\)
1Si,0-1(B, b, ¢) = Sie-1(B,b,0) [ = (0, Us—i(B)(b = b), Up—i—1(B)(b — b))
< (20+ 1)|[b —b]l2,
with two applications of the estimate |U;(x)| < j+ 1 for z € [-1,1]. Since i +1 <
{41 < m, we can apply (6.4) to obtain the bounds on all the inputs X™~'~¢. Further,

we thus can use the approximation property in Theorem 4.2 to obtain ||b — by < 6
and conclude by the summation over ¢ that

1S5,m—1(X°) = @7, 1 (XO)]l2 < (m +1)% = 5.
For the second part of the induction, we write
197 -1 (X2 < 1185,m-1 (X |2 + [1Sim—1(X%) = @701 (XO)]I2
§m2+1+§§3m2,

where we employed the estimate

1S5.m-1(A,0,0)[]2 < m? + 1.

The latter inequality follows from

k k—1
15, 0 -0 85,(4,0,0) 2 = || (4, Y Uso(A)B, Y Ukea ()5 )| <12+ 1,
=1 = 2
for arbitrary coefficients |3;| < 1, using once again the estimates on U;. Since we can
always choose k < m, the induction is closed.
(b) For the size of the network, we first observe that with m = meg

logy(3) ~ logy(£) + logy (meg)

and the estimates in Theorem 4.2 lead to

( ) ’C((I)Cg) < chmcg (10g2( )+ 10g2( ) + log, (ng))a

(ii) M(P8) < chmcg(10g2( ) + logy(n) + logy (meg) ),
which is precisely the claimed network size.

Finally, we combine Lemma 6.1 with the above construction, which gives the
result using the triangle inequality. 0
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7. Possible extensions. In this last section, we discuss three possible exten-
sions of the presented approach. We only provide rough ideas and leave a rigorous
treatment for future research.

Pre-processing. An important assumption of our constructions is that matrices
are given with a pre-scribed (maximal) sparsity pattern. As the networks can only
process inputs of a fixed size, matrices A with even fewer entries (resulting in a shorter
vector AV containing the non-zero values) need to be prolonged to fit the maximal
sparsity pattern. This requires a classical prolongation matrix, which can be set up
with linear complexity. Such a pre-processing step could as well be realized by a
neural network, which, however, then depends on the exact positions of the non-zero
entries.

Pre-conditioning. The dependence on condition numbers in classical Richard-
son or cg iterations directly transfers over to our results. In particular, the number
of required iterations (also in the network construction) suffers from large condition
numbers, see also the discussion in Section 3.2 in the context of finite element-based
methods. A natural procedure to avoid the problematic scaling are pre-conditioning
techniques. To include pre-conditioning into our construction, the necessary oper-
ations to set up appropriate well-conditioned systems have to be approximated by
neural networks as well. In case that the technique provably lowers the condition
number for the classical algorithm, such results would also transfer to corresponding
neural network approximations. However, a precise study is beyond the scope of this
article.

Variable sparsity patterns. One of the drawbacks of our construction is the
necessary a-priori knowledge on the sparsity pattern of the class of matrices. In
principle, it is also possible to only keep the number of non-zero entries fixed and
derive information about the precise sparsity pattern of a matrix A directly from
the input. This requires besides A" also information about the matrix entries (as
usually given for, e.g., COO-type formats with vectors A" and A° containing the
row and column indices of the non-zero entries, respectively). In order to realize the
mapping (A4,7) — Ar that is relevant for all the presented iterative procedures, for
each row of A we need a mapping that reduces the entries of r to the corresponding
non-zero entries in the corresponding row of A. Realizing such a mapping for all rows
and all possible sparsity patterns, however, exceeds the derived complexity bounds.
Therefore, we refrain from discussing possible constructions in more detail.
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