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APPROXIMATION OF MINIMIZERS OF THE GINZBURG-LANDAU
ENERGY IN NON-CONVEX DOMAINS

BENJAMIN DORICH

ABSTRACT. In this work, we study the approximation of minimizers of the Ginzburg-Landau
energy over non-convex polygonal and polyhedral domains. We discretize the order parameter
with Lagrange finite elements and the vector potential with Nédélec elements. We show that
under certain resolution conditions of the mesh sizes and the Ginzburg—Landau parameter, we
obtain quasi-best approximation error bounds. In two dimensions, the order of convergence can
be fully determined by the angle of the largest reentrant corner.

1. INTRODUCTION

We study the Ginzburg-Landau energy functional E given by
1 i 1
(1.1) E(u,A) = 5/ \iVu + Aul? + 5(1 — |u|®)?* + |curl A — H* dz
o kR

for the order parameter u: Q — C and the vector potential A: Q — R? which are global min-
imizers. of the energy E. Here, H is a given external magnetic field and x € R is a material
parameter, often called the Ginzburg—Landau parameter. We minimize the energy under the side
constraint div A = 0, where Q C R?, d = 2,3, is a possibly non-convex polygonal or polyhedral
domain  which for simplicity is assumed to be simply connected. Such minimizers describe the
superconductivity in a material Q, cf. [19, Sec. 3], where the physically relevant quantities are the
density |u(x)|? as well as the effective magnetic field curl A. The present scaling of the model en-
sures 0 < |u|? < 1. Here, the state |u(z)|? = 1 encodes local superconductivity whereas |u(z)|? = 0
means that the material is locally not superconducting. In these mixed normal-superconducting
states, both phases can coexist in a so-called Abrikosov vortex lattice [1] with |u(z)|? = 0 in the
vortex centers. The non-convex domains can for example model defects in the material.

In the recent works [8,13,14] the approximation of minimizers of (1.1) for large values of k by
different finite element methods was studied and best-approximation results have been shown.
Further, resolution conditions of the meshes and the Ginzburg—Landau parameter where estab-
lished. In the present work, we focus on a new aspect of the problem and consider polygonal and
polyhedral domains which are not convex. This induces two major problems: First, the vector
potential is now only slightly better than H % instead of H2 (on a cube) and the embedding only
yields slightly more than L3, compared to L®. Second, for the discrete minimizers we have to
enforce the divergence constraint in a weak sense, and thus end up with a non-conforming method
which poses additional technical difficulties.

The first results for the numerical treatment of the Ginzburg-Landau equation were derived in the
pioneering works by Du, Gunzburger and Peterson [19,20]. The authors derived H!(Q)-error esti-
mates of optimal order in both variables, however without tracking the influence of the parameter
k. Later on, a covolume method [22] and a finite volume method [21] was used for the discretiza-
tion. In [14] we considered a simplified version of (1.1) (A given) and we showed error bounds
which are explicit in x and the spatial parameter. In the same setting, a thorough investigation of
the Localized Orthogonal Decomposition (LOD) applied to this problem was performed in [8]. The
full problem (1.1) was then tackled in the work [13], where we used different meshes and ansatz
spaces for the order parameter and the vector potential. With a detailed a-priori analysis on the
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2 B. DORICH

regularity of the minimizers, we were ale to derive optimal a-priori bounds which turned out to be
(almost) sharp in terms of k and the spatial parameters.

In this work, we focus on the case of reduced regularity in both variables. Since one can in general
not expect that the vector potential is in H'(Q), we cannot use Lagrange element, but instead
employ Nédélec elements. Hence, we have to enforce the divergence constraint in a discrete manner,
which makes our ansatz non-confirming and thus several technical difficulties arise throughout the
analysis. Further, the reduced regularity implies also a reduced integrability, and we have to be far
more careful in the a-priori analysis of the minimizers and the bounds on the Fréchet derivatives of
the energy E. In order to translate the abstract approximation results to specific domains, we keep
the parameter s = s(Q2) > 0 stemming from the elliptic regularity H 3+s of the Poisson problem in
non-convex polygonal and polyhedral domains, in all our estimates. For special geometries, such
as the L-shaped domain in R? where s ~ %, we can then directly read of the expected convergence
rate.

This work is motivated by error analysis of the time-dependent Ginzburg—Landau equation by B. Li
in [31]. Due to the time-dependence of the problem the low regularity prohibits the derivation
of convergence rates, however abstract convergence could still be established. In contrast, any
minimizer of (1.1) solves the critical point equation E’ = 0, i.e. an elliptic problem, and thus
additional regularity of the minimizers can be extracted which then allows also for convergence
rates. Let us mention that there are many more results available on the time-dependent Ginzburg—
Landau equation which has the same structure as a gradient flow applied to the presented energy
above. Several results can be found in [5-7,10, 11, 15-18, 23, 27, 28, 32-34] and the references
therein, but most of them do not consider the precise dependence of the error bounds on the
Ginzburg-Landau parameter x.

The rest of the paper is organized as follows: In Section 2, we introduce the analytical framework
and derive regularity estimates for the order parameter and the magnetic vector potential. Using
a stabilized norm, we derive in Section 3 various estimate on the minimizers, the energy and its
Fréchet derivatives. The space discretization is introduced in Section 4, where we also discuss the
approximation by the Ritz projection in several norms. Finally, we conclude with our main results
and the corresponding proofs in Section 5. Some technical results and a collection of regularity
estimates is presented in the Appendices A, B, and C.

Notation. For a complex number z € C, we use z* for the complex conjugate of z. In the whole
paper we further denote by L?(£2) := L?(§, C) the Hilbert space of L?-integrable complex functions,
but equipped with the real scalar product (u,v)r2 := Re fQ vw* dz for v,w € L*(2). Hence, we
interpret the space as a real Hilbert space. Analogously, we equip the space H(Q) := H'(Q,C),
which will be the solution space for the order parameter, with the scalar product (v,w)rz +
(Vv,Vw) 2. This interpretation is crucial so that the Fréchet derivatives of E are meaningful and
exist on H'(Q). For any space X, we denote its dual space by X’. Note that this implies, that the
elements of the dual space of H!(Q) consist of real-linear functionals, which are not necessarily
complex-linear. For example, if F/(v) := (f,v) 2 for some f € L?(Q), then it holds F(av) = a F(v)
if & € R, but in general not if o € C.

For the real-valued vector potentials, we use boldface letters and denote L2(f2) := L?(£;R?) and
H'(Q) = H'(Q;R3). Note that functions in H'(f) are complex-valued, whereas functions in
H'(Q) are real-valued. Further, we use the standard spaces for the weak rotation H(curl) and
divergence H(div), together with their closed subspaces Hy(div), i.e. H-v = 0 on 91, and
Hy(curl), i.e. H x v =0 on 0.

Throughout the paper C denotes a generic constant which is independent of x and the spatial mesh
parameters H and h, but might depend on numerical constants as well as 2, H. In particular, we
write a < (3 if there is a constant C' independent of x, H and h such that o < C S.
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2. SOLUTION SPACES, GAUGES AND FIRST A-PRIORI BOUNDS ON THE MINIMIZERS

In this section, we present the functional analytic framework and the relevant properties of the
spaces for the exact minimizers. For convenience of the reader, we recall also the known results and
present, where necessary, the adaptions to the non-convex case. Further, throughout the paper we
cover the cases d = 2 and d = 3. In the two-dimensional case, we assume without loss of generality
that Q is aligned in the z-y-plane and the magnetic field is given by H(z,y, z) = Hs(z,y)e,, i.e.
it is orthogonal to Q. The vector potential then has the form A(z,y,z) = (41(x,y), A2(z,y),0).
Here, we make use of the standard 2d rotations by embedding H and A in their 3d representation.
In particular, this implies that div H = 0 for any choice of Hj.

A crucial parameter for the quantification of the regularity of the minimizers is the real number
s > 0, which is obtained from elliptic regularity results of the Poisson problem with solution in
H37%s. Since this s might be different for the Dirichlet and Neumann problem, we will work with
the minimum of both numbers. Note that the formal limit s — % corresponds to the convex case,
and we recover (at least formally) several results of the preceding works [13,14].

2.1. Spaces for the minimizers. For the order parameter u, we employ the standard Sobolev
space H'(Q), and for the vector potential, we employ the spaces

(2.1a) H(curl,div) := {B € L*(Q) | curl B € L*(Q),div B € L*(Q), B -v = 0 on 09Q},
(2.1b) Hy(curl, div) := {B € H(curl, div) | div B = 0},

which are in the literature often denoted by Xr and Xr o, respectively, see [35, Section 3.8]. Both
spaces can be equipped with the natural norm

(2.2) IBI[3> + || curl B|3> + || div B||7.
Let us note that by [35, Corollary 3.49] the spaces H(curl, div) and Hg(curl, div) compactly embedd
into L?, and by [35, Corollary 3.51] the norm in (2.2) is equivalent to

1Bl fx(eurt.aivy = el BllZa +[[div Bl[Z2,  [1Bllstgcurt,aivy = [l curl Bz,
respectively. For completness, we introduce the spaces of harmonics Ky () and K7 (§2) by
(23) K7(Q) = {B € H(curl) N H(div) |curl B=divB =0 and B-v|sq =0} L VH*(Q)
7 Kn(Q) ={B e H(curl) NH(div) | curlB=divB =0 and B x v|sq =0} L VH}(Q).

and recall that both spaces are finite dimensional, where dim K7 () equals the first Betti number,
which is zero if Q is simply connected, and dim Ky (€2) equals the second Betti number, which
counts the number of two-dimensional wholes.

We make frequent use of the following decomposition, using the spaces from (2.3), see for example
[35, Theorem 3.45].

Theorem 2.1 (Helmholtz decomposition). Let B € L?(2).

(a) B can also be decomposed as

B=Vp+curlC+ fr
with unique p € H'(Q2), C € Hy(curl) and fr € Kr(Q).
(b) B can be decomposed as

B=Vp+curlC+ fn
with unique p € HF(Q), fn € Kn(Q) and C € Hy(curl, div).

We will often use the second decomposition in the form
curl B=Vp+ curlC + fn
and denote by 7q;, the map
(2.4) maiv: H(curl) = Hy(curl, div), B+~ C
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which lifts a function onto on the divergence free component of B, see [35, Lemma 7.6]. A similar
construction is found in [26, Sec. 44.2.1] called curl-preserving lifting. For the rest of this work, we
assume that

dim K7 (Q2) =0,

i.e. that € is simply connected.

In order to derive convergence rates, it is not sufficient to have regularity of the minimizers in
H(curl) and H(div), but we need the following embeddings into standard Sobolev spaces. The
first result can be found in [3, Prop. 3.7].

Lemma 2.2. Let Q C R? be a bounded Lipschitz polyhedron. Then, there exists s € (0, %] such
that

||B| |H%+s < C| |B| ‘H(curl,div)

for all B € H(curl,div). Further, we have

H2ts ey [T5, d=3,

H3t® e [T, d=2.
Remark 2.3. In order to compare the results from this work to the ones in the convex case, we note
the following: For d = 3, (formally) setting s = 1 would give us A € L*™, which was used in the
[13,14], where obviously in the latter work, this was not done by the embedding from H(curl, div),
but from A € H?. Let us already mention here, that setting s = 1 in the results obtained below

allows us to recover the known results. Similarly, for d =2 (formally) setting s = % allows for the
recovery of the known results. Here, we mainly focus on the case s — 0.

2.2. Explicit estimates in two dimensions. In two dimensions we are able to quantify the
exponent s by the angles of the corners. Thus, we present more detailed results in the following.
In the next theorem, we require a special exponent defined via

(2 5) = #ﬁr/% % < Wmaz < 2T,
’ pmax - 50 - > w

’ 2 = Wmax,
and note that it always holds pmax > 3.

Theorem 2.4. Let Q C R? be a non-conver polygonal domain with mazimal angle wmax € (7, 27).
Then, we have the embedding

1Bllw.r < C[|B[1(curLaiv)
for all p < pmax < 2 given in (2.5). In addition, this implies

2T —w
||BHH%+° < CHBHH(Curl,div), s < 89 = ﬁ’
2w
[[Bllza < C|B||s(cur,div) q<qy= —max
Wmax — T

where in all cases sg > 0 and qo > 4. If all angles w satisfy w < 7, the domain is convex, and we

recover the cases p =2, s = 1. Further, we note the relation pmax = T 380

Let us note the following examples before we give the proof:

Wmax ~ T == Pmax ™~ 27 S0 ™~ Oa do ~ &0

4 1

Wiax ~ 2T = pmaxNga SON§7 q0N4
3 3 1

Wmax = ? - pmax:§a SOZEa qo = 6.

Proof of Theorem 2.4. Let p < min{2, pmax}. We follow the proof of [3, Prop. 3.7]. Here, we obtain
some By € H(Q) with curl B = curl By and div By = 0. Since by construction curl(B — By) = 0,
there is y € H'(Q) with B — By = Vx and Y solves the Neumann problem

Ax =div B in Q, Oy,x = —Bs - v on 09,
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and By -v € H2 (F) for all faces of 9. In particular since p < 2, we have the trivial embedding
By, - ve WP (F) for all faces and, as there are no compatibility conditions (see [30, Theo-

rem 5.1.2.3] which is trivial in the Neumann case for d = 0), it holds By - v € Wl_%’p(aﬂ). With
[30, Theorem 5.1.2.3] we find ¥ € WP such that

0,¥ = —Bs - v on 0, and AV —divB 11,
and we are left to solve
A(x —¥)=divB - AV € L? in Q, Oy(x — ) =0 on 9N.

By [30, Cor. 4.4.3.4], there is a unique solution given by y — ¥ € W?2?, and thus Vx € WP, We
have hence established the representation

B=By+Vye W' — H 5 nL75.
Using the definition in (2.5), it holds
2-2 max 1 2m — max 2 max 2 max
& =1 = + 2T Pmax and L e ,
Pmax Wmax 2 2wmax 2 — Pmax Wmax — T
and the claim follows. O

2.3. Existence and first a-priori bounds on minimizers. We first present the existence of
(1.1) by adapting the proof in [19] to the non-convex case.

Theorem 2.5. There exists at least one minimizer (u, A) € H'(Q) x Hy(curl, div) of (1.1).

Proof. We follow the proof in [19, Prop. 3.4], and note that the energy E is nonnegative, contin-
uous in the strong topology, and lower semicontinuous in the weak topology. We now consider a
minimizing sequence and (u,, A,) and obtain without loss of generality F(u,,A,) < E(0,0) < 1.
This directly gives us with Lemma 2.2

[

5 HATL”H(curl,div) S 1,

as well as

s

1
= Vunllzz S 1+ 1Antnllze S 1+ [Anll, o llull, . <1+l Vanllz + Callunl 12,

1+2s

where o > 0 can be chosen arbitrarily small. Absorption, then gives a uniform bound (not in &)
on |[|[Vuy||rz if [|un||z2 is bounded. To this end, we observe that

lunllzze = [llunlllzz S 1+ unl = Ulzz S 1+ [|(lun] = D(lua] + Dllzz S 1,
and hence the uniform bound on the minimizing sequence, which yields a converging subsequence
to some (u, A) € H*(Q2) x Hy(curl,div)(Q2). Let us now only focus on this subsequence. We observe
that by the compact embeddings, we have strong convergence of u, in L* as well as A,, in L&ﬂ

see e.g. [24, Theorem 3.4], and u,, in LT and thus of A, u, in L2, This then implies the weak
convergence to a minimizer. ([l

Let us note that in principle one could also look for minimizers without the divergence constraint.
However, the following result shows that this does not result in lower energy levels, but induces
a larger kernel of the Fréchet derivative E”. We refer to [19, Lemma 3.1] for the corresponding
result in convex domains.

Lemma 2.6 (Gauge invariance). Let (u, A) € HY(Q) x H(curl) be a minimizer of (1.1), then
there is a p € H*(Q) such that

A = A + Vo € Hy(curl, div),

and the pair
(ue™®, A+ V) € H'(Q) x Ho(curl, div)

is also a minimizer of (1.1).
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Proof. Let ¢ € HY(Q) be a solution of
(Veo, Vi) = —(A, V) = f(v), forally € H'(Q),
where f € H=!. We clearly have V¢ € H(curl) and thus Ac H(curl), and further
0=(A,V¢) — A €H(div) with divA =0.
In addition, we have for all ¢ € H'(£2)

0=(A,V¢)=—divA, )+ | A-vpdo= | A-vido
o o0

and thus A - v = 0 on 0%, which gives the claim. ]

Next, we present the critical point equations for the minimizers of (1.1). Due to the divergence
constraint we obtain additional terms compared to [19].

Lemma 2.7. Let (u, A) € H'(Q) x H(curl,div) be a minimizer of (1.1). Then, there is Lagrange
multiplier X € HY(Q) such that it holds

<El(u7 A>7 (¢, B)) +(VA,B) =0,
(divA,p) =0,
for all ¢, u € HY(Q) and B € H(curl), with

OE(u,A)p = Re/Q(%Vu + Au) - (%Vg@ +A9)" + (Ju? — 1)up* da,
OAE(u,A)B = /Q lul?A - B+ %Re(iu*Vu ‘B) +curlA - curl B—H - curl Bdz
for ¢ € HY(Q) and B € H(curl).
For B € Hy(curl,div), we can neglect the Lagrange multiplier, and obtain the famous Ginzburg—

Landau equations. Next, we present the immediate a-priori bounds on the minimizers.

Even though, the proof in [19, Prop. 3.11] for the following statement is presented in the convex
case, it literally caries over to our setting with B,y = 0 in Lemma 2.7.

Lemma 2.8. Let (u,A) € H*(Q) x Ho(curl,div) be a minimizer of (1.1). Then, the following
stability bounds hold

lu] < 1a.e.

The first a-priori bounds can by achieved by the fact that F(u,A) < E(0,0) < 1 and again the
critical point equation and is presented in [13].

Lemma 2.9. Let (u, A) € H'(Q) x Hy(curl, div) be a minimizer of problem (1.1). Then, we have
(26) 1V + Aulfs < [full

and the following stability bounds hold

15Vl S llullee + |Aulle,  lullm ST+ [HLz, Al S [JAllEunay S 1+ [H]| e,

To conlcude this section, we present a result on the regularity of the rotation of the vector potential
A. This is precisely, what is needed to show convergence for Nédélec elements, see [35, Theo-
rem 5.41] and [2, Theorem B] and Lemma 4.2 below.

Lemma 2.10. Let (u,A) € H*(Q) x Ho(curl,div) be a minimizer of problem (1.1).
(a) Let H € H(curl) N H(div) and denote Hx = curl A — H. Then, it holds
H, € H(curl) N H(div), Ha x v|,, =0,

and we have Ha € H215(Q) with
[Hall,) 0 S 1.
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(b) If in addition, H € H2+5(Q), then
[[curl Al 1., S 1.
H?2

Proof. We use Lemma 2.7 and rewrite 0o F(u, A)B + (VA,B) =0 as

1
/HA-curlex:—/ \u|2A~B+fRe(iu*Vu~B)dx+/V)\~de
Q Q K Q

for all B € H(curl). We thus conclude that Ha € Hg(curl) with
1
curl Hy = —[u|?A — = Re(iu*Vu) + VA € L?
K

Inserting B = VA € H(curl) gives us [|[VA||r2 < 1 and thus also || curl Hal|z2

~

construction it holds div Ha € L?(Q), we obtain the claim form Lemma 2.2, g

< 1. Since by

~

2.4. Refined regularity theory for the order parameter. In this section, we derive additional
properties of the minimizers u in terms of differentiability and integrability. Here, we heavily rely
on the known and adapted results which we provide in Appendix B. Note that in the convex case
it is not possible to derive more information on the vector potential A than done in Lemmas 2.9
and 2.10. Our aim is to understand how much of the derived results in [13,14] is still valid in the
non-smooth case. From now on, we work with the regularity obtained in Lemma 2.2, i.e.

A € Hy(curl, div) < Hits < L%7
and consider the fixed pair (u, A).

Lemma 2.11. Let (u,A) € H*(Q) x Ho(curl,div) be a minimizer of problem (1.1). Further, let
€9 > 0 be arbitrary, take ¢ from Proposition B.3, and define the exponents

3 4 4
w1 = 2Py d w,2 = MiNy ———— — €2, = B d:3a
Du,l = 2Pu2  GNG Py2 111111{2(1 — ) €2: 3 + €0} 3
. 4
Pu,1 = 2pu,2 and Pu2 = II’IIII{ 1_ 25 - E':27pmax} 2 g; d= 27

With pmax defined in (2.5) (with pmax > 2 if and only if Q is convex). Then, it holds u € W?Pw2 N
WhPut qith

k72| V2| prue S 1 and kY V| ppua S 1.

In addition, by Sobolev embedding, we have

(2.7a) k2w tpun-s S1, d=3, and 2w spun—2 S1, d=2,
H 2Puz H Puz
and by interpolation between W?2Pw2 and L>
Pu,2
(2.7b) lullrae S V20l 2, S K722

Proof. In the following, we use the relation 9, F(u, A)p =0, i.e.
0= Re/ (%VU + Au) - (ng@ + Agp)* + (|u\2 — 1up* da
Q

1 1 i
= Re/ —Vu--Ve*dr+ Re/ (2iVu A+ AP+ (Juf? - l)u) ©*da,
ok K 0 K
and extract the claimed regularity.

(a) We begin with the three-dimensional case.

(1) We have by Lemma 2.9 Vu € L? and A € LT C L3 such that |A[> € L=% C L? and

i 1
22 AVu+ [APu+ (juf? = Dull 5 S 1AVl g +[|AP]| s +151

and hence with Proposition B.3

R 2l ag S 1.
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(2) We now set up a bootstrap argument. Let go = g and use the interpolation estimate in
Lemma B.5 to obtain that
1 1 1 1—s 1 690
—Vu <1 and ||-AVu <1, —= - = gy =
HI{, HquU ~ H/{ ||Lq1 ~ ¢ 3 + 2q0 q1 3+2(1—S)q0

and gain with Proposition B.3

2 ullwea S 1.

~

This leads to a sequence of exponents g1 = ai‘é’”‘q (with @ = 3, 8 = 2(1—s)) which converges

monotonically to 2(1 form below, see Lemma C.1. Thus, after finitely many steps, we have

the established regularlty with exponent p,, 1. For p, 2 we again employ Lemma B.5.
(b) In two dimensions we make the following adaptions.

(1) We similarly use |A|? € LT C L? AVu € L5 % C L5 obtain thus with Proposition B.4

2 full s S L

(2) Weuse gy = é and derive the recursion g1 = ﬁ = ¢ = 125; such that Lemma C.1
gives with Wlth a=2,8=2(1—2s) the limit 2(1 5
The interpolation estimate is obtained by Lemma B.5. ]

In the next lemma, we derive norms in WP, where p is larger than in Lemma 2.11. However, we
have to pay with an additional power of .

Lemma 2.12. Let (u, A) € HY(Q) x Hg(curl, div) be a minimizer of problem (1.1).

(a) Let @ C R3. For p,1 = min{;%,3+e_1} we have u € WLPu1 C W3 and the estimate

1
|=Vullprua S 5.
K
(b) Let Q@ C R?. For p,,; = min{%-,4+e_1} we have u € WhPu1 C Wt and the estimate

1
[|=Vullprur S k.
K

Proof. (a) We exploit div A = 0 to compute
[(AVu, ¢)| = [(u, AVO)| < [[A]] s [[Ve|

L2+

and thus AVu € (Wl’Zis)’ = W~bT%5 . In addition, we have |A|?u € L7 and by Lemma B.1
also |A|?u € Wbt 25 With this, Proposition B.2 gives us u € WP«1 as well as

_ i
Al S 112 AV AP+ (uf? = Dull 2, S5

and hence the assertion.

(b) For d = 2, we have AVu(Wl’ﬁ)’ = W15 In addition, by Lemma B.1 we conclude
|A|?u € L% < W% and thus obtain by Proposition B.2 u € WlPu1. O

3. ADAPTED NORM ESTIMATES

In the preceding papers, it was always assumed that A is in L>°(€) which enabled us to define a
suitable norm for the treatment of the second Fréchet derivative of the energy with respect to w.
As we have shown above, in the non-convex setting, one cannot expect such high integrability, and
thus we have to modify this approach.
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3.1. A stabilized norm for the order parameter. Let (u, A) € H'(Q)xH(curl) be a minimizer
of (1.1), and let us recall the second Fréchet derivative of E with respect to u given by

(3.1) (02E(u, A)h, ) = Re/ (=Ve+Ap) (VY +AY)’
Q
+H(Jul? = 1)y +uo™ " + Jul*pp* da,
which motivates the use of the following norm
i
(3-2) lellzrn , = 11=Ve + Apllfz + Cian(5)lll[72

with a stabilization constant Cyap (%) determined below, which is necessary to ensure that ||-|| g1 R

is a norm on H'(Q), see Lemmas 3.1 and 3.3. We associate to this the bilinear form
Bl ) = Re [ 2Vt Ag) - (2V0+ AD)" + Chy (m)v” do

Lemma 3.1 (Norm in 3d). Let Q C R® and define

(3.3) Cutan () = c3(1 + k57)

with a constant cs defined below, which is independent of k and A.

(a) For all ¢ € H*(Q), it holds

1
lell, e SN=Vellzz + Cutan(6)l] 2] 2
independent of k.
(b) Further, we have the norm equivalence
1 1
1=Vellz: + Chan(B)I¢ll7z S lella , SN-Velliz + Chan(R)llell72
with hidden constants which are independent of k.

Remark 3.2. (a) For fized k > 1, we have the limits

lim Cstab (k) = 00 and lim Cstan(k) = 1,
where the latter one precisely yields the (unscaled L?)-norm employed in the convex case.
(b) In particular, we may estimate
i 1
(3-4) 1A@llzz < |-V + Apllr + =Vl S llella: ,
with constants independent of k and A.
Proof of Lemma 3.1. We compute with Young
i 2 i 2 2 i i 2 1 2
120+ AgllEe = 1=TelfEs + 1Al + 2Re(= Vo, Ap) > (1= )] Vol + (1= Dl Aple.

With A € LT, we have [|Ag||r2 < ||A]| s |l¢ll _s_. Due to the relation for « = s € (0,1)

L1—s L1+2s
1—|—23_g+1—oz
6 2 6

we further estimate for any 5 > 0 by Young’s inequality and Sobolev embedding
_ 2(1—
el o < B Mol Bllellze ™
-1 1

< af™ |lellfe + (1 - @)=L

< Rt 2 2 = 2

Sab lellze + 7 (1 = a)B™== |5 -
The choice 8 = ¢!~*k26=1) for some ¢ > 0 then yields

2(1—s)
loll? o Ssa™ = llollze +c(l = s)llelln,
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which gives the estimate in (a) as well as the upper bound in part (b). Further, we have shown for
c sufficiently small

2(1—s)

i i
1=+ Awlls 2 erl|-Vel2a — can™

eIl

which yields the lower bound in the norm equivalence for suitable c3 > 0. ]

In the two-dimensional case, we use a different scaling which requires fewer powers in x in front
of the L?-term. This is due to the better integrability properties of the vector potential in lower
dimensions.

Lemma 3.3 (Norm in 2d). Let Q C R? and define
(1—2s) 1
Cstab(k) = ca(1+ k72 ), s € (0, 5),
with a constant co defined below, which is independent of k and A.

(a) For all ¢ € H*(Q), it holds

1
lell, e SN=Vellzz + Cotan ()2l 2
independent of k.

(b) Further, we have the norm equivalence

1 1
1=VelZ: + Chap(Wlellz2 S llellm , SI1=Vellte + Chan (8]0l
K mA K
with hidden constants which are independent of k.
Remark 3.4. For fized xk > 1, we have the limits

lim Csap(k) =14+ & and lim Cytap(k) = 1,
s—0 s_)%

where the latter one precisely yields the (unscaled L? )-norm employed in the convex case.

Proof of Lemma 3.5. We proceed as before with A € L% | we have [|Ap||rz < ||AHL1_42 <'0||L1f2
and hence estimate for some ¢ > 4 (to be chosen later)
1425 o 1-a 1g(1+42s)—4 1
= — — — =, = 0’ =),
1 >t a=al) =57 — s€(0,3)
where we have a(q) — 3 for ¢ — co. With this we estimate
- 2(1—
lell? s < B lel 32 Bllellze
=1 1
< aB7 |lellz: + (1 — @)= lollLa
-1 _1
< @B [l + K231 — )BT ol 2
where we used |[u||ze < q|l¢||g1, and hence with 8 = ¢!~ *(¢x)*@~1) we obtain
~ 2(1—o)
1l1? s, < Calgr) ™= llelliz + c(1 = a)l[ullf,
_ 2¢(1—2s)
= Coqr) 79 [l + (1 — a)lJullf
. 2(1-2s) 9 9
~ car 17 |72 4+ (1 = a)[el [
for ¢ sufficiently large (but independent of x). This gives the desired estimates. O

In the following lemma, we derive a-priori estimates on solutions of the elliptic problems corre-

sponding to the stabilized bilinear form (-,) g1 , .
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Lemma 3.5. Let f € L? and consider w € H'(Q) to be the solution of
(w, @)z , = m(f, ).
Then, it holds

lwllmz , < Coap (I fllL2-

(a) If Q C R3, then we have w € W2ss (s < %) with

K72l S B2l gy S I lLe-
(b) If Q C R2, then we have w € W57 with
| O S-S WP SR (P2

Proof. Simply inserting w in the elliptic problem and using Lemma 3.1 gives

||*Vw||L2 + Cap(B)l|w]72 S (w,w)py , = m(f,w) S |Ifl]zellwl]p2
and hence with Young the estimate for [|w||g1 .

(a) We rewrite the critical point equation and define g as
1 1 i

To show the claim, we have to provide a bound on the norm of g in L5 Since the dual space
6
is isomorphic to LT+% | we may estimate

(9, &) S 1wl NN o el o, + AR s llwll, o lloll, o, + 1122
S (Ilwlle , + I lz2)llll, ey
< (Coan(R) + DIIfllz2llell s, -

where we used Lemma 3.1 for the Lﬁ—norm of w. We thus established that

gl S A1l

L5— O5s

and we obtain with Proposition B.3 (s < %)
| | B | 1

as claimed. The first estimate follows from Sobolev’s embedding.

W525‘

(b) For d = 2, we modify the argument with the dual spaces L5 7 and L% to

+IIAl2 + [ fllz2llel|

(9, D) S Mlwllmz [Al o [l
S (Coan(8) + DIl Izl

ol|

L1+25 L1+25 L1+2s L1+25

L1+25 ’

where we used Lemma 3.3 for the LT -norm of w. The use of Lemma B.4 yields the claim. O

3.2. Properties of the second Fréchet derivative of E. In this section, we discuss upper and
lower bounds of E”. To obtain results which are also applicable to study the energy (1.1) for a
fixed vector potential A in the spirit of [8,14], but under the reduced regularity assumptions. We
therefore recall the representation of E” from [13, Lemma 2.4].
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Lemma 3.6. Let (u,A) € H*(Q) x Hy(curl,div) be a minimizer of the energy defined in (1.1).
We denote the second order partial Fréchet derivatives by

OB, A) p) = (@B, A)p): H(Q) B,
(OAuE(u,A) -\ B) = %(8AE(U,A)B):H1(Q)—>R7
(OuaE(u,A) - p) = 8%(5uE(u,A)<p):H(curl)—>R,
(02E(u,A) -,B) = %(GAE(u,A)B):H(curI)%]R,

where ¢ € H(Q) and B € H(curl). The derivatives are given by
O2E(u A)g) = Re [ (2T -+ Ap) - (V0 + Av)" + (luf = 1w’ + 060" + fuPip” da,
Q
(04 E(u,A)B,C) = / |u|>C - B 4 curl C - curl B dz,
Q

(OuaE(u, A)B,y) = / 2Re(uyy™)A - B + %Re(iu*vw +iY*Vu) - Bdz

Q
and (O AE(u, A)B, ) = (0a ,E(u, Ay, B).

Fixing A then corresponds to setting B = C = 0.

3.3. The derivative 0>F for fixed A. Using the stabilized bilinear forms above, we can imme-
diately give upper and lower bounds on 92 FE.

Lemma 3.7. Let (u,A) € H(Q2) x Hy(curl,div) be a minimizer of (1.1). We have

1 i
(02 E(u, A)ib, 0)| < (||;V¢ + Ay|[7: + \|¢||2L2)(||EV<P+ Apllz: +llellz2) < el M1l ,
and there is a constant p, a(k) > 1 such that
(OB, Ao )| = pua () Crly ()l

with py,a (k) bounded from above independently of Csan(k), i.e. 02F is coercive on HL,.

Proof. The first estimate is trivially satisfied, and as in [13] we have for the smallest non-zero
eigenvalue \; that

(028 (u, A)p, ) 2 M|l |22
By the proof of Lemma 3.1, we additionally observe that the Garding inequality in the form
(OB, A, ¢} > allelly , — e ()]ull
is satisfied. We multiply the first equation by ¢2Cgan (%) and the second by A; and ad up to
(c2Cstan (k) + M)(OLE(u, A)p, 0) > exhllellz

which gives the claim for

_ At eaChan() qy Cuanls) ¢ gy Ly o

Cl/\l ~ )\1 >\1
where we used that Cypap (k) > 1. O

Pu,A (’{)Cstab (K)

Lemma 3.8. Let f € L*(Q) and consider w € HL, to be the solution of
(ORE(uyw, ) = (f.¢).

Then, the solution satisfies

lwllaz o S pua(RIf]]L2:
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(a) If @ C R3, then we also have w € W25z (s < 1) with

S pua(R)|f]|ze-

w2l g S A2l s

(b) If Q C R2, then we also have w € W25 with

[ [ 1 [

S pua(F)][f]] -

Proof. The existence follows from Lemma 3.7, and we additionally conclude
lwllmy , S pua(r)Cotan (B fllmr oy S pualB)f]lL2,

since Cytap (k) cancels, and as before we rewrite the problem as
m(%Vw, %ch) = 2m(%Vw, Ap)+ m(Aw, Ap) +m(f, )
+ Re/ﬂ(\u|2 — Dwe* +v*w*p* + [ulPwe* dz = (g, ¢),
where we only have to estimate g in the correct norm.

(a) We proceed as in Lemma 3.5 and obtain with Lemma 3.1

)

(9, O S Mlwllmp Nl o + 122 llell, oy s S (oua(r) + DIIFll2llel] e

which gives the claim.

(b) The same reasoning gives the claim for d = 2 using A € LT, O

3.4. Properties of E”. As the last step, before we turn to the numerical discretization, we study
the full energy (1.1), and thus have to consider both minimizers u, A as unknowns. To have
better control over E”, we perform a similar composition to [13]. We define the inner product for
B, C € H(curl) by

b(B,C) = /curlB ccurlC+ B - Cdx
Q
and with this the bilinear form r by

(3.5) (E"(u, A)(¢,B), (¢, C)) = ap,alp,¥) + b(B,C) +r((¢,B), (,C)).

We further decompose the remainder r as

T((QD, B)7 (w, C)) =" (907 ¢)+T2(B, C)+T’3(B, ¢)+7‘3(C, QD)+T4(B, 7/J)+T4(C, 90)+T5(Ba 7/))+T5(C7 50)3
where the different terms are defined by

r1(,¥) = (O E(u, A)b,¢) — awalp, ), 12(B,C) = (9aE(u,A)B,C) ~ b(B, C),

r3(B, 1) :Re/ w*A-Bdz, r4(B,v) :Re/ 1wV - Bdz, r5(B,v) :Re/ LV - Bda.
Q kR aQk

We now have to bound the different contributions depending on the regularity and bonudary
conditions of the arguments.

Lemma 3.9. Let B,C € L2(Q) and ¢,¢ € L*(Q). Then, it holds.
r1(¢,9) +r2(B, C)| S Clap (W)@l L2 |[¥l] 2 + [1BI] 2] |Cl | 2.
Further, we have the following estimates:
(a) For € HY()
r3(B, ) + 14(B,w)| < [0y , IBlle,
and if B € Hy(curl, div)
rs(B, V)| S [l , (1Bl L2



14 B. DORICH

(b) For B € LT (or B € L*, respectively)

Irs(B ) S I g (Bl 2 d=3,
Irs(B, ¥)| S [[¢]] 2] Bl s, d=2.
(c) If v € HY()) and B € H(curl)
ra(B, )| S ¢l , lImaivB = Bllze + #lBllaean 191l 3., d=3,
ra(B, )| S |[¢ll ., [ImaivB = B[22 + &[[Blla(cun 14|22, d=2.

(d) If v € HY () and B € H(curl)
rs(B, ) S |[Wllay ,|IBllre + &2[¢] g2, |ITaiwB = Blr2,  d =3,
rs(B, )| S MI¢llmp , Bl + sll¢l g, lImawB = Bll2,  d=2.

Remark 3.10. We expect that several powers of k can be removed, if one had a more precise
knowledge on the range of exponents p in Proposition B.2.

Proof of Lemma 3.9. We first note that by definition of the bilinear forms
(0,0 S Coan Wl 2 l[¢llzz,  [r2(B,C) S [IBl[£2|C 2.

(a) With Lemma 2.8 and (3.4) we have for v € H'({)

r3(B, )| = IRe/Quw*A-Bdfd < [[AY[[L2Bllz> < [l , [1B]L2,

i, i
(B0 = [Re [ ~u'Vo-Baa] < [ V6lzalBllos 5 1]l Bl

a1 ||Bl|z2,

Ir5(B, )| = |Re/ Ly V- Bda| = \Re/ L 9gru - Bde| < ||
QR QR

where we used for the last estimate B € Hy(curl, div), integration by parts, and the fact
that divB = 0.

(b) We estimate with Holder depending on the dimension

s Yl

LT—s LT+2s

S, 2

L1+2s

BHLIES’

ra(B.0)] = [Re [ " A -Baa] < |[A]], s, |B]

Ir3(B,¥)| = IRe/Q u" A - Bdz| < [[Al[La|[Bl|za|[9f]z S |[9]] 2][BI| s

(¢) For r4 we compute with the lift 74;, B

Ira(B, )] < | Re /

1wy - (ranB — B) dz
o) K

LtV - many B da| + |Re/
K Q

1
SIRe [ 2w Vo ma Bl + 161l lman B ~ Bl
i |
1
= |Re/ 7VU*¢ . WdivB d:C| + ||’(/}HH1 A||7TdivB — B||L27
QR "

where we used integration by parts with the fact that mq;,B € Hg(curl,div). We use
Lemma 2.12 for d = 3

i 1
|Re/ LV maBdz| < || Vul|zs||rai Bl s
QFk K L

1—s

DIl o S AIBllaEew [P 2

T+s T+s

and, for d = 2, we replace the last estimate by
i, 1
[Re [ vur- man B o] S |1 Vadlosllnan Bl S 6Bl 91122
Q
(d) Again Lemma 2.12 gives for d = 3

i 1
r5(B.0)] = [Re [ 20"V Badal S |1 -Vllis Bl 101, . S wIIBI 1o,

gl

.
T—s T+s L TFs
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and for d = 2
i, 1
rs(B.6)| = |Re [ " Vu- Badal |5 Vullpal Bl el 16122 S #lB e[ 1012
Q
‘We insert the lift m4;,B to write

I75(B, )| < |Re/ izp*vu-midex|+|Re/ Ly*Vu - (g B — B)|
QFk kR
< |Re/ iqp*vu-wdidex|+|Re/ Ly*Vu - (g B — B))|
ok Qk
< |Re/ ivw*u-wdidex|+|Re/ Ly*Vu - (g B — B))|
ok Qk
< |Re/ %V¢*u-de\+|Re/ %Vz/)*u.(wdivB—B)dﬂ
Q Q

+ |Re/ Ly*Vu - (g B — B)|.
kR
We now use the first estimate in Lemma 3.1 together with Lemma 4.3 for d = 3 as
1
s (B, ) S 1Wllay 4 1Bz + 19l , [[7aiB = Bllzz + (9] o]l - Vaulla[|mai B — Bl] 2
Sla Bl + &[0l g, [I7aB = Bl| e,
and for d = 2 as
1
s (B, ) S 1llay 4 1Bllee + 1l , [[7aiB = Bllzz + [[9]]a]| = Vull 4 ]|mai B — Bl] 2
S lla  IBllz> + slldlla , llmaiB = B2,

which gives the claim. O

Lemma 3.11. Let (u,A) € H*(2) x Ho(curl,div) be a minimizer of (1.1). The second Fréchet
derivative is coercive on H) o x Ho(curl, div) with

<EN('U/7 A) (% B)a (907 B)) 2 pu,A(K)_lcs:;b(H> | |(pv B||§{iA xHy (curl,div)

with py a (k) bounded from above independently of Csian (k).

Proof. As in Lemma 3.7, we have for the smallest non-zero eigenvalue \; that

<E”(ua A)(@) B)’ (4,07 B)> 2 )‘1H(<p’ B)||%2><L2'
With the estimates in Lemma 3.9, we obtain by a weighted Young’s inequality

(E"(u, A)(¢,B), (¢, B)) > crllellzn , +erllewrl BI[7z — e2Clp ()l 0ll72 — esl/B[7:-

Without loss of generality let Cgcstab(li) > c3, and multiply the first equation by ¢aCstan(k) and
the second by A\; and add up to

(c2Cian () + M)(OZE(w, A)p, @) > erhi (Il , + [l ewl BI3.)

which gives the claim for
A1+ 2Chsan (K
pua (£)Cstab(K) = w
C1>\1

the same reasoning as in Lemma 3.7 gives the claim. (|

4. SPACE DISCRETIZATION

We now turn to the spatially discrete version of (1.1). Therefore, we introduce finite element
spaces for the order parameter v and the vector potential A. In addition, we have to discretize the
divergence constraint or equivalently the Lagrange multiplier. In this section, we first present the
spaces and then discuss the discrete minimization problem as well as the results on the discrete
minimizers.



16 B. DORICH

4.1. Discrete spaces and properties. To keep some flexibility in the framework, we consider
the different meshes where the order parameter u is approximated with 7, and 7Ty, where the
parameters h and H indicate the largest diameter of each of the meshes. In the major part of the
presentation, we work with the following assumption without mentioning it in every occasion.

Assumption 4.1 (Properties of the meshes).

(a) The meshes Ty, Tu are shape regular.
(b) On the mesh Ty, the L?-projection is H'(S))-stable.

We note that the second part is for example satisfied for quasi-uniform meshes, but also in the
more general setting as for example discussed in [4]. Later on, we additionally require the uniform
boundedness of a certain embedding for 7Ty, see Assumption 4.4.

For the spaces we choose V;, C H'(Q2) to be the space of (real) linear and continuous Lagrange
elements and Ry C H(curl) as Nédélec elements of the lowest order (of first or second kind). We
then seek discrete minimizers

up, € Ve = Vi +iVh, Ay e Ry,
and enforce the divergence free condition on Ay, cf. [35, Section 7.2.1], via

(A, V)2 =0 forall py € Vy,
where Vp also consists of linear Lagrange finite element space but on the mesh 7. Note that this
induces a discrete divergence operator divy: Ry — Vg via

(diva A, om)re = —(An, Ven)re,

such that we equivalently enforce
diVH AH =0.

We would like to have a discrete subspace of Ry which corresponds to Hy(curl, div) from (2.1b).
Thus, we define

(4.1) Vo ={Byg € Ry | diva By =0},

and emphasize that the condition By - ¥ = 0 is only enforced weakly. We endow the space with
the norm

IBulR ., = IBrli: + || curl By |72 + || divis B [7.
Note that such subspaces are also used by Li in [31, Sec. 3.3] in the context of the time-dependent
Ginzburg-Landau problem. In addition, we define the orthogonal projection Py : H(curl) - Ry
for B € H(curl) by
(curl(B — PgB),curlCy) + (B — PyB,Cy) =0,
such that in particular it holds for C'y

which implies that Py B — B is discrete divergence-free. Further, div B = 0 implies divg PgyB = 0.
We have in addition the following approximation result in Nédélec spaces, which only requires
regularity of the function and its curl for optimal rates.

Lemma 4.2. Let B € H25(Q) and also curl B € HzT5(Q) for 3 <s<1, then

1
1B — PuBllr(eurt) S H2 (Bl g0 + |lcurl Bl 414.).
Proof. See Section 7.2.1 and Theorem 5.41 in [35]. O

Since a function with vanishing discrete divergence is not automatically divergence free, we make
use of the following construction in several parts of the numerical analysis. Here, we employ the
projection defined in (2.4).
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Lemma 4.3. Let By € Vo and consider the projection maiy in (2.4).
(a) Then maivBy € Ho(curl, div) and it holds

1
|maivBr — Ba|la(eut) = ||TawBa —Ballr2 S H°||curl By|| 2.

(b) Further, it holds the embedding
IBrllrz S [|cwrl B2

with a constant independent of H, i.e. ||curl By||r2 is an equivalent norm on Vg .
Proof. See Appendix A or [35, Lemma 7.6]. |

When studying the discrete minimizers we would like to carry over as much of the techniques from
the continuous case to the discrete setting. An essential tool in th continuous case was there to
use the embedding stated in Lemma 2.2.

Assumption 4.4. There is a constant C' independent of H such that
- 5 ||BH||VH,07 d:3a
IBall 4 SIBallvi, d=2,

L1-2s

Bl 2

where s > 0 is such that Ho(curl, div) — LT and Hy(curl, div) — L%, respectively.

We note that in the case of a quasi-uniform mesh 7y the estimate in Lemma 3.6 in [31] shows that
this assumption is indeed satisfied. An interesting question would be to find criteria on the mesh
such that Assumption 4.4 is satisfied for more general meshes.

Finally, we rely on the following quasi-interpolation operators that allow us to extract the optimal
order of convergence in the following analysis. Let us emphasize that the properties only require
the shape-regularity of Tj,.

Lemma 4.5. There exists a quasi-interpolation operator Iy,: L' — V}, such that for all p € (1,00)
1t holds

[lu — ThullLe < Cphf|lullwer and |V (u— Inuw)||rr < Cph®||ullwitss

with a constant Cp, > 0 independent of h.

Proof. This assertion is stated element-wise in [25, Theorem 22.6] and since the ansatz functions
are Wh>-conforming, we obtain the estimate on €. O

4.2. Discrete minimization. We are now in the position to state our discrete problems using the
discrete spaces from the last section. The problem reads as follows: Seek (uj,An) € Vi,c X Ry
such that

1 i 1
Blun, Am) = ' 5= Bron|? + = (1 |oa2)? + |curl By — H|?d
(43) (uh’ H) U}LEV}LT’LI"I,IBHHERH 2 /Q |’€v/l)h + th“ + 2( |'Uh| ) + ‘Cur H | T,

subject to divg Ay = 0.

Analogously to Lemma 2.7, we obtain that each minimizer is a solution to a saddle point problem,
i.e. there exists Ay € Vi such that for all (¢n, Bu, pr) € Ve X Ry x Vi it holds

0= 8uE(’LLh, AH)(Ph + aAE(U, AH)BH + (V)\HvBH)v

4.4
( ) OZ(dIVHAH7MH>7

where the Lagrange multiplier terms vanishes for Bg € V. Next, we state the existence result
of discrete minimizers as well as the a-priori estimates.



18 B. DORICH

Theorem 4.6 (Existence of discrete minmizers). For each h > 0, there exists at least one mini-
mizer (up, Apr) € Ve X R of (4.3), and we have the a-priori bounds

1
[[Am|lrz +|lcurl Ayl S 1, [unllLs 1 HEVUHAH%HB SL

In addition, under Assumption 4.4 it also holds ||AH||L%S <1 (@d=3)and ||Ag|] o <1

~ LT-25s ~~
(d = 2), respectively, and
o = max{0, 122}, d=3,
a=0, d=2,

lunllmy + [[Agunl|rz S 1+ K%, with {
with hidden constants independent of h, H and k.

Proof. Due to the finite dimensions in Vj, ¢ and Ry, the existence is clear. For the bounds note
that (0,0) € V¢ x Vo and thus E(up, Ag) < E(0,0) < 1 and by construction also divg Ay = 0.
The first three estimates are obtained as in [13] combined with Lemma 4.3. For the last one in
d = 3, note that by Assumption 4.4

i i
1=Vaunllez S=Vun + Anupllez + |Amunllz S 1+ [Anlvaollunll o ST+ llunll ) ey -
For s > i, we obtain boundedness by a constant and thus only consider s € (0, i) In this case we

use the relation

1+2 1-
ESZEJF @ a=1-4s€(0,1),

6 4
and estimate with ||up||r2 + ||un|lpe S1

_ _ _ i _ 1—4s i
lunll, o S [un|zs ®unlTs S llunllfs® S &' 4S|\;Vuh||iz4s +1 S Csn' "+ 8]|= Vup |2,

where we used Young’s inequality in the last step for the pair (4%, 1_1 1;) and some arbitrary J > 0.

Hence, we obtain the last two estimates (for d = 3) by absorption. In two dimensions, we already
have a uniform bound on Ay in L* and thus ||Agup||r> < 1. O

Proposition 4.7. Denote by (up, Ag) € Vic X Ru a family of minimizers of (4.3). Then, there
exists an ezact minimizer (ug, Ag) € H () x Ho(curl,div) of problem (1.1) such that there is a
monotonically decreasing sequence (h, H) — 0 with

lim ||u0 - uhHH,l] + HAO - AHHH(Curl) =0.
(h,H)—0

In particular, we can require up L iu.

Proof. We follow the strategy in [9]. By the a-priori bounds in Theorem 4.6, we obtain weakly
convergent subsequences (with abuse of notation) as (h, H) — 0

wp, — ug in H(Q), Ay — Ap in H(curl),

which directly implies strong convergence of uj in L% and of Ay in L?. We now fix ¢ € H(Q)
and write for oy € Vg

(Ao, Vo) = (Ao — Ay, Vo) + (A, V)
= (Ao — A, Vo) + (A, Vou)+ (Ag, Vo —Vog)
= (Ao — A, Vy)+ (Ag, Vo - Vog),
where we used that divg Ay = 0. Now let limpy_0]|V(¢ — ¢m)||L2 = 0, then the first term tends

to zero due to the strong convergence in L? and the last term due to the uniform boundedness of
[|Ag||r2. Thus, we have shown that Ay € Hy(curl, div).

By the weak semi lower continuity, we obtain

liminf F Ay)>F A
(}le})lgo (uh, H)_ (UOa 0)
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and by the density of V;, ¢ and Ry we obtain that (un, Ag) is a minimizing sequence. Hence, it
holds equality

li E Ayg)=F Ay) = i E(u,A).
(h,IIJI)n—>0 (un, An) (uo, Ao) H},xHr(fl(lcllllrl,div) (u, A)

In addition with the strong convergence of the lower order terms, the convergence of the energy
implies
1 1
IIEVu;LHiz + || curl Agl|7. — ||;vu0||2L2 + || curl Ag|[72,

which finally yields the strong convergence as claimed. (|

4.3. The Ritz projection in HAA. This section is devoted to a suitable projection for the order

parameter u in the inner product corresponding to H ; a defined in (3.2). We present general

best-approximation results as well as estimates for prescribed regularities. For a given minimizer

u, we define the spaces H}, = H*(Q) N (iu)* and Vj, 1, = Vic N (iu)t, where the orthogonality is

with respect to the L%-inner product. We define the Ritz projection Ry 5 j,: Hi, — Vi via
. (v — Ri‘7A7hv, wn) =0 forall ¢ €V,

and in particular, we have

i i
(4.5) (;V(U - RtA,h) +A(v — RiA,hv)v EV(Ph + App) = —Cqtan(k) (v — RiA,hUa ©n)-

With this, we can conclude an adaption of the estimate in [14, Lemma 5.11].

Lemma 4.8. Let ¢ € H}, and assume the resolution condition Csiap(k)kh <1, then

. 1
le =R anelli, S _inf (S19(0 = en)llzz + Cuan(w)lle = oallz2)
o en€VhL \ K

with a constant independent of k and h.

Proof. We proceed analogously as in [14, Lemma 5.11] to get for any p € H,

m(mhp — o, iu)

(G ) )

[l — RiA,h‘PHHi)A <o = (mae —
[lullz>
mp (1u) — iu, iu) + ||ivl]

(7w Gu)llm2
<lle=mnellm , + e —mellr T
il 7.L||L2

<l =mnellmy , +lle — Tl oy s llmn ()l

L2

= lu = mhullr2
With the H!(Q)-stability of 7, in Assumption 4.1 and the norm equivalence in Lemma 3.1, we
have
()l Sl , S Cstan(R)]lullz2,
where we employed (2.6) for the last estimate. This leads to

|[u]| L2
—||u — 7hul| L2

le = Riandlla , S e = mnellm , + Cotan(8)ll@ — el 2 Tl
We further estimate the denominator again with the norm equivalence and (2.6) to obtain
[lullz2 = mhII%VUHLz > lullzz = ewhllully , = lullz2 (1 = cCotan (k) Kh)
to finally get with the assumed resolution condition
le = Ruanllm , S e —mollm , + Cstav(®)lle — ollze S llo — 7l , -

Again the stability of the L2-projection in H, ; A and the norm equivalence from Lemma 3.1 give
the desired claim. ]

Next, we present a series of lemmas which discuss the precise projection errors depending on the
regularity of u.
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Lemma 4.9. Let u € H'™(Q) for some o € (0,1]. Then,
- 1
llu = Ricanullas , S 57 (1+ Coan(x)rh) ~lullz+e

with a constant independent of h and k.

Proof. We employ Lemma 4.8 and choose the quasi-interpolation ¢, = Ipu from Lemma 4.5 to
obtain with s =14 ¢

1
=R anulluy , < —|IV(w— Iyl 22 + Csan(#)|Ju — Inul| 2

=

A

1
(Eh571 + Cstab(’i)hs) | ‘U| ‘HS

1
5 ho'(l =+ Cstab(li)lih) EHUHHlJrU,
which gives the claim. ]
We can similarly show an increased convergence rate in the L2-norm. As expected we do not

obtain an additional full order of convergence, but only the available s from the smoothness of the
domain.

Lemma 4.10. (a) If Q C R3, we have

||RiA,hu —ullp2 S h°K(1+ Csan(r)rh) ||RiA,hu - UHH;YA~

(a) If Q C R?, we have
lis
HRiA,hU —ullp2 Shet ’1(1 + Cstab(’{)ﬂh)HRtA,hu - U||H;1A~

In both cases the hidden constant is independent of h and k.

Proof. We use a dual argument, and define e, = Ri‘,A,hu —u and w € HY(Q) as the solution of
ar,a(w, @) = m(ex, p),
and compute with the orthogonality of the Ritz projection

||€7r|\%2 = aga(w,eq) = aga(w— RtA,hwv Rch_,A,hu —u) < HRtA,hw - w”H,};)AHRtA,hU - u”HL .

A

(a) With Lemmas 4.9 and 3.5 we conclude
1
IR anw = wlliz , S5 (1+ Cotan(w)sh) —|wll e S B (14 Coran (k)h) |lex] |2
and thus
llerllzz S P (L + Coan(k)wh) Ry o pu = ull
as claimed.
(b) We simply use Lemma 4.9 and the increased regularity in part (b) of Lemma 3.5 to obtain
5+s 1 5+s
||RtA,hw - wHH;)A < hat (1+ Cstab(ﬁ)ﬁh)EHw”H%+s < hst k(1 + Cyan(k)kh) |lex]|| L2,

which gives the second assertion. O

Further, we show another approximation (for d = 3) in the L%—norm, which is between L? and
H' — LS for s € (0, %} and is useful in the later best-approximation estimates, cf. the proof of
Lemma 5.7 below.
Lemma 4.11. Let Q@ C R? and s € (0, 1]. Then, it holds for
1 1 s ol
||RR,A,hu - UHL%S S ho(ate) (1 + Cstab(’f)’ih) 2 HHRH,A,W - U||H;VA,

and for s > % we are in the situation of Lemma 4.10.
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Proof. We use interpolation between the estimates in L? and H ; A- Therefore, note that
1 1-—
;_s:%-ﬁ- 6a for a=g+s

. 1
Hence, we obtain with ez = R/ 5 ,u—u

1
3+s 3~

1 lis
< |lexllz2 llexllZe P

L 1o
llexllz="lexlZ -

[NE

lell 1o <k

Now with Lemma 4.10, we further estimate
l+s
2

lleall s S (hR)3H (14 Cupan(m)h) * "2~ lexl g1, = h*G k(1 + Cuan()h)

LTFs ™~ ||e7rHHiyA7

which gives the claim. O

4.4. Inserting the minimizer. We now combine the results on the convergence with the estab-
lished regularity of the minimizers to derive convergence rates which are then independent of the
minimizer itself and only depend on the regularity induced by the domain 2. We first state the
result in three dimensions.

Lemma 4.12 (3 dimensions). (a) Let u € W2Pu«2 be a minimizer of (1.1), then

5py,2—6

lu— R ppullgy < min{ skt sh e }(1+53R), 0<s<1.
(b) Since py,2 > 3, we have at least

=Rt pullan , S (kh)F(1+K7R), 0<s<L

Proof. We simply use Lemma 4.9 together with the estimates (2.7a) and (2.7b) and Cstap (k) from
(3.3) to conclude the assertion. O

Remark 4.13. (a) Note that if Q is convez, we obtain s = 5 and hence py,2 = 2. This implies

1
2
[ —REapulla S (kh)(L+ K2R).

(b) Further, formally inserting s = 1 yields p,,2 > 2 and hence the estimate
llu = Ric apullmz , S (kh)(1+ wh).

Due to the better embedding in two dimensions, the error bounds improve in this case.

Lemma 4.14 (2 dimensions). (a) Let u € WP« be a minimizer of (1.1), then

2pqy,2—2

1
= Ris a pul iz, S min{(sh)P2 = wh P2} (14 kTER), 5 < o
(b) Since py2 > %, we have at least

L . 1 1 i
lu— R p ol S min{(kh)3,kh3}(1 4+ T50), 0<s< 1.

Remark 4.15. If we write the largest angle wpq. = am, a > %, then

@ 3 3
max = ——7, = Pmax 1) = 2» max\5) = 5>
(@) = 227 = (D=2 pun(3) = 3

4
max(2) = 5.
Pmax(2) = 5

(a) For example if o = %, then s = % and the convergence improves to
llu = R a pullg , S min{(kh)?, 6h5 1+ K2h), 0<s<1,
which aligns with the expected reqularity for an L-shaped domain where u € H -,

(b) If Q is convez, then s = % and pmax = 2 such that
llu = R anullar , S (kh)(1+ wh).
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5. QUASI BEST-APPROXIMATION RESULTS

We finally turn to the error bounds for the minimizers, where relate the error e;, = u — uy, to the
best approximation error e,. We first study the case of a fixed vector potential, but only assume
the regularity A € H %"’57 and in a second step derive the error bounds for the full problem. Let
us note that in the reduced case, one can derive better estimates than in the coupled case.

5.1. The case of fixed A. Let u be a minimizer of (1.1) and uy € Vj, i, a minimizer of (4.3),
and emphasize that we do not require Assumption 4.4 in this section. We use the standard
decomposition

(2B ()R a1 — uns o) = (DR E(w)R;; &t — u, ) + (92 E(u)u — un, on) = €1(on) + e2(on),
and derive the following bounds.

Lemma 5.1. Let u be a minimizer of (1.1) and up € Vi1, a minimizer of (4.3). Then, we have
the estimates

e1(en) S Os?tab("f)HRiA,hu — ullLz|lenllL2,
e2(pn) < (Ilu = unl|Za + [lu —un|[fe)llonl|L2,

with constants independent of k and h.

Proof. We follow the lines of [14, Lemma 5.5], and first consider using the representation in (3.1)
El(wh) = _Cs2tab<"<’)(RiA7hu —u, <Ph)
+ ((\U|2 —-1) (RiAﬁu —u) + UQ(RiAﬁU —u)" + |U\2(RiA,hU —u),n)
S Cgtab(K)HRtA,hu —ul|p2||enl| L2,
where we used (4.5). Further, by the estimate
lea(on)] < / (2uu — up* + (u—up)*u* — [u — up*(u — up))Ph* da
Q

< (= unllZs + |l — unllZo) llonl 2

we obtain the claim. O

This already yields us the best-approximation result in the H ,1 A-horm.

Theorem 5.2. Let Assumption 4.1 hold, and let u be a minimizer of (1.1) and up € Viiy a
minimizer of (4.3). For h sufficiently small, we obtain the following quasi best-approzimation
results.

(a) If Q C R3, then it holds
u=unlliz , S (14 B kpua(6)(1+ K1) )R p e = ull
with constants independent of k and h.

(b) If Q C R2, then it holds
lu=unllirs , < (14 BE s a(R)(1+ K75 0) ) IRiE a =l

with constants independent of k and h.

In particular, we observe that for h is sufficiently small [[u — up||g1 | < HRi,A,hu —ullg .
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Proof. We employ the lower bound in Lemma 3.7 and the estimates in Lemma 5.1

H;V( mant = un)l|Z2 4 Clap (K)|[Ric a pu — unl[Z2

N Pu,A(’f)@QE(U)RtA,hU — Uh, RtA,hu — up)

< pu,a (k) (Coan (9)[Rigant — ullL2 + |[u = unl|Za + [Ju — un||26) Ry 45w — unl| 2

< pu,a (8) Cotan ()| Ry, a p 0 = | 22 Cotan (1) | [Rig e — un[ 2

+ pu,a (#) Cstan (k) ([Ju — |24 + [ = un[E6) Cotan ()| R34t — un |22

and thus with Young

HEV(RiA pt = up)|[2 + Cstab(’f>||RiA,hu — up||z2

< Pu,A (1) Cotan (R)|[Ri a nte — ull 22 + pu,a (8) Cotan (r) ([[w = un |74 + [|u = unl[fe)
Form this, we conclude for h sufficiently small

1290~ un)llze + Cupan ()l — a1

S ||%V(U - RiA,hU)HL2 + Cstan (K)|Ju — RiA,huHL"’ + pu,A(K“)Cstab(H)HRiA,hu —ul[z2
IV~ R p )l + pua (6) o (R) IR g —
For 2 C R3, we insert Lemma 4.10 (a) to eliminate the L?-norm and obtain
lu=unllm , < (1+hokpua(6)(1+ Coran(R)h) ) IIRE A pte =l

and the definition of Csap (k) gives the desired bound. Using Lemma 4.10 (b) gives the claim in
two dimensions. |

Using the estimate in H! 5, we are now able to increase the convergence in the L?-norm via an
Aubin-Nitsche trick.

Theorem 5.3. Let Assumption 4.1 hold, and let u be a minimizer of (1.1) and up € Vhiu a
minimizer of (4.3).

(a) If Q C R3, we have the estimate
llu = unllrz S pu,a (k) (1+ Cstan (1) sh) |lu — unllmy
for h sufficiently small.
(b) If Q C R2, we have the estimate
[ —wnllzz < pua(r)sh**2 (1 + Cuian (k) 5h) [u = unllgs

for h sufficiently small.

Proof. We use again a duality argument, but now with 92E. Denote again e, = u — uy, and let
w € H*(Q) be the solution of

(O2E(ww, ) = (e, ¢)
We then insert ¢ = e, to obtain

llenllZ: = (O E(w)w, en) = (97 E(u)w — Ry o pw, en) + (05 E(u) R yw, )
< llw =Ry, anwllm  llenllm , +le2(R o anw)|
Sllw =R anwllay  llenllmr , + llenllz (Ilu — unllzs + lu — unl[Ze) &l Ry A pw! 1,
where we used the representation of €5 in Lemma 5.1. We then use Lemma 3.8 to estimate

S pua(R)llen]|z2

KAN

IR Ahw||H1 < wl| g2
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as well as with Lemma 4.9 (a) (and part (b) in the case d = 2)

lw —Reanwlla , Sh°(1+ Cstab(ﬁ)ﬁh)%l\wl\mw < W E(1+ Cutan(K)6h) pu,a(6)len]| 2
Combining all this, gives
[lu = un|lrz  hK(1 + Cutab(k)kh) pu.a(6)lenl |y ,
+ pu,a(R) (lu = unlzs + [|lu — unl[Ze) sllu — up|| 2
< w0 a (%) (1 Curan (5)0) enll
+ pu,a (k) ([l = unllzs + |lu — unl[Zo) sllu — upl| 2.
Thus, for h sufficiently small, we obtain by absorption
= wnl 22 S pua (R)rh* (L + Cutan(w)r) len s,

which gives the claim. ]

5.2. The case of full E”. We now turn the coupled problem and treat the approximation on u
and A together. A crucial ingredient in the latter analysis is the coercivity of the second Fréchet
derivative to estimate the discrete error. However, in the magnetic part, the error satisfies by (4.2)

divi Ex =0 but Eyx = PyA — Ay ¢ H(div).

Hence, we cannot apply Lemma 3.11 directly. However, the coercivity can be recovered under the
resolution condition

(5.1) pua (k) Castan(K)H?T*  sufficiently small,
which is shown in the following lemma.

Proposition 5.4. Let Assumption 4.1 hold, and let (u, A) € HY(Q) x Ho(curl, div) be a minimizer
of (1.1) and (up,An) € Viiu X Vuo a minimizer of (4.3). Then, there is a constant ¢ > 0
independent of h, H, and k such that

1
(1 = cpu,a (k) Cstan (k) HZT*) || on, BHH?{,;AxVH,o
S pu,a(K)Cstab (K) (B (u, A)(on, Br), (¢, Br))
for (¢n,Bu) € Viiw X Vuo. In particular, E" is coercive on Vi, i, X Vo under the resolution

condition (5.1).

Proof. Let B H be given and discrete divergence free. We associate B= wleB u € Hy(curl, div)
such that curl B = curl By, with 7g;y from (2.4), and write By = B+ By — B) where the first
summand is divergence free and the second one curl- and divy-free.

We use the property of B to obtain
g, curl Byl o = llgn. ol Bl za < pua()Coan () (B (1. A) (01, B). (1. B))
and further use the expansion (¢, B) = (¢, Bxr) + (0, B — By) to write
(E"(u, A)(n, B), (g1, B))
= (E"(u, A)(n, Br), (2n, Br)) +2(E" (u, A) (0, B), (0,B — Byr))
+ (E"(u,A)(0,B — By), (0,B — By))
= (E"(u, A)(¢n, Br), (¢n, Br)) + 4(0u, a E(u, A)(B — Bp), o)
+2(03 E(u, A)(B — By),Bp) + (0A E(u, A)(B — By), B — By).
The first term is precisely what we want, and for the second derivative in A we have
(03 E(u, A)B = Byr), B~ By) S 1B~ Bul ey = 1B~ Bull}2 S (H**||cwl By | 12)°,

where we used again Lemma 4.3. In the same manner we estimate

(0% E(u, A)(B — By),By) < H>|| curl By|[2..
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Finally, with the representation of 9, A E in Lemma 3.6,d the bounds derived in Section 3, and
Assumption 4.4 we observe

(0uaB(u, A)B =Bu) on) < llenllm 1B = Ballaeun S H>"*(lenllf | + [Jeurl Bylf:),

once again using Lemma 4.3. O

A crucial ingredient in the proofs of the error bounds is to exploit the critical point equation.
However, due to the Lagrange multiplier in (4.4), it does not hold (E’(u, A), (¢n,Bg)) = 0 for
(¢n,Br) € Viiuw X V. Nevertheless, we can quantify this error in the following result.

Lemma 5.5. Let Assumption 4.1 hold, and let (u, A) € H* () x Hy(curl,div) be a minimizer of
(1.1) and (up,An) € Viiw X Vo a minimizer of (4.3). Then, it holds

(E'(u, A), (¢n,Br)) < H%+s|| curl B || 2
for (on,Bu) € Viju X V.

Proof. As above, we associate B € H, (curl, div) such that curl B = curl B H, and compute with
Lemma 2.7

(E'(u,A), (n. Br)) = (E'(u, A), (0,By — B)),

and Lemma 4.3 gives the claim. O

After these preparations, we now turn to the treatment of the error in the discrete minimizers.
Defining the errors e, = RiA,hu_ up and Fg = Py A — A g, with Proposition 5.4 we can estimate

120 Exll31 v S Pua(8)Citab (R)(E" (u, A) @, Enr), (@, En)),s
and decompose as |
e1(¥n, Cu) = (E"(u, A) Ry a pt — u, PuA — A), (n, Crr)),
e2(¥n, Cn) = (E"(u, A)(u — un, A — Ap), (¥n, Crr)).-

Thus, it remains to study the two different contributions. We begin with the second one.

Lemma 5.6. Let Assumptions 4.1 and 4./ hold, and let (u,A) € H'(2) x Ho(curl,div) be a
minimizer of (1.1) and (up, Ag) € Viiw X Vo a minimizer of (4.3). Then, it holds

aln Cin)| < CO)(lu — wnllds + Il — s+ 1A — A l33) 60 ol ertiuny
+ éH%"'SH curl Cy|| 2

with C independent of k.

Proof. We perform the expansion
e2(Yn, Cu) = (E"(u, A)(u, A), (Y, Cr)) + (E'(u, A), (¥n, Cr))
— (E" (un, Ap)(un, Am), (¥n, Cr)) £ (B (un, Ag), (¥n, Ch))
+ (B (up, An)(un, Am), (Yn, Cr)) — (E" (u, A)(un, An), (¥n, Cr))
= ((E"(u, A)(u, A), (Y, Crr)) — (E'(u, A), (¥n, Cr)))
— ((E" (un, Am)(un, Arr), (Y, Crr)) = (E'(un, Anr), (¥n, Crr)))
+ (B (up, Anr)(un, Am), (¥n, Cr)) — (E" (u, A)(un, An), (¥n, Cr))
+ (E'(u, A), (Y1, Cr))
< |((B" (u, A)(u, A), (Y1, Cr)) — (E'(u, A), (Yn, Ch)))
— ((E" (un, Agr)(un, Agr), (Y, Crr)) — (E'(un, Anr), (¥n, Crr)))
+ (B" (un, Am)(un, Amr), (n, Crr)) — (E" (u, A)(un, Axr), (¥n, Crr))|
+ H34||curl Cyy|| 2,
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where we used that (E(up, Ag), (Y, Cr)) = 0, and the estimate in Lemma 5.5. For the remaining
parts, we modify the proof of [13, Lemma 5.5] such that only ||A||zz, ||Ax]||Ls are used instead of
the H'(Q))-norm. O

Lemma 5.7. Let Assumptions 4.1 and 4.4 hold, and let (u,A) € H*(Q) x Hy(curl,div) be a
minimizer of (1.1) and (up, An) € Vi iw X Vo a minimizer of (4.3).

(a) If Q C R3, we have the bound

|e1(¢n, Cr)|
Hwha CHHH;AXH(curl)

S (W Catan(9)R (1 + Catan (B)6h) lex| |2 , + || Bxl |22
+ HElexll g, + RO (1 + Coran(8)6) 5 lexll

+ &2H 2| Br| e (cur) ) -

(b) If Q C R?, we have the bound

le1(¥n, Cr)|
quh& CHHH;,AXH(curl)

S (h*Caian (k) (1 + Caran(k)h)|lexl |, + |1 Exl| L2

1lig s(i+s 1.
+H2+ ‘|eﬂ‘|Hi7A +h (z+ )52(1"_C'stab(’i)’ih)Q+ ||€7rHHi,A

1
+ K2H2+S||E7r| |H(Curl)> .

In both cases the hidden constants are independent of k, h, and H.

Proof. By the definition of the two projections and r in (3.5)

51(¢h7 CH) = T((em E?r)v (wha CH))
= Tl(e7r7wh) +T2(ETHCH)
+r3(Ex,vn) +13(Chsex) +14(Er,Yn) +14(Ch,ex) + 15 (Ex, 1) +75(Ch,ex),

Then, by Lemma 3.9 (a)
[r1(exs ¥n) + 72(Bx, Cir)l S Clia (8)lex el [¥nllzz + || Exllz2]|Carll e
This further is estimated by
llexllzz S A%k (1 + Cutan(k)sh)|lexllm , d=3,
llexllzz S P2 H5(1+ Cuan (k)b |lel |y, d=2.
We first consider the case d = 3. By Lemma 3.9 (a) and (b)

|T3(E7r7wh) + T3(CH7 eTI')|

S N Exllzzlnllmy , + llexll, s

S Ex 2[4l , + R R(1+ Cutab(k)Kh) 2 [lexllmr , |ICH Ilrcun)-

Cu ‘ |H(cur1)

Further, by Lemma 3.9 (a) and (c)

ra(Ex,tbn) +74(Chy ex)| S | Exllezl[¥nllmy , + llexllm , [1TaivCr — Chlla(eun
+"€H€7r||L135 1CH |1 (cur)

S [ ExllL2|[4n]
(Lis 1y
+ IR (14 Cutan (9)6) 2 lexll s, [1C [rreun),

1
H:A + H2+S||67F||H;7A||CH||H(curl)



MINIMIZERS OF THE GINZBURG-LANDAU ENERGY IN NON-CONVEX DOMAINS 27

where we used Lemmas 4.2 and 4.11 in the last step. Finally, we use Lemma 3.9 (d) and the same
estimates to obtain

[rs(Exv ) + 75(Crr.ex)| S #l[Call s

I—s

exll o + 1 Bxllezllnllm:
+ &2 nllar Ty Br — Exl|r2
1
S WG (1+ Clian (0)6h) 2 lexl 1, NICH e

1
1Bl 2 lnlla , + S HE s, 1Bl lexgeuny.

Collecting all terms, then yields

|€1(1/)ha CH)|
Hwhﬂ CHHH}Q,AXH(CHI‘])

S (1 Curan () (1 + Curan (R e L1,

+ [ Eallp2 + 22 k(1 + Cuan (K)5R) 2 lex |1
+ HElegll , + B33 (1 + Cugan(k)5R) 2 lexl 2,
+ KJQH%—FSHEﬂ’HH(curl))-

Next, let d = 2. By Lemma 3.9 (a) and (b)
r3(Ex, ¥n) +73(Cr, ex)| S | ExllL2lldnllmr , + llexllL2[[Crllreun
Further, by Lemma 3.9 (a) and (c)
r4(Ersn) +72(Carsen)| S 1Eallielvnllm , + llexlli , lIman Cr — Carl stceuny
+ £llexl| L2 [|Crrl [ eurn
S B2 llnllm , + H2llexlla ICorcenn)
R+ Cunn (R0 lexlms |[Cotl e

where we used Lemmas 4.2 and 4.10 (b) in the last step. Finally, we use Lemma 3.9 (d) and the
same estimates to obtain

75 (Ex, n) +75(Chyex)| S 6l|ChllLsllex|L2 + [ ExllL2[[¢nl 2
+ wllYnllm , lImai Br — Ex|| 12
S T2 (1+ Coan (R)kh) lexl 1, 1| Corl ey
+ | Exllallnllm , + <HZ [Ynllm 1 Exlaeun)-

Collecting all terms, then yields

le1(¥n, Ch)|
H’(/}fu CHHH;YAXH(curI)

S (h%+scstab(’€)’<’(1 + Ostab('%)"ih)||e7f| |H,1€’A

+ [ Exl|z2

+ H2 lexl g+ h 052 (1 + Coan (5)60) ex 1
14s

+I€I?[2Jr HETFHH(CUI’I))'

Finally, we can summarize our finding in our main result.

Theorem 5.8. Let Assumptions 4.1 and 4.4 hold, and let (u,A) € H'(Q2) x Hy(curl,div) be a
minimizer of (1.1) and (un, Ag) € Viiw X Vo a minimizer of (4.3) such that they satisfy the
assertion of Proposition 4.7.

(a) If Q C R®, and h, H sufficiently small, in particular such that the resolution conditions
pu,a (£)Cstab (£) (h° Cstan (K)K + Rt g2 ¢ H%JFSK;Q) <1
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are satisfied, we have

lw = unllmz , + 1A = An|lr(eur

S ||RiA,hu - UHH;A +[|PrA — AHH(curl) + pU,A('%)Cstab(K’)”PHA — Al
with constants independent of k, h and H.
(b) If Q C R2, and h, H sufficiently small, in particular such that the resolution conditions

Pu,A(K)Cstab (K) (h%“CStab(m)m +hate g2 4 H%"’S,‘i) <1

are satisfied, we have

|Ju — Uh||H;A +|[A = Anlacu)

SRz anu—ullm , +1PrA = Alla(eun) + pu,a(8)Cstan (5)|| P A — Al| 2
with constants independent opf k, h and H.

Proof. We split the error in the projection error and the discrete error and combine Proposition 5.4
with Lemmas 5.6 and 5.7. Absorption of the higher order terms gives the result. O

Remark 5.9. Let us note that one would like to remove the L?-norm together with the constants
in front of it. However, from the regularity we derived so far for Ap, we cannot hope to obtain an
increased convergence in the L%-norm using Nédélec of first kind. If we are able to show additional
reqularity and use elements of the second kind, one can hope for an additional H in front of the
L2-Norm, see for example [35, Theorem 8.15], and then hide this term under a resolution condition.

Conclusion 5.10. Let the assumptions of Theorem 5.8 hold.
(a) If  C R3, we have
u = wnllis , + 1A = Al S &5 + (14 pua () Cusan () HEH
with constants independent of k, h and H.
(b) If Q C R2, we have
llw = wnllm , + 1A = Anlleun S 02+ (14 pu,a(5)Catan (5)) H2

with constants independent opf k, h and H.
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APPENDIX A. PROOF OF LEMMA 4.3

A.1. Discrete Helmholtz decomposition. We follow the presentation in [35, Lemma 7.6] for
the the Nédélec space which is Hy(curl)-conforming. Here, the discrete divergence is defined using
a discrete subspace of Hg(Q). Recalling the definition of (4.1), we have for Ry C H(curl) the
discrete Helmholtz decomposition

Re=Vuo®VVxg

with the standard Lagrange finite element space V. We further introduce the div-conforming
finite element space Wy, which satisfies curl Ry C Wygy. Let us now define the discrete curl
denoted by curly: Wy — Ry for zg € Wy by

(curly zg, wy) = (zg,curlwy) for all wy € Ry.
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Lemma A.1. Any function in By € Ry can be uniquely written as
By =curly zyg + Vg
for zg € Wy and og € Vg. In particular, if Bg € Vo, then

By = curly zgy.

Proof. Since VVj is the kernel of curl restricted to Ry, we obtain
ran(curly) = (ker(curl |RH))J‘ = (VVg)*

we have that Vg = (VVg)t @ VVy = curlg Wy @ VVy and hence the assertion. O

A.2. Commuting projections. We provide now a proof following the presentation in [35, Lemma 7.6].
We therefore introduce the interpolations

ri: H(curl) = Ry, wyp : H(div) — Wy,
which satisfy the commuting property: for all C' € H(curl)
(A1) curl(rgC) = wy (curl C).

A.3. Proof of the properties of the projection 7g;,.

Proof of Lemma 4.3. We reduce the claim in (b) to the estimate in (a). The idea is to expand as
IBrllr2 <[|IC = Ballr2 +[|C][ 2
for some suitable C, where we follow the proof of [35, Lemma 7.6].

(b) We use C = mg;yBp from Theorem 2.1, which in particular satisfies by [35, Theorem 3.50 &
Cor. 3.51]

ICIl, .. S llewl ]l s
as well as by (A.1)
(A.2) curlrgC = wy(cuwrl C) = wy(curl By) = curlBy = curl(ryC — Bpy) =0.

This directly yields
ICl[2 < |[curl Cl[ 2 = |[curl By || 2,

and thus we are left to estimate the difference C — By as in (a).
(a) For this, we compute
IC ~Buyl|z: = (C~By,C —Bp)
=(C—-By,C—rgC)+ (C,ruC —-By) — (By,raC —Bp)
<||C = Byl|r2||C = ruCl||z2 + (C,ruC —By) — (By,7uC — By)
and show that the two inner products in fact vanish.
By Lemma A.1, it holds for some zy € Wg
(Bu,ruC —Bpy) = (zm, curl(rgC — Bg)) = 0,
By the Helmholtz decomposition in Theorem 2.1 (b) and the fact that divC = 0, there exists
C € Hy(curl) such that C = curl C and hence
(C,ryC —By) = (curl C, ryC — By) = (C, curl(rgC — By)) = 0,

where we again used (A.2) in the last step. In the last step, we have to estimate the projection
error of C. We have by [35, Theorem 6.6]

IC = ruCllr2 S HZH(||C]]

and with this the assertion. O

aee el CllL2) S H2H || cwrl Cf| L2 = H2 || curl By | 2,
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APPENDIX B. COLLECTION OF REGULARITY ESTIMATES

In this section of the appendix, we collect several useful regularity results which are used throughout
the paper. Most of them are stated for convenience of the reader.

Lemma B.1. LetQ C R? and f € LP. Then f € W19 with

fllee S fllw-ra = [[fllwrarys  for 1<p,g<ocoandq= i—p

Further, it holds W—1Pr ¢ W=LP2 if p; > po.

(a) In particular, L7 < Wﬁl’%, d=3 and L¥% — Wﬁl’ﬁ, d=2

Proof. We note that by the choice of p, ¢
wha' < 1P
it holds for ¢ € W4 that
(fs o)z S eellell o S NI Lellel o

Since W14 = (Wl’q/)/ the first claim follows. Now let p; > pa, then pj < pb and WhP2 ¢ Whei,
This gives

Ww-Lp — (Wl,p’l)/ C (Wl,pé)/ =W lr2,
and with this the second claim. O

B.1. General results on regularity. The next result can be found in a variant in [29, Theo-
rem 1.2], and we only adapt the proof to our case.

Proposition B.2. Let w € H'(Q) be the solution of
(Vw, V) = f(p) forall pe HY(Q).

Then, there is a constant e_1 > 0 such that for any p with

(a) 3—e_1<p<3+e_1ifd=3,
(b) $—e1<p<d+eifd=2,

it holds that for f € W—1P the solution satisfies w € WP with

lwllwe S llw-re

Proof. We proceed as in the proof of [29, Lemma 5.1] and let g € C5°(£2) be arbitrary and consider
the dual solution v of

(Vo, Vo) = (div g, ¢)
for all o € H'(Q). We then compute with the definition of v and w
[(Vw, g)| = [(w, div g)| = |(Vw, Vo)| = | f(0)] <[|fllw-rel[vllwre S | Fllw-rellgll

where we used [29, Theorem 1.2] in the last step, since p’ is in the same range as p. From this we
conclude by density
IVwl|zr = sup  (Vw,g) S |[fllw-10,

gl pr =1

and thus the claim. O

The next result is on the W?2P-regularity in three dimensions and is taken from [12, Cor. 3.10].
Proposition B.3. Let Q C R?, and w € H'(2) be the solution of
(B.1) (Vw, Vo) = (f,¢) forall ¢c H(Q).

Then, there is a constant €9 > 0 such that for f € LP with p € [g,% + eo] the solution satisfies
w € W2P with
lwllw2e SIfllze-
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In two spatial dimensions, we have the following result from [30, Cor. 4.4.3.4] and [30, Theo-
rem 4.3.2.3].

Proposition B.4. Let Q C R2, and w € H'(Q) be the solution of (B.1). Further, let wyqz be the

largest angle of Q, and consider pmax defined in (2.5). Then, for p < pmax and f € LP the solution
satisfies w € WP with

wllwze S I fllze-

Finally, we state some interpolation results, used several times in the analysis.
Lemma B.5. Let w € WP N L>® for some p < 2. Then, we have w € HP = WP2 with
< 5 1-3
wllze S [lwllya l[w]|pe

1 1
lwllwrze S [lwllfye.p l[w]] £

In addition, we have by Sobolev embedding

loll 7o S llollwes, d=3,

lwll se=2 S [lwllwzr, d=2

Proof. Let s; > 0 and ¢; € (1,00) and define for o € (0, 1)

1 1-—
s=as; + (1 — a)sa, g @
a9 @1 q2

Then, for w € W% N W52:92 we have w € W*4, and it holds the estimate

lwllwea < llwllfyem [wllyS e

Then, our claim follows by applying the result with s; = 2,55 = 0,p1 = p,p2 = 00 and a = £, and
O

$1=2,80=0,p1 =p,p> =00 and o = 3.

APPENDIX C. AUXILIARY RESULT

Lemma C.1. Let a > 0 and consider the sequence

2aqg
a+ Bak

Then, the sequence converges monotonically to &

3

(0%

with  go € (0, 3

.

qk+1 =

Proof. Define the function f(z) = ffgw and note that

(%

Bv

x=f(zr) = ax=

and thus in the case of convergence the limit is ¢ = % Further, we observe that f is positive and
monotonically increasing for > 0 such that if g5 < %, it holds

@ @
lezka §f7:77
+ (qr) < f( ﬂ) 3

and thus by induction the sequence is bounded form above by % Further, for ¢, < % we have

r+1 2« 2c

qx a+Bqg T ata

b

and hence we have that the sequence is monotonically increasing. This gives the claim. O
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