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RADIAL SYMMETRY OF POSITIVE SOLUTIONS TO QUASILINEAR
HARDY-SOBOLEV DOUBLY CRITICAL SYSTEMS

LAURA BALDELLI*", FRANCESCO ESPOSITO*, RAFAEL LOPEZ-SORIANO#, BERARDINO SCIUNZI*

ABSTRACT. The aim of this paper is to prove radial symmetry results for positive weak solutions
with finite energy to the following quasilinear doubly critical system

p—1
u *_1 —1 .
—Apu :fy‘ B +uP +vou®'® in R"
T
p—1
—Apv = U——i—vp**l—l—l/ w1 in R"
P | |p )
T

where 1 < p <n,v € [0,A, ) with A, , = [(n —p)/p]?, @, B > 1 such that a+8 = p* = np/(n—p)
and v > 0.

1. INTRODUCTION

In this paper, we investigate qualitative properties of solutions to the following doubly critical

system involving the p-Laplace operator:

( upfl

Ay =vy—— +uP
4 Y |.’,U|p

*_ — .
Ly vou* P in R”
pp—1

8* _A,U:ryi
(5 P

- +oP T uBuP in R

u,v > 0 in R™\ {0}
u,v € DYP(R™),

where v € [0, Ay, ) with A, , = [(n — p)/p]? representing the optimal constant in Hardy’s inequal-
ity for n > p. We note that this system is well posed once one assumes that both o, 8 > 1 are
real parameters that satisfy

a+pB=p-.
Here, p* = np/(n — p) denotes the critical Sobolev exponent, v > 0 is the coupling parameter. By

the previous homogeneity condition we deduce that p* > 2. Thus, here and in all the paper we
will assume that

< p<n.
n+ 2 P
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We point out that DVP(R") is the completion of C3°(R™), the space of smooth functions with
compact support, with respect to the norm

1
) = </ |vu|de>” .
Rn

It is well known, by standard regularity theory (see e.g. [19, 41]), it follows that solutions to (S™)
are of class Cb® far from the origin.

Our main objective is to prove radial symmetry of solutions to system (S*). When v = v = 0,
the system reduces to the standard p-Sobolev critical equation

(1.1)

—Apu =1 in R”
u>0 in R™.

It is well-known that the Aubin-Talenti bubbles, defined as

n—p
—1 D
e G
(1.2) Vo () :=

_p_ _p_
AP=T 4 |z — x| P T

is a family of positive radial solutions to (1.1), with A > 0, and zp € R". These functions achieve
equality in the Sobolev inequality in R"™. The situation in case p = 2 is fully understood. In
fact, in [27], it has been shown that any positive solution u to (1.1) that satisfies the decay
assumption u(x) = O(1/]z|™) at infinity for m > 0 is radially symmetric and decreasing around
some point zg € R", i.e. u(x) = V)4, (z) (with p = 2). The authors used a refined version of
the moving planes technique taking into account the lack of compactness in the whole space R",
developed by themselves in bounded domains in [26]. The problem was completely solved in the
seminal paper by Caffarelli, Gidas and Spruck [9], where the authors classified all the solutions
to (1.1) with p = 2 and without an apriori finite energy assumption. Exploiting the Kelvin
transformation, they showed that the moving planes procedure can start. Finally, they proved
that any solution u € H._(R™) to (1.1) is of the form (1.2), hence solutions are unique up to
rescaling and translations.

The situation in the case p # 2 is much more involved, since the approach with Kelvin transfor-
mation is not applicable for this equation. Under the finite energy assumption, i.e. u € DVP(R"),
the classification of all the positive solutions to (1.1) has been in fact an open and challenging
problem recently solved in a series of papers by Damascelli, Merchan, Montoro and Sciunzi [16]
(2n/(n+2) < p < 2), Vétois [43] (1 < p < 2) and Sciunzi [36] (2 < p < n). In particular, in these
articles it was proved that any positive solution to (1.1) that belongs to D?(R™) is of the form
(1.2). More recently, Ciraolo, Figalli and Roncoroni [12] used a strategy based on integral esti-
mates to extend the classification of positive D P-solutions to a class of anisotropic p-Laplace-type
equations in convex cones. A similar approach was used in [10] to obtain new classification results
for positive, weak solutions to (1.1) which are not a priori in D'?(R™). In particular, in [10], the
authors managed to obtain the complete classification of positive, weak solutions to (1.1) in the
case where n =2 and 1 < p < 2orn=3and 3/2 < p < 2. The method was recently improved
by [34] who managed to extend this result to the case where n > 3 and p > (n 4+ 1)/3 and by
Vetoéis [44] for n > 4 and p > pj, for some number p,, € (n/3, (n+1)/3) such that p, ~ n/3+1/n.
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Now, we focus our attention on the case v # 0 and v = 0; in this setting, system (S*) reduces to
the Hardy-Sobolev doubly critical equation

p—1
U 1.
+uP 1 inR?

—Apu =y

(13) [af?

u>0 in R" \ {0}.

Let us now turn to the case p = 2 so that A,, o is the best constant in the Hardy-Sobolev inequality
for p = 2. The main contribution in the semilinear case is due to Terracini in [40], where the
author, by means of variational arguments and the concentration compactness principle, showed
the existence of solutions to a more general version of the equation (1.3). Making use of the
Kelvin transformation and of the moving plane technique, she was able to prove that any positive
solution with finite energy to (1.3) is radially symmetric about the origin. Finally, thanks to a
detailed ODE’s analysis, she gave a complete classification of the solutions to (1.3), given by
(1.4) Un@) =2 U(T)  with  U(e) = Ay
A oAk \ T3
|| (1 + || n—2)

u:=n;2— <n—2>2_% A(nm)::(”(”—Q—QF‘F)T,

where

2 n—2
and A > 0 is a scaling factor. Obviously, Uy = Vo if v = 0.

The case of p-Lapalce operator was firstly treated in [1], where the authors studied the existence
of solutions to (1.3) and a very fine ODE’s analysis was carried out. The radial symmetry of the
solutions there was an assumption. In [33] the authors proved that each solution to (1.3) with
finite energy is radially symmetric (and radially decreasing) about the origin. Having in force the
radial symmetry of the solution it is easy to derive the ordinary differential equation associated to
the PDE and fulfilled by the solution v = u(r) and, hence, to apply the results in [1]. In particular,
they proved also uniqueness up to scaling of the radial solutions as well as the asymptotic behavior
are proved showing in particular that, a radial solution (1.3), satisfy the following properties:

Upr(z) = N7 U, (;) with  Uy(z) = u(r)

. m _ . w2 _
S, () = G i rP () =

. pn1+1 !/ — . pa+1 ! —
rl_l>%l+ r ‘up(r)‘ Cipa, rgr—{loo r |Mp(r)‘ Capa,

for some positive constants C7,Cz. Obviously, U, x = Uy and U, = U if p = 2. Here and in the
sequel g1, g € [0, +00), p1 < pg are two roots of the equation

PP~ [(p— Dp? — (n—p)u] +v =0.

We remark (for later use) that

n— n—
0<u1<7p<;¢2< p.
p p—1
Note that when p = 2 then uy = 7 and puo = n — 2 — 7. Instead, when p # 2 but v = 0 then
m:OanduQ:n_p.
p—1

We now turn our attention to the study of (S*). Nonlinear Schrédinger problems, particularly
those of Gross—Pitaevskii type, seems to have strong connections to various physical phenomena.
These kind of systems appear naturally in the Hartree—Fock theory for double condensates specif-
ically in binary mixtures of Bose Einstein condensates occupying different hyperfine states while
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spatially overlapping (see [24] and [25] for comprehensive details). The solitary-wave solutions to
coupled Gross—Pitaevski equations satisfy the following system:

(15) —Au+V(z)u = pu* +vutw?  in R"
' —Av+V(z)v = po* ! 4 oud?! in R,

*
where V represents the potential of the system and 1 < ¢ < TR This formulation is commonly

referred to as the Bose—Einstein condensate system. For subcritical regimes, we refer to [4], [5],
[30], [38], and [39] for existence and multiplicity results under various assumptions on V" and v.

*
In the critical case where ¢ = 5 if V' is a non-zero constant, system (1.5) admits only the trivial

solution (0,0), that is a consequence of the Pohozaev identity. When V' = 0, [35] demonstrated
the uniqueness of ground states under specific parameter conditions for generalized systems. Con-
versely, [13] examined the competitive setting (v < 0), establishing the existence of infinitely many
fully nontrivial solutions that are not conformally equivalent.

In [21], the authors treated the case of Hardy-type potential V = —%. With this choice of V,
x

the authors were able to study problem (S*) when p = 2. What they have proved in [21] is that
any (u,v) € DV2(R™) x DY(R™) solution to (S*) is of synchronized type:

(u7 U) - (Cl u)\07 C2 uz\o) ’
where U), is given in (1.4), A9 > 0 and c1, ¢y are any positive constants satisfying the system

2*—2 a—2 3 _
ci “Hrac] ey =1

2% 2 a -2
c; “HuvBcfe, T =1

This result was new also in the case v = 0. Under that assumption the explicit solutions in (1.4)
reduce to those of (1.2).

Doubly critical problems have received significant attention in recent years. The pioneering work
of [2] investigated general Hardy-Sobolev type systems making use of variational techniques. In
cooperative regimes (v > 0), they established the existence of ground and bound states contingent
on parameters «, 3, dimension n, and a potential function h in the coupling term. We also refer
to [11, 14] for further existence results in the critical regime.

The primary objective of this paper is to show that any positive solutions, with finite energy, to
problem (§¥) is radially symmetric and radially decreasing around the origin, in the same spirit
of [21].

Thus our main result is given by the following:

Theorem 1.1. Let (u,v) € DYP(R") x DYP(R™) be a solution to (S*). Then (u,v) is radially
symmetric and radially decreasing around the origin.

Remark 1.2. This result holds (and is new) also in the case v = 0.

The proof of the radial symmetry of the solutions is based on a fine adaptation of the moving plane
procedure for quasilinear elliptic problems. This procedure goes back to the seminal papers of
Alexandrov and Serrin [3, 6, 26, 37]. The situation in the quasilinear case is much more involved,
and in the same spirit of [33, 36] we first recover asymptotic estimates for the solutions and its
gradient. Part of this estimate are due to [28]. The missing part is proved in this paper, and it
was inspired by [23]. Regarding elliptic systems, the moving plane technique was adapted by Troy
in [42], where the cooperative case is analyzed. The procedure was also applied for semilinear
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systems in the half-space in [18] and in the whole space by Busca and Sirakov in [8]. There
are several results on the qualitative properties of solutions for cooperative elliptic systems; in
particular, we refer to [20, 21] for a complete analysis in the semilinear case and to [7, 22| for the
quasilinear case.

2. PRELIMINARIES AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS

Notation. Generic fixed and numerical constants will be denoted by C' (with subscript in some
case), which may vary line by line, even within a single formula. By |A| we will denote the
Lebesgue measure of a measurable set A.

2.1. Preliminary results. The aim of this section is to give some preliminary technical lemmas
and theorems that will be crucial in the proof of the main result.

The first result, for which we refer to [32], summarizes some Caffarelli-Kohn-Nirenberg type in-
equalities.
Theorem 2.1 (Proposition 1.1 of [32]). Let ry > 1, ro > 0, i,k € R such that

1 1 k-1

2

K
n n

)

and with
0<k—-—kK<L1

1 &
If . + g > 0 then for any u € C}(R™) it holds
2

1

1 1
(2.1) </ |x|f"2u|f2dx> : <o</ |90|””|Vu|”dx> '
Rn Rn

1
where C is a positive constant independent of w. If — + r < 0, then (2.1) holds for any u €
T9 n

Ce(R™\ {0}).

Remark 2.2. As pointed out in [33], the same result works in the case of u defined in exterior
domains with the right decay properties.

We point out that the natural weight associated to our problem is ]Vu\p_Q. However, the presence
of Hardy potential forces us to give an estimate from below for an expression which involves this
weight. In particular, we state here a result whose proof can be found in [33].

Lemma 2.3. [33, Lemma 2.1] Let u,v be positive and Cl-functions in a neighbourhood of some
point xg € R™. Then it holds

p P
\VulP2Vu -V (u— “u) + Vo2V -V (v — Y
(2.2) up vP

> C,min{v?, v} (|Vlogu| + |Vlogv|)P 2 |Viogu — Vlogv|?,

near xqo for some constant C), depending only on p.

2.2. Decay and asymptotic behavior. This section is dedicated to decay estimates for positive
weak solutions of (S§*) and their gradient, which we will be used in the application of the moving
plane method. The moving plane procedure is strongly related to suitable comparison principles.
When the domain is the whole space, considering problems with a source term involving the Hardy
potential, weak comparison principles are naturally related to the use of Hardy-type inequalities
that involve the classical radial weights.
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Now, we state the upper and lower estimates of the solutions and the upper one of their gradient,
contained in [28], in our case.

Theorem 2.4. (Theorem 1.1, [28]) Let (u,v) € DYP(R™) x DYP(R™) be a weak solution of (S*)
with 1 <p<n,0<vy <Ay, a+=p". Then there exist positive constants 0 < Ry < 1 < Ry
depending on n,p,v,v,a, 3, u and v, such that

2.3 i R U el Bg, \ {0
( . ) ‘xwl _u(x)_ ’ ‘Ml’ |$’“1 _’U(JI)_ |$’“1 YIS RO\{ }7
and
c Cy ch Cy
C
(2.4) 2 <wu(z) < e o <w(z) < P x € (Br,)",

where p1, o are the unique solutions, see Remark 2.5, of
(2:5) PP = D) = (n—p)u) + v =0,
CY,Cq, C7,C3 are positive constants depending on n,p,~v,v,a, B and u, c{,c| are positive con-

stants depending on n,p,~v, Ro, u1,v,a, B and u or v, respectively, cy,cy are positive constants
depending on n,p,vy, R1, p2,v,a, B and u or v, respectively.

Note that, since the constants in front of Hardy’s terms coincide, then the further assumptions
(H2) and (Hy4) in [28] trivially hold.
Remark 2.5. Note that, by 0 < v < Ay, then (2.5) admits two solutions i1, pa such that
n—p

-1’
since (n — p)/p is the point of the (negative) minimum of the function related to (2.5).
Theorem 2.6. (Theorem 1.3, [28]) Let (u,v) € DYP(R™) x DYP(R™) be a weak solution of (S*)

with 1 < p <n, 0 <y < A,y and o+ = p*. Then there exist positive constants cv, Cv
depending on n,p,vy,v,a, B and u or v, respectively, such that

n_
0§u1<—pp<u2§

c cv
(26) |Vu(a:)| S W, ]Vv(x)| S ‘x|#1+1 S BRO,
and
o cv .
(2.7) [Vu(z)| < [fpatl’ V()| < gt T € (Br,)",

where p1, p2 are roots of (2.5) as in Theorem 2.4, and 0 < Ry < 1 < Ry are constants depending
onn,p,y,v,a, 3, u and v.

We end this section by stating and proving the lower estimate of the gradients of solutions of (§¥),
taking inspiration from [23].

Theorem 2.7. Let (u,v) € DYP(R™) x DMP(R™) be a weak solution of (S*) with 1 < p < n,
0 <7 <A,y and a+pB = p*. Then there exist positive constants ¢, ¢’ depending on n,p,v,v, o,
and u or v, respectively, such that

~U 6’[1

¢
(2.8) |Vu(z)| > R |Vo(x)| > Pz x € Bp,,
and

on o )
(2.9) [Vu(z)] = [t [Vo(z)| = Er € (Br,)",

where py, p2 are roots of (2.5) as in Theorem 2.4, and 0 < Ry < 1 < R3 are constants depending
onn,p,Y,V,a, 3, u and v.
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Before giving the proof, we have to state a preliminary lemma that will be crucial in the sequel but
without proving it since it is the Euclidean case of Theorem 4.1 in [23] where the Finsler setting
is treated (more precisely, instead of the Euclidean norm, a more general function H° appears).

1,
loc

Lemma 2.8. Let w € C,//(R" \ {0}) be a positive weak solution of the equation

—Apw — Tl = in R™\ {0},

[P

where 0 < v < Ay, . Assume that there exist positive constants Ci,c1 such that

C
<w(r) < Wy

C1
|1;’N1

(2.10) va € R\ {0},

and suppose that there exists a positive constant Cy such that

a n
(2.11) Vo)l < Zre v € RUA {0}
then =
w(z) = %, with ¢ := limsup |z|"* w(z),
x

|z|—0
On the other hand, suppose that there exist positive constants Cy and & such that
& Ch
iz S w(z) < |12’

vz € R™\ {0},

and suppose that there exists a positive constant Cq such that

1 n
[Vw(z)| < Tt Vo € R™\ {0},
then 5
C1 . .
w(z) = ——, with ¢; := limsup |z|"?w(x).
|x‘,u2 || =00

Now we are ready to prove the lower bound estimates of the gradients of solutions of (S¥).

Proof of Theorem 2.7. We will prove (2.9) since (2.8) can be proved in a similar way. Suppose by
contradiction that there exist sequences of points x,, and 2, such that |x,,], |2},| — +oco and

(2.12) |z "2 V()| — 0 for m — +o0,
(2.13) 2! |2 Vo (2],)| — 0 for m — +o0.
Let Ry, := |zml|, R,, = |7,| and consider

wm () == RE?2u(Ry,x), Zm (1) == (R, )" v(Ryw).
For 0 < a < A fixed and m sufficiently large, from Theorem 2.4, relabeling the constants, we have
c C c
Furthermore, recalling the estimate from above of the gradients of the weak solution (u,v) in
Theorem 2.6, we get

C -
< wp(x) < < zp(z) < — in By \ B,.
a

G G

|Vwp(z)] < |Vzm(z)] < ppsy in B \ B,.

a#2+1 ’

By [29], wy, and z,, are also uniformly bounded in C"(K), for 0 < i < 1 and for any compact
set K C B\ By. Moreover

Wi () = Wa, 4, 2m(T) = 2,4 in By \ By,
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in the norm C', for 0 < 7' < n. Moreover, since (wy,, z,) weakly solves

p—1
—Apwy, — ’yL‘Jx|p = RE2P=DHp=2( =1 (yP" =1 4 @ 128) in Ba\ B,
2Pt
By =T = REC DG LBl ) BB,

and Wy, — Wq A, Zm — Zq,A I DY?(By \ B,), we deduce that

wP =}
A )
—Apwe A — ’;|p =0 in By\B,
zp:ll
—Apzg A —7 |Z‘p =0 in By\B,

Now we take aj = 1/j and A; = j, for j € N and we construct Way,A;5 Za;,A; 88 above. For j goes
to infinity, using a standard diagonal process, we construct a limiting profile (weso, 200) SO that

p—1

Woo . n
—ApWoo — ’yW =0 in R"\{0}
P .
—ApZoo — ’yw =0 in R"\{0}

With wee = Wa; 4, and zeo = 24,4, in Ba, \ B,
Since both ws and z, satisfy the assumptions (2.10) and (2.11) of the Lemma 2.8, we get
- ’x’l@’

Ca

Weoo () Zoo(T) = W:

where ¢ := lim sup |z|"?weo (), T2 := limsup |x|"? 200 ().
|z|—0 |z|—0

Now we set ¥y, = /R and y,,, = 2 /Ry, and by (2.12) and (2.13), we deduce that |Vw, (ym)]
and |Vzp,(y,,)| tend to zero as R, tends to infinity. This fact and the uniform convergence of the
gradients imply that there exist 7,7 € 9By such that v, — 4, y,,, = '

[Vweo (@) =0 = Voo (7).

This is a contradiction since the functions we, and z., have no critical points. O

3. RADIAL SYMMETRY OF THE SOLUTIONS

To prove the symmetry and monotonicity result, we need a fine version of the moving plane
technique that is inspired by [33]. To exploit it we need the following notations. We will study
the symmetry of the solutions in the n-direction for any n € S*~* (i.e. |n| = 1). Since the problem
is invariant up to rotations we fix 7 = e; and we let

Thn={zeR:z = A},
Sa={xeR: z <A},
zy = Ry(z) = 2\ —z1,2') e R x R"L,
ux(x) = u(zy),
ua(z) = v(xy).

We are now able to prove our symmetry result.
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First of all we underline that it is easy to see that (uy,v)) solves

—Apuy = i puf{*l + uf 1y uauf\yflvf in R"
E2Y
* i -1 *—1 -1 .
(SX) —Apuy = vai +of T+ Vﬁuﬁ‘vﬁ in R"
A
ux, vy >0 in R".

In what follows we set
A ={A<0:u<u,v<yin Y, Vi <A},
If Ag # 0 we denote by Ao := sup Ag.

Proof of Theorem 1.1. We prove the result studying, sometimes in different approaches, the sin-
gular case 1 < p < 2 and the degenerate case p > 2 as in [33]. For p = 2 we refer to [21]. We
divide the proof in two steps.

Step 1: Ag # 0.

To prove that Ay # 0, it is necessary to prove the existence of A < 0 with |A| sufficiently large
such that v < uy and v < v in X for every t < A.

We denote by Ry and R; the radii given by (2.3) and (2.6), (2.4) and (2.7), while by Ry and R3 the
radii given by (2.8), (2.9) for the entire proof, and we firstly observe that for || > max(R;, R3)
one has, by (2.3) and (2.4), that there exists Ry := Ro(\) such that Ry < Ry, Bp (05) C X5 and

sup  u(z) < inf  wuy(z) and sup w(z) < inf  og(z).
2€Bp (0x) zeBg (0% A 2€Bp (05) zeBg (0% A

Therefore, exploiting again (2.3) and (2.4), we deduce that for every A < A one has

sup  u(z) < inf  wy(x) and sup w(z) < inf  wuy(x),

- x€B 5 (0 - x€B 5 (0
& /
2€Bp (05) fo| 2€B (05) 7o (

which gives that v < uy and v < vy in B Bo (0)) C Xy for every A < A and with Ry independent
of .

Now, let us consider R > 0 and a cut-off function pr € C5°(Bar(0)) such that 0 < pr < 1, pr =1
on Bg(0) and |[Vyg| < 2/R. We denote by ¥\ = YA\ B, (05) and by B, := B,(0)NX) for p > 0.
Finally, we set
Ex(z) ==u(r) —ux(z) and (= v(x) — (),
Ea(@) =uP(z) —uf(z) and  (a(z) = 0P (z) — v} (),
and we recall that for every A < — Ry we have
w,v € LP"(2)) N L®(2y) NCO(Ey).
since u,v € DP(R™) and by Theorems 2.4 and 2.6. If > max{2,p} and X\ < ), we consider

—-p

0 et 0 lpet
Py =ru PEHXm Pon = @Rruy TE X5,

—-p

— P 1-prt+ _ 0,1 +
\Ijl,/\ = YRV pCpAXZ)\a \IIZ,)\ - SORU)\ p’)\XZA7

We remark that supp(®; x), supp(¥;.) C Bsyp for j = 1,2. Hence, we take @ and Uy ) as a test
function in both equation of (§*) respectively, while ®5 y and Wy ) in (S}) respectively. Then, we



10 LAURA BALDELLI#t, FRANCESCO ESPOSITO*, RAFAEL LOPEZ-SORIANO#, BERARDINO SCIUNZI*

subtract the first equation of (S*) with the first of (Sy), and we do the same for both the second
equations. Hence, one gets

/~ (IVulP2Vu - V@ \ — |Vur [P 2 Vuy - Vs ) da
Bar

1 1 * *__ 9
(3 = [ (G =) et [ = e do

Bar

+ya/ (u* PP —u§P B)goRC;)\dx
Bar

/ (IVo]P2Vo - VU ) — [Vop P2 Voy - VI, da
Bar

1 1 . *_
(3.2) ZV/BQR (W’ - W’) PR df'?+/B2R(Up P =) P)pR(ry da

+vg (uo‘vﬁ_p—uo‘ - p)goRC;“/\ dz,
BZR

and, since |x| > |z)| in Xy, one has that the first terms on the right hand side of (3.1) and (3.2)
are negative. Using the very definition of the test functions, we get

T ::/B o (\vaP‘QVu V(uTPER) = [VuaP TV - V(ui_p{:;:)\)) da
2R

< - 9/13’ go?{lulfp{;)\\VuW*QVu -Vyprdzx
2R

(3.3) + 6 /B go?{lui*pf;)\\VuA]”#Vu,\ -Vyrdx
2R

+/ (up*_p — ulj\*_p diL‘) (p%é’;A dx + Va/ (uo‘_pvﬁ —uy P ﬂ) ngQ’;)\ dx
B2R Bar

=: 1y + 13+ 1y + Is.

Analogously, we obtain a similar estimate on (3.2)

& = /B e (IT0P V0 V(G — (VoA 2 Vor - V() PG de
2R

<—9f goR ~lypls p(+ |Vo[P~2Vv - Vg dz
Bar

(3.4) + 9/19 goR 11& pC+)\|Vv>\\p_2Vv)\ -Vyrdx
2R

+/B (vp*—p i P) (pRC+ dl’—i—VB (uavﬁ—P a ,3 P) @RC;_)\ dx
2R

, Bar
=& +E +E+&s.
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In the sequel, we will focus our attention only on (3.3), since the estimates on (3.4) will be very
similar; we start by estimating Z;. By using (2.2) it yields that for p > 2 one has

T, = /B % <|vu]p_2Vu : V(ul_pfyj,)\) — [VurP*Vuy - V(u}\_pé“;A)) dr
2R

P P
= / 4p% <\Vu’P2Vu -V <u — u)\u> 4 |Vu)\\p72VuA .V <u>\ _ upu)\>) dx
Barn{uzuy} ub wy
(35) =Gy - }ap%ug (|Vlogu| + |Vioguy|)P~2 |Viogu — Vlog uy|* d
oRMN{UZU)
P
= Cp Bani }ﬂp% (%) u? (|[Vu| + [Vuy|)P 2 |[Viogu — Viog uy|? da
oRMN{UZU)

= 01/ o’ (|Vu| + |[Vur )P 2 |Viogu — Vloguy|? de,
Barn{u>ux}

while for 1 < p < 2 we obtain

Vlogu — Vlog uy|?
! P S0Ru/\(|Vlogu| + |Vioguyl)2—»

BQRQ{MEU)\}
o o |Vlogu — Vioguy|?

. PRU) —
Bapn{uzus) (IVu] + [Vuy[)> P

(3.6)
> O,

We point out that in the last line of (3.5) we used that

U ~ .
— >c¢ in Xy,
U

(3.7)
and ¢; := Cpc?. Indeed if x € ¥\ Bg, (0,) then from (2.3) and (2.4) one has (recall that |z| > |z,])

uy . |z|H?

L 2 a ENE = C1.

where ¢ = ¢y /C3*. Otherwise, if € ¥\ N Bg,(0)) then

u —
2 >HN inf u(z) > 6,
u xEBRl (0)

where we take ¢ = min(é, &) and |A| > R;. Now, using Schwarz inequality, (2.4) and (2.7), we
deduce that

I, = —0[ @%_1u1*p§;A|Vu]p*2Vu -Vordx
Bog '

— UN\P _1
3.8 <o f i (1= (2 Va2 Viog| da
( ) B2Rn{u>u)\} R ( ( u > >

20 1
<= u|VulP~t dz < ¢ dr < c
R Byr\Br R Bar\Br ’x‘(#?‘f’l)(l’—l)—i-ug RE

where

(3.9) K:=puz+p—n
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n
which is strictly positive since po > =P Now we want to estimate Zs; using (2.4) and (3.7),
p

we are able to deduce that

I3 = 9/ R u)\ p§+ ]Vu,\]p_2Vu>\ -Voprpdx

//\

+ _
00wy (P —}) T [Vual T Vg do
Bap\Br
2

</ U < ) —1> \Vuy [P~ da
B J(Byr\Br)nfuzur} Ux

(
(3.10) <2 m( > |VurP~! da < ¢

< = u|Vuy [P~ da
R (B2r\Br)N{u>uy} R /(B2R\BR)0{U>UA}

10 1

C P
<= / |VuylP dx uPde | dx
R BQR\BR B2R\BR

C /
<5
R < Bar\Br |x|M2p

For the term 7, we first note that

,_.

p*—1 p*—1
U uy

I4:/ (up**p—u”*‘p)cpeﬁ d:c:/ — ohetr dx
BgRﬂ{UZU)\} A R PA BgRﬂ{uZuA} upil U)\ R PA

1. .
</ - (U” e 1) PRE Sy da,
B

. p—1
arM{u>uy} W

recalling that p* > 2, then applying twice Mean Value Theorem and using (2.4) we deduce that

* 1
D=2 0 ()2 0 (¢+\2
(311) T [ w A < [ el

Let us consider the real function ¢(t) = log(a + ¢(b — a)) where 0 < a < b, then making use of
Taylor’s formula, we get

1
1
logh =1 b— _
ogb=loga+ (=) [ s

and since ¢ € [0, 1], we easily obtain

logb —1
(3.12) b—a=—-2 g d < b(logb —loga).

Choosing b = u and a = u) in (3.12), and thanks to (3.11) we deduce

1
R AR T
P BZRO{U/}“/\} ‘$|M2(p 72)

1 0, 2 9
<¢ Born{u>uy} WQORU (logu —loguy)® dx
1 2
<¢ Born{uzuy} |z |H2p” SDR ((logu - logu/\)"') dx.
2RI u=z2u)
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Furthermore, we can rewrite the previous estimate as follows

1 e ?
m <§012_2(10g u — log U)\)+> dx

I,<C |
(3 13) BQRO{U>U)\} ‘.fU
) 2
0
< ‘)\C‘;/ ]x\w_Q ((pf%(logu — logu,\)+) dux,
Born{uzuy}
where
K" = pa(p* —p) —p, 20 := —[(p2 + 1)(p — 2) + 2p2].

We note that £* — 29 + 2 = ugp*, and xk* > 0 since o > n=p Applying Theorem 2.1 to the
p
right hand side of (3.13), where 1 = r9 = 2 which implies that

1
K= /_{_1:_7(#24‘ )p
2
and that
I  K_n—pp—p
-4+ —=——--<0
2+n 2n

. n .
since pg > n—p Hence, we obtain
p

C
Al
and, in order to give an estimate of the right hand side of (3.14), we have to distinguish two cases:

p>2and 1< p<2. Let us consider the first case, p > 2 in (3.14). By using (2.9) and (3.7), we
have

(3.14) Iy <

6
[ 12V (o (log u — log uy) )2 da,
BgRﬂ{’U,}ZL)\}

c 1 0,2 2
<— - - _
1 S /BQRO{@W} 2D epu’|Viogu — Vloguy|” dz
C
to [ o127 (log u — log ux)? [Viprf? do
‘)\| BgRﬂ{’U,}QL)\}
(3.15) o o
<H*/ <,0‘?3u2|Vu|p_2|Vlogu—Vlogu,\|2 dx+,“/ |2|% da
|)\| BZR“{“)“/\} |>\ R BQR\BR
C C
<R*/ @%u2(|Vu]+|Vu,\|)p72|Vlogu—Vlogux|2dx+ﬁ
|)\| BZRQ{UZH/\} |>\ R

where k is defined in (3.9). The evaluation of Z5 is a delicate issue within this argument. Note
that, in particular, we could have either « — p < 1, or 8 —p < 1, or both. In all these cases we
have to take into account the estimate (3.7) which gives us

. _u
cg—’\

<1 in ¥ Nsupp(&).
u

(3.16)

Now we are ready to estimate the coupling term Zs.

s :ya[ (uo‘*pvﬁ — uf\‘_pvf> go%fl":/\ dz
Bagr
:VQ/B - (ua_pvﬁ — uifpv/g) go%(up — uf\) dz
arM{u>uy

(3.17)
<Va/ <u°‘_p - uifp) VP (uP — k) d
BQRO{UZ”LL)\}

+ Va/ ul ? (vﬂ — vf) % (uP — uh)de =:T51 + s ,
BQRO{U}U}U v>vy}
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where in the last inequality we exploited the fact that our system is cooperative and that all the
integrals are computed in support of (u — uy)". We start by estimating Z5 1, i.e. thanks to the
Mean Value Theorem we get

0 if a—p<0
vap(a — p) / uS PP LB (e 2l de i 0<a—p<1
Bar
I51 < _ :
51 vap | uPTP (€)% da if a—p=1
Bar

vap(a — p) p ua_Qvﬁ(ﬁj)%oﬁz dx if a—p>1

2R

The case 0 < a — p < 1 needs of another manipulation. Using (3.16) and again ¢ < |z|/?u < CY
and ¢y < |z|F?v < CF, we get

a—p—1
T5,1 = vap(a —p) / (u) uafpflupflvﬁ(f:\k)%o% dx

Byr \UA
< vap(a - p)(C3)° / u uzﬁ (&%
Bor ||
<wvaC [ w7 R da
Bar
Thus, we have
0 if a-— p <0
) < ~ * .
(3.18) 51 <4 ol P e dr i a—p>0.
Bar

From now on, for p > 2, we repeat verbatim the computation from (3.11) to (3.15) and we get

Tsy <vaC | P72 (&)) 2 da
B
(3.19) c &
14 14
<aﬂ*/ @%u2(|Vu|+|Vu,\|)p_2|V10gu—VloguA\2dx+%.
‘)\‘ BQRﬂ{u>U)\} ’)\’ R

The term 752 is much more standard. Thanks to the cooperativity of the system and the Mean
Value Theorem we get

Ts.9 gya/ uy "’ (vﬁ — Uf) % (uP — uf) du
BaorN{uzuy, v>vx}
U N\ Y™
(3.20) <ua6p/ (*) u* P R d
BgRﬁ{u>u,\, ’U>’UA} u

<vafpC | wPTITeR G d
Bsr

where in the last inequality we also used (3.16) in the case & — p < 0. Applying first (2.4) to the
right hand side of (3.20) and then Young’s inequality we get

15 <vafBpC 7*2<)T§,\ ‘PR

Bor | |ﬂ2

(3.21)
vappc 1 Vaﬁpc/ 1 2 0

<1

<X 2 /B R |x‘ﬂ2 —2 (fk) T + 2 BQR ‘$|N2(p*_2) (C/\) SOR d.’]j
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Now in order to estimate the right hand side of (3.21) we have to repeat verbatim the computation
from (3.11) to (3.15), for p > 2, and thus we obtain

<1/aﬁpC’ / 1

+\2 0
2 Jpp |wlre =2 (&) ¢rdr +

vaBpC 1
/ 5 (el da

2 by el

ohu? (|Vu| + |Vuy|)P 2 |Viogu — Vioguy|? da

N |A[% Barn{u>uy}

o 2 C
+ aﬂp/ Ph? (V0] + [Vor)P? [V log v — Vlog oy ? da + 2eePC.
Al Barn{vzvy} e

Finally, collecting the estimates (3.5), (3.8), (3.10), (3.15), (3.17), (3.19), (3.22), and using it in
(3.3), we are able to deduce that

(01 — CTS)* BpC)) /. e (IVu] + [Vua|)P 2|V logu — Vlog us | da

BQRO{UZ’U,)\}

(323) < Vaﬁf*c / ©%0? (|V] + |Vua|)P? [V logv — Vlog vy |* dz
Al Born{vzva}

C C n C vaC 2uafpC

+ ot —x o T e o
RE Rv ’)\’H RE ’)\’H Rk |A|n RK

At this point we have to repeat the same arguments for the second equation (3.4) and hence we
have to give an estimate for all the terms &1, &, E3, &4, E5. Thus we get

<02 — ¢+ Vﬂy()\(’;’;j apC)) / go%vQ (|IVv| + |Vv,\|)p_2 |V logv — Vioguy|? dz

Bng{’l}E’U}\}
(324) < z/ozﬂ’iC/ o%v? (|Vu| + [Vuy|)P~2 |Viogu — Viog uy|? da
’)\| BQRQ{’U,ZU/\}
c C C vBC  2wafpC

St —E s e o
Rk Rv ’A’n RK ’)\’I’i RK ‘/\‘m RK

+

Summing the two contribution (3.23) and (3.24) we deduce

oo (|Vu| + |[Vur|)P~2 |Viogu — Vlog uy|? dz

~ C+va(C+Bp(C +C))
“ A /

Barn{uzuy}
I PRI Ch [CRiY) / ho? (V0] + [Vor P2 |V log v — Vlog v 2 de
|)‘| Barn{v>vy}
c C C vBC  2wafBpC

<=t o+ o +
BR* Tt TR

K* Rk |)\|I€*RI€ :

For || sufficiently large, as R goes to +o00, we deduce that
/ u? (|Vu| + [Vup|)P2 |[Viogu — Vlog uy|? da
ZAn{u>ux}

+/ 02 (V] + |[Vua|)P 2 [V log v — Vlog vy |? dz < 0.
¥ n{v=up}
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Now we have to estimate the right hand side of (3.14), (3.18) and (3.21) in the case 1 < p < 2.
We first remark that 29 < 0 (for n > 2) and, since |z| > |z,|, one has that |z[*? < |z|?". Then

C

1y <H*/ 1222 p% |V log u — V log uy | dz:
(3 25) ‘)\’ BQRQ{UZU)\}

) C

K* / ‘m
|)\‘ Bsz{u2uA}
Let us consider R = max{Ry, Ry} and let Ap g, = Br(0x) \ Bg,(05). Then we get
BQR = AR,RO U (BQR \ AR,R@) .

Thanks to Theorem 2.4 and in particular to (2.4), we deduce that

+ 129 (log u — log ux)? |Vr|? da.

/ ) 1222 0% |V logu — V log uy | da
Bar\Ap

AR,RO
(3.26) =C [ |y gy |72 0 |V log u — Vlog uy | da
Bar\Ag i,
5 ¢ |Vlogu — Vloguy|?
L UNPR —p
Bar\Ag i, (IVul + [Vuyl)

<C

In the annulus Ap 5 it is true that |z)] > Ry (thus |z5]|?” < R2Y) and, since we are far from the

reflected origin 0y, we also obtain that |Vuy| is bounded. Let £, := inf u. Hence we get
Br(0)\Bg, (0)

(by using (3.16) and the fact that (|Vu| + |Vuy|)*> ™7 < C far from {0,0,})

/ ]a:,\]wga%]Vlogu—Vlogu)\\Q dx gCR%G/ @%\Vlogu—VIOgu,\Pda:
. As -
R,Rg R,Rg

(3.27)

o CRZ / uiw%\VIOgu — Vloguy|?
X o—

L3 R (IVul + [Vua[)™™?
Combining the two estimate (3.26) and (3.27) in the first term of (3.25) and arguing as in (3.15)
for the second term of (3.25) one yields to

C / 2 |V logu — Vloguy|? .
N Spannquzuny - (V] + [Vua)2 [A[=* R

Now, we go back to Zs and we want to estimate this term in the case 1 < p < 2. Thanks to (3.18)
and (3.21), we get

(3.28) I <

*_ Vaﬁpc 1 2 0
W) Pl dir + / (6 da
Ban A R 2 BQR ’x‘m(p _2)( >\) R

vafBpC 1 12 0
T /BQR 2l (A ) Prde
1

1
< = (gh)2 0 (P20 da
\Kl /BQR |$’M2(p*_2) ({)\) (dex—i_KQ /%QR ’eT‘M?(P*—Q) (CA) (de(E

Is =151+ L5 <I/aé/

Repeating verbatim the argument used for Zy, from (3.11) to (3.14), we get

C 0
Zs <|)\5/ 2|2\ V (p2(logu — log uy) )| da

BarN{uzuy}

(3.29) c

G

6
/ 121V (05 (log v — log vy) )2 da.
BQRO{’UZ'U)\}
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Thus we can argue repeating verbatim the argument used for Z, in the case 1 < p < 2, exactly
from (3.25) to (3.28), for both the term in the right hand side of (3.29)

s _ 2
T < Ci* / u§\¢%|Vlogu VlogQUj| e
A S Bopnfuzun) (IVul + [Vup[)*™"

(3.30) ) ,
n Cs / 9 ¢ |Vlogv — Viogw,|
A Joopnquzeg T (V0] 4 [Voal)* P
Hence, by collecting (3.6), (3.8), (3.10), (3.28) and (3.30) in (3.3), we get that for 1 < p < 2 it
holds
C+ Ci K, 5 ¢ |Vlogu — Vloguy|?
Co——— ) |. UNPR 2—p
_ Cy / ) 9|Vlogv—Vlogv,\|2 c C C
A Barn{v>vy} R (Vo] + [Vua])* P RE " Ry |)\ KT RES

As pointed out in the case p > 2 we need to repeat the same arguments for the second equation
(3.4) and hence we have to give an estimate for all the terms &, &, &3, E4,E5. In particular, we
are able to deduce that

C + C2K, 0 o|Vlogv — Vlioguvy|?
Cp— —— YRUX a=p d¥
Al Barn{vzu,} (IVo] + Vo)™

- Ch / 9 9|Vlogu—Vlogu>\|2 C C C
AR Born{u>uy} R (|Vul + [Vuy))*? R~ I\ Re

Summing up the two contributions of (3.31) and (3.32), we obtain

Cq 5 |[Vlogu — Vloguy|?
Cp— 1 ‘/7 u 2p
Al BQRQ{U>UA} (!VU| + [Vual)

w 5| Viogv — Viog vy |?
p ‘)\‘H* ,UA 2—]3
2Rﬂ{U>UA} (Vo[ +[Vua])
Cy L < C’
S R” Rv W”*R“

(3.32)

Once again we can choose |A| large enough so that, as R goes to 400, it yields

1 -Vl 2 1 — VI 2
/ u§\|V ogu—V og;_,\lj d:c—l—/ v?\W ogv —V og2v_,\p| dr <0
Snfuzun} (V| + [Vay) Sinfeze} (Vo] +[Voa|)

Hence, in both cases, logu — loguy and logv — log vy are constants and, since logu — loguy =0
and logv — logvy = 0 on Ty, then logu — loguy = 0 and logv — logvy, = 0 in )\ N {u > uy}.
Therefore we deduce both u < u) and v < vy in X). Thus we proved that the set Ag is not empty
and also that \g exists and is finite.

Step 2: )\ = 0.

The second part of the moving plane procedure is based on a contradiction argument, i.e. assuming
that A\g < 0. Arguing as in the proof of Step 1 we will obtain a contradiction proving that,
simultaneously u < uy,4e and v < Vg4 in Xy 4 for all 0 < e < € for some € > 0.

A key ingredient that we will use in the rest of the proof is the well known classical strong
comparison principle. In order to exploit this result, we notice that from Step 1 and by continuity
it holds that

u<uy, and v<wovy, in X, .
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Let us first define the critical sets

Z, = {z € R" s.t. |Vu(z)| =0} and Z, := {x € R" s.t. |Vu(x)| = 0}.

By [15, Theorem 1.4] we deduce that u = uy, or u < uy, in any connected component C, of
Y \ Zu, and v = vy, or v < vy, in any connected component C, of Xy, \ Z,. We will frequently
use the fact that Z, and Z, have zero Lebesgue measure [17, 22].

We first assume that Xy, \ Z, and Xy, \ Z, have only one connected component. We observe that
the cases u = uy, and v = v), are not possible since, by Theorem 2.4 and more precisely by (2.4),
there exists Bp, (0y,) where u < uy, and v < v),; this fact immediately implies that u < uy, in
Y \ 2y and v < vy, in Xy, \ Z,.

Let us assume that there exist at least two connected components of Xy, \ Z, and two connected
components of ¥y, \ Z,. Theorem 2.7 implies that Z, and Z, are bounded. As a consequence,
we have that only one connected component of the set £y, \ Z, and one of the set £y, \ Z, can
be unbounded. We refer to both these unbounded connected components as Cy , and Cq, and set

Cy = (Ciuﬂz,\o)UR)\(CiuQEAO) and Cy := (Civﬂz)\o)UR)\( ivﬂZ)\O).

If u=wuy, in C1, and v = vy, in Cy, it is easy to see that, by symmetry, C) contains at least one
connected component of R" \ Z, and C} contains at least one connected component of R" \ Z,,.
But this is impossible as proved in [17, Theorem 1.4], [31, Lemma 5] and [22, Proof of Theorem
1.1]. If else u = uy, in Ca,, for some bounded component Cs ,, and v = vy, in Cy,, for some bounded
component Cs ,, then in this case we set

C;f = CQ,U U R)\(C2,u> and C;}\ = CQ’U U R)\(Cg,v) ,

and also in this case, by symmetry, Cy would contain at least one connected component of R"\ Z,,
and C3 would contain at least one connected component of R™\ Z,, thus providing a contradiction.
Resuming we just proved that

u<uy, in Xy \Z, and wv<wvy in Xy \Z,.
Now, recalling that Z, and Z, are bounded by Theorem 2.7, we fix R > 0 in such a way that
Zu, 2y C Bﬁ(O) ,

and, for 7 > 0, we let Z] be an open set containing Z, such that £(Z]) < 7 and Z] be an

u

open set containing Z, such that £(Z]) < 7 (that exists since £(Z,) = L(Z,) = 0). Then, for
d,e, R, > 0, we denote by

(i) Bg. = B%(O) N Xrg+es
(i) Sse = ((Engre \ Bxg—s) N B(0)) U (27 NBxe—5) U (2] N Exr—5);
(iii) Ks = BE(O) NXxg—s N (Z7 U Zg)c,
where § < § so that K is nonempty. We remark that this construction gives
ZA0+€ = Bﬁ75 @) 85,5 U K5.

We also remark that, since K is compact, then by the uniform continuity of u, u) and v, vy, for
€ > 0 small enough one has that © < uy,4. and v < v),4. in K; for every ¢ < €. Moreover, we
point out the existence of Ry such that v < uy,4. and v < vy 4, in BEO (Oxg+e) C Epg4e for every

e <&, and with Ry independent of ¢ as done in Step 1.
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In the sequel, for R > R, we consider pr € C2°(Bag(0)) a cut-off function with 0 < ¢r < 1,
vr =1o0n Bg(0) and |Veg| < =
Then, letting 6 > max{2, p}, we consider the following test functions
0. 1—
(I)l,/\o+s = PRU p&;:A0+5XEAO+E7 (I)Z,)\oJrs (PRU)\O_H;gp )\0+5XZ>\0+57
0, 1—p+ _
\1’17)‘04‘5 = PRV pcp,)\o-i—aXEAOJrs? ‘ll27)\0+€ - (pRUA0+ecp,/\o+6XZAO+s'

Arguing similarly to Step 1, let us take ®; ) 4. and ¥y ) 4. as test functions in both equation of
(8%), and P2 xyte, Yo ro4e in (S)) respectively and, reasoning as in Step 1, one yields to

0 - - 1-
/B R PR (‘vu|p *Vu- V( ' pg;)\0+€) |vu>\0+€‘p ZVU)\(H-E ’ v(u)\oﬁe ;)\04-6)) du
2
< —9/3 90% Ll pf;r)\0+5]Vu|p_2Vu -Voyrdz
2R

(3.33) + 0 . goR u)\ pf;)\0+€]Vu>\o+g|p_2Vu>\o+5 -Vyprdx
2R

— +
+/ (up p—uAO%dm) chprO_Fad
Bagr

a—p,B _ ,a—p BB 0 o+
+Va/]§ (u v u/\0+av)\0+5) CREp Agte 45
2R

and to
[ A0 TG ) [Pl o TOLLGh )
< -0 /BQR o vl pC;AO+E|Vv|p_2Vv -Vyrdz
(3.34) +60 . (pR 1})\0+€C /\0+5|V1}/\0+6‘P—2Vv>\0+5 -Vgdx
+ / (Up* - v§;4_-16)> PRGro 4e 47
Bar
+vp . (U%B P - UAo+ano+a) PRG A 1e 4

We focus our attention only on (3.33). Arguing as in Step 1, in both cases p >2 and 1 < p < 2,
we get

c1 / ohu? (|Vu| + |Vurge|)P 2 [Viogu — Viog uyg 4| dz
BorN{uzung e}

p*—p P —py, 0 ++ p*—p P —py, 0 ¢+

</ (u _uA0+€)SDR£P,)\0+€ d$+/ (u _u)\0+€)90R£p,>\0+8 dx
BorNB BQRmsé,s

(3.35)

a-p, B B +
+ua/ (u ) u)\0+€v)\0+€> ¢R§pA0+5d
BarNB

C C
+rva (Uaip’l)ﬁ us 'UB ) + dr + —& 4+ —.
/Bmsgg ottt ) PRE e Ry RF
UNg+e

We point out that we have used once again the fact that

deduce (3.7).
In order to estimate the first term on the right hand side of (3.35), we argue exactly in the same

> ¢ for every 0 < & < & as to
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way of estimating Z4 in Step 1 (taking into account Remark 2.2), where here R plays the role of
A in Step 1. Hence we get

* * C
- PPy 0 e+
/ézRﬂB (up - UAO+E)SOR£pv)‘0+5 dx < RKRH’*
c 0, 2 p—2 2
+ == oru” (|Vu| + [Vury4e)' 7 |Viogu — Viog uy 4| da.

K A
R BQRﬂBﬁ’Eﬂ{uQUAO_,_E}

For the second term on the right hand side of (3.35) we argue as in Step 1, obtaining

(3.36) / (uP" P — ugo_?;)go%f;)\oﬁ de < Cy [ (logu — loguyy 1) dr,
BarNSs . BarNSseN{uzungte}

where
C, = supu? 2.
SS,?
Now we need to split the estimate in two cases; if p > 2 we apply a suitable weighted Poincaré
inequality to the right hand side of (3.36) which can be found in [17, Theorem 3.2]. Hence in this

case one has

(PP — " P)pher da
/BQRHSE >\0+5 p)\

< C2(85:)C [VulP?|V logu — Vlog ur+| do
(337) p ’ BQRQS&EO{U>U/\O+E} ’ ‘ " ’
C2(S5.)C
< G(She)Cu / w2 (V] + [Vargs])? ™ [V og u — V log up, 1./ da,
inf u BarNSseM{u>urg e}

S§,E

where Cp(Q) is the Poincaré constant tends to zero as |[2] — 0. If 1 < p < 2 one can apply the
classical Poincaré inequality in order to have

p*—p P =P\, 0 ++
R A o
BagrNSs,e

< C2(S5:)Cu [Vlogu — Vioguse[* dz
(338) BgRﬂSg Em{U>UAO+€}
CC?(85.)C,
< CGi55c)Cu / W (IVul + [Vung ) [V logu — Vlog us, el de,
inf u? ByrNSseM{uzuxg4e}

S6,£
which can be deduced since in Xy, 4c \ B (0x+c) one has that
(IVu| + [Vur)* P < C,
for some constant C' that does not depend on € < &.

Going back to (3.35) we have to give an estimate for the third and the fourth term on the right
hand side. Starting by the third term we can argue in the same way of Z5

a-p, B _ ,op , f 0 ++
/ (u v u)\o—‘rsv)\o—‘rs) SORé- ,Ao+e d.’I]
BosrNB+

C
S—==

R" /BQRFTBR cNM{uzurgte}
C

o (|l + [Viurg 4 )P~ [V logu — Vlog uxy o[ da

) 0% ([V0] + [Vor, e )P 72 [Viog v — Viog uny yel* do + ———
BZRHB§’50{1)>UAO+E} R R
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For the last term of (3.35), we argue as in Step 1, so that

a-p, B8 _ ,a-p f 0 ¢+
~ (u v u)\0+€v)\0+€> SOpr,)\O-FE dx
BarNSs e

<C u” () ohdr + C W ()0 da
BagrNSs,e BapNSs,e

<Cy | (logu — logury+e)? dz + Cy [ (logv — log vy, 1c)? dz,
BarNSscN{u>urgte} BarNSs.eMvZvng e}

where

2 2

Cy :=supuf ~ and Cy :=supo? ~=.
S5 S5

At this point we can argue in two different cases p > 2 as in (3.37) and 1 < p < 2 as in (3.38).
- -p B 0 ¢+
/ (ua P — u(;ofevko-i-a) QORépv/\o—&-s dx
BarNSs,e

CC?(S5.)C,
(o)t | o (1] £ [Vitrg el ~2 [V g — ¥ logung oo d

}913{ u? ByrNSs cN{u>ung e}
CC?%(S5.)C _
+ If(f Z) Y / v? (|Vo| + |Vuygtel)? 2 |Vlogwv — V]ogw\ﬁg]? dx.
inf v

L BQROSJ,EH{U>UAO+5}

4,
Analogously, we can obtain the same estimate starting from (3.34) and repeating verbatim the
above argument. At the end, we have to collect all the estimates in (3.35) and sum the contribu-
tions, in order to deduce that

é/ ohu? (|Vu| + |Vurgse| )P 2 |VIogu — Viog urg4c|? dz
BaopN{u>uyg+e}

+ é/ (p%v2 (V] + |Vv>\0+s\)p_2 |Vlogv — Vlog v,\0+5\2 dx
BQRQ{’U2’U>\O+E

C c C _
<—Fw+—5-+ —*/( ohu? (|Vu| + |Vurgse| )P 2 [VIogu — Viog urg 4 |? da

RP RH RH BQRQBR’E)H{UZU)\OJ’,S}
N CC2(S5)Cy /

lééf u? S5n{uzuxg e}
5

u? (|Vu| + [Vurgre)P 2 |[Viogu — Viog uyy e |® dz

C _
+R*/(A PRV (V] + [ Vorgte )P 72 [Viog v — Viog vxgie|? da

BQRHBR,E)H{/U>U>\0+€}
N CC2(S5)C,

2o |
infv SEn{v>vag e}
5

02 (|VU] + |Vorg1e] )P 2 [Viog v — Viog uag 4| da,

where ¢ = min{ci, co}. Now we take care of the variable parameters R, d,. First we fix R large

such that
C

eRn"
Then, since Cg(Q) goes to zero if the Lebesgue measure of € goes to zero, we choose 9, &, 7 small
so that

<1

CC?(8%)C, CC?(8%)C,
7]3(5) <1 and 77[’(5) <1

¢inf u? ¢inf v?
S§ Sg
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for every 0 < € < €. Hence it follows that

[ u? (|Vu| + ]VuAO+E|)p_2 |Vlogu — Vlog u>\0+5\2 dx
BorN{uzung e}
2 p—2 2 C C
+ | 07 (|V] + [Vurg1e|)P 7 [Viogv — Viog vy, e|“dr < —5 + -,
BgRﬂ{’UZUAO+S} Rp R

getting again (as R — +00)

/ d2 (V] + [Vitrg o) 2|V log u — Vlog s, s<[? da
Exg+eMuzurg e}

+ 02 (V0] + [Vongs])? 2V log v — Vlog urg o[ dz = 0,
BarN{v>vg4e}

which gives that u < uy 4. and v < vy 4. in ¥y, 4. This contradicts the definition of Ao and it
proves that \g = 0.

Step 3: Conclusion.

The symmetry of the solution (u,v) follows by performing the moving plane procedure in the
opposite direction, and hence this gives the symmetry of u along the ej-direction. Repeating the
same arguments with respect to each direction n € Siﬁl, then one deduces that (u,v) has radial
symmetry with respect to the origin and that is a radially decreasing function. U

1]
2]
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