GLENN: NEURAL NETWORK-ENHANCED COMPUTATION OF
GINZBURG-LANDAU ENERGY MINIMIZERS

MICHAEL CROCOLL*, CHRISTIAN DODING, BENJAMIN DORICH*, AND ROLAND
MAIER*

Abstract. In this work, we propose a neural network-enhanced finite element strategy to
compute the minimizer of the Ginzburg-Landau energy based on an unsupervised deep Ritz-type
strategy. We treat the parameter « as a variable input parameter to obtain possible minimizers for
a large range of k-values. This allows for two possible strategies: 1) The neural network may be
extensively trained to work as a stand-alone solver. 2) Neural network results are used as starting
values for a subsequent classical iterative minimization procedure. The latter strategy particularly
circumvents the missing reliability of the neural network-based approach. Numerical examples are
presented that show the potential of the proposed strategy.
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1. Introduction. In 1911, the Dutch physicist Onnes [23] realized that when
mercury is cooled below some critical temperature, the electrical resistance vanishes,
i.e., the mercury is in a superconducting state. At the same time, one can observe
that an applied magnetic field below some critical strength is expelled from the su-
perconducting material. On the other hand, above a critical strength, the magnetic
field penetrates and destroys the superconducting property. However, for so-called
type-1I superconductors, there is an intermediate regime in which the magnetic field
only penetrates at isolated points while leaving the main part of the material in the
superconducting state. Such a property is of particular interest in applications where
the superconductor then becomes robust to weak perturbative magnetic fields.

The mathematical model to describe the phenomena of superconductivity on a
macroscopic level is the Ginzburg-Landau (GL) model [13, Sec. 3]. Let Q C R? with
d = 2 or d = 3 denote the region occupied by the superconducting material. The
superconducting properties are described by a complex-valued function u :  — C,
called the order parameter. Although wu itself is not directly observable, similar to
a quantum mechanical wave function, its squared modulus |u|? can be measured
in physical experiments and interpreted as the density of superconducting electrons
(Cooper pairs). The value of |u|? ranges between 0 and 1 where |u(z)|?> = 1 belongs
to regions of superconductivity and |u(z)|? = 0 to regions where the material is in its
normal (non-superconducting) state. Superconductivity is rare in nature but has a
wide rage of possible applications.

Beyond the fully superconducting state (Ju|?> = 1) and the normal state (Ju|?> = 0),
mixed states with 0 < |u(z)|> < 1 arise, in particular, when an external magnetic field
h.y¢ is applied. The mixed normal-superconducting state can include a co-existence
of superconducting and normal states — a so-called Abrikosov vortex lattice [1], where
the density is zero in vortex centers. Such configurations are considered in this work,
which, however, can only occur for special superconductors with appropriate magnetic
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fields. In particular, the internal magnetic field, represented by curl A, tends to align
with heyt, where A : Q — R? is the (typically unknown) magnetic vector potential
within the superconductor. From a mathematical perspective, for the state of the
superconductor the GL model prescribes that (u, A) minimizes the GL free energy
(cf. [13, Sec. 3]) given by

1 i 1
(1.1) B(u,A) = 3 ) |iw + Al + 51— u[?)? + |curl A — hey|2 dz,

where k > 0 is a material parameter, also called the GL parameter.

As indicated above, one is interested in vortex states, where k is linked to the
structure of the vortex lattice, see [27, 29, 30, 31]. There are no vortices for small
values of x, while larger values lead to more and more (very localized) vortices [3, 27].
High values of k are particularly interesting and challenging, considering especially
the numerical approximation of corresponding minimizers.

The numerical approximation of minimizers of (1.1) has first been studied in [13,
14]. Therein, error estimates in H' have been derived for both the order parameter
u and the magnetic vector potential A when using a finite element discretization.
The convergence results, however, do not take into account the role of x, which can
generally lead to constraints on the mesh size as investigated in [12] for a reduced
setting with a fixed potential A. In that setting, the energy in (1.1) is only minimized
with respect to u. The derived constraints on the choice of the mesh size may be
overcome by the use of appropriate multiscale constructions as realized in [6]. The
full problem is considered in [9], where different meshes and spaces for u and A are
used as an adaptation to the different scaling behavior in k. More recently, in [7]
the precise coupling of not only the spatial mesh width h and the parameter x, but
also the polynomial degree p is studied. The authors are able to precisely quantify
the pre-asymptotic regime and the corresponding pollution effect, and further show
how higher-order polynomials reduce these effects. An extension of this technique to
multiscale approximation spaces is presented in [10]. A generalization to non-convex
domains is provided in [11]. Here, Nédélec elements and a discrete divergence-free
condition have to be used to anticipate the low regularity of the vector potential.
This is also the framework used in this work. Besides, we mention here the works [16]
and [15], which conduct an error analysis for a covolume and a finite volume method,
respectively (without explicit rates in the mesh size or k).

All of these works focus on the approximability of minimizers. For the practical
computation in the numerical examples, different choices of minimization procedures
are employed: in [6] and [12], a semi-implicit L?-gradient flow is used, whereas in [9]
a Sobolev and in [7, 10] a conjugate Sobolev gradient flow approach are employed.
Even though it becomes clear that it appears to be always preferable to apply a
conjugate Sobolev gradient flow for the GL problem, the results are not satisfying
in the sense of reliably capturing the best minimizers without trial and error to find
good starting values. An alternative approach is to use physics-based neural networks
to approximate minimizers. In particular, the GL energy could be naturally used as
a loss function in the spirit of a deep Ritz method [17] that is to be minimized by the
training of a neural network. Nonetheless, a pure machine learning-based strategy
can also be very sensitive to small changes in the network architecture.

In this work, we propose a neural network-enhanced strategy for the approxima-
tion of minimizers (of the discrete version) of (1.1). An essential issue of classical
iterative algorithms is the choice of a starting value, which can heavily influence the
number of required iterations and even the actual limit. To overcome this, we pro-
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pose to train a neural network based on a certain parameter range of x to obtain a
reasonable initial guess that leads to better GL minimizers. In essence, this also cir-
cumvents the problematic properties of neural network-based schemes, which to date
are not fully reliable in the sense of a provable convergence behavior. More precisely,
even if the suggested initial guess is not optimal, the subsequent classical iterative
process still follows deterministic and theoretically grounded principles. Nonetheless,
we also consider the setting where a network is trained to directly output a solution
pair (u, A) for a chosen value of . This, however, requires a certain amount of pre-
computations to set up a valid model. The latter approach is particularly meant to
show that alternatives to classical iterative algorithms based on finite element spaces
have the potential to lead to even better minimizers.

There exist similar approaches in the literature, where classical algorithms are
enhanced by neural networks. Recent examples are in the context of nonlinear
Schrodinger eigenvalue problems [24] or to speed up iterative algorithms for convex
optimization [34] or inverse problems [2]. However, to the best of our knowledge they
all use supervised learning (i.e., training with data), while our approach is unsuper-
vised, i.e., it does not need data and solely relies on the energy-based loss function
for the training.

The rest of the paper is structured as follows. In Section 2, we recall the most
important results on the minimizer of the GL energy and explain the established
methods and how to derive our neural network-enhanced method from it. We present
the neural networks approach in Section 3 and explain the finite element solver in
Section 4. Finally, we provide numerical experiments in Section 5.

2. Ginzburg-Landau problem and discrete minimizers.

2.1. Preliminaries. For the mathematical framework, we require the following
notation: For 2 < p < co we denote by L? = L?(Q, C) the standard Lebesgue space of
scalar complex-valued function on §2 equipped with the usual norm || - || Le. For p = 2
the Hilbert gpace L? is considered as a real Hilbert space with the inner product
(v,w) = Re vwdxr, where W denotes the complex conjugate of w. Similarly, we
denote by L” = LP(Q,R?) the space of p-Lebesgue-integgable vector fields, with norm
|- |lLp, and the inner product on L? is given by (B, C) = o B-Cdz. Note, that we use
the same notation (-,-) for both inner products on L? and L? as its meaning is clear
from the context. Accordingly, we denote by H! = H'(,C) with norm || - || g2 the
Sobolev space of complex-valued functions whose weak derivative exists in L2. The
same notation applies to vector fields and we write H! = H1(Q,R?). For d = 3, we
denote by H(curl) the space of vector fields with weak rotation in L2 and by H(div)
the space of vector fields with weak divergence in L? . Both spaces can be equipped
with natural zero boundary conditions leading to the subspaces

Hy(curl) = {B € H(curl) | B x v = 0 on 99},
Hy(div) = {B € H(div) | B-v =0 on 99},

where v denotes the outer unit normal on 9f2. Finally, we set
H(curl, div) = H(curl) N H(div), Hg(curl,div) = H(curl) N Hy(div).

For d = 2, there are two curl operators that act either on scalar fields or on
vector fields. For a scalar field heyy = heyt €5, it maps to the vector field curl heyy =
(—Oyhext, Ophext)™ whereas for a vector field A the curl maps to the scalar field
curl A = 9, Ay — 9yA,. For simplicity, we will use the same symbol, curl, for both
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operators, as the context will make it clear which is meant. For any vector a,b € R?
we formally set a X b = a1by — asb;. These definitions extend the spaces H(curl)
and H(div) and their corresponding subspaces of zero traces to two dimensions in a
straightforward way.

As mentioned above, the state of a superconductor is described by a minimizing
pair (u, A) € H' x H(curl) of the GL free energy, i.e.,

E(u,A) = E(v,B).

min
(v,B)2H* H(curl)
The first Fréchet derivative of the energy functional
E'(u,A) = 0,E(u,A),0aE(u,A) : H' x H(curl) = R

is given by
(2.1a) (OuE(u, A),v) = iVu + Au, iVU +Av + (Juf* = Du,v
1
(2.1b)  (OAE(u,A),B) = |u|*A + ~Re(iuVu), B+ (curl A — hey, curl B)

for (v,B) € H' x H(curl). By the first-order optimality condition each minimizer
(u, A), if it exists, needs to be a critical point of E, i.e., (E'(u, A), (v, B)) = 0 for all
(v,B) € H' x H(curl). This leads to the famous GL equations

LVu+ Au, Vot Av + (1= |[uf*)u,v =0,
K K
1
|u?A + — Re(iuVu), B+ (curl A — hey, curl B) = 0,
K

for all (v,B) € H! x H(curl). One proves that indeed there exists at least one
minimizing pair. Nevertheless, any such minimizer cannot be unique due to so-called
gauge-transformations. Let (u, A) € H' x H(curl) be arbitrary. For any ¢ € H? we
define the gauge transformation

G, : H' x H(curl) = H' x H(curl), G,(u,A) = ("?u, A + Vo).

It now holds that E(u,A) = E G,(u,A) , ie., the GL energy is invariant with
respect to the gauge transformation, and hence a minimizer in H* x H(curl) cannot
be unique. Although we have to deal with the symmetry under complex phase shifts
the order parameter u, we can remove the gauge invariance with respect to the vector
potential A by restricting the minimization to divergence-free vector potentials. For
this so-called Coulomb gauge, we employ the space

Hy(curl, div’) = {B € Hy(curl, div) | div B = 0}.

Next, we recall a result, which shows that at least one minimizer of the GL energy
(1.1) exists. Moreover, the minimizer can be chosen from the space Hg(curl, div?),
making use of the gauge transformation, see [11, Lemma 2.6] and [13, Theorem 3.5].

Proposition 2.1. Let Q C R%, d = 2,3 be a bounded, simply connected Lipschitz
domain and hey € L2(,R%). Then, the following statements hold.

(1) Let (u,A) € H' x H(curl) be arbitrary. Then, there exists a function ¢ € H*
such that (@i, A) == G, (u, A) € H' x Hy(curl, div®) and E(@, A) = E(u, A).
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(2) There exists at least one minimizer(u;A) 2 H  H(curl; div®) of E.

According to Proposition 2.1, it su ces to seek for a minimizing pair (u; A) with
a divergence-free vector potential. We enforce the vanishing divergence of the vector
potential by a weak side constraint leading to the following optimization problem:
Find (u;A) 2 H*  H(curl) such that

2.2) E(uA) = min E(v;B) subjectto (A;r v) 2 =0forall v2 H:
(22) E(uA)=  min o E(v;B) subjectto (A;r V)s

Therefore, every such minimizer automatically belongs toH! Ho(curl; div®), i.e., A
is divergence-free and satis es the boundary conditiol’A =0 on @.

Due to the constraint of vanishing divergence inA the rst-order conditions
read as a saddle point problem involving a Lagrange multiplier to enforce the side
constraint. A minimizer (u;A) 2 H'  H(curl) of (2.2) is also characterized by the
solution triple (u; A; )2 HY H(curl) H? that solves the saddle point problem

hEQu; A);(v;B)i +(r ; B),2=0 forall (v;B)2H! H(curl);

(2.3) _ _ 1
(A;rw),2=0 forall w2 H":

Note that 2 H?' denotes the associated Lagrange multiplier. Conversely, every
critical point solving (2.3) corresponds to either a local minimum or a saddle point
of the energy functional E. Loosely speaking, such a critical point with a low energy
is a good candidate for the global minimizer if we verify the second-order optimality
condition for a local minimum. That is, we have to exclude the possibility of a saddle
point.

2.2. A reduced Ginzburg{Landau model with given A. To obtain rst
impressions on the applicability and potential of our approach, in this work we will
also consider a reduced model of (1.1) where we assurAeto be given by the relation
curl A = hey . The corresponding modi ed energy then reads

z

1 i . (I
(2.4) E(u) = 5 Jlr u+ Auj®+ E(1 j uj®)?dx;
and is only minimized for u. This has the advantage of fewer degrees of freedom while
it still provides deep insight into many challenges.

2.3. Numerical computation of Ginzburg{Landau minimizers. In the
following section, we brie y discuss two approaches which are purely neural network-
driven or nite element-driven, and focus mainly on their advantages and disadvan-
tages. A thorough explanation is postponed to Section 3 and to Section 4 for the
neural network and the nite element solver, respectively. The main contribution of
our work is to study suitable combinations of both approaches, which we will develop
at the end of this section. The corresponding humerical experiments are presented in
Section 5.

Neural network approximation. A modern approach is the use oheural net-
works (NNs). They are able to exploit modern architectures within graphics process-
ing units (GPUs) and their compute-heavy training is easily parallelizable. Several
approaches for NNs with supervised and unsupervised learning have been developed
over recent years ranging from data-driven models to physics-based NNs. For most
of these approaches, the strategy to train the NN is to minimize a prescribed loss
functional. In a supervised setting, this could be a certain distance between the NN
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output and the labels of the training data. However, our setting ts much better to
an unsupervised learning strategy, since the GL energy (1.1) gives rise to a natural
loss function. This could be seen as a variant of the deep Ritz method. Another
huge advantage of the usage of NNs is that there are many powerful optimization
algorithms freely available in standard Python libraries such asPyTorch, which allow
for the training of very large models.

However, nding a suitable architecture for a network as well as achieving a
successful training process is rather challenging. More precisely, the choice of the
precise network architecture (including many tunable parameters) itself is a high-
dimensional optimization problem. Further, the resulting minimization problem in
the training is generally non-convex. Thus, it is very di cult to reliably nd a good
network that is not just an unsatisfactory local minimum. Due to the large number of
degrees of freedom, randomness at di erent stages of the training process is essential in
order to obtain reasonable gradient descent methods. Examples are the initialization
of the weights and the use of stochastic gradient descent methods. While randomness
is computationally advantageous, it also means that from a theoretical perspective
deterministic and reliable error estimates are typically not available.

Finite element approximations. A more classical approach to compute min-
imizers such as in (1.1) consists in the use of nite element (FE) methods. Here, one
replaces the in nite-dimensional spaces by nite-dimensional approximation spaces,
e.g., spaces of piecewise polynomials. Then one ends up with a nite-dimensional
optimization problem, for which well-known methods can be used. One advantage is
that the resulting matrices are in general sparse and thus pave the way for e cient
computations in the minimization procedure. In addition, it is possible to show rig-
orous approximation rates and resolution conditions in terms of the mesh sizé and
the parameter as mentioned in the introduction. Further, computing a-posteriori
the smallest eigenvalues oE°{u) can be used to avoid ending up in a saddle point.
In summary, this provides more reliability in the computed approximations compared
to the pure NN approach.

However, there are also some disadvantages of this approach. Compared to the
NN implementation, leveraging the computational potential of GPUs in a FE solver
is not trivial, and thus much harder to compete with the resulting computational
speed-up, even using an MPI (Message Passing Interface) implementation as done in
our code. In our experiments, we also observed a strong sensitivity to the chosen
initial values leading to completely di erent discrete minimizers on di erent energy
levels. Unfortunately, the high cost for a single minimization run prevents us from
exploring the initial value landscape in a systematic manner.

A neural network enhanced two-step approach (hybrid-approach). Our
idea is to combine the advantages of both above-mentioned methods in a so-called
hybrid approach More precisely, we use the NN to compute a rst approximation
of the minimizer, where we can exploit the great parallelization on GPUs. We then
interpolate the minimizer into the FE space and use it as an initial value for the
iterative FE solver. Thus, one could interpret the NN outcome as a prediction for the
exact FE minimizer. We thus have the advantage of replacing the heuristic choices
of initial values with the more sophisticated surrogates of the NN while computing
the nal minimizer with the reliability of the FE solver. In addition, we observe
later on that it is bene cial for the NN to compute the minimizer on a whole interval
of admissible values. The aim is then that a good choice of a small number of
initial values excludes several local minimizers. Overall, we pursue the following two
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approaches:
We perform a training of the NN with a problem-speci c objective to compute
approximations of GL energy minimizers. We train the network on a range of
and interpolate it for a xed into the FE space to compute energies that are
comparable to the FE solver. Since the resulting network can be used on the full
range of , one can then decide a-priori for how many values of the network shall
be used in order to budget the time for the training accordingly. The evaluation of
the NN after the training to generate solutions for dierent  values is negligible
regarding the runtime when compared to a FE solver.
We use the same procedure as in the previous point, but use this interpolation as
an initial value for the FE solver, to possibly achieve states of even lower energy.
This enhances the FE solver with the NN and thus also indirectly allows the FE
solver to prot from GPU computations without any adaptation on the FE side
of the code.

We elaborate on the precise strategies in our nhumerical examples in Section 5.

3. Neural networks. In this section, we introduce the NN approach that we
use to solve the GL energy minimization problem (2.2). As mentioned before, this
approach can be used as a stand-alone method to compute approximations of GL en-
ergy minimizers or as the rst part of the hybrid-approach to compute an initial guess
for the second level conjugate Sobolev gradient iteration. The approach is applied to
the full problem (1.1), as well as the reduced problem (2.4).

Before introducing the architecture and learning procedure of the NN for the GL prob-
lem, we rst recall basic machine learning preliminaries for the sake of completeness.
For further reading on the topic, we recommend [18].

3.1. Machine learning basics.

3.1.1. MLPs, training, optimizers, and more. One of the simplest NN ar-
chitectures is realized bymulti-layer perceptron (MLP) . MLPs are de ned as a function
F=ft ¢g- ! ::: ¢° whereg = | fl. Here,f! are ane-linear maps and ! are

non-linear functions that are applied entry-wise. The | are called activation func-
tions. They raise the NN from being just an a ne-linear map to a more expressive
function. Note that NNs are not limited to said choice of the functions ¢ . In fact, we
use a di erent scheme in this work, see later. The individual mapsy are also referred
to as the layers of the NN, and the output dimension is typically called the width
of the layer. Often, several layers with a speci c structure are grouped together to
form blocks One very popular example of this areresidual layers/blocks A residual
block can, for example, consist of a few MLP layers, the output of which is called the
residual branch and is added to the input, hence the name residual. More formally,
this means that instead of realizingx 7! fyn (X); wheref yn is the output of the MLP
layers, the NN block realizes resBlock) = (| + fyn )(X), where | is the identity map.
An MLP is parametrized by the matrices Wi (weights) and vectorsb (biases that
de ne the a ne-linear maps f! = Wix + b. A simple but typical machine learning
task could now be to interpolate a set of points 6ampleg and values (abels/targets)
with the NN. This set is then referred to as thetraining dataset. In order to interpolate
the training samples, a loss functional, e.g., a norm or metric in the space of the labels,
is evaluated. This loss is then minimized over the space of network parameters in an
iterative process calledtraining. To do this, one uses gradient descent like methods.
The step size in these methods is referred to as théearning rate. The learning
rate is often not constant over the gradient descent steps, but is scheduled. One
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way this could look like is a gradual increase of the learning rate in the beginning
(warm-up) [19], followed by a decay of the learning rate afterwards. Many of the
optimizers, i.e., the algorithms used for the minimization task in machine learning,
are so-calledmomentum methods While a simple gradient descent gets stuck in a
local minimum, momentum methods can overcome local minima. One very popular
optimizer is Adam [21], which stands for \adaptive moment estimation”. A variant
of Adam is AdamW. Here, the weight decay which is a penalty term that penalizes
large model weights, is decoupled from the rest of the optimization. AdamW is a
default choice in machine learning, which is why we utilize it in this work. Another
optimizer is Muon [20], which has shown good results in the training of large language
models [22]. Due to said success, we use Muon in this work to evaluate whether it is
a viable option for our setting as well. Muon is short for \momentum orthogonalized
by Newton-Schulz" and essentially orthogonalizes the updates to the weight matrices,
which can be bene cial. However, Muon can only be used on 2D parameters, which in
our case only includes weight matrices. Other parameters still have to be trained with
AdamW. For some of the networks trained, we used only AdamW, others were trained
with Muon (with the adaptation from [22]) and AdamW in combination. When using
both optimizers, AdamW was used for the scaling parameter of the residual branch
(see below for further details). Overall, we did not nd a clear advantage of one
optimizer over the other. Nonetheless, we include both in our experiments for the
sake of completeness.

Batches and epochs . Typically, the training dataset is processed in batches
which are elements in a random partitioning of the dataset. They are fed into the
NN one after another and on each of the batches a training step is performed. After
all batches have been processed, i.e., the entire dataset has been seen, one says that
an epoch is completed. The batches are then re-drawn from the dataset and a new
epoch begins. During training, one often computesralidation metrics to check how
good the NN performs outside of the training dataset.

The set of parameters de ning the architecture and training strategy of a NN but
are not trainable are called hyperparametersof the NN. These include, for example,
the depth, width, and learning rate.

Unsupervised learning . Previously, we mentioned a training dataset consist-
ing of samples and labels or targets. This style of training an NN is callegsupervised
learning. But there is also unsupervised learning which refers to the situation where
no labels or targets are known. Instead, there are only samples without corresponding
labels. The quality of the approximation of the target values is simply encoded in
the loss functional. One example for such unsupervised learning tasks amghysics-
informed neural networks (PINNs) [26], where an NN is trained to solve a di erential
equation, by approximating the solution. The loss functional for a PINN is the mean
squared error of the point-wise residual of the di erential equation that, to some de-
gree, measures how close the NN is to the solution without requiring the knowledge of
said solution. The derivatives of the NN with respect to the input, that are required
to compute the residual, can be computed using automatic di erentiation. Another
machine learning method to solve di erential equations is thedeep Ritz method[17].
Instead of the strong formulation, a weak formulation is used here. This weak formula-
tion is stated as a minimization problem, which then is a natural problem formulation
for the NN training. For the application of machine learning to the GLE, we follow
an unsupervised method similar to the deep Ritz method.

3.2. Machine learning for the Ginzburg{Landau problem.
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Loss functions . As indicated above, we use unsupervised learning for the GL
problem. A major reason for this is that we do not have a dataset with target values.
This means that we have to encode the metric of how good the NN performs in the
loss function. For the GL problem, a canonical idea of a loss functional is the GL free
energy. However, we also want to include the material parameter in the samples
such that the trained model can be used for many runs of the solver. In order to do
this, we integrate over a range of -values and also scale with the corresponding.
In the discrete setting, this weighted integral reduces to a weighted sum.

The main motivation of this scaling is the asymptotic energy estimate in [28,
Theorem 8.1], which (for constanthey ) yields E(u; A; ) o9 as 11 . However,
since we do not treat arbitrarily large and we deviate from the constant magnetic
eld, we simply neglect the logarithmic term, but keep the linear term to compensate
vanishing energies for large in the training. An additional benet of this is that
this gives a larger weight to samples corresponding to larger value of, for which the
problems tends to be harder to solve. The loss functional for the GL problem reads

Z max
E(u;A) = E(uA; )d;
where
VA

E(uA; )= 1 j'—r u+ Auj? + }(1 j U2+ jeourl A hegj? + jdivAj? dx:
2 2

For the reduced GL problem (2.4), we simply plug in the consideredA . We also
experimented with models trained for only a single value, where we used= (u; A ; )
as the training loss. However, one of the ndings of the preliminary experiments is
that { especially in the case of solving only for the order parameter { training for a
range of admissible seems to yield better results for higher values of than just
training for the speci ¢ value. Particularly, increasing max beyond the actual target
range to, e.g., max = 130, improved the results for = 100.

The procedure of learning the dependence of the solution on can be interpreted
for the GL problem as learning the parameter-to-solution map

S:[ mn; max]! HY( ;C RY; 7' (u;A )=argmin(E(u;A; )):

A similar perspective can be chosen for the reduced problem.

Neural network architecture . In contrast to the previously discussed simple
architectures of NNs via MLPs, we use more sophisticated modern architectures,
which turns out to be necessary and that we describe in the following. The network
consists of a variable number of blocks with a variable width. Each block has a
gated structure [8]. Gating in this context means entry-wise multiplication of two
branches, one of which is activated and calledjate In particular, we make use of
SwiGLU layers [32], which have proven to be useful in thefeed-forward blocks of
transformers, which are network architectures that are used, e.g., in large language
models. Feed-forward layers in this context can, for example, be MLP layers or,
as just mentioned, SwiGLU layers. The main idea in the SwiGLU scheme is, that
the input of the layer is split up into two linearly mapped branches. Then, one
of the branches is activated and the result is multiplied entry-wise with the second
branch. Afterwards, the result is once again mapped via a linear map, see (3.1). We
also propose a slight variation with a double activation scheme (which we refer to
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as DAGLU ). Here, an additional linear layer followed by an activation function is
placed at the beginning of the block. In exchange, the nal linear layer on the output
is removed. This scheme can be combined with GELU or SiLU activations. Such
structures have turned out to be advantageous in preliminary tests, which is why we
included them in our constructions. The SwiGLU and DAGLU block formulas read

(3.1) SwiGLU(X; W1; Wo; V) = Wi (SILU(W2Xx)  VX);

and

DAGLU(x;W1;W3;V; )= Wyh  Vh;, h= (Wyx); 2 f SiLU; GELUg:

where is the entry-wise multiplication of vectors and Wy; W, and V are appropri-
ately sized matrices.
The formulas for activation functions used above read

X

SILUX) = T30 30

and GELU(x) = x ( x);
where is the cumulative Gaussian distribution function.

The models we use have a residual structure in conjunction with the SwiGLU
and DAGLU schemes to form blocks. The residual branch is scaled by a factor that
can also be learned or xed. We mostly use a learned entry-wise scaling vector [33]
with values in (0; 1], initialized by 1=(2L), where L is the number of blocks in the
network. The small and layer-dependent initialization helps with stability in deeper
networks without using normalization layers and is similar in concept to [35]. Using
normalization layers in the NN proved detrimental for convergence in our preliminary
testing.

The resulting formula for the SwiGLU block including the residual structure is

RSWIGLU(Xx;W1; W3 V; )= x + SWIGLU(X; W1; W5; V);

and is a vector of scaling factors and, as before, refers to the entry-wise multipli-
cation of vectors. The DAGLU block including the residual structure reads

RDAGLU( x;W1;W5;V; ; )= x+ DAGLU( x; Wq; W3; V;act);

where again, is a vector of scaling factors and is the entry-wise multiplication of
vectors. For a visual representation of the SwiGLU and DAGLU block scheme, see
Figure 1.

Hardware . The training of the NNs used in the experiments is done on the
HoreKa Tier 2 High Performance Computing system at KIT. The training uses four
nodes with four NVIDIA A100 GPUs per node for a total of 16 GPUs. For the tuning
and preliminary experimentation, we use the HAICORE@KIT partition of HoreKa.
For the interpolation of the NNs, a GPU should be used. We leverage a workstation
with a single NVIDIA A100 GPU for this purpose, which proved to be able to compute
the forward passes reasonably fast.

Learning rate . The scheduling of the learning rate during the training is divided
into several phases. First, we do a short gradual warm-up [19] of the learning rate
to prevent instabilities. Here, the learning rate starts at a smaller value and is then
increased over a set number of training steps. Second, a gradual decay of the learning
rate is done using either an exponential decay or a cosine decay. The latter is a
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Fig. 1: Block schematic of a SwiGLU block (left) and a DAGLU block (right).

decay which follows a cosine in its shape and decays the learning rate down to a set
minimum value. In the case of the cosine decay, we do an additional linear decay
of the learning rate for a number of steps after the cosine scheduling ends. For the
exponential scheduling, we skip this part in our experiments, i.e., the training was
stopped before the linear decay phase. For the exact hyperparamters used for each
of the models in this work, we refer to Table 1 and the con guration les in the
source code that is available upon request. There is no particular reason as to why
which strategy was used for which model. There is no clear preference of one of the
scheduling strategies over the other in our results and we include both strategies for
completeness.

Datasets . For the training of the networks including the material parameter
the dataset consists of random samples in [ min; max]- The samples are drawn
in bulk every epoch. These samples are then processed in batches until each sample
has been used once, then the samples are re-drawn with a new seed.

4. Finite element approximation and gradient descent method. In order
to obtain a FE formulation of the GL problem, we simply restrict the minimization
in (2.2) to some nite-dimensional subspace. For our purposes, we choose continuous
nite elements of order p 2 N for the real and imaginary part of the order parameteru,
denoted by Vy,, and Necklec elements of rst kind and order m, denoted by Ry,.
Nedelec elements are the natural choice for our approach, since they only enforce
continuity in the tangential direction on each element. Further, since they are not a
subspace oH !, they can still capture the correct solution behavior even in the case of
non-convex domains. In order to enforce the divergence constraint, we have to de ne
the weak divergence-free condition. To this end let, denote the space of continuous
elements of orderm, and de ne the discrete divergence as

(4.1) dthBh =0 0 (Bh;r‘h):OforaII ‘hZVh:

Let us note that this does not only enforce that the weak divergence vanishes, but
in addition also that the normal trace is zero in a weak sense. Then, the discrete
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minimization problem reads: seek (n;An) 2 Vi R  such that

4.2) E(up;Ap) = min E(vh;By) subjectto divp Ap =0:

(Vh;Bh)ZVh R h
By changing the spaces, the minimizer of (4.2) satis es the discrete analogue of (2.3).
Further, we dene RQ = fBy 2 Ry, j divy By = 0g as the discrete counterpart of
Ho(curl; div®) such that (4.2) can be formulated as

E(un;An) = min E(vn;Bn):
(vhi;Bn)2Vh R D
Let us emphasize that this FE approach is non conforming since a discrete divergence
free function in (4.1) is in general not divergence free, i.e.R? 6 Ho(curl; div®), but
it only holds the weaker inclusionR®  H (curl).

Next, we propose a special iterative solver to compute a reliable approximation
of a discrete GL energy minimizer. Since we only apply it to the discretized energy
(4.2), we derive the algorithm only for the discrete case, even though this can be done
in greater generality. To keep the notation simple, we also refrain from adding lower
indices h to every variable. We emphasize that this method was recently proposed in
[7] for the case reduced case (2.4), and our method is a generalization of this approach
to the full problem (1.1).

Starting from an initial guess (u%; A°) in the FE space (which for example can
be obtained by some NN), the iteration takes the form of a descent method given by

W ARy = (U AR+ (d5DY); k=012

where @;D¥)2 Vv, R 2 H?! Hy(curl) is the descent direction that we specify in
the following. For this purpose, we equip the tensor spac&X® = Vi, R 2 with the
k-dependent metric

(v;B);(W;C) ,\ = a(v;w)+ b(B;C); (v;B);(w;C) 2 X¥;
where
a(v;w) = (Lr v+ Akviir w Afw) e+ (+ U+ AN viw
b(B;C) = (curl B;curlC)-+ ( +ju*j’)B;C |,

for some stabilization parameter > 0. In particular, (X *)x2n forms a sequence of
Hilbert spaces de ned by the same underlying vector space, but with a varying metric
in each iteration which is indicated by the super index. Note that if is su ciently
large (independent of k), then ax(; ) and k(; ) are coercive and bounded onV;
and R?, respectively. Therefore, (; )x« is indeed is an inner product on the vector
space X K. However, the subsequent derivation of the conjugate Sobolev gradient
method also applies for other choices as long aX(; (; )x«) is a Hilbert space and
XK HY  H(curl).

For each X ¥, we can formally de ne the Sobolev gradientr y« E (u%; A¥) of the
GL energy functional at the current iterate (u;AX) 2 Xk by

43) r x«EUSAY);(v;B) o = EEAUSAY);(v;B)i forall v2 Vi B 2RY;

where EQuX; A¥) 2 (Vy, R 9) denotes the Frectet derivative and h; i is the dual
pairing betweenH?' H(curl) and its dual. Roughly speaking, the metric (; )x« is
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chosen in a way such that the Sobolev gradient y « E(u; A) is close to the identity

map. Recalling the Frectet derivatives in the directions of u and A given in (2.1a)

and (2.1b), respectively, a straightforward calculation shows that the Sobolev gradient
(4.3) is given by

rx«EQUGAS = (uGAR) K
where K 2 4 is the solution of the elliptic problem
a( sv)= @+ +jAKAHUSV |, forall v2 W
and X 2R? is the solution of the elliptic problem
bo( ¥;B)=( A% 2LRe(iu*r u¥);B) 2 + (hex;curlB) . forall B 2RY:

The descent direction is now de ned in the spirit of a nonlinear conjugate Sobolev
gradient descent method by

rwcE(Uk;AX);

k=0
d<;Dk) :=
(D7) rox«EUSGAK)+ ((d€ LDk L) ko1

where | is the Polak-Ribere dissipation parameter, cf. [25], de ned by

—maan' r x« E(US AR i E(USAK) 1ox E(UR AR Y O
X ' rxe tE(UC LAK D)ir g cE(UE AR L)

We further orthogonalize the search direction for A in the sense of (4.1) such that
divy, D¥ = 0, which ensures the discrete divergence condition for the next approxima-
tion AK. Along the descent direction, we can then look for the optimal step size
that minimizes the energy

« =argmin E (U*;A%)+ (d“;DX) :
>0

Note that E (uX;AK)+ (d*;D¥) is a fourth order polynomial in , which we denote
by px. Then,  can be computed e ciently by a line search or we compute the roots
of p? directly.

We can now formulate the nal algorithm for the nonlinear conjugate Sobolev
gradient descent method.

Algorithm 4.1 (nonlinear conjugate Sobolev gradient descent method). Let initial
valuesu® 2 V, and A° 2 R 2 with u® 8 0 and a tolerance tol > 0 be given. Further,
setd®=0and D°=0. Then for k =0;1;2;::: perform the following steps:

1. Solve for ¥ 2 V4 such that

a( sv)= @+ +jAKAHUSV |, forallv2 W

and for ¥ 2 Ry, such that

bho( ¥;B)=( A¥ L1Re(iu“r u¥);B) 2+ (hex;curlB) . forall B 2Ry:
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2. Update the descent directions
d= K K+ ,d 1 pk= Kk aky ,pk1
with the Polak-Ribere parameter ¢ = maxfo; g—ig with

Bu= (' U K AR u AN

Nk:(k Uk; k Ak);(k uk kl+uk1; k Ak k1+Akl)xk

and orthogonalize such that div, D¥ = 0.
3. Determine the step size ¢ such that

« =argmin E (U*;A%)+ (d“;D¥)
>0

via a line search (e.g., golden search) or direct computation of the roots qgf?.
4. Iterate according to (U™ ; AK*T) = (uk; AK)+  (d¥;DX).
5. Terminate if E(u¥;D¥) E(u*1;D**) < tol.

In practice, it is su cient to set = 0. The reason is that the iterates (u*; A¥)
typically contribute enough mass through the second terms in the bilinear forms
ax(; ) and b( ;) to ensure coercivity onV;, and R?, respectively.

5. Numerical results. In this section, we present the numerical results ob-
tained using the NN approach implemented in PyTorch [4], as well as the hybrid
approach that combines the NN with the FE iterative solver implemented in DOLFINx
[5]. We compare these results to those computed by the FE iterative solver using
empirically chosen initial values to emphasize the advantages of the hybrid approach.
We investigate various GL settings and training strategies for NNs. First, we consider
NNSs that are intensively trained for the reduced and full GL models. These networks
lead to minimizers on lower energy levels than the ones obtained with the classical
FE iterative approach with heuristic initial values. These models also provide a set
of architectures and training parameters used in subsequent experiments involving
faster-trained networks for GL models de ned on di erent geometric domains, i.e.,
the unit square and the L-shaped domain. Table 1 depicts the most relevant pa-
rameters for the architecture and training strategy of the NN models used in all the
experiments. All our models consist of 40 blocks of varying type with a width of
512 neurons resulting in about 31.5M trainable parameters. The main di erences
between the models lie in the chosen block type as well as the optimizer used for
training. Regarding the learning rates, target Ir main is the learning rate used for
the weights, while target Ir scaling is the learning rate used for the scaling vector
for the residual branch. Further details on the hyperparameters can be found in the
corresponding con guration les. These les are provided with the source code for
the entire implementation, available at:

https://github.com/BenjaminDoerich/glenn

For the hybrid approach and for computing reference approximations, we exploit
the FE iterative solver with quadratic Lagrange FE in the order parameter u and
Necklec elements of rst kind and lowest order for the vector potential A. On the unit
square domain, a quasi-uniform mesh is used with 608,842 real (or 304,421 complex)
degrees of freedom for the order parameter and 228,059 degrees of freedom for the
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GL-R1 GL-R2 GL-F1 GL-F2 GL-L*

depth (blocks) 40 40 40 40 40
width 512 512 512 512 512
trainable param. 31.5M 31.5M 31.5M 31.5M 31.5M
block type SwiGLU SwiGLU SwiGLU DAGLU SwiGLU
activation SiLU SiLU SiLU SiLU SiLU
precision 32 64 32 64 32
batch size 214 215 215 215 215
steps per epoch 213 213 213 213 213
total epochs 20 18 19 6 4
target Ir main 0.001 0.003 0.003 0.003 0.01
target Ir scaling 0.001 0.0003 0.0003 0.0003 0.001
decay scheduler cosine exp. exp. exp. exp.
optimizer AdamW  AdamW Muon Muon Muon
max 110 130 130 130 130

Table 1: Architecture and training parameters for the NN models.

vector potential, which amounts to a total of 836,901 real degrees of freedom. For
the L-shaped domain we have 457,306 real (or 228,653 complex) degrees of freedom
for the order parameter and 170,233 degrees of freedom for the vector potential. This
amounts to a total of 628,539 real degrees of freedom. Depending on the precise
setting, one FE step takes around 5{7 seconds, leading to 80{120 minutes per 1000
iterations. The iterative solver for the classical and hybrid approach terminates once

a tolerance of tol = 10 12 is reached with respect to the energy increments.

As mentioned above, to quantify the quality of the NN and hybrid approach we
compute reference approximations using the classical FE iterative solver with empiri-
cally chosen initial values. These are denoted by, j =1;2;3;4;5 and generated for

= pL(1 +i) through the functions

W)= e 0 )= el B(xatixg)+ Fel W g = e 00
d) = (atixg)el™ =

With the transformation  : (0;1)2 ! ( 1;1)%, (X) = (2x1 1;2x, 1), we set

the initial values for the order parameter on the unit square to interpolation into the

FE space ofu® = 'j;'j = | forj =1,;2,3;4;5. For the L-shaped domain we

restrict these functions accordingly. In each GL setting, this leads to ve reference

approximations from which the one with the lowest energy level is the best candidate

for the global minimizer obtained with the classical FE iterative solver.

5.1. Neural networks for the reduced GL model. For the rst experimental
setup, we consider the reduced model (2.4) on the unit square = (Q1)2. The
magnetic vector potential A is given by

sin( x 1)cos(X 2)

p_
A= 2 cos(x 1)sin( x o) ’

X =(X1;%2) 2
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Note that div A = 0 and that curl A = hgy with hey (x) =2 pi sin( x 1) sin( x 2).
The GL parameter is set to the values = 10;25;50;75,100. We emphasize again
that the training of the NN does not particularly include these values, but rather
provides approximations for a whole range of values of 2 [ min; max]-

10 25 50 75 100

"1 0.10459064 0.08611814 0.06928056 0.03607700 0.04583871

"2 0.11497944 0.07431313 0.06231434 0.04038106 0.04301528

"3 0.10459064 0.06483810 0.04141371 0.03611419 0.03091586

"4 0.10459064 0.06483810 0.04141371 0.03448296 0.03091576

"5 0.10459064 0.08386487 0.06876863 0.04039311 0.04045206
GL-R1(NN) 0.10462698 0.06523432 0.04215652 0.03212462 0.02785582
GL-R2(NN) 0.10460000 0.06525657 0.04222260 0.03308495 0.02609508
GL-R1(hyb.) 0.10459064 0.06450104 0.04141371 0.03162426 0.02770266
GL-R2(hyb.) 0.10459064 0.06450091 0.04141371 0.03169532 0.02605176

Table 2: Energy levelskE (u) of computed energy minimizers for the reduced GL model
of Section 5.1. First block: FE iterative solver with heuristic initial values ' ;. Second
block: pure NN modelsGL-R1(NN) and GL-R2(NN). Third block: hybrid approach
GL-R1(hyb.) and GL-R2(hyb.) with initial values from the NN.

The rst block in Table 2 shows the energy levelsk (u) of the ve computed mini-
mizers using the classical FE iterative solver with the empirically chosen initial values
"i,] =1,2,3,4,5. The bold entries indicate, for each value of , the lowest energy
achieved by this procedure; these serve as reference approximations for comparison
with the NN and the hybrid approach.

For the NN-based method, we trained two models,GL-R1and GL-R2 Their
architectures and training strategies are summarized in Table 1. For both models, we
use the SwiGLU block type and the main di erence lies in the chosen learning rates
and batch size. The training required approximately 3.5 hours for forGL-R1and 6.5
hours for GL-R20n the HoreKa machine at KIT. The resulting energy levels of the pure
NN approach are shown in the second block of Table 2. For = 10;25;50, the NN
approximations yield energy levels close to, but slightly above, the reference values. In
contrast, for =75;100 both models achieve lower energy levels than those obtained
with the classical approach using the prescribed heuristic initial values. This suggests
that the NN approach identi es better candidates for the global GL minimizer.

We then use our hybrid scheme, which takes the output of the NN as an initial
guess for the classical FE iterative solver. The nal energy levels after an additional
iteration with the FE solver are shown in the third block of Table 2. Both models show
comparable performance and consistently match or even outperform the reference
approximations due to lower energy levels. In particular, they yield strictly lower
energy states in several cases, indicating the successful identi cation of low energy
states, which is the primary objective of our approach.

In Figure 2, we present the densitieguj? of the computed minimizers. In all cases,
we observe the formation of a vortex pattern, namely the Abrikosov vortex lattice [1].
As is increased, the pattern becomes more intricate: the number of vortices grows
while their size decreases. The minimizers computed with the classical FE approach
and with the hybrid approach exhibit symmetric vortex patterns, whereas the pure
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Fig. 2: Densitiesjuj? of computed minimizers for = 10;25;50; 75; 100 (left to right),
corresponding to Table 2. Dark indicates values close to 1; light indicates values close
to 0. First row: reference minimizer computed with the classical FE iterative solver
and best heuristic initial values ' ; (best). Second and third row: pure NN models
GL-R1(NN) and GL-R2(NN). Fourth and fth row: hybrid approach GL-R1(hyb.)
and GL-R2(hyb.) using initial values from the NN.

NN results show a certain displacement of the vortices within the lattice. At the same
time, the pure NN approach still captures the overall structure of the pattern, as well
as the approximate size and number of vortices. Moreover, for the same value of
(e.g., =100), even small di erences in the computed energy correspond to di erent
vortex con gurations and therefore to di erent local minimizers. This suggests that,
with the classical approach and heuristic initial values, the global GL minimizer is not
recovered, while the hybrid approach appears to provide at least a strong candidate
for the global minimizer.

Table 3 shows the iterations that the FE solver needed to converge up to the
prescribed tolerance of 1012 for both, the classical FE and the hybrid approach.
As the table shows there is no clear indication whether either approach is favorable
in that regard. Note that the numbers should only be compared for cases where
the same minimizing state is achieved by both methods. While the performance is
not the focus of our approach, we nonetheless implemented a re nement strategy to
improve on the number of iterations needed after the NN stage. For this, we treat the
trained NN as a pre-trained model that is then re ned for a limited time and for the
given value of . This can be interpreted as specializing the general model for this
specic . In our tests, we observed clear indications that this procedure can indeed
reduce the required number of iterations. However, a further detailed investigation of
possibilities to reduce the number of iterations is beyond the scope of this work and
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10 25 50 75 100
"1 40 60 172 10279 10882
‘2 199 339 1137 4373 24572

'3 66 1166 4034 8147 11022

"4 91 1214 4090 21718 17831
"5 86 379 21874 47145 37079
GL-R1(hyb.) 52 1314 7483 11912 4537
GL-R2(hyb.) 47 5541 7961 12452 24568

Table 3: Number of iterations to compute the minimizers with initial value u® = ' ;

and the hybrid-approach up to tolerance tol = 10 2.

left for future research.

5.2. Neural networks for the full GL model.

model (1.1) with the external magnetic eld

(5.1)

hext (X) = 2p§ sin( x 1)sin( 2);

X =(X1;X2) 2 ;

Next, we consider the full GL

and again choose the GL parameters as = 10;25;50; 75;100. As before, we note
that the NNs are not restricted to these values of , but instead are trained for a

whole range.
10 25 50 75 100

1 0.10440628 0.08514562 0.04148069 0.04560323 0.02615202
‘2 0.11500423 0.07371087 0.04185499 0.03776825 0.02854666
'3 0.10440628 0.06491247 0.04148069 0.03779534 0.02659625

"4 0.10440628 0.06491247 0.04148069 0.03446474 0.02660840
"5 0.10440628 0.08287191 0.04781070 0.03597329 0.02707063
GL-F1(NN) 0.10461688 0.06576285 0.04211054 0.03220804 0.02639166
GL-F2(NN) 0.10446705 0.06545582 0.04194608 0.03210672 0.02640819
GL-F1(hyb.) 0.10440628 0.06445608 0.04148069 0.03171263 0.02615239
GL-F2 (hyb.) 0.10440628 0.06445609 0.04148069 0.03171263 0.02614767

Table 4: Energy levelskE (u; A) of computed energy minimizers for the full GL model
of Section 5.1. First block: classical FE iterative solver with heuristic initial values
"j for u and O for A. Second block: pure NN model€GL-F1 (NN) and GL-F2(NN).
Third block: hybrid approach GL-F1 (hyb.) and GL-F2 (hyb.) using initial values

from the NN.

Similar to the previous experiment, the rst block of Table 4 shows the computed
minimizers obtained with the classical nite element iterative solver using heuristic
initial values ' ;. The reference minimizers with the lowest energy levels are again

highlighted in bold.

For the full model, we trained two NNs, denoted by GL-F1land GL-F2, and identi-
ed architectures and training strategies that yield to minimizers of low energy. The
corresponding parameters are listed in Table 1, and the resulting energy levels of the
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