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ON THE WELL-POSEDNESS OF MAGNETIC SCHRODINGER
EQUATIONS WITH UNBOUNDED POTENTIALS

DOROTHEE FREY AND SILIANG WENG

ABSTRACT. We consider magnetic Schrodinger equations with sublinear magnetic po-
tentials and subquadratic electric potentials on R%, as well as generalizations thereof.
We obtain new results on the global well-posedness of the Cauchy problem with initial
data in magnetic modulation spaces M% (R?). Our results are achieved by approximating
the solution in phase space using the magnetic Hamiltonian flow. This method includes
the potentials as part of the generalized Schrédinger operator instead of treating them as
perturbations, and thereby allows us to deal with unbounded potentials. For A = 0, the
space M4 (R?) reduces to the usual modulation space MP(R?), for which relevant known

results for the usual Schrodinger equation can be recovered.

1. INTRODUCTION

Let d > 2. In this article, we study the global well-posedness of the Cauchy problem for

the Schrodinger equation with unbounded electromagnetic potential in R x R?,
(1) iu(t;y) = (HY 4+ V()u(t; y), u(0) = g

on magnetic modulation spaces M%(R?) as defined below. Here H* denotes the magnetic
Laplacian with the magnetic vector potential A, that is

d
1 ) ;
HA = 52 (=10 — Aj()?, OkA; — 03Ak = By, 1<k < d,

j=1
and V() € C*(R¢,R) denotes the electric scalar potential. We define the magnetic field

B to be a smooth, closed 2-form

B(y):= > Bjl(y)dy; Ady,

1<j,k<d
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with Bj, = —By; € C>*(R% R) , and a magnetic vector potential A associated to B is a
vector-valued function A = (Ay, As, ..., Ay) satisfying dA = B. We consider unbounded
potentials A with at most linear growth and V' with at most quadratic growth, that is for

multi-indices a and 3, the potentials satisfy

%AW < Caar 1OVt < Cvg, ol 18] > 2.

For differential operators with long-range magnetic potentials, a pseudo-differential calcu-
lus adapted to the magnetic potential has been developed by Iftimie, Mantoiu, and Purice
in [12], [8]. The theory extends the usual Weyl calculus to the magnetic Weyl calculus
h — Op®(h), mapping a symbol h € S'(R?*) to a magnetic pseudo-differential operator
(magnetic WDO) Op#(h), acting on u € S(R?) as

(2) Op*(h)uly) := (2m)~* / et W (L yu(y') dy'dn.

R xR

The precise meaning of the above expression will be recalled in the next section. We
note here that this adapted formulation differs from the usual Weyl calculus only by a

magnetic-dependent phase term e*WA(y/’y), which has the property

—i A(lv) =
(3) Y| =1

We thus recover the usual Weyl calculus as the special case A = 0. With this formulation,

the magnetic Schrodinger operator in (1) can be expressed as
(4) HA+V =0p%(h),  hty.n) =M+ V(ty).

We show under suitable conditions, the Cauchy problems associated to a family of equa-
tions that contains

(5) idpu(t,y) = Op? (h)u(t;y), w(0) = ug

is well-posed on the magnetic modulation space M%(R?), for 1 < p < oco. Here the space
M%(R?) can be seen as the A-adapted version of the usual modulation space, defined

through the magnetic wavepacket transform 74 for u € S'(R9)

—q . p— —1 A
Thu,§)i= [ €000y~ ayuty) dy, Nl = 1740 g

where g denotes the normalized Gaussian function on R? (a window function). We also
note, although the space MY is formulated explicitly with the magnetic potential A, it
in fact intrinsically depends only on the magnetic field B. In other words, MY is gauge-
independent, that is for another magnetic potential A" with dA’ = dA = B, we have

M ~ M?, isometrically.



This choice of space is inspired by the well-posedness of the usual Schrodinger equation
in modulation spaces M4, see [1], [2] and the references therein. Also due to the phase
term e~ %" and its property , the magnetic modulation space M’ naturally extends the
usual modulation space MPP, and is well-behaved interacting with the adapted magnetic
UDOs . One of the early ideas of defining magnetic versions of modulation spaces can
be found in Mantoiu-Purice [13], where they considered the case p = 2. To the best of
our knowledge, the definition and discussion of M’ and its weighted version M (" in this

article is new, and so are its applications to magnetic Schrodinger equations.

Previously well-posedness results for the Cauchy problem of ([1f) with unbounded potentials
are mostly obtained on L?-based spaces. One foundational work is Yajima [16], where
unbounded, non-smooth potentials with ¢-dependence are considered. More generally,
Doi in [6] showed under certain conditions the variable-coefficient version of with
unbounded potentials is also well-posed in L?-based weighted Sobolev spaces. On the
other hand, results for LP-based spaces with p # 2 seem out of reach, since the non-
magnetic Schrodinger group e #2 is already unbounded on LP for p # 2. For the non-
magnetic A = 0 case, the introduction of the modulation space M9 as a substitute for
L? has been very successful, since the Schrodinger group e #*2 has been shown to be
bounded on the modulation spaces M?? [I]. This suggests taking spaces of modulation
type as candidates for wellposedness of magnetic Schrodinger equations. In this direction,
Keiichi-Muramatsu [10] obtained a-priori estimates on M?, but there the existence of the

solution is still restricted to L2.

By introducing the magnetic modulation space MY and the weighted version M}’  we
obtain a global well-posedness result for . Our assumptions on the potentials are the

following.

Assumption 1.1. Fiz e > 0. We assume the magnetic field B has smooth components
{Bji}1<jk<d, which are all bounded with ||Bjk|lcc < Cp for some Cg > 0. Furthermore,
we assume the derwatives of By, satisfy a decay condition, that is for multi-indices «,
there exists Co g > 0 such that

(6) 0°Bir(y)] < Caply)™ ™% lal = 1.

For such given magnetic field B, we define the magnetic vector potential A by the transver-

sal gauge

d 1
(7) A(y) = — Z/ sypBjr(sy) ds, y € R%
k=10
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For the electric scalar potential V', we allow t-dependence and assume that V' € C(R, C*(R)),

with quadratic growth bounds that is uniform in t,

(8) 02V ()] < Cvar o] 22, tER.

For the magnetic DO OpA(h) generalizing the magnetic Schrodinger operator, we define
the symbol class S®*), which aligns with the symbol class used in Tataru [14].

Definition 1.2. For k£ € N and multi-indices a, 3, a symbol h € C*(R??) is in the symbol
class S*®)(R2) if it satisfies

050, h(y. m)] < Cap, ol + 18] = k.

We make the following assumption on the symbols.

Assumption 1.3. We assume the time-dependent symbol h € C'(R,C>(R?*?)) is real-
valued, and h(t), h(t) € S©@ (R uniformly int. Furthermore, we assume h is of second-
order in n, that is, for all t € R there exists C' > 0 such that |h(t;0,m)| > C|n|?.

Remark 1.4. While the second-order part of the assumption guarantees the operator
OpA(h) to be of magnetic Schrodinger operator type, our result also holds free of this
part of the assumption. In fact, for A that is first-order in 7, the arguments will be

simpler.

The above assumption gives a family of symbols which contains the symbol h(t;y,n) =
In|? + V(t;y) in (@) with V satisfying Assumption [L.1] Our main result is the following.

Theorem 1.5. Let T > 0 and 1 < p < oo. For a giwen magnetic field B satisfying
Assumption[1.1] and a real-valued symbol h satisfying Assumption[1.3, the Cauchy problem
with initial value uy € M5 (RY)

iwu(t,y) = Op™ (R)u(t, y),

9
¥ u(0,y) = uo(y),

has a unique strong solution u € WH([0,T], M5 (RY)) with u(t) € MiP(RY) for all t €

[0,T]. Moreover, we have the bound

lu(®)llar2r ey < Crlluoll 2 gay-

This result also gives a simple corollary.



Corollary 1.6. Let T > 0 and 1 < p < 00,8 > 2. For the same magnetic Schrodinger
operator Op”(h) as in Theorem and f € LY[0,T], M3*(R?)), the Cauchy problem
with initial value uy € M3P(R?)

idpu(t, y) = Op” (h)u(t,y) + f(t,y),
u(0,y) = uo(y)

has a unique strong solution u € WHH([0,T], MH(RY)) with u(t) € M3P(R%) for all t €
[0,T].

Our approach is also flexible enough to treat the case of time-dependent magnetic poten-

tials A(t), which we explain in Section 8.

Theorem 1.7. Let T > 0 and 1 < p < co. Let B(t) be a time-dependent magnetic field
with components By, € CY(R,C>(R%)). For some fized ¢ > 0, assume for all t € R,
Bji(t) satisfies || B(t)||oo + [|B(t)]loo < Cp and the decay condition

(10) 0°Bji(t:9)| + 0°Bin(t;y)| < Caply)™ 5 o] 2 L.

The Cauchy problem with initial value uy € Mi’(%) (R%)

idyu(t,y) = Op™ I (h)u(t,y),

u(0,y) = uo(y),

(11)

has a unique strong solution u € Wl’l([O,T],Mﬁ(t)(Rd)) with u(t) € Mi’(t)(Rd) for all
t € [0,T]. Moreover, we have the bound

||U(t)||Mi,(Z;)(Rd) < CT||U0||Mj»{5)(Rd)'

With the identification Mi(t) ~ [?, the above result can be seen as a generalization of the

classical results in Yajima [16].

Our strategy for the proof is inspired by the work of Tataru [14], Cordero-Gréchenig-
Nicola-Rodino [3] and Cordero-Nicola-Rodino [4]. The main idea of the strategy is to use
the wavepacket transform 74 to take a phase space perspective, so that the quantum
evolution u(t) satisfying (9) can be related to a classical evolution in the phase space
(a magnetic Hamiltonian flow) with initial data @ := 7“uo. The flow property is then
exploited through a generalized version of Yajima in [16, Lemma 2.1], which only requires

the mild decay assumption on B as in @ For A = 0, our result recovers the modulation
5



space well-posedness results for the non-magnetic Schrodinger equation with unbounded

electric potential V.

2. PRELIMINARIES

2.1. Notation. For the configuration space R%, the phase space is the cotangent bundle
T*R? ~ R?¢, For differential operators, we use the notation D := —i0, and for a scalar
function f on RY, we use Oy f(x) = O, f(x) where x := (zy,...,2x,...,2q). If [ is
time-dependent, we also use the shorthand notation f := df /dt. For scalar products of
z,y € R? we use x -y or (z,y). For the L? pairing we denote (f,g)r2 := [ fg, with the

complex conjugation on the left.

We use the Japanese bracket (z) := (1 + |z|?)"/2 for € R, and note Peetre’s inequality,
for s € R,

(x4 y)* < 25(x)* (y)l*!, z,y € RY.
For inequalities, we use the notation < to hide absolute constants, and also the constants
that only depend on invariant objects such as the Gaussian g. We use subscripts to denote
the dependence of relevant objects or parameters, for example C'z denotes constants that

can be determined from a given magnetic field B.

2.2. Magnetic Potential and Flux. Let the magnetic field B with components Bj;, €
C>*(R%R) satisfy [|0°Bjklle < Ca, and let A(-) denote the magnetic vector potential
obtained through the transversal gauge (7). For fixed z € RY, we define the vector
potential A(-,z) by

d 1
)= =32 [ st =0 Bule + sty —a)) ds, y R
k=1

The above potential satisfies dA(-, z) = B and also recovers A(y) by A(y,0) = A(y). The
vector-valued function A(-) — A(+, z) is related to the desired gauge-covariant property of
the magnetic YDOs. Notice we have dA(-) — dA(-,x) = 0, so A(-) — A(+,x) is in fact a

closed 1-form. We can thus find a function ¢* such that

<]'2> ang0A<y7x) - A](y) - Aj(yux)v Y, T € Rd? 1 S] < d.
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A straightforward choice is to integrate both sides above from z to y (cf. [5] equation

(1.4)),
(13) Aly,a) = / (A() — A7) = / A, ayeR

Y z,Y

where I'; , denotes the line segment connecting = to y. Explicitly, we have

/F A::/F A(-,O):(y—x)-/olA((l—s)x+sy,0)ds,

z,yY z,y

and the fr A(-,x) term in 1’ vanishes, because B is skew-symmetric, so
z,Y

J

From this construction, we see that ¢ is anti-symmetric in its variables, i.e.

(14) ey, ) = —p(z,y), z,y€ER

Because the value of ¢? equals integrating the vector field A along a line segment, we

d

A z) = Z (y; — :cj)/o /0 0s(yi — x)Bjr(x + 0((1 — s)z + sy)) dfds = 0.

.y jk=1

denote by I'B(y, z, z) the flux given by the magnetic field B through the oriented triangle

with vertices y, x, z. Using Stokes’ theorem, we have

(15) TPy, 2,2) = oMy, @) + ™z, 2) + ¢ (2,9).

By [9, Lemma 2.10], we can formulate a matrix C(y,z, 2) := (¢jx(y, 2, 2)), < p<q With

1 S
cik(y,x, 2) == / / Bty + (s —t)x + (1 — s)z) dtds, (y,z,z2) € R3d,
o Jo
it then allows us to re-write I'P as

FB(y,x,Z) = <C<y7$>’z><y - SL’), (y - Z)>

With the above formulation, the following estimates hold by direct calculation, which
bounds the derivatives of the magnetic flux by the length of the line segments |y — x| and
ly — zl.

Lemma 2.1. For a magnetic field B with Bj, € C*(R%R) and [|0*Bji|lcc < Ca, the

associated magnetic fluz TB and phase function e satisfy
|FB(y’,jL"Z)| S OB|y - $||y - Z|7

(16) 020D < O p(ly — x| + y — 2], Ja] > 1.
7



3. MAGNETIC PSEUDO-DIFFERENTIAL OPERATOR

In this section, we recall the construction of magnetic pseudo-differential operators (YDOs)
with a given magnetic field B satisfying sup,cga [0°Bjx(z)] < C,. With ¢# constructed
in , we can now give a definition of magnetic WDOs following the construction in [8|
Section 1]), for general symbols h in the space of tempered distributions S'(R??). Since
tempered distributions can grow at most polynomially at infinity, the resulting magnetic

WDOs as integral operators are well-defined for Schwartz functions S(R?).

Definition 3.1. Given a symbol i € &'(R??), the magnetic pseudo-differential operator
Op?(h) € L(S(R?); S'(RY)) is defined by

(17)  Op*(h)uly) == (2m)~* / =)=t W (Y Y (y') dy'dn, y € R,

R2d
where u € S(R?).

This mapping of symbols to magnetic YDOs h OpA(h) is also called magnetic Weyl
quantization. This formulation has the advantage that the magnetic potential A is fully
decoupled from the symbol h. For comparison, the magnetic Schrédinger operator H4 +
V in can also be formulated with the usual YDO theory, which requires a much
complicated symbol
ha(t;y,n) = n— A(y) [ + V(t;y)
such that
H* +V = Op(ha) := (2m) / A m)u(y') dy'dn,
R2

Furthermore, the magnetic YDO formulation enjoys a gauge-covariant property. That is,
for A" = A+dv with v € C3) (Rd, ]R) a real-valued smooth function of at most polynomial
growth, A and A’ are both associated to the magnetic field B = dA’ = dA. Then the
magnetic ¥DOs Op”(h) and OpA/(h) are unitarily equivalent in L? (cf. [I2, Proposition
3.6]). Thus this formulation depends more intrinsically on the object B, which allows
us to formulate Assumption [1.1]in terms of the magnetic field B instead of the magnetic
potentials A. In particular, the adapted magnetic modulation space M%(R?) we formulate

also depends intrinsically on B, which we show in the next section as Proposition 4.5

Another important feature of the above Weyl quantization is that for real symbols h, the
operator Op“(h) is symmetric on S(R?), thanks to the balanced choice %y/ in . But
this can also make explicit calculations a bit awkward. To simplify calculations, a slightly

different quantization is also useful, that is the magnetic Kohn-Nirenberg quantization
8



Opiy (or the magnetic “left” quantization)

Opjn (R)u(y) := (2m)~* / 3 == WDy pyuly') dy'dy,  y € RY.
R

The Weyl quantization can be converted to the Kohn-Nierenberg quantization by modify-
ing the symbol h. [9, Proposition 2.13] provides such a conversion for a symbol class S™,
and the proof there can be used with obvious changes to give a conversion for our symbol
class S%(2)(R24).

Lemma 3.2. Given a € S“@ (R, there exists a symbol b € S®@(R?*?) such that
Op*(a) = Opiy(b), with

b(y,n) = a(y,n) + a.(y,n), a, € S*O(R™).

By [9, Proposition 2.13], we also have an explicit expression for the symbol a, given by

af
a,(y,n) =Y L (1) (Dgoga) (y,m),  (y,m) € R*.

laf! \ 2
lof>1

This implies that if the symbol a depends only on y or 7, then the two quantizations
Op?(a) = Opity(a) coincide, because all cross-derivatives vanish. In particular, the sym-

bols of the basic magnetic differentiation and multiplication operator

Pluly) = (=idy, — A;(y)uly),  Q;uly) = yyuly)
coincide in the two quantizations. That is, for u € S(R?) we have
P uly) = Op™ (nj)u(y) = Opien (;)u(y);
Q; u(y) = Op™(y;)uly) = Opin(y;)u(y).

This can be shown with direct calculations using Fourier inversion. We showcase the

(18)

calculation with OpA(nj)u(y), and the other identity is similar. Denote by F, and F 1

the Fourier transform and inversion regarding the variables 3y’ and 7. We have
Op™ (1;)u(y) = Opgen (n;)u(y)
= (2m) ™ /2d ei(yfy’)-nefisa“(y’,y)nju(y/) dy'dn
R

= F Fy (=i (e ) ) ()
= (=10y; — A;(y))u(y),
where the last equality is based on and p?(y,y) = 0, that is

iy VD= ()~ Ay y)e OV = Ay(y).
9



4. THE MAGNETIC WAVEPACKET TRANSFORM AND MODULATION SPACES

For a given magnetic field B and the associated magnetic potential A, we define a family

of magnetic wavepackets using the magnetic phase function ¢* constructed in .

Definition 4.1. We denote the L?normalized Gaussian by
g(y) = (27r)_g7r_%e_%y2, y € R
For fixed A > 1, the family of A-rescaled magnetic wavepackets { ng’jE’\}(x,f)ede are Schwartz

functions parameterized by (z,&) € R*, defined by

(19) g y) = A g (A (y — ) 0D,y e RY

By the above definition, for A = 0 and A = 1, we recover the standard Gaussian wavepack-

ets {gu.¢}(r.0)er2a,
Grs(y) = €S0 g(y — 3) = 7AW"y RY,

which are translated and modulated Gaussians, centered around x in the configuration
space and around ¢ in the frequency space. Thus, the magnetic wavepacket transform we
define below can be seen as a generalization of the usual wavepacket transform (cf. [14],

equation (1)).

Definition 4.2. For a tempered distribution u € S'(R?), its magnetic wavepacket trans-
form T2 u € S'(R??) is obtained by integrating against wavepackets gf’g’\ defined in ,

ie.,

- / N WD g(A\(y — 2))e  WDu(y) dy, (,€) € R

This magnetic wavepacket transform T is an example of a phase space transform, since
it takes a function (distribution) on the configuration space R? to the phase space (the
cotangent bundle) T*R? ~ R??. We also define a formal adjoint ’7;\“* acting on phase space
distributions @ € S'(R?*?) by

Tia) = [ gl w)ate.8) dode

Lemma 4.3. The magnetic wavepacket transform T4 and its formal adjoint T* have

the following properties:
10



(i) If u € S(RY), then T"u € S(R*?). If i € S(R*) then T 1 € S(RY).
(i1) T2, T are L? isometries.

(iii) For u € S(R?), we have the inversion formula u = T,"* T u.

The first two properties can be checked by direct calculation, or proved similarly as in the
non-magnetic case, such as Proposition 1.82 in [2] (also cf. Proposition 3.3 in [13]). The

inversion formula can be obtained by

T T Au(y) = X / ¢ g(Ny — 2))g(A(y — )" @D e~ WDy (1) dy drdg

R3d

= \(2m)3 / 3y — ) g\ y — 2))g(A(y — )" @)= Wby (o) dy'de
RQd

— x(2r)tu(y) / oAy — 2))? da

Rd
= u(y),
where we used the evaluations

T2y, z,v)

From the above calculation we can also see the nice interaction between two wavepackets.

=0.

y'=y

ey = 9 w2 + oM @ y) =0, Y

We then define the magnetic modulation space M%“(R?) adapted to the magnetic potential
A to be the space of functions whose 74 transform has LﬁLZ integrability.

Definition 4.4. For 1 < p,q < oo, we define the magnetic modulation space M4 (R?) by

1/q

qa/p
MEIRY) =< u e S'(RY) : [ullpza(ray == (/ ( [T Au(z, )P dx) df) < 00
R4 R4

For p = 0o or ¢ = oo, the integral should be replaced by L> norm and the space M%?(R?)

is defined as the closure of the Schwartz space with respect to the norm.

By this definition, when A = 0 we recover the usual modulation space MP?(R?). General
information and properties of the non-magnetic modulation space M?4(R?) can be found
in [7] or Chapter 2 in [2]. As far as this article is concerned, we focus on the case p = g,

and denote M%(RY) := M5P(RY). We can prove analogously the following properties.
Proposition 4.5. Let 1 < p < oo. We have the following.

(i) M%(R?) is independent of the choice A\ > 1.

(ii) ML (RY) is a Banach space.
11



(iii) S(RY) is dense in M5 (R?).
(iv) For u € MY(RY), we have u = T, T u.

In particular, for p =2 we have M%(R?) ~ L?(R?) isometrically.

Up to now, we have used the magnetic vector potential A from the transversal gauge ([7)
to define the wavepacket transform and the modulation spaces. Here, we remark on the
general magnetic potentials A'(y) := A(y) +9J,v(y). By replacing A with A’, we can define
accordingly 74" and M?%,(R%), which actually leads to the same space.

Proposition 4.6. Forv € C (R, R) and A'(y) := A(y) + 0,v(y), which satisfies dA' =

pol

dA, we have MY, (R?) ~ ME(RY) isometrically.

Proof. Notice that A'(y) := A(y) + d,v(y) gives
= [ A= [ (Ar00) =)+ oly) - ole)
o,y Tay

Consider the injective map u + ¢®u for u € M4 (R?). Then for w := e™u, we have
TV w(w,€) = /e_ig'(y_x)g(y —2)e " Bw(y) dy = O T u(z, ©),

so w € M%,(RY) with [w][ a7, (ray = [[te]| sz ey The map u — e™u is also surjective, since
for any w’ € M%,(RY), we can take u' := e~™w’, and by a similar calculation as above we
have ' € M4 (R?). O

We also introduce the weighted version M}"?(R?).

Definition 4.7. Let 1 < p < oo and m € R. We denote the standard weights v,,(z, &) :=
(1+ |2|2+€]?)™? and the re-scaled weights vy, (2, &) = (1 4+ ALz |> +|A71|?)™/2. The
weighted magnetic modulation space M}"*(R?) is defined by

MPP(RY) = {u € S'(RY) : HUHMXHP(Rd) = ||V>\,m7;\Au|]Lp(de) < oo}7

where the case p = 0o is also understood as the closure of the Schwartz space with respect

to the associated norm.

By the above definition, M}""(R?) is essentially a weighted L? space from a phase space
perspective, so it also enjoys properties analogous to the ones in Proposition 4.5, For

my > myp, we have naturally M}""*(RY) C M*P(R?). For p = 2, by the isomorphism
12



MS?(RY) ~ L*(R%), it is easy to see for k € N, the space M%?(R?) contains the L?-based
weighted Sobolev space ¥(k) used in Yajima [10]

S(k) = {u € L*(RY) : Siapiai<rlla0fulfamey = lullg < oo}

Moreover, for our generalized magnetic Schrodinger operator OpA(h) with symbol h sat-
isfying Assumption , the space Mi’p is a natural domain for OpA(h) in M%.

Lemma 4.8. Let 1 < p < oo,m € R, and let symbol h satisfies the Assumption[1.5. Then
the magnetic pseudo-differential operator Op”(h) : MPP(RY) — M7~ *P(R?) is bounded.

This lemma can be seen as a consequence of the following more general lemma.

Lemma 4.9. Let 1 < p < oo and m,s € R. If a linear operator L : S(RY) — S'(R?)
satisfies for all N, N' € N

(20) (g2 Lgnell S vs(z, Oz — )™M =€)~

then £ : M}"P(RT) — MY *P(R?) is bounded.

Proof. By density of the Schwartz space S(R?) in M} "P(R?), it suffices to consider u €
S(R?). Denote G¢(z,¢, z,€) := (g2, Lgz'.). By the reproducing formula u = T4*Tu we
can write

[[£ull

Notice that the inner integral on RHS above can be seen as integrating a phase space

p
M7T™%P(Rd)

o) [ e ([ oo ute.€) dod ) dy

p

dzd¢

p

dzd(.

/RZd I/m_s(z7C)GE(Z,C,l‘,g)I/_m(Qf,f)Vm(.Q?,g)TAU(.’IZ',g) dl’df

function v,, 74u against an integral kernel involving G ». By the property , the integral
kernel can be bounded for all N, N' € N by

‘l/m75<27 C)Gﬁ(za Ca xz, é)me(fL} 6)’
V(2 Oz —2) "N (¢ = )V v ()
I/m(z - x>C - f)Vm(.T, 5) <Z - x>7N<C - £>7Nll/*m($7 5)

(z =) N — )TV
13
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With the sufficient off-diagonal decay of the kernel above, we obtain the boundedness of

L by Young’s inequality for integral operators

||£U||M;”*5vp(u§d) S ||VmTAU||LP(R2d) = ”uHMZ“p(Rd)-

5. MAGNETIC PHASE SPACE FLoOw

The magnetic Weyl quantization h — OpA(h) gives a correspondence between the classical
Hamiltonian A and the quantum observable OpA(h). In the spirit of the correspondence
principle, it is natural to relate the quantum evolution uy — u(t) on R to a classical
phase flow on the phase space T*R? ~ R2?. Since our choice of quantization depends
intrinsically on the magnetic field B, the corresponding flow should also depends on B
instead of the vector potential A. This is achieved by equipping the phase space T*R?

with the twisted symplectic form wg, given by
a 1
WB(z) = Zd{lf] AN dfj + § Z Bjk<l’)dl'] VAN dek,
Jj=1 jvk

which then gives rise to the associated Poisson bracket {-,-}5

d

d
{fag}B = Z (afjfaxjg - aﬂcjfaéjg) + Z Bjk(')aijfafkg'

j=1 jk=1
With the magnetic Poisson bracket above, we define the magnetic Hamiltonian flow in-

duced by a time-dependent Hamiltonian h.

Definition 5.1. For a given magnetic field B, we define xg(h)(t,s) : (2°,&°) — (2%, &)
the magnetic Hamiltonian flow induced by the Hamiltonian h € C(R, C>(R??)), satisfying

the equations

:L:tj = {h(t)’ m;'}B’

21 .
21) €= (h(). €'}

By definition of the Poisson bracket, the flow (zf, ") satisfies more explicitly

d
(22) vl = O h(t;at &), & = =0, h(ta',€) + Y By(a") e h(t; o', ).
k=1

In the following, we focus on such magnetic flows associated to symbols h satisfying

h(t) € SO (R2),
14



Lemma 5.2. Assume h € C(R, C>®(R?*®)) with h(t) € S®®)(R??) uniformly in t, and let
the magnetic field B satisfy ||Bjkllcec < Cp. Then the flow xg(h) ezists globally in time
and xg(h)(t,s) is volume-preserving for all t,s € R.

Proof. For this lemma, the ¢t-dependence of h(t) does not play a role, because we only
need the bounds for the z, £ derivatives of h, which by our assumption are uniform in ¢.
We thus suppress the notation and just take h(x,&) := h(t;z,£). For the existence, we
firstly note that the vector field in associated to h € S%2)(R)

q)h = <8§1h, e ,agdh, —&Elh + Z Bkl(l‘)agkh, ey _8xdh + Z Bkd(l‘)agkh>
k k

is smooth and thus locally Lipschitz, so xg(h)(t,s) exists locally in time. To extend it
globally, we rule out finite time blow-up by showing, for s,¢ € R with s < t, we can take
T > 0 such that t —s < T" and bound

(23) L[] + €] < Cp(L + [2°] + [€7)).

By the boundedness of the second-order derivatives of h € S%®)(R??) we can bound its

first-order derivatives by
|0ch (2, E)| + [0¢h(z,§)] < Cu(1 + [x] +[<]).

Take Cp > 1 such that |B(x)| < Cp, and denote Cj 5 := C,Cp > Cj. The above bounds
for the derivatives of h and the expression for zt and &t imply

(24) o] < Cu(L+ |2 [+ [€1]), 1€ < Crp(1+ [2'] + [€]).

We then calculate
dlzt|  at-a
dt |2t
dg| ¢ ¢
dt 19
Combining the above bounds, we see that
d(1+ |="| +[£'])
dt
By Gronwall’s inequality, we obtain the desired upper bound

< Jat] < C(1 +|2!| + |€Y)),
(25)
< €] < Crp(L+ |2+ [€1).

< 20, (1 + |z + |€7]).

(26) L+ J2!] + [€'] < e (1 + J2°] + [€°).
15



Moreover, since the backward-in-time flow (zf, &%) — (2°,£°) can be seen as a flow driven

by the vector field —®, a similar argument as above also gives a reversed bound

(27) L [a] +[€7] < e2Tmr (14 [af] + [€1]).

For the volume-preserving property, we use the fact that a flow generated by a divergence-
free vector field is volume-preserving, see Proposition 16.33 in [I1]. For the vector field

®;, we can compute

d
div®), = > 0y,0¢,h — O¢, O h + Bij(2)0e, 0, h = 0,

k=1

so the flow xp(h) is volume-preserving. O

The following lemma shows that the magnitude of the position and momentum vectors of
certain magnetic flows are comparable in a time-averaged sense. The lemma is inspired by
[16, Lemma 2.1], and is one of the crucial technical ingredients for dealing with unbounded

magnetic potentials.

Lemma 5.3. Let xp(h) be the magnetic Hamiltonian flow associated to a symbol h sat-
isfying Assumption[1.3 and a magnetic field B satisfying || Bjillc < Cp. Let I C R be a
compact interval and fix an arbitrary € > 0. We have for (x*,&"),t € I, satisfying the flow

xs(h) in (21,

29 [ e ar < Cupt+ 1), (@) €RM

I

Proof. We prove this in a similar way as [16, Lemma 2.1]. Again the ¢-dependence of h(t)
only makes a difference at the very end of the proof, so we suppress the notation for now.

By Assumption , h € S®®)(R??) and is second-order in £&. We thus have a lower bound
for its &-derivative, that is, there exist b € R, C' € R such that

(29) [Och(@. €)| = |lg] = b2+ C1].
We denote a new constant Cj, g based on Cj, Cp and |b| by
Ch,B = max(|b|, ChCB).

Without loss of generality, we can assume the constant Cj, g > 1, since otherwise the argu-

ments below hold by replacing Cj, p everywhere with 1. Sub-divide the interval I =) i1
16



into compact intervals with length |/;| = T, such that 7" is sufficiently small satisfying
1
(30) 2007°C} g + 60TC 5 < T

It suffices to prove separately for each I;. We fix I; and suppress the index j, denoting
it again by I. We also fix the starting point of the flow as x, £ € R?. Firstly, for the case
of TC gl¢" < 1+ |2 for all ¢ € I, the integral is bounded by
(31) [ e dr < @)t (@ ) dr < 6

I I
For the other case, there exists r € I such that T'Cj, p|"| > 1 + |z"|. We claim the
following bounds hold for all ¢ € I:

(32) L+ [a'] <10TChpl¢"|, FIE7 <€ <3515, tel.

We can in fact prove a stronger claim, that the above bounds are satisfied for all ¢ with
|t —r| < T. This claim can be verified by contradiction. Denote 7% := sup{c < T :
(32)) is satisfied for [t — r| < o} and suppose T* < T. For t with |t —r| < T*, we can
bound 1 + |z!| by

1+ |2") <1+ 2"+ T" sup il
Tl dr

Then by TC), 5|¢"| > 1+ |27|, the bound for 4= in and the bound , we obtain

dt

L4 [2f] 1+ |27 4+ T*Chpe® 2 (1 + [a"| + |€7])
<TChlE"| +3TCh(TChpIE" +[£7])
= 4TChpl"| + 3TCF pl€7|
< 9TC 5l€"],

where we used e?7“»2 < 3 because by the smallness assumption of T" we have

2TCp g < 1. Similarly by the bound for %;' in (25) and the above, we have

€] < 1€+ T*Chpe™ e (1 + |27] + [€7])
<[+ (3T*C} p + 3T Ch) €]
< wl¢;
where the smallness of T" as in is also used to obtain the last inequality. The lower
bound of |¢*| holds analogously, that is
€' > €7 = (3T*Cjl s + 3T Chp) "] = 51871

Because the flow (¢, £") is continuous in ¢, such 7% cannot be maximal, thus contradicting

its definition.
17



Now for the constant C' in (29), we distinguish two cases based on the size of |£7|. Firstly
for the case that [£"| < 10|C|, we directly have a desired bound

/<w7>16\57| dr < /\gry dr < 10|C|T.
I I

For the other case |£"| > 10|C/, using (29)), and we can calculate a lower bound
for the second-order t-derivative of |z*|. Here we will be taking ¢-derivatives on h(t), so the
t-dependence makes a difference, but things are under control since by our Assumption
m, we have h(t) € S©®(R??) uniformly in ¢. In particular, the assumption implies

[Oh(t; . €")] < On(L + || + [€']).

Using bounds and , we have
M 2d8§h(t;xt,§t) Lt
dt? dt
= 2|9¢h(t; 2, €))* + 2 <8§h(t; o, &) + 0,0eh(t; ', )it + OEh(t; 2, 5)5"5) Cat
> 2(55[€"| — [0~ 2'])* = 2Ch,B(1 + |z'| + € ])]2"]
> 2(3¢" - 1OTOI%,B|€T|)2 — 20, 5(10TCy 5|E"| + 2|€7)10T C €|
> (3 — (200T°Cy;, g + 60TCy ) 1€" P,

= 2|0ch(t; 2", &° +

d2|$t|2

so by the smallness of T" as in |D we have —5— > }1|§”|2. Then we show for 7 € I,

|#7| can be bounded from below. Suppose at a time p € I, x” attains the minimum value
7‘2

|2¢| = infyc; |2t|. Then by a Taylor expansion of |z7|? in the ¢-variable at |z°|, we have

d t|2 d2 t|12
272 = 2P+ 25| (- )+ SRR (-2

> |2°* + gl (T — p)?,
21
dt

(1—p) = 0.

t=p

where in the last inequality we used the fact that [z”|? is a minimum, so d

Then we have the desired bound for the integral

/ (@) e dr S / (L4 [27) ¢ dr

I I
< / (L +1€ 17 — o) €] dr
I
< e,

where we used the lower bound of |27| and the fact that |7, |£”| are comparable to |£"|
by . Combining this with the bound for the other case, we obtain . 0

18



6. PHASE SPACE APPROXIMATION

The evolution uy — u(t) satisfying (9) can be seen as a quantum evolution associated
to the operator OpA(h). Our goal in this section is to approximate such an evolution
with a classical evolution associated to the Hamiltonian A in the phase space. This is
in some sense a manifestation of the quantum-classical correspondence principle, and the
relevant classical evolution turns out to follow a magnetic Hamiltonian flow x z(h) in phase
space. So by taking a phase space perspective using the wavepacket transform 7,4, we can
obtain an approximate evolution in phase space that is more transparent and tractable.
This change of perspective reveals that to some extent, the quantum evolution wug — u(t)
preserves phase space localizations in the sense of magnetic wavepackets, which leads to

the magnetic modulation space boundedness of ug +— u(t).

6.1. Conjugating magnetic WDOs. The first step in approximating the generalized
magnetic Schrodinger evolution in phase space is to approximate the effect of the operator
OpA(h) in phase space. That is, we need to understand how the conjugated operator
T4 Op? (h)TA* behaves on phase space functions. For real symbols h, the operator Op” (k)
is symmetric for the pairing of u € S(R?) and gx g ,

T 0p? (h)u(e,€) = (g2, O (W) = (Op(W)g2 u) .

so it boils down to determining an approximation of the term OpA(h) gf ’g‘ in phase space.
The following proposition relates differentiation and multiplication on the configuration
space and the phase space.

Lemma 6.1. For magnetic wavepackets gf’g‘(y), multiplication and differentiation with

respect to y € R? can be approzimated by multiplication and differentiation with respect to
(z,€) € R?, that is,

d
_Zang?,?<y) = Za’ﬂjgac Z Bjk Za&kgm,? (y)

+ [A5(y) — A5(x) =i (A, 2) + 180 (A (e, )]s (9),

where Y denotes the remainder of the first-order Taylor expansion of y at x.

(33)

Proof. By property and of ¢4(y, x), we have
0,, "0 = i(Aj(y,0) = Ay(y,x))e™ ),

Oy, €'? o) = =i(—A;(z,0) + A;(x,y))e” M)
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A direct computation gives

—i0,, 907 (y) = 10,000 (y) + [A(y) — Aj(x) — Ay, @) + Aj(2, )] 902 ().

Next, we use Taylor’s formula to expand the term —A;(y,x) + A;(x,y) with respect to
the y variable at the value x. Recall the definition of the potential

0i=-3 | s tn= a0 B+ sty = ayas.

so evaluating A; at y = = we have A;(z,x) = 0. The first-order derivatives of A; are

1 d 1
Oy, Ajy,x) = —/ sBj(z + s(y — x))ds — Z/ (yx — zx) O Bji(x + s(y — x))ds.
0

=1

The derivatives at y = x evaluate to

(34) Oy Ay, 7) = — /0 sBa(e)ds = — Bulx).

Further, the second-order derivatives are, for 1 < m,[ < d,

0y, 0y Aj(y, x) = —/ $%0n Bji(x + s(y — x))ds — / $°0Bjm(x + s(y — x))ds
(3) °
_Z/ Yk — xk) Om0 B (z + s(y — x))ds,

so by and , Taylor’s formula of A; takes the form

d

1
E le yl - iUl) + Tg;l)(AJ'(y?m))a
=1

where, for some 6 € (0, 1), the remainder can be expressed by

d

(36) ri (A 0) = ) (Y — ) (9 — 12)8,,, 0,45 (x + 0y — )., ).

m,l=1

Expanding also A;(z,y) and combining the terms, we obtain

d
—A;(y,x = Ba(a)(y — x) — v (A(y, x)) + r{V (4 (z,y)).

=1

The lemma then follows from the identity O, gﬁ E’\(y) =i(y; — xj)gf, ?(y). O

We build upon the above lemma to show that the action of OpA(h) on wavepackets ng’j;‘

can be approximated, up to some error terms, as a phase space differentiation along the
20



magnetic Hamiltonian vector field associated to h. The lemma below can hold for more

general h, but for simplicity we formulate it for the most relevant symbol class S (R??).

Lemma 6.2. Let h € S®®(R?). The magnetic pseudo-differentiation Op™(h) on wavepack-

ets gé’g‘ can be approzimated by a phase space differentiation H?. That is,
A AN . £ AN

(37) Op (gt () = (il1° +R) g2 (w),  ye R,

where the components of HP are

d
f{JB = <8§‘jh8xj, —8$jh85j + ZB@(I’)@&h@fJ) s 1 S] < d.

k=1

The approximation error R term consists of the three parts
R = mA(h) + Rl + RQ,
as defined in , , and , where m*(h) denotes a multiplier that only depends on

the phase space variables x, &, while Ry, Ro denotes respectively a multiplicative operator

and a magnetic pseudo-differential operator on the y variable.

Proof. For convenience of later proofs, we first convert to the magnetic Kohn-Nirenberg
quantization Opgy (h*) = Op”(h). By Lemma [3.2] the symbol h* € S*()(R%) is given
by

(38) W (y,n) = h(y,n) + he(y,m),  he € SYO(R™),
and we can represent Op”(h) using the Kohn-Nirenberg quantization
Op” (h) g;2(y) = (Opgw (h) + Opiy () g1t (y)-

The Op}“( ~ (h;) will be included in the pseudo-differential remainder Ry, since its symbol
h, is nicely bounded. Our focus here is to approximate Opgy (h), and we start with a
Taylor expansion on h at the point (z,£), that is,

Opiy (R)goe ()
= Opjty [h(.) +0,h(w,€) - (v = @) + (. ) - (9 = ©) + LW (w.m)| 92 W)
— Opjey |Byh(2.€) - (y = ) + Oyh(,€) -+ 12w m)| 922 w)

+ (A2, €) = Oh(z,€) - €9, (y)-

(39)
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Here rxlg(h) denotes the remainder term from the first-order expansion:

(40) () () = / (1= $)0h(x + s(y — 2),€ + s(n — €)) ds

By the basic quantizations and the identity in Lemma we can calculate two
magnetic DO terms on the right hand side of as

Opity [Oyh(@,€) - (y — 2)] god () = Oyh(x,€) - (y — 2)gi? (y)

(41)
= —i0,h(x,€) - Degi (),
and
Opiy [0yh(x, &) - 1] g (y)
= O,h(z,€) - (—i0, — A(Y))ga? (v)
d d

(42) = Z Op;h(z,§) (i%gf,?(y) - Z Bjk(ﬂfﬁ&ﬂﬁ?(?/)) +

j=1 k=1

d
+ > 00, h(w, ) (= As(@) = P (As(y, @) + 70 (4(2,9))) 628 (W)-
=1
Then substituting , into yields
Op™ (h)g. ()
d d
= Zzamh(x>£)8xjgﬁ?(y) —1 Z <8y]h<x 5 Z Bk] l’ €)> 8§Jg$§ ( )+
j=1 j=1

+ (m*(h) + Ri + Ra) 927 (y)
with a multiplicative factor m“(h) which only depends on the variable x, &
(43) mA(h)(2,€) = h(w, &) = Oyh(x, €) - (€ + A(x)),
and two other error terms involving the y variable, including one multiplicative Ry,
(44) Rigyf (y) = Oyh(x,€) - (= (Aly, ) + 1V (Alz,9))) 6,8 (9)

and one magnetic pseudo-differential R,

(45) Rag? (y) = Obiky (rU2h) + ) 22 (9).

We observe that in the above lemma, the phase space vector field H? coincides with the

Hamiltonian vector field of the magnetic flow yp(h) in (22)). This makes it possible for
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us to relate the quantum evolution associated to Op®(h) with the classical flow xp(h)
associated to h.

6.2. Propagation along the phase space flow. Based on the representation in
Lemma [6.2] we see that if a time-dependent wavepacket w satisfies

Dyw(t; z,€) + (iH” + m*(h) + Ryw(t;2,£) =0, w(t;z,&) = go7,
on the phase space R??, then it will also satisfy
(D + Op™ (h))w(t, z,&y) = 0

on the configuration space R?. A solution u(t) to @I) can then be constructed as a

superposition of such wavepackets w with the initial data i := T ug, that is

u(t;y) = /me(t,y;x,ﬁ)ﬂo(x,&) dxd§.

However, the existence of such w is unclear due to the complicated error term Rw. We

instead first show the existence of a wavepacket solution to a simpler equation.

Lemma 6.3. For h satisfying Assumption with associated magnetic Hamiltonian
vector field HP and m”(h) defined in ([3), there exists a wavepacket w € C(R, C>=(R*)),
which satisfies the equation

Dyw(t; 2, &) + (iHP +mA(h))w(t; z, &) = 0,
w(0; 7, &) = go?.

Proof. By Lemma [5.2] the magnetic Hamiltonian flow x5(h)(£,0) : (z,&) — (2, &) asso-

ciated to h exists globally, and we can construct a time-dependent wavepacket by setting
T () == xs(h)(t,0)g27(y), yeR?
Then this wavepacket gf,;gt satisfies
Qe () = HPgie (), 9o o) = 922 ().
We can also construct a phase term e, with a phase function 1 based on m“(h), by
w8 = [ —m €
0
so that v (t) satisfies

O(t) = —mA(h)(tat €Y, O _ =1
23



We modulate the wavepacket with the phase term e and define
147 7 A7
gy Gy, w,6) = Vgl (y).
The modulated wavepacket g;;‘ * now satisfies

09y (2, €) = 100 (1) Vg i (y) + " Dig (y)

(46) = —im™(h)e" Vgl (y) + O HP g2 (y)
= (—imA(h) + H?) g1 (19, 2.€),
with gl’;")‘(O; y,x,€) = gﬁg\(y) as desired. O

Using the wavepacket solution g£ ’)‘(t) from the above lemma, we can construct a parametrix
to equation @D

Proposition 6.4. Let 0 < s,t < T. We define the operator S(t,s) by

(47) S(t, s)uo(y) == / g Gy g (55w, uoly') dy'dade,
R24xR
for ug € S(RY). We also define the operator K(t,s) by

(48)  K(t.s)uoly) == / (Ri + Ra)g Ny, 2,€)g0 (s 2, E)uoly) dy'darde,
for ug € S(RY). We then have
(49) (D + Op*(h)S(t, 8)ug = K (t,s)ug, uo € S(RY).

Moreover, for 1 < p < oo,m € R and fixed t,s, the operator S’(t,s) 1s bounded on
MP(RY). The operators S(t,-) and S(-,s) are also strongly continuous on M}""(R%).

Proof. By construction of S based on the wavepacket solution gﬁ”\(t), we can calculate

using Lemma and
Op* (h)gy (tsy, 2, €) = €W HP + R) gl (y)
= (iH" +m*(h) + Ry + Ra)g, by, 2, 6),

and

Dy(g, )ty 2,€) = —(m™(h) + iH®) g Mt y, 2. €).
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Then the equation can be verified based on the above calculations
(Di +Op™ (h)S(t, )uo(y)

= [ D Op ) i O 0 )

Z/d (Ri+Ra) (g ) (19,2, )97 (519, 2, uo(y') dy dend
R2dxR

= K(t, s)uo(y).

For the M7"?(R%) boundedness of S(t,s), in view of Lemma , it suffices to show
the phase space kernel of S(t,s) has sufficient off-diagonal decay of the form Az —
)N — €))7 Note that by definition the M{"P(R%) norm of S(t, s)u equals
the weighted LP(R??) norm on the phase space

1S(t, $)tol|arme ey = [am TS (¢, 8)to]| o rza)-

We fully write out the wavepacket transform TAS(t, s)ug to see that

TAS(t, s)ug(z,€)

/ / g2 ;Mt)@( )W@/Qﬁ%wmwv@)dma
RZd Rd Rd

Denote by G4 the integral kernel
(50) G (z,¢, 2, ¢ = / ) 922 (W) g (y) dy.
R
Then 7}‘5 (t, 8)uo can be seen as associated to the phase space kernel G4

TSt s)un(210) = [ G ot €000 (a°, ) dde,
R2d
We can then write out the weighted version as

vam (2, QTS (E, s)uo(2, €)
= [ (e O e G €l €0 0%, €, €°)
and note the weighted phase space kernel is related to the unweighted G4* by
am (2, Q)G (2, ¢, ', € )vs (2, €7)]
(51) ST =2 AT ) vam (@, € (2, €0) |G (2, ¢ 2, )]
SOEn Az = a)"(NHC = €))MGM (=, ¢ 2t €],
where we used the flow property to bound vy (2%, £ )va —m(2°,€°) < CFY, p-
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By the volume-preservation property in Lemma [5.2] we can replace dxd§ with dx®d&®, so
that

1/p
”V}\’mew(t)—w(s)ao||LP(R2d) — (/ ) |V>\,m($s, 55)€zw(t)—z¢(s)a0($s7 §S)|p dxsdfs)
R2

= HUOHMZW(Rd)-

So by Young’s inequality for integral operators and the relation , the M}"P(R?) bound-
edness of S(t, s) will be implied by the off-diagonal decay of the kernel

(52) Gz, Gt € S Az —a) VAT =Y,
for sufficiently large N, N’ € N. To show the above bound, we notice that based on ,

the product of the two wavepackets gﬁ? and gﬁt’zt can be complemented with a phase

factor " (=) to make a factor e’ appear. That is,
et eI e AN () g A ()
= Al = ly=a") =i (w2) e (w,") =i (2") g (A (y — 2))g(A(y — 2))
= \lE O et g (N (y — 2))g(My — 21)).
We can then make use of the derivative bounds of e which yield for A > 1
05,6 (y,2',2)| < Coal(My —2)) + My — 2N, o] > 1.
Denote part of the wavepacket product by
(53) Wea(y,a',2) = e @2 g(A(y — 2)g(My — o)),

By the derivative bounds of ¢ above and g € S (RY), we see that the partial derivatives
of Wg » with respect to Ay can be bounded for all N, N € N by

103, WAy, 2", 2)| < Oy sy — 2) N Ay —2') ™"
Using (A(y — 2)) ™ < My — 2))V(\(z — 2%)) N, we further obtain for all N, N', N” € N
|05, Waa(y, 2", 2)|
S Cnvvra Az = 29) V(A y = 2)) 7 My —2) ™"
We now re-write G4* with Whg.y as

GA’)\(Z, <—7 l’t, é-t)

(54)

(55) = ei“’A(z’xt)eiC'(th)/ ei(gt’c)'(yﬂt)WB,/\(y,x’t,Z) d\y,
R4
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and we can obtain a decay factor (A\™1(¢ — &%)~V by integration by parts repeatedly with
respect to the A\y-integral, relying on the identity

(A1(C = €0)73(1 = Ay, )P M€= _ ie=0,
Now combined with the W ), bounds , we see by integration by parts
Az =2 A= ENMIEH (2, ¢ 2", €] S Crvae
as desired.
For the strong continuity of S, by the fact that S(t, s) is continuous on M "P(R?) for fixed
t, s, it suffices to show the strong continuity on the dense subspace S(R?) of M}"P(RY).
Here we show the strong continuity for S(-, s), and the strong continuity of S(t, -) is anal-

ogous. Since the flow x (%, s) is continuous in ¢, and the wavepackets g;;‘ A are dominated

by the Gaussian g, that is

95N (5 y,2,6)] < lg(\y — )],

we can use the dominated convergence theorem to see at the limit ¢ — s, we recover the

inversion formula in Proposition 4.5, That is,

lim S(t, s)uo(y) :/ limgq’z”\(zﬁ;y,x,f)g{?’)‘(s;y’,x,g)uo(y’) dy'dxdé
R

t—s 2d R4 t—s
A, A, S 1¢8
= / Toes () gaes (Y Vo () dyda*d€
R2d xRd
= U (y)7

so the strong continuity of S holds for all uy € S(R?) and by continuity of S(t,s) and
density of S(R?) in M'{"P(R?) it holds on the whole space M}"?(R?). O

7. MODULATION SPACE WELL-POSEDNESS

We show the well-posedness of the generalized magnetic Schrodinger equation @ by
constructing its propagator, based on the parametrix construction in equation and
Duhamel’s principle. For this we need the following definition of a new space and a lemma

for the Volterra equation involving the operator K defined in the Proposition [6.4]

Definition 7.1. Define the time-dependent wavepacket transform 7} on u € 8'([0,T] x
R7) by
iltiat ) = Tibu(t €)= [ GTEwhtti)dy

Rd
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For 1 < p < oo and m € R, we define the Banach spaces My (R4, L1([0,77])) character-

ized by the mixed LP-norm of the transform @ on [0, 7] x R??. That is, we set

P 1/p
[wll v e, L1 0,17y == (/ (V)\,m(xvg)/ |a(t; z*, &) dt) dxdf) , 1<p<oo,
R2d [0,7]

[[wll v (e, L1jo,17)) = €ss sup VA,m(xvg)/ |a(t; 2", & dt, p = 00,
(z.,6)€R24 0,7

and define for 1 < p < o0

MIPP(RELH[0,T))) = {u c S'([0,T] x RY)

[l parzr e, 210,77y < OO} :

Lemma 7.2. Let T > 0 be sufficiently small. For every ug € M"P(RY) there exists a
unique solution v € M'YP(RY, LY([0,T))) to the Volterra equation

¢

(56) v(t;y) = —K(t,0)uo(y) —i/ K(t,s)o(s;y) ds,  yeR%t>0.
0

Moreover, for the solution v we have

(57) vl e e, qo.ry) S Canplltollarme may-

Proof. In view of Lemma and using arguments regarding the weights v, ,,, similar to the
ones given in the proof of Proposition [6.4] it suffices to prove the unweighted version with
m = 0 as long as the relevant phase space kernel has sufficient off-diagonal decay. In the
following we show the unweighted case with the spaces M%(R?) and M% (R4, L1([0,T))) :=
MOP(RY, L'([0,T])), from which the desired off-diagonal decay of the kernels will become
apparent. The necessary modifications for the weighted case are outlined at the end of

the proof.

By the Banach fixed point theorem, to show the unique existence of a solution to , it
suffices to show that the mapping ¥,,, defined by

(58) Wy, (v)(y) = =K (¢ 0)uoly) — Z/O K(t,s)v(s;y) ds, ve MY(R?, LY([0,1])),
is a contraction mapping on M% (R? L1([0, T])).

We first show that K (t,0)ug is in the space M%(R?, L'([0,T])), by showing K (,0) is a
bounded linear operator between M?%(RY) and M7 (R4, L1([0,T7)), that is

(59> ||K<'aO)UOHMg(Rd,Ll([O,T])) < CKH“O”MZ(]IM); Uy € Mﬁ(Rd)-
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The above bound can be obtain by interpolating the following bounds (cf. [I5, Section
1.18.7, Theorem 1])

(60) 1K (- 0)uto | agy, (e, (jo,11)) < Celluollar ey

1+, 0)uol| pmes (e, L1 (0,17)) < Cellttollaree may-

We begin with the bound for K (¢,0) : M}(RY) — ML (R?, L1([0,T])). By definition of K
in , we have
T K (¢, 0)uo (2", ¢")

(61) - /IR d%(y) ( /R (Ri+ Ra)giige () Vol €) dmdf) d
—A@(@%W(W%+wwﬁ()@> Ditg(x,€) dudé.

Denote the integral kernel above as G, with

(62 Geltiz 2,0) = [ GFR)Ri + R (0) dy
Rd
We claim that G i satisfies the bound
|GK(ta z, 67 Z, C)’
(63)

< O gAY 272 @) NG = 2) ™M =€), NeN,
which we will prove in the next section as part of Lemma From this, we obtain

1K (¢, 0)uo | amy, (e, L1 (j0,17))

/RM/OT]! K(t,0)ug(2", ¢")| dt dzd¢
a@AnK@dzﬂwd%<<€»H@mgx

x Cypp( A9+ X722 7|4 | do (, §)|] dtdxdéE

S /RM (/[Oﬂ Canp(A\ + X722yl dt) [t (x, &)| dxdE

< Conp(TAC 4 A2CL(1 4 T)) / o, €)| dade

R2d
S Cun(TAZ 4 A7) ol aps

where for the t-integral we used Lemma [5.3|
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For the bound K(t,0) : M (RY) — M®(R? L1([0,T7])), we proceed similarly as above,

except that we use the other bound for G from Lemma [7.3. That is,
Gk (t;3,€, 2, Q)]
S Onnp(AY + A2 TCDAE =2V AT - €)™Y, NeN
With the above bound and Lemma|5.2] we obtain
1K (¢, 0)uo| pap re, 21 0,77))

= ess sup | A (¢, 0)ug(2', ¢") | dt
(2,¢)€Rd J[0,T]

< ess sup / |:Cd,h,B()\Cd AT T ) %
(0,77

(z,0)eR24

X /de</\(Zt _ xt)>—d—1</\—1(gt _ €t>>—d—1|a0(x,€)| drdg | dt

< ess sup / Can (X9 + A72(2") 717 ¢Y) dtx
[0,7]

(z,0)eR24

te[0,7]  \ (z,6)eR?d R2d

X ess sup (ess sup|g(x, &)| N O S (I L dxtdét) :
We then again use Lemma for the t-integral and notice that
[ = o - ) detat <
R2
uniformly in ¢, which yields
1K (¢, 0)uol| poe e, p (0,77)) S Canypoe(TAY 4 A7%) |ull are may -

With K (t,0)uy € ME(R? LY([0,T])), to show ¥, defined in is a contraction mapping
on MY (R4, L*([0,T7))), it suffices to show the map F : [0, 7] x RY — [0,7] x R? defined as

F(o)(ty) == — / K(t, s)o(s: ) ds

is a contraction mapping on M¥ (R?, L*([0,T])). Similar to the bound of K(t,0), the
contraction bound

HF(U)HMQ(Rd,Ll([O,T})) < CF”UHMQ(Rd,Ll([o,T])), Cr e (0, 1)
can be obtain by interpolating the bounds

(65) 1 F ()| pt, e, o)) < Crllvl vy e o), Cr € (0,1),

1 F ()] pmes e, o1y < Crllvlme®e, oy, Cr € (0,1).
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Notice that for the relevant wavepacket transform 7.4 F(v)(t; 2*,¢"), we can re-write again
with the integral kernel G defined in

- t
TAF(v)(t: 2, ¢) = /R d a0 /0 ( /R 2d(7€1+732)gf;2t(y) (e O-W5(s; 2% £%)) dmdg) dsdy

- t
:/ (/ ngt’ét(y)Uh —}—Rz)gf{ét(y) dy) (/ WMD) 5( g 0, €9) ds) dxd§
R2d \JRd 0
t
= / Gr(t;z,€,2,0) ( / eV (51 20, ) ds) dadg.
R2d 0

The above representation is quite similar to (61), where the function e*® g (x,¢) is re-
placed by the slightly more complicated fot eV O=WG)5(s; 2%, €%) ds. Therefore, the proof
of the bounds for K can easily be modified to prove the bounds for F', which
again relies on the kernel bounds for Gk in Lemma|[7.3]

For the contraction bound on MY (R4, L([0,T])), we see that

() [ vt a2 0,17

g/de /{O’T] /de\GK(t;x,ﬁ,z,CN (/0 |17(s;a:8,§s)|ds) dude dt dzdc
< tt\—d—1/\—1/ 0t ct\\—d—1 gt gt
< Lo L[ (L= ore - e aac)

X Cd,h,B()\Cd + )\_2<l’t>_1_€|§t|) </t |@(s;5€87§5)|d8) :| dtdl’df
0

t
</ ( | Cana3® 4372ty dt) ess sup ( / w<s;x8,55>rds) dude
R24 \J[0,T] te[0,T] 0

T
S Cans@ 132 [ ([ s eas) due
R2d 0

< Cynp(TAY + /\_2)||U||M}4(Rd,L1([0,T]))'
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For the contraction bound on M (R, L([0,T])), we use

1 () | ase (e, L1 (0,77))

< esssup/ / |Gk (t; 2, &, 2, Q)| (/ 0(s;2°,&° )|ds> dxd€dt
(z.Q)er2d J{0,1] JR2d

< ess sup {/ th,B()\Cd + )\—2<zt>—1—5|<~t|) dt x
[0,7]

(2,0)eR?d

X ess sup /RMM(Zt —a)) T AT =)y (/Ot |0(s;2%, %) dS) dfcdf]

t€[0,T]

< Canp(TA% 4+ X72C,) ess sup ess sup (/ (A2 — 2"y = €)Y dadex
(z,0)er2  te[0,T] \JR2d

X esssup(/ |0(s; 2%, &%) |ds)>
R2d

< Canp(TAY 4+ X2C(1+T)) ess sup ess sup/ |0(s; 2%, €%)| ds

(z,6)eR2d  t€[0,T)
< Cd,h,B,e(T)\Cd + >\72)”UHM;O(Rd,Ll([O,TD)'
For given constants Cy 5, Cy4, Ce, we can choose sufficiently large A and small 7" such that

c* = CdJL’B’E(T)\Cd —+ )\_2) < 1,

then by complex interpolation, for 1 < p < oo the operator F is indeed a contraction on
the Banach space M%(R?, L'([0,T])), and we have the existence and uniqueness of v as
the solution to by the Banach fixed point theorem.

Moreover, using equation we have for the solution v
[Vl aer, e, L1 oryy) < IHEC(E O) ol e, e, o,17y) + 1 ()| g (et 21 0,77
< Ck|luol|arz may + Cr vl pe, (e, L1 (f0.17)) -

Since Cr € (0,1), we obtain

1]l e, gt oy < Coc (1= Cp) ™ [tol| agz g

To derive the weighted version, it suffices to notice that for the weight v, ,, we can use
the flow property and to obtain

VA,m(Zag) 5 C;"?h,BV)\,m(Ztact)V)\,—m(x 5)1/)\ m(w 5)
SOATHE = 2) M AT = €)M am (@, € vn i (2, ) vam (@, €)
S O s (2" = a")" AT =€) "vam (=, §).
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Then we can modify the arguments for the unweighted version in the obvious way with the
above bound, and combine them with the sufficient off-diagonal decay of Gk as in and
to obtain the desired weighted version involving M{"?(R%) and M'yF (R4, L1([0,T])).

O

We are now ready to prove Theorem [L.5

Proof of Theorem . We define the propagator S for ug € S (]Rd) by
t
S(t)ug == S(t,0)up + 2/ S(t,s)v(s) ds, 0<t<T,
0

where v denotes the unique solution to the Volterra equation in Lemma and S is
defined in (7). Then there holds S(0) = Id, and u(t) = S(t)ug solves the equation (9),

since by direct computation we have

(Dy + Op™ (h)S(t)uo(y) = 0.

Next we show for 1 < p < co,m > 0 and t € [0,T], the propagator S(t¢) is bounded on
M "P(R?). Fix m,p and t. By definition of S(t), we have

ijgtéxt,s)v(s,q ds

For the terms on the RHS above, we have by Proposition

(66)  [1S(t)uollarprcmay < I1S(2,0)uollar(ray +

MTP(R)

(67) 152, s)uollaprmay S lollrge ),

so it remains to check the boundedness of the term involving v. Here, we have

i/o S(t, s)u(s;-) ds . :/RM Unm(2, Q) /Rdg(y) (/0 S(t, s)v(s;y) ds) dy

which depends on the LP-integrability of the phase space function ¢'(¢; z, (), defined by

p

dzdC,

S t
U(t;2,C) == vam(2,Q) /d g;‘f&/\(y) (/ S(t, s)v(s;y) ds) dy.
R 0
Writing out the action of S

t t
/ S(t,s)v(s;y) ds = / (/ eiw(t)_w(s)gﬁ’zt(y)ﬁ(s;xs,és) dxd§) ds,
0 0 R2d ’
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we obtain an expression of ¥'(¢; z, () with the integral kernel G4* as defined in
- t
¥(t;2,) = /R l2:0) ( /R KAL) dy) ( /0 A CEN S ds) ddg

t
= / vam(2, Q)G (2, ¢ 2, € (2, €) (Vk,m(xaf)/ VO (55 0%, ) d8> dzxdg.
R2d 0
Since we have proved that G4* has off-diagonal decays as in , together with

V(% OVa-m(@,6) S O p(A " (2 — 2"))"(ATH(C = €)™,

we can apply Young’s inequality for integral operators to obtain

i/otg(t, s)v(s;-) ds

= ||1~)/(t)||LP(R2d) 5 Cgfh,B
M;n’p(Rd)

t
() / OO (52 07 €Y dis

0

Lr(R24) .

The right-hand side above is in fact uniformly bound for ¢ € [0, T] by

(/R?d ’ dxdf) h
. </RM pdxd£> 1/p

= [[vl| pr e, L1 0,7)-

Together with in Lemma we now have
t

z/ S(t, s)v(s;-) ds
0

Plugging (67) and into (66]), we obtain the desired bound for S(t)

t
V(2 6) / O (5: 10 €%) di
0

T
Vo (5€) /0 3(s;2", €%)] ds

p

(68) S Ol pllvll e @a o,y S Cronpoml|ollarmr may.-

MZ%P(Rd)

Hs(t)UOHM;;W(Rd) S CT,h,B,mHUOHM;"*P(Rd)-

This estimate implies the uniqueness of the solution u(t) = S(t)ug, and also rules out the

possibility of finite-time blow-up, so we can extend the solution globally in .

In the case of uy € M5P(RY), the above bound implies u(t) = S(t)uy € MZP(R?) C
M%(R?) for all t € [0,T]. To see u € WHL([0, T], M4 (R?)), it suffice to note

IDeu(t)llars ay = | Op™ (h)u(t)|ars ey S Collw®llapzngay S Cranplluollyzn e,
A" (RY) At (RY)

where the first inequality follows from the boundedness of Op®(h) given by Lemma O

7.1. Integral kernel estimates. In this subsection we prove the bounds and
for the integral kernel G .
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Lemma 7.3. The kernel Gg defined in (@

Grlti6,5.0) = [ SR )(Ri+ Ra)ah(v) dy, ¢ € R (2,6,5,0) €RY,
can be bounded by, for all N € N,
Gk (t @€, 2,0)|
< Cunp (O + A2y A — o) N ¢ — €)Y,
or alternatively
Gk (t; 2,8, 2, Q)]
S O s+ X720 NG =) VAT = €)Y,

Proof. We first note that it suffices to prove the first Gx bound above, since the second
bound can be derived from the first one by dominating the factor (z*)~'~¢ and |¢!| with

<xt>7176 — <(Et o zt T Zt>flfe

< () et — e
< ()7 =)
and
' =1¢" = ¢+
< g =+ ¢

<SAATHE =)+ ¢
By linearity, we can split Gx = G, + Gr,, where

Gy ti2,6.2,0) 1= [ LR dy, ke (1,2}
We start with G, involving the R; factor as defined in (44)
Ry = Oyh(t;a', &) - (—r (Al 2) + (Al ) )
Similar to , G, can be re-written with Wp , from as
Gr,(t;2,€,2,C)

_ ipA(ztat) Jict(2t—at) Lot et
(69) =e e Oph(t; 2", € )/

Rd

(= A, a) 4 DA ) W,
35

[eiA1<§f—<t>~A<y—mf> «



Notice that for the Ay-integral, we can do integration by parts to gain decay factors of
(AT — ¢1)) 72, making use of the identity

(70) (V! = ()21 — Ay )P €0 = AT,

In order to perform the integration by parts, we check the 0,,-derivatives of the integrand.
By definition of r;(cl)(A) in ([36), we have

d

A2 = S (i — 1) 01— 00,0, Ayt + 0y — ), o)
m,l=1
d
=\ Z AYm — b)) ANy — 27)0,,,0,, A (2" + 0(y — 2*), 2t).
m,l=1

So taking dy,-derivatives on rg(gl)(A) involves taking 0y,-derivatives on 9,9, A;. By (35),
it in turn depends on derivatives of B. Denote by BJ(.Z) the n-th order partial derivatives of
B, then by the decay assumption @ for B§Z) with n > 1, we have for 0 < s < 1,|a| > 0
and A >1

105, B3 (@ + s(y — 2))| < Caplz + s(y — )77 < Caplz) 7 (Ay — ).
Plugging this into (35]), we can bound
0%, (Aly, 29))] < CapA2(2") 7Ny — 2"))™, o] >0,

and the same bound holds for TS)(A(It, y)). Together with the Ay-derivative bounds for
Wpg in (54)), that is for all N,N',N” € N
|a§éyWB,/\(y7 xta Zt)|
S Cnvvra A= =) VA y = 2)) "V Ay — )™,

we can repeatedly do integration by parts relying on for the Ay-integral in to

gain the desired decays. So we obtain a bound for G, of the form

|G'R1 (t7 z, gv 2, C)|
< |Oh(t; 2, €)|Cnp A (2") T (=" = 2") TV (AT - €)Y
<[ =) A = )
Rd
S OvapA (14 (@) NG = 2) VAT =€) 7Y, YN >0,
where for the last inequality we used the ¢-uniform boundedness of 9, h

[Oph(t; 2", )] < Cu(1 + |2 + [€7]).
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For the kernel Gr,, we see that

- / ) Oy (P () + 1) g% ) dy

= [ a500) Opix (. 2.0) a2 (0)
which shows that the boundedness of Gz, relies on the boundedness of the symbol
r* = rg)ft(h) + h,.

The symbol h, is relatively simple, since by definition (38), h,.(t) € S*©(R??), so its

derivatives are fully bounded, i.e.,
10,070 (9| < Chap, lal + 8] > 0.

On the other hand, the symbol rﬁ?gt(h) and its derivatives can be bounded by factors of
ly — 2| and |n — &'|. By definition for riﬁ?g(h), we see that

G0 (EvI S D Chagly— a7y — €],

0< |y [+]y2|<2

So we bound r* and its derivatives by

(72) 10500 (ty,m ' €Y S Chas | 1+ Dy —af |7y — |

0= |y1 |[+]v2]<2

In the following, the variable ¢ does not play a role, so we suppress it from the notation.

We first take a closer look at the pseudo-differentiation
AN
Opien () 9ot (y)
= (2m) [ e D g, g ) df
R2d
= (2r A2 )deie ) pily—a) € 5
y / (D)= =D)L= (o )P W) g\ — 2)) dy'dy
R2d

= (271'_1)\% )dezkpA(y,z)ei(y—r)f])\?B(r*’ g) (y7 z, 5)7

here I, p(r*, g) denotes the integral part. We claim I, g(r*, g) and its Ay-derivatives satisfy

(73) 105 D", 9) (Y, 2,6)] S CapA™ ANy —2))™Y,  NeN
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So up to some A factors, I g(r*, ¢)(y, z,£) can play a similar role as the re-scaled Gaussian
g(A(y — )), and in this sense G, is not so different from the simpler kernel G4* defined
in (50). Notice that we can re-write I (r*, g) as

[/\,B(r*a g)(y> €, 5)

R4

« (/ e—ik(y’—x))\’l(n—é)eiFB(y’,x,y)g()\(y/ — 1)) d)\y') ] d>\_1777
Rd

where we substituted dy’dn with d\y'd\~'n. To verify , we do Ay-differentiation term
by term inside the integral I, g(r*, g). For the phase term involving y, we see factors that

can be dominated by ()\_1(7] —¢£)), since

(74) |9y, €AE=EAT O] = A — 65| < (A — €).

For the A\y-differentiation on r*, similar to , by A > 1 it can be bounded as

(75) 103,08 1,7 (41,2, 6)] S Crag (M + N2y — 2) (A (0 = €))?) -
We note the extra A factors on the RHS above are due to the fact that the n-dependence
of 7* is always in the form of (n — ), and each 0\-1,, produces a A factor

-1y, (0 — &) < )\@,\7177])\_1(773‘ —&) <A

For the \y-differentiation on e ®#%) by the derivative bounds of e’ for A > 1

and || > 1 we have

05, (2, 9)] < Cap((My —¢)) + Ay — 2))!
S Cap((My = D) AW = 2)) + Ay — )
S Casl(1+ AW —2)) Ay — =)

Because g(A(y' —x)) is Schwartz in A(y’ —x), any factor of (A\(y’ —x)) will be harmless. To
show the bound (73)), it remains to show that we can control factors of (A\7*(n — £)) and
(AMy —z)). Notice we can gain a decaying factor of (\(y —x))~2 repeatedly by integration
by parts with respect to the A™'n-integral using

(76) Ay = 2))2(1 = Ayay)eNmaA " = N—a03

and gain a decaying factor (A\71(n — £)) 72 factors by repeatedly integration by parts with
respect to the Ay'-integral using

(77) AL = ))2(1 — Ay )™ =0 = AT O-ON
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For the integration by parts of the A~'7-integral, we need to check the dy-1, derivatives of
r* and the 0y-1,, derivatives of the Ay'-integral. For 7*, we use again the derivative bounds
. For the dy-1,, derivatives of the \y-integral

Ly = / AN T W g (A — ) dy,
R

each \~!n-differentiation only produces a factor that can be dominated by the harmless
factor (A(y' — x)), that is

(78) Byany e DNO0 ] Ay gl < (A — ).
So by repeated integration by parts relying on (76]), we can obtain decay in (A(y — z))~"
with the cost of some A“N factor and a (A\~!(n — £))? factor from ([75). For the integration
by parts inside the I, integral, we also note by the derivative bounds (16 of e’
for A > 1 and |a| > 1 we have

05¢™ (W 29| S Cal(L+ Ay = 2)) (MY — 2))]*
Combined with the fact that g(A(y' — x)) is Schwartz in A(y’ — ), we obtain
(79) 8§‘y,(eiFB(y/’x’y))g()\(y’ - x))‘ SCOnvas(1+ (MNy — NNy — )™V, N e N.

This means by integration by parts for the I,, integral, we obtain sufficient decay
of (A\71(n —¢&))™" at the cost of some finite power of (A(y — z)), which will be dominated
by the sufficient decay of (A(y — z))™ we obtained from the integration by parts in
the A~ 1n-integral. Then the claimed bound holds by aforementioned integration by

parts and bounds , , and .
With the decay property of I g(r*, g) in , we define W \ similar to W in (53)

Wy, o' €2 = e O Dg(My — 2) Ls(r, g)(y, 2, €),
so that combining and we obtain a decay estimate similar to , that is for all
N,N',N" € N, we have
‘af\yywé,,\(yy ', &, 2")
S Ononv g BAY (A2 = 2) "Ny = 2) ™V (A y — =)~V

(80)
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. . ,
Now we can re-write Gr, with Wpg , as

GRQ (t; 137 g? Z? g)

e d . .
= / GNP 0T (1, g)(y, 0 € dy
R

' / e E DD Dy (Ny — NI, 9) (.2, €") dhy
R4

_ et tat) gict(st—at) / d €SI (2t €, 1) dy,
R

and integration by parts again based on
AT =€) 21— Ay e O = O,
together with the decay bounds of Wi , in , we obtain for all N € N
|GRy (2, €, 2, Q)| S CapA™ (A(2" — 2)) V(AT = €))7

Combining the above bound with the Gz, bound in (71]), we have the desired bound for
Gk. O

8. EXTENSION TO THE CASE OF TIME-DEPENDENT MAGNETIC FIELDS

In this section we consider a time-dependent magnetic field B(t) with components B;;, €
CHR, C>=(R%)), satisfying the assumptions in Theorem . In particular, we recall the
decay condition for Bji(t) and Bj(t), that is, for some € > 0

0°Bji(t;y)| + |0°B(t;y)| < Caply) ™5 o] > 1.

In principal, by substituting A(x) with A(¢; z) constructed from B(t), we can adapt most
of the proof for Theorem [I.5|to prove Theorem [I.7} In the following, we only highlight the

necessary changes needed beyond obvious substitution and straightforward calculations.
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Recalling the construction for the time-independent case, we define analogously the time-

dependent vector potentials A(t) and phase function p4® by

Aftig.a): 22/“ S — 2 Bt + sy — ) ds. y € B
(81) Aj(ty) == — Z/ sy Bjn(t; sy) ds = A;(t;y,0),
k=170

" O(y,2) = (y — ) /1 At (1= s) + sy, 0) ds.
0
We can further construct time-dependent magnetic pseudo-differential operators
ow@mmwwz@m%/;awﬂ”awmwwu%%mmws@mm y €RY,
R
and time-dependent magnetic wavepackets
GO (y) = NS OIg(A(y — 2))e 0,y e R,
and also accordingly the transform 7;\A(t) and the magnetic modulation spaces MXL(’;;.

With the above constructions, Lemma holds with obvious changes since the time

dependence does not play a role there. It suffices to substitute the A and B in Lemma
with the time-dependent ones A(t) and B(t), in particular (43)), and should
be replaced by

mAO(h) (2, ) = h(z,€) — Dyh(x,€) - (€ + Alt; )

(82)  Ra®)gid(y) == Oh(a,€) - (—rV(Alty, ) + (A2, ) 10 ()
Ra(t)g2(0) = Opicy (rla(h) + 4 ) 62 (0)

On the other hand, some further modification is required for Lemma and Proposition

, because it involves t-derivatives. We define a new vector field H5®

d
HJB(t) = (asjh(t)&cj, —&th(t)é),gj + Aj(t; l’)agj + Z Bkj(t; x)ﬁgkh(t)85j> s 1 S j S d,

k=1
and the associated flow x'5(h)(¢,s) : (z%,£%) — (2, &) satisfying

ot = O, hlt; 2, &),
§§ = —0y,h(t; 2", &) + Aj(t;at) + ZZ:I By (t; ") 0, h(t; 2, ).
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Notice that HB® is also divergence-free and by our assumptions of B(t) and construction
of A(t), we have

At 2%)| S 1+ o],
so it is straightforward to verify that Lemma [5.2] and Lemma [5.3| also hold for x5 (h).

In order to adapt Proposition for the time-dependent magnetic potentials, we define
t

Vitin ) i= [ —mA b))
0

A(t), i’ AlE)A
900N (5 ,,) 1= € ON () (1 0)g1 0 ).

Lemma 8.1. The wavepacket gﬁ,(t)”\

(83)

associated to the flow x'z(h) satisfies
(Di + Op™ () gty ,€) = (Ry + Ra + Ra)(D)gys ™ (85, 2, €),
where Ry and Ro are as defined in , and for some ¢ € (0,1),

(1) Reltia) = (5~ 1) / DAyt + es(y — at)) - s(y — a*) ds,

Jj=1

which satisfies the bound

(85) Rs(t;y, ") < Cply —a")?,  teR.

Proof. By the same calculation as in Lemma (6.2, we have

d

d
OpA(t) (h)glle(t))‘(t; Y, T, 5) = ZZ <8§j h@zj — (8th — Z Bkj (t; .I)agk h)agj> g;z/(t),/\(t; Y, T, §>
k=1

j=1 =
+ (mAO(h) + Ra(t) + Ra(t) g "ty 2, €)

with the terms defined in . Then it suffices to show that the t-derivative of g:z,(t)’/\ is

of the form

d
) Dygy Mty 2, 8) = =iy <ﬁf(t) - Ay(t; x)agj) g Nty 3, €)
j=1

= (A0 (h) = Ra(1)) g (119, 2.€).
with Rj satisfying the bound . We claim

D00 — ((y = 2) - A(ti2) + Raltsy, ) ) ™00,
which combined with the construction of gf;,(t)’)‘ as in gives (B6). Firstly notice

ateiw“(”(y,w) — Z'gofi(t) (y, :C)ewf‘“)(y,x), (pA(t) — dgpA(t)/dt.
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Recall our construction in , from which we get

PAO(y, ) = (y — ) - / A(t; (1— )z + 59,0) ds

M=

(v; — ) / Ayt + s(y — 2),0) ds

1

.
Il

B

(y; — %’)/01 Aj(t;x) ds

<.
I
—

3 - 2y) / 0,4yt + es(y — 2)) - s(y — ) ds,

j=1
where we used the Taylor expansion of Aj at x. With Rj3 as defined in , we see that
PAO(y,x) = (y — ) - Alt;2) + Ra(ts, ).
For the first term on the RHS above we use the identity
(v — ) - At 2))gyy " (g, 2.) = —iA(ti2) - Deg (19,2, €).

For the R3 term

Ratipa) o= D05 = 25) [ 00+ csty =) -sly =) ds

J=1

we see explicitly for the integrand

0.tz + esly — x)) = 0, (Z | 0+ st = 0 B8 + sty =) d@)

- _/0 (0 — ¢s)Bji(t; 0(x + cs(y — x))) db

_ Z/O B + cs(yp — 1)) 0By (t: 0(z + es(y — 2))) db.

By the boundedness of B(t), B (t) and the decay assumption , we see that

sup |0;A;(t; x + es(y — x))| < Cp, teR.
zy

By the above bound and our definition of R3, we have the bound as desired. [

With Lemma , we can now adapt Proposition to the case of A(t).
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Proposition 8.2. Let 0 < s,t < T. We define the operator S(t,s) by

(87) S(t, s)uoly) = / y dgf}(t)’A(t;y,x,f)gﬁ/(s)’A(S;y’,x,S)uo(y’) dy' dxde,
R24d xR

for ug € S(RY). We also define the operator K(t,s) by

(88) K(t,s)uo(y) = / (R1+Ra+ Ra)()g5 (9, 2,9y (50, 2, uo ') dydavd,
for ug € S(RY). We then have
(89) (Dy + Op? @ (W) S(t, s)up = K (t,s)up, ug € S(RY).

Moreover, for 1 < p < oo,m € R and fixed t,s, the operator g(t, s) is bounded from

M5 (RY) to M8 (RY).

With the above Proposition, we can prove adapted versions of Lemma and Lemma|7.2]
by making the obvious changes of substituting A with A(¢) to the relevant proofs. The
arguments for the time-independent case holds for the adapted case because the time-
dependent Ry (t), Ra(t), R3(t) have bounds that are comparable to the time-independent
case. Then eventually Theorem can be derived from the adapted lemmas similarly to
the derivation of Theorem [L.5
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