
On the dynamics of leapfrogging vortex
rings

Martin Donati, Lars Eric Hinetzsch,
Christophe Lacave, Evelyne Miot

CRC Preprint 2025/46, August 2025

KARLSRUHE INSTITUTE OF TECHNOLOGY

KIT – The Research University in the Helmholtz Association www.kit.edu



Participating universities

Funded by

ISSN 2365-662X

2



ON THE DYNAMICS OF LEAPFROGGING VORTEX RINGS

MARTIN DONATI, LARS ERIC HIENTZSCH, CHRISTOPHE LACAVE, AND EVELYNE MIOT

Abstract. The evolution of highly concentrated vorticity around rings in the three-dimensional ax-
isymmetric Euler equations is studied in a regime for which the leapfrogging dynamics predicted by
Helmholtz is expected to occur. We provide in this paper the first result deriving this phenomenon
for a general class of initial data in the suitable regime. The singular interaction of rings requires sig-
nificant improvements of weak and strong localization estimates obtained in prior works. Our method
is based on the combination of a new variational argument and a recently introduced double iterative
procedure.

1. Introduction

The goal of this paper is to rigorously study the evolution of interacting vortex rings in 3D in-
compressible ideal fluids. Vortex rings are experimentally and numerically well observed coherent
structures propagating in an ideal fluid. Mathematically, they correspond to axisymmetric solutions
to the 3D incompressible Euler equations concentrated around annuli. Due to its self-induced motion,
linked to local induction approximation (LIA) [54], a single vortex ring translates at leading order
along its symmetry axis. Specifically, it was computed by Kelvin [40, 41] that a vortex ring of major
radius r, thickness ε, and circulation γ has a self-induced velocity at leading order equal to

(1.1) v =
γ

4πr
| ln ε|ez.

It is well-known since the work of Helmholtz [33] in 1858, see also [25, 26, 34, 41, 6], that two
coaxial vortex rings can successively pass through each other in a periodic motion. More precisely
and according to [33], two given vortex rings translating along the same axis may exhibit the so-called
leapfrogging motion in which ‘the foremost widens and travels more slowly, the pursuer shrinks and
travels faster till finally, if their velocities are not too different, it overtakes the first and penetrates
it. Then the same game goes on in the opposite order, so that the rings pass through each other
alternately’, see Figure 1.

z z z z

Figure 1. Leapfrogging phenomenon

For such phenomena to occur, suitable assumptions on the initial locations, radii r and thickness
ε and intensity γ of the coaxial vortex rings need to be made. Specifically, coaxial vortex rings need
to be located at very small mutual distance leading to sufficiently strong interactions inducing a
change of their radii at a suitable scale. This in turn causes a relevant variation of their self-induced
velocity (1.1). Here, we say that leapfrogging dynamics occurs when the variation of the self-induced

motion (1.1) is of the same order as the mutual interaction of the vortex rings, namely
√
| ln ε|. We

refer the reader to Appendix B for a detailed discussion of the suitable scaling regime and motion law.
Up to a few crossings, such motion can be experimentally [58] and numerically [3, 42, 52] observed,

supporting this conjecture for finite times.
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The suitable framework to set up the mathematical problem is given by the axisymmetric Euler
equations without swirl in vorticity form in cylindrical coordinates (z, r, θ). After dimension reduction
due to the axial symmetry and for the potential vorticity ωε, see Section 2 below for details, we are
led to the system

(1.2)



∂t ω
ε +

1

| ln ε|
uε · ∇ωε = 0 in R∗

+ × R2
+,

div(ruε) = 0 in R+ × R2
+,

curl(uε) = rωε in R+ × R2
+,

ωε(0, ·) = ωε
0 in R2

+,

where R2
+ denotes the space {(z, r) ∈ R× R+}.

In the present setting, all vortex rings obey at leading order the same self-induced motion (1.1). This
suggests to scale the time variable by a factor 1/| ln ε| yielding (1.2). The mutual distance of vortex

rings is then chosen to be of order 1/
√
| ln ε| leading to a relative motion of velocity v′ = O

(√
| ln ε|

)
.

Indeed, in a time of order 1 for this system, the vortex rings are expected to exhibit a complete rotation
around each other while traveling a vertical distance of order 1, see also Appendix B.

In a slightly informal way, the leapfrogging conjecture can be formulated as follows.

Conjecture 1. Let N > 1 and 0 < ε≪ 1. Given initial vorticity ωε
0 decomposed in N blobs, each of

circulation γ > 0 and sharply ‘concentrated’ around N points Xε
i,0 (in terms of ε) located at mutual

distance of order 1/
√
| ln ε|, the unique solution ωε(t, ·) to (1.2) remains ‘concentrated’ around N

points Xε
i (t).

Moreover, the trajectories of these points are governed by the system

(1.3)


d

dt
Xε

i (t) =
γ

4πXε
i,r(t)

ez +
γ

2π| ln ε|
∑
j ̸=i

(
Xε

i (t)−Xε
j (t)

)⊥∣∣Xε
i (t)−Xε

j (t)
∣∣2 ,

Xε
i (0) = Xε

i,0.

The meaning of ‘concentration’ will be precised below. Concerning (1.3), the motion of the vortex
centers is driven by the vertical self-induced velocity corresponding to the first term and the second
term that represents the well-known mutual interaction in the 2D point-vortex dynamics. Due to the
chosen fast time scale, both are reported up to a factor 1/| ln ε|. The choice of placing the vortex centers

at mutual distance of order 1/
√
| ln ε| yields that the relative self-induced motion, i.e. the second order

term in (1.1), is of the same order than the motion due to the interaction, see Section 1.2. Note that
the velocity induced by the mutual interactions is inverse proportional to the inter-vortex distance.
In the case N = 2, System (1.3) describes the evolution of two leapfrogging vortex rings.

The key difficulties in attempting to prove this conjecture are twofold. The present regime is critical
in the sense that the aforementioned effects are of the same strength and the vortex centers are situated
very close to each other. This makes the problem at hand conceivably harder than the ones in which the
motion is dominated by either of these effects. Commonly, showing the persistence of the localization
property on suitable time-scales turns out to be the major difficulty. Second, the asymptotic motion
law for small ε > 0 needs to be derived. Experimental and numerical evidence supports the conjecture
up to a few number of crossings. However, in these experiments various instability mechanisms are
displayed and the periodic motion does not occur for arbitrarily large times [42, 47, 52, 57, 58]. The
vortex filamentation phenomenon appears to be particularly relevant, it causes a vortex ring to leave
a small tail of vorticity behind which may potentially collide with following vortex rings, see for this
mechanism in various scenarios [15, 16, 24, 49, 51].

The main result of this paper validates the above conjecture: we prove that an arbitrary but
finite number N of initially sharply concentrated vortex rings remains concentrated for a small but
positive time independent of ε > 0. The initial concentration assumptions allow for general data to
be considered, and in particular, do not require any specific vorticity profile.

1.1. Main result. We introduce the precise mathematical setup for the problem and state our main
result. For x ∈ R2

+, we denote by x = (xz, xr) with xz ∈ R and xr ∈ R+, and by (ez, er) the canonical
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basis on R2. We consider a fixed reference point

X∗ = (z∗, r∗).

For ε > 0, the initial data ωε
0 will be given by a superposition of N vorticities of the same circulation

γ and sharply concentrated around points located at distance of order 1/
√

| ln ε| from the reference
point

(1.4) Xε
i,0 := X∗ +

Yi,0√
| ln ε|

,

where Yi,0 ∈ R2 is fixed independently of ε. Specifically, let γ ̸= 0 and assume that ωε
0 ∈ L∞(R2

+) such
that

(1.5)



ωε
0 =

N∑
i=1

ωε
i,0,

suppωε
i,0 ⊂ B

(
Xε

i,0, ε
)
,

ωε
i,0 has a definite sign and

∫
R2
+

xrω
ε
i,0(x)dx = γ,

|ωε
0| ⩽

M0

ε2
,

for someM0 > 0 independent of ε. Given that the potential vorticity ωε satisfies the transport equation
(1.2) and the existence of a unique associated flow, see Remark 2.3, it also holds ωε(t) =

∑N
i=1 ω

ε
i (t)

for t ⩾ 0. Further, it follows from the transport equation that ωε(t) conserves the sign definiteness as
well as the L∞-norm. By the divergence free condition of ruε, (1.2) also implies the conservation of
the mass of each blob: ∫

R2
+

xrω
ε
i (t, x)dx = γ, ∀t ⩾ 0,

see Section 2.2 and (3.3) for more details.
We are now in position to precisely formulate our main result.

Theorem 1.1. Let X∗ = (z∗, r∗) ∈ R2
+, (Yi,0)1⩽i⩽N be N points in R2 such that Yi,0,r ̸= Yj,0,r for all

i ̸= j. Let γ ̸= 0, M0 > 0, and ωε
0 ∈ L∞(R2

+) satisfying (1.5) for every ε > 0.
There exists T0 > 0, ε0 > 0 and C0 > 0, depending only on X∗, (Yi,0)1⩽i⩽N and M0, such that for

every ε ∈ (0, ε0], there exists a unique solution (t 7→ Xε
i )1⩽i⩽N of (1.3) on [0, T0], and the unique weak

solution (uε, ωε) of (1.2) on [0, T0] (in the sense of Proposition 2.1 below) can be decomposed as

ωε =

N∑
i=1

ωε
i , ωε

i ∈ L∞(R+ × R2
+)

with the following properties

(i) A weak localization property:

sup
t∈[0,T0]

∣∣∣∣∣γ −
∫
B
(
Xε

i (t),C0
ln | ln ε|
| ln ε|

) xrωε
i (t, x)dx

∣∣∣∣∣ ⩽ γ
ln | ln ε|
| ln ε|

.

(ii) A strong localization property:

suppωε
i (t, ·) ⊂

{
(z, r) ∈ R2

+ ,
∣∣r −Xε

i,0,r

∣∣ ⩽ 1

4

minj ̸=k |Yj,0,r − Yk,0,r|√
| ln ε|

,
∣∣z − z∗

∣∣ ⩽ 1

}
, for all t ∈ [0, T0].

We emphasize that the conclusions of Theorem 1.1 hold for any initial data ωε
0 ∈ L∞(R2

+) satisfying
assumptions (1.5), which ranges from smooth compactly supported blobs to vortex patches, even
possibly multiply connected. No further assumptions on the regularity or geometric properties of the
data are required.

The weak localization property, namely item (i) in Theorem 1.1 states that most of vorticity’s
mass is contained in a ball centered in Xε

i obeying (1.3) and provides precise rates of convergence.
We largely improve the previously known weak localization estimates [8] and similarly in [35, 23] in
different geometric settings and references therein. Proposition 4.1 below provides even more precise
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estimates than Theorem 1.1. Specifically, for any η > 0 it gives the existence of a domain of size ε1−η

containing most of the potential vorticity. However, interestingly enough, our method fails to provide
a precise location for this domain, see Remark 4.13 for a detailed discussion.

The strong localization property (ii) in Theorem 1.1 is pivotal for deriving the asymptotic motion
and constitutes a substantial improvement compared to previously known results in [8, 23, 35]. These
previous results state that the potential vorticity remains supported in a strip of radial size 1/| ln ε|κ,
for κ < 1/4. Here, we prove a localization of radial size 1/

√
| ln ε|. This improvement is crucial

to reach the critical size in order to observe a motion on spatial scales of order 1/
√

| ln ε| on which
leapfrogging occurs. Due to the anisotropic nature of the problem leading to (1.1) in xz-direction, one
expects a less precise localization in xz-direction which does not allow us to describe an entire crossing
of vortex rings. Please notice that the radial confinement can be simply written as∣∣r −Xε

i,0,r

∣∣ ⩽ 1

4
min
j ̸=k

|Xj,r(0)−Xk,r(0)|

by definition (1.3) of the Xi(t).
The localization property and its link to the small-time assumption for our main result are discussed

in view of possible future extensions more in detail in Remark 1.3 and a survey of previous results is
provided in Section 1.3.

Remark 1.2. Our method provides further information on the localization of vorticity. The center of
potential vorticity of each vortex blob in the 2D-reduction, namely the expression

(1.6) bεi (t) =

∫
R2
+

x
xrω

ε
i (t, x)

γ
dx

can be localized as follows. We obtain in Proposition 5.4 as a consequence of the aforementioned
localization properties that

sup
t∈[0,T0]

|bεi (t)−Xε
i (t)| ⩽ C0

ln | ln ε|
| ln ε|

.

1.2. The limiting system. Several remarks concerning System (1.3) are in order. While it is Hamil-
tonian, it is not known whether solutions are global due to a potential collapse of vortex rings at r = 0.
We prove that there exists TX > 0 only depending on (Yi,0)1⩽i⩽N defined in (1.4) but not on ε such
that System (1.3) has a unique solution on the time interval [0, TX ], see Section 5.2. We recall that
all vortex rings are chosen to be of circulation γ and hence it is convenient to consider the problem in
a vertically moving frame in terms of (Y ε

i )1⩽i⩽N that are defined by the relation

(1.7) Xε
i (t) = X∗ +

γ

4πr∗
tez +

1√
| ln ε|

Y ε
i (t).

Further, we show that with that definition, the trajectories t 7→ Y ε
i (t) converge to limiting trajectories

t 7→ Ỹi(t) as ε→ 0 which satisfy

(1.8)


dỸi
dt

=
γ

2π

∑
j ̸=i

(Ỹi − Ỹj)
⊥

|Ỹi − Ỹj |2
− γ

4π(r∗)2
Ỹi,rez

Ỹi(0) = Yi,0,

In this system, the relative self-induced motion and the interactions are readily seen to be of the
same order. Note the negative sign of the second term (1.8) linked to the fluctuations in the relative

self-induced vertical motion. The larger the radius Ỹi,r the larger is the deceleration compared to the
uniform vertical translation, see Appendix B for a detailed discussion of the limit dynamics. In the
literature, such as [39, 20, 48], it is this dynamics that is considered as the motion of the rings in the
appropriate scaling.

In this paper, we prefer to work with the trajectories (Xε
i )1⩽i⩽N and (Y ε

i )1⩽i⩽N as it is much
more natural in the computations. We prove in Section 5 that subsequently, one could replace the
trajectories t 7→ Xε

i (t) by

(1.9) X̃ε
i (t) := X∗ +

γ

4πr∗
tez +

1√
| ln ε|

Ỹi(t)
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to match the notations of [39, 20, 48]. All the results, in particular Theorem 1.1 remain valid with
that substitution.

On a related note, we point out that the limiting dynamics (1.8) differs qualitatively and quantita-
tively from (1.3). While, we can rule out collisions of points in (1.8) in finite time, see Appendix C.1,
global existence for solutions to (1.3) remains open. For further differences in the behavior of solu-
tions for 0 < ε≪ 1 and ε = 0 including numerical evidence, see Appendix C.2. Moreover, we recover
the same limit dynamics (1.8) as for the leapfrogging in [20] and for the Gross-Pitaevskii equation
in [39] even though the dynamics for ε > 0 in [39] appears to differ from the present one. Finally,
we emphasize that neither the dynamics for ε = 0 nor ε > 0 considered here coincides with the ones
studied in [11]. Specifically, the self-induced motion (not the relative one) is chosen to be of the same
strength than the displacement due to interactions. In the respective limit dynamics (B.4) for ε = 0,
the displacement linked to the vertical self-induced motion does not depend on the specific radius Yi,r.
We refer to Appendix B for details.

1.3. Survey of previous results and outlook. The interest in the motion of vortex rings and
their hydrodynamic stability dates back to the work of Lord Kelvin [40] and Helmholtz [33]. Rigorous
derivations of the motion of a single vortex ring in an inviscid ideal fluid are provided in [29, 5]. The
respective motion law to (1.1) for a single vortex ring was rigorously established for weakly viscous
fluids in [7, 9, 31] where the recent paper [31] provides a very accurate description for large times.

More generally, assuming that the vorticity is concentrated around a curve, the inviscid motion
is expected to be asymptotically governed by the binormal curvature flow equation, as was formally
computed by Da Rios [54], see [37, 28] for partial results in this direction. The binormal curvature
flow exhibits a rich panel of dynamics that have been intensively studied. In particular a series of
papers by Banica and Vega is devoted to self-similar solutions or infinite polygonal lines solutions (we
refer to [4] for a review of the results). Finally, Jerrard and Smets [38] introduced a new formulation
of the binormal curvature flow equation allowing for weaker solutions.

The issue of the persistence in time of such vortex filaments by the Euler flow is the so-called
vortex filament conjecture. While the conjecture remains open in its generality, results are available
for specific geometric and dimension reduced settings. The rigorous asymptotic dynamics of straight
filaments (the motion of Dirac masses of vorticity in the 2D Euler equations) was obtained in [44].
In the aforementioned case of annular vortex rings evolving according to (2.4), positive answers have
been given with various assumptions. We refer to the work by Buttà, Cavallaro and Marchioro [8, 11]
and references therein. This is in particular due to the fact that the problem allows for a dimension
reduction leading to the 2D problem (1.2).

We also mention that the desingularization problem for the vortex rings has been addressed recently
by Cao, Wan and Zhan [13] and by Davila, Del Pino, Musso and Wei [20].

We emphasize that System (1.2) notably differs from the 2D Euler equations. Indeed, the dynamics
of 2D Euler point-vortices do not include any self-induced motion of vortices. Even though Prob-
lem (1.2) is reduced to two dimensions, as in the study of helical filaments in [23] or point-vortices for
the lake equations [35], the Biot-Savart law (the relation giving u in terms of ω) is much more complex
compared to the planar case. Additional techniques are required and the results developed for the
2D Euler equations (see for instance [44]) cannot be applied. Roughly speaking, the motion of vortex
rings is driven by the self-induced motion (1.1) and by their mutual interactions. Depending on the
chosen asymptotic regime, the former maybe dominant, leading to a translation of the vortex rings
along the symmetry axis [12, 8]. In case the latter dominates, the dynamics is reminiscent to the 2D
dynamics of point vortices [10]. In particular, it was shown in [8] that the interactions of vortex rings
of different radii (independent of ε) are bounded independently of ε and can be neglected compared
to their self-interaction (inducing the velocity given by (1.1)) which is of order | ln ε|. On a related
note, in the case of a single vortex ring, the result of Theorem 1.1 also improves those of [8].

As discussed, the leapfrogging phenomenon first described by Helmholtz [33] concerns the regime

where both effect are balanced and hence requires mutual distances of order 1/
√

| ln ε| to each other,
and a detailed explanation of the suitable scaling regime is provided in Appendix B.2. The small
mutual distance and strong interactions make the scenario hardly accessible by previously mentioned
techniques.

To the best of our knowledge, the only rigorous results concerning the leapfrogging dynamics for
the 3D Euler equations are [20, 11] and [39] for the 3D Gross-Pitaevskii equation. While [20, 39]
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consider the same scaling regime, the regime studied in [11] differs from the present one. The results
from [11] cannot be adapted to our situation, as also pointed out by the authors in [11, page 791], see
also Appendix B.2 for a comparison. In [20], the authors construct initial data ωε

0 of a very specific
class to obtain a smooth solution exhibiting leapfrogging vortex rings. We emphasize the fact that the
conclusions of Theorem 1.1 hold for any initial data ωε

0 ∈ L∞(R2
+) satisfying relations (1.5), which

ranges from smooth compactly supported blobs to vortex patches, even possibly multiply connected.
Opposite to [20], our proof does not rely on sophisticated elliptic desingularization techniques.

While our result is limited to a fraction of a periodic motion but treats very general initial data,
[20, 39] provide solutions exhibiting several crossings. The method in [39] for the Gross-Pitaevskii
equation is based on Jacobian estimates not available for (2.1). In [11], several crossings are observed
upon choosing large radii but in a different scaling regime and shorter time scales.

In view of these results, additional assumptions on the general class of initial data (1.5) considered
here might be necessary. Indeed, it is conceivable that the possible occurrence of filamentation of
the vortex ring in the vertical direction leads to instabilities preventing an improvement of the O(1)
localization in the z direction for general initial data. Namely, a tail in the wake of the ring may
appear, a phenomenon that was described for instance in [49, 50] and recently proved in [17, 18, 46].
This fact may explain similar restrictions in [8, 12, 23, 35]. In [20], this filamentation is not present
since the authors work with specific initial data and a stable vorticity profile is constructed. In [11],
this filamentation does also not occur suggesting that the tail does not appear on the short time scale
considered. Consequently, it appears to be of great relevance to investigate the appearance of vortex
filamentation and related potentially destabilizing effects.

Remark 1.3. We expect that our small time assumption in Theorem 1.1 is not sharp and can be
optimized by revisiting the proof. However, it becomes clear from our proof that our method is not
expected to reach a full rotation of two vortex rings around each other. The localization in the xz
direction of order O(1) constitutes the main obstruction as the strips in which each ring is supported
are not allowed to overlap. The possible occurrence of vortex filamentation discussed above appears to
prevent a more precise localization.

Nevertheless, it might be possible to remove the small time assumption at least for the weak lo-
calization: this would require the weak localization to be obtained without assuming a priori strong
localization, which seems not to be within reach of our current method. Indeed, also previous results
for point vortices in inviscid 2D flows require a separation of vortex blobs [44]. This observation fur-
ther motivates to study the stability of a vortex ring under collision with a tail of another vortex ring.
However, this challenging mathematical problem is expected to require new tools.

1.4. Strategy of the proof. The 3D axisymmetric Euler equations without swirl allow for a di-
mension reduction in terms of a transport type equation for the vorticity coupled with an anelastic
constraint for the velocity field (1.2). The self-induced motion of a vortex ring is closely linked to this
anelastic constraint and also captured by the local induction approximation (LIA), see also [35, 23].
While this constitutes a main difference to the 2D setting, it is well known that the Biot-Savart law
in the present setting shares some similarities with the 2D one even though it admits no explicit rep-
resentation formula. Indeed, we revisit the well-posedness of (1.2) in Section 2 and provide a suitable
expansion of the Biot-Savart law. This allows for a decomposition of the velocity field displaying the
self-induced motion and mutual interactions of vortex rings (2.16). Based on this decomposition and a
boot-strap hypothesis on the strong localization up to some time Tε > 0, we provide suitable estimates
on the strength of the interactions of vortices. A common feature in previous papers [8, 35, 23] is that
vorticity which is initially localized in balls of radius ε is only known to be localized in balls of radius

| ln ε|−κ for some 0 < κ < 1/4 for positive times. Given the mutual distance of | ln ε|−
1
2 this turns out

to be insufficient for our purpose and needs to be significantly improved by upgrading both weak and
strong localization properties.

The next step consists in showing the weak localization property. Commonly and in the aforemen-
tioned results, this property is inferred for the i-th vortex by exploiting the conservation of Lp-norms
of the potential vorticity, the total energy as well as suitable bounds on the local energy of the i-th
vortex and higher order moments such as the moment of inertia. In particular, the use of the moment
of inertia Iε(t) =

∫
|x− bε(t)|2xrωε(t)dx causes a loss of precision in the localization for positive times

due to a repeated application of Hölder-inequalities. To overcome this issue, we revisit the variational
approach by Turkington [55] developed for a single vortex evolving according to the 2D Euler flow.
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Given a precise expansion of the local energy and the conservation of the mass of the i-th vortex, it
allows one to precisely localize the vorticity in weak sense. Several key difficulties arise: the techniques
need to be adapted to the present setting with an anelastic constraint and several vortices displaying
singular interactions. As these interactions may potentially lead to large variations in the energy of the
i-th vortex, a precise estimate on the respective energy as required by Turkington is difficult to obtain.
We overcome these difficulties among others by a multi-layered boot-strap argument. Specifically, as-

suming additionally a bootstrap hypothesis on the weak localization up to some time 0 < T̃ε ⩽ Tε,
we are able to provide precise estimates on the center of vorticity and the energy of the i-th vortex.
With this information at hand, we show a substantially more precise weak localization property by

adapting Turkington’s argument. In particular, it follows T̃ε = Tε. We believe the extension of Turk-
ington’s approach to the setting of an anelastic constraint and strongly interacting vortices to be of
independent interest.

A first consequence of this property is the derivation of the motion law up to time Tε in Section 5.
Finally, we prove the desired strong localization property in Section 6. While no self-induced motion
linked to the LIA occurs in the purely 2D setting, here it amounts to a fast vertical translation (1.1).
This anisotropic behavior together with the possible appearance of vortex filamentation suggests that

a strong localization on scales of order O(
√
| ln ε|−1

) for generic solutions can only be expected in
the radial direction. Indeed, a small filament emanating from a vortex rings is expected to travel at
speeds of order O(1) while the core of vortex rings travels at O(| ln ε|) in xz-direction. Concerning

the strong localization in xr-direction, we require a localization of the support of order O(| ln ε|−
1
2 ).

In the literature, the proof of the strong localization is typically based on an iterative method first
introduced by Marchioro and Pulvirenti in [44, 45] for 2D Euler flows. Up to today, the approach
has reached an apparent complexity by being gradually upgraded and refined in a series of papers to
various dimension-reduced settings and interacting vortices. Notably, in [8] and subsequently in [35, 23]
the anisotropic character of the problem has been dealt with by introducing directional localization
estimates. Most recently, a double iterative procedure has been introduced in [11] to show an improved
strong localization result sufficient to deal with a leapfrogging type dynamics, though on a shorter
time scale, see Appendix B for a comparison. Our aim is twofold. First, we adapt this double iterative
procedure to prove the strong localization at the required precision up to time T0 independent of ε,
where we crucially rely on the improved weak localization estimates of Section 4. Second and as a
service to the reader not familiar with the refined iteration procedure, we present the method in a
self-contained and accessible manner.

1.5. Organization of the paper. The plan of the paper is the following. In Section 2, we recall well-
posedness results for (1.2) and provide a suitable expansion for the Biot-Savart law. In Section 3, we
introduce useful notations and gather properties on the interactions of vortex rings. In Section 4, we
obtain the weak localization property by new bootstrap argument and assuming the strong localization,
in an unspecified region of space. In Section 5, we obtain information on the motion of the center
of mass and obtain the weak localization Theorem 1.1-(i). In Section 6, we conclude the proof of
Theorem 1.1 by proving the strong localization, successively in the r and z direction. Appendix A
provides two technical lemmas concerning rearrangement inequalities and a variant of Gronwall’s
inequality. Appendices B-C discusses various asymptotic dynamics and provides a comparison to the
regimes considered in [11, 20, 39].

2. Well-posedness and Biot-Savart law

This section recalls and establishes well-posedness results for the axisymmetric 3D Euler equations
without swirl.

2.1. 2D reduction. The evolution of an incompressible and inviscid three-dimensional fluid is gov-
erned by the standard 3D Euler equations

(2.1)

{
∂tU+ (U · ∇)U = −∇P,
divU = 0,
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where for (t, x) ∈ [0, T ] × R3, the quantity U(t, x) denotes the velocity of the fluid at time t at the
position x. Letting Ω = ∇∧U denote the vorticity of the fluid, (2.1) can be expressed as

(2.2)


∂tΩ+ (U · ∇)Ω = (Ω · ∇)U

U(t, x) = − 1

4π

∫
R3

x− y

|x− y|3
∧Ω(t, y)dy,

where U is uniquely determined by Ω for all t ∈ [0, T ] by means of the Biot-Savart law, i.e. the second
identity in (2.2). In the present paper, we restrict our attention to solutions that are axisymmetric
vector fields without swirl. Thus, it is conveniently studied in cylindrical coordinates in R3 which we
denote by (z, r, θ) with basis vectors (ez, er, eθ). A vector field U : R3 → R3 is called axisymmetric
without swirl if of the form

U(z, r, θ) = Uz(z, r)ez + Ur(z, r)er,

i.e. U is independent of the toroidal variable θ (axisymmetric) and U · eθ = 0 (without swirl). This
implies that the vorticity Ω = ∇∧U is a purely toroidal vector field:

Ω = Ωeθ, with Ω = ∂zUr − ∂rUz ∈ R.
Here and below we adopt the notation x ∈ R2

+ = R × (0,∞) with x = (xz, xr). Note the change of
convention w.r.t. the usual cylindrical coordinates. This allows one to reduce (2.1) to a 2D problem
by defining the scalar ω : R2

+ → R and vector field u : R2
+ → R2 respectively as

ω =
Ω

xr
∈ R, u = (Uz, Ur) ∈ R2.

Note that the div-curl problem divU = 0 and ∇∧U = Ω reduces to

∂rur +
1

xr
ur + ∂zuz = 0, xrω = ∂zur − ∂ruz.

In particular, the elliptic problem posed on R2
+ = R× (0,∞) also writes

(2.3) div(z,r)(xru) = 0, curl(z,r)(u) = xrω.

Under suitable boundary and regularity conditions, the two-dimensional velocity field u is hence
uniquely determined by ω, see Section 2.3 for details. On the half plane R2

+, the potential vorticity ω
satisfies the transport type equation

(2.4) ∂tω + u · ∇ω = 0,

that also reads as continuity equation

(2.5) ∂t(xrω) + div(xruω) = 0,

given that div(xru) = 0 from (2.3).

2.2. Well-posedness results. Global existence and uniqueness of weak axisymmetric without swirl
solutions of (2.1) has been proved in [56] and [53, Theorem 3.3], [1, 19] as well as references therein.
In [14, Theorem 5.4], global existence and uniqueness of the weak vorticity solution of (2.4) is proved
when the initial velocity is axisymmetric without swirl, the initial vorticity satisfies Ω0 ∈ L1∩L∞(R2

+)
and its support does not overlap the symmetry axis. More precisely, this solution satisfies

Ω(t,X(t, 0, x))

Xr(t, x)
=

Ω0(x)

xr

where the flow map X : [0,∞)× R3 → R3 is defined by

dX(t, t0, x)

dt
= U (t,X(t, t0, x)) , X(t0, t0, x) = x.

From now on we shall write X(t, x) = X(t, 0, x) for simplicity.
Since the velocity is axisymmetric without swirl, the flow map X may be seen as a map on R+×R2

+

to R2
+ namely X = Xz(t, xz, xr)ez +Xr(t, xz, xr)ez, where

dXz(t, xz, xr)

dt
= uz (t,X(t, xz, xr)) , Xz(0, xz, xr) = xz,

dXr(t, xz, xr)

dt
= ur (t,X(t, xz, xr))) , Xr(0, xz, xr) = xr.

(2.6)
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In the solution constructed by [14, Theorem 5.4], the velocity is reconstructed from the vorticity with
the Biot-Savart Kernel: U(t, x) =

∫
H(x− y) ∧Ω(t, y) dy with H(x) = −x/(4π|x|3) for x, y ∈ R3 and

with Ω depending only on (z, r) and purely toroidal. Writting this 3D Biot-Savart law in cylindrical
coordinates, we have an explicit representation1:

uz(t, x) = − 1

4π

∫
dyz

∫ ∞

0
y2r dyr

∫ π

−π
dθ

ω(t, y)(xr cos θ − yr)

[|x− y|2 + 2xryr(1− cos θ)]3/2
,

ur(t, x) =
1

4π

∫
dyz

∫ ∞

0
y2r dyr

∫ π

−π
dθ

ω(t, y)(xz − yz) cos θ

[|x− y|2 + 2xryr(1− cos θ)]3/2
,

(2.7)

where x = (xz, xr) and y = (yz, yr) are vectors in R2
+. Moreover, it is classical that u is bounded (see

(2.9) below) and log-lipschitz (by adapting, for instance, the planar case done in [45, Appendix 2.3]).
Finally, it is established in [14, Corollary 5.6] that the solution is a weak solution of (2.4) in the sense
of distributions (see (5.3) in [14]). We summarize these results for

(2.8)


∂t ω + u · ∇ω = 0 in R∗

+ × R2
+,

div(xru) = 0 in R+ × R2
+,

curl(u) = xrω in R+ × R2
+,

ω(0, ·) = ω0 in R2
+.

on the half plane R2
+ in the next proposition.

Proposition 2.1 ([14, 31]). Let Ω0 ∈ L1 ∩ L∞(R2
+) and assume that infx∈supp(Ω0) xr = δ0 > 0. Let

ω0 = Ω0/xr so that ω0 ∈ L1 ∩ L∞(R2
+). For all T > 0 there exists a unique pair (ω, u) with xrω ∈

L∞([0, T ];L1 ∩ L∞(R2
+)), x

2
rω ∈ L∞([0, T ];L1(R2

+)), ω ∈ L∞([0, T ];L∞(R2
+)), and u ∈ L∞([0, T ] ×

R2
+), solution to (2.4) in the following sense

(i) u = (uz, ur) is given in terms of ω by the axisymmetric Biot-Savart law (2.7).
(ii) The vorticity equation is satisfied in the sense of distribution, i.e. for all Φ ∈ C∞

c ([0, T ] × R2
+)

and for any t ∈ [0, T ]∫
R2
+

Φ(t, x)xrω(t, x)dx−
∫
R2
+

Φ(0, x)xrω0(x)dx =

∫ t

0

∫
R2
+

xrω(s, x) (∂tΦ+ u · ∇Φ) (s, x)dxds.

(iii) We have ω(t,X(t, x)) = ω0(x), where X is the flow of u defined in (2.6)2.

Moreover, we have the estimates

(2.9) ∥u∥L∞(R2
+) ⩽ C∥x2rω∥

1/2

L1(R2
+)
∥ω∥1/2

L∞(R2
+)

and

|u(t, x)− u(t, y)| ⩽ C(∥xrω∥L1∩L∞([0,T ]×R2
+))|x− y| (1 + |ln |x− y||) .

A direct consequence of the log-Lipschitz estimate of the velocity field is the following:

Corollary 2.2. Let ω0 ∈ L1 ∩L∞(R2
+) such that xrω0 ∈ L1 ∩L∞(R2

+) and δ0 := infx∈supp(ω0) xr > 0.
Let T > 0 and (ω, u) be the unique weak solution of (2.8) on [0, T ] provided by Proposition 2.1. Then
the following holds true.

(i) There exists δT > 0 depending only on ∥ω0∥L∞, δ0 and T such that

suppω(t, ·) ⊂ {x |xr ⩾ δT }, ∀t ∈ [0, T ].

(ii) If ω0 has compact support in R2
+, denoting by R0 = sup{|x| |x ∈ supp(ω0)}, there exists a

compact set KT ⊂ R2
+ depending only on ∥xrω0∥L∞, δ0, R0 and T such that

suppω(t, ·) ⊂ KT , ∀t ∈ [0, T ].

(iii) For all t ∈ [0, T ] and p ∈ [1,∞) it holds ∥x
1
p
r ω(t, ·)∥Lp = ∥x

1
p
r ω0∥Lp.

1We may note that a cos θ is missing in [8, 12].
2Such a flow exists in the classical sense by log-Lipschitz regularity of u.
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Proof. We provide a quick proof for sake of completeness although this is probably a standard fact.
Since ω is constant along trajectories it suffices to provide estimates on the Lagrangian flow. Let
x ∈ supp(ω0). Writing X(t) = X(t, x) and observing that ur(t, xz, 0) = 0 in view of (2.7) we have∣∣∣∣dXr(t)

dt

∣∣∣∣ = |ur (t,X(t))| = |ur (t,Xz(t), Xr(t))− ur (t,Xz(t), 0)|

⩽ C|Xr(t)|(1 + | ln |Xr(t)||)
where we have used the log-Lipschitz property for u. Hence this proves (i) by means of a Gronwall-
type argument (see e.g. the arguments to obtain (6.26) from (6.23) in [45]). Property (ii) is a
straightforward consequence of the L∞ bound on the velocity. Finally, (iii) follows from the continuity
equation (2.5). □

Remark 2.3. Finally, one obtains the scaled system (1.2) from (2.8) by considering the logarithmic

time scale s = | ln ε|t ∈ [0, T ] and ωε(s, x) = ω
(

s
| ln ε| , x

)
.

Further, for initial vorticity as in (1.5) consisting of N disjoint blobs, the existence of a unique
Lagrangian flow allows one to decompose the unique weak solution as

(2.10) ωε(t, x) =
N∑
i=1

ωε
i (t, x), ωε

i (t,X(t, ·)) = ωε
i,0.

Moreover, Part (i) of Corollary 2.2 states that there exists a positive time such that a vorticity that
is initially localized away from the symmetry axis does not reach the axis and remains localized. Con-
cerning the localization in the radial direction, a quantitative estimate of this type is stated in [17,
Section 2.3], it is shown that the radius of the support

Rε(t) = sup{xr : x ∈ supp(ωε(t, ·))}
grows at most as

Rε(t) ⩽ Cε

(
1 +

t

| ln ε|

)2
,

where Cε = C(∥ωε
0∥L1(R3), ∥ωε

0∥L∞(R3)) > 0. Unfortunately, these estimates of the radius and of the

distance to the axis depend on ∥ωε
0∥L∞(R3) which blows up as ε−2 when ε → 0. Hence, we will not

be able to use this kind of estimate and we will later define a time Tε such that the support of ωε is
included in a strip R× [r∗/2, 2r∗]. One of the main objectives is to get a strong localization property
to prove that Tε ⩾ T0 for all ε ∈ (0, ε0], provided that T0 and ε0 are chosen small enough.

2.3. Expansion of the Biot-Savart law. In the 3D axisymmetric framework, the Biot-Savart law
admits an explicit representation formula (2.7). A suitable expansion of the Biot-Savart kernel used
in sequel is introduced. We notice that the 2D div-curl problem (2.3) including the weighted incom-
pressibility condition yields that there exists a stream function Ψ : R2

+ → R such that

(2.11) u =

(
uz
ur

)
=

1

xr
∇⊥Ψ =

1

xr

(
−∂rΨ
∂zΨ

)
.

Following [27, 30] the boundary conditions Ψ(xz, 0) = 0 are imposed. We are led to solve

(2.12)

div

(
1

xr
∇Ψ(x)

)
= xrω(x)

Ψ(xz, 0) = 0.

In relation with (2.7), there is an explicit formula of the Green kernel, namely it is given in [30, Section
2] that

(2.13) Ψ(x) =

∫
R2
+

G(x, y)yrω(y)dy,

where

(2.14) G(x, y) = − 1

2π

√
xryrF

(
|x− y|2

xryr

)
with F (s) =

∫ π
2

0

cos(2θ)√
sin2(θ) + s

4

dθ, s > 0.

This function F was intensively studied in the literature. We bring together in the next lemma some
estimates we need, and we refer to [30, Lemma 2.1] and [27, Lemma 2.7] for more details.
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Lemma 2.4. For any R0 > 0 given, there exists C0 > 0 such that the following estimates holds for
any s ∈ (0, R0]:

max

(∣∣∣F (s) + 1

2
ln(s)

∣∣∣, 1

| ln s|

∣∣∣F ′(s) +
1

2s

∣∣∣, |s2F ′′(s)|

)
⩽ C0.

The explicit formula of the leading term of F allows for a decomposition of the Green function G.

Corollary 2.5. We have the following decomposition

G(x, y) = 1

2π

√
xryr ln |x− y|+ S(x, y) with S ∈W 1,∞

loc (R2
+ × R2

+).

Proof. We define

S(x, y) := G(x, y)− 1

2π

√
xryr ln |x− y| = − 1

2π

√
xryr

(
F

(
|x− y|2

xryr

)
+ ln |x− y|

)
.

Let K a compact subset of R2
+, then there exists R0 > 0 such that for any x, y ∈ K we have |x−y|2

xryr
⩽ R0.

Hence, by Lemma 2.4, one has for all x, y ∈ K∣∣∣∣∣F
(
|x− y|2

xryr

)
+ ln |x− y|

∣∣∣∣∣ = ∣∣∣ ln(√xryr) +O(1)
∣∣∣ ⩽ CK.

For the derivative, we compute

∇xF

(
|x− y|2

xryr

)
=
(2(x− y)

xryr
− |x− y|2er

x2ryr

)
F ′
(
|x− y|2

xryr

)
= − x− y

|x− y|2
+O

(
1

√
xryr

)
+O

(
1

xr

)
,

which implies that ∣∣∣∣∣∇xF

(
|x− y|2

xryr

)
+∇x ln |x− y|

∣∣∣∣∣ ⩽ CK

for all x, y ∈ K. As we have the same estimates for ∇y, this ends the proof. □

This expansion of the Green’s function together with (2.11) allows one to derive a decomposition of
the velocity field u. For further reference, we denote the most singular part of the stream function by

(2.15) ψε(t, x) = ψ[ωε](t, x) :=

∫
R2
+

√
xryr

2π
ln |x− y|yrωε(t, y)dy.

As will be detailed later, this quantity plays a central role in determining the energy and the local
induction for the propagation of vortex rings.

Lemma 2.6. Let K a compact subset of R2
+ and ω ∈ L∞(R2

+) with supp(ω) ⊂ K. There exists CK > 0
depending only on K such that the velocity field u defined by (2.11) satisfies

u := uK + uL + uR

with

uK(x) =
1

xr

∫
R2
+

√
xryr

2π
K(x− y)yrω(y)dy, with K(x, y) = ∇⊥ ln |x− y| = (x− y)⊥

|x− y|2
,

uL(x) = − ez
4πxr

∫
R2
+

√
yr
xr

ln |x− y|yrω(y)dy = − ez
2x2r

ψ[ω](x),

uR(x) =
1

xr

∫
R2
+

∇⊥
x S(x, y)yrω(y)dy,

(2.16)

where ∥uR∥L∞(K) ⩽ CK
∫
yrω(y)dy.
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Proof. By the decomposition of Corollary 2.5, we have

∇⊥
x G(x, y) =

√
xryr

2π

(x− y)⊥

|x− y|2
− 1

4π

√
yr
xr

ln |x− y|ez +∇⊥
x S(x, y),

hence the decomposition of u comes from (2.11) and (2.13). The desired estimate of uR follows the
estimate of S in Corollary 2.5. □

Note that the most singular term uK in the decomposition stems from the analogue of the 2D
Biot-Savart law. It corresponds to the standard spinning around the filament and does not contribute
to the motion of the vortex rings. The second term given by uL is linked to the radial correction of the
2D Biot-Savart law in the present axisymmetric setting. It points in the vertical ez-direction and its
speed amounts to −1

2x2
r
ψε(t, x) where the latter is closely linked to local energy, see Lemma 4.6 below.

In the absence of strong interactions, it accounts for the leading order displacement of the vortex ring
according to the LIA or binormal curvature flow, see (1.1). Finally, the expansion of the Biot-Savart
kernel allows one to treat uR as term of lower order.

Remark 2.7. In dimension reduced settings like the present one, it is well-known that the 3D-elliptic
problem translates to a weighted 2D elliptic problem like (2.12). For instance, this also occurs for the
(degenerate) lake equations and the 3D Euler equations under helicoidal symmetry. A common feature
is that the unique solution to the respective weighted elliptic problems is given by

Ψ(x) =

∫
R2
+

G(x, y)yrω(y)dy

where the Green function shares similarities with the classical one on R2. For the lake equations on
bounded domains, it was proven in [21, 2] that

Glake(x, y) =

√
b(x)b(y)

2π
ln |x− y|+ S(x, y) with S ∈W 1,∞

loc (Ω2),

is the Green kernel associated to the following elliptic problemdiv

(
1

b(x)
∇Ψ(x)

)
= b(x)ω(x)

Ψ|∂Ω = 0.

Note that the 3D axisymmetric Euler equations without swirl can formally be recovered as special case
of the lake equations by setting b(xz, xr) = xr and considering a lake given by the half-plane. A similar
result holds for the 3D Euler equations under helicoidal symmetry [23], but with a more complicated
expansion due to the fact that the anelastic constraint is not a scalar function 1/b(x), but a matrix. A
key advantage of such an expansion of the respective Green function lies in the decomposition of the
associated velocity field, see Lemma 2.6, that highlights the link to the LIA, namely the contribution
of uL, see [21, 35, 23].

3. A vortex ring under the influence of the other rings

Our strategy for proving Theorem 1.1 consists in focusing on the dynamics of a single blob of
vorticity, by considering the effect of the other blobs as an exterior field. To proceed, we place ourselves
in the framework of Theorem 1.1. Specifically, let X∗ = (z∗, r∗) ∈ R2

+ and (Yi,0)1⩽i⩽N be N points in
R2 such that Yi,0,r ̸= Yj,0,r for all i ̸= j and let Xε

i,0 given by (1.4). Finally, let M0 > 0 be fixed and

ωε
0 ∈ L∞(R2

+) satisfying (1.5) for every ε > 0. Further, we denote by (uε, ωε) the unique weak solution
of (1.2) with initial data ωε

0 on [0, T0) where T0 is arbitrary large (in the sense of Proposition 2.1).

The vorticity can be decomposed as ωε(t, ·) =
∑N

i=1 ω
ε
i (t, ·) where ωε

i corresponds to the transport of
ωε
i,0, see Remark 2.3. For each i ∈ {1, . . . , N}, we introduce the exterior field F ε

i : [0,+∞)×R2
+ → R2

given by

(3.1) F ε
i (t, x) =

1

xr

∑
j ̸=i

∫
R2
+

∇⊥
x G(x, y)yrωε

j (t, y)dy,
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so that the i-th blob ωε
i satisfies the following equations:

(3.2)



∂t ω
ε
i +

1

| ln ε|
(uεi + F ε

i ) · ∇ωε
i = 0 in R∗

+ × R2
+,

uεi =
1
xr
∇⊥Ψε

i in R+ × R2
+,

div
(

1
xr
∇Ψε

i

)
= xrω

ε
i in R+ × R2

+, Ψε
i = 0 on R+ × ∂R2

+,

ωε
i (0, ·) = ωε

i,0 in R2
+.

As div(xr(u
ε
i + F ε

i )) = 0, it is clear that the total mass of vorticity is conserved:

(3.3)

∫
R2
+

xrω
ε
i (t, x)dy =

∫
R2
+

xrω
ε
i,0(t, x)dy = γ, ∀t ∈ [0, T0].

For any r0, h0, d > 0 and ε > 0 we define the rectangles Ar0
ε (d, h0) corresponding to hollow cylinders

in the 3D setting as

(3.4) Ar0
ε (d, h0) =

{
(z, r) ∈ R2

+, |r − r0| ⩽
d√
| ln ε|

and |z − z∗| ⩽ h0

}
.

The height h0 > 0 will be chosen later, and we set

(3.5) d0 :=
1

4
min
j ̸=k

|Yj,0,r − Yk,0,r|.

From the assumption (1.5) on ωε
0, we have for every i ∈ {1, . . . , N},

suppωε
i,0 ⊂ B(Xε

i,0, ε) ⊂ A
Xε

i,0,r
ε

(
d0
4
,
h0
4

)
as soon as ε ⩽ ε0 for ε0 > 0 depending on h0 and d0.

Let T0 > 0 to be chosen later. We define

(3.6) Tε := sup
{
t ∈ [0, T0], ∀s ∈ [0, t], ∀i ∈ {1, . . . , N}, suppωε

i (s, ·) ⊂ A
Xε

i,0,r
ε (d0, h0)

}
,

which verifies, by continuity of the trajectories, Tε > 0 for every ε ∈ (0, ε0]. Note that in particular,
up to choosing ε0 small enough, we have

(3.7) suppωε
i (t, ·) ⊂ A

Xε
i,0,r

ε (d0, h0) ⊂ [z∗ − h0, z
∗ + h0]× [r∗/2, 2r∗],

∀t ∈ [0, Tε], i ∈ {1, . . . , N}, ε ∈ (0, ε0].

Next, we prove that the influence on ωε
i of the other vortex rings is not too singular. More precisely

we have the following lemma.

Lemma 3.1. Provided h0 ⩽ 1, there exists ε0 > 0 depending only on X∗, (Yi,0) and M0 such that for

every ε ∈ (0, ε0], every i ∈ {1, . . . , N}, every x, y ∈ A
Xε

i,0,r
ε (d0, h0) and every t ∈ [0, Tε],

div(xrF
ε
i (t, x)) = 0,

|F ε
i (t, x)| ⩽ CF

√
| ln ε|∣∣F ε

i (t, x)− F ε
i (t, y)

∣∣ ⩽ C ′
F | ln ε||x− y|,

with

CF =
γC∗

d0
and C ′

F =
γC∗

d20
,

and where C∗ depends only on X∗.

Proof. First, we note that div(xrF
ε
i (t, x)) = 0 by definition of F ε

i (3.1).

By (3.7), we infer the existence of R0 > 0 such that |x−y|2
xryr

⩽ R0 for all x, y ∈ [z∗ − 1, z∗ + 1] ×
[r∗/2, 2r∗]. Thanks to the expression of G in terms of F (2.14), we deduce from Lemma 2.4 that

|∇G(x, y)| ⩽ C

|x− y|
, |∇2G(x, y)| ⩽ C

|x− y|2
,

for some C > 0 depending only on X∗.
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Next we notice that for all i ̸= j and (x, y) ∈ A
Xε

i,0,r
ε (d0, h0)×A

Xε
j,0,r

ε (d0, h0), we have

|x− y| ⩾ |xr − yr| ⩾ |Xε
i,0,r −Xε

j,0,r| − |xr −Xε
i,0,r| − |yr −Xε

j,0,r| ⩾
4d0√
| ln ε|

− 2d0√
| ln ε|

.

By the definition of Fi (3.1) and the conservation of the mass (3.3), this ends the proof. □

The remainder of the paper is then devoted to proving that a blob of vorticity ωε
i which is transported

by uεi , the vector field generated by ωε
i through the Biot-Savart law, see Lemma 2.6, and by an exterior

field F ε
i , which satisfies Lemma 3.1, remains concentrated in the sense of Theorem 1.1 on [0, Tε]. More

precisely, by choosing T0 > 0 and ε0 > 0 small enough, we will show a stronger localization than the
one given in the definition of Tε, i.e.

suppωε
i (t, ·) ⊂ A

Xε
i,0,r

ε

(
d0
2
,
h0
2

)
, ∀t ∈ [0, Tε], ε ∈ (0, ε0], i ∈ {1, . . . , N}.

By definition of Tε (3.6), this will imply that Tε = T0 and that the strong localization remains valid
on [0, T0].
In this respect, it is crucial to verify that all the estimates below are uniform with respect to i. Since
the proofs will focus only on one patch for a fixed i ∈ {1, . . . , N}, we will often drop the index i for
the sake of readability.

In the sequel, every constant C,C0, ε0 may depend on X∗, (Yi,0) and M0 and we omit to mention
this dependence. At the opposite, we will carefully track the dependence on h0 and T0. Finally, we
consider from now on that γ > 0, and the opposite sign will be reached simply by reversing the time.
By (1.5), this means that we are focusing only on non-negative vortices.

4. Weak localization

In this section, we focus on the weak localization which corresponds to Item (i) in Theorem 1.1.
By the conservation of the total mass of vorticity (3.3), we recall that

∫
R2 xrω

ε
t (t, x) dx = γ for all

t ⩾ 0. The key proposition here is the analog of [55, Lemma 2.1], also used in a different context in
[32], which states that almost all the vorticity is contained in small disks.

Proposition 4.1 (Weak concentration). Given Tε > 0 as in (3.6), provided T0 ⩽ 1/(24C ′
F ) and h0 ⩽

min(r∗/240, 1/2) the following holds true: for any positive function ε 7→ ρ(ε) such that ρ(ε)
√
| ln ε|

tends to zero as ε→ 0, there exists ερ > 0, depending only on ρ and h0, such that for any ε ∈ (0, ερ],
every i ∈ {1, . . . , N} and all t ∈ [0, Tε] there is an open set Ωε

ρ,i(t) satisfying

1

γ

∫
Ωε

ρ,i(t)
xrω

ε
i (t, x)dx ⩾ 1− h0

r∗
ρ(ε) ln | ln ε| and diamΩε

ρ,i(t) ⩽ εe120/ρ(ε).

We do not claim that the constants are optimal, but we write them here explicitly in order to focus
on the dependence with respect to h0 and T0.

Even if the proof was originally inspired by [55] in the context of the two dimensional Euler equa-
tions, we need to add several new arguments due to the anelastic constraint and the stronger singularity
of our problem. Indeed, the vortex patches are moving by the binormal flow, highlighted by the pres-
ence of uεL in Lemma 2.6, and are here close to each other, with a distance of order 1/

√
| ln ε|. The

strategy in this section is to first assume that weak localization holds up to some time T̃ε, which is less
precise than the desired estimates. This will allow to obtain sharp energy estimates and to deduce a

sharper weak localization property on [0, T̃ε], which will imply that T̃ε = Tε and that all the estimates

proved up to T̃ε hold actually true up to Tε. Among these estimates and as they will be used later,
we state a lemma encompassed in this bootstrap argument, which will be established in the proof of
Proposition 4.1. This lemma involves the center of vorticity of each blob, which was defined at (1.6).

Lemma 4.2. Provided T0 ⩽ 1/(24C ′
F ) and h0 ⩽ min(r∗/240, 1/2), there exists ε0 depending on h0

such that for every ε ∈ (0, ε0], i ∈ {1, . . . , N} and t ∈ [0, Tε],

(4.1)
1

γ

∫
R2
+

|x− bεi (t)|xrωε
i (t, x)dx ⩽ 5h0

ln | ln ε|
| ln ε|

.

Finally, at the end of this section, we will deduce from Proposition 4.1 the concentration property
around the center of vorticity.
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z

r

Xε(0)

Xε(t)

2h0

2d0√
| ln ε|

t ⩽ Tε

Strong localization

Ωε(t)

1
2| ln ε|

ε

t ⩽ T̃εt = 0

2d0√
| ln ε|

Weak localization

Figure 2. Strong and weak localization: on the left, the support of ωε remains within
a rectangle of height 2h0 and width 2d0/

√
| ln ε for t ⩽ Tε. On the right, most of the

mass is concentrated within a ball of diameter 1/| ln ε| for t ⩽ T̃ε, while initially all the
mass was contained in a ball of radius ε.

Corollary 4.3. Given Tε > 0 as in (3.6), provided T0 ⩽ 1/(24C ′
F ) and h0 ⩽ min(r∗/240, 1/2)

the following holds true: there exists ε0 > 0 depending on h0, such that for every ε ∈ (0, ε0] and
i ∈ {1, . . . , N},

sup
t∈[0,Tε]

∣∣∣∣∣γ −
∫
B
(
bεi (t),3h0

ln | ln ε|
| ln ε|

) xrωε
i (t, x)dx

∣∣∣∣∣ ⩽ γ
ln | ln ε|
| ln ε|

.

All these statements are proved within this section.

4.1. Weak localization bootstrapping time. We begin by introducing a time T̃ε such that the

solution is weakly concentrated in a less precise way than in Proposition 4.1. Namely, we set T̃ε > 0

the largest time T̃ε ⩽ Tε such that for every t ∈ [0, T̃ε] and every i ∈ {1, . . . , N}, there exists a domain
Ωε
i (t) such that

(4.2)
1

γ

∫
R2
+\Ωε

i (t)
xrω

ε
i (t, x)dx ⩽

ln | ln ε|
| ln ε|

and diamΩε
i (t) ⩽

1

| ln ε|
.

To check that T̃ε > 0, we may set Ωε
i (t) = Xε(t, supp(ωε

i,0)), so that∫
R2
+\Ωε

i (t)
xrω

ε
i (t, x)dx =

∫
R2
+\supp(ωε

i,0)
xrωi,0(x)dx = 0,

and observe that by virtue of (2.9) and (2.10) we have

diam(Ωε
i (t)) ⩽ diam(supp(ωε

i,0)) + Cεt ⩽ 2ε+ Cεt,

with Cε possibly diverging as ε→ 0, so that diam(Ωε
i (t)) < 1/| ln ε| for t > 0 sufficiently small.

The different localization properties related to the definition of Tε (3.6) and T̃ε are illustrated in
Figure 2.

The first consequence of this definition of T̃ε is that Lemma 4.2 holds true up to T̃ε, namely we have
the following:

Lemma 4.4. Provided h0 ⩽ 1, there exists ε0 > 0 depending on h0 such that for every ε ∈ (0, ε0],

i ∈ {1, . . . , N}, the inequality (4.1) holds true on the time interval [0, T̃ε]. In addition, it holds for all

[0, T̃ε] that

Ωε
i (t) ⊂ B

(
bεi (t),

3h0 ln | ln ε|
| ln ε|

)
.

where Ωε
i (t) is defined in (4.2).

Proof. Here and below, we frequently drop the index i in the notation of ωε
i and Ωε

i during the proofs
as they are performed for a fixed i ∈ {0, . . . , N} and we derive uniform estimates with respect to this
parameter.
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Let x0 ∈ Ωε(t) ∩ supp(ωε(t, ·)), hence Ωε(t) ⊂ B
(
x0,

1
| ln ε|

)
. By definition of bε (1.6) and by the

conservation of the total mass of the vorticity (3.3), we write

γ|bε(t)− x0| =

∣∣∣∣∣
∫
R2
+

(x− x0)xrω
ε(t, x)dx

∣∣∣∣∣ ⩽
∫
R2
+

|x− x0|xrωε(t, x)dx.

We split the integration domain, then using that diam(suppωε(t)) ⩽ 2h0 (see the definition of Tε
(3.6)) and the definition of T̃ε (4.2) we get that for ε small enough∫

R2
+

|x− x0|xrωε(t, x)dx ⩽
∫
Ωε(t)

|x− x0|xrωε(t, x)dx+

∫
R2
+\Ωε(t)

|x− x0|xrωε(t, x)dx

⩽
γ

| ln ε|
+ 2h0γ

ln | ln ε|
| ln ε|

,

and thus ∫
R2
+

|x− bε(t)|xrωε(t, x)dx ⩽ γ|x0 − bε(t)|+
∫
R2
+

|x− x0|xrωε(t, x)dx

⩽ 2γ

(
1

| ln ε|
+ 2h0

ln | ln ε|
| ln ε|

)
,

which implies (4.1) by choosing ε0 small enough such that 1 ⩽ h0
2 ln | ln ε|.

Another consequence with this choice of ε0 is that for any x ∈ Ωε(t),

|x− bε(t)| ⩽ |x− x0|+ |x0 − bε(t)| ⩽ 2

| ln ε|
+ 2h0

ln | ln ε|
| ln ε|

⩽ 3h0
ln | ln ε|
| ln ε|

.

□

Remark 4.5. A direct consequence of Lemma 4.4 and definition (4.2) of T̃ε is that, for every t ∈ [0, T̃ε]
and every i ∈ {1, . . . , N}, we have∫

|x−bε(t)|> 3h0 ln | ln ε|
| ln ε|

xrω
ε(t, x)dx ⩽ γ

ln | ln ε|
| ln ε|

.

4.2. Expansion of the energy. Recalling the definition of ψε
i given in (2.15), we first bound it by

above and from below.

Lemma 4.6. Provided h0 ⩽ 1/2, there exists ε0 > 0 depending on h0 such that for every ε ∈ (0, ε0],

i ∈ {1, . . . , N}, t ∈ [0, T̃ε] and x ∈ suppωε
i (t), it holds

0 ⩽ −ψε
i (t, x) ⩽

γ

2π
| ln ε|

√
xrbεi,r(t) +

2γ

π
h0 ln | ln ε|.

In particular, we get that for ε small enough,

|ψε
i (t, x)| ⩽

2γ

π
| ln ε|r∗.

Proof. Since t ⩽ Tε, we have diam
(
suppωε(t)

)
⩽ 2h0, so provided that h0 < 1/2, then

ψε(t, x) ⩽ 0 if x ∈ suppωε(t),

where we recall that we are focusing only on non-negative vortices.
Next, we observe that

ψε(t, x) =

√
xr
2π

∫ √
bεr(t) ln |x− y|yrωε(t, y)dy

+

√
xr
2π

∫ (√
yr −

√
bεr(t)

)
ln |x− y|yrωε(t, y)dy

:=A1 +A2.
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To estimate A1, we apply the rearrangement of the mass (see Lemma A.1) to g(s) = − ln s1(0,1)

and M = (2r∗)M0/ε
2, to get

(4.3)
−
∫

ln |x− y|yrωε(t, y)dy ⩽ −2πM

∫ √
γ

πM

0
s ln sds = −2πM

(1
2
s2 ln s− 1

4
s2
)∣∣∣

s=
√

γ
πM

⩽ γ| ln ε|+O(1)

and thus

−A1 ⩽
γ

2π

√
xrbεr(t)| ln ε|+O(1).

To estimate A2, we recall that for ε small enough, every x ∈ suppωε(t) satisfies r∗/2 ⩽ xr ⩽ 2r∗

which implies that r∗/2 ⩽ bεr(t) ⩽ 2r∗, then

|A2| =

∣∣∣∣∣
√
xr
2π

∫
yr − bεr(t)√
yr +

√
bεr(t)

ln |x− y|yrωε(t, y)dy

∣∣∣∣∣ ⩽
√
2r∗

2π

∫
|yr − bεr(t)|
2
√
r∗/2

∣∣ ln |x− y|
∣∣yrωε(t, y)dy.

We now split the integral

|A2| ⩽
1

2π

∫
|y−bε(t)|⩽ 3h0 ln | ln ε|

| ln ε|

|yr − bεr(t)| ln |x− y||yrωε(t, y)dy

+
1

2π

∫
|y−bε(t)|> 3h0 ln | ln ε|

| ln ε|

|yr − bεr(t)|
∣∣ ln |x− y|

∣∣yrωε(t, y)dy

:=A21 +A22.

We simply bound the first term

A21 ⩽
3h0
2π

ln | ln ε|
| ln ε|

(γ| ln ε|+O(1)) =
3h0γ

2π
ln | ln ε|+ o(ln | ln ε|).

For the second term, we use again the mass rearrangement lemma but this time on a function with a

mass less than γ ln | ln ε|
| ln ε| (see Remark 4.5), to get that

A22 ⩽
1

2π

2d0√
| ln ε|

∫
|y−bε(t)|> 3h0 ln | ln ε|

| ln ε|

− ln |x− y|yrωε(t, y)dy

⩽
d0

π
√
| ln ε|

γ ln | ln ε|
| ln ε|

(| ln ε|+O(1)) = o(ln | ln ε|).

This means that

|A2| ⩽
3h0γ

2π
ln | ln ε|+ o(ln | ln ε|),

and thus that

−ψε
i (t, x) ⩽

γ

2π
| ln ε|

√
xrbεi,r(t) +

2γ

π
h0 ln | ln ε|.

□

We now define the total energy related to the ith vortex as

(4.4) Eε
i (t) := −

∫∫
R2
+×R2

+

G(x, y)xrωε
i (t, x)yrω

ε
i (t, y)dxdy.

Due to the initial concentration, namely (1.5), we have the following.

Lemma 4.7. We have

Eε
i (0) =

γ2

2π
| ln ε|bεi,r(0) +O(1).

Proof. Using the decomposition of the Green kernel given in Corollary 2.5, we write

Eε(0) =−
∫∫

R2
+×R2

+

√
xryr

2π
ln |x− y|xrωε

0(t, x)yrω
ε
0(t, y)dxdy +O(1)

=− bεr(0) +O(ε)

2π

∫∫
R2
+×R2

+

ln |x− y|xrωε
0(t, x)yrω

ε
0(t, y)dxdy +O(1),
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where we have used that suppωε
0 ⊂ B(Xε

0 , ε). Next we use the mass rearrangement as in (4.3) to state
that on the one hand we have∫∫

R2
+×R2

+

ln |x− y|xrωε
0(t, x)yrω

ε
0(t, y)dxdy ⩾ −γ2| ln ε|+O(1),

whereas on the other hand, we use that |x− y| ⩽ 2ε for x, y ∈ suppωε
0 to get∫∫

R2
+×R2

+

ln |x− y|xrωε
0(t, x)yrω

ε
0(t, y)dxdy ⩽ ln(2ε)γ2 = −γ2| ln ε|+O(1)

which ends the proof. □

We aim to precisely express Eε
i (t). To this end, we compute its time derivative.

Proposition 4.8. Provided h0 ⩽ 1/2 and T0 ⩽ 1/C ′
F , there exists ε0 > 0 depending on h0 such that

for every ε ∈ (0, ε0], i ∈ {1, . . . , N} and t ∈ [0, T̃ε], we have that∣∣∣∣ ddtEε
i (t)−

γ2

2π
F ε
i,r(t, b

ε
i (t))

∣∣∣∣ ⩽ 21C ′
Fγ

2

π
h0 ln | ln ε|,

where C ′
F is the lipschitz constant of (F ε

i )i (see Lemma 3.1).

Proof. By the same computations as the ones in the proofs of [23, Lemma 4.10] and [35, Proposition
5.6], using the symmetry of G and the fact that ωε satisfies (3.2) in the sense of Proposition 2.1, we
get

− d

dt
Eε(t) =

2

| ln ε|

∫∫
(uε + F ε)(t, x) · ∇xG(x, y)xrωε(t, x)yrω

ε(t, y)dxdy.

We now notice that

uε(t, x) ·
∫

∇xG(x, y)yrωε(t, y)dy = uε(t, x) ·
(
− xru

ε(t, x)
)⊥

= 0.

Therefore,

− d

dt
Eε(t) =

2

| ln ε|

∫∫
F ε(t, x) · ∇xG(x, y)xrωε(t, x)yrω

ε(t, y)dxdy

=
1

π| ln ε|

∫∫
F ε(t, x) · √xryr

x− y

|x− y|2
xrω

ε(t, x)yrω
ε(t, y)dxdy

+
1

2π| ln ε|

∫∫
F ε(t, x) · er

√
yr
xr

ln |x− y|xrωε(t, x)yrω
ε(t, y)dxdy

+
2

| ln ε|

∫∫
F ε(t, x) · ∇xS(x, y)xrω

ε(t, x)yrω
ε(t, y)dxdy

:=A1 +A2 +A3.

Since ∇S ∈ L∞([z∗−h0, z∗+h0]× [r∗/2, 2r∗]) by Corollary 2.5, recalling (3.7) and Lemma 3.1 for Fε,
we obtain A3 = O

(
1√
| ln ε|

)
.

For A1 we use a standard symmetrization technique: we have by exchanging x and y

A1 =
1

2π| ln ε|

∫∫
(F ε(t, x)− Fε(t, y)) ·

√
xryr

x− y

|x− y|2
xrω

ε(t, x)yrω
ε(t, y)dxdy

|A1| ⩽
CF ′

2π

∫∫
√
xryrxrω

ε(t, x)yrω
ε(t, y)dxdy ⩽

r∗CF ′γ2

π
,

where we have used Lemma 3.1.
We turn to A2. We start by a naive estimate: bounding F ε(t, x) by CF

√
| ln ε|, we get that

|A2| ⩽
CF√
| ln ε|

∫
1

xr
|ψε(t, x)|xrωε(t, x)dx ⩽

2CF

r∗
√
| ln ε|

∫
|ψε(t, x)|xrωε(t, x)dx

then using Lemma 4.6, we get that

A2 = O(
√
| ln ε|),

and thus

(4.5)
d

dt
Eε(t) = O(

√
| ln ε|).
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This of course is much less precise than what we are aiming to prove, but we use this information to
improve the estimate of A2.

Using Lemma 4.7, we get from (4.5) that for every t ⩽ Tε ⩽ T0 ⩽ 1/C ′
F ,

(4.6) E(t) = γ2bεr(0)

2π
| ln ε|+O(

√
| ln ε|).

We now express A2 as

A2 =
1

2π| ln ε|
F ε
r (t, b

ε(t))

∫∫ √
yr
xr

ln |x− y|xrωε(t, x)yrω
ε(t, y)dxdy

+
1

2π| ln ε|

∫∫ (
F ε
r (t, x)− F ε

r (t, b
ε(t))

)√ yr
xr

ln |x− y|xrωε(t, x)yrω
ε(t, y)dxdy

=
1

| ln ε|bεr(t)
F ε
r (t, b

ε(t))(−Eε(t) +O(1))

+
1

2π| ln ε|
F ε
r (t, b

ε(t))

∫∫ (
1

xr
− 1

bεr(t)

)
√
xryr ln |x− y|xrωε(t, x)yrω

ε(t, y)dxdy

+
1

2π| ln ε|

∫∫ (
F ε
r (t, x)− F ε

r (t, b
ε(t))

)√ yr
xr

ln |x− y|xrωε(t, x)yrω
ε(t, y)dxdy

:=A21 +A22 +A23.

Using successively the Lipschitz bound on F ε, the fact that xr > r∗/2, Lemma 4.6 then Lemma 4.4
we get that

|A23| ⩽
2C ′

F

r∗

∫
|x− bε(t)||ψε(t, x)|xrωε(t, x)dx

⩽
2C ′

F

r∗
2γ

π
r∗| ln ε|

∫
|x− bε(t)|xrωε(t, x)dx

⩽
4C ′

Fγ
2

π
5h0 ln | ln ε|.

On the other hand, using the L∞ bound on F ε, the same arguments as above yield

|A22| = O(1).

We now turn to A21. Using the L∞ bound of F ε and relation (4.6), we get that∣∣∣∣A21 +
γ2

2π
F ε
r (t, b

ε(t))

∣∣∣∣ = |F ε
r (t, b

ε(t))|
| ln ε|bεr(t)

∣∣∣∣−Eε(t) +
γ2

2π
| ln ε|bεr(t) +O(1)

∣∣∣∣
⩽

2CFγ
2

r∗2π
√
| ln ε|

(
| ln ε||bεr(0)− bεr(t)|+O(1)

)
= O(1),

where we have used that bε(0), bε(t) ∈ AXε
0,r

ε (d0, h0) (see (3.4) for the definition of this set), hence

|bεr(0)− bεr(t)| ⩽ 2d0/
√

| ln ε|.
In conclusion, ∣∣∣∣ ddtEε(t)− γ2

2π
F ε
r (t, b

ε(t))

∣∣∣∣ ⩽ 20γ2

π
C ′
Fh0 ln | ln ε|+O(1),

which gives the desired result. □

Next, we relate the radial velocity of the center of mass with the field generated by the other vortex
rings.

Lemma 4.9. Provided h0 ⩽ 1/2, there exists ε0 > 0 depending on h0 such that for every ε ∈ (0, ε0],

i ∈ {1, . . . , N} and t ∈ [0, T̃ε], we have that∣∣∣∣ ddtbεi,r(t)− 1

| ln ε|
F ε
i,r(t, b

ε
i (t))

∣∣∣∣ ⩽ 6C ′
Fh0

ln | ln ε|
| ln ε|

.
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Proof. As for the computation of dE
dt in the beginning of the proof of Proposition 4.8, we compute

from the definition of bε (1.6) and the equations verified by ωε (3.2) that

d

dt
bεr(t) =

er
γ| ln ε|

·
∫
R2
+

(
uε(t, x) + F ε(t, x)

)
xrω

ε(t, x)dx.

Using the decomposition of uε (2.16) and noticing that uεL · er = 0, we get that

d

dt
bεr(t) =

er
γ| ln ε|

·
∫
R2
+

uεK(t, x)xrω
ε(t, x)dx

+
er

γ| ln ε|
·
∫
R2
+

uεR(t, x)xrω
ε(t, x)dx

+
er

γ| ln ε|
·
∫
F ε(t, x)xrω(t, x)dx

:=A1 +A2 +A3.

Since uεR is uniformly bounded with respect to ε by Lemma 2.6, we first observe that A2 = O
(

1
| ln ε|

)
.

Next, we compute using the expression of uεK (2.16) that

A1 =
er

2πγ| ln ε|
·
∫∫ √

yr√
xr

(x− y)⊥

|x− y|2
xrω

ε(t, x)yrω
ε(t, y)dxdy

and symmetrize to get that A1 = O
(

1
| ln ε|

)
.

For the term A3 we compute that

A3 =
1

| ln ε|
F ε
r (t, b

ε(t)) +
1

γ| ln ε|

∫ (
F ε
r (t, x)− F ε

r (t, b
ε(t))

)
xrω(t, x)dx

then using the Lipschitz hypothesis on F ε (see Lemma 3.1) with Lemma 4.4, we get that∣∣∣∣A3 −
1

| ln ε|
F ε
r (t, b

ε(t))

∣∣∣∣ ⩽ C ′
F

γ

∫
|x− bε(t)|xrωε(t, x)dx ⩽ 5C ′

Fh0
ln | ln ε|
| ln ε|

.

In conclusion, ∣∣∣∣ ddtbεr(t)− 1

| ln ε|
F ε
r (t, b

ε(t))

∣∣∣∣ ⩽ 5C ′
Fh0

ln | ln ε|
| ln ε|

+O
(

1

| ln ε|

)
,

which ends the proof. □

The conclusion of the section is the following.

Corollary 4.10. Provided h0 ⩽ 1/2 and T0 ⩽ 1/C ′
F , there exists ε0 > 0 depending on h0 such that

for every ε ∈ (0, ε0], i ∈ {1, . . . , N} and t ∈ [0, T̃ε], we have that∣∣∣∣Eε
i (t)−

γ2

2π
| ln ε|bεi,r(t)

∣∣∣∣ ⩽ (24T0C
′
F + 1

4)γ
2

π
h0 ln | ln ε|.

Proof. Gathering the results of Proposition 4.8 and Lemma 4.9, we have that for every t ⩽ T̃ε,∣∣∣∣ ddt
(
Eε(t)− γ2

2π
| ln ε|bεr(t)

)∣∣∣∣ ⩽ 21C ′
Fγ

2

π
h0 ln | ln ε|+

3C ′
Fγ

2

π
h0 ln | ln ε|.

There simply remains to integrate in time this relation using Lemma 4.7 to get that∣∣∣∣Eε(t)− γ2

2π
| ln ε|bεr(t)

∣∣∣∣ ⩽ O(1) +
24C ′

Fγ
2

π
T0h0 ln | ln ε|.

□
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4.3. Turkington’s-type Lemma. In this section we prove that Proposition 4.1 holds for any t ⩽ T̃ε.
More precisely, we prove the following.

Proposition 4.11. Let ε 7→ ρ(ε) a positive function such that ρ(ε)
√
| ln ε| → 0 as ε → 0. Provided

h0 ⩽ 1/2 and T0 ⩽ 1/C ′
F , there exist ερ > 0, depending only on ρ and h0, such that for any ε ∈ (0, ερ],

every i ∈ {1, . . . , N} and all t ∈ [0, T̃ε], there is an open set Ω̃ε
ρ,i(t) satisfying∫

R2
+\Ω̃ε

ρ,i(t)
xrω

ε
i (t, x)dx ⩽ γ

h0
r∗
ρ(ε) ln | ln ε| and diam Ω̃ε

ρ,i(t) ⩽ εeB/ρ(ε).

with

B = 20(5 + 24C ′
FT0)

which crucially does not depend on ρ.

Proof. For A > 0 which will be determined later, let us define the open set

Ω̃ε
ρ(t) :=

{
x ∈ suppωε(t, ·), −ψε(t, x) ⩾

γ

2π
| ln ε|bεr(t)−

A

ρ(ε)

}
.

We have from Corollary 4.10 that

−
(24T0C

′
F + 1

4)γ
2

π
h0 ln | ln ε| ⩽ Eε(t)− γ2

2π
| ln ε|bεr(t).

As

Eε(t) = −
∫
R2
+

ψε(t, x)xrω
ε(t, x)dx+O(1),

we obtain that

0 ⩽ Eε(t)− γ2

2π
| ln ε|bεr(t) +

(24T0C
′
F + 1

4)γ
2

π
h0 ln | ln ε|

⩽
∫
R2
+

(
− ψε(t, x)− γ

2π
| ln ε|bεr(t)

)
xrω

ε(t, x)dx+
(24T0C

′
F + 1

4)γ
2

π
h0 ln | ln ε|+O(1),

hence∫
R2
+\Ω̃ε

ρ(t)

(
ψε(t, x) +

γ

2π
| ln ε|bεr(t)

)
xrω

ε(t, x)dx

⩽
∫
Ω̃ε

ρ(t)

(
− ψε(t, x)− γ

2π
| ln ε|bεr(t)

)
xrω

ε(t, x)dx+
(24T0C

′
F + 1

2)γ
2

π
h0 ln | ln ε|.

Outside Ω̃ε
ρ(t), we have by definition of this set:

A

ρ(ε)
⩽ ψε(t, x) +

γ

2π
| ln ε|bεr(t).

It follows that

A

ρ(ε)

∫
R2
+\Ω̃ε

ρ(t)
xrω

ε(t, x)dx

⩽
∫
R2
+\Ω̃ε

ρ(t)

(
ψε(t, x) +

γ

2π
| ln ε|bεr(t)

)
xrω

ε(t, x)dx

⩽
∫
Ω̃ε

ρ(t)

(
− ψε(t, x)− γ

2π
| ln ε|bεr(t)

)
xrω

ε(t, x)dx+
(24T0C

′
F + 1

2)γ
2

π
h0 ln | ln ε|

⩽
∫
Ω̃ε

ρ(t)

(
− ψε(t, x)− γ

2π

√
xrbεr(t)| ln ε|

)
xrω

ε(t, x)dx

+
γ

2π
| ln ε|

√
bεr(t)

∫
Ω̃ε

ρ(t)

(√
xr −

√
bεr(t)

)
xrω

ε(t, x)dx

+
(24T0C

′
F + 1

2)γ
2

π
h0 ln | ln ε|
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⩽
2γ2

π
h0 ln | ln ε|+

γ

2π
| ln ε|

√
2r∗

2
√
r∗/2

∫
Ω̃ε

ρ(t)
|xr − bεr(t)|xrωε(t, x)dx

+
(24T0C

′
F + 1

2)γ
2

π
h0 ln | ln ε|

⩽
γ2

π
h0(5 + 24C ′

FT0) ln | ln ε|,

where we used Lemma 4.6 and Lemma 4.4. Choosing A = 1
πγr

∗(5 + 24C ′
FT0) gives the first estimate

in the lemma for any ε ∈ (0, ε0].

Inside Ω̃ε
ρ(t), we have

0 ⩽− ψε(t, x)− γ

2π
| ln ε|bεr(t) +

A

ρ(ε)
= − 1

2π

∫
R2
+

(√
xryr ln |x− y| − (ln ε)bεr(t)

)
yrω

ε(t, y)dy +
A

ρ(ε)

⩽− bεr(t)

2π

∫
R2
+

ln

(
|x− y|
ε

)
yrω

ε(t, y)dy − 1

2π

∫
R2
+

(
√
xryr − bεr(t)) ln |x− y|yrωε(t, y)dy +

A

ρ(ε)

⩽− bεr(t)

2π

∫
R2
+

ln

(
|x− y|
ε

)
yrω

ε(t, y)dy + C
√

| ln ε|+ A

ρ(ε)
,

where we have used
√
xryr − bεr(t) = O(1/

√
| ln ε|) for any x, y ∈ suppωε(t) and (4.3). Therefore, for

R ⩾ 1∫
R2
+\B(x,Rε)

ln

(
|x− y|
ε

)
yrω

ε(t, y)dy ⩽−
∫
R2
+∩B(x,Rε)

ln

(
|x− y|
ε

)
yrω

ε(t, y)dy + C
√
| ln ε|+ 2πA

ρ(ε)bεr(t)

⩽−
∫
R2
+∩B(x,ε)

ln

(
|x− y|
ε

)
yrω

ε(t, y)dy + C
√
| ln ε|+ 4πA

ρ(ε)r∗

because − ln |x−y|
ε ⩽ 0 outside B(x, ε). By the mass rearrangement Lemma A.1 applied to g(s) =

− ln s
ε1(0,ε) and M = 2r∗M0/ε

2, we get

−
∫
R2
+∩B(x,ε)

ln

(
|x− y|
ε

)
yrω

ε(t, y)dy ⩽ −2πM

∫ min(ε,
√

γ
πM

)

0
s ln

s

ε
ds

⩽ −2πM
(1
2
s2 ln

s

ε
− 1

4
s2
)∣∣∣

s=min(ε,
√

γ
πM

)
= O(1).

This implies that

lnR

∫
R2
+\B(x,Rε)

yrω
ε(t, y)dy ⩽ C

√
| ln ε|+ 4πA

ρ(ε)r∗
.

Choosing B = A20π
γr∗ and R = 1

2e
B/ρ(ε) > 1, we have for ε small enough (depending on ρ and A, hence

on T0) that ∫
R2
+\B(x,Rε)

yrω
ε(t, y)dy ⩽

4π

r∗
Cρ(ε)

√
| ln ε|+A

B − ρ(ε) ln 2
⩽

5π

r∗
A

B
=

1

4
γ

because ρ(ε)
√

| ln ε| → 0 as ε→ 0. As this inequality holds true for any x ∈ Ω̃ε
ρ(t), it follows that

diam Ω̃ε
ρ(t) ⩽ 2Rε = εeB/ρ(ε).

Indeed, if we have x, x̃ ∈ Ω̃ε
ρ(t) such that |x− x̃| > 2Rε, it would mean that∫

B(x,Rε)∪B(x̃,Rε)
yrω

ε(t, y)dy =

∫
B(x,Rε)

yrω
ε(t, y)dy +

∫
B(x̃,Rε)

yrω
ε(t, y)dy ⩾ 2

3

4
γ

which is impossible by the assumption
∫
yrω

ε(y)dy = γ and ωε ⩾ 0. □
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4.4. Bootstrap argument and ends of the proof of the main results of this section. In this

paragraph we finally establish that T̃ε = Tε, by proving that for every t ⩽ T̃ε and i ∈ {1, . . . , N}, there
exists a domain Ω̃ε

i (t) such that

diam Ω̃ε
i (t) ⩽

1

2| ln ε|
,

and
1

γ

∫
R2
+\Ω̃ε

i (t)
xrω

ε
i (t, x)dx ⩽

3

4

ln | ln ε|
| ln ε|

.

By continuity of the trajectories, this will prevent the inequality T̃ε < Tε from being possible.

By Proposition 4.11 applied to ρ(ε) = B
| ln ε|−2 ln | ln ε| , there exists a set Ω̃ε

i (t) such that

diam Ω̃ε
i (t) ⩽ εeB/ρ(ε) =

1

| ln ε|2
⩽

1

2| ln ε|
for ε0 small enough, and

1

γ

∫
R2
+\Ω̃ε

i (t)
xrω

ε(t, x)dx ⩽
h0
r∗
ρ(ε) ln | ln ε| = h0

r∗
B ln | ln ε|

| ln ε| − 2 ln | ln ε|
⩽

3

4

ln | ln ε|
| ln ε|

,

provided that

(4.7)
Bh0
r∗

= 20(5 + 24C ′
FT0)

h0
r∗

⩽
1

2
.

The inequality (4.7) entails the constraint on h0 and T0 in the main results stated at the beginning
of this section. Assuming for instance T0 ⩽ 1/(24C ′

F ) and h0 ⩽ r∗/240, all the results of this section
read as follows: there exists ε0 > 0 depending only on h0 such that for any ε ∈ (0, ε0] and every
i ∈ {1, . . . , N}, all the inequalities stated hold true for all t ∈ [0, Tε]. In particular, Proposition 4.1
and respectively Lemma 4.2 follow directly from Proposition 4.11 and resp. Lemma 4.4. Finally,
Corollary 4.3 is a direct consequence of Lemma 4.4 combined with the definition of Ωε

i (4.2), see
Remark 4.5.

Remark 4.12. The constant h0 was chosen small enough so that some constants are absorbed, see
(4.7), which explained why we have tracked in all this section the dependence on h0. The possibility to
choose h0 small will not be used below, therefore, h0 is fixed as h0 = min(r∗/240, 1/2) and we will not
specify the dependence of the constants on h0 in the sequel.

Remark 4.13. Before going to the next part of the paper, let us remark that Proposition 4.1 can give
us a much sharper concentration result than Corollary 4.3. Indeed, by taking for instance ρ(ε) = 120

η| ln ε| ,

for any given η > 0, we get the existence of a domain Ω̂ε
i (t) such that

1

γ

∫
Ω̂ε

i (t)
xrω

ε
i (t, x)dx ⩾ 1− h0

r∗
120

η

ln | ln ε|
| ln ε|

and diam Ω̂ε(t) ⩽ ε1−η,

which means that most of the mass can be found in an area of radius ε1−η. However, this comes at
the price of a relatively rough information on the location of Ω̂ε

i (t). Specifically, with the localization

estimates at hand and the mass being located away from Ω̂ε
i (t) of order O

(
ln | ln ε|
| ln ε|

)
, we can only show

that

dist(bε(t), Ω̂ε(t)) = O
(
ln | ln ε|
| ln ε|

)
,

by adapting the proof of Lemma 4.4 and no better than that. Therefore, the center of mass can be
quite far from the actual location of the vortex filament compared to the size of filament’s core. This
is due to the possible filamentation of the vortex filament as discussed in the introduction.

5. Equation of the motion

Lemma 4.9 provides the equation of the motion of the radial component of bεi (t) that holds up to

Tε as T̃ε = Tε being defined in (4.2), (3.6) respectively. The goal of this section is to derive the full
equation for both components and then establish the link with (Xε

i )1⩽i⩽N as in (1.3).
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5.1. Motion of the center of mass. We prove in the following lemma that the motion of the center
of mass of the vortex ring is governed by the binormal flow together with the influence of the other
vortex rings.

Lemma 5.1. Provided T0 ⩽ 1/(24C ′
F ), there exists ε0 > 0 and C > 0 independent of T0, such that

for every ε ∈ (0, ε0], i ∈ {1, . . . , N} and t ∈ [0, Tε], we have that∣∣∣∣∣ ddtbεi (t)− 1

| ln ε|
F ε
i (t, b

ε
i (t))− γ

ez
4πbεi,r(t)

∣∣∣∣∣ ⩽ C
ln | ln ε|
| ln ε|

.

Proof. As in the beginning of the proof of Lemma 4.9, we start by writing

d

dt
bε(t) =

1

γ| ln ε|

∫
R2
+

(
uε(t, x) + F ε(t, x)

)
xrω

ε(t, x)dx.

A few computations were already done in Lemma 4.9, and we obtain that

d

dt
bε(t) =

1

γ| ln ε|

∫
R2
+

uεK(t, x)xrω
ε(t, x)dx

+
1

γ| ln ε|

∫
R2
+

uεL(t, x)xrω
ε(t, x)dx

+
1

γ| ln ε|

∫
uεR(t, x)xrω(t, x)dx

+
1

γ| ln ε|

∫
R2
+

F ε(t, x)xrω
ε(t, x)dx

:=A1 +A2 +A3 +A4,

with A1 = O
(

1
| ln ε|

)
by symmetrizing, and A3 = O

(
1

| ln ε|

)
.

For the term A4 we compute that

A4 =
1

| ln ε|
F ε(t, bε(t)) +

1

γ| ln ε|

∫ (
F ε(t, x)− F ε(t, bε(t))

)
xrω(t, x)dx

then using from Lemma 3.1 that F ε is Lipschitz and Lemma 4.2∣∣∣∣A4 −
1

| ln ε|
F ε(t, bε(t))

∣∣∣∣ ⩽ C ′
F

γ

∫
|x− bε(t)|xrω(t, x) ⩽ 5C ′

Fh0
ln | ln ε|
| ln ε|

.

We now turn to A2. Using the definition of uL (2.16), we have

A2 =− ez
2γ| ln ε|

∫
1

x2r
ψε(t, x)xrω

ε(t, x)dx

=− ez
2γ| ln ε||bεr(t)|2

∫
R2
+

ψε(t, x)xrω
ε(t, x)dx

− ez
2γ| ln ε|

∫
R2
+

(
1

x2r
− 1

|bεr(t)|2

)
ψε(t, x)xrω

ε(t, x)dx.

By Lemma 4.6 and Lemma 4.2, we have∫
R2
+

∣∣∣∣ 1x2r − 1

|bεr(t)|2

∣∣∣∣ |ψε(t, x)|xrωε(t, x)dx ⩽ C| ln ε|
∫
R2
+

∣∣xr − bεr(t)|xrωε(t, x)dx

⩽ C ln | ln ε|.
Next we use the definition of the energy (4.4), the expression of ψε (2.15), the decomposition of
the kernel provided in Corollary 2.5, with the uniform bound of S in L∞

loc and the support of ωε(t)
satisfying (3.7), to write

−
∫
R2
+

ψε(t, x)xrω
ε(t, x)dx = Eε(t) +O(1),

then, by using Corollary 4.10, we obtain that∣∣∣∣A2 − γ
ez

4πbεr(t)

∣∣∣∣ ⩽ C(1 + T0)
ln | ln ε|
ln ε

⩽ C
ln | ln ε|
ln ε

,
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provided T0 ⩽ 1/(24C ′
F ). □

Finally, we show that the velocity F ε
i created by the other vortices behaves as the interaction in

the classical point vortex system (see [44, 45]).

Lemma 5.2. Provided T0 ⩽ 1/(24C ′
F ), there exists ε0 > 0 and C > 0 independent of T0, such that

for every ε ∈ (0, ε0], i ∈ {1, . . . , N} and t ∈ [0, Tε], we have∣∣∣∣∣∣F ε
i (t, b

ε
i (t))−

γ

2π

∑
j ̸=i

(
bεi (t)− bεj(t)

)⊥∣∣bεi (t)− bεj(t)
∣∣2
∣∣∣∣∣∣ ⩽ C ln | ln ε|.

Proof. Going back to the definition of the F ε
i (3.1) and the decomposition of G, see Corollary 2.5, we

have that

F ε
i (t, b

ε
i (t)) =

1

bεi,r(t)

∑
j ̸=i

∫
R2
+

∇⊥
x G(bεi (t), y)yrωε

j (t, y)dy

=
1

2πbεi,r(t)

∑
j ̸=i

∫
R2
+

√
yrbεi,r(t)

(
bεi (t)− y

)⊥∣∣bεi (t)− y
∣∣2 yrωε

j (t, y)dy

− ez
4πbεi,r(t)

∑
j ̸=i

∫
R2
+

√
yr

bεi,r(t)
ln |bεi (t)− y|yrωε

j (t, y)dy

+
1

bεi,r(t)

∑
j ̸=i

∫
R2
+

∇⊥
x S(b

ε
i (t), y)yrω

ε
j (t, y)dy

:=A1 +A2 +A3.

By the localization of the vorticity supports entailed in the definition of Tε (3.6), we know that

|bεi,r(t)−Xi,0,r| ⩽ d0/
√
| ln ε|. Hence for j ̸= i and y ∈ suppωε

j (t) we have by definition of d0 in (3.5)
that

|bεi (t)− y| ⩾ |Xi,0,r −Xj,0,r| − |Xi,0,r − bεi,r(t)| − |y −Xj,0,r| ⩾
2d0√
| ln ε|

.

It follows that A2 = O(ln | ln ε|). On the other hand, we infer from Corollary 2.5 that A3 = O(1).
We now turn to A1. By definition of Tε (3.6), we have that for y ∈ suppωε

j and j ̸= i

|
√
bεi,r −

√
yr|

|bεi (t)− y|
=

|bεi,r − yr|

(
√
bεi,r +

√
yr)|bεi (t)− y|

⩽
1

r∗

hence

A1 =
1

2π

∑
j ̸=i

∫
R2
+

(
bεi (t)− y

)⊥∣∣bεi (t)− y
∣∣2 yrωε

j (t, y)dy +O(1).

Moreover, since |bεi − bεj | ⩾ |Xi,0,r −Xj,0,r| − 2d0/
√

| ln ε| ⩾ 2d0/
√

| ln ε|, using that a/|a|2 − b/|b|2 =

(a− b)/(|a||b|), we deduce from Lemma 4.2 that∣∣∣∣∣∣A1 −
1

2π

∑
j ̸=i

∫
R2
+

(
bεi − bεj

)⊥∣∣bεi − bεj
∣∣2 yrωε

j (t, y)dy

∣∣∣∣∣∣ ⩽ 1

2π

∑
j ̸=i

∫
R2
+

|bεj − y|
|bεi − bεj ||bεi − y|

yrω
ε
j (t, y)dy +O(1)

⩽ Ch0| ln ε|
ln | ln ε|
| ln ε|

⩽ C ln | ln ε|.

Gathering all the previous estimates concludes the proof. □

5.2. Limiting trajectories. We prove in this section that the center of vorticities (bεi )1⩽i⩽N , defined

in (1.6), are located close to (Xε
1⩽i⩽N )i and (X̃ε

i )1⩽i⩽N , defined in (1.3) and (1.9) respectively.

First, we prove that (Xε
i )i and (X̃ε

i )i are located in A
Xε

i,0,r
ε (d0, h0), see (3.4) for the definition of

this set, and remain suitably close.
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Lemma 5.3. For h0 fixed, there exist positive numbers TX , ε0 and C, such that for every t ∈ [0, TX ],
ε ∈ (0, ε0] and i ∈ {1, . . . , N}, we have

Xε
i (t), X̃

ε
i (t) ∈ A

Xε
i,0,r

ε (d0, h0) and |Xε
i (t)− X̃i(t)| ⩽

C

| ln ε|
.

Proof. First, we consider Ỹi defined in (1.8). Given the independence of ε of the respective system, it
is clear by continuity of the trajectories that there exists TX ∈ (0, 1] such that

X̃ε
i (t) ∈ A

Xε
i,0,r

ε

(d0
2
,
h0
2

)
, ∀t ∈ [0, TX ].

Next, we remark that by definition Y ε
i is given by

Y ε
i (t) =

√
| ln ε|

(
Xε

i (t)−X∗ − γ

4πr∗
tez

)
,

which satisfies that Y ε
i (0) = Yi,0 and

d

dt
Y ε
i (t) =

γ

2π

∑
j ̸=i

(Y ε
i − Y ε

j )
⊥

|Y ε
i − Y ε

j |2
+
√

| ln ε| γ

4πr∗

 1

1 +
Y ε
i,r

r∗
√

| ln ε|

− 1

 ez.

By continuity of the trajectories, we state that the exists T̂ε ∈ (0, TX ] such thatXε
i (t) ∈ A

Xε
i,0,r

ε

(
d0, h0

)
for all t ∈ [0, T̂ε].

Noticing that

− γ

4π(r∗)2
Ỹi,r =

√
| ln ε| γ

4πr∗

 1

1 +
Ỹi,r

r∗
√

| ln ε|

− 1

+O

(
1√
| ln ε|

)
,

we conclude that for all t ∈ [0, T̂ε]

d

dt
Yε = Fε

1(Yε)∣∣∣∣ ddt Ỹ − Fε
1(Ỹ)

∣∣∣∣ = O

(
1√
| ln ε|

)
,

where

Fε
1 :


(R2

+)
N → (R2)N

Y = (Y1, . . . , YN ) 7→

 γ

2π

∑
j ̸=i

(Yi − Yj)
⊥

|Yi − Yj |2
+
√

| ln ε| γ

4πr∗

 1

1 +
Yi,r

r∗
√

| ln ε|

− 1

 ez


1⩽i⩽N

.

The map Fε
1 is Lipschitz continuous when X ε, X̃ ε ∈

∏
iA

Xε
i,0,r

ε (d0, h0) with constant K = O(1), so by

Gronwall lemma (see for instance the variant in Lemma A.2), we get that for every t ⩽ T̂ε,∣∣∣Yε(t)− Ỹ(t)
∣∣∣ ⩽ ( CTX√

| ln ε|
+ 0

)
eKTX ,

for all t ∈ [0, T̂ε].

In conclusion there exists a constant C depending on (Yi,0)i but not on ε such that for any t ∈ [0, T̂ε],

|Y ε
i (t)− Ỹi(t)| ⩽

C√
| ln ε|

,

and thus

|Xε
i (t)− X̃i(t)| ⩽

C

| ln ε|
.

Choosing ε0 small enough, this allows us to state that

Xε
i (t) ∈ A

Xε
i,0,r

ε

(3d0
4
,
3h0
4

)
,
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and hence no blow-up happens on [0, T̂ε], and by continuity of the trajectories, we get that T̂ε ⩾ TX ,
which ends the proof. □

We are now in position to prove that bεi is close to Xε
i .

Proposition 5.4. Provided T0 ⩽ min(1/(24C ′
F ), TX), there exist ε0 > 0 and C > 0 independent of

T0, such that for every ε ∈ (0, ε0], i ∈ {1, . . . , N} and t ∈ [0, Tε], we have that

|bεi (t)−Xε
i (t)| ⩽ C

ln | ln ε|
| ln ε|

.

Proof. Let X ε(t) = (Xε
1(t), . . . , X

ε
N (t)), Bε(t) = (bε1(t), . . . , b

ε
N (t)).

Let

Fε
2 :


(R2

+)
N → (R2)N

X = (X1, . . . , XN ) 7→

 γ

4πXi,r
ez +

γ

2π| ln ε|
∑
j ̸=i

(
Xi −Xj

)⊥∣∣Xi −Xj

∣∣2


1⩽i⩽N

.

Then, we have by definition of the Xε
i that

d

dt
X ε(t) = Fε

2(X ε(t))

and by Lemma 5.1 and Lemma 5.2 that∣∣∣∣ ddtBε(t)−Fε
2(Bε(t))

∣∣∣∣ ⩽ C
ln | ln ε|
| ln ε|

.

By Lemma 5.3, the map Fε
2 is Lipschitz continuous on

∏
iA

Xε
i,0,r

ε (d0, h0) with constant K = O(1), so
by Gronwall lemma (see for instance the variant in Lemma A.2), we get that for every t ⩽ Tε,

|Bε(t)−X ε(t)| ⩽
(
C T0

ln | ln ε|
| ln ε|

+ ε

)
eKT0 ,

which ends the proof. □

From this result, we are now in position to prove Theorem 1.1-(i) on the time interval t ∈ [0, Tε].

Corollary 5.5. Provided T0 ⩽ min(1/(24C ′
F ), TX), there exist ε0 > 0 and C0 > 0 independent of T0,

such that for every ε ∈ (0, ε0], i ∈ {1, . . . , N}, we have that

sup
t∈[0,Tε]

∣∣∣∣∣γ −
∫
B
(
Xε

i (t),C0
ln | ln ε|
| ln ε|

) xrωε
i (t, x)dx

∣∣∣∣∣ ⩽ γ
ln | ln ε|
| ln ε|

.

Proof. By Proposition 5.4 and as h0 ⩽ 1
2 (see Remark 4.12), we have that

B

(
bεi (t), 3h0

ln | ln ε|
| ln ε|

)
⊂ B

(
Xε

i (t), (C + 3h0)
ln | ln ε|
| ln ε|

)
⊂ B

(
Xε

i (t),
(
C +

3

2

) ln | ln ε|
| ln ε|

)
,

hence

B

(
Xε

i (t),
(
C +

3

2

) ln | ln ε|
| ln ε|

)c

⊂ B

(
bεi (t), 3h0

ln | ln ε|
| ln ε|

)c

,

and ∫
B
(
Xε

i (t),(C+ 3
2
)
ln | ln ε|
| ln ε|

)c
xrω

ε
i (t, x)dx ⩽

∫
B
(
bεi (t),3h0

ln | ln ε|
| ln ε|

)c
xrω

ε
i (t, x)dx.

So using Corollary 4.3, we have the desired result by taking C0 = C + 3/2. □

Remark 5.6. It is clear from the previous proof that we have the same result replacing Xε
i by X̃ε

i ,
which proves the claim made in the introduction.
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6. Strong localization

All the above results are valid up to Tε, defined in (3.6), in particular Part (i) of Theorem 1.1. The
goal of this section is to show Part (ii) of Theorem 1.1, but also to state that Tε = T0, namely we will
prove the following.

Proposition 6.1. For h0 fixed, there exists T0 > 0 and ε0 > 0 such that for every ε ∈ (0, ε0], every
t ⩽ Tε and i ∈ {1, . . . , N}, we have that

suppωε
i (t, ·) ⊂ A

Xε
i,0,r

ε

(
d0
2
,
h0
2

)
and thus, by the continuity of the trajectories of the fluid particles, we conclude that

Tε = T0.

We start by establishing the strong localization in the radial direction, which requires precise esti-
mates and a two-step iteration process inspired by [11], then turn to the vertical strong localization
proven by a simpler version of the same method.

This strong localization method was introduced by Marchioro and Pulvirenti in the nineties, first
published in [44], see also [45], in the context of 2D-Euler flows. It has since proven to be a powerful
tool for the study of concentrated vorticities and their stability and been deployed in many important
articles. The approach has mainly been developed by Marchioro and his collaborators including
adaptations to the 3D setting of vortex rings in various regimes. The arguments have been gradually
refined and substantially improved in a long series of papers and noways reached an apparent level of
complexity that may make it seem difficult to understand. Our aim in this section is to present this
powerful approach in the most pedagogical and self-contained way possible, allowing the reader who
has skimmed the previous sections to learn this tool.

6.1. Strong localization in the radial direction. To shorten the notation, let us denote for this

section ri,ε0 = Xε
i,0,r. Strong localization means controlling the size of the support of the vorticity, i.e.

of the following quantity

Ri,ε
t := max

{∣∣∣xr − ri,ε0

∣∣∣ , x ∈ suppωε
i (t, ·)

}
.

Although the natural definition would be to use the Euclidian distance in R2, the presence of the local
induction term vεL in 3D axisymmetric flows, as noticed in [8], makes this problem anisotropic and forces
us to treat independently the radial and the vertical directions. Because of possible filamentation, we
obtain a stronger control in the radial direction rather than in the vertical direction. Let us mention
that we could also define this radius by measuring the distance to the center of mass bεi (t) rather than
to Xi,0,r. However, in the current setting, it would not improve the obtained estimates but would
result in longer computations.

To estimate the evolution of Ri,ε
t , we now fix a time t ⩽ Tε and an index i ∈ {1, . . . , N}, and focus

on a fluid particle trajectory from the support of ωε
i that reaches at time t the farthest distance from

the initial position (in the radial direction). Namely, we consider xi,ε,0 ∈ R2
+ such that∣∣∣xi,ε,0r − ri,ε0

∣∣∣ = Ri,ε
t ,

and s 7→ xi,ε,t(s) be the Lagrangian trajectory passing by xi,ε,0 at time t, i.e., by the transport equation
(3.2), the solution of 

d

ds
xi,ε,t(s) =

1

| ln ε|

(
uεi (s, x

i,ε,t(s)) + F ε
i (s, x

i,ε,t(s))
)
,

xi,ε,t(t) = xi,ε,0.

The general idea of the proof is to control the velocity of this fluid particle in the radial direction

(and hence the growth of Ri,ε
t ) by controlling the mass of the vorticity included in a region located

between Ri,ε
t /2 and Ri,ε

t . Indeed, the fluid particle we focus on is relatively far from the vortex core,
which gives good control over the velocity induced by the latter on the former. Therefore, we prove
that estimating the vorticity mass far from the vortex core (hence potentially close to the fluid particle)
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induces control over its outward velocity. This is the content of the following lemma. Let us introduce
for any R > 0,

U i,ε
R := {(z, r) ∈ R2

+, |r − ri,ε0 | < R},
and

mi,ε
t (R) :=

∫
(Ui,ε

R )c
xrω

ε
i (t, x)dx.

Lemma 6.2. There exists C > 0 independent of T0 such that

d

ds

[
|xi,ε,tr (s)− ri,ε0 |

]
(t) ⩽

C√
| ln ε|

+
C

| ln ε|

 1

Ri,ε
t

+

√
mi,ε

t (Ri,ε
t /2)

ε

 ,

for all t ∈ [0, Tε], ε > 0 and i ∈ {0, . . . , N}.

Proof. As often in the previous sections, we drop during the proofs the index i in the notation of ωε
i

and Ωε
i since we perform the proofs for a fixed i ∈ {0, . . . , N} and we derive uniform estimates with

respect to this parameter.
We compute that

d

ds

[
|xε,tr (s)− rε0|

]
(t) =

xε,tr (t)− rε0∣∣xε,tr (t)− rε0
∣∣ er
| ln ε|

· (uε + F ε)(t, xε,t(t))

and thus, recalling that xε,t(t) = xε,0,

d

ds

[
|xε,tr (s)− rε0|

]
(t) ⩽

1

| ln ε|

∣∣∣uεK(t, xε,0) + uεR(t, x
ε,0) + F ε(t, xε,0)

∣∣∣
⩽

C

| ln ε|

∫
R2
+

yrω
ε(t, y)∣∣xε,0 − y

∣∣dy + C√
| ln ε|

,

where we have used, as often in Section 4, the decomposition of uε (see Lemma 2.6), that uεL · er = 0,
the estimate on F ε (see Lemma 3.1) and that r∗/2 ⩽ xε,0, y ⩽ 2r∗ (see (3.7)). We now split the
integral on Uε

Rε
t/2

and R2
+ \ Uε

Rε
t/2
. If y ∈ Uε

Rε
t/2

, then |xε,0 − y| ⩾ Rε
t/2, and thus, by the conservation

of the total mass of vorticity (3.3) and as the vorticity is non-negative, we have∫
Uε
Rε
t /2

yrω
ε(t, y)

|xε,0 − y|
dy ⩽

C

Rε
t

.

On the complement, we use the following property3: for every Ω ⊂ R2 and f ∈ L1 ∩ L∞(Ω)∫
Ω

f(y)

|xε,0 − y|
dy ⩽ C∥f∥

1
2

L1(Ω)
∥f∥

1
2

L∞(Ω),

where C is independent of Ω, to obtain that∫
R2
+\Uε

Rε
t /2

yrω
ε(t, y)

|xε,0 − y|
dy ⩽

C

ε

√
mε

t (R
ε
t/2),

because the transported initial vorticity is less than C/ε2, see (1.5). □

It appears now clear that we need to estimate the mass of the vorticity further than Ri,ε
t /2, namely

we are looking for a weak localization estimate. Unfortunately, Corollary 4.3 derived in Section 4 is

not enough because ln | ln ε|/(ε2| ln ε|) ≫ | ln ε| so we will prove a better estimate for mi,ε
t (Ri,ε

t /2).
As we will need to differentiate with respect to t, which is difficult because the domain of integration

in the definition of mi,ε
t depends on t, we introduce a regularization of mi,ε

t : let

µi,εt (R, η) :=

∫
R2

(
1−WR,η(xr − ri,ε0 )

)
xrω

ε
i (t, x)dx

with

WR,η(s) =

{
1 if |s| ⩽ R

0 if |s| ⩾ R+ η

3See for instance [36, Lemma 2.1] when Ω = R2 and f ∈ L1 ∩ L∞(R2), and next apply this for f1Ω.
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satisfying that WR,η ∈ C∞ and ∥W ′
R,η∥L∞ ⩽ C/η and ∥W ′′

R,η∥L∞ ⩽ C/η2.
We first observe that

(6.1) µi,εt (R, η) ⩽ mi,ε
t (R) ⩽ µi,εt (R− η, η).

We estimate in the next lemma the time derivative.

Lemma 6.3. There exists C > 0 independent of T0 such that, for every t ⩽ Tε, ε > 0, i ∈ {1, . . . , N},

η > 0 and R ∈
[

d0
128

√
| ln ε|

, d0
16
√

| ln ε|

]
, we have that

d

dt
µi,εt (R, η) ⩽ C

(
1

η
√

| ln ε|
+
mi,ε

t (R/2)

η2| ln ε|

)
mi,ε

t (R)

Proof. As in the beginning of the proof of Proposition 4.8, we use the equation verified by ωε (3.2)
and the decomposition of uε (2.16), to state that uεL · er = 0 implies

d

dt
µεt (R, η) =

−1

| ln ε|

∫ (
1−WR,η(xr − ri,ε0 )

)
div
(
(uε + F ε)(t, x)xrω

ε(t, x)
)
dx

=
−1

| ln ε|

∫
W ′

R,η(xr − rε0)er · (uεK + uεR + F ε)(t, x)xrω
ε(t, x)dx = A1 +A2

where

A1 :=
−1

| ln ε|

∫
W ′

R,η(xr − rε0)er · (uεR + F ε)xrω
ε(t, x)dx

A2 :=
−1

| ln ε|

∫
W ′

R,η(xr − rε0)er · uεKxrωε(t, x)dx.

We start with A1. Recalling from Lemmas 2.6 and 3.1 that ∥uεR∥L∞ ⩽ C and ∥F ε∥L∞ ⩽ C
√
| ln ε|,

and that W ′
R,η = 0 out of [R,R+ η] we have that

|A1| ⩽
C

η
√
| ln ε|

mε
t (R).

We now compute A2. First, we expand uεK and get that

A2 =
−1

| ln ε|

∫∫
W ′

R,η(xr − rε0)er ·
√
yr
xr
K(x− y)xrω

ε(t, x)yrω
ε(t, y)dxdy

then we symmetrize by exchanging x and y to get that

A2 =
−1

| ln ε|
er ·

∫∫
f(x, y)K(x− y)xrω

ε(t, x)yrω
ε(t, y)dxdy

with

f(x, y) =
1

2

(
W ′

R,η(xr − rε0)

√
yr
xr

−W ′
R,η(yr − rε0)

√
xr
yr

)
.

For readability, we omit the subscript ε in the set of type Uε
R. As f = 0 on UR × UR, we observe

that for any φ ∈ L∞∫∫
R2
+×R2

+

fφ =

∫∫
R2
+×UR/2

fφ+

∫∫
R2
+×Uc

R/2

fφ

=

∫∫
Uc
R×UR/2

fφ+

∫∫
Uc
R×Uc

R/2

fφ+

∫∫
UR×Uc

R/2

fφ

and ∫∫
UR×Uc

R/2

fφ+

∫∫
Uc
R×Uc

R

fφ =

∫∫
UR×Uc

R

fφ+

∫∫
Uc
R×Uc

R

fφ =

∫∫
R2
+×Uc

R

fφ

=

∫∫
UR/2×Uc

R

fφ+

∫∫
Uc
R/2

×Uc
R

fφ.
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Summing these two lines, we get that for symmetric fφ, we may split the integral in three as∫∫
R2
+×R2

+

fφ = 2

∫∫
Uc
R×UR/2

fφ+ 2

∫∫
Uc
R×Uc

R/2

fφ−
∫∫

Uc
R×Uc

R

fφ

and we denote accordingly A2 := A21 +A22 +A23.
When (x, y) ∈ Uc

R × UR/2, |x− y| ⩾ R/2 ⩾ d0
256

√
| ln ε|

, hence

|A21| ⩽
C

η
√
| ln ε|

mε
t (R).

For the two other terms, we use that |f(x, y)| ⩽ C
η2
|x− y| to get that

|A22 +A23| ⩽
C

η2| ln ε|

∫∫
Uc
R×Uc

R/2

xrω
ε(t, x)yrω

ε(t, y)dxdy ⩽
C

η2| ln ε|
mε

t (R)m
ε
t (R/2),

which ends the proof. □

We now use the previous lemma to estimate the quantity mi,ε
t (Ri,ε

t /2). It is not possible to reach
an estimate of order εℓ in one step, so we use a double iterative method inspired by [11].

Starting from the weak concentration proved in Section 4, we get a weak concentration estimate of
order | ln ε|−ℓ.

Lemma 6.4 (First iteration). For every ℓ > 0, there exists a T0 depending on ℓ, that we denote by
T0,ℓ > 0, and εℓ > 0, such that for every ε ∈ (0, εℓ], i ∈ {1, . . . , N} and t ∈ [0, Tε], we have that

mi,ε
t

(
d0

64
√

| ln ε|

)
⩽

1

| ln ε|ℓ
.

In the statement of this lemma, we read the definition of Tε (3.6) as Tε ⩽ T0,ℓ.

Proof. As the dynamics of (Ỹi) is independent of ε (see (1.8)), it is clear that we can state that

|X̃ε
r (t)− rε0| ⩽

d0

300
√
| ln ε|

, ∀t ∈ [0, Tε]

by choosing T0 small enough4. From Lemma 5.3 and up to choosing ε small enough, we have

|Xε
r (t)− rε0| ⩽

d0

256
√
| ln ε|

∀t ∈ [0, Tε].

For such T0 and ε0, we notice that

Uεc
R/2 ⊂ B

(
Xε(t), C0

ln | ln ε|
| ln ε|

)c
provided R ∈

[
d0

128
√

| ln ε|
, d0
64
√

| ln ε|

]
and ε0 are small enough. Corollary 5.5 then implies that

mε
t (R/2) ⩽ γ

ln | ln ε|
| ln ε|

.

Plugging this into the estimates of Lemma 6.3, we get that

d

dt
µεt (R, η) ⩽ C

(
1

η
√
| ln ε|

+
ln | ln ε|
η2| ln ε|2

)
mε

t (R),

for any R ∈
[

d0
128

√
| ln ε|

, d0
64
√

| ln ε|

]
. Now we set R0 =

d0
64
√

| ln ε|
, n = [ln | ln ε|] and η = R0

2n and we obtain

that

1

η
√

| ln ε|
+

ln | ln ε|
η2| ln ε|2

=
2n

R0

√
| ln ε|

+
4n2 ln | ln ε|
R2

0| ln ε|2
⩽ Cn+ Cn

(ln | ln ε|)2

| ln ε|
⩽ Cn.

4This assumption may seem not very natural. A possibility to remove it is to confine the solution in a strip centered
not on rε0, which is fixed, but on Xε

i,r(t), or even on bεi,r(t). However in the present paper, as other limitations exist on

T0, it does not appear have any real interest, while adding more technical difficulties.
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In conclusion,
d

dt
µεt (R, η) ⩽ C nmε

t (R).

Integrating, we get that

µεt (R, η) ⩽ µε0(R, η) + C n

∫ t

0
mε

s(R)ds

and using (6.1) we get that

µεt (R, η) ⩽ µε0(R, η) + Cn

∫ t

0
µεs(R− η, η)ds,

provided R ∈
[
R0
2 , R0

]
.

Applying this inequality twice we get that

µεt (R0 − η, η) ⩽ µε0(R0 − η, η) + Cn

∫ t

0
µεs1(R0 − 2η, η)ds1

⩽ µε0(R0 − η, η) + Cntµε0(R0 − 2η, η) + (Cn)2
∫ t

0

∫ s1

0
µεs2(R0 − 3η, η)ds2ds1

and iterating n− 1 times eventually leads to

µεt (R0 − η, η) ⩽
n−1∑
j=1

µε0(R0 − jη, η)(Cnt)j−1 + (Cn)n−1

∫ t

0
. . .

∫ sn−2

0
µεsn−1

(R0/2, η)dsn−1 . . . ds1

and therefore, since µε0(R0/2) = 0 (see the initial assumption (1.5)) and µεs ⩽ γ for every s, we obtain
that

µεt (R0 − η, η) ⩽
(Cnt)n−1

(n− 1)!
.

Using Stirling’s formula we have that for any ℓ > 0,

| ln ε|ℓµεt (R0 − η, η) ⩽
1√

π(n− 1)
exp

(
(n− 1)

(
ln(Cnt)− ln(n− 1) + 1

)
+ ℓ ln | ln ε|

)
⩽

2√
π ln | ln ε|

exp
(
ln | ln ε|

(
ln(Ct) + 2 + ℓ

))
.

We see that if T0,ℓ ⩽
1

Ceℓ+2 , then this expression goes to 0 as ε→ 0 uniformly in t ∈ [0, Tε]. By (6.1),
this ends the proof. □

We iterate this procedure, starting now from the weak concentration proved in Lemma 6.4, to get
a weak concentration estimate of order εℓ.

Lemma 6.5 (Second iteration). For every ℓ > 0, there exists T0,ℓ > 0 and εℓ > 0 depending on ℓ,
such that for every ε ∈ (0, εℓ], i ∈ {1, . . . , N} and t ∈ [0, Tε], we have that

mi,ε
t

(
d0

16
√

| ln ε|

)
⩽ εℓ.

Proof. Applying Lemma 6.4 for ℓ = 1, we state that for every R ∈
[

d0
32
√

| ln ε|
, d0
16
√

| ln ε|

]
,

mε
t (R/2) ⩽ mε

t

( d0

64
√

| ln ε|

)
⩽

1

| ln ε|
,

so by injecting this into Lemma 6.3, we get

d

dt
µεt (R, η) ⩽ C

(
1

η
√
| ln ε|

+
1

η2| ln ε|2

)
mε

t (R).

By taking this time R0 =
d0

16
√

| ln ε|
, η = R0

2n and n = [| ln ε|], we get again that

d

dt
µεt (R, η) ⩽ Cnmε

t (R).
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Then by the same iterative method than in Lemma 6.4, we obtain that

µεt (R0 − η, η) ⩽
(Cnt)n−1

(n− 1)!
.

We then compute that

ε−ℓµεt (R0 − η, η) ⩽
1√

π(n− 1)
exp

(
(n− 1)

(
ln(Cnt)− ln(n− 1) + 1

)
+ ℓ| ln ε|

)
⩽

2√
π| ln ε|

exp
(
| ln ε|

(
ln(Ct) + 2 + ℓ

))
.

which again goes to 0 if T0,ℓ ⩽
1

Ceℓ+2 . □

We are now able to use Lemma 6.2 to conclude the radial part of Proposition 6.1.

Lemma 6.6. There exist T0 > 0 and ε0 > 0, such that for every ε ∈ (0, ε0], i ∈ {1, . . . , N} and
t ∈ [0, Tε], we have that

Ri,ε
t <

d0

2
√
| ln ε|

.

Proof. Assume that there exist i ∈ {1, . . . , N} and a time t1 ∈ (0, Tε] such that Rε
t1 = d0

2
√

| ln ε|
. Then

by continuity of t 7→ Rε
t , there exists a time t0 < t1 such that

Rε
t0 =

d0

8
√

| ln ε|
and ∀t ∈ [t0, t1], R

ε
t ⩾

d0

16
√
| ln ε|

.

Let C1 be the constant in Lemma 6.2. Let f : [t0, t1] → R be the solution of
f(t0) =

d0
4
√

| ln ε|

f ′(t) = 2
C1√
| ln ε|

+ 2
C1

| ln ε|

(
1

f(t)
+

√
mε

t (R
ε
t/2)

ε

)
.

Then for every t ∈ [t0, t1],

Rε
t < f(t).

Indeed, if it isn’t the case, by letting t2 ∈ [t0, t1] be the first time when Rε
t2 = f(t2), then there exists

a point xε,0 ∈ suppωε(t2) such that |xε,0 − rε0| = Rε
t2 . However Lemma 6.2 is then in contradiction5

with the fact that t2 is the first such time, due to the fact that f(t0) > Rε
t0 and

f ′(t2) >
C1√
| ln ε|

+
C1

| ln ε|

 1

Rε
t2

+

√
mε

t (R
ε
t2
/2)

ε

 .

Since for every t ∈ [t0, t1], f(t) > Rε
t ⩾ d0

16
√

| ln ε|
, we can apply Lemma 6.5 with ℓ = 2 to get that

for ε > 0 small enough,

f ′(t) ⩽
C√
| ln ε|

.

Therefore, by integrating in time,

Rε
t1 < f(t1) ⩽ f(t0) + (t1 − t0)

C√
| ln ε|

⩽
d0

2
√
| ln ε|

provided T0 is small enough. This is in contradiction with the fact that Rε
t1 = d0

2
√

| ln ε|
. By continuity

of the trajectories, the conclusion of the lemma follows from the non-existence of such time t1. □

5For more details on this contradiction argument, see for instance [22, Section 4.4].
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6.2. Strong localization in the vertical direction. We now perform a very similar analysis, but
in the direction z. We introduce this time

U i,ε
Z = {(z, r) ∈ R2

+, |z − z∗| < Z}
and

mi,ε
t (Z) =

∫
(Ui,ε

Z )c
xrω

ε
i (t, x)dx

and let

µi,εt (Z, η) =

∫
R2

(
1−WZ,η(xz − z∗)

)
xrω

ε
i (t, x)dx.

Let t ⩽ Tε, i ∈ {1, . . . , N} and let xi,ε,0 ∈ R2
+ such that∣∣∣xi,ε,0z − z∗

∣∣∣ = Zi,ε
t := max

{∣∣∣xz − z∗
∣∣∣ , x ∈ suppωε

i (t)
}
.

We then have the following.

Lemma 6.7. There exists C > 0 independent of T0 such that

d

ds

[
|xε,tz (s)− z∗|

]
(t) ⩽ C +

C

| ln ε|

 1

Zi,ε
t

+

√
mi,ε

t (Zi,ε
t /2)

ε

 ,

for all t ∈ [0, Tε], ε > 0 and i ∈ {0, . . . , N}.

Proof. We proceed similarly than in Lemma 6.2, the main difference being that the term uεL · ez does
not vanish. We compute that

d

ds

[
|xε,tz (s)− z∗|

]
(t) =

xε,tz (t)− z∗∣∣xε,tz (t)− z∗
∣∣ ez
| ln ε|

· (uε + F ε)(t, xε,t(t))

and thus

d

ds

[
|xε,tz (s)− z∗|

]
(t) ⩽

1

| ln ε|

∣∣∣uεK(t, xε,0) + uεL(t, x
ε,0) + uεR(t, x

ε,0) + F ε(t, xε,0)
∣∣∣.

We already know from the proof of Lemma 6.2 that

1

| ln ε|

∣∣∣uεK(t, xε,0) + uεR(t, x
ε,0) + F ε(t, xε,0)

∣∣∣ ⩽ C√
| ln ε|

+
C

| ln ε|

(
1

Zε
t

+

√
mε

t (Z
ε
t /2)

ε

)
.

We now use the relation (2.16) between uεL and ψε, the estimate of ψε (see Lemma 4.6) and the fact

that T̃ε = Tε (see Section 4.4) to state that

|uεL(t, xε,0)| ⩽ C| ln ε|
which allows us to conclude. □

Lemma 6.8. There exists C > 0 independent of T0 such that, for every t ⩽ Tε, ε > 0, i ∈ {1, . . . , N},
η > 0 and Z ∈

[
h0
32 ,

h0
16

]
, we have that

d

dt
µi,εt (Z, η) ⩽ C

(
1

η
+
mi,ε

t (Z/2)

η2| ln ε|

)
mi,ε

t (Z)

Proof. We compute that

d

dt
µt(Z, η) =

−1

| ln ε|

∫
W ′

Z,η(xz − z∗)ez · (uεK + uεL + uεR + F ε)(t, x)xrω
ε(t, x)dx = A1 +A2 +A3

where

|A1|+ |A2| ⩽ C

(
1

η
√
| ln ε|

+
mε

t (Z/2)

η2| ln ε|

)
mε

t (Z)

by reproducing the arguments of Lemma 6.3 with the only difference that Z/2 ⩾ h0
64 , and

A3 :=
−1

| ln ε|

∫
W ′

Z,η(xz − z∗)ez · uεL(t, x)xrωε(t, x)dx
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satisfies

|A3| ⩽ C/η.

□

We only need one iteration process to conclude in that case.

Lemma 6.9. For every ℓ > 0, there exists T0,ℓ > 0 and εℓ > 0 depending on ℓ, such that for every
ε ∈ (0, εℓ], i ∈ {1, . . . , N} and t ∈ [0, Tε], we have that

mi,ε
t

(
h0
16

)
⩽ εℓ.

Proof. As in the beginning of the proof of Lemma 6.4, we remark that, up to choose T0 and ε0 small
enough, Corollary 5.5 implies that

mε
t (Z/2) ⩽ γ

ln | ln ε|
| ln ε|

,

provided Z ∈
[
h0
32 ,

h0
16

]
. Injecting this into Lemma 6.8, we get that

d

dt
µεt (Z, η) ⩽ C

(
1

η
+

ln | ln ε|
η2| ln ε|2

)
mε

t (Z).

We take now Z0 =
d0
16 η = Z0

2n with n = [| ln ε|], and get that

d

dt
µεt (Z, η) ⩽ Cnmε

t (Z),

for all Z ∈
[
h0
32 ,

h0
16

]
. Then by the same iterative method than in Lemma 6.4, we obtain that

µεt (Z0 − η, η) ⩽
(Cnt)n−1

(n− 1)!
.

As in Lemma 6.5 we conclude that

ε−ℓµεt (Z0 − η, η) ⩽
1√

π(n− 1)
exp

(
(n− 1)

(
ln(Cnt)− ln(n− 1) + 1

)
+ ℓ| ln ε|

)
⩽

2√
π| ln ε|

exp
(
| ln ε|

(
ln(Ct) + 2 + ℓ

))
which gives the result as soon as CT0,ℓ ⩽ 1/e2+ℓ. □

We then conclude the vertical part of Proposition 6.1.

Lemma 6.10. There exist T0 > 0 and ε0 > 0, such that for every ε ∈ (0, ε0], i ∈ {1, . . . , N} and
t ∈ [0, Tε], we have that

Zi,ε
t <

h0
2
.

Proof. Assume that this is false, we obtain this time that Zε
t < f(t) for t ∈ [t0, t1] where

f(t0) =
h0
4
,

f ′(t) = 2C2 +
2C2

| ln ε|

(
1

f(t)
+

√
mε

t (Z
ε
t /2)

ε

)
and f(t) ⩾ h0

16 , and thus

f ′(t) ⩽ C,

so that

f(t) ⩽
h0
4

+ C(t1 − t0).

Taking T0 small enough leads to the contradiction and concludes the proof. □
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6.3. Conclusion of the proof of Theorem 1.1. By proving Lemmas 6.6 and 6.10, we have com-
pleted the proof of Proposition 6.1 which implies Part (ii) of Theorem 1.1, see (3.4) for the definition
of Ar0

ε (d, h0).
Proposition 6.1 also implies that Tε = T0, so all the estimates we obtained throughout this article

hold on the time interval [0, T0] which is independent of ε. In particular, we recall that Corollary 5.5
yields Part (i) of Theorem 1.1.
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Appendix A. Two classical lemmas

In this section, we state two classical lemmas which are used in the article.
First, we recall a standard lemma for mass rearrangement, whose proof is available in [35, Lemma

B.1]. Let g be a non increasing continuous function from (0,+∞), non-negative, such that s 7→ sg(s) ∈
L1
loc

(
[0,∞)

)
. Let

EM,γ =

{
f ∈ L∞

c (R2) , 0 ⩽ f ⩽M ,

∫
f = γ

}
.

Lemma A.1. For all x ∈ R2, we have

max
f∈EM,γ

∫
R2

g
(
|x− y|

)
f(y)dy = 2πM

∫ R

0
sg(s)ds

where R =
√

γ
πM , namely that f∗ =M1B(x,R) is the map that maximizes this quantity on EM,γ.

The second lemma concerns a variant of Gronwall’s inequality, whose proof is provided in [23,
Lemma A.2].

Lemma A.2. Let f : Rn → Rn such that there exists κ such that

∀x, y ∈ Rn,
∣∣f(x)− f(y)

∣∣ ⩽ κ|x− y|.
Let g ∈ L1(R+,R+) and T ⩾ 0. We assume that z : R+ → Rn satisfies

∀t ∈ [0, T ], z′(t) = f(z(t)),

that y : R+ → Rn satisfies
∀t ∈ [0, T ], |y′(t)− f(y(t))| ⩽ g(t).

Then

∀t ∈ [0, T ], |y(t)− z(t)| ⩽
(∫ t

0
g(s)ds+ |y(0)− z(0)|

)
eκt.

Proof. The proof was already provided in [23, Lemma A.2] and is recalled here for the sake of com-
pleteness.

We have that for all t ∈ [0, T ],

|y(t)− z(t)| ⩽
∣∣∣∣∫ t

0

(
y′(s)− z′(s)

)
ds

∣∣∣∣+ |y(0)− z(0)|

⩽
∫ t

0
g(s)ds+

∣∣∣∣∫ t

0

(
f(y(s))− f(z(s))

)
ds

∣∣∣∣+ |y(0)− z(0)|

⩽
∫ t

0
g(s)ds+ |y(0)− z(0)|+ κ

∫ t

0
|y(s)− z(s)|ds,

so using now the classical Gronwall’s inequality, since t 7→
∫ t
0 g(s)ds + |y(0) − z(0)| is non negative

and differentiable, we have that

|y(t)− z(t)| ⩽
(∫ t

0
g(s)ds+ |y(0)− z(0)|

)
eκt.

□
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Appendix B. On the suitable scaling regime

The purpose of this appendix is to provide a more detailed discussion on the suitable scaling
regime leading to the leapfrogging dynamics chosen in this paper as well as a detailed comparison
to the results of [11]. While the authors obtain a result somewhat in the spirit of Theorem 1.1, the
considered asymptotic regime differs significantly for the present one as does the limiting trajectory.

B.1. The scaling regime and respective limiting trajectory. As mentioned in the introduction,
a single vortex ring propagates in vertical direction with velocity (1.1) equaling

vL = | ln ε| γ

4πr∗
ez,

hence depending on the reference radius r∗, the intensity γ and in logarithmically diverging manner
on its thickness ε. When several vortex rings are considered, their motion is driven by the self-induced
motion and their mutual interactions which are known to be of strength that is inversely proportional
to their mutual distance. Depending on the chosen asymptotic regime, the former [12, 8] or the latter
[10] may be dominant. The leapfrogging regime corresponds to a regime balancing these two effects
and the rigorous justification of the asymptotic dynamics is significantly more difficult. Indeed, for
the 3D Euler equations it remained completely open until the recent aforementioned [20, 11] and our
work. As a rule of thumb and outlined in the introduction, the leapfrogging dynamics is expected
to occur for vortex rings that travel at leading order at the same self-induced velocity (1.1) of order
| ln ε|, namely share the same reference radius r∗ and intensity γ. Further, their mutual distance is of

order 1/
√
| ln ε| leading to a mutual interaction of order

√
| ln ε|. In a time of order O (1/| ln ε|) (so of

order 1 in the rescaled time variable), this, in turn, generates a variation of the rings’ radii of order

O
(
1/
√

| ln ε|
)
which implies a change in their self-induced velocity (1.1) at the order

√
| ln ε|, i.e.

vL = | ln ε| γ

4πr∗
ez +O(

√
| ln ε|).

We emphasize that this regime only occurs for rings of the same circulation γ. If not, the difference
of their self-induced velocity (1.1) is of order | ln ε|, which cannot be balanced by their mutual inter-

action (of order
√
| ln ε|), leading inevitably to the rings moving quickly away from each other. This

present scaling regime also corresponds to the one considered in [20, 39]. For sufficiently small ε > 0,
Theorem 1.1 states that the motion of the vortex rings is governed by (1.3) where t 7→ Xε

i (t) denotes
the trajectory of the i-th vortex ring, i.e.

d

dt
Xε

i (t) =
γ

4πXε
i,r(t)

ez +
γ

2π| ln ε|
∑
j ̸=i

(
Xε

i (t)−Xε
j (t)

)⊥∣∣Xε
i (t)−Xε

j (t)
∣∣2 ,

Xε
i (0) = Xε

i,0.

Moreover, defining the variation in the frame moving at constant speed, namely setting Xε
i (t) =

X∗ + γ
4πr∗ tez +

1√
| ln ε|

Y ε
i (t), we derived in Lemma 5.3 the motion law for Y ε

i (t) with Y
ε
i (0) = Yi,0:

d

dt
Y ε
i (t) =

γ

2π

∑
j ̸=i

(Y ε
i − Y ε

j )
⊥

|Y ε
i − Y ε

j |2
+
√

| ln ε| γ

4πr∗

 1

1 +
Y ε
i,r

r∗
√

| ln ε|

− 1

 ez

=
γ

2π

∑
j ̸=i

(Y ε
i − Y ε

j )
⊥

|Y ε
i − Y ε

j |2
− γ

4π(r∗)2
Y ε
i,rez +O

(
1√
| ln ε|

)
.

We recognize that the relative self-induced motion and interaction are of the same order. We refer to
Section 5.2 for full details. In particular, we recover in this regime that smallest rings goes faster (see
also (1.1) for this well-known fact).

Note that as ε → 0, see also Lemma 5.3, one recovers the following system for the limiting trajec-
tories

(B.1)


dỸi
dt

=
γ

2π

∑
j ̸=i

(Ỹi − Ỹj)
⊥

|Ỹi − Ỹj |2
− γ

4π(r∗)2
Ỹi,rez,

Ỹi(0) = Yi,0.
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We refer to [20, Equation (1.14)] and [39, Section 1.2] and references therein for a qualitative and
quantitative analysis of solutions to (B.1). Further, we prove in Appendix C.1 that no collisions occur

in finite time for (B.1). Appendix C.2 elucidates differences in the behavior of solutions Ỹi to (B.1)
(ε = 0) and Y ε

i as defined in (1.3) to (1.8) (ε > 0).

B.2. Comparison of scaling regimes in the literature. Different from the present the one, see
also [20, 39], the authors in [11] consider a scaling regime in which the self-induced motion of the
vortex rings is of the same order as the velocity induced by the interaction of vortex rings. We also
refer the reader to [48, Section 1.1.1-1.1.2] for a comparison of both regimes. More precisely, the
authors in [11] work with vortex rings of radius O(| ln ε|), vortex circulations of order O(1) and the
vorticity Ω that reads in terms of the potential vorticity ω = Ω

r , as follows

∂t
Ω
r + u · ∇

(
Ω
r

)
= 0,

u = 1
r∇

⊥Ψ,

div
(
1
r∇Ψ

)
= Ω∫

Ωidx = ai,

suppΩi ⊂ B((0, α| ln ε|) + xi),



∂tω + u · ∇ω = 0,

u = 1
r∇

⊥Ψ,

div
(
1
r∇Ψ

)
= rω∫

rωidx = ai,

suppωi ⊂ B((0, α| ln ε|) + xi).

For the convenience of the reader, we translate the result of [11] to the scaling regime considered
in the present paper. Exploiting the natural scaling invariance of the Euler equations allows one to
write this problem in the regime of vortex rings of radius and circulation of order O(1). To this end,
we define

ω̃(t, x) = | ln ε|3ω(t, | ln ε|x),
and check that the vortex rings’ circulation is of order O(1), specifically∫

rω̃i(t, x)dx = | ln ε|2
∫
(rωi)(t, | ln ε|x)dx = ai.

Further, the support satisfies

supp ω̃i ⊂ D

(
(0, α) +

xi
| ln ε|

)
,

so that the scaled rings’ radii are of order O(1). The distances between the rings are now of order
O( 1

| ln ε|), which is more singular than in (1.4) of our analysis. We then compute that

(B.2) ∂tω̃(t, x) = | ln ε|3∂tω(t, | ln ε|x), ∇ω̃(t, x) = | ln ε|4∇ω(t, | ln ε|x).

Turning to the Biot-Savart law, we seek to determine Ψ̃ such that

div

(
1

r
∇Ψ̃

)
= rω̃.

Setting

Ψ̃(t, x) =
1

| ln ε|
Ψ(t, | ln ε|x),

one computes that

div

(
1

r
∇Ψ̃

)
(t, x) =

1

| ln ε|

(
−| ln ε|er

r2
· ∇Ψ(t, | ln ε|x) + | ln ε|2

r
∆Ψ(t, | ln ε|x)

)
=

| ln ε|3

| ln ε|
div

(
1

r
∇Ψ

)
(t, | ln ε|x)

= | ln ε|2(rω)(t, | ln ε|x)
= | ln ε|3rω(t, | ln ε|x)
= rω̃(t, x),

so we found the right candidate for Ψ̃ which leads to

(B.3) ũ(t, x) =
1

r
∇⊥Ψ̃(t, x) =

1

r

| ln ε|
| ln ε|

∇⊥Ψ(t, | ln ε|x) = | ln ε|u(t, | ln ε|x).
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Gathering relations (B.2) and (B.3) we get from the equation for the potential vorticity ω that

1

| ln ε|3
∂tω̃ +

1

| ln ε|5
ũ · ∇ω̃ = 0

namely

∂tω̃ +
1

| ln ε|2
ũ · ∇ω̃ = 0.

In conclusion, the results of [11] can be interpreted as a strong confinement result (in both directions)
for vortex rings of radius of order O(1) and circulations of order O(1), placed at a distance of order

O
(

1
| ln ε|

)
, for a time of order O

(
1

| ln ε|2

)
. Indeed, one can perform a final change of the time variable

ω̂(t, x) = ω̃(t| ln ε|2, x) û(t, x) = ũ(t| ln ε|2, x) ,
to recover the transport equation

∂tω̂ + û · ∇ω̂ = 0.

This regime corresponds to the second regime in [48, Section 1.1.2] where it is expected that the
two rings have the same local velocities. The velocities vL (local induction approximation) and F
(generated by the other rings) are both of order | ln ε|. This means that in this regime the vortex rings

perform a rotation around each other over a distance of order O
(

1
| ln ε|

)
in a time of order 1/| ln ε|2.

Moreover, in that regime, the vortex rings can have different circulations γi, and in that case the
limiting trajectories were proven [11, Theorem 2.1] to satisfy

(B.4)


dỸi
dt

=
γi
2π

∑
j ̸=i

(Ỹi − Ỹj)
⊥

|Ỹi − Ỹj |2
+

γi
4πr∗

ez

Ỹi(0) = Yi,0.

Note that (B.4) differs from (B.1) in terms of the vertical translation, and we remark that two vortex
rings with the same circulation have the same local induction velocity, no matter of their radius.
The properties of solutions to (B.4) have been investigated in [43], in particular ruling out blow-up
provided that all γi are of the same sign [43, Theorem 2.1]. See also [11, Section 7] for the case of two
vortex rings.

For the convenience of the reader we provide a comparison of the choice of parameters between our
regime and the one studied in [11].

radius r∗ intensity γ velocity vL mutual distance interaction time-scale

our scaling O(1) O(1) | ln ε|γ
4πr∗ ez +O(

√
| ln ε|) O

(
1√
| ln ε|

)
O(
√
| ln ε|) O

(
1

| ln ε|

)
re-scaling of [11] O(1) O(1) O(| ln ε|) O

(
1

| ln ε|

)
O(| ln ε|) O

(
1

| ln ε|2

)
Because of their mutual distances and the intensity of their velocities, it should be noted that both
time scales are respectively suitable for observing a rotation of one vortex ring with respect to the
other.

Appendix C. Some comments on the limit dynamics

As detailed in the introduction, we have considered two limiting trajectories: (Y ε
i )i=1,...,N defined

in (1.7) and (Ỹ i)i=1,...,N obeying (1.8), and we have proved in Lemma 5.3 that they remain close,

namely at distance O(1/
√
| ln ε|). We first remark that there is no-collision in finite time for (Ỹ i) and

that they are global in time. Next, we present some numerical evidence on the difference of these two
limiting dynamics. Let us mention that the dynamics (Y ε

i ) also differs from the dynamics studied in

[39], even though the two dynamics have the same limiting trajectories (Ỹi(t)).

C.1. No collision in finite time and global solutions for the second limiting system. For
simplicity, we rewrite System (1.8) here as

(C.1)


dqi
dt

=
γ

2π

∑
j ̸=i

(qi − qj)
⊥

|qi − qj |2
− γ

4π(r∗)2
qi,rez

qi(0) = qi,0.
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Although no collisions in finite time is probably well-known, we provide the proof here since we did
not find it in the literature. By Cauchy-Lipschitz theorem, there exists a unique local C1 solution of
(C.1).

As observed in [20], System (C.1) is a Hamiltonian system for the energy

H0 :=
1

2

∑
i ̸=j

ln |qi(t)− qj(t)|+
1

4(r∗)2

N∑
i=1

qi,r(t)
2.

We can indeed check that this quantity is conserved.

Lemma C.1. Let t 7→ (q1, . . . , qN )(t) a C1 solution on [0, T ] of (C.1), then

dH0

dt
= 0.

Proof. We differentiate H0 to obtain

dH0

dt
=
1

2

∑
i ̸=j

qi(t)− qj(t)

|qi(t)− qj(t)|2
· (q̇i(t)− q̇j(t)) +

1

2(r∗)2

N∑
i=1

qi,r(t)q̇i,r(t)

=
∑
i ̸=j

qi(t)− qj(t)

|qi(t)− qj(t)|2
· q̇i(t) +

1

2(r∗)2

N∑
i=1

qi,r(t)q̇i,r(t).(C.2)

By using (C.1), we compute the first right-hand-side sum

∑
i ̸=j

qi − qj
|qi − qj |2

· q̇i =
γ

2π

N∑
i=1

∑
j ̸=i

∑
k ̸=i

qi − qj
|qi − qj |2

· (qi − qk)
⊥

|qi − qk|2
− γ

4π(r∗)2

N∑
i=1

∑
j ̸=i

qi − qj
|qi − qj |2

· qi,rez

=
−γ

4π(r∗)2

N∑
i=1

∑
j ̸=i

qi,r
qi,z − qj,z
|qi − qj |2

by inverting k and j in the first term.
The last sum in (C.2) is computed in the same way:

1

2(r∗)2

N∑
i=1

qi,r q̇i,r =
1

2(r∗)2
γ

2π

N∑
i=1

∑
j ̸=i

qi,rer ·
(qi − qj)

⊥

|qi − qj |2
=

γ

4π(r∗)2

N∑
i=1

∑
j ̸=i

qi,r
qi,z − qj,z
|qi − qj |2

where we recall our convention ez = (1, 0), er = (0, 1) and a⊥ = (−ar, az). This completes the proof
of the conservation of the energy H0. □

Moreover, we observe that the angular momentum

I(t) :=
1

2

N∑
i=1

|qi(t)|2

satisfies

d

dt
I(t) =

γ

2π

∑
i ̸=j

qi(t) ·
(qi(t)− qj(t))

⊥

|qi(t)− qj(t)|2
− γ

4π(r∗)2

N∑
i=1

qi,r(t)qi,z(t)

= − γ

2π

∑
i ̸=j

qi(t) · q⊥j (t)
|qi(t)− qj(t)|2

− γ

4π(r∗)2

N∑
i=1

qi,r(t)qi,z(t)

= − γ

4π(r∗)2

N∑
i=1

qi,r(t)qi,z(t) ⩽
γ

8π(r∗)2
I(t),

where we have exchanged i and j in the first sum, hence

I(t) ⩽ I(0)eγt/(8πr
∗2).
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As a consequence, using ln |x− y| ⩽ |x− y| ⩽ |x|+ |y|, we get∑
i ̸=j||qi−qj |<1

| ln |qi(t)− qj(t)|| =
∑

i ̸=j||qi−qj |>1

ln |qi(t)− qj(t)| − 2H0 +
1

2(r∗)2

N∑
i=1

qi,r(t)
2

⩽ 2N
N∑
i=1

|qi(t)| − 2H0 +
1

2(r∗)2
I(t)

⩽ 2N
√
N
√
I(t)− 2H0 +

1

2(r∗)2
I(t),

for all t ∈ [0, T ∗), where T ∗ is the maximum time of existence of (C.1). The conclusion of non-collision
in finite time then follows from the bound on I(t). By the estimate on I, we also know that the particles
can not escape to infinity in finite time, which implies that the unique C1-solution of (C.1) is global.

C.2. Difference between the two dynamics. We provide numerical evidence in the case N = 2

that the dynamics of Y ε
i (t) as defined in (1.7) differs from the limit dynamics for Ỹi obeying (1.8).

For convenience, we choose X∗ = (Xε
1(0) + Xε

2(0))/2 so that Y1(0) + Y2(0) = 0. Let us recall that

we proved that as ε → 0, then Y ε
i (t) → Ỹi(t) uniformly in t ∈ [0, T0], see Lemma 5.3. However, for a

given ε > 0, the respective dynamics of the points Y ε
i (t) and Ỹi(t) have different properties.

First, we observe that for the second system, the center of mass (Ỹ1 + Ỹ2)/2 does not move:

d

dt

Ỹ1 + Ỹ2
2

= − γ

4π(r∗)2
Ỹ1,r + Ỹ2,r

2
ez,

which implies that Ỹ1,r + Ỹ2,r remains constant. As we have assumed here that this is initially zero,

the previous equality also gives that the vertical component is at rest, so in the end, the (Ỹ1 + Ỹ2)/2
is constant. Then, by showing that every level set of the associated Hamiltonian is bounded, it is

possible to deduce from this that the trajectories of the system (Ỹ1, Ỹ2) are periodic in time for every
initial data, see [20].

This property on the center of mass is false for the system (Y ε
1 , Y

ε
2 ) as can be seen by the following

computation. By taking the derivative in time of the center of mass, we get that

(C.3)
d

dt

Y ε
1 + Y ε

2

2
=
√

| ln ε| γ

8πr∗

 1

1 +
Y ε
1,r

r∗
√

| ln ε|

+
1

1 +
Y ε
2,r

r∗
√

| ln ε|

− 2

 ez

which has again no radial part, but cannot vanish at all times. Moreover, by noticing that the radial
components are bounded and opposite at every time, we perform a Taylor expansion of (C.3) up to
the second order to get that

d

dt

Y ε
1 + Y ε

2

2
=
√

| ln ε| γ

8πr∗

(
−
Y ε
1,r + Y ε

2,r

r∗
√
| ln ε|

+
(Y ε

1,r)
2 + (Y ε

2,r)
2

(r∗)2| ln ε|
+O

(
1

| ln ε|3/2

))
ez

=
γ

8π

(Y ε
1,r)

2 + (Y ε
2,r)

2

(r∗)3
√
| ln ε|

ez +O
(

1

| ln ε|

)
.

This quantity being non-negative, we expect the dynamics of (Y ε
1 , Y

ε
2 ) to display a non-linear shift

towards positive z. This fact is observed numerically as shown in Figure 3.
To understand more in detail the dynamics, one could introduce the corrected positions made such

that the center of mass of the configuration is preserved, namely the points

Ŷ ε
i (t) = Y ε

i (t)−
Y ε
1 (t) + Y ε

2 (t)

2
,

which satisfy by construction that Ŷ ε
1 = −Ŷ ε

2 , meaning that the dynamics reduces to the study of a
single point in R2, allowing to obtain the phase portrait type Figure 4, displaying different trajectories
of Ŷ ε

1 (t) (and thus of Ŷ ε
2 (t)) for various initial data. In particular, we recover a periodic motion, with

a phase portrait very similar to that of the Ỹi, see [20]. In conclusion, we claim that the dynamics of

(Y ε
1 , Y

ε
2 ) differs from the dynamics of (Ỹ1, Ỹ2) essentially by a non-trivial shift towards the positive z.
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z

r

(a) Trajectories of Y ε
1 (t) and Y ε

2 (t) (b) Trajectory of Y ε
1 (t)

(c) Time evolution of (Y ε
1,z(t)+Y ε

2,z(t))/2 (d) Vertical velocity of (Y ε
1 (t) + Y ε

2 (t))/2

Figure 3. Numerical computation of the motion in R2 of Y ε
1 (t) and Y

ε
2 during a full

rotation (A), and the same motion of Y ε
1 (t) during three full rotations (B). The shift

towards positive z is seen in (C), with a non-trivial velocity (D). The parameters used
are ε = 0.01, γ = 2π, r∗ = 1 and Y1(0) = (0, 1.2).

Figure 4. Phase portrait of the centered dynamics (Ŷ ε
1 , Ŷ

ε
2 ).
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