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Periodically time-varying media, known as photonic time crystals (PTCs), provide a promising
platform for observing unconventional wave phenomena. We analyze the scattering of electromag-
netic waves from spatially finite PTCs using the multispectral Floquet scattering matrix, which
naturally incorporates the frequency-mixing processes intrinsic to such systems. For dispersionless,
real, and time-periodic permittivities, this matrix is pseudounitary. Here we demonstrate that this
property leads to multiple symmetry-breaking transitions: for increasing driving strength, scattering
matrix eigenvalues lying on the unit circle (unbroken symmetry regime) meet at exceptional points
(EPs), where they break up into inverse complex conjugate pairs (broken symmetry regime). We
identify the symmetry operator associated with these transitions and show that, in time-symmetric
systems, it corresponds to the time-reversal operator. Remarkably, at the parametric resonance con-
dition, one eigenvalue vanishes while its partner diverges, signifying simultaneous coherent perfect
absorption (CPA) and lasing. Since our approach relies solely on the Floquet scattering matrix, it
is not restricted to a specific geometry but instead applies to any periodically time-varying scat-
tering system. To illustrate this universality, we apply our method to a variety of periodically
time-modulated structures, including slabs, spheres, and metasurfaces. In particular, we show that
using quasi-bound states in the continuum resonances sustained by a metasurface, the CPA and
lasing conditions can be attained for a minimal modulation strength of the permittivity. Our results
pave the way for engineering time-modulated photonic systems with tailored scattering properties,
opening new avenues for dynamic control of light in next-generation optical devices.

I. INTRODUCTION

Electromagnetic waves inside dielectric media with a
time-varying permittivity have recently been found to
produce a host of unconventional wave phenomena [1],
such as magnetic-free non-reciprocal energy transfer [2],
enhanced photon pair generation [3], or exotic topological
phases [4], among others. Recently, time-varying media
were also employed for amplifying or attenuating [5] in-
coming radiation. Especially useful in that regard are
media with a periodic time variation of their proper-
ties, so-called Floquet media or photonic time crystals
(PTCs) [6, 7]. Several theoretical studies, in which the
amplification of waves inside bulk PTCs has been dis-
cussed [8, 9], were recently accompanied by innovative
experiments realizing extreme amplification of waves in-
side time-varying media [10]. Complementary demon-
strations of coherent absorption in such media have like-
wise been reported [11].

Capturing these developments calls for a unified the-
oretical framework that accounts for the distinctive fea-
tures of time-varying media, including frequency conver-
sion, amplification, and attenuation. In practice, realiza-
tions of PTCs are always spatially finite, which requires

∗ These authors contributed equally: David Globosits, Puneet
Garg

additional considerations beyond the bulk description. A
comprehensive framework must therefore also incorpo-
rate the role of finite size and geometry, which govern
processes such as boundary-induced scattering and res-
onance effects. These effects can profoundly modify the
response of a finite PTC compared to its bulk counter-
part [12–16].

In this work, we provide such a unifying description us-
ing the Floquet scattering matrix [17]. This matrix com-
prehensively characterizes the periodically time-varying
scattering process, expressing how incoming light fields
are scattered into outgoing light fields [18–23]. Crucially,
energy and therefore frequency are not conserved quan-
tities in a time-varying scattering setup, which induces
frequency mixing that is correctly captured by the Flo-
quet scattering matrix. Particularly important are those
processes in which positive and negative frequencies are
coupled [24]. As was recently demonstrated [25], these
processes are responsible for a special algebraic property
of the Floquet scattering matrix: If the system is free of
losses and dispersion, the Floquet scattering matrix is a
pseudounitary matrix, expressing that the wave action,
also known as the number of pseudophotons [26], is a
conserved quantity.

Here, we demonstrate that the pseudounitarity of the
Floquet scattering matrix has significant implications for
the physics of periodically time-varying media. In par-
ticular, we find that the distribution of the eigenvalues
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and eigenstates reveals a close connection between non-
Hermitian, PT -symmetric scattering systems and Flo-
quet scattering systems. We show that for weak tem-
poral modulations, all eigenvalues of the corresponding
scattering matrix are unimodular. Quite remarkably, by
increasing the modulation strength, the system can un-
dergo multiple symmetry-breaking transition at excep-
tional points (EPs), where two eigenvalues coincide and
the associated eigenvectors become parallel. We show
that for time-symmetric modulations of the permittiv-
ity, the time-reversal symmetry of the eigenstates is bro-
ken. By increasing the modulation strength even further,
eigenvalues leave the unit circle in a pairwise fashion.

At the parametric resonance condition, one eigenvalue
eventually can become zero while its partner eigenvalue
simultaneously diverges to infinity. Such an operational
condition marks the point where the system can act as
both a coherent perfect absorber (CPA) and a laser. The
symmetry-breaking transition at an EP and the fact that
the system can operate as a CPA-laser are strongly rem-
iniscent of what has been found for PT -symmetric scat-
tering systems [27, 28]. Notably, for the Floquet scatter-
ing systems considered here, the wave fields that get emit-
ted by the Floquet laser or that get perfectly absorbed by
the Floquet CPA are given by the associated eigenstates
of the Floquet scattering matrix SF. Since SF incorpo-
rates the scattering behavior of multiple frequencies, the
eigenstates and, therefore, the lasing and CPA states are
multi-spectral and, thus, in general, pulsed light fields.

Recently, several studies have revealed important in-
sights into the role of symmetry breaking at EPs and
their connection to extreme energy transfer in unbounded
(bulk) time-modulated media [29–32]. However, to accu-
rately describe phenomena such as CPA and lasing, a
framework is required that accounts for the finite size of
any practical realization of a time-varying medium. In
particular, the presence of spatial boundaries leads to
scattering and interference effects that are absent in un-
bounded systems. As our framework is based on the Flo-
quet scattering matrix, it not only captures the unique
features of periodically time-varying systems but also
naturally incorporates the effects of a finite system size.
With our approach being very general, it applies to a
wide range of time-modulated scattering systems, given
that a corresponding Floquet scattering matrix can cap-
ture their response. It incorporates an arbitrary number
of Floquet channels and holds true for any frequency of
the incident light field.

Our manuscript is structured as follows: We first dis-
cuss our framework based on a finite slab with oscillat-
ing permittivity. Then, we apply it to spatially localized
scatterers and finally to a periodic arrangement of scat-
terers in two dimensions, i.e., a metasurface. With that,
we show that all the considered Floquet scattering sys-
tems share the same underlying physics.

II. RESULTS

A. The Floquet Scattering Matrix SF

For the sake of simplicity, we first consider linearly po-
larized light at normal incidence scattering off a dielectric
slab that is infinite in y- and z-direction and has finite
thickness L in x-direction [see Fig. 1(a)]. Furthermore,
we assume that the slab’s material responds instanta-
neously to the external field. The scattering system can
then be described with a real, time-periodic dielectric
function ϵ(r, t) = ϵ(r, t+T ), where T is the oscillation pe-
riod and Ω = 2π/T is the associated angular frequency.
Specifically, we choose a time-harmonic modulation of
the permittivity [see Fig. 1(b)]. We further assume that
the slab is surrounded by free space. This scattering
system constitutes an effective one-dimensional Floquet
scattering problem governed by the scalar wave equation
for the complex-valued electric field E(x, t) as

∂2
xE(x, t)− 1

c2
∂2
t [ϵ(x, t)E(x, t)] = 0 , (1)

where c is the speed of light in free space, and the relative
permittivity is given by

ϵ(x, t) = 1 + χ0[1−Ms cos(Ωt)]Θ(L/2− |x|) . (2)

Here, Θ is the Heaviside step function, L is the thickness
of the scatterer, 1 + χ0 is the static permittivity of the
slab, and Ms ≥ 0 is the modulation strength (modulation
amplitude). If not stated otherwise, we assume for the
parameters of the slab χ0 = 4, Ω = 2π × 151 THz, and
L = 1581 nm.
The wave fields in the asymptotic regions left

(x < −L/2, σ = l) and right (x > L/2, σ = r) of
the slab are assumed to be superpositions of plane waves
with frequencies ωn = ω + nΩ with n ∈ Z. Here, ω is
the quasifrequency (Floquet frequency) which we choose
to lie in the first temporal Brillouin zone 0 ≤ ω < Ω.
The incoming and outgoing wave fields expressed in a
photon-flux normalized basis read [25]

Ein(x, t) =
∑
σ,n

√
ℏµ0c|ωn|cinσ,neikσ,n(x−L/2)e−iωnt ,

(3a)

Eout(x, t) =
∑
σ,n

√
ℏµ0c|ωn|coutσ,ne

−ikσ,n(x−L/2)e−iωnt .

(3b)

In the asymptotic regions, a linear dispersion relation
holds such that ckl,n = −ckr,n = ωn. Furthermore,
we introduce the amplitudes cinσ,n and coutσ,n for incom-
ing and outgoing plane waves at the discrete frequencies
ωn = ω + nΩ. The Floquet scattering matrix connects
the incoming with the outgoing wave fields as

|cout⟩ = SF |cin⟩ . (4)
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FIG. 1. Behavior of the eigenvalues λ of the Floquet scattering matrix SF for a time-varying slab (see text for parameter
values). a, We consider light scattering off a slab with a time-periodic permittivity with period T = 2π/Ω. The frequency of
the incident light field can change during scattering such that the output light consists of several frequency components ω+nΩ.
b, We assume a time-harmonic permittivity of the slab. c-e, We track four eigenvalues of SF as a function of the modulation
strength Ms for different choices of the quasifrequency ω. In all cases, for small Ms all eigenvalues are unimodular and thus
lie on the unit circle (blue). At a critical modulation strength, EPs are formed, where two respective eigenvalues coincide.
By further increasing Ms, these two eigenvalues leave the unit circle in a pairwise fashion (red). The colorbar to the right of
panel e applies to all panels c-e, schematically indicating the respective EPs by a blue-to-red transition (the actual Ms value
at which the EPs occur differs between panels). d, A special situation occurs when the quasifrequency of the wave field obeys
the parametric resonance condition, ω/Ω = 0.5. Then, one eigenvalue vanishes (represented by a star symbol) while another
eigenvalue diverges (not shown), at which point the Floquet system acts as both a CPA and a laser. f, The absolute value
of the minimal eigenvalue λmin of SF is shown here as a function of the modulation strength Ms and the quasifrequency ω.
For small Ms (weak modulation) or if the quasifrequency is far detuned from the parametric resonance condition, the minimal
eigenvalues, and therefore all eigenvalues, are unimodular (white). This unbroken regime is separated by an exceptional line
(black) from the broken regime with |λmin| < 1 (yellow). When calculating the winding number along the path γ1, we find
wind(SF) = 2, verifying that this path encloses a CPA-lasing point (star symbol). For reference, we also calculate the winding
number for the path γ2, which does not enclose a CPA-lasing point, and find wind(SF) = 0.

Here, we arrange the amplitudes into vectors as |cin⟩ =
(. . . , cinl,−1, c

in
l,0, . . . , c

in
r,−1, c

in
r,0, . . . )

T and analogously for

the outgoing state |cout⟩. We refer the reader to [18, 25]
for details on how to numerically obtain the respec-
tive Floquet scattering matrix for the system at hand.
For computational reasons, we truncate the system to
n ∈ [−N,N − 1] Floquet channels. Specifically, for the
slab system, we choose N = 8. When the Floquet scat-
tering matrix is expressed in a photon-normalized basis,
it obeys a pseudounitary relation of the form [25]

S†
FV SF = V , (5)

where

V =

−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 . (6)

The appearing matrices (±1 and 0) are of appropriate
size to ensure that the matrix V assigns a minus sign to
negative frequency channels (n < 0) via the matrices −1
and a plus sign to positive frequency channels (n ≥ 0)
via the matrices 1 on each side of the slab. Specifically,
the upper left (lower right) matrix quadrant corresponds
to the left (right) port.
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B. Exceptional Points and the CPA-Lasing
Threshold

In this work, we demonstrate that the pseudounitary
property of SF has profound consequences for the physics
of Floquet scattering systems. In particular, we show
that effects like EPs, lasing, and coherent perfect absorp-
tion, which are impossible to obtain with wave fields as-
sociated with real frequencies in energy-conserving, time-
invariant systems, can emerge in Floquet scattering sys-
tems. Previously, these effects were observed in non-
Hermitian systems that break energy conservation with
static gain and loss elements, rendering the system non-
unitary, or using complex frequency input waves [33, 34].
Here, we reveal that such phenomena also emerge natu-
rally in spatially finite time-varying systems.

In energy-conserving systems, the scattering matrix is
unitary when expressed in an energy-flux normalized ba-
sis, and thus all eigenvalues λ are unimodular |λn| = 1.
This property is altered for pseudounitary Floquet scat-
tering matrices, which we can understand by the follow-
ing observation [35]: Let |cin⟩ be an eigenstate of SF with
corresponding eigenvalue λ. Then, from Eq. (5), we see

that V |cin⟩ is an eigenstate of S†
F with eigenvalue 1/λ as

S†
FV |cin⟩ = V S−1

F |cin⟩ = 1

λ
V |cin⟩ . (7)

Since the eigenvalues of S†
F are the complex conjugates

of the eigenvalues of SF, we arrive at the result that
both λ and 1/λ∗ are eigenvalues of SF. Importantly, we
conclude that two different regimes are possible: First,
eigenvalues may be unimodular, i.e., |λ| = 1, such that
λ = 1/λ∗. When such a condition is fulfilled, the corre-
sponding eigenstate is in the so-called unbroken regime.
By contrast, in the broken regime, eigenvalues are not
unimodular (|λ| ̸= 1), but instead come in inverse com-
plex conjugate pairs (λ, 1/λ∗). These two regimes are
separated by a spontaneous symmetry-breaking transi-
tion occurring at an exceptional point where two eigen-
values coalesce and the respective eigenstates of SF be-
come parallel (we numerically checked that the eigen-
states indeed become parallel at an EP for all scattering
setups [36]).

Notably, this algebraic property of the eigenvalues of
a scattering matrix can also be found for PT -symmetric
scattering systems [37]. There, static gain and loss el-
ements are arranged in a spatially symmetric configura-
tion, such that the scattering landscape is invariant under
the combined action of the parity operator and the time-
reversal operator. The eigenvalues of the correspond-
ing scattering matrix are also either unimodular (unbro-
ken PT -symmetry regime) or come in inverse complex
conjugate pairs (broken PT -symmetry regime). Similar
to the Floquet case, both regimes are separated by an
exceptional point indicating the PT -symmetry-breaking
transition. Remarkably, a special situation may also oc-
cur in which one eigenvalue vanishes while at the same
time one eigenvalue diverges. This marks the situation

at which the system can simultaneously act as a CPA
(vanishing eigenvalue) and as a laser (diverging eigen-
value) [27, 28, 38, 39].

In the following, we show that similar unconventional
wave phenomena appear in Floquet scattering systems,
which can be understood based on the eigenvalues of the
associated Floquet scattering matrix. To demonstrate
this, we track the behavior of the eigenvalues of SF as a
function of the modulation strength Ms. In Fig. 1(c)-(e),
we depict those four eigenvalues out of all the eigenval-
ues of SF that undergo a symmetry-breaking transition
with increasingMs (blue-red colorscale) for the chosen set
of parameters for three different choices of the quasifre-
quency ω. In all three cases, we observe that if the mod-
ulation is weak, the eigenvalues are located on the unit
circle (represented by blue color). In fact, all the eigen-
values of SF are unimodular in this regime (not shown).

With increasingMs, the eigenvalues start to shift while
remaining on the unit circle (blue colorscale). Specif-
ically, we observe in Fig. 1(c)-(e) that two eigenval-
ues with positive real parts and two other eigenvalues
with negative real parts approach each other, respec-
tively. Once a critical modulation strength is reached,
the nearby eigenvalues coalesce, marking the formation
of two EPs. We notice that these two EPs form at the
same modulation strength Ms. By increasing Ms even
further, the four depicted eigenvalues leave the unit circle
and form two pairs, each of which contains partners that
are inverse complex conjugate to each other, (λ, 1/λ∗)
(red colorscale). This marks the situation where the as-
sociated eigenstates enter the broken regime.

A remarkable situation occurs when the quasifre-
quency meets the parametric resonance condition,
ω/Ω = 1/2, as depicted in Fig. 1(d). There, one
eigenvalue in the broken regime vanishes while its partner
eigenvalue diverges. At this particular driving strength,
the slab behaves as a CPA (λ = 0) and simultaneously
as a laser (λ = ∞).

For comparison, we also show the eigenvalue structure
for the off-resonant case ω/Ω < 1/2 [see Fig. 1 (c)] and
ω/Ω > 1/2 [see Fig. 1 (e)], where an eigenvalue becomes
small (large) but does not reach zero (infinity), which
highlights the importance of the parametric resonance
condition not only for bulk but also for spatially finite
PTCs to reach the condition for CPA or lasing, respec-
tively. We note that all the other eigenvalues that are not
depicted in Fig. 1(c)-(e) stay on the unit circle through-
out the whole interval of modulation strength Ms for the
chosen set of parameters. In general, this means that
some eigenstates of SF can be in the broken phase while
other eigenstates for the same set of parameters are in
the unbroken phase. It would be interesting to explore
special situations, such as when multiple EPs form at
the same position in parameter space using, for instance,
tools from Krein stability analysis [40].

To provide further insights on the influence of the
quasifrequency ω and the modulation strength Ms for
the formation of EPs and the CPA-lasing threshold, we
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plot the absolute value of the smallest eigenvalue of SF

in Fig. 1(f). We observe that for a weak driving strength
and also for light fields that are far detuned from the
parametric resonance condition ω/Ω = 1/2, the smallest
eigenvalue (and therefore all eigenvalues) are unimodular
(white color). On the contrary, if the quasifrequency is
close to the parametric resonance condition, by increas-
ing Ms, the eigenvalues can reach an exceptional point
(black line). Figure 1(f) suggests that a finite modula-
tion strength is necessary to observe an EP. However,
by properly adjusting the thickness of the slab, an EP
can form for arbitrarily small modulation strengths – a
result that may be very relevant for the experimental ob-
servation of EPs in spatially finite Floquet media. More
specifically, using a two-band model approximation un-
der the assumption of a weak modulation strength and
setting ω/Ω = 1/2, we derive an approximate expression
for the minimal modulation strength necessary to observe
an exceptional point Mmin

s,EP. We find that

Mmin
s,EP ∝

√
1− cos(Ln) , (8)

where we introduced the normalized thickness Ln =
LΩ

√
1 + ϵs/c. Interestingly, Eq. (8) tells us that Mmin

s,EP
vanishes for Ln = 2πm with m ∈ N, which exactly cor-
responds to the resonances of the static slab. Hence, the
resonant response is crucial for reducing the modulation
strength required to reach the EP. We verify the above
observation using the numerical data of our full-scale sim-
ulation, which takes more than two frequency compo-
nents into account (we use n ∈ [−8, 7]) and does not rely
on the assumption of a weak driving strength [25]. Es-
pecially around Ln = 2πm, we find excellent agreement
between the results derived from the linearized two-band
model approximation and the full-scale simulation as the
assumption of weak modulation is well satisfied in these
cases. For details on the derivation of Eq. (8) including
the full expression of Mmin

s,EP and a comparison of the ap-
proximate result to the non-perturbative data, we refer
the reader to Subsec. IVC1.

Figure 1(f) further shows that by increasing Ms and
thus going beyond the EP, the smallest eigenvalue enters
the broken regime obeying |λmin| < 1 (yellow colorscale).
In the specific case when ω/Ω = 1/2, the smallest eigen-
value becomes zero (marked by the star symbol), thus
reaching the CPA condition. By increasing Ms even fur-
ther, the magnitude of the minimal eigenvalue increases
again. We note that in the regime beyond the CPA-
lasing condition, non-linear effects can be expected to
arise, which are not described by the linear model we
assume here [41, 42]. In Subsec. IVC2 we provide an
analysis of the minimal driving strength necessary for the
system to operate as a CPA or as a laser, respectively.

The eigenvector corresponding to the vanishing eigen-
value is a light field that, when injected into the scat-
tering system, gets perfectly absorbed inside the time-
varying medium such that no outgoing (reflected or
transmitted) wave is produced. In Fig. 2(a)-(c), we
demonstrate how the CPA-state manages to be perfectly

FIG. 2. Intensities of the incoming and the outgoing CPA
and lasing states at the borders of the slab (see text for pa-
rameter values). a and d, Temporal variation of the periodic
permittivity function of the slab. b, Intensity of the incom-
ing part of the CPA light field at the left border at x = −L/2
(solid red) and at the right border at x = L/2 (dashed black)
of the slab. The light field approaches the slab from the left
and right with the same temporal intensity profile (the two
lines overlap). Destructive interference of these pulses elim-
inates spatial reflections. The wave field builds up a large
intensity maximum at times, when the permittivity is rising
0 ≤ t ≤ T/4 (gray shaded region). In this way, all the energy
of the light field gets perfectly absorbed by the time-varying
medium. c, The corresponding output intensity at the bor-
ders of the slab is reduced by a factor 10−10. e, Same as
b but for the lasing state. This light field builds up large
intensity maxima at times, when the permittivity is lowered
−T/4 ≤ t ≤ 0 (gray shaded region), receiving energy from the
time-modulated slab. f, This leads to a huge amplification of
the outgoing intensity by a factor of 1010. Furthermore, we
observe the time-reversal symmetry of the CPA and lasing
states: The incoming CPA state is the time-reversed of the
outgoing lasing state.

absorbed by plotting the intensities of the electric field
at the left (x = −L/2) and right (x = L/2) interfaces of
the slab. Since no evanescent modes are excited in this
one-dimensional slab system, the wave field at the border
of the slab can already be considered as the far-field.

To be perfectly absorbed, the input field depicted in
Fig. 2(b) is optimally shaped in both its spatial and tem-
poral degrees of freedom. The spatial degrees of free-
dom are adjusted so that all reflections off the spatial
interfaces of the slab are eliminated through destructive
interference. Such an operation is accomplished by simul-
taneously approaching the scatterer from left and right,
which we observe in Fig. 2(b) by noting that the intensity
distributions at the left and right interfaces are identical.
On the other hand, the temporal degrees of freedom are
fine-tuned in such a way that only minimal intensity is
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built up at the interfaces during the first half of the pe-
riod −T/2 ≤ t ≤ 0. However, precisely during the du-
ration when the permittivity starts to rise 0 < t ≤ T/4
[gray region, see also Fig. 2(a)], this light field hits the
scatterer and enters the time-varying slab correspond-
ing to the intensity maximum during this time frame in
Fig. 2(b). A large intensity build-up occurs inside the
Floquet slab. In this way, the energy of the light field
gets completely absorbed by the time-varying medium,
and nearly no outgoing wave is produced, as shown in
Fig. 2(c).

Conversely, we plot the incoming temporal intensity
distribution at the interfaces of the slab for the lasing
state in Fig. 2(e). This state exhibits a strong intensity
maximum at times when the permittivity is lowered dur-
ing −T/4 ≤ t ≤ 0 [gray region, see also Fig. 2(d)]. In this
way, the light field receives energy from the time-varying
medium and thus gets amplified [see Fig. 2(f)]. We note
that to avoid numerical instabilities in the close proxim-
ity of divergences, we plot an eigenstate corresponding to
a small but finite eigenvalue |λ| ≈ 10−5 in Fig. 2(b)-(c).
Correspondingly, the lasing state depicted in Fig. 2(e)-(f)
corresponds to a large but finite eigenvalue of |λ| ≈ 105.
Since we plot the intensity of the wave field, which is the
square of the electric field, the scaling factor in Fig. 2(c)
is about 10−10 and in Fig. 2(f) about 1010.
To prove unambiguously that in the vicinity of this

small but finite eigenvalue there truly exists a vanish-
ing eigenvalue together with a diverging eigenvalue, we
calculate the associated winding number wind(SF) along
two loops γ1,2 parametrized by 0 ≤ ϕ < 2π in parameter
space [see Fig. 1(e)]. The winding number vanishes if the
loop γ does not enclose a zero or diverging eigenvalue.
If, however, the loop γ encloses a CPA-lasing point, we
expect a winding number of ±2 [43]. While originally in-
troduced for single-frequency scattering matrices [44], we
here extend the concept of the winding number to mul-
tispectral Floquet scattering matrices. Using the pseu-
dounitarity of SF, the winding number takes the form

wind(SF) =
1

2πi

∫ 2π

0

dϕTr

{
V S†

FV
dSF

dϕ

}
. (9)

We indeed numerically confirm that wind(SF) ≈ 2+4.4×
10−5 along γ1, verifying the existence of both a zero and a
pole of SF. For comparison, we also calculate the wind-
ing number for a loop γ2 that does not encircle a zero
and pole, where we find wind(SF) ≈ 0 + 1.9 × 10−5, as
expected.

In this subsection, we showed how the eigenvalues of
the pseudounitary Floquet scattering matrix behave as
a function of the driving strength Ms and the quasifre-
quency ω. We revealed the appearance of EPs and iden-
tified the special cases of CPA and lasing. Notably,
since the Floquet scattering matrix is pseudounitary for
any real, dispersionless, and time-periodic permittivity
function, our framework holds true not only for time-
harmonic driving protocols, but for arbitrary periodic
modulations. In analogy to static, PT -symmetric sys-

tems, where an EP marks the breaking of the PT symme-
try of the corresponding eigenstates, we also expect in the
time-varying Floquet case a corresponding symmetry-
breaking transition to occur at an EP. In the following, we
address the question of which symmetry can be sponta-
neously broken in a Floquet scattering system and which
consequences this entails.

C. The Symmetry-breaking Transition

Spontaneous symmetry-breaking, in our case, means
that the eigenstates of SF in the unbroken regime indi-
vidually possess a symmetry. In contrast, in the bro-
ken regime, this symmetry maps one eigenstate onto its
partner and vice versa. As we show below, for a time-
symmetric driving protocol ϵ(t) = ϵ(−t), the associated
symmetry that is broken at an EP is the time-reversal
symmetry.
To make this argument more transparent, we intro-

duce the following notation from Ref. 45 to distinguish
between states in the unbroken and the broken scatter-
ing regime: We label an eigenstate corresponding to a
unimodular eigenvalue as |cinν0

⟩ with |λν0
| = 1 and the

two eigenstates corresponding to a distinct pair of non-
unimodular eigenvalues as |cinν±

⟩ with
∣∣λν+

∣∣ > 1 and∣∣λν−

∣∣ < 1, respectively. Furthermore, we assume that
the eigenstates are non-degenerate (we consider the case
of degeneracies in Subsec. IVB). For every diagonalizable
pseudounitary matrix, we can construct an anti-linear
symmetry operatorX that has the above-described prop-
erty [45]

X |cinν ⟩ =

{
|cinν0

⟩ , ν = ν0 ,

|cinν±
⟩ , ν = ν∓ .

(10)

Notably, this anti-linear operator X can be constructed
for any diagonalizable pseudounitary scattering matrix
SF and thus even for time-periodic driving schemes ϵ(t)
that do not possess any additional temporal symmetry
beyond periodicity. We refer the reader to Subsec. IVB
for the treatment of this general case, including also a
discussion on how to deal with degeneracies of SF. Fur-
thermore, our formalism is fully general as it holds for
an arbitrary choice of the quasifrequency ω and for an
arbitrary number of Floquet channels considered in the
corresponding wave field. In this way, we provide a com-
plete and comprehensive description of spontaneous sym-
metry breaking in Floquet scattering systems, including
CPA and lasing. The results of Ref. 46, obtained for
the restricted case of two Floquet channels at a fixed
quasifrequency ω/Ω = 0.5, thus appear as one particular
instance of our general framework.
The operator X has a particularly straightforward in-

terpretation for time-reversal symmetric driving proto-
cols ϵ(t) = ϵ(−t), which we will assume in the follow-
ing. In this case, the symmetry represented by the op-
erator X is the time-reversal symmetry, and the associ-
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ated time-reversal operator is the complex conjugation
operator X = K, such that when acting on an arbi-
trary input state |cin⟩ we have K |cin⟩ = |cin⟩∗. To ex-
plicitly show that K is the correct symmetry operator,
we first note that for time-symmetric driving protocols
the Floquet scattering matrix can be chosen to satisfy a
generalized reciprocity relation SF = V ST

FV or equiva-

lently S∗
F = V S†

FV (see Subsec. IVA for a derivation of
this result). Together with the pseudounitarity condition
[Eq. (5)], we thus have

S−1
F = S∗

F ≡ KSFK . (11)

Using the above equation, we can see that the opera-
tor K has the desired properties of a symmetry opera-
tor [Eq. (10)] by the following argument: If |cinν ⟩ is an
eigenvector of SF to an eigenvalue λν then K |cinν ⟩ is an
eigenvector to the eigenvalue 1/λ∗

ν as

SFK |cinν ⟩ = K
(
S−1
F |cinν ⟩

)
=

1

λ∗
ν

K |cinν ⟩ . (12)

Note that in the unbroken regime where |λν0
| = 1, we

have 1/λ∗
ν0

= λν0
. The above shows that states in the

unbroken regime are time-reversal symmetric individu-
ally. On the contrary, an eigenstate |cinν+

⟩ in the broken
regime is the time-reversed of the corresponding partner
state |cinν−

⟩. In particular, this means that the CPA in-

put state (λ = 0) in Fig. 2(b) is the time-reversed of
the output lasing state (λ = ∞) depicted in Fig. 2(f),
respectively.

It may seem counterintuitive that, on the one hand, a
periodically time-varying medium can reduce or enhance
the intensity of the outgoing light field, including the
extreme cases of CPA and lasing. On the other hand,
however, the number of pseudophotons flowing into the
scattering system equals the number of pseudophotons
flowing out of the system for an arbitrary input state
|cin⟩ [26] as expressed by the pseudounitarity of the Flo-
quet scattering matrix [see Eq. (5)] [25]. In the following,
we show that there is no contradiction between these two
observations. Importantly, when counting the number of
pseudophotons, negative-frequency components have to
be weighted with an additional minus sign via the ma-
trix V from Eq. (6). For example, the number of pseu-
dophotons of an arbitrary photon-normalized input light

field reads ⟨cin|V |cin⟩ =
∑

n sign(ωn)|cinn | 2. Contrary,
for the same state, the number of photons is given by

⟨cin|cin⟩ =
∑

n |cinn | 2. Distinguishing between these two
quantities is essential for understanding what happens
at EPs and at the CPA and lasing condition that are
induced by time modulations.

To discuss this in detail, let us first consider eigen-
states of SF in the broken symmetry regime |cinν±

⟩ with

eigenvalues |λν± | ̸= 1. Here, the number of photons is
not conserved but rather reduced (for |λν− | < 1) or
enhanced (for |λν+

| > 1) during the scattering process
as

⟨coutν±
|coutν±

⟩ = ⟨cinν±
|S†

FSF|cinν±
⟩ =

∣∣λν±

∣∣2 ⟨cinν±
|cinν±

⟩ . (13)

The above reasoning also includes the extreme cases of
perfect absorption |λν− | = 0 and lasing |λν+

| = ∞,
respectively. Interestingly, eigenstates in the broken
regime are characterized by a vanishing number of pseu-
dophotons: By considering the pseudounitarity condition
[Eq. (5)] for states in the broken regime, we arrive at

⟨cinν±
|V |cinν±

⟩ =
∣∣λν±

∣∣2 ⟨cinν±
|V |cinν±

⟩ . (14)

As |λν± |
2 ̸= 1, this entails ⟨cinν±

|V |cinν±
⟩ = 0. Such a

condition can only be achieved if the eigenstates |cinν±
⟩

have an equal amount of photons associated with their
negative- and positive-frequency channels. This re-
sult highlights the importance of the interplay between
positive- and negative-frequency components for states in
the broken regime. Crucially, however, the fact that the
number of pseudophotons of the states |cinν±

⟩ vanishes,
does not necessarily mean that the photon content also
vanishes. Rather, such states represent light fields that
can carry a finite amount of energy as ⟨cinν±

|cinν±
⟩ can be

finite even though ⟨cinν±
|V |cinν±

⟩ = 0.
On the contrary, there exist states that not only con-

serve the number of pseudophotons during scattering,
but additionally they also conserve the number of pho-
tons. One example are eigenstates of SF in the unbroken
symmetry regime as

⟨coutν0
|coutν0

⟩ = |λν0
|2 ⟨cinν0

|cinν0
⟩ = ⟨cinν0

|cinν0
⟩ . (15)

In general, however, a superposition of states from the
unbroken regime does not conserve the number of pho-
tons due to the non-orthogonality of the eigenstates of
SF.
Another example of states that conserve the number of

photons during scattering arises if positive- and negative-
frequency components of the light field do not mix dur-
ing the scattering process (for example, for weak and slow
modulations). In this case, the pseudounitarity condition
of SF reduces to a unitarity condition for the positive-
and negative-frequency components individually. Then,
eigenstates of the Floquet scattering matrix are orthogo-
nal, and any superposition of such eigenstates conserves
the number of photons during scattering. In such a case,
no symmetry breaking and no EPs arise, preventing also
the scenarios of CPA and lasing.

D. Complex Scattering Objects

In this section, we demonstrate that our formalism is
not only applicable to the basic one-dimensional slab sys-
tem but also to much more complex scattering objects.
Specifically, we study an isolated time-varying sphere and
a metasurface made from these spheres.
First, we consider the scattering properties of an iso-

lated time-varying sphere surrounded by free space, thus
constituting a localized scatterer in three-dimensional
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FIG. 3. Behavior of the eigenvalues λ of the Floquet scattering matrix SF for a time-varying isolated sphere (see text for
parameter values). a, We consider the properties of light scattering off a sphere with a time-periodic permittivity function. b-
d, The complex eigenvalues of SF for varying modulation strengths Ms and for different quasifrequencies ω/Ω = 0.47, 0.5, 0.53,
respectively. For all three choices of the input quasifrequency, EPs form, and the system undergoes symmetry-breaking
transitions. The red arrows indicate the appearance of additional EPs primarily associated with higher Floquet channels
n < −1 and n > 0. For increasing modulation strength, they enter the broken regime but quickly recombine on the unit circle
again. Furthermore, only in c, where the light field fulfills the parametric resonance condition ω/Ω = 0.5, some eigenvalues
vanish. At this operational condition, the system can act as a CPA (star symbol). Since the eigenvalues come in inverse complex
conjugate pairs, there simultaneously exist diverging eigenvalues corresponding to the system acting as a laser (not shown).
e, The absolute value of the minimal eigenvalue of SF is shown here as a function of the quasifrequency ω and modulation
strength Ms. The unbroken regime where all eigenvalues are unimodular (white) is separated from the broken regimes in which
|λmin| < 1 (yellow) by exceptional lines (black lines). The star symbol indicates the CPA condition. The red arrow in panel e
indicates the broken regime associated with the additional EPs visible in panel c.

space [see Fig. 3(a)]. The permittivity ϵ(r, t) of the sys-
tem is given by

ϵ(r, t) = 1 + χ0[1 +Ms cos(Ωt)]Θ(R− r) . (16)

We set χ0 = 11.67, which corresponds to the susceptibil-
ity of silicon at near-infrared frequencies. Furthermore,
we choose the radius of the sphere to be R = 568 nm and
set the modulation frequency to Ω = 2π × 151 THz. We
compute the SF matrix of the time-varying sphere follow-
ing the method introduced in Ref. 47 using n = [−8, 7]
Floquet channels and multipoles up to the octupole or-
der (for details see Sec. S2 of the Supplementary Infor-
mation).

In Fig. 3(b)-(d), we plot all complex eigenvalues of SF

for this system as a function of the modulation strength
Ms and for three choices of the input quasifrequency:
ω/Ω = 0.47, 0.5, 0.53. Similar to the slab system, we ob-
serve in all three cases that for a weak modulation, i.e.,
Ms ≪ 0.1, all eigenvalues reside on the unit circle. As

Ms increases, EPs form signaling the onset of the bro-
ken regime. In Fig. 3(b) and (d), we find that if the
wave field is detuned from the parametric resonance con-
dition, the eigenvalues that enter the broken symmetry
regime do not approach 0 or ∞. Only for ω/Ω = 0.5 we
see that there exist eigenvalues for which |λ| → 0 [see
Fig. 3(c)] and, therefore, also eigenvalues 1/|λ∗| → ∞ for
the same Ms (not shown). This confirms that, like in the
slab setup, a sphere made from a material with a period-
ically time-varying permittivity can also simultaneously
act as a CPA and as a laser. We find that the eigenvalues
corresponding to the CPA and lasing points arise primar-
ily due to the magnetic dipolar part of the SF matrix of
the sphere. Furthermore, due to the symmetry of the
sphere along all three spatial dimensions, these eigenval-
ues have a three-fold degeneracy. Note that we observe
additional EPs [indicated by red arrows in Fig. 3(c) and
(e)], which only appear due to the higher-order Floquet
channels (n < −1 and n > 0). However, for the parame-
ter values we consider here, these eigenvalues do not reach
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FIG. 4. Space-integrated incoming and outgoing intensities
for the CPA and lasing states for the time-varying sphere
(see text for parameter values) as a function of time t. We
evaluate the electric fields in the far-field at r = 1000 × Tc
and spatially integrate them on an imaginary sphere that en-
closes the time-varying sphere. a, Incoming and b, outgoing
intensity corresponding to the CPA state with an eigenvalue
λ = 2×10−4. An extreme attenuation of the intensity can be
observed, and nearly no outgoing field is produced. c, Incom-
ing and d, outgoing intensity of the lasing state corresponding
to an eigenvalue λ = 5 × 103. Here, we observe an extreme
amplification of the incoming light field. Furthermore, we see
the time-reversal symmetry of the CPA and lasing states: The
incoming CPA state is the time-reversed of the outgoing las-
ing state.

the CPA and lasing condition, but rather recombine at
the unit circle again for increasing modulation strength.

As for the slab, we investigate the influence of the
quasifrequency ω and of the driving strength Ms on the
eigenvalues of SF also in the present case. The corre-
sponding plot of the minimal eigenvalue λmin of SF as a
function of ω andMs is shown in Fig. 3(e). If the incident
light field is spectrally far detuned from the parametric
resonance condition ω/Ω = 0.5, no exceptional points are
formed (white region). However, near ω/Ω = 0.5, the
system can undergo a symmetry-breaking transition and
EPs appear (black curve). By choosing ω/Ω = 0.5 and
Ms = 0.3, we observe the CPA-lasing point indicated by a
nearly vanishing eigenvalue. Specifically, we numerically
find that for this set of parameters, |λmin| = 2×10−4. To
prove that in the vicinity of this small eigenvalue, there
truly exists a vanishing eigenvalue, we again calculate
the winding number over a loop enclosing this CPA point.
We find wind(SF) ≈ 6−3.5×10−4, as expected due to the
three-fold degeneracy of each eigenvalue. Next, we inves-
tigate the spatiotemporal behavior of the associated CPA
and lasing states. In Fig. 4, we plot the space-integrated
incoming and outgoing far-field intensity corresponding
to the eigenstates of the minimal (CPA) and maximal
(lasing) eigenvalues. For numerical convenience, the in-
tensity is space-integrated on the surface of an imaginary
sphere with radius r = 1000×Tc (T = 2π/Ω and c is the

speed of light in vacuum), such that r ≫ R. For the CPA
state, we observe an extreme reduction of the outgoing
wave intensity compared to the input [see Fig. 4(a)-(b)].
Conversely, we see that if we choose the lasing state as
the input, the outgoing intensity is greatly enhanced, as
expected [see Fig. 4(c)-(d)]. Furthermore, we can observe
the time-reversal symmetry of both states according to
Eq. (12): the input CPA field is the time-reversed of the
output lasing field.

We already saw that by exploiting static resonances
we can reduce the Ms needed to form EPs (see Sub-
sec. IVC1). Now, using high-quality factor (high-Q)
resonances, we show that we can also reduce the modula-
tion strength Ms required for CPA and lasing points [15].
In particular, we use the quasi-bound states in the con-
tinuum (qBICs) of metasurfaces, which are not present
in the slab (and homogeneous sphere) system [15, 48].
The considered metasurfaces are made from a periodic
arrangement on a square lattice of spheres made from a
time-varying medium [see Fig. 5(a)].

First, we consider the case of a static metasurface with-
out any time-modulation, i.e., Ms = 0. We optimize the
geometry parameters of the metasurface such that it sup-
ports a bound state in the continuum (BIC) at normal
incidence, i.e., for the Bloch wavevector k∥ = (kx, ky)

T =
0 [49, 50]. The radius of the spheres in the metasurface
is R = 225 nm, and the lattice constant is a = 3R. The
reflectivity R of the metasurface is shown in Fig. 5(b)
as a function of ω and the x-component of the Bloch
wavevector kx. For simplicity, we assume ky = 0. Here,
we observe a sharp resonant behavior of R in the ω− kx
space. As kx → 0, the linewidth of the resonance be-
comes vanishingly small, and the resonance eventually
disappears at kx = 0 and ω = ωBIC, indicating a BIC
there, which does not couple to external radiation. In
the following, we use a qBIC of the metasurface, which is
formed by slightly detuning the parameters of the system
from the perfect BIC condition, such that the resulting
resonance has a high but finite Q-factor.

For the simulations of the time-varying metasurface,
we choose kx = 0.05π/a and correspondingly ω =
ωqBIC = 0.912855ωBIC. Note that the numerical value
of ωqBIC has to be chosen precisely due to the extremely
narrow linewidth of the qBIC [see Fig. 5(b)]. Further-
more, we use Ω = 2ωqBIC, which ensures that upon
time-modulation, the modes of the static metasurface at
ω0 = ωqBIC and ω−1 = −ωqBIC are resonantly coupled
to each other at Ω = 2π × 387 THz, such that the re-
sulting hybrid modes have minimal radiation losses. We
numerically compute the corresponding Floquet scatter-
ing matrix of the time-varying metasurface following the
methods introduced in Refs. 15 and 51 using n = [−2, 1]
Floquet channels and multipoles up to the octupolar or-
der (see Sec. S3 in the Supplementary Information for
details). The metasurface is subwavelength at the fre-
quencies ω0 and ω−1, and the first diffraction order is
propagating for the frequencies ω−2 and ω1. We veri-
fied that this choice of parameters is sufficient to ensure
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FIG. 5. Behavior of the eigenvalues λ of the Floquet scattering matrix SF for a time-varying metasurface. a, We consider the
properties of light scattering off a metasurface that consists of a periodic arrangement (on a square lattice) of spheres made
from a time-varying medium. The time-varying medium is characterized by the permittivity ϵ(r, t) = 1+χ0[1+Ms cos(Ωt)]f(r).
Here, f(r) = 1 for r at the spatial domains occupied by the spheres and 0 otherwise (see text for the other parameter values).
b, The reflectivity R of the metasurface shown in a as a function of ω and the x-component of Bloch wavevector kx under
static conditions (i.e., Ms = 0) and ky = 0. We note that at kx = 0, there exists a BIC that has a symmetry compatible with
TE-polarized plane waves. c, The complex eigenvalues of SF for varying modulation strengths Ms and for the quasifrequency
ω/Ω = 0.5. Here, we observe that at a certain Ms, the light field fulfills the parametric resonance condition, leading to vanishing
eigenvalues (indicated by the star symbol), signifying CPA and lasing. d, The absolute value of the minimal eigenvalue of SF

as a function of the quasifrequency ω and modulation strength Ms. The unbroken regime where all eigenvalues are unimodular
(white) is separated from the broken regime in which |λmin| < 1 (yellow) by an exceptional line (black). The star symbol
indicates the CPA condition. To prove that |λmin| vanishes entirely at the CPA point, we calculated the winding number over a
loop enclosing the CPA point. We find that the winding number is wind(SF) ≈ 2−10−4 , as expected, due to the TE-polarized
qBIC mode of the metasurface.

numerical convergence.
To show the existence of EPs, CPA, and lasing points,

we plot all the complex eigenvalues λ of the correspond-
ing SF as a function of Ms for the quasifrequency ω/Ω =
0.5 in Fig. 5(c). As predicted by our formalism, we ob-
serve that as Ms is increased, the eigenvalues coalesce on
the unit circle forming an EP. On a further increase of
Ms, these eigenvalues leave the unit circle in a pairwise
manner. We also find that at a certainMs, there exists an
eigenvalue whose absolute value approaches 0, marking
a CPA point. Conversely, for its inverse conjugate pair
1/λ∗, the absolute value diverges for the same driving
strengthMs (not shown). However, note that contrary to
the previous scattering setups, the modulation strengths
to form EPs, and to make the system operate as a CPA
or laser, is drastically reduced. In particular, to form an

EP, we require Ms = 8.16×10−5, and for the CPA/lasing
point, we require Ms = 1.84×10−4. By moving the oper-
ation point closer to the BIC, i.e., ω → ωBIC and kx → 0,
the modulation strength required for EPs, CPA, and las-
ing points can be made arbitrarily small, i.e., Ms → 0.
This demonstrates that low-threshold lasing is possible
by leveraging the qBICs of metasurfaces [52]. To high-
light the CPA and lasing conditions more clearly, we plot
the minimal eigenvalue λmin of SF of the metasurface as
a function of ω and Ms in Fig. 5(c). Here, we observe
that at ω/Ω = 0.5 and Ms = 1.84 × 10−4, the system
behaves as a CPA indicated by |λmin| → 0. Further-
more, as predicted by our theory, for the same values of
ω and Ms, |λmax| → ∞, marking that the system acts
as a laser there. We refer the reader to Sec. S1 of the
Supplementary Information for details on the symmetry
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of the far-field intensities assuming the CPA and lasing
eigenstates as input fields.

III. DISCUSSION

We have shown that in periodically time-varying sys-
tems, symmetry-breaking transitions occur at excep-
tional points. Specifically, we revealed that the eigenval-
ues of the Floquet scattering matrix are either unimod-
ular, corresponding to the unbroken symmetry regime,
or come in inverse complex-conjugate pairs, correspond-
ing to the broken symmetry regime. This behavior of
the eigenvalues is explained through the pseudounitarity
of the Floquet scattering matrix. We provided an ex-
pression for the associated symmetry operator for arbi-
trary temporal modulations and showed that for a time-
symmetric drive, this operator is the time-reversal oper-
ator. Furthermore, we demonstrated that if the incident
light field has a quasifrequency of half the modulation
frequency and thus fulfills the parametric resonance con-
dition, a special situation can occur in which one eigen-
value vanishes while another one diverges. At this point,
the system simultaneously acts as a CPA and as a laser.
We demonstrated the working principle of our formal-
ism using the example of a time-varying slab, a time-
varying isolated sphere, and a time-varying metasurface.
Leveraging the qBICs of metasurfaces, the modulation
strength needed to achieve CPA and lasing points can be
made arbitrarily small.

Our framework applies to objects of arbitrary shape.
We expect it to be relevant across different experimental
platforms, where the characteristics of individual systems
can be appropriately taken into account. This includes,
but is not limited to, PTCs in the optical regime based on
epsilon-near-zero materials [11, 53, 54], in the microwave
regime based on a split-ring resonator setup [55], or using
water waves [56, 57]. Our work also provides a bridge to
the quantum optics domain [58], where it will be of in-
terest to study the implications of our scattering theory
for the dynamical Casimir effect [59, 60] or for the prop-
erties of the proposed Floquet laser (photon statistics,
coherence properties etc.) [61].

IV. MATERIAL AND METHODS

A. Reciprocity

Here, we provide further insights into the connec-
tion between time-reversal symmetry and the Floquet
scattering matrix. Specifically, we show that for time-
reversal symmetric Floquet scattering systems described
by ϵ(t) = ϵ(−t), the Floquet scattering matrix can
be chosen to satisfy V ST

FV = SF. To achieve this,

we first prove that S∗
F = S−1

F holds in the consid-
ered case. Then, using the pseudounitarity condition
Eq. (5), we can immediately conclude that V ST

FV =

SF. To keep the derivation general, we expand the
far-field electric field as E(r, t) =

∑
n En(r)e

−iωnt,
where En(r) =

∑
α cinn,αZn,α(r) + (SFc

in)n,αZ
∗
n,α(r).

Here, Zn,α(r) are the incoming far-field spatial mode
functions labeled by α and Z∗

n,α(r) are the corre-
sponding outgoing far-field modes. Furthermore, we
used that cout = SFc

in. Next, we complex conju-
gate the outgoing field coefficients SFc

in and reinsert
them into the system such that the corresponding far
field Ẽ(r, t) =

∑
n Ẽn(r)e

−iωnt is given by Ẽn(r) =∑
α(SFc

in)∗n,αZn,α(r)+[SF(SFc
in)∗]n,αZ

∗
n,α(r). The cru-

cial step now is to show that E(r, t) and Ẽ(r, t) represent
time-reversed fields of each other. This can be seen by
noting that E∗

n(r) and Ẽn(r) consist out of the same in-
cident field coefficients (SFc

in)∗n and are solutions to the
same wave equation

∇× (∇×E∗
n) = kn

∑
m ϵ∗n−mkmE∗

m , (17)

∇× (∇× Ẽn) = kn
∑

m ϵn−mkmẼm , (18)

since for time-symmetric modulations we have ϵ∗n−m =

ϵn−m. This implies that SF(SFc
in)∗ = (cin)∗, proving

that S∗
F = S−1

F .

B. Symmetry Operators

In this subsection, we provide details on how the sym-
metry operator X introduced in Eq. (10) can be con-
structed for diagonalizable pseudounitary Floquet scat-
tering matrices. The following discussion is general in
the sense that we do not assume any spatial or temporal
symmetries. We start by noting that, by definition, the
right eigenvectors |cinν ⟩ and a left eigenvector |c̃inν ⟩ of the
Floquet scattering matrix SF satisfy

SF |cinν ⟩ = λν |cinν ⟩ , (19)

S†
F |c̃inν ⟩ = λ∗

ν |c̃inν ⟩ . (20)

Furthermore, we observe that the matrix V transforms a
right eigenvector into a left eigenvector, which is a direct
consequence of the pseudounitary relation Eq. (5), as

S†
FV |cinν ⟩ = V S−1

F |cinν ⟩ = 1

λν
V |cinν ⟩ , (21)

such that we can read off |c̃inµ ⟩ = V |cinν ⟩. Further-
more, left and right eigenvectors can be chosen to be
biorthonormal

⟨c̃inµ |cinν ⟩ = δµ,ν . (22)

Here, we closely follow [45]. Using left and right eigen-
vectors, we can now construct an anti-linear symmetry
operator as

X =
∑
ν0

|cinν0
⟩ ⋆ ⟨c̃inν0

|+
∑
ν±

|cinν+
⟩ ⋆ ⟨c̃inν−

|+ |cinν−
⟩ ⋆ ⟨c̃inν+

| .

(23)
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Here, the symbol ⋆ represents complex conjugation in the
following way

⋆ ⟨a|b⟩ = ⟨a|b⟩∗ = ⟨b|a⟩ . (24)

By definition, the operator X satisfies

X |cinν ⟩ =

{
|cinν0

⟩ , ν = ν0,

|cinν±
⟩ , ν = ν∓ ,

(25)

and thus constitutes a symmetry operator that maps
states from the symmetry-unbroken regime onto them-
selves and states in the symmetry-broken regime onto
their partner state.

1. Degeneracies

Due to the underlying spatial symmetries of the scat-
tering system, the associated Floquet scattering matrix
SF may have degenerate eigenvalues. Suppose SF has a
J-fold degenerate eigenvalue λ to the corresponding nor-
malized eigenvectors |cinj ⟩ for j ∈ [1, J ]. This degeneracy
implies that any linear combination of the eigenvectors
|cinj ⟩ is also an eigenvector of SF with the same eigenvalue
λ. Therefore, there are many sets of normalized eigenvec-
tors of SF, and Eq. (10) cannot be applied to every such
set. However, as verified numerically, there always exists
at least one set of eigenvectors of SF to which Eq. (10) is
applicable.

C. Two-Band Model

Here, we provide additional details on the formation
of EPs and the operational conditions for CPA and las-
ing for the time-varying slab. We employ the two-band
model (TBM) approximation to arrive at an analytic re-
sult for the minimal modulation strength required for
the formation of an EP. This enables us to investigate
the impact of the normalized thickness of the slab on the
formation of EPs. We analytically demonstrate that for
specific slab thicknesses, even a very weak (infinitesimal)
driving strength is sufficient to observe an EP. Further-
more, using a resonant state expansion (RSE), we pro-
vide an approximate analytical expression for the mini-
mal modulation strength required for the system to act
as a CPA or as a laser, solely based on the scattering
parameters of the corresponding static system.

1. Minimal Ms for an EP

In this subsection, we want to gain further insights into
the formation of exceptional points and derive an expres-
sion for the minimal driving strength necessary to observe
an EP [see Eq. (8)]. For this, we fix the quasifrequency to

2 3 4 5 6 7 8 9 10 11

Ln=:

0

0.5

1

M
s

Minimal modulation strength for EP

Linear. TBM M+
s;EP

Linear. TBM M!
s;EP

EP TBM

EP full sim.

FIG. 6. Minimal modulation strength Mmin
s,EP necessary to

observe an EP for the time-varying slab as a function of its
normalized thickness Ln. The red and orange lines repre-
sent the results derived from the linearized TBM M+

s,EP (red)

and M−
s,EP (orange). Using the TBM without an additional

linearization, we find that EPs form at the same modula-
tion strength (blue line). The black line corresponds to data
from a full simulation including multiple frequency compo-
nents n = [−8, 7]. In all cases, we see that for Ln = 2mπ
with m ∈ N only a minimal modulation is needed for an EP
to form, as analytically predicted by the linearized TBM.

ω/Ω = 1/2 since we expect EPs to appear at lower mod-
ulation strengths for wave fields obeying the paramet-
ric resonance condition. Furthermore, we assume that
only two modes (n = −1, 0) are necessary to describe the
wave field inside the modulated slab (TBM approxima-
tion) [62]. The Maxwell equations inside the slab reduce
in this case to

Ω2

4

(
1 + χ0 χ0Ms/2
χ0Ms/2 1 + χ0

)(
e−1

e0

)
= q2c2

(
e−1

e0

)
. (26)

Solving the above eigenvalue problem results in wavevec-
tors qp = Ω

2c

√
1 + χ0 ± χ0Ms/2 and eigenvectors ep =

(±1, 1)T with band index p = {1, 2}. We thus have an an-
alytical (approximate) solution for the wave field within
the PTC-slab. We utilize this solution to establish the
corresponding Floquet scattering matrix. To arrive at an
analytic model, we linearize the above result and retain
only terms up to linear order in Ms. The resulting 4× 4
Floquet scattering matrix takes the symmetric form

S̃F =

(
r̃F t̃F
t̃F r̃F

)
, (27)

where expressions with a tilde stand for results derived
using the approximations described above. We find the
eigenvalues λ̃ by making use of

0 = det
(
S̃F − λ̃

)
= det

(
r̃F − λ̃ t̃F
t̃F r̃F − λ̃

)
= det

(
r̃F + t̃F − λ̃

)
det

(
r̃F − t̃F − λ̃

)
.

(28)

Such a finding implies that each of the 2 × 2 matrices
r̃F ± t̃F contributes a pair of eigenvalues, which we label
as λ̃±

1,2. We, therefore, expect two EPs: one originating
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FIG. 7. Minimal modulation strength Mmin
s,CPA necessary

such that the time-varying slab operates as a CPA or laser
as a function of the normalized thickness Ln. The purple line
shows the result from the resonant state expansion (RSE)
Eq. (35). The green line represents the results derived from
an analysis of the eigenvalues of SF using the TBM approxi-
mation, showing strong agreement with the RSE approach,
as expected. For reference, we also plot Mmin

s,EP using the
TBM approximation. We perform a full-scale simulation us-
ing n = [−8, 7] Floquet channels (black line).

from the coalescence of λ̃+
1 and λ̃+

2 ; and one from the

coalescence of λ̃−
1 and λ̃−

2 . We analytically find that the
exceptional points form at the critical driving strengths

M±
s,EP =

4(1 + χ0)
√
1− cos(Ln)

χ0

√
1 + L2

n/2− cos(Ln)± 2Ln sin(Ln/2)
,

(29)
with the normalized thickness Ln = LΩ

√
1 + χ0/c.

Equation (29) is the complete version of Eq. (8).

In Fig. 6, we now compare M±
s,EP (red and yellow

dashed lines) to numerical data to investigate the va-
lidity of Eq. (29), where we made use of several approxi-
mations. For comparison, we calculate the minimal mod-
ulation strength necessary to observe an EP again, con-
sidering only the two modes n = −1, 0, but without lin-
earizing with respect to the modulation strength (blue
line). We find that, contrary to the prediction of the
linearized TBM, both EPs form at the same modulation
strength, which is why we only plot a single blue line.
Furthermore, we present simulated data involving several
frequency harmonics n ∈ [−8, 7] (black line). In all cases,
we observe that, indeed, in the vicinity of Ln = 2mπ with
m ∈ N only a very weak modulation is necessary to re-
alize an EP as predicted by Eq. (29), respectively. One
feature, which we only observe using the full simulation,
is the occurrence of several dips. They primarily appear
when the TBM predicts large modulation strengths for
the formation of an EP [around Ln = (2m+ 1)π]. These
dips correspond to EPs, corresponding to a symmetry
breaking of modes that are associated with higher Flo-
quet channels n > 0 and n < −1. They are thus only
visible in a description that goes beyond the TBM using
more than two channels.

2. Minimal Ms for CPA and Lasing

In the following, we derive an expression for the mini-
mal driving strength necessary to observe CPA and las-
ing from the time-varying slab. Here, we make use of the
Floquet resonant state theory developed in Ref. 14. Cor-
responding to the TBM, we only take into account two
static resonant states: First, we have ERS

s,α with complex
eigenfrequency ω̄s,α = ωs,α − iγs,α, where α = 0, 1, . . .
labels the resonant states. Secondly, we use the m = −1
replica of the negative twin with eigenfrequency Ω− ω̄∗

s,α.
Here, ωs,α ∈ R is the resonance frequency and γs,α ∈ R is
the decay rate of the corresponding resonant state of the
static system. Explicitly, for a slab of thickness L and
time-invariant permittivity ϵ = 1+χ0 we have ωs,α = απ√

ϵL

and γs,α = 1√
ϵL

ln(|1− ϵ|/|1 + ϵ|) [63, 64]. The resonant

states inside the slab |x| ≤ L/2 read

ERS
s,α(x) =

1√
ϵε0L

{
sin(

√
ϵω̄s,αx/c) , if α is odd ,

cos(
√
ϵω̄s,αx/c) , if α is even .

(30)
We introduce the detuning ∆α = |ωs,α − Ω/2| and
define the intensity of the resonant state inside the

slab as Iα =
∫ L/2

−L/2
dx

∣∣ERS
s,α(x)

∣∣2 and furthermore

gα = χ0MsIα/2. In the following, we always choose that
resonant state, i.e., that specific value of α, correspond-
ing to the resonant state that has minimal detuning ∆α.
Performing a similar analysis as in Ref. 14, Sec. V, we
find the eigenfrequencies of the Floquet resonant states

ω̃± ≈ Ω

2
− iγs,α ±

√
Ω2

4
− ∆2

α

g2α
+ γ2

s,α . (31)

Crucially, a scattering system acts as a laser (and thus,
in our case, simultaneously as a CPA) when the eigenfre-
quency of a Floquet resonant state has a vanishing imag-
inary part. In our case, the eigenfrequency ω̃+ becomes
real when two conditions are fulfilled: (i) the discrimi-
nant in the square root of Eq. (31) is positive, and (ii)
when the square root compensates for the decay rate of
the original mode, such that

γs,α = gα

√
Ω2

4
− ∆2

α

g2α
+ γ2

s,α . (32)

For the modes of interest, it typically holds that the de-
cay rate is much smaller than the resonance frequencies.
Then, Eq. (32) becomes

γs,α = gα

√
Ω2

4
− ∆2

α

g2α

=
χ0MsIαΩ

4

√
1−

(
4∆α

χ0MsIαΩ

)2

.

(33)

Condition (i) tells us that 4∆α

χ0MsIαΩ < 1. We therefore

expand Eq. (33) according to
√
1− x2 = 1−x2/2+O(x4)
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valid for small x and arrive at

γs,α ≈ χ0MsIαΩ

4
− 2∆2

α

χ0MsIαΩ
. (34)

Solving Eq. (34) for Ms, the modulation necessary for the
system to operate as a CPA or as a laser is given by

Mmin
s,CPA ≈

γs,α +
√
γ2
s,α + 2∆2

α

χ0IαΩ/2
. (35)

We highlight that Eq. (35) can be evaluated solely based
on static resonant states and thus allows us to estimate
Mmin

s,CPA only based on parameters of the static scattering
system and the known driving frequency Ω. Further-
more, since we express the above equation in terms of
the frequency and intensity of the static resonant states,
Eq. (35) is general in the sense that it not only holds for
the slab but for arbitrarily shaped objects.

To check the validity of the approximations used in
the resonant state expansion, we compare Eq. (35) (pur-
ple line) with an eigenvalue analysis of the associated SF

using the TBM approximation in Fig. 7 (green line). As
expected, both approaches give nearly identical results.
For reference, we also show the results of a full-scale sim-
ulation (black line), in which we track the eigenvalues
of SF using n = [−8, 7] Floquet channels. In general,
we observe that Eq. (35) gives a reasonable approxima-
tion for Mmin

s,CPA, allowing us to adequately estimate the
CPA-lasing modulation strength solely based on static
information. More specifically, we observe that all three
lines (RSE, TBM, full simulation) show a similar behav-
ior: For those normalized thicknesses, where only a weak
modulation strength Mmin

s,EP is necessary for the system

to form an EP (blue line, same as in Fig. 6), also the
modulation strength for the system to act as a CPA or
a laser Mmin

s,CPA is reduced. Conversely, when a strong
modulation is already necessary to reach an EP, a large
amplitude is also needed for the system to operate as a
CPA and laser.

D. Data Availability

The data that support the plots within this paper are
available from the corresponding author on reasonable
request.

ACKNOWLEDGMENTS

The authors acknowledge helpful discussions with
V. Flynn, J. Gohsrich, P. A. Huidobro, L. Rebholz,
and M. Verde. D.G., J.H., and S.R. acknowledge sup-
port from the Austrian Science Fund (FWF) under
project P32300 (WAVELAND). A.C.V. acknowledges
support by the project No 1.1.1.9/LZP/1/24/101: “Non-
Hermitian physics of spatiotemporal photonic crystals

of arbitrary shape (PROTOTYPE)” and the Visiting
Awards for High Potentials from the University of Graz.
P.G. and C.R. are part of the Max Planck School of
Photonics, supported by the Bundesministerium für Bil-
dung und Forschung, the Max Planck Society, and the
Fraunhofer Society. P.G. acknowledges support from
the Karlsruhe School of Optics and Photonics (KSOP).
P.G. and C.R. acknowledge support by the German Re-
search Foundation within the SFB 1173 (project ID no.
258734477).



15

Supplementary Information

S1. FAR-FIELD INTENSITY CALCULATIONS
FOR THE CPA AND LASING POINTS OF THE

TIME-VARYING METASURFACE

FIG. S1. Space-integrated incoming and outgoing intensi-
ties for the CPA and lasing states of the time-varying meta-
surface (see main text for parameter values) as a function
of time t. We evaluate the electric fields in the far-field at
z = ±1000 × Tc away from the metasurface and spatially
integrate them in the x − y plane. a, Incoming intensity
above the metasurface at z = 1000 × Tc (red full line) and
below the metasurface at z = −1000 × Tc (black dashed
line) and b, outgoing intensity above (green full line) and be-
low (black dashed line) corresponding the CPA state with an
eigenvalue |λ| = 10−6. An extreme attenuation of the inten-
sity can be observed and nearly no outgoing field is produced.
c and d, Same as a, b but for the lasing state corresponding
to an eigenvalue |λ| = 106. Here, we observe an extreme
amplification of the incoming light field. We again see the
time-reversal symmetry between the incoming CPA and out-
going lasing field and vice versa.

We plot the temporal intensity distribution in the
far-field of the eigenstate corresponding to the minimal
eigenvalue (CPA state) in Fig. S1(a)-(b). Specifically,
we evaluate the electric field at z = 1000 × Tc above
(full lines) and below (dashed lines) the metasurface in
the far-field and spatially integrate the intensity in this
x − y plane. The associated eigenvalue is |λ| = 10−6,
resulting in a drastic absorption of the input power such
that nearly no outgoing field is produced. Conversely,
in Fig. S1(c)-(d), we depict the far-field intensity of
the eigenstate to the maximal eigenvalue (lasing state).
There, we observe a large amplification of the incom-
ing field corresponding to the eigenvalue |λ| = 106 of SF.
Again, the time-reversal symmetry between the CPA and
the lasing state is apparent (the incoming CPA field is the
time-reversed of the outgoing lasing field, and the incom-
ing lasing field is the time-reversed of the outgoing CPA
field).

S2. FLOQUET SCATTERING MATRIX OF THE
TIME-VARYING SPHERE

We expand the incident field Einc(r, t) and scattered
field Esca(r, t) for the time-varying sphere in a basis of
vector spherical waves (VSWs) as

Einc(r, t) =
∑
nlms

ãincnlmsF
(1)
lms(knr)e

−iωnt , (S1a)

Esca(r, t) =
∑
nlms

ãscanlmsF
(3)
lms(knr)e

−iωnt , (S1b)

where kn = ωn/c. Furthermore, F
(1)
lms(knr) [F

(3)
lms(knr)]

represent the regular (radiating) VSWs with total angu-
lar momentum l = 1, 2, 3..., lmax; z-component of angu-
lar momentum m = −l,−l + 1, ..., l; and parity s = 0, 1.
Here, s = 0 represents the transverse-electric (TE), and
s = 1 represents the transverse-magnetic (TM) mode,
respectively. Moreover, lmax is the maximum multipolar
order used in the expansion. Next, using the method in-
troduced in Ref. 47, one can connect |ãinc⟩ and |ãsca⟩ by
the Floquet T-matrix T̃0 as

|ãsca⟩ = T̃0 |ãinc⟩ . (S2)

Note that T̃0 is a square matrix with the dimension
2lmax(2N)(lmax + 2).

Here, for a given |ãsca⟩, the scattered power P sca
n for

the frequency ωn in the far-field is given by [47]

P sca
n =

∑
lms

c2 |ãscanlms|
2

Z0ω2
n

. (S3)

Therefore, the photon flux ϕn corresponding to P sca
n

reads

ϕn =
P sca
n

ℏ|ωn|
=

∑
lms

c20 |ãscanlms|
2

Z0ℏ|ωn|3
, (S4)

where ℏ is the reduced Planck’s constant, and Z0 is the
impedance of free space. From Eq. (S4), we note that the
scattered field coefficients |asca⟩ in a photon-flux normal-
ized basis can be obtained by the transformation

ascanlms =

√
c2

Z0ℏ|ωn|3
ãscanlms . (S5)

Similarly, for the incident field coefficients |ainc⟩, we can
write

aincn′l′m′s′ =

√
c2

Z0ℏ|ωn′ |3
ãincn′l′m′s′ . (S6)
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Furthermore, combining Eqs. (S2), (S5), and (S6), we get

|asca⟩ = T0 |ainc⟩ . (S7)

Here, T0 is the Floquet T-matrix of the sphere in a
photon-flux normalized basis. The elements of T0 can be
calculated from those of T̃0 by using the transformation
[65]

T0
{nlms},{n′l′m′s′} =

√∣∣∣∣ωn′

ωn

∣∣∣∣3T̃ {nlms},{n′l′m′s′}
0 . (S8)

Here, the first set of indices enumerates rows, and the sec-
ond set enumerates columns of the Floquet T-matrices.

Finally, we can compute the Floquet scattering matrix
of the time-varying sphere in a photon-flux normalized
basis as [66]

SF = 1 + 2T0 . (S9)

Note that the Floquet scattering matrix SF satisfies
Eq. (5). Furthermore, SF also satisfies Eq. (11) for per-
mittivity profiles ϵ(t) that are symmetric with respect to
t = 0.

S3. FLOQUET SCATTERING MATRIX OF THE
TIME-VARYING METASURFACE

We expand the incoming field Ein(r, t) and the outgo-
ing field Eout(r, t) from the time-varying metasurface for
the Floquet frequency ω and Bloch wavevector k∥ in a
basis of plane waves as [51, 67]

Ein(r, t) =
∑
ngαd

ũin
ngαd Pgαd(knr) e

−iωnt , (S10a)

Eout(r, t) =
∑
ngαd

ũout
ngαd Pgαd(knr) e

−iωnt , (S10b)

where Pgαd(knr) corresponds to a plane wave with the

wavevector kngαd = (k∥ + g) + (−1)d
√
k2n − (k∥ + g)2 ẑ,

and polarization α. Here, α takes the values 0 and 1
for TE and TM polarized plane waves, respectively. Fur-
thermore, d takes the values 0 and 1 for downward and
upward propagating plane waves (with respect to the
plane of the metasurface), respectively. Moreover, g cor-
responds to a reciprocal lattice vector. In the expansion
of the fields Ein(r, t) and Eout(r, t), we assume Gn as
the total number of diffraction orders for the frequency
ωn. Here, Gn is chosen such that |kn| > |(k∥ + g)| for
all ωn. This choice ensures that only the contribution
of propagating plane waves is taken into account when
evaluating Ein(r, t) and Eout(r, t). Such a choice of Gn is
justified as it implies that the sources and the detectors
for Ein(r, t) and Eout(r, t) are placed in the far-field of
the metasurface.

We connect the plane wave coefficients |ũin⟩ and |ũout⟩
using the Floquet scattering matrix S̃F of the metasur-
face as [51]

|ũout⟩ = S̃F |ũin⟩ . (S11)

Note that S̃F is a square matrix with dimension∑N−1
n=−N 4Gn.

Next, we write the power flux P out
n carried by the out-

going fields Eout(r, t) for the frequency ωn in the far-field
as [51]

Pn
out =

c

2Z0

∑
gαd

|kz,ngαd|
|ωn|

|ũout
ngαd|2 . (S12)

Here, kz,ngαd refers to the z-component of the wavevector
kngαd. The photon flux ϕn corresponding to P out

n is given
by

ϕn =
c

2Z0

∑
gαd

|kz,ngαd|
ℏω2

n

|ũout
ngαd|2 . (S13)

From Eq. (S13), we note that the outgoing field coef-
ficient |uout⟩ in a photon-flux normalized basis can be
obtained by the transformation

uout
ngαd =

√
c|kz,ngαd|
2Z0ℏω2

n

ũout
ngαd . (S14)

Similarly, for the incoming field coefficients |uin⟩, we can
write

uin
n′g′α′d′ =

√
c|kz,n′g′α′d′ |
2Z0ℏ(ω′

n)
2
ũin
n′g′α′d′ . (S15)

Furthermore, combining Eqs. (S11), (S14), and (S15), we
get

|uout⟩ = SF |uin⟩ . (S16)

Here, SF is the Floquet scattering matrix of the meta-
surface in a photon flux normalized basis. The elements
of SF can be calculated from those of S̃F using the trans-
formation

S
{ngαd},{n′g′α′d′}
F =

∣∣∣∣ωn′

ωn

∣∣∣∣
√∣∣∣∣ kz,ngαd

kz,n′g′α′d′

∣∣∣∣
× S̃

{ngαd},{n′g′α′d′}
F .

(S17)

We arrange |uout⟩ and
∣∣uin

〉
following the conventions:

|uout⟩ = (uout
↓ ,uout

↑ )T and
∣∣uin

〉
= (uin

↑ ,uin
↓ )T, respec-

tively. Here, uout
↑ (uin

↑ ) correspond to the upward prop-

agating outgoing (incoming) and uout
↓ (uin

↓ ) correspond

to the downward propagating outgoing (incoming) field
coefficients. Importantly, we arrange the entries of the
SF matrix as,

SF =

(
S↓↑ S↓↓
S↑↑ S↑↓

)
(S18)
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which is crucial for correctly describing the spectral loca-
tions of the EPs as shown in [68]. Note that SF satisfies

Eq. (5). Furthermore, SF also satisfies Eq. (11) for per-
mittivity profiles ϵ(t) that are symmetric with respect to
t = 0.
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Pendry, Photonics of time-varying media, Adv. Photon-
ics 4, 014002 (2022).
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