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Abstract

We study the dynamics of periodic wave trains in reaction-diffusion systems on the real line
under large, fully nonlocalized modulations. We prove that solutions with nearby initial data
converge, at an enhanced diffusive rate, to a modulated wave train whose leading-order phase
and wavenumber dynamics are governed by an explicit solution to the viscous Hamilton-Jacobi
equation. This constitutes a global stability result: such initial data are generally not close to
the large-time modulated wave train. In contrast to previous modulational stability results, our
analysis does not require that the initial data approach phase shifts of the wave train at spatial
infinity. The central methodological advance is a nontrivial extension of the recently developed
L∞-stability theory to accommodate large phase modulations. This framework, based entirely
on L∞-estimates, removes all localization requirements as imposed in the previous literature,
allowing us to treat the full range of bounded modulational initial data under minimal regular-
ity assumptions. The main technical contributions include: the strategic use of interpolation
inequalities to balance smallness and temporal decay, and a detailed analysis of the linear dy-
namics under fully nonlocalized modulational data.

Keywords. Reaction-diffusion systems; periodic waves; modulation; global stability; nonlocal-
ized perturbations
Mathematics Subject Classification (2020). 35B10; 35B35; 35B40; 35K57

1 Introduction

In this paper, we study the dynamics of modulated wave trains in the reaction-diffusion system

(1.1) ∂tu = Duxx + f(u), x ∈ R, t ≥ 0, u ∈ Rn,

where n ∈ N, D ∈ Rn×n is a symmetric, positive-definite matrix, and f : Rn → Rn is a smooth non-
linearity. Wave trains are solutions to (1.1) of the form uwt(x, t) = ϕ0(k0x−ω0t) with wavenumber
k0 ∈ R \ {0}, temporal frequency ω0 ∈ R, propagation speed c = ω0/k0, and 1-periodic profile
function ϕ0(ζ). These periodic traveling waves represent the most fundamental patterns that arise
at the onset of a Turing instability and as such play a fundamental role in pattern-forming pro-
cesses in biology, chemistry, ecology and more; we refer to [5] for further details and references.

∗Department of Mathematics, Karlsruhe Institute of Technology, Englerstraße 2, 76131 Karlsruhe, Germany;
joannis.alexopoulos@kit.edu, bjoern.de-rijk@kit.edu
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Under generic conditions, the wave train uwt(x, t) can be continued in the wavenumber, giving rise
to a family of wave trains uk(x, t) = ϕ(kx − ω(k)t; k), with 1-periodic profile function ϕ(·; k) and
temporal frequency ω(k), defined for k near k0 and satisfying ω(k0) = ω0 and ϕ(·; k0) = ϕ0. Here,
the function ω(k), which expresses the frequency in terms of the wavenumber, is referred to as the
nonlinear dispersion relation; see [6].

We are interested in the dynamics of solutions whose initial data are close to a modulated wave
train

umod(x) = ϕ0 (k0x+ γ0(x)) ,

where γ0 : R → R denotes a phase modulation. Specifically, we consider initial data of the form

u(x, 0) = ϕ0 (k0x+ γ0(x)) + ẘ0(x),(1.2)

where ẘ0 : R → Rn is a small perturbation. A natural question is whether the solution u(x, t)
to (1.1) with initial condition (1.2) remains close to a modulated wave train for all t ≥ 0. That
is, under what conditions does there exist a modulation function γ : R× [0,∞) → R such that the
perturbation

ẘ(x, t) = u(x, t)− ϕ0 (k0x− ω0t+ γ(x, t))(1.3)

remains small for all time? In this paper, we establish such a modulational stability result under
standard spectral stability assumptions on the wave train, together with the requirement that γ0

is bounded and both γ ′
0 and ẘ0 are uniformly continuous and small in L∞(R). In particular, for

any bounded function g0 : R → R with uniformly continuous derivative, there exists δ > 0 such
that the phase modulation γ0(x) = g0(δx) is admissible.

Our result advances the modulational stability theory for wave-train solutions to (1.1) in two
crucial ways. First, in contrast to all prior results [11–13, 18, 23], we do not require γ ′

0 to be
L1-localized and, in particular, do not assume the existence of asymptotic phase limits γ± =
limx→±∞ γ0(x); see Remark 1.1 and Figure 1. Second, we remove all localization assumptions on
both γ ′

0 and the initial perturbation ẘ0 that are present in the previous literature; see Remark 1.2.
This allows us to handle a significantly larger class of modulational initial data of the form (1.2)
than considered before.

Notably, we do not require γ0 to be small in L∞(R). To the best of our knowledge, the only
other work addressing large phase modulations of wave-train solutions to (1.1) (while still assuming
γ0 ∈ L1(R)) is [11]. In this context, we also highlight the recently developed stability theory for
periodic patterns in planar reaction-diffusion systems [20]. These patterns are intrinsically planar
in the sense that they are nontrivial in all spatial directions. Building on techniques from [12,
13], the analysis in [20] still relies on decay induced by localization, yet it allows for large, and
even unbounded, phase modulations. The reason is that localization leads to stronger temporal
decay in higher spatial dimensions, permitting a relaxation of the localization requirement on the
initial phase modulation: instead of assuming γ ′

0 ∈ L1(R) as in [12, 13], it suffices to require that
∆γ0 ∈ L1(R2). This condition imposes only that γ0 has bounded mean oscillation (up to additive
constants), allowing for unbounded γ0; see also §7.3.

Our result is an asymptotic modulational stability result in the sense that the perturbation ẘ(t)
in (1.3) decays over time at a diffusive rate t−

1
2 . Moreover, the modulation γ(t), which governs

the phase dynamics in (1.3), remains bounded with small derivative, which also decays at rate
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t−
1
2 . As in [11, 13, 23], we show that γ(t) is well-approximated by the solution γ̆(t) to the viscous

Hamilton-Jacobi equation

∂tγ̆ =
d

k20
γ̆xx + ω′(k0) γ̆x −

1

2
ω′′(k0) γ̆

2
x,(1.4)

with initial condition γ̆(0) = γ0. Here, the coefficient d > 0 is an explicit Melnikov-type integral;
see (1.11).

The first rigorous justification of equation (1.4) as an effective description of the dynamics of
slowly modulated wave trains on long time intervals was provided in [6]. Our result, along with
those in [11,13,23], confirms that this description remains valid globally.

It is not difficult to show that the solution γ̆(t) to (1.4) does not, in general, remain close to
its initial condition γ0, and the same holds for γ(t) by approximation; see Remark 1.5. Thus, our
modulational stability result is global in the sense that it provides a complete description of the
dynamics of solutions u(t) with initial data of the form (1.2), even though u(t) typically does not
remain close to u(0) over time.

It was already observed in [6] that phase and wavenumber modulations are intimately connected.
For the modulated wave train described in (1.3), the local wavenumber, i.e. the number of waves
per unit interval near position x, is given by k0 + γx(x, t). This suggests that incorporating a
modulation of the wavenumber may yield a more accurate approximation of the solution u(t). We
show that the refined residual

ẙ(x, t) := u(x, t)− ϕ
(
k0x− ω0t+ γ(x, t)

(
1 + 1

k0
γx(x, t)

)
; k0 + γx(x, t)

)
(1.5)

indeed decays in L∞(R) at an enhanced rate t−1 log(1 + t). This refined asymptotic description
of the dynamics of u(t), accounting for both phase and wavenumber modulation, was previously
established in [13], but only for small initial phase modulations γ0 and with weaker decay rates
in L∞(R); see Table 1. Here, we obtain it for the first time in the setting of large initial phase
modulations.

While previous modulational stability results rely on localization-induced decay, employing
renormalization group techniques [11, 23], iterative L1-Hk estimates [12, 13], or pointwise Green’s
function bounds [18], our analysis follows a different approach. We extend the recently developed
L∞-based stability theory of [4] to accommodate large modulational initial data. This method
eliminates the need for any localization assumptions by leveraging decay generated by smoothing
properties of the critical part of the semigroup to close the nonlinear argument. Further details on
the strategy underlying our nonlinear stability analysis are provided in §1.2.

Remark 1.1. The assumption that γ0 ∈ C1(R) is bounded is equivalent to the condition

sup
R∈R

∣∣∣∣∫ R

0
γ ′
0(x) dx

∣∣∣∣ < ∞.(1.6)

In this work, we thus extend previous modulational stability results [11–13, 18, 23], which relied
on the stronger assumption ∥γ0∥L1 =

∫
R |γ ′

0(x)| dx < ∞, to the weaker condition (1.6). However,
this assumption still excludes initial data with nonzero asymptotic wavenumber shifts. Whether
modulational stability persists under such wavenumber offsets remains an open question; see §7.3.
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Remark 1.2. The modulational stability results [12, 13, 18, 23] consider initial data (1.2), where
γ ′
0 is small in L1(R). This readily implies that ∥γ0∥∞ is small and that the asymptotic limits

limx→±∞ γ0(x) = γ± exist. While [11] still requires γ ′
0 to be L1-localized, the smallness assumption

on ∥γ ′
0∥L1 is dropped, thereby allowing for large phase offsets γd = γ+−γ−. See Table 1 for further

details.

γ0 and ẘ0 decay of γx(t) and ẘ(t) decay of ẙ(t)

[23]
∥∥ρ2ẘ0

∥∥
H2 +

∥∥ρ2γ ′
0

∥∥
H2 ≪ 1 t−

1
2
+α

[12, 13] ∥ẘ0∥L1∩H3 + ∥γ ′
0∥L1∩H3 ≪ 1 t−

1
2 t−

3
4 log(1 + t)

[18]
∥ẘ0∥H2 < ∞ and∥∥ρ 3

2 ẘ0

∥∥
∞ +

∥∥ρ 3
2γ ′

0

∥∥
W 1,∞ ≪ 1

(
1 + |x− at|+

√
t
)− 3

2

+(1 + t)−
1
2 e−

|x−at|2
Ct

[11]

∥∥ρ2ẘ0

∥∥
H2 +

∥∥ρ2γ ′
0

∥∥
H2 < ∞ and

∥γ̂ ′
0(1 + | · |)∥L1 + ∥ẘ0∥H2 ≪ γd

t−
1
2
+α

Thm. 1.3 ∥γ0∥∞ < M and ∥ẘ0∥∞ + ∥γ ′
0∥∞ ≪ 1 t−

1
2 t−1 log(1 + t)

Table 1: This table compares previously established modulational stability results with our main
result, Theorem 1.3, for solutions u(t) to (1.1) with initial condition (1.2). The second column
presents the assumptions on the initial modulation γ0 and perturbation ẘ0, where ρ is the algebraic
weight ρ(x) =

√
1 + x2, ·̂ denotes the Fourier transform, and M > 0 is an arbitrary constant

fixed a priori. The third column contains the pointwise decay rates obtained for γx(t) and ẘ(t)
in (1.3). Here, C > 0 and a ∈ R are constants, and α ∈ (0, 12) is an arbitrary parameter fixed a
priori. The final column presents the pointwise decay rates obtained for the refined residual defined
in (1.5). We note that the inequality ∥γ ′

0∥L1 ≤ ∥ρ−
3
2 ∥L1∥ρ

3
2γ ′

0∥∞ and the continuous embedding
H1(R) ↪→ L∞(R) imply that γ ′

0 ∈ L1(R) in [11–13,18,23].

Figure 1: Example of an initial phase modulation γ0 ∈ C1
ub(R) with nonlocalized derivative.

1.1 Statement of main result

Before stating the main result, we formulate the necessary hypotheses, which concern the existence
and spectral stability of the underlying wave train. We emphasize that these assumptions are
standard in the nonlinear stability literature of wave trains; see, for example, [4, 11–13, 15, 17, 18,
23–25]. We begin with the existence hypothesis:
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(H1) There exist a wavenumber k0 ∈ R \ {0} and a temporal frequency ω0 ∈ R such that (1.1)
admits a wave-train solution uwt(x, t) = ϕ0(k0x−ω0t), where the profile function ϕ0 : R → Rn

is nonconstant, smooth and 1-periodic.

Thus, switching to the co-moving frame ζ = k0x− ω0t, we find that ϕ0 is a stationary solution
to

∂tu = k20Duζζ + ω0uζ + f(u).(1.7)

Next, we turn to the required spectral assumptions. To this end, we consider the linearization
of (1.7) about the wave train ϕ0:

L0u = k20Duζζ + ω0uζ + f ′(ϕ0(ζ)
)
u.

We view L0 as a 1-periodic differential operator acting on the space Cub(R), with dense domain
D(L0) = C2

ub(R). Here, Cm
ub(R), m ∈ N0, denotes the Banach space of bounded, uniformly contin-

uous functions that are m times differentiable, with all derivatives up to order m also bounded and
uniformly continuous. We equip Cm

ub(R) with the standard Wm,∞-norm.
Applying the Floquet-Bloch transform to L0 yields the family of Bloch operators

L(ξ)u = k20D (∂ζ + iξ)2 u+ ω0 (∂ζ + iξ)u+ f ′(ϕ0(ζ))u,

defined on L2
per(0, 1) with domain D(L(ξ)) = H2

per(0, 1), and parameterized by the Bloch frequency
ξ ∈ [−π, π). Due to translational invariance, the derivative ϕ′

0 of the wave train lies in the kernel
of L(0). As a result, the spectrum of L0, given by

σ(L0) =
⋃

ξ∈[−π,π)

σ(L(ξ)),

necessarily touches the origin. The most stable nondegenerate spectral configuration, known as
diffusive spectral stability, is then characterized by the following conditions:

(D1) It holds σ(L0) ⊂ {λ ∈ C : Re(λ) < 0} ∪ {0};
(D2) There exists θ > 0 such that for any ξ ∈ [−π, π) we have Reσ(L(ξ)) ≤ −θξ2;

(D3) 0 is a simple eigenvalue of L(0).

Examples of reaction-diffusion systems that support diffusively spectrally stable wave trains include
the complex Ginzburg-Landau equation [29], the Gierer-Meinhardt system [28], and the Brusselator
model [27]. We refer to [4] for further discussion and additional references.

It follows from Hypothesis (D3) that 0 is also a simple eigenvalue of the adjoint operator L(0)∗.
We denote by Φ̃0 ∈ H2

per(0, 1) the corresponding eigenfunction, normalized such that〈
Φ̃0, ϕ

′
0

〉
L2(0,1)

= 1.(1.8)

Hypothesis (D3) also implies that the wave train ϕ0 can be continued in the wavenumber, yielding
a family of wave-train solutions to (1.1) of the form uk(x, t) = ϕ(kx− ω(k)t; k), defined for k near
k0, where the frequency ω(k) and the 1-periodic profile function ϕ(·; k) obey

ω(k0) = ω0, ϕ(·; k0) = ϕ0,
〈
Φ̃0, ∂kϕ(·, k0)

〉
L2(0,1)

= 0,(1.9)
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cf. Proposition 3.1.
We now present our main result, which shows that solutions to (1.7) with initial data close to

a largely modulated wave train converge at an enhanced diffusive rate to a modulated wave train,
whose phase and wavenumber dynamics are governed by a solution γ̆(t) to the viscous Hamilton-
Jacobi equation

∂tγ̆ = dγ̆ζζ + aγ̆ζ + νγ̆2ζ ,(1.10)

with coefficients

a = ω0 − k0ω
′(k0), d =

〈
Φ̃0, Dϕ′

0 + 2k0D∂ζkϕ(·; k0)
〉
L2(0,1)

, ν = −1

2
k20ω

′′(k0).(1.11)

Theorem 1.3. Assume (H1) and (D1)-(D3). Fix α ∈ [0, 16) and M > 0. Then, there exist
constants K, ε > 0 such that, whenever u0 ∈ Cub(R) and γ0 ∈ C1

ub(R) satisfy

∥γ0∥∞ ≤ M, E0 := ∥u0 − ϕ0(·+ γ0(·))∥∞ + ∥γ′0∥∞ < ε,

there exist a scalar function

γ ∈ C
(
[0,∞), C1

ub(R)
)
∩ Cj

(
(0,∞), C l

ub(R)
)
, j, l ∈ N0

with γ(0) = γ0 and a unique classical global solution

u ∈ X := C
(
[0,∞), Cub(R)

)
∩ C

(
(0,∞), C2

ub(R)
)
∩ C1

(
(0,∞), Cub(R)

)
to (1.7) with u(·, 0) = u0, which obey the estimates

∥γ(t)∥∞ ≤ K, ∥u(t)− ϕ0(·+ γ(·, t))∥∞ , ∥γζ(t)∥∞ ≤ KEα
0

(1 + t)
1
2
−α

,

∥∥u(t)− ϕ
(
·+γ(·, t) (1 + γζ(·, t)) ; k0(1 + γζ(·, t))

)∥∥
∞ ≤ KEα

0

log(2 + t)

(1 + t)1−2α

(1.12)

for t ≥ 0, and

∥u(t)− ϕ0(·+ γ(·, t))∥C1
ub

≤ KEα
0

(1 + t)α√
t

,

∥∥u(t)− ϕ
(
·+γ(·, t) (1 + γζ(·, t)) ; k0(1 + γζ(·, t))

)∥∥
C1

ub
, ∥γζζ(t)∥C1

ub
≤ KEα

0

log(2 + t)
√
t (1 + t)

1
2
−2α

(1.13)

for all t > 0. Moreover, there exists a unique classical global solution

γ̆ ∈ Y := C
(
[0,∞), C1

ub(R)
)
∩ C

(
(0,∞), C2

ub(R)
)
∩ C1

(
(0,∞), Cub(R)

)
with initial condition γ̆(0) = γ0 to the viscous Hamilton-Jacobi equation (1.10) such that we have
the approximations

∥γ(t)− γ̆(t)∥∞ ≤ KE
2
3
α

0 , ∥γζ(t)− γ̆ζ(t)∥∞ ≤ KEα
0√

1 + t
(1.14)

for all t ≥ 0. In particular, it holds

∥u(t)− ϕ0 (·+ γ̆(·, t))∥∞ ≤ KE
2
3
α

0 , t ≥ 0.(1.15)
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Remark 1.4. We observe that the temporal decay rates presented in Theorem 1.3 match those
established in the sharp nonlinear stability result for wave trains under Cub-perturbations in [4],
confirming their optimality up to a possible logarithmic correction; see [4, Section 6.1]. Since
our primary objective was to establish a modulational stability result with sharp temporal decay
rates, we did not strive for optimal powers of the E0-terms in the estimates (1.12), (1.13), (1.14),
and (1.15) in Theorem 1.3. As the toy example in §2 suggests, we expect that these powers may
be improved with further technical effort.

Remark 1.5. Let g0 ∈ C1
ub(R) be any function such that g′0 ∈ L1(R) \ {0} has mean zero. Set

M = ∥g0∥∞ and fix α ∈ (0, 16). Let K, ε > 0 be as in Theorem 1.3. Clearly, there exists δ > 0 such
that the function γ0 ∈ C1

ub(R) given by γ0(ζ) = g0(δζ) satisfies ∥γ0∥∞ ≤ M and ∥γ′0∥∞ < ε. Let γ̆
denote the solution to the viscous Hamilton-Jacobi equation (1.10) with initial condition γ̆(0) = γ0.
Then, k̆(t) := γ̆ζ(t) solves the viscous Burgers equation

∂tk̆ = d∂2
ζ k̆ + a∂ζ k̆ + ν∂ζ

(
k̆2
)
.

Since γ′0 ∈ L1(R) has mean zero, it follows from [7, Theorem 2 and Corollary 1] that k̆(t) converges
to zero in L1(R)∩L∞(R) as t → ∞. This implies that γ̆(t) converges to a spatially constant function
γ̆∞ in C1

ub(R) as t → ∞. In particular, for large times, γ̆(t) is not close to its initial condition γ0 in
C1
ub(R). By the estimates (1.12) and (1.14), the same holds for γ(t) and u(t), demonstrating that

Theorem 1.3 provides a global stability result.

Remark 1.6. Although the reaction-diffusion system (1.7) admits mild solutions for initial data
in L∞(R) via standard analytic semigroup theory, the minimal condition ensuring that a solution
u(t) converges to its initial condition u0 in L∞(R) as t ↓ 0 is that u0 is uniformly continuous;
see [19, Theorems 3.1.7 and 7.1.2]. This right-continuity of u(t) at t = 0 is clearly necessary for our
main result to be meaningful, as is the requirement that the initial phase modulation γ0 is bounded
and differentiable, since we rely on the smallness of its derivative. In this sense, the regularity
assumptions imposed on the initial data in Theorem 1.3 are minimal.

Remark 1.7. Estimate (1.15) provides a leading-order description of the solution u(t) that is valid
for all times. This estimate is fully explicit in terms of the underlying wave train ϕ0 and the solution
γ̆(t) to the viscous Hamilton-Jacobi equation (1.10), with initial condition γ̆(0) = γ0 ∈ C1

ub(R). In
contrast, in the other work [11] addressing large phase modulations of wave-train solutions to (1.1),
the following estimate was established for fixed α > 0:

∥u(t)− ϕ0 (·+Φ(·, t)) ∥∞ ≤ Kt−
1
2
+α, t ≥ 0,(1.16)

where Φ is a self-similar front solution to (1.10) and K > 0 is a time-independent constant. While
the estimate (1.16) does not capture the leading-order behavior of u(t) for short times, it yields
near-diffusive decay for large times. We argue that this large-time decay stems from the stronger
assumptions imposed on the initial phase modulation γ0 in [11].

Indeed, even with conditions that are less stringent than those in [11], we expect to recover
an estimate matching (1.16). To formulate these conditions, we fix asymptotic limits γ± ∈ R and

7



consider the associated self-similar front solution

Φ(ζ, t) =


γ− + γd erf

(
ζ + a(t+ 1)√

d(t+ 1)

)
, ν = 0,

γ− +
d

ν
log

(
1 +

(
e

ν
d
γd − 1

)
erf

(
ζ + a(t+ 1)√

4d(t+ 1)

))
, ν ̸= 0,

to (1.10), where γd := γ+ − γ− denotes its phase offset, and

erf(ζ) =
1√
4π

∫ ζ

−∞
e−

ζ̄2

4 dζ̄

is the Gaussian error function. Thus, under the additional assumptions that γ0 is twice continuously
differentiable with γ′′0 ∈ L2(R) and satisfies

∥γ0 − Φ∥L1∩L∞ ≤ M,

we expect estimate (1.15) in Theorem 1.3 to improve to

∥u(t)− ϕ0(·+Φ(t))∥∞ ≤ K
(log(2 + t))2√

1 + t
, t ≥ 0.(1.17)

We note that estimate (1.17) is slightly stronger than (1.16) Since the proof of (1.17) requires
substantial additional effort, especially due to the need for tracking L2-norms in the nonlinear
iteration, we defer it to future work.

Remark 1.8. Converting to the original (x, t)-variables in Theorem 1.3, we obtain a constant K̊ >
0 such that, for each ẘ0 ∈ Cub(R) and γ0 ∈ C1

ub(R) with ∥γ0∥∞ ≤ M and E0 = ∥ẘ0∥∞+ 1
k0
∥γ ′

0∥∞ <
ε, there exist a unique classical global solution u ∈ X to the reaction-diffusion system (1.1) with
initial condition (1.2) and a phase modulation function γ ∈ Y with γ(0) = γ0 such that

∥γ(t)∥∞ ≤ K̊, ∥ẘ(t)∥ , ∥γx(t)∥∞ ≤ K̊Eα
0

(1 + t)
1
2
−α

, ∥ẙ(t)∥∞ ≤ K̊Eα
0

log(2 + t)

(1 + t)1−2α

for all t ≥ 0, and

∥ẘ(t)∥C1
ub

≤ K̊Eα
0

(1 + t)α√
t

, ∥ẙ(t)∥C1
ub

≤ K̊Eα
0

log(2 + t)
√
t (1 + t)

1
2
−2α

for all t > 0, where ẘ(t) and ẙ(t) are the residuals given by (1.3) and (1.5), respectively. Moreover,
we have the approximations

∥γ(t)− γ̆(t)∥∞ ≤ K̊E
2
3
α

0 , ∥γx(t)− γ̆x(t)∥∞ ≤ K̊Eα
0√

1 + t

for t ≥ 0, where γ̆ ∈ Y is the classical solution to the viscous Hamilton-Jacobi equation (1.4) with
initial condition γ̆(0) = γ0.
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1.2 Strategy of proof

Our proof builds on an extension of the recently developed stability theory in [4], which is based on
pure L∞-estimates and accommodates fully nonlocalized perturbations. A key difference from the
setting in [4] is that we cannot exploit smallness of ∥γ0∥∞, which presents a significant challenge.
In particular, a linear term of the form eL0t(ϕ′

0γ0) appears in the Duhamel formulation of the
inverse-modulated perturbation

v(ζ, t) = u(ζ − γ(ζ, t), t)− ϕ0(ζ),(1.18)

where eL0t denotes the semigroup on Cub(R) generated by the linearization L0. The inverse-
modulated perturbation v(t) controls the dynamics of the difference

v̊(ζ, t) = u(ζ, t)− ϕ0(ζ + γ(ζ, t))(1.19)

between the solution and the modulated wave train. It is typically used in nonlinear stability
analyses, since its evolution equation exhibits more favorable decay properties compared to the
one of the forward-modulated perturbation v̊(t); see [30]. A crucial observation is that the lack of
smallness in the Duhamel formulation of v(t) can be precisely quantified using the identity

eL0t
(
ϕ′
0γ0
)
− ϕ′

0γ0 =

∫ t

0
eL0sL0

(
ϕ′
0γ0
)
ds

=

∫ t

0
eL0s

(
k20D

(
∂ζ
(
ϕ′
0γ

′
0

)
+ ϕ′′

0γ
′
0

)
+ ω0ϕ

′
0γ

′
0

)
ds,

(1.20)

which follows from standard semigroup theory [19, Proposition 2.1.4] and the fact that ϕ′
0 lies in

the kernel of L(0). Since the right-hand side of (1.20) depends only on the derivative γ′0, whose
L∞-norm is assumed to be small, the lack of smallness in eL0t(ϕ′

0γ0) manifests solely in the term
ϕ′
0γ0.
Since the linear operator L0 has spectrum touching the imaginary axis, the semigroup eL0t

does not exhibit decay. To obtain sufficient decay to close a nonlinear argument, it is therefore
necessary to decompose eL0t into a principal part of the form ϕ′

0S
0
p(t), where S

0
p(t) enjoys the same

bounds and smoothing properties as the heat semigroup e∂
2
ζ t, and a residual part exhibiting faster

temporal decay. Specifically, the phase modulation γ(t) is chosen in such a way that, for large times,
it captures the slowest-decaying contributions associated with S0

p(t) in the Duhamel formulation
of the inverse-modulated perturbation v(t); see §5.3. Since the phase modulation enters only via
its derivatives in this formulation, we may exploit improved decay of ∂j

ζ∂
l
tS

0
p(t) for j, l ∈ N0 with

j + l ≥ 1 which arises due to diffusive smoothing.
It is thus essential to characterize the lack of smallness in S0

p(t)(ϕ
′
0γ0), analogously to the

identity (1.20). Inspired by the Fourier-series arguments in [12], we perform a detailed linear
analysis, extending the L∞-techniques from [9] to the setting of large modulational initial data.
We find, similar to (1.20), that S0

p(t)(ϕ
′
0γ0) − γ0 can be bounded in terms of γ′0. Crucially, this

implies that the same holds for spatial and temporal derivatives of S0
p(t)(ϕ

′
0γ0), allowing us to

recover smallness in the linear terms arising in the Duhamel representations of derivatives of γ(t).
There is, however, a caveat: bounding S0

p(t)(ϕ
′
0γ0) − γ0 and its derivatives in terms of γ′0

yields only weak decay rates and, in some cases, even temporal growth. This is also reflected in
identity (1.20), where the time integral on the right-hand side naturally leads to bounds exhibiting

9



growth in t. We address this issue by interpolating between two types of bounds: (i) classical
bounds on eL0t(ϕ′

0γ0) and ∂j
ζ∂

l
tS

0
p(t)(ϕ

′
0γ0), used in the stability argument in [4], which provide

sufficient decay but not smallness, and (ii) bounds on eL0t(ϕ′
0γ0)−ϕ′

0γ0 and ∂j
ζ∂

l
t(S

0
p(t)(ϕ

′
0γ0)− γ0)

in terms of γ′0, which provide smallness but not sufficient decay. In §2, the core idea behind this
interpolation strategy is illustrated by means of a representative toy example.

By carefully balancing smallness and decay, we are able to derive sufficient bounds to close the
nonlinear iteration scheme. Heuristically, this is possible because the nonlinear estimates in [4]
leave some leeway, i.e., the decay bounds on the nonlinear terms are not critical and can tolerate
some weakening.

An important distinction from the analysis in [4] lies in how we control regularity in the nonlinear
iteration. In [4], regularity is controlled via estimates on the perturbation ṽ(t) = u(t)−ϕ0. However,
Theorem 1.3 shows that in the current modulational setting, ṽ(t) is no longer small, making it
natural to instead consider to consider the forward-modulated perturbation v̊(t). Unlike the inverse-
modulated perturbation v(t), which obeys a quasilinear equation (see §5.2), the forward-modulated
perturbation satisfies a semilinear equation that does not suffer from a loss of derivatives. However,
the obtained decay rates of v̊(t) are too weak to gain good enough large-time control on derivatives.
Therefore, following the approach in [1], we establish a nonlinear damping estimate for the modified
forward-modulated perturbation

z̊(ζ, t) = u(ζ, t)− ϕ (ζ + γ(ζ, t) (1 + γζ(ζ, t)) ; k0(1 + γζ(ζ, t)))(1.21)

in order to control regularity for large times. As indicated by the estimate (1.12), this variable
enjoys better decay properties than v̊(t). Due to the absence of L2-localization, we derive this
energy estimate in uniformly local Sobolev spaces; see [26] for background.

With the regularity control in hand, we are able to close a nonlinear iteration argument, thereby
proving Theorem 1.3. Further details of the nonlinear iteration scheme are provided in §5.

1.3 Outline

In §2, we present the core idea behind handling large modulational data through interpolation
arguments in the context of a toy model. Section 3 reviews standard preliminary results on wave
trains. In §4, we recall the semigroup decomposition from [4] and summarize the corresponding
linear estimates established therein. We also carry out a detailed analysis of the linear dynamics
arising from large, fully nonlocalized modulational initial data and derive associated estimates.
In §5, we develop our nonlinear iteration scheme and establish a nonlinear damping estimate to
control regularity for large times. Section 6 is devoted to the proof of our main result, Theorem 1.3.
An outlook on future research directions is provided in §7. Appendix A contains technical low-
and high-frequency estimates required for the linear analysis of large modulational data. Finally,
Appendix B provides the proof of the local existence result for the phase modulation.

Notation. Let S be a set, and let A,B : S → R. Throughout the paper, the expression “A(x) ≲
B(x) for x ∈ S”, means that there exists a constant C > 0, independent of x, such that A(x) ≤
CB(x) holds for all x ∈ S.

Acknowledgments. This project is funded by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) – Project-ID 491897824 and Project-ID 258734477 - SFB 1173.
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2 Heuristic behind handling large modulational data

The goal of this section is to convey the core idea behind our L∞-based nonlinear iteration argu-
ment designed to handle large phase modulations. Motivated by the fact that the leading-order
modulational dynamics is given by the viscous Hamilton-Jacobi equation (1.10), we consider

∂tw = dwζζ + awζ + νw2
ζ + µw3

ζ(2.1)

with d > 0 and a, µ, ν ∈ R. Here, the cubic contribution w3
ζ plays the role of a higher-order residual

term. When ν ̸= 0, the quadratic term in (2.1) can be removed via the Cole-Hopf transform

v(t) = e
ν
d
w(t),

which transforms the equation into

∂tv = dvζζ + avζ +
µd2

ν2
v3ζ
v2

.

This motivates restricting attention to the case ν = 0 in (2.1). Moreover, by transitioning to a
co-moving frame and rescaling space, we may assume without loss of generality that a = 0 and
d = 1. The resulting simplified toy problem takes the form

∂tw = wζζ + µw3
ζ(2.2)

with µ ∈ R. We use this model to illustrate how our L∞-based scheme effectively manages large
phase modulations. Specifically, under the sole assumption that the initial condition w0 ∈ C1

ub(R)
has sufficiently small derivative, we establish global existence of the associated solution w(t) to (2.2)
and show that its derivative wζ(t) decays at a near-diffusive rate.

Take w0 ∈ C1
ub(R). Integrating (2.2), we obtain the Duhamel formula

w(t) = e∂
2
ζ tw0 + µ

∫ t

0
e∂

2
ζ (t−s)wζ(s)

3ds.(2.3)

By standard local existence theory for semilinear parabolic equations [19], there exist T ∈ (0,∞]
and a unique maximal solution w ∈ C

(
[0, T ), C1

ub(R)
)
satisfying (2.3). If T < ∞, then it holds

sup
t↑T

∥w(t)∥C1
ub

= ∞.(2.4)

The smoothing effect of the heat semigroup leads to the linear L∞-estimate∥∥∥∂j
ζe

∂2
ζ tv
∥∥∥
∞

≲ t−
j
2 ∥v∥∞(2.5)

for j = 0, 1, v ∈ Cub(R), and t > 0. On the other hand, we may commute the derivative with the
semigroup, which gives ∥∥∥∂ζe∂2

ζ tv
∥∥∥
∞

=
∥∥∥e∂2

ζ t∂ζv
∥∥∥
∞

≤ ∥∂ζv∥∞(2.6)
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for v ∈ C1
ub(R) and t ≥ 0. Estimates of the form (2.6), where derivatives are transferred onto the

initial data through the linear propagator, are crucial to exploit smallness in the derivative of the
(possibly large) initial data; see §4.1.

If the initial condition w0 is small in C1
ub(R), then the linear behavior dominates, and the solution

w(t) to (2.3) remains bounded while its derivative decays diffusively at rate t−
1
2 ; see [9, Section 2].

Here, we show that, by sacrificing a small amount of decay, we obtain global-in-time control on
solutions to (2.3) with large initial data. To that end, we fixM > 0 and a ∈ (0, 16), take w0 ∈ C1

ub(R)
with ∥w0∥C1

ub
≤ M , and introduce the template function η : [0, T ) → R defined by

η(t) = sup
0≤s≤t

(1 + s)
1
2
−a ∥∂ζw(s)∥∞ .

Using the linear bound (2.5), we estimate the right-hand side of (2.3) as

∥w(t)∥∞ ≲ ∥w0∥∞ +

∫ t

0

η(t)3

(1 + s)
3
2
−3a

ds ≲ ∥w0∥∞ + η(t)3,(2.7)

for t ∈ [0, T ). For the spatial derivative of (2.3), we apply (2.6) for s ∈ [0, 1] and use the interpolation
inequality ∥∥∥∂ζe∂2

ζ sw0

∥∥∥
∞

≤
∥∥∥∂ζe∂2

ζ sw0

∥∥∥1−2a

∞

∥∥∥e∂2
ζ sw′

0

∥∥∥2a
∞

≲ (1 + s)
1
2
−a∥w0∥1−2a

∞ ∥w′
0∥2a∞,

for s ≥ 1, yielding the bound∥∥∥∂ζe∂2
ζ sw0

∥∥∥
∞

≲ (1 + s)
1
2
−a∥w0∥1−2a

C1
ub

∥w′
0∥2a∞,

for all s ≥ 0. Altogether, we estimate the spatial derivative of (2.3) as

∥wζ(s)∥∞ ≲ (1 + s)
1
2
−a∥w0∥1−2a

C1
ub

∥w′
0∥2a∞ +

∫ s

0

η(s)3
√
s− r (1 + r)

3
2
−3a

dr

≲ (1 + s)−
1
2
+a
(
M1−2a∥w′

0∥2a∞ + η(s)3
)
,

for s ∈ [0, T ). Taking the supremum in the latter inequality over s, we find a constant C ≥ 1,
independent of t and w0, such that

η(t) ≤ C
(
∥w′

0∥2a∞ + η(t)3
)
,(2.8)

for all t ∈ [0, T ). Now assume ∥w′
0∥4a∞ < 1

8C2 . If there exists t ∈ (0, T ) with η(t) > 2C∥w′
0∥2a∞, then

by continuity of η and the fact that η(0) = ∥w′
0∥∞ < 2C∥w′

0∥2a∞, there must exist τ ∈ [0, t] such
that η(τ) = 2C∥w′

0∥2a∞. Applying (2.8) and ∥w′
0∥4a∞ < 1

8C3 , we obtain

η(τ) ≤ C
(
∥w′

0∥2a∞ + η(τ)3
)
< 2C∥w′

0∥2a∞,

yielding a contradiction. Hence, we must have η(t) ≤ 2C∥w′
0∥2a∞ for all t ∈ [0, T ). Combining this

with (2.4) and (2.7), we conclude that T = ∞. So, the solution is global and enjoys the bounds

∥w(t)∥∞ ≲ ∥w0∥∞ + ∥w′
0∥6a∞, ∥wζ(t)∥∞ ≲

∥w′
0∥2a∞

(1 + t)
1
2
−a
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for t ≥ 0.
We emphasize that the nonlinear iteration argument above relies exclusively on L∞-estimates

and requires smallness solely in the derivative of the initial data. This is because the nonlinearity
in (2.2) involves only spatial derivatives of w. Analogously, the equations for the inverse- and
forward-modulated perturbations, used in the proof of Theorem 1.3, depend only on derivatives of
the phase modulation γ(t).

3 Preliminaries

We recall some basic results on wave trains and their dispersion relations from [4]. For a more
comprehensive treatment, we refer the reader to [6, Section 4].

The first result asserts that, under the nondegeneracy condition (D3), the wave train can be
continued in the wavenumber.

Proposition 3.1. Assume (H1) and (D3). Then, there exist r0 ∈ (0, 12) and smooth functions
ϕ : R× (k0 − r0, k0 + r0) → R and ω : (k0 − r0, k0 + r0) → R, satisfying (1.9), such that

uk(x, t) = ϕ(kx− ω(k)t; k)

is a wave-train solution to (1.1) for each wavenumber k ∈ (k0 − r0, k0 + r0). The profile function
ϕ(·; k) has period 1 for each k ∈ (k0 − r0, k0 + r0).

The next result provides an expansion of the critical spectral curve of the linearization L0 in
terms of the Bloch frequency parameter ξ. The curve, known as the linear dispersion relation,
touches the origin in a quadratic tangency. In addition, the result includes an expansion of the
associated Bloch eigenfunctions.

Proposition 3.2. Assume (H1) and (D2)-(D3). Then, there exist a constant ξ0 ∈ (0, π) and an
analytic curve λc : (−ξ0, ξ0) → C satisfying

(i) The complex number λc(ξ) is a simple eigenvalue of L(ξ) for any ξ ∈ (−ξ0, ξ0). An associated
eigenfunction Φξ of L(ξ) lies in Hm

per(0, 1) for each m ∈ N0, satisfies Φ0 = ϕ′
0, is analytic in

ξ and fulfills 〈
Φ̃0,Φξ

〉
L2(0,1)

= 1.

(ii) The complex conjugate λc(ξ) is a simple eigenvalue of the adjoint L(ξ)∗ for any ξ ∈ (−ξ0, ξ0).
An associated eigenfunction Φ̃ξ lies in Hm

per(0, 1) for each m ∈ N0, is smooth in ξ and satisfies〈
Φ̃ξ,Φξ

〉
L2(0,1)

= 1.

(iii) The expansions∣∣λc(ξ)− iaξ + dξ2
∣∣ ≲ |ξ|3,

∥∥Φξ − ϕ′
0 − ik0ξ∂kϕ(·; k0)

∥∥
Hm(0,1)

≲ |ξ|2

hold for ξ ∈ (−ξ0, ξ0) with coefficients a ∈ R and d > 0 given by (1.11).
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4 Semigroup decomposition and linear estimates

The linearization L0 of (1.7) about the wave train ϕ0 is a densely defined sectorial operator on
Cub(R), with domain D(L0) = C2

ub(R); see [19, Corollary 3.1.9]. In this section, we recall the
decomposition of the associated analytic semigroup eL0t carried out in [4], and summarize the
corresponding linear estimates established therein. In addition, we derive novel estimates on mod-
ulational data, which are crucial for treating large phase modulations.

The first result from [4] expresses eL0t as the sum of an explicit principal part, exhibiting the
same L∞-bounds as the heat semigroup e∂

2
ζ t, and a remainder that decays algebraically at rate t−1.

Proposition 4.1 ([4, Propositions 3.2 and 3.4]). Assume (H1) and (D1)-(D3). Let ϕ(·; k), ξ0, λc,
a, and Φ̃ξ be as in Propositions 3.1 and 3.2. Fix j, l,m ∈ N0 and ℓ0, ℓ1 ∈ {0, 1} with ℓ0 + ℓ1 ≤ 1.
The semigroup eL0t decomposes as

eL0t =
(
ϕ′
0 + k0∂kϕ(·; k0)∂ζ

)
S0
p(t) + S̃(t)(4.1)

for t ≥ 0, where the principal part satisfies the commutator identities

∂ζS
0
p(t)− S0

p(t)∂ζ = S1
p(t), ∂2

ζS
0
p(t)− S0

p(t)∂
2
ζ = 2∂ζS

1
p(t)− S2

p(t)(4.2)

and is explicitly given by

Si
p(t)v(ζ) = χ(t)

∫
R
Gi

p(ζ, ζ̄, t)v(ζ̄)dζ̄, Gi
p(ζ, ζ̄, t) =

1

2π

∫
R
ρ(ξ)eiξ(ζ−ζ̄)eλc(ξ)t∂i

ζ̄Φ̃ξ(ζ̄)
∗dξ(4.3)

for i = 0, 1, 2, where ρ : R → [0, 1] and χ : [0,∞) → [0, 1] are smooth cut-off functions satisfying
ρ(ξ) = 1 for |ξ| < ξ0

2 , ρ(ξ) = 0 for |ξ| > ξ0, χ(t) = 0 for t ∈ [0, 1], and χ(t) = 1 for t ∈ [2,∞).
Moreover, the estimates ∥∥∥∂ℓ0

ζ eL0t∂ℓ1
ζ v
∥∥∥
∞

≲
(
1 + t−

ℓ0+ℓ1
2

)
∥v∥∞,∥∥∥S̃(t)∂ℓ1

ζ v
∥∥∥
∞

≲ (1 + t)−1
(
1 + t−

ℓ1
2

)
∥v∥∞,∥∥∥(∂t − a∂ζ)

j ∂l
ζS

i
p(t)∂

m
ζ w
∥∥∥
∞

≲ (1 + t)−
2j+l
2 ∥w∥∞

hold for all v ∈ Cℓ1
ub(R), w ∈ Cm

ub(R), t > 0, and i = 0, 1, 2.

The second result from [4] connects the principal component of the semigroup to the convective
heat equation ∂tu = duζζ + auζ , which arises from the quadratic truncation of the low-frequency
expansion of the linear dispersion relation in Proposition 3.2.

Proposition 4.2 ([4, Propositions 3.6 and 3.7]). Assume (H1) and (D1)-(D3). Let l ∈ N0, m ∈
{0, 1}, and i ∈ {0, 1, 2}. There exists a bounded linear operator Ah : L

2
per

(
(0, 1),Rn

)
→ C(R,R)

such that the principal component Si
p(t) decomposes as

Si
p(t) = Si

h(t) + S̃i
r(t),(4.4)

where we denote

Si
h(t)v = e(d∂

2
ζ+a∂ζ)t

[(
∂i
ζΦ̃

∗
0

)
v
]
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for v ∈ Cub(R) and t ≥ 0. Moreover, we have

S0
h(t) (gv) = e(d∂

2
ζ+a∂ζ)t

(
⟨Φ̃0, g⟩L2(0,1)v −Ah(g)∂ζv

)
+ ∂ζe

(d∂2
ζ+a∂ζ)t (Ah(g)v)(4.5)

for g ∈ L2
per((0, 1),Rn), v ∈ C1

ub(R,R), and t > 0. Finally, the estimates∥∥∥∂l
ζS

i
h(t)v

∥∥∥
∞

≲ t−
l
2 ∥v∥∞,

∥∥∥∂m
ζ S̃i

r(t)v
∥∥∥
∞

≲ (1 + t)−
1
2 t−

m
2 ∥v∥∞

and ∥∥∥∂1+l
ζ e(d∂

2
ζ+a∂ζ)tw

∥∥∥
∞

≲ t−
l
2 ∥w′∥∞,

∥∥∥(∂t − a∂ζ)∂
l
ζe
(d∂2

ζ+a∂ζ)tw
∥∥∥
∞

≲ t−
1+l
2 ∥w′∥∞,∥∥∥∂l

ζe
(d∂2

ζ+a∂ζ)tv
∥∥∥
∞

≲ t−
l
2 ∥v∥∞

(4.6)

hold for v ∈ Cub(R), w ∈ C1
ub(R), and t > 0.

4.1 L∞-estimates on modulational data

Initial phase modulations γ0 of the wave train ϕ0 give rise to data of the form ϕ′
0γ0 in the equation for

the inverse-modulated perturbation; see §5.2. Such modulational data correspond to the linearized
approximation of the modulational perturbation ϕ0(ζ+γ0(ζ))−ϕ0(ζ) ≈ ϕ′

0(ζ)γ0(ζ). Since we allow
for large phase modulations γ0, the nonlinear argument can only exploit smallness in the derivative
γ′0. Here, we establish bounds that are designed to estimate the action of linear propagators on
modulational data in terms of γ′0.

Linear estimates on modulational data have also been obtained in [12,18] under the additional
assumption that γ′0 ∈ L1(R). The approach in [12,18] involves a detailed analysis in Bloch frequency
domain, relying on the Hausdorff-Young inequality to control the action of the propagator in terms
of the L1-norm of γ′0. Although one could potentially extend this analysis to Cub-data by working
with tempered distributions, we avoid such technicalities. Instead, we derive bounds using abstract
semigroup theory, a careful decomposition of the principal component S0

p(t) of the semigroup, and
an adaptation of the high- and low-frequency L∞-bounds from [4, Appendix A] and [9, Appendix A]
to the setting of modulational data.

We begin by estimating the action of the full semigroup on modulational data.

Proposition 4.3. Assume (H1) and (D1)-(D3). Then, the estimates∥∥eL0t
(
ϕ′
0v
)
− ϕ′

0v
∥∥
∞ ≲

√
t(1 + t)

∥∥v′∥∥∞ ,∥∥∥e(d∂2
ζ+a∂ζ)tv − v

∥∥∥
∞

≲
√
t(1 + t)

∥∥v′∥∥∞ ,∥∥∥e−∂4
ζ tv − v

∥∥∥
∞

≲ t
1
4

∥∥v′∥∥∞
hold for all t > 0 and v ∈ C1

ub(R,R).

Proof. We employ [19, Proposition 2.1.4] and use that ϕ′
0 lies in the kernel of L(0) to infer

eL0t
(
ϕ′
0v
)
− ϕ′

0v =

∫ t

0
eL0sL0

(
ϕ′
0v
)
ds =

∫ t

0
eL0s

(
k20D

(
∂ζ
(
ϕ′
0v

′)+ ϕ′′
0v

′)+ ω0ϕ
′
0v

′) ds,
e(d∂

2
ζ+a∂ζ)tv − v =

∫ t

0
e(d∂

2
ζ+a∂ζ)s (d∂ζ + a) v′ds, e−∂4

ζ tw − w =

∫ t

0
e−∂4

ζ s∂3
ζw

′ds
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for v ∈ C2
ub(R,R), w ∈ C4

ub(R), and t > 0. Applying the estimates from Propositions 4.1 and 4.2
and the bound

∥∂3
ζ e

−∂4
ζ sz∥∞ ≲ s−

3
4 ∥z∥∞, z ∈ Cub(R), s > 0

to the right-hand sides of the latter, we arrive at∥∥eL0t
(
ϕ′
0v
)
− ϕ′

0v
∥∥
∞ ,
∥∥∥e(d∂2

ζ+a∂ζ)tv − v
∥∥∥
∞

≲
∫ t

0

(
1 +

1√
s

)
∥v′∥∞ds ≲

√
t(1 + t)

∥∥v′∥∥∞ ,∥∥∥e−∂4
ζ tw − w

∥∥∥
∞

≲
∫ t

0
s−

3
4

∥∥w′∥∥
∞ ds ≲ t

1
4

∥∥w′∥∥
∞

for v ∈ C2
ub(R,R), w ∈ C4

ub(R), and t > 0. Thus, the result follows by density.

The remaining estimates concern the action of the principal component of the semigroup on
modulational data.

Proposition 4.4. Assume (H1) and (D1)-(D3). Let g ∈ L2
per(0, 1). Fix l,m ∈ N0 with l ≥ 1.

Then, the estimates ∥∥∥(∂t − a∂ζ)
m ∂l

ζS
0
p(t) (gv)

∥∥∥
∞

≲ (1 + t)−
2m+l−1

2 ∥v′∥∞,(4.7) ∥∥∥(∂t − a∂ζ)
m S0

p(t)
(
ϕ′
0v
)
− (∂m

t χ(t)) e(d∂
2
ζ+a∂ζ)tv

∥∥∥
∞

≲
∥∥v′∥∥∞(4.8)

hold for t ≥ 0 and v ∈ C1
ub(R,R).

Proof. We compute

(∂t − a∂ζ)
m ∂l

ζ

∫
R
G0

p(ζ, ζ̄, t)g(ζ̄)v(ζ̄)dζ̄

=
il

2π

∫
R

∫
R
eλc(ξ)tξl+2mρ(ξ)

(
λc(ξ)− iaξ

ξ2

)m

Φ̃ξ(ζ̄)
∗g(ζ̄)eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R). Using Proposition 3.2, we observe that we can apply

Lemma A.1 with λ(ξ) = λc(ξ), m1 = l + 2m− 1 ≥ 0, m2 = 1, and

F (ξ, ζ, ζ̄, t) = ρ(ξ)

(
λc(ξ)− iaξ

ξ2

)m

Φ̃ξ(ζ̄)
∗g(ζ̄).

This results in the bound (4.7) upon recalling the representation (4.3) of the principal component
of the semigroup and noting that χ′(t) is supported on [1, 2].

We proceed with proving the second estimate. First, applying the product rule to the represen-
tation (4.3), we establish∥∥∥(∂t − a∂ζ)

mS0
p(t)

(
ϕ′
0v
)
− (∂m

t χ(t)) e(d∂
2
ζ+a∂ζ)tv

∥∥∥
∞

≲

∥∥∥∥∫
R
G0

p(·, ζ̄, t)ϕ′
0(ζ̄)v(ζ̄)dζ̄ − e(d∂

2
ζ+a∂ζ)tv

∥∥∥∥
∞

+
m∑
ℓ=1

∥∥∥∥(∂t − a∂ζ)
ℓ
∫
R
G0

p(·, ζ̄, t)ϕ′
0(ζ̄)v(ζ̄)dζ̄

∥∥∥∥
∞

=: J1 + J2

(4.9)
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for t ≥ 1 and v ∈ C1
ub(R,R). Analogous to the proof of estimate (4.7), we obtain the bound

|J2| ≲ ∥v′∥∞

for t ≥ 1 and v ∈ C1
ub(R,R). So, all that remains is to estimate J1. To that end, we set λr(ξ) =

λc(ξ)− iaξ + dξ2 and decompose∫
R
G0

p(ζ, ζ̄, t)ϕ
′
0(ζ̄)v(ζ̄)dζ̄ − e(d∂

2
ζ+a∂ζ)tv = I + II + III + IV(4.10)

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R), where we denote

I =
1

2π

∫
R

∫
R
eλc(ξ)tξρ(ξ)

Φ̃ξ(ζ̄)
∗ − Φ̃0(ζ̄)

∗

ξ
ϕ′
0(ζ̄)e

iξ(ζ−ζ̄)v(ζ̄)dξdζ̄,

II =
1

2π

∫
R

∫
R
e(iaξ−

d
2
ξ2)tξρ(ξ)e−

d
2
ξ2t e

λr(ξ)t − 1

ξ
Φ̃0(ζ̄)

∗ϕ′
0(ζ̄)e

iξ(ζ−ζ̄)v(ζ̄)dξdζ̄,

III =
1

2π

∫
R

∫
R
e(iaξ−dξ2)tρ(ξ)

(
Φ̃0(ζ̄)

∗ϕ′
0(ζ̄)− 1

)
eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄,

IV =
1

2π

∫
R

∫
R
eiξ(ζ−ζ̄)+(iaξ−dξ2)t (ρ(ξ)− 1) v(ζ̄)dξdζ̄,

In the following, we subsequently bound the contributions I, II, III, and IV . First, we use
Proposition 3.2 and apply Lemma A.1 to I with λ(ξ) = λc(ξ), m1 = 0, m2 = 1, and

F (ξ, ζ, ζ̄, t) = ρ(ξ)
Φ̃ξ(ζ̄)

∗ − Φ̃0(ζ̄)
∗

ξ
ϕ′
0(ζ̄).

Thus, we arrive at the bound

|I| ≲ ∥v′∥∞

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R).

We proceed with bounding II. We note that, by Proposition 3.2, there exists a constant C > 0
such that |λr(ξ)| ≤ C|ξ|3, |λ′

r(ξ)| ≤ C|ξ|2, and |λ′′
r(ξ)| ≤ C|ξ| for ξ ∈ (−ξ0, ξ0). Combining this

with the identity |ez − 1| ≤ e|z| − 1 ≤ |z|e|z| for z ∈ C, we establish∣∣∣∣∣e− d
2
ξ2t e

λr(ξ)t − 1

ξ

∣∣∣∣∣ ≲ ξ2te−
d
4
ξ2t ≲ 1,∣∣∣∣∣∂ξ

(
e−

d
2
ξ2t e

λr(ξ)t − 1

ξ

)∣∣∣∣∣ ≲ |ξ|t
(
1 + ξ2t

)
e−

d
4
ξ2t ≲

√
t,

and ∣∣∣∣∣∂2
ξ

(
e−

d
2
ξ2t e

λr(ξ)t − 1

ξ

)∣∣∣∣∣ ≲ t
(
1 + ξ2t+ ξ4t2

)
e−

d
4
ξ2t ≲ t
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for ξ ∈ (−ξ0, ξ0) and t ≥ 1. Hence, applying Lemma A.1 with λ(ξ) = aiξ − d
2ξ

2, m1 = 0, m2 = 1,
and

F (ξ, ζ, ζ̄, t) = ρ(ξ)e−
d
2
ξ2t e

λr(ξ)t − 1

ξ
Φ̃0(ζ̄)

∗ϕ′
0(ζ̄),

we bound

|II| ≲ ∥v′∥∞.

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R).

To estimate the contribution III, we observe that we can apply Lemma A.1 with λ(ξ) =
aiξ − dξ2, m1 = 0, m2 = 0, and

F (ξ, ζ, ζ̄, t) = ρ(ξ)
(
Φ̃0(ζ̄)

∗ϕ′
0(ζ̄)− 1

)
,

because it holds
∫ 1
0 Φ̃0(ζ̄)

∗ϕ′
0(ζ̄)dζ̄ = ⟨Φ̃0, ϕ

′
0⟩L2(0,1) = 1 by (1.8). Thus, we arrive at the estimate

|III| ≲ ∥v′∥∞

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R).

Finally, we estimate the contribution IV . Integration by parts in ζ̄ yields

IV =
i

2π

∫
R

∫
R
eiξ(ζ−ζ̄)+(iaξ−dξ2)t ρ(ξ)− 1

ξ
v′(ζ̄)dξdζ̄

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R). Hence, applying the high-frequency estimate from Lemma A.2

with F (ξ) = (ρ(ξ)− 1)ξ−1, we find a constant µ0 > 0 such that

|IV | ≲ e−µ0t∥v′∥∞

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R). Combining (4.9) with (4.10), and the estimates on J2, I, II,

III, and IV , we arrive at the bound (4.8), which concludes the proof.

5 Nonlinear iteration scheme

In this section, we introduce the nonlinear iteration scheme that will be employed in §6 to prove
our nonlinear stability result, Theorem 1.3. To this end, let uwt(x, t) = ϕ0(k0x − ω0t) denote a
diffusively spectrally stable wave-train solution of (1.1), satisfying assumptions (H1) and (D1)-(D3).
Take a perturbation v̊0 ∈ Cub(R) and a phase modulation γ0 ∈ C1

ub(R), and consider the solution
u(t) to (1.7) with initial condition u(0) = u0 ∈ Cub(R) given by

u0(ζ) = ϕ0(ζ + γ0(ζ)) + v̊0(ζ), ζ ∈ R.(5.1)

Assuming that v̊0 and γ′0 are sufficiently small in Cub(R), our aim is to construct a spatiotemporal
modulation function γ(t) with γ(0) = γ0 such that the solution u(t) to (1.7) can be written in the
form

u(ζ, t) = ϕ0(ζ + γ(ζ, t)) + v̊(ζ, t)

18



where both γζ(t) and the remainder v̊(t) stay small over time in Cub(R) and decay at diffusive rates.
In particular, this precludes finite-time blow-up and implies that the solution u(t) exists globally
in time.

A nonlinear iteration argument cannot be closed by directly estimating the forward-modulated
perturbation v̊(t), due to insufficient decay in the nonlinear terms of its evolution equation; see [30]
for a detailed discussion. As outlined in §1.2, our approach instead relies on the fact that the
L∞-norm of v̊(t) is equivalent to that of the inverse-modulated perturbation v(t), which is given
by (1.18). Taking inspiration from [12], we then choose a phase modulation γ(t), which captures
the most critical terms in the Duhamel formula for the inverse-modulated perturbation v(t) and
satisfies γ(0) = γ0. As in [4, 13, 23], we find that γ(t) obeys a perturbed viscous Hamilton-Jacobi
equation. After eliminating its dominant nonlinear term via the Cole-Hopf transformation, an
L∞-based nonlinear iteration argument involving γ(t) and v(t) can be closed.

However, due to the quasilinear nature of the evolution equation for the inverse-modulated
perturbation v(t), an apparent loss of regularity must be addressed. To control regularity, we
distinguish between short and long times. For short times, we estimate the forward-modulated
perturbation v̊(t) iteratively using its Duhamel representation, which is of semilinear nature and
does not suffer from a loss of derivatives. This allows us to control regularity of the inverse-
modulated perturbation v(t) by relating v̊(t) and v(t), including their derivatives, through mean-
value type estimates; see [30]. However, the obtained decay of v̊(t) and its derivatives is too
slow to provide effective control for large times. To overcome this, we follow the approach in [1]
and employ forward-modulated damping estimates. Specifically, we derive a nonlinear damping
estimate in uniformly local Sobolev spaces for the modified forward-modulated perturbation (1.21),
which also satisfies a semilinear equation without derivative loss. This energy estimate provides
control over the L∞-norms of derivatives of z̊(t) in terms of the L∞-norm of z̊(t) itself. To close
the nonlinear argument, we then relate z̊(t) to the residual

z(t) = v(t)− k0∂kϕ(·; 1) γζ(t),(5.2)

along with their spatial derivatives, again via mean-value type arguments. As a result, derivatives
of v(t) are ultimately controlled by the L∞-norm of z̊(t) (and hence of z(t)). We remark that
short-time regularity control through the nonlinear damping estimate on z̊(t) is not feasible due to
the presence of the term γζt(t) in the nonlinearity of the evolution equation for z̊(t); see §5.7. This
term exhibits a non-integrable blow-up as t ↓ 0, with L∞-norm scaling like t−1, thereby precluding
control in the short-time regime.

The remainder of this section is organized as follows. We begin by establishing local existence
and uniqueness of the solution u(t) to (1.7). We then derive the equation satisfied by the inverse-
modulated perturbation v(t) and obtain L∞-bounds on its nonlinear terms. Next, we introduce the
phase modulation γ(t) and derive the perturbed viscous Hamilton-Jacobi equation that governs its
dynamics. Finally, we formulate the equations for the forward-modulated perturbation v̊(t) and the
modified forward-modulated perturbation z̊(t), which are used for short- and long-time regularity
control, respectively, and we establish a nonlinear damping estimate on z̊(t).

5.1 Local existence and uniqueness of the solution

Since the advection-diffusion operator L0 = k20D∂ζζ + ω0∂ζ is sectorial on C l
ub(R) with dense

domain D(L0) = C l+2
ub (R) by [19, Corollary 3.1.9] and the nonlinear map u 7→ ∂j

uf(u) is locally
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Lipschitz continuous on C l
ub(R) for any j, l ∈ N0, local existence and uniqueness of the solution

u(t) to the reaction-diffusion system (1.7) follows directly from standard analytic semigroup theory;
see [19, Theorem 7.1.5 and Propositions 7.1.8 and 7.1.10].

Proposition 5.1. Assume (H1). Let u0 ∈ Cub(R). Then, there exists a maximal time Tmax ∈
(0,∞] such that (1.7) admits a unique classical solution

u ∈ C
(
[0, Tmax), Cub(R)

)
∩ C

(
(0, Tmax), C

2
ub(R)

)
∩ C1

(
(0, Tmax), Cub(R)

)
,

with initial condition u(0) = u0. Moreover, the map [0, Tmax) → Cub(R), t 7→
√
t uζ(t) is continuous

and, if Tmax < ∞, then we have

lim sup
t↑Tmax

∥u(t)∥∞ = ∞.(5.3)

Finally, for any j, l ∈ N0 we have u ∈ Cj
(
(0, Tmax), C

l
ub(R)

)
.

5.2 Inverse-modulated perturbation equation

Using that u(t) and ϕ0 are solutions to (1.7), one finds that the inverse-modulated perturbation,
given by (1.18), satisfies the quasilinear equation

(∂t − L0)
[
v + ϕ′

0γ − γζv
]
= N (v, γ, ∂tγ),(5.4)

where the nonlinearity N is given by

N (v, γ, γt) = Q(v, γ) + ∂ζR(v, γ, γt) + ∂2
ζS(v, γ)(5.5)

with

Q(v, γ) =
(
f(ϕ0 + v)− f(ϕ0)− f ′(ϕ0)v

)
(1− γζ) ,

R(v, γ, γt) = −γtv + ω0γζv +
k20

1− γζ
D

(
γ2ζϕ

′
0 −

γζζv

1− γζ

)
,

S(v, γ) = k20D

(
2γζv +

γ2ζ v

1− γζ

)
.

(5.6)

We refer to [15, Lemma 4.2] for a detailed derivation of (5.4).
The nonlinearities obey the following L∞-bounds.

Lemma 5.2. Assume (H1). Fix a constant C > 0. Then, we have

∥Q(v, γ)∥∞ ≲ ∥v∥2∞,

∥R(v, γ, γt)∥∞ ≲ ∥v∥∞∥(γζ , γt)∥C1
ub×Cub

+ ∥γζ∥2∞,

∥S(v, γ)∥∞ ≲ ∥v∥∞∥γζ∥∞,

∥∂ζS(w, γ)∥∞ ≲ ∥w∥C1
ub
∥γζ∥C1

ub

for v ∈ Cub(R), w ∈ C1
ub(R), and (γ, γt) ∈ C2

ub(R)× Cub(R) satisfying ∥v∥∞ ≤ C and ∥γζ∥∞ ≤ 1
2 .
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5.3 Choice of phase modulation

Assuming that γ(t) satisfies γ(0) = γ0, we arrive at the Duhamel formulation

v(t) + ϕ′
0γ(t) = eL0t

(
v0 + ϕ′

0γ0 − γ′0v0
)
+

∫ t

0
eL0(t−s)N (v(s), γ(s), ∂tγ(s))ds+ γζ(t)v(t)(5.7)

after integrating (5.4), where we denote

v0(ζ) = u0(ζ − γ0(ζ))− ϕ0(ζ), ζ ∈ R.(5.8)

As in [12,18], we make a judicious choice for the phase modulation γ(t) such that the linear term
ϕ′
0γ(t) on the left-hand side of (5.7) compensates for the slowest decaying nonlinear contributions on

the right-hand side of (5.7). This choice must be compatible with the initial condition γ(0) = γ0 ∈
C1
ub(R). Moreover, to ensure sufficient regularity for the subsequent nonlinear iteration scheme, we

require that γ(t) is smooth for all t > 0. Thus, motivated by the semigroup decomposition (4.1),
we define γ(t) through the integral equation

γ(t) = S0
p(t)

(
v0 + ϕ′

0γ0 + γ′0v0
)
+

∫ t

0
S0
p(t− s)N (v(s), γ(s), ∂tγ(s))ds

+ (1− χ(t)) e−∂4
ζ tγ0,

(5.9)

where χ(t) is the temporal cut-off function from Proposition 4.1.
Before establishing existence of a solution γ(t) to (5.9), we argue that our implicit choice for

γ(t) indeed possesses the required properties. To begin with, we have γ(0) = γ0, since S0
p(t)

vanishes on [0, 1]. Second, since the sectorial operator −∂4
ζ generates an analytic semigroup on

Cub(R), cf. [19, Proposition 2.4.4 and Corollary 3.1.9], and the propagator S0
p(t) is smoothing by

Proposition 4.1, it follows that γ(t) is smooth for all t > 0. The choice of the analytic semigroup
e−∂4

ζ t, rather than the standard heat semigroup e∂
2
ζ t, is motivated by the need to control third-order

spatial derivatives of γ(t) at short times within our nonlinear argument; see Remark 5.3.
Substituting (4.1), (5.2), and (5.9) into (5.7), we obtain the Duhamel formulation

z(t) = S̃(t)
(
v0 + ϕ′

0γ0 + γ′0v0
)
+

∫ t

0
S̃(t− s)N (v(s), γ(s), ∂tγ(s))ds+ γζ(t)v(t)

− (1− χ(t))
(
ϕ′
0 + k0∂kϕ(·; k0)∂ζ

)
e−∂4

ζ tγ0

(5.10)

for the residual z(t). Recalling that the propagator S̃(t) decays at rate t−1 as t → ∞, cf. Propo-
sition 4.1, we confirm that our choice of γ(t) indeed eliminates the slowest decaying contributions
on the right-hand side of (5.7).

Remark 5.3. Our choice for the analytic semigroup e−∂4
ζ t in (5.9) is motivated by the structure of

the nonlinear terms in the perturbed viscous Hamilton-Jacobi equation, which governs the leading-
order dynamics of the phase modulation γ(t); see §5.4. In particular, the nonlinearity involves
a temporal derivative and up to three spatial derivatives of γ(t). To control these terms in the
associated Duhamel formulation, it is crucial that the C2

ub-norm of γζ(t), as well as the L∞-norm
of γt(t), exists for t > 0 and exhibits a singularity as t ↓ 0 that remains integrable in time. Since we
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merely assume γ0 ∈ C1
ub(R), this motivates the introduction of e−∂4

ζ tγ0. Indeed, for fixed j ∈ N0,
standard analytic semigroup theory [19] yields the estimates∥∥∥e−∂4

ζ tγ
∥∥∥
∞

≤ ∥γ∥∞,
∥∥∥∂t∂j

ζe
−∂4

ζ tγ
∥∥∥
∞

≲ t−
3+j
4 ∥γ′∥∞,

∥∥∥∂1+j
ζ e−∂4

ζ tγ
∥∥∥
∞

≲ t−
j
4 ∥γ′∥∞(5.11)

for t > 0 and γ ∈ C1
ub(R), which show that the temporal derivative and the first four spatial

derivatives of e−∂4
ζ tγ0 permit such integrable blow-up behavior as t ↓ 0. So, the term e−∂4

ζ tγ0
is tailored to the demands of our nonlinear argument. Alternatively, one could impose higher
regularity on the initial phase modulation γ0, which allows replacing e−∂4

ζ tγ0 with γ0 in (5.9), as
done in [12].

We conclude this subsection by establishing local existence of a solution γ(t) to the integral
equation (5.9). The contraction-mapping argument is adapted from [4, Proposition 4.4], accommo-
dating large initial data γ0 ∈ C1

ub(R), while still requiring that γζ(t) remains sufficiently small to
ensure that the nonlinearity in (5.5) is well-defined.

Proposition 5.4. Assume (H1) and (D3). Let r0 ∈ (0, 12) be as in Proposition 3.1. Let v̊0 ∈ Cub(R)
and γ0 ∈ C1

ub(R) with ∥γ′0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (5.1) and (5.8), respectively. For u
and Tmax as in Proposition 5.1, there exists a maximal time τmax ∈ [1,max{1, Tmax}] such that (5.9),
with v given by (1.18), has a solution

γ ∈ C
(
[0, τmax), C

1
ub(R)

)
∩ Cj

(
(0, τmax), C

l
ub(R)

)
, j, l ∈ N0,(5.12)

satisfying γ(t) = e−∂4
ζ tγ0 for t ∈ [0, 1]. In addition, it holds ∥γζ(t)∥∞ < r0 for all t ∈ [0, τmax).

Finally, τmax < Tmax implies

lim sup
t↑τmax

∥γζ(t)∥∞ = r0(5.13)

or

lim sup
t↑τmax

∥(γ(t), ∂tγ(t))∥C2
ub×Cub

= ∞.(5.14)

Proof. We delegate the proof to Appendix B.

Local existence and regularity of the inverse-modulated perturbation v(t) and the residual z(t)
follow directly from Propositions 5.1 and 5.4.

Corollary 5.5. Assume (H1) and (D3). Let r0 ∈ (0, 12) be as in Proposition 3.1. Let v̊0 ∈ Cub(R)
and γ0 ∈ C1

ub(R) with ∥γ′0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (5.1) and (5.8), respectively. For u
as in Proposition 5.1 and γ and τmax as in Proposition 5.4, the inverse-modulated perturbation v,
defined by (1.18), and the residual z, defined by (5.2), satisfy

v, z ∈ C
(
[0, τmax), Cub(R)

)
∩ C

(
(0, τmax), C

2
ub(R)

)
∩ C1

(
(0, τmax), Cub(R)

)
.

Moreover, the map [0, τmax) → Cub(R), t 7→
√
t
(
vζ(t), zζ(t)

)
is continuous. Finally, the Duhamel

formulations (5.7) and (5.10) are valid for t ∈ [0, τmax).
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5.4 Derivation of viscous Hamilton-Jacobi equation

Proceeding along the lines of [4], we derive a perturbed viscous Hamilton-Jacobi equation governing
the dynamics of the phase modulation γ(t).

As a first step, we isolate all contributions involving γ2ζ in the nonlinearity in (5.9). These terms
are critical, as they exhibit the slowest decay. As shown in [4, Section 4.3], the nonlinearity (5.5)
admits the decomposition

N (v(s), γ(s), ∂tγ(s)) = k20fpγζ(s)
2 +Np(z(s), v(s), γ(s), γ̃(s)),(5.15)

where we denote

γ̃(t) := ∂tγ(t)− aγζ(t),

fp is the 1-periodic function

fp =
1

2
f ′′(ϕ0) (∂kϕ(·; k0), ∂kϕ(·; k0)) + ω′(k0)∂ζkϕ(·; k0) +D

(
ϕ′′
0 + 2k0∂ζζkϕ(·; k0)

)
,

and the residual is given by

Np(z, v, γ, γ̃) = Qp(z, v, γ) + ∂ζRp(z, v, γ, γ̃) + ∂ζζSp(z, v, γ),(5.16)

with

Qp(z, v, γ) =
(
f(ϕ0 + v)− f(ϕ0)− f ′(ϕ0)v

)
γζ + f(ϕ0 + v)− f(ϕ0)− f ′(ϕ0)v −

1

2
f ′′(ϕ0)(v, v)

+
1

2
f ′′(ϕ0)(z, z) + k0γζf

′′(ϕ0)(z, ∂kϕ(·; k0)) + 2k20ω
′(k0)γζγζζ∂kϕ(·; k0)

+ 2k20D
(
γζγζζ

(
ϕ′
0 + 4k0∂ζkϕ(·; k0)

)
+ 2k0

(
γ2ζζ + γζγζζζ

)
∂kϕ(·; k0)

)
,

Rp(z, v, γ, γ̃) = −vγ̃ + k0ω
′
0(k0)γζz +

k20
1− γζ

D

(
γ3ζϕ

′
0 −

γζζv

1− γζ

)
,

Sp(z, v, γ) = k20D

(
2γζz +

γ2ζ v

1− γζ

)
.

Applying Taylor’s theorem, we obtain the following nonlinear estimate.

Lemma 5.6. Assume (H1) and (D3). Fix a constant C > 0. Then, we have

∥Qp(z, v, γ)∥∞ ≲ (∥v∥∞ + ∥γζ∥∞) ∥v∥2∞ + (∥z∥∞ + ∥γζ∥∞) ∥z∥∞ + ∥γζ∥C1
ub
∥γζζ∥C1

ub
,

∥Rp(z, v, γ, γ̃)∥∞ ≲ ∥v∥∞ (∥γ̃∥∞ + ∥γζζ∥∞) + ∥z∥∞∥γζ∥∞ + ∥γζ∥3∞,

∥Sp(z, v, γ)∥∞ ≲ ∥v∥∞∥γζ∥2∞ + ∥z∥∞∥γζ∥∞

for z ∈ Cub(R), v ∈ Cub(R), and (γ, γ̃) ∈ C3
ub(R)× Cub(R) satisfying ∥v∥∞ ≤ C and ∥γζ∥∞ ≤ 1

2 .

Next, we decompose the phase modulation γ(t) into a solution ỹ(t) solving a perturbed viscous
Hamilton-Jacobi equation and a remainder r(t) exhibiting higher-order decay. To this end, we use
the commutator identities (4.2) and insert the decomposition (4.4) of the propagator Si

p(t) and the
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decomposition (5.15) of the nonlinearity into (5.9). Thus, after using (1.8) and (4.5) to reexpress
e(d∂

2
ζ−cg∂ζ)t(Φ̃∗

0fpγ
2
ζ ) and setting

ν = ⟨Φ̃0, fp⟩L2(0,1),

we arrive at the decomposition

γ(t) = ỹ(t) + r(t)(5.17)

with

ỹ(t) = S0
h(t)

(
v0 + γ′0v0

)
+ e(d∂

2
ζ+a∂ζ)t (γ0 −Ah(ϕ

′
0)γ

′
0

)
+

∫ t

0
e(d∂

2
ζ+a∂ζ)(t−s) (νγζ(s)2 − k20Ah(fp)∂ζ

(
γζ(s)

2
))

ds

+

∫ t

0
S0
h(t− s)Qp(z(s), v(s), γ(s))ds−

∫ t

0
S1
h(t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds

+

∫ t

0
S2
h(t− s)Sp(z(s), v(s), γ(s))ds,

(5.18)

and remainder

r(t) = S̃0
r (t)

(
v0 + ϕ′

0γ0 + γ′0v0
)
+ ∂ζe

(d∂2
ζ+a∂ζ)t (Ah(ϕ

′
0)γ0

)
+ k20

∫ t

0
S̃0
r (t− s)

(
fpγζ(s)

2
)
ds

+ k20∂ζ

∫ t

0
e(d∂

2
ζ+a∂ζ)(t−s) (Ah(fp)γζ(s)

2
)
+

∫ t

0
S̃0
r (t− s)Qp(z(s), v(s), γ(s))ds

−
∫ t

0
S̃1
r (t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds+

∫ t

0
S̃2
r (t− s)Sp(z(s), v(s), γ(s))ds

+ ∂ζ

∫ t

0
S0
p(t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds+ (1− χ(t))e−∂4

ζ tγ0

+ ∂2
ζ

∫ t

0
S0
p(t− s)Sp(z(s), v(s), γ(s))ds− 2∂ζ

∫ t

0
S1
p(t− s)Sp(z(s), v(s), γ(s))ds.

(5.19)

Invoking the linear estimates from Propositions 4.1 and 4.2, we observe that r(t) accounts for the
contributions in (5.9) that decay on the linear level. On the other hand, applying the convective
heat operator ∂t − d∂2

ζ − a∂ζ to (5.18), we arrive at the viscous Hamilton-Jacobi equation(
∂t − d∂2

ζ − a∂ζ
)
ỹ = νỹ2ζ +G(r, ỹ, z, v, γ, γ̃)(5.20)

with perturbation

G(z, v, γ, γ̃) = 2νỹζrζ + νr2ζ − k20Ah(fp)∂ζ(γ
2
ζ ) + Φ̃∗

0Qp(z, v, γ)−
(
∂ζΦ̃

∗
0

)
Rp(z, v, γ, γ̃)

+
(
∂2
ζ Φ̃

∗
0

)
Sp(z, v, γ).

That is, ỹ(t) is a solution to (5.20) with initial condition

ỹ(0) = γ0 −Ah(ϕ
′
0)γ

′
0 + Φ̃∗

0

(
v0 + γ′0v0

)
∈ Cub(R).
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By expressing the right-hand side of (5.20) as

F (z, v, γ, γ̃) = νγ2ζ − k20Ah(fp)∂ζ(γ
2
ζ ) + Φ̃∗

0Qp(z, v, γ)−
(
∂ζΦ̃

∗
0

)
Rp(z, v, γ, γ̃) +

(
∂2
ζ Φ̃

∗
0

)
Sp(z, v, γ),

we can interpret equation (5.20) as an inhomogeneous linear parabolic problem. The inhomogeneity
t 7→ F (z(t), v(t), γ(t), γ̃(t)) belongs to C

(
(0, τmax), C

1
ub(R)

)
∩ L1

(
(0, τmax), Cub(R)

)
by combining

the estimates (4.6) with Proposition 5.4 and Corollary 5.5. Consequently, regularity properties of
ỹ(t) and r(t) = γ(t)− ỹ(t) follow from analytic semigroup theory, cf. [19, Theorem 4.3.11].

Corollary 5.7. Assume (H1) and (D3). Let r0 ∈ (0, 12) be as in Proposition 3.1. Let v̊0 ∈ Cub(R)
and γ0 ∈ C1

ub(R) with ∥γ′0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (5.1) and (5.8), respectively. For
γ and τmax as in Proposition 5.4 and and for v and z as in Corollary 5.5, the Hamilton-Jacobi
variable ỹ, given by (5.18) and the residual r, given by (5.19), obey

ỹ, r ∈ C
(
[0, τmax), Cub(R)

)
∩ C

(
(0, τmax), C

2
ub(R)

)
∩ C1

(
(0, τmax), Cub(R)

)
.

In addition, the map [0, τmax) → Cub(R)× Cub(R), t 7→
√
t
(
ỹζ(t), rζ(t)

)
is continuous.

Remark 5.8. The decomposition (5.17) generalizes the corresponding one in [4], where the initial
phase modulation was assumed to vanish identically. Indeed, setting γ0 = 0 in (5.18) and (5.19)
recovers the decomposition used in [4]. Alternatively, by assuming more regular initial data v̊0 ∈
C2
ub(R), one could employ the simpler decomposition from [1], thereby avoiding the commutator

identities (4.2) needed to shift derivatives from the nonlinearity (5.16) onto the propagators.

5.5 Application of the Cole-Hopf transform

In the forthcoming nonlinear analysis, we control the remainder r(t) by estimating the right-hand
side of (5.19). For short times, a similar approach allows us to bound ỹ(t) via (5.18). However, for
large times, this strategy fails due to the presence of the critical nonlinear term νyζ(s)

2 in (5.18),
which decays at the nonintegrable rate (1 + s)−1 as s → ∞. To address this issue, we proceed
as in [1, 4] and eliminate the problematic nonlinear term νỹ2ζ in (5.20) by applying the Cole-Hopf
transformation. To this end, we introduce the new variable

y(t) = e
ν
d
ỹ(t),(5.21)

which satisfies

y ∈ C
(
[0, τmax), Cub(R)

)
∩ C

(
(0, τmax), C

2
ub(R)

)
∩ C1

(
(0, τmax), Cub(R)

)
(5.22)

by Corollary 5.7. We obtain the convective heat equation(
∂t − d∂2

ζ − a∂ζ
)
y = 2νrζyζ +

ν

d

(
νr2ζ +G(z, v, γ, γ̃)

)
y(5.23)

in which critical y2ζ -contributions are no longer present. Integrating (5.23), we arrive at the Duhamel
formulation

y(t) = e(d∂
2
ζ+a∂ζ)(t−1)y(1) +

∫ t

1
e(d∂

2
ζ+a∂ζ)(t−s)Nc(r(s), y(s), z(s), v(s), γ(s), γ̃(s))ds,(5.24)

for t ∈ [0, τmax) with t ≥ 1, with nonlinearity

Nc(r, y, z, v, γ, γ̃) = 2νrζyζ +
ν

d

(
νr2ζ +G(z, v, γ, γ̃)

)
y.

Using Lemma 5.6, we readily obtain the following nonlinear estimate.
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Lemma 5.9. Fix a constant C > 0. Then, we have

∥Nc(r, y, z, v, γ, γ̃)∥∞ ≲ ∥rζ∥∞∥yζ∥∞ + ∥y∥∞
(
∥rζ∥2∞ + (∥v∥∞ + ∥γζ∥∞) ∥v∥2∞ + ∥γζ∥C1

ub
∥γζζ∥C1

ub

+ ∥v∥∞
(
∥γ̃∥∞ + ∥γζζ∥∞ + ∥γζ∥2∞

)
+ (∥z∥∞ + ∥γζ∥∞) ∥z∥∞ + ∥γζ∥3∞

)
,

for z ∈ Cub(R), v ∈ Cub(R), r, y ∈ C1
ub(R) and (γ, γ̃) ∈ C3

ub(R) × Cub(R) with ∥v∥∞ ≤ C and
∥γζ∥∞ ≤ 1

2 .

5.6 Forward-modulated perturbation

Since the equation (5.4) for the inverse-modulated perturbation v(t) is quasilinear, it presents an
apparent loss of derivatives that must be addressed in the nonlinear argument. In order to control
regularity for short times, we iteratively estimate the forward-modulated perturbation v̊(t) via its
Duhamel representation, which is semilinear and does not suffer from a loss of derivatives. As a
first step, we note that the following existence and regularity properties of v̊(t) follow directly from
Propositions 5.1 and 5.4.

Corollary 5.10. Assume (H1) and (D3). Let r0 ∈ (0, 12) be as in Proposition 3.1. Let v̊0 ∈ Cub(R)
and γ0 ∈ C1

ub(R) with ∥γ′0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (5.1) and (5.8), respectively. For
u as in Proposition 5.1, and γ and τmax as in Proposition 5.4, the forward-modulated perturbation
v̊(t), given by (1.19), is well-defined for t ∈ [0, τmax) and satisfies

v̊ ∈ C
(
[0, τmax), Cub(R)

)
∩ Cj

(
(0, τmax), C

l
ub(R)

)
for any j, l ∈ N0.

Differentiating v̊(t) with respect to time and using the facts that ϕ0 and u(t) solve (1.7) and
that γ(t) = e−∂4

ζ tγ0 for t ∈ [0, 1] by Proposition 5.4, we derive the semilinear equation

∂tv̊ = k20Dv̊ζζ + ω0v̊ζ +A[γ0 ]̊v + N̊ (̊v, γ, ∂tγ)(5.25)

valid for t ∈ [0, 1], with spatiotemporal coefficient

A[γ0](ζ, t) := f ′(ϕ0(ζ + Γ(ζ, t))), Γ(ζ, t) :=
(
e−∂4

ζ tγ0

)
[ζ]

and nonlinearity given by

N̊ (̊v, γ, γt) = f (̊v + ϕ0(κ(γ)))− f(ϕ0(κ(γ)))− f ′(ϕ0(κ))̊v + ϕ′
0(κ(γ)) (ω0γζ − γt)

+ k20D
(
ϕ′
0(κ(γ))γζζ + ϕ′′

0(κ(γ))γζ(2 + γζ)
)
,

with shorthand notation

κ(γ)(ζ, t) = ζ + γ(ζ, t).

Differentiating (5.25) with respect to space, we obtain an evolution equation for ẘ(t) := v̊ζ(t),
reading

∂tẘ = k20Dẘζζ + ω0ẘζ +A[γ0]ẘ + N̊1(̊v, γ, ∂tγ)(5.26)
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valid for t ∈ [0, 1], with nonlinearity

N̊1(̊v, γ, γt) = (1 + γζ)f
′′(ϕ0(κ(γ)))

(
ϕ′
0(κ(γ)), v̊

)
+ ∂ζN̊ (̊v, γ, γt).

We now state short-time bounds on the temporal Greenâ€™s function associated with the
linearized equation

∂tv̊ = k20Dv̊ζζ + ω0v̊ζ +A[γ0 ]̊v.(5.27)

These bounds have been established in [31], using Leviâ€™s parametrix method.

Proposition 5.11. Assume (H1). There exist constants C,M > 0 and t∗ ∈ (0, 1] such that for
each γ0 ∈ C1

ub(R) the temporal Green’s function G : R × (0, t∗] × R × (0, t∗] → Rn×n associated
with (5.27) is continuously differentiable in its second and fourth coordinate and twice continuously
differentiable in its first and third coordinate. The solution to the linearized equation (5.27) with
initial condition v̊(s) = v̊0 is given by

v(ζ, t) =

∫
R
G(ζ, t; ζ̄, s)̊v0(ζ̄)dζ̄

for all ζ ∈ R and any s, t ∈ [0, t∗] with 0 ≤ s < t. Moreover, the Green’s function enjoys the
pointwise bounds ∣∣∣∂j

ζG(ζ, t; ζ̄, s)
∣∣∣ ≤ C(t− s)−

1+j
2 e

− (ζ−ζ̄)2

M(t−s) , j = 0, 1, 2

for all ζ, ζ̄ ∈ R and s, t ∈ (0, t∗] with 0 ≤ s < t.

Proof. We first observe that the coefficient A[γ0] in (5.27) is uniformly bounded on R× [0, 1], with
a bound that is independent of γ0. Since γ0 belongs to the interpolation space C1

ub(R) of class
J 1

4
between Cub(R) and the domain C4

ub(R) of the sectorial operator −∂4
ζ , it follows from [19,

Corollary 2.2.3 and Proposition 2.2.4] that the map [0, 1] → Cub(R), t 7→ A[γ0](·, t) is HÃ¶lder
continuous with exponent α ∈ (0, 14). Moreover, for each fixed t ∈ [0, 1], we have A[γ0](·, t) ∈
C1
ub(R), so the map is also HÃ¶lder continuous in space with exponent 2α. Thus, the claim follows

directly from [31, Proposition 11.3].

Integrating (5.25) and (5.26) yields the Duhamel formulas

v̊(ζ, t) =

∫
R
G(ζ, t; ζ̄, 0)̊v0(ζ̄)dζ̄ +

∫ t

0

∫
R
G(ζ, t; ζ̄, s)N̊ (̊v(ζ, s), γ(ζ, s), ∂tγ(ζ, s))ds(5.28)

for ζ ∈ R and t ∈ (0, t∗], and

v̊ζ(ζ, t) =

∫
R
G
(
ζ, t; ζ̄, t∗2

)
v̊ζ
(
ζ̄, t∗2

)
dζ̄ +

∫ t

t∗
2

∫
R
G(ζ, t; ζ̄, s)N̊1(̊v(ζ, s), γ(ζ, s), ∂tγ(ζ, s))ds(5.29)

for ζ ∈ R and t ∈ [ t∗2 , t∗], where we chose t = t∗
2 , rather than t = 0, as our left integration

boundary in (5.29), since v̊ζ(t) is only guaranteed to exist for t > 0; see Corollary 5.10. The
representations (5.28) and (5.29), combined with the pointwise Green’s function estimates from
Proposition 5.11 and the following nonlinear bounds, whose derivation follows directly from Tay-
lorâ€™s theorem, yield the short-time regularity control needed for the forthcoming nonlinear
analysis; see also Remark 5.3.
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Lemma 5.12. Assume (H1). Fix a constant C > 0. Then, we have∥∥∥N̊ (̊v, γ, γt)
∥∥∥
∞

≲ ∥̊v∥2∞ + ∥γζ∥C1
ub

+ ∥γt∥∞,

for v̊ ∈ Cub(R) and (γ, γt) ∈ C2
ub(R)× Cub(R) satisfying ∥̊v∥∞, ∥γζ∥∞ ≤ C. Moreover, we have∥∥∥N̊1(̊v, γ, γt)

∥∥∥
∞

≲ ∥̊v∥C1
ub

+ ∥γζ∥C2
ub

+ ∥γt∥C1
ub

for v̊ ∈ C1
ub(R) and (γ, γt) ∈ C3

ub(R)× C1
ub(R) satisfying ∥̊v∥∞, ∥γζ∥∞ ≤ C.

5.7 Forward-modulated damping

In order to control regularity in the forthcoming nonlinear argument for large times, we follow the
strategy of [1] and establish a nonlinear damping estimate for the modified forward-modulated per-
turbation z̊(t) given by (1.21). This damping estimate extends the one in [15] to a pure L∞-setting.
It exploits the dissipative structure of the underlying reaction-diffusion system (1.7) and relies on
the embedding of the uniformly local Sobolev space H1

ul(R) into Cub(R); see [26, Lemma 8.3.11].
Before proving the nonlinear damping estimate, we first derive an evolution equation for z̊(t).

To this end, we recall that uk(x, t) = ϕ(kx − ω(k)t; k) is a solution to (1.1) for all wavenumbers
k ∈ (k0 − r0, k0 + r0) by Proposition 3.1. Thus, using that u(t) solves (1.7), we obtain

∂tz̊ = k20Dz̊ζζ + ω0z̊ζ + Q̊(̊z, γ) + R̊(γ, γ̃, ∂tγ),(5.30)

with

Q̊(̊z, γ) = f (̊z + ϕ(β(γ)))− f(ϕ(β(γ)))

and

R̊(γ, γ̃, γt) = k20D
[
ϕyy(β(γ))

(
(1 + γζ(1 + γζ) + γγζζ)

2 − (1 + γζ)
2
)
+ k20ϕkk(β(γ))γ

2
ζζ

+ 2k0ϕyk(β(γ))γζζ (1 + γζ(1 + γζ) + γγζζ) + ϕy(β(γ)) (γζζ(1 + 3γζ) + γγζζζ)

+ k0ϕk(β(γ))γζζζ

]
+ k0ϕk(β(γ)) (ω0γζζ − γζt)

+ ϕy(β(γ))
(
ω0 + k0ω

′(k0)γζ − ω
(
k0(1 + γζ)

)
− γ̃ + ω0

(
γ2ζ + γγζζ

)
− γtγζ − γγζt

)
,

where we used

β(γ)(ζ, t) =
(
ζ + γ(ζ, t)(1 + γζ(ζ, t)); k0 (1 + γζ(ζ, t))

)
to abbreviate the argument of ϕ(y; k) and its derivatives. For more details on the derivation
of (5.30), we refer to [1, Appendix B].

Since the continuation ϕ(·; k) of the wave train ϕ0 with respect to the wavenumber k is defined
for all k ∈ (k0 − r0, k0 + r0) by Proposition 3.1, it follows from Propositions 5.1 and 5.4 that z̊(t)
is well-defined for all t ∈ [0, τmax). Its regularity properties are also a direct consequence of these
propositions and are summarized in the following statement.

28



Corollary 5.13. Assume (H1) and (D3). Let r0 ∈ (0, 12) be as in Proposition 3.1. Let v̊0 ∈ Cub(R)
and γ0 ∈ C1

ub(R) with ∥γ′0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (5.1) and (5.8), respectively. For
u as in Proposition 5.1, and γ and τmax as in Proposition 5.4, the modified forward-modulated
perturbation z̊(t), given by (1.21), is well-defined for t ∈ [0, τmax) and satisfies

z̊ ∈ C
(
[0, τmax), Cub(R)

)
∩ Cj

(
(0, τmax), C

l
ub(R)

)
for any j, l ∈ N0.

We are now in position to establish the relevant nonlinear damping estimate. The proof follows
the strategy of [1, Proposition 4.9], but differs in that damping is induced by the second derivative
across all components, not just in the first component.

Proposition 5.14. Assume (H1) and (D3). Fix a constant R > 0. Let r0 ∈ (0, 12) be as in Propo-
sition 3.1. Let v̊0 ∈ Cub(R) and γ0 ∈ C1

ub(R) with ∥γ′0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (5.1)
and (5.8), respectively. Let γ(t) and τmax be as in Proposition 5.4, let t∗ be as in Proposition 5.11,
and let z̊(t) be as in Corollary 5.13. There exists a v̊0- and γ0-independent constant C > 0 such
that the nonlinear damping estimate

∥∥z̊(t)∥∥
C1

ub
≤ C

(∥∥z̊(t)∥∥∞ +

(
et∗−t

∥∥z̊(t∗)∥∥2C2
ub

+

∫ t

t∗

es−t
(∥∥z̊(s)∥∥2∞ + ∥γζζ(s)∥2C3

ub

+ ∥∂sγζ(s)∥2C2
ub

+
∥∥γ̃(s)∥∥2

C2
ub

+ ∥γζ(s)∥2∞
(
∥γζ(s)∥2∞ + ∥∂sγ(s)∥2∞

) )
ds

) 1
2

)(5.31)

holds for all t ∈ [0, τmax) with t ≥ t∗ and

sup
t∗≤s≤t

(∥∥z̊(s)∥∥
C1

ub
+ ∥γ(s)∥C2

ub

)
≤ R.(5.32)

Proof. Set ϑ = 1
2 . We begin by relating the C1

ub-norm of z̊(t) to a uniformly local Sobolev norm.
To this end, introduce the window function ϱ : R → R given by

ϱ(ζ) =
2

2 + ζ2
,

which is positive, smooth, and L1-integrable. It satisfies the inequality

|ϱ′(ζ)| ≤ ϱ(ζ) ≤ 1(5.33)

for all ζ ∈ R. Applying the Gagliaro-Nirenberg interpolation inequality, we estimate

∥zζ∥∞ = sup
y∈R

∥ϱ(ϑ(·+ y))zζ∥∞ ≲ ∥z∥∞ + sup
y∈R

∥∂ζ(ϱ(ϑ(·+ y))z)∥∞

≲ ∥z∥∞ + sup
y∈R

∥ϱ(ϑ(·+ y))z∥
1
3∞
∥∥∂2

ζ (ϱ(ϑ(·+ y))z)
∥∥ 2

3

2

≲ ∥z∥∞ + ∥z∥
1
3∞

(
∥z∥

2
3

C1
ub

+ sup
y∈R

∥ϱ(ϑ(·+ y))zζζ∥
2
3
2

)
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for z ∈ C1
ub(R). Hence, employing Young’s inequality and rearranging terms, we obtain the bound

∥z̊(t)∥C1
ub

≲ ∥z̊(t)∥∞ + sup
y∈R

Ey(t)
1
2 ,(5.34)

valid for all t ∈ (0, τmax), where we define

Ey(t) =

∫
R
ϱ(ϑ(ζ + y))|̊zζζ(ζ, t)|2 dζ

for y ∈ R and t ∈ (0, τmax).
We now derive a differential inequality for the energy Ey(t). By Proposition 5.4 and Corol-

lary 5.13, the function t 7→ Ey(t) is differentiable on (0, τmax). Since the diffusion matrix D is
positive definite, there exists a constant d0 > 0 such that the coercivity estimate

⟨z,Dz⟩ ≥ d0|z|2(5.35)

holds for all z ∈ Rn. Fix y ∈ R and t ∈ [0, τmax) with t > t∗ such that (5.32) holds. Using (5.30),
we compute

1

2
∂sEy(s) = I + II(5.36)

for s ∈ [t∗, t], where we denote

I =

∫
R
ϱ(ϑ(ζ + y))

〈
∂2
ζ z̊(ζ, s), k

2
0D∂4

ζ z̊(ζ, s) + ω0∂
3
ζ z̊(ζ, s)

〉
dζ,

II =

∫
R
ϱ(ϑ(ζ + y))

〈
∂2
ζ z̊(ζ, s), ∂

2
ζ

(
Q̊(̊z(ζ, s), γ(ζ, s)) + R̊(γ(ζ, s), γ̃(ζ, s), ∂sγ(ζ, s))

)〉
dζ.

Integrating by parts, we find

I = −k20

∫
R
ϱ(ϑ(ζ + y))

〈
∂3
ζ z̊(ζ, s), D∂3

ζ z̊(ζ, s)
〉
dζ − k20ϑ

∫
R
ϱ′(ϑ(ζ + y))

〈
∂2
ζ z̊(ζ, s), D∂3

ζ z̊(ζ, s)
〉
dζ

+ ω0

∫
R
ϱ(ϑ(ζ + y))

〈
∂2
ζ z̊(ζ, s), ∂

3
ζ z̊(ζ, s)

〉
dζ.

Applying Young’s inequality and the estimates (5.33) and (5.35), we obtain a constant C1 > 0,
independent of t, v̊0, and γ0, such that

I ≤ −d0k
2
0

2

∫
R
ϱ(ϑ(ζ + y))

∣∣∂3
ζ z̊(ζ, s)

∣∣2 dζ + C1

∫
R
ϱ(ϑ(ζ + y))

∣∣∂2
ζ z̊(ζ, s)

∣∣2 dζ(5.37)

for s ∈ [t∗, t]. On the other hand, estimating II using Young’s inequality and assumption (5.32),
we find a t-, v̊0-, and γ0-independent constant C2 > 0 such that

II ≤ C2

(∫
R
ϱ(ϑ(ζ + y))

(∣∣∂2
ζ z̊(ζ, s)

∣∣2 + |∂ζ z̊(ζ, s)|2
)
dζ + ∥z̊(s)∥2∞ + ∥γζζ(s)∥2C3

ub

+ ∥∂sγζ(s)∥2C2
ub

+
∥∥γ̃(s)∥∥2

C2
ub

+ ∥γζ(s)∥2∞
(
∥γζ(s)∥2∞ + ∥∂sγ(s)∥2∞

))(5.38)
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for s ∈ [t∗, t]. Inserting (5.37) and (5.38) into (5.36), we obtain a t-, v̊0-, and γ0-independent
constant C3 > 0 such that

1

2
∂sEy(s) ≤ −1

2
Ey(s)−

d0k
2
0

2

∫
R
ϱ(ϑ(ζ + y))

∣∣∂3
ζ z̊(ζ, s)

∣∣2 dζ + C3

(
∥z̊(s)∥2∞ + ∥γζζ(s)∥2C3

ub

+ ∥∂sγζ(s)∥2C2
ub

+
∥∥γ̃(s)∥∥2

C2
ub

+ ∥γζ(s)∥2∞
(
∥γζ(s)∥2∞ + ∥∂sγ(s)∥2∞

)
+

∫
R
ϱ(ϑ(ζ + y))

(∣∣∂2
ζ z̊(ζ, s)

∣∣2 + |∂ζ z̊(ζ, s)|2
)
dζ

)(5.39)

for s ∈ [t∗, t].
To estimate the last line in (5.39), we use the interpolation inequality from [1, Estimate (4.30)],

choosing parameters

η ∈ (0, 14), k = 2, a0 = 0 = a3, a1 =
8(1 + 2η)

η(5− 2η)
, a2 =

4(3 + 2η)

5− 2η
,

resulting in

2∑
j=1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂j
ζz(ζ)

∣∣∣2 dζ ≤ 2η(3 + 2η)

2η − 5

∫
R
ϱ(ϑ(ζ + y))

∣∣∂3
ζ z(ζ)

∣∣2 dζ

+
2(2 + η)(1 + 2η)

η2(5− 2η)

∫
R
ϱ(ϑ(ζ + y)) |z(ζ)|2 dζ.

Taking η ∈ (0, 14) small enough that

2η(3 + 2η)

2η − 5
≤ d0k

2
0

2C3
,

we obtain a constant C4 > 0 such that

2∑
j=1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂j
ζz(ζ)

∣∣∣2 dζ ≤ d0k
2
0

2C3

∫
R
ϱ(ϑ(ζ + y))

∣∣∂3
ζ z(ζ)

∣∣2 dζ + C4∥z∥2∞(5.40)

for z ∈ C3
ub(R).

Applying the interpolation inequality (5.40) to (5.39), we conclude that

∂sEy(s) ≤ −Ey(s) + C5

(∥∥z̊(s)∥∥2∞ + ∥γζζ(s)∥2C3
ub

+ ∥∂sγζ(s)∥2C2
ub

+
∥∥γ̃(s)∥∥2

C2
ub

+ ∥γζ(s)∥2∞
(
∥γζ(s)∥2∞ + ∥∂sγ(s)∥2∞

))
for s ∈ [t∗, t], where C5 > 0 is independent of t, v̊0, and γ0. Multiplying both sides by es and
integrating over s ∈ [t∗, t], we arrive at

Ey(t) ≤ et∗−tEy(t∗) + C5

∫ t

t∗

es−t
(∥∥z̊(s)∥∥2∞ + ∥γζζ(s)∥2C3

ub
+ ∥∂sγζ(s)∥2C2

ub
+
∥∥γ̃(s)∥∥2

C2
ub

+ ∥γζ(s)∥2∞
(
∥γζ(s)∥2∞ + ∥∂sγ(s)∥2∞

))
ds.

The damping estimate (5.31) now follows by plugging the latter bound into (5.34) and using the fact
that there exists a constant C6 > 0 (independent of γ0 and v̊0) such that Ey(t∗) ≤ C6∥z̊(t∗)∥2C2

ub
.
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We conclude this section by recalling the results from [1, Lemma 4.11] and [30, Lemma 5.1],
which state that the Ck

ub-norms of the forward- and inverse-modulated perturbations v̊(t) and v(t),
as well as those of the modified forward-modulated perturbation z̊(t) and the residual z(t), are
equivalent, up to controllable errors depending on γζ(t) and its derivatives.

Lemma 5.15. Fix a constant R > 0. Let v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R) with ∥γ′0∥∞ < r0. Define

u0, v0 ∈ Cub(R) by (5.1) and (5.8), respectively. Let γ(t) and τmax be as in Proposition 5.4, let v(t)
and z(t) be as in Corollary 5.5, let v̊(t) be as in Corollary 5.10, and let z̊(t) be as in Corollary 5.13.
Then, we have

∥v(t)∥∞ ≲
∥∥̊v(t)∥∥∞ + ∥γζ(t)∥∞,

∥∥̊v(t)∥∥∞ ≲ ∥v(t)∥∞ + ∥γζ(t)∥∞,

for any t ∈ [0, τmax) with

sup
0≤s≤t

∥γ(s)∥∞ ≤ R.(5.41)

Moreover, we have ∥∥z̊(t)∥∥∞ ≲ ∥z(t)∥∞ + ∥γζζ(t)∥∞ + ∥γζ(t)∥2∞
∥z(t)∥C1

ub
≲
∥∥z̊(t)∥∥

C1
ub

+ ∥γζζ(t)∥C1
ub

+ ∥γζ(t)∥2∞

for any t ∈ (0, τmax) satisfying (5.41).

Proof. The first two inequalities were proved in [30, Lemma 5.1]. The last two inequalities follow
directly from the estimates established in the proof of [1, Lemma 4.11].

6 Nonlinear stability argument

In this section, we prove our main result, Theorem 1.3, by completing a nonlinear stability argument
based on a quasilinear iteration scheme built around the integral equations (5.9), (5.10), (5.19),
and (5.24). Short-time regularity control is obtained via iterative estimates applied to the Duhamel
representations (5.28) and (5.29) for the forward-modulated perturbation, while long-time regularity
is ensured by the nonlinear damping estimate provided in Proposition 5.14.

Proof of Theorem 1.3. Let r0 ∈ (0, 12) be as in Proposition 3.1. Take v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R)

with

∥γ0∥∞ ≤ M, E0 := ∥̊v0∥∞ +
∥∥γ′0∥∥∞ < r0.

Define u0, v0 ∈ Cub(R) by (5.1) and (5.8), respectively.
By Proposition 5.1, there exist a maximal time Tmax ∈ (0,∞] and a unique classical solution

u(t) to (1.7) with initial condition u(0) = u0 satisfying (5.12). If Tmax < ∞, then (5.3) holds.
Moreover, Proposition 5.4 yields a maximal time τmax ∈ [1,max{1, Tmax}] and a solution γ(t)
to (5.9) satisfying (5.12), γ(t) = e−∂4

ζ tγ0 for t ∈ [0, 1], and ∥γζ(t)∥∞ < r0 for all t ∈ [0, τmax).
Finally, if τmax < Tmax, then we have (5.13) or (5.14).

Our goal is to prove that τmax = Tmax = ∞ and that u(t) and γ(t) satisfy the decay esti-
mates (1.12), (1.13), (1.14), and (1.15), where γ̆(t) is the classical solution to the viscous Hamilton-
Jacobi equation (1.10) with initial condition γ̆(0) = γ0. To this end, we define a template function,
controlling the norms of the phase modulation γ(t), the residuals z(t) and r(t), and the Cole-Hopf
variable y(t), which are defined by (5.2), (5.19), and (5.21), respectively. We first establish the
result for α ∈ (0, 16). The case α = 0 then follows a posteriori.

32



Template function. Let ϱ : [0,∞) → [0, 1] be a smooth temporal cutoff function which vanishes
on [0, t∗2 ] and satisfies ϱ(t) = 1 for all t ∈ [t∗,∞), where t∗ is as in Proposition 5.11. In addition,
set τ̃max = min{τmax, Tmax}. By Proposition 5.4, Corollaries 5.5 and 5.7, and identities (5.11)
and (5.22), the template function η : [0, τ̃max) → R given by

η(t) = sup
0≤s≤t

[
(1 + s)1−2α

log(2 + s)

(
∥z(s)∥L∞ + ϱ(s)

(
∥γζζζζ(s)∥C1

ub
+
∥∥γ̃ζ(s)∥∥C2

ub

))
+

√
s (1 + s)

1
2
−2α

log(2 + s)
(∥rζ(s)∥∞ + ∥zζ(s)∥∞ + ∥γζζζ(s)∥∞) +

s
3
4 (1 + s)

1
4
−2α

log(2 + s)

∥∥γ̃(s)∥∥∞
+

s
1
4 (1 + s)

3
4
−2α

log(2 + s)
∥γζζ(s)∥∞ +

√
s (1 + s)−α∥yζ(s)∥∞ + (1 + s)

1
2
−α∥γζ(s)∥∞

]
,

is well-defined, continuous, non-negative, and monotonically increasing, where we recall γ̃(t) =
∂tγ(t)− aγζ(t).

Approach. Fix α ∈ (0, 16). Our goal is to show that there exist constants C, η0 > 0 such that the
estimates

η(0) ≤ CEα
0 , η(t) ≤ C

(
Eα

0 + η(t)2
)
, ∥γ(t)∥∞ ≤ C(6.1)

hold for all t ∈ [0, τ̃max) with η(t) ≤ η0. Set

ε := min

{
1

4C2
,
η0
2C

} 1
α

.

Then, provided E0 ∈ (0, ε), we find that (6.1) implies that, for any t ∈ [0, τ̃max) such that η(s) ≤
2CEα

0 for all s ∈ [0, t], we have η(t) ≤ η0 and

η(t) ≤ C
(
Eα

0 + 4C2E2α
0

)
< 2CEα

0 .

Hence, by continuity of η and the initial bound η(0) ≤ CEα
0 , it follows that if E0 ∈ (0, ε), then

η(t) ≤ 2CEα
0 < η0 for all t ∈ [0, τ̃max). The latter, in combination with the last estimate in (6.1),

precludes the blow-up alternatives (5.3), (5.13), and (5.14), thereby implying τmax = Tmax = ∞.
We use the obtained global control of z(t) and γ(t) to subsequently prove the estimates (1.12)
and (1.13), where we make use of the norm equivalences established in Lemma 5.15. Finally, we
show the bounds (1.14) and (1.15) by proceeding along the lines of [4].

In the following, we will establish the key inequalities (6.1) by bounding the terms in the tem-
plate function η(t) one by one. Since we consider initial data of minimal regularity, cf. Remark 1.6,
higher-order derivatives may suffer from nonintegrable temporal bounds. To address this, we often
distinguish between short-time bounds, which focus on reducing the number of derivatives, and
long-time bounds, which ensure sufficient temporal decay.

Bound on v0. Inserting (5.1) into (5.8), we express

v0(ζ) = v̊0(ζ − γ0(ζ)) + ϕ0 (ζ − γ0(ζ) + γ0(ζ − γ0(ζ))− ϕ0(ζ).

Using the mean-value theorem twice, we obtain the bound

∥v0∥∞ ≤ ∥̊v0∥∞ + ∥ϕ′
0∥∞∥γ0∥∞∥γ′0∥∞ ≲ E0.(6.2)
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Interpolation bounds. We establish bounds on the linear terms involving the initial phase
modulation γ0 in the Duhamel formulations of γ(t), z(t), r(t), ỹ(t), and their derivatives. Since γ0
is bounded, the standard linear estimates from Propositions 4.1 and 4.2 provide sufficient temporal
decay. However, since γ0 is not necessarily small, they do not guarantee global-in-time smallness.
To address this, we turn to the modulational estimates in Propositions 4.3 and 4.4, which crucially
exploit the smallness of the derivative γ′0. By interpolating between the standard and modulational
linear estimates, we obtain both the required temporal decay and global-in-time smallness. For a
heuristic overview of this argument in a simplified setting, we refer to §2.

We start by bounding the linear term

J1(t) := S̃(t)
(
ϕ′
0γ0
)
− (1− χ(t))ϕ′

0e
−∂4

ζ tγ0

in the Duhamel representation (5.10) of z(t). Proposition 4.1 and estimate (5.11) yield

∥J1(t)∥∞ ≲ (1 + t)−1(6.3)

for t ≥ 0. Using (4.1), we express

J1(t) = eL0t
(
ϕ′
0γ0
)
− ϕ′

0γ0 − k0∂kϕ(·; k0)∂ζS0
p(t)

(
ϕ′
0γ0
)

− ϕ′
0

(
e−∂4

ζ tγ0 − γ0 + S0
p(t)

(
ϕ′
0γ0
)
− χ(t)e(d∂

2
ζ+a∂ζ)tγ0 + χ(t)

(
e(d∂

2
ζ+a∂ζ)tγ0 − e−∂4

ζ tγ0

))
Hence, Propositions 4.3 and 4.4 afford the bound

∥J1(t)∥∞ ≲ (1 + t)E0(6.4)

for t ≥ 0. Interpolating between (6.3) and (6.4) and using 0 ≤ E0 ≤ 1 and 0 < α < 1
6 , we arrive at

∥J1(t)∥∞ ≲ (1 + t)−1+2αEα
0(6.5)

for t ≥ 0.
We proceed with estimating the linear term

Ij,l(t) := (∂t − a∂ζ)
j ∂l

ζ

(
S0
p(t)(ϕ

′
0γ0) + (1− χ(t))e−∂4

ζ tγ0

)
in the Duhamel formulation (5.9) of (∂t − a∂ζ)

j ∂l
ζγ(t) for j = 0, 1 and l ∈ N0 with l ≤ 5. Applying

Proposition 4.1, we obtain∥∥∥(∂t − a∂ζ)
j ∂l

ζS
0
p(t)

(
ϕ′
0γ0
)∥∥∥

∞
≲ (1 + t)−

2j+l
2(6.6)

for t ≥ 0, j = 0, 1, and l ∈ N0 with l ≤ 5. On the other hand, the modulational estimates in
Propositions 4.3 and 4.4 yield ∥∥∥(∂t − a∂ζ)

j ∂l
ζS

0
p(t)

(
ϕ′
0γ0
)∥∥∥

∞
≲ (1 + t)−

2j+l−1
2 E0,∥∥∥(∂t − a∂ζ)S

0
p(t)

(
ϕ′
0γ0
)
− χ′(t)e(d∂

2
ζ+a∂ζ)tγ0

∥∥∥
∞

≲ E0,

χ′(t)
∥∥∥e−∂4

ζ tγ0 − e(d∂
2
ζ+a∂ζ)tγ0

∥∥∥
∞

≲ E0

(6.7)
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for t ≥ 0, j ∈ {0, 1}, and l ∈ N0 with 1 ≤ l ≤ 5. Furthermore, we note that

I1,0(t) = (∂t − a∂ζ)S
0
p(t)(ϕ

′
0γ0)− χ′(t)e(d∂

2
ζ+a∂ζ)tγ0 + χ′(t)

(
e(d∂

2
ζ+a∂ζ)tγ0 − e−∂4

ζ tγ0

)
+ (1− χ(t)) (∂t − a∂ζ) e

−∂4
ζ tγ0

for t ≥ 0. Hence, interpolating between (6.6) and (6.7), using (5.11), and recalling 0 ≤ E0 ≤ 1 and
0 < α < 1

6 , we establish

∥Ij,l(t)∥∞ ≲ (1 + t)−
2j+l
2

+2αEα
0

(6.8)

for t ≥ 1, j ∈ {0, 1}, and l ∈ N0 with 1 ≤ min{j, l} and l ≤ 5.
Finally, we bound the linear terms

J2(t) := ∂ζ

(
S̃0
r (t)

(
ϕ′
0γ0
)
+ ∂ζe

(d∂2
ζ+a∂ζ)t (Ah(ϕ

′
0)γ0

)
+ (1− χ(t))e−∂4

ζ tγ0

)
,

J3(t) := ∂ζe
(d∂2

ζ+a∂ζ)tγ0,

appearing in the formulas (5.19) and (5.18) for rζ(t) and ỹζ(t), respectively. By Propositions 4.1
and 4.2 we have

√
t ∥J2(t)∥∞ ≲ (1 + t)−

1
2 , ∥J3(t)∥∞ ≲ (1 + t)−

1
2(6.9)

for t ≥ 0. We use (1.8), (4.3), and (4.5) to rewrite

J2(t) = ∂ζ

(
S0
p(t)

(
ϕ′
0γ0
)
− e(d∂

2
ζ+a∂ζ)t (γ0 −Ah(ϕ

′
0)γ

′
0

)
+ (1− χ(t))e−∂4

ζ tγ0

)
.

Applying estimates (6.7) and (5.11) and Proposition 4.2 to the latter, we arrive at

√
t ∥J2(t)∥∞ ≲

√
1 + t E0, ∥J3(t)∥∞ ≲ E0,(6.10)

for t ≥ 0. Interpolating between (6.9) and (6.10) and using 0 ≤ E0 ≤ 1 and 0 < α < 1
6 , we obtain

√
t ∥J2(t)∥∞ ≲ (1 + t)−

1
2
+2αEα

0 , ∥J3(t)∥∞ ≲ (1 + t)−
1
2
+αEα

0(6.11)

for t ≥ 0.

Bounds on v(t), vζ(t) and ∂tγ(t). Let t ∈ [0, τ̃max) with η(t) ≤ 1
2 . We bound v(s) = z(s) +

∂kϕ(·; k0)γζ(s) and ∂tγ(s) = γ̃(s)− aγζ(s) as

∥v(s)∥∞ ≲ ∥z(s)∥∞ + ∥γζ(s)∥∞ ≲ (1 + s)−
1
2
+αη(t),

√
s ∥vζ(s)∥∞ ≲

√
s
(
∥zζ(s)∥∞ + ∥γζ(s)∥C1

ub

)
≲ (1 + s)αη(t),

s
3
4 ∥∂tγ(s)∥∞ ≲ s

3
4 (∥γ̃(s)∥∞ + ∥γζ(s)∥∞) ≲ (1 + s)

1
4
+αη(t)

(6.12)

for s ∈ [0, t].
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Bounds on r(t) and rζ(t). We start with bounding the nonlinear terms in the representa-
tion (5.19) for r(t) one by one. To this end, let t ∈ (0, τ̃max) with η(t) ≤ 1

2 . We employ Lemma 5.6
and estimate (6.12) to establish the nonlinear bounds

∥Qp(z(s), v(s), γ(s))∥∞, ∥Rp(z(s), v(s), γ(s), ∂tγ(s))∥∞, ∥Sp(z(s), v(s), γ(s))∥∞

≲
η(s)2 log(2 + s)

s
3
4 (1 + s)

3
4
−3α

(6.13)

for s ∈ (0, t]. So, invoking Proposition 4.1 and using 0 < α < 1
6 , we obtain∥∥∥∥∂m+1

ζ

∫ t

0
S0
p(t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2 log(2 + s)

(1 + t− s)
1+m

2 s
3
4 (1 + s)

3
4
−3α

ds

≲
η(t)2

(1 + t)
1+m

2

(6.14)

and, analogously, ∥∥∥∥∂m+2−i
ζ

∫ t

0
Si
p(t− s)Sp(z(s), v(s), γ(s))ds

∥∥∥∥
∞

≲
η(t)2

(1 + t)
1+m

2

(6.15)

for all t ∈ [0, τ̃max) with η(t) ≤ 1
2 and i,m ∈ {0, 1}. Furthermore, Proposition 4.2 and esti-

mate (6.13) yield

t
m
2

∥∥∥∥∂m
ζ

∫ t

0
S̃0
r (t− s)Qp(z(s), v(s), γ(s))ds

∥∥∥∥
∞

≲
∫ t

0

t
m
2 η(s)2 log(2 + s)

(t− s)
m
2
√
1 + t− s s

3
4 (1 + s)

3
4
−3α

ds

≲
η(t)2√
1 + t

(6.16)

and, analogously,

t
m
2

∥∥∥∥∂m
ζ

∫ t

0
S̃1
r (t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds

∥∥∥∥
∞

≲
η(t)2√
1 + t

,

t
m
2

∥∥∥∥∂m
ζ

∫ t

0
S̃2
r (t− s)Sp(z(s), v(s), γ(s))ds

∥∥∥∥
∞

≲
η(t)2√
1 + t

(6.17)

for m = 0, 1 and all t ∈ [0, τ̃max) with η(t) ≤ 1
2 . Moreover, Proposition 4.2 affords the bound∥∥∥∥∂m

ζ

∫ t

0
S̃0
r (t− s)

(
fpγζ(s)

2
)
ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2(1 + s)2α−1

√
1 + t− s(t− s)

m
2

ds ≲
η(t)2 (log(2 + t))m

(1 + t)
1+m

2
−2α

(6.18)

for m = 0, 1 and all t ∈ [0, τ̃max). Using Proposition 4.2, we subsequently infer∥∥∥∥∂ζ ∫ t

0
e(d∂

2
ζ+a∂ζ)(t−s) (Ah(fp)γζ(s)

2
)
ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2√
t− s(1 + s)1−2α

ds ≲
η(t)2

(1 + t)
1
2
−2α

(6.19)
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for all t ∈ [0, τ̃max). Similarly, exploiting that ∂ζ commutes with e(d∂
2
ζ+a∂ζ)(t−s), we obtain∥∥∥∥∂2

ζ

∫ t

0
e(d∂

2
ζ+a∂ζ)(t−s) (Ah(fp)γζ(s)

2
)
ds

∥∥∥∥
∞

≲
∫ max{0,t−1}

0

η(s)2

(t− s)(1 + s)1−2α
ds+

∫ t

max{0,t−1}

η(s)2√
t− s(1 + s)1−2α

ds

≲
η(t)2 log(2 + t)

(1 + t)1−2α

(6.20)

for all t ∈ [0, τ̃max).
Next, we establish bounds on the linear term

J∗(t) := S̃0
r (t)

(
v0 + ϕ′

0γ0 + γ′0v0
)
+ e(d∂

2
ζ+a∂ζ)t∂ζ

(
Ah(ϕ

′
0)γ0

)
+ (1− χ(t))e−∂4

ζ tγ0

in (5.19). First, we note that

∂ζJ∗(t) = J2(t) + ∂ζ S̃
0
r (t)

(
v0 + γ′0v0

)
for t ≥ 0. Hence, using Proposition 4.2, the estimates (5.11), (6.2), (6.10) and (6.11), and the facts
that 0 ≤ E0 ≤ 1 and 0 < α < 1

6 , we obtain

∥J∗(t)∥∞ ≲
1√
1 + t

,
√
t ∥∂ζJ∗(t)∥∞ ≲

√
1 + t E0,

√
t ∥∂ζJ∗(t)∥∞ ≲

Eα
0

(1 + t)
1
2
−2α

(6.21)

for t ≥ 0.
Finally, combining the nonlinear bounds (6.14), (6.15), (6.16), (6.17), (6.18), (6.19), and (6.20)

with the linear bounds (6.21), we estimate the right-hand side of (5.19) by

∥r(t)∥∞ ≲
1

(1 + t)
1
2
−2α

√
t ∥rζ(t)∥∞ ≲

(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)
1
2
−2α

(6.22)

and obtain

∥r(t)− J∗(t)∥∞ ≲
η(t)2

(1 + t)
1
2
−2α

(6.23)

for all t ∈ [0, τ̃max) with η(t) ≤ 1
2 .

Short-time bounds on y(t) and yζ(t). Recalling that the cut-off function χ(t) and the propa-
gator S0

p(t) vanish on [0, 1], we find by (5.9), (5.17), and (5.21) that

y(t) = exp
(ν
d

(
e−∂4

ζ tγ0 − r(t)
))

(6.24)

for t ∈ [0, 1]. Hence, (5.11) and (6.22) yield an E0-independent constant K∗ > 0 such that

y(ζ, t) ≤ K∗, 1 ≤ K∗y(ζ, t)(6.25)

and
√
t ∥yζ(t)∥∞ ≤ K∗

(
Eα

0 + η(t)2
)

(6.26)

hold for all ζ ∈ R and t ∈ [0, τ̃max) with t ≤ 1 and η(t) ≤ 1
2 , where we used 0 ≤ E0 ≤ 1 and

0 < α < 1
6 .
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Bounds on y(t) and yζ(t). First, we bound the linear term in (5.24). For this purpose, we
assume that 1 ∈ [0, τ̃max) and η(1) ≤ 1

2 and decompose (6.24) at t = 1 as

y(1) = y1 + y2

with

y1 = exp
(ν
d

(
e−∂4

ζ1γ0 − J∗(1)
))(

e
ν
d
(J∗(1)−r(1)) − 1

)
, y2 = exp

(ν
d

(
e−∂4

ζ1γ0 − J∗(1)
))

.

Applying the mean value theorem and the estimates (5.11), (6.21), and (6.23), we obtain

∥y1∥∞ ≲ η(1)2, ∥y2∥∞ ≲ 1,
∥∥y′2∥∥∞ ≲ E0.

Thus, using the latter bounds and estimate (6.25), applying Proposition 4.2, and recalling 0 ≤
E0 ≤ 1 and 0 < α < 1

6 , we obtain∥∥∥e(d∂2
ζ+a∂ζ)(t−1)y(1)

∥∥∥
∞

≤ K∗,∥∥∥∂ζe(d∂2
ζ+a∂ζ)(t−1)y(1)

∥∥∥
∞

≲
∥y2∥1−2α

∞ ∥y′2∥
2α
∞ + ∥y1∥∞ + ∥y′2∥∞

(1 + t)
1
2
−α

≲
Eα

0 + η(t)2

(1 + t)
1
2
−α

(6.27)

for all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 , where we used that η is monotonically increasing.

We proceed with bounding the nonlinear term in (5.24). Take t ∈ [0, τ̃max) with t ≥ 1 and
η(t) ≤ 1

2 . Define

Y (t) := sup
1≤s≤t

∥y(s)∥∞.

Lemma 5.9 and estimate (6.12) give rise to the nonlinear bound

∥Nc(r(s), y(s), z(s), v(s), γ(s), γ̃(s))∥∞ ≲ η(s)2 (1 + Y (t))
log(2 + s)

(1 + s)
3
2
−3α

for s ∈ [1, t], where we use η(t) ≤ 1
2 . Combining the latter with Proposition 4.2, we find a constant

R∗ > 0 such that ∥∥∥∥∂m
ζ

∫ t

1
e(d∂

2
ζ+a∂ζ)(t−s)Nc(r(s), y(s), z(s), v(s), γ(s), γ̃(s))ds

∥∥∥∥
∞

≲
∫ t

1

η(s)2(1 + Y (t)) log(2 + s)

(t− s)
m
2 (1 + s)

3
2
−3α

ds ≤ R∗
η(t)2(1 + Y (t))

(1 + t)
m
2

.

(6.28)

for m = 0, 1 and all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 . Taking suprema with respect to t

in (5.24) and using the estimates (6.27) and (6.28), we find an E0-independent constant C∗ > 0
such that

Y (t) ≤ C∗
(
1 + η(t)2 (1 + Y (t))

)
for all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1

2 . This implies

Y (t) ≤ 2C∗(6.29)
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for all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 min{1, 1/

√
C∗}. Moreover, the lower bound in (6.25)

and the fact that e(d∂
2
ζ+a∂ζ)t is a positive operator yield

0 ≤ e(d∂
2
ζ+a∂ζ)t (K∗y(1)− 1) = K∗e

(d∂2
ζ+a∂ζ)ty(1)− 1(6.30)

for t ≥ 1. Finally, applying (6.27), (6.28), (6.29), and (6.30) to (5.24) and using the short-time
bounds (6.25) and (6.26), we obtain an E0-independent constant M∗ > 0 such that

y(ζ, t) ≤ M∗, M∗y(ζ, t) ≥ 1,
√
t ∥yζ(t)∥∞ ≤ M∗

(
Eα

0 + η(t)2
)
(1 + t)α(6.31)

for all ζ ∈ R and t ∈ [0, τ̃max) with

η(t) ≤ 1

2
min

{
1,

1√
C∗

,
1√

K∗R∗(1 + 2C∗)

}
=: η0.

Short-time bounds on γ(t) and its derivatives. We use that γ(t) = e−∂4
ζ tγ0 for t ∈ [0, τ̃max)

with t ≤ 1 by Proposition 5.4. Hence, (5.11) yields

∥γ(t)∥∞ ≲ 1, t
j
4

∥∥∥∂j
ζγζ(t)

∥∥∥
∞

≲ E0, t
3
4 ∥γ̃(t)∥∞ ≲ E0(6.32)

for j = 0, 1, 2 and t ∈ [0, τ̃max) with t ≤ 1. In addition, it implies

∥γζζζζ(t)∥C1
ub

≲ E0, ∥γ̃ζ(t)∥C2
ub

≲ E0(6.33)

for t ∈ [0, τ̃max) with
t∗
2 ≤ t ≤ 1.

Bounds on γ(t) and γζ(t). We first consider the case ν ̸= 0. Recalling (5.17) and (5.21), we
take the spatial derivative of

γ(t) = r(t) +
d

ν
log(y(t)),

yielding

γζ(t) = rζ(t) +
dyζ(t)

νy(t)
.

We note that by (6.22) and (6.31) the above expressions are well-defined and we deduce

∥γ(t)∥∞ ≤ ∥r(t)∥∞ +
d

ν
|log(M∗)| ≲ 1

and

∥γζ(t)∥∞ ≤ ∥rζ(t)∥∞ +
dM∗
ν

∥yζ(t)∥∞ ≲
Eα

0 + η(t)2

(1 + t)
1
2
−α

(6.34)

for t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ η0. Combining the latter with the short-time bounds (6.32)
yields

∥γ(t)∥∞ ≲ 1, ∥γζ(t)∥∞ ≲
Eα

0 + η(t)2

(1 + t)
1
2
−α

, ∥γζ(0)∥∞ ≲ Eα
0(6.35)
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for t ∈ [0, τ̃max) with η(t) ≤ η0, where we use 0 ≤ E0 ≤ 1 and 0 < α < 1
6 .

We proceed with the case ν = 0. Recalling (5.17), we establish bounds on ỹ(t). First, we invoke
Proposition 4.2 and estimates (6.2) and (6.11) to bound the linear term

I∗(t) := S0
h(t)

(
v0 + γ′0v0

)
+ e(d∂

2
ζ+a∂ζ)t (γ0 −Ah(ϕ

′
0)γ

′
0

)
in (5.18) by

∥I∗(t)∥∞ ≲ 1, ∥∂ζI∗(t)∥∞ ≲
Eα

0

(1 + t)
1
2
−α

(6.36)

for t ∈ [0, τ̃max) with t ≥ 1, where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Next, we bound the

nonlinear terms in (5.18). With the aid of Proposition 4.2 and estimate (6.13) we establish∥∥∥∥∂m
ζ

∫ t

0
S0
h(t− s)Qp(z(s), v(s), γ(s))ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2 log(2 + s)

(t− s)
m
2 s

3
4 (1 + s)

3
4
−3α

ds ≲
η(t)2

(1 + t)
m
2

,(6.37)

and, analogously,∥∥∥∥∂m
ζ

∫ t

0
S1
h(t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds

∥∥∥∥
∞
,

∥∥∥∥∂m
ζ

∫ t

0
S2
h(t− s)Sp(z(s), v(s), γ(s))ds

∥∥∥∥
∞
,∥∥∥∥∂m

ζ

∫ t

0
e(d∂

2
ζ+a∂ζ)(t−s) (Ah(fp)∂ζ

(
γζ(s)

2
))

ds

∥∥∥∥
∞

≲
η(t)2

(1 + t)
m
2

,

(6.38)

for m = 0, 1 and t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 . Applying (6.36), (6.37), and (6.38) to (5.18),

we conclude

∥ỹ(t)∥∞ ≲ 1, ∥ỹζ(t)∥∞ ≲
Eα

0 + η(t)2

(1 + t)
1
2
−α

for t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 . Combining the latter with the short-time estimates (6.32)

and the estimates (6.22) on r(t) for large times, we bound (5.17), arriving at (6.35) for t ∈ [0, τ̃max)
with η(t) ≤ 1

2 .

Bounds on γ̃(t), γζζ(t), and their derivatives. First, we use Proposition 4.1 and the esti-
mates (6.2) and (6.8) to bound the linear term in (5.9) as∥∥∥(∂t − a∂ζ)

j∂l
ζS

0
p(t)

(
v0 + ϕ′

0γ0 + γ′0v0
)∥∥∥

∞
≲ (1 + t)−

2j+l
2

+2αEα
0(6.39)

for t ≥ 1, j ∈ {0, 1}, and l ∈ N0 with 1 ≤ min{j, l} and l ≤ 5, where we used 0 ≤ E0 ≤ 1 and
0 < α < 1

6 .
Next, we bound the nonlinear terms in (5.9). To this end, let t ∈ (0, τ̃max) with η(t) ≤ 1

2 . We
invoke Lemma 5.2 and employ the estimate (6.12) to obtain

∥Q(v(s), γ(s))∥∞, ∥R(v(s), γ(s), γ̃(s))∥∞ ,
∥∥∥∂j

ζS(v(s), γ(s))
∥∥∥
∞

≲
η(t)2

s
3
4 (1 + s)

1
4
−2α

(6.40)
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for s ∈ (0, t] and j = 0, 1. So, using Proposition 4.1 and the facts that Sp(t) vanishes on [0, 1] and
we have 0 < α < 1

6 , we infer∥∥∥∥(∂t − a∂ζ)
j∂l

ζ

∫ t

0
S0
p(t− s)N (v(s), γ(s), ∂tγ(s)) ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2

(1 + t− s)s
3
4 (1 + s)

1
4
−2α

ds

≲
η(t)2 log(2 + t)

(1 + t)1−2α
,

(6.41)

for all t ∈ [0, τ̃max) with η(t) ≤ 1
2 and j, l ∈ N0 with 2 ≤ l + 2j ≤ 5. Thus, applying the linear

bound (6.39) and the nonlinear bound (6.41) to the right-hand side of (5.9), we obtain

∥(γζζ(t), γ̃(t))∥C3
ub×C3

ub
≲
(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)1−2α
,

for all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 . Combining the latter with the short-time bounds (6.32)

and (6.33) and using that 0 ≤ E0 ≤ 1 and 0 < α < 1
6 , we arrive at

t
1
4 ∥γζζ(t)∥∞ ≲

(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)
3
4
−2α

,
√
t ∥γζζζ(t)∥∞ ≲

(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)
1
2
−2α

,(6.42)

and

t
3
4 ∥γ̃(t)∥∞ ≲

(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)
1
4
−2α

,

ϱ(t) ∥(γζζζζ(t), γ̃ζ(t))∥C1
ub×C2

ub
≲
(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)1−2α

(6.43)

for all t ∈ [0, τ̃max) with η(t) ≤ 1
2 .

Short-time bounds on v̊(t) and its derivatives. Let t ∈ (0, τ̃max) with t ≤ 1 and η(t) ≤ 1
2 .

Using Lemma 5.15 and estimates (6.12) and (6.32), we deduce

∥̊v(s)∥∞ ≲ ∥v(s)∥∞ + ∥γζ(s)∥∞ ≲
η(t)

(1 + s)
1
2
−α

(6.44)

for s ∈ [0, t]. Thus, Lemma 5.12 and estimates (6.32) and (6.44) yield the nonlinear bound∥∥∥N̊ (̊v(s), γ(s), ∂tγ(s))
∥∥∥
∞

≲
Eα

0 + η(t)2

s
3
4

for s ∈ (0, t], where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Hence, applying the latter estimate and

the Green’s functions bounds in Proposition 5.11 to the Duhamel formula (5.28), we establish

t
j
2

∣∣∣∂j
ζ v̊(ζ, t)

∣∣∣ ≲ ∫
R

e−
(ζ−ζ̄)2

Mt

√
t

E0 dζ̄ + t
j
2

∫ t

0

∫
R

e
− (ζ−ζ̄)2

M(t−s)

(t− s)
1+j
2 s

3
4

(
Eα

0 + η(t)2
)
dζ̄ds

≲ E0 +

∫ t

0

t
j
2

(
Eα

0 + η(t)2
)

(t− s)
j
2 s

3
4

ds ≲ Eα
0 + η(t)2

(6.45)
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for j = 0, 1, ζ ∈ R, and t ∈ [0, τ̃max) with t ≤ t∗ and η(t) ≤ 1
2 , where we used 0 ≤ E0 ≤ 1 and

0 < α < 1
6 .

To prepare for the application of the nonlinear damping estimate from Proposition 5.14, we also
derive a bound on the second derivative of v̊(t) at time t = t∗. For this purpose, we assume t∗ ∈
[0, τ̃max) with η(t∗) ≤ 1

2 . Applying Lemma 5.12 once again, while using the estimates (6.32), (6.33),
and (6.45), we arrive at ∥∥∥N̊1(̊v(s), γ(s), ∂tγ(s))

∥∥∥
∞

≲ Eα
0 + η(t)2

for s ∈ [ t∗2 , t∗], where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Combining the latter with Proposi-

tion 5.11, we bound the spatial derivative of (5.29) as

|̊vζζ(ζ, t∗)| ≲
∫
R
e−

2(ζ−ζ̄)2

Mt∗
(
Eα

0 + η(t∗)
2
)
dζ̄ +

∫ t∗

t∗
2

∫
R

e
− (ζ−ζ̄)2

M(t∗−s)

(t∗ − s)

(
Eα

0 + η(t∗)
2
)
dζ̄ds

≲ Eα
0 + η(t∗)

2

(6.46)

for ζ ∈ R.

Short-time bound on z(t). Estimates (6.32) and (6.45) and Lemma 5.15 yield

∥z(t)∥∞ ≲ ∥v(t)∥∞ + ∥γζ(t)∥∞ ≲ ∥̊v(t)∥∞ + ∥γζ(t)∥∞ ≲ Eα
0 + η(t)2(6.47)

for t ∈ [0, τ̃max) with t ≤ t∗ and η(t) ≤ 1
2 , where we used 0 ≤ E0 ≤ 1 and 0 < α < 1

6 .

Bounds on z(t). Using Proposition 4.1 and the estimates (5.11), (6.2), and (6.5), we bound the
linear term

J0(t) := S̃(t)
(
v0 + ϕ′

0γ0 + γ′0v0
)
+ (1− χ(t))

(
ϕ′
0 + k0∂kϕ(·; k0)∂ζ

)
e−∂4

ζ tγ0

in (5.10) as

∥J0(t)∥∞ ≲
Eα

0

(1 + t)1−2α
(6.48)

for t ≥ 0, where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . On the other hand, using Proposition 4.1 and

estimates (6.12) and (6.40), we bound the nonlinear term in (5.10) as∥∥∥∥∫ t

0
S̃(t− s)N (v(s), γ(s), ∂tγ(s))ds+ γζ(t)v(t)

∥∥∥∥
∞

≲
η(t)2

(1 + t)1−2α
+

∫ t

0

(
1 +

1√
t− s

)
η(t)2

(1 + t− s)s
3
4 (1 + s)

1
4
−2α

ds ≲
η(t)2 log(2 + t)

(1 + t)1−2α

(6.49)

for t ∈ [0, τ̃max) with t ≥ t∗ and η(t) ≤ 1
2 . Combining the short-time bound (6.47) with the

long-time estimates (6.48) and (6.49), we arrive at

∥z(t)∥∞ ≲
(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)1−2α
, ∥z(0)∥∞ ≲ Eα

0(6.50)

for t ∈ [0, τ̃max) with η(t) ≤ 1
2 .
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Short-time bounds on z̊(t), z̊ζ(t), and zζ(t). Recalling the identities (1.19) and (1.21) and
using that we have ∥γζ(t)∥∞ < r0 by Proposition 5.4, we find that the mean-value theorem yields

t
j
2

∣∣∣∥z̊(t)∥Cj
ub

− ∥̊v(t)∥
Cj

ub

∣∣∣ ≲ t
j
2 ∥z̊(t)− v̊(t)∥

Cj
ub

≲ t
j
2

(
∥γζ(t)∥Cj

ub
+ ∥γζ(t)∥∞

(
∥γ(t)∥∞

∥∥ϕ′
0

∥∥
Cj

ub
+ sup

k∈[k0−r0,k0+r0]
∥∂kϕ(·; k)∥Cj

ub

))
(6.51)

for j = 0, 1, 2 and t ∈ [0, τ̃max) with η(t) ≤ 1
2 . Applying the estimates (6.32), (6.45), and (6.46)

to (6.51) and using 0 ≤ E0 ≤ 1 and 0 < α < 1
6 , we establish

t
j
2 ∥z̊(t)∥

Cj
ub

≲ Eα
0 + η(t)2(6.52)

for j = 0, 1 and t ∈ [0, τ̃max) with t ≤ t∗ and η(t) ≤ 1
2 , and

∥z̊(t∗)∥C2
ub

≲ Eα
0 + η(t∗)

2(6.53)

provided t∗ ∈ [0, τ̃max] with η(t∗) ≤ 1
2 .

Bounds on z̊(t), z̊ζ(t) and zζ(t). Lemma 5.15 and (6.35), (6.42), and (6.50) yield

∥z̊(t)∥∞ ≲
(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)1−2α
(6.54)

for t ∈ [0, τ̃max) with η(t) ≤ η0. Combining (6.35), (6.42), (6.43), (6.53), and (6.54) with the
nonlinear damping estimate in Proposition 5.14, we deduce

∥∥z̊(t)∥∥
C1

ub
≲
∥∥z̊(t)∥∥∞ +

(
et∗−t

(
Eα

0 + η(t∗)
2
)2

+

∫ t

t∗

es−t
((
Eα

0 + η(t)2
)
log(2 + s)

)2
(1 + s)2−4α

ds

) 1
2

≲
(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)1−2α

(6.55)

for t ∈ [0, τ̃max) with t ≥ t∗ and η(t) ≤ η0. Linking the short- and long-time estimates (6.52)
and (6.55), we thus obtain

√
t ∥z̊ζ(t)∥∞ ≲

(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)
1
2
−2α

(6.56)

for t ∈ [0, τ̃max) with η(t) ≤ η0. Finally, we apply Lemma 5.15 and use (6.35), (6.42), and (6.56) to
establish

√
t ∥zζ(t)∥∞ ≲

(
Eα

0 + η(t)2
) log(2 + t)

(1 + t)
1
2
−2α

(6.57)

for t ∈ [0, τ̃max) with η(t) ≤ η0.
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Bounds on v̊(t), v̊ζ(t). Combining (6.35), (6.42), (6.54), (6.51), and (6.56), we arrive at

∥̊v(t)∥∞ ≲
Eα

0 + η(t)

(1 + t)
1
2
−α

,
√
t ∥̊vζ(t)∥∞ ≲ (Eα

0 + η(t)) (1 + t)α(6.58)

for t ∈ [0, τ̃max) with η(t) ≤ η0.

Proof of key estimates. Combining (6.22), (6.31), (6.35), (6.42), (6.43), (6.50), and (6.57), we
conclude that there exists a constant C > 0, independent of E0, such that the key estimates (6.1)
hold for all t ∈ [0, τ̃max) with η(t) ≤ η0. Now take E0 ∈ (0, ε). As previously argued, this implies

η(t) ≤ 2CEα
0 < η0, ∥γ(s)∥∞ ≤ C(6.59)

for all t ∈ [0, τ̃max), thereby ruling out the blow-up scenarios (5.13) and (5.14), and hence en-
suring τ̃max = τmax = Tmax. So, (6.58) shows that u(t) remains uniformly bounded on [0, Tmax),
excluding the blow-up alternative (5.3) and establishing that τmax = Tmax = ∞. Finally, the
bounds (6.54), (6.56), (6.58), and (6.59) yield the estimates (1.12) and (1.13).

Optimal temporal decay rates. It remains to obtain the estimates (1.12) and (1.13) for the
case α = 0. Here, we make use of the fact that we have established

η(t) ≤ 2CEα̃
0 , t ≥ 0,(6.60)

for a fixed α̃ ∈ (0, 16). First, we apply Proposition 4.2 and employ (6.25), (6.28), and (6.60) to
bound the right-hand side of (5.24) as

∥yζ(t)∥∞ ≲
1√
1 + t

for t ≥ 1. The latter, together with (6.34) and (6.60), yields

∥γζ(t)∥∞ ≲
1√
1 + t

(6.61)

for t ≥ 1. Therefore, Proposition 5.2 and estimates (6.12) and (6.60) result in the nonlinear bounds

∥Q(v(s), γ(s))∥∞, ∥R(v(s), γ(s), γ̃(s))∥∞ ,
∥∥∥∂j

ζS(v(s), γ(s))
∥∥∥
∞

≲
1

s
3
4 (1 + s)

1
4

,

∥γζ(s)v(s)∥∞ ≲
1

1 + s

for all s > 0 and j = 0, 1. This shows that the estimates (6.41) and (6.49) hold for α = 0 and
t ≥ 1 (with η(t) replaced by 1). Applying the latter bounds, estimates (5.11) and (6.2), and
Proposition 4.1 to (5.9) and (5.10), we arrive at

∥z(t)∥∞, ∥(γζζ(t), γ̃(t))∥C3
ub×C3

ub
≲

log(2 + t)

1 + t
(6.62)
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for t ≥ t∗. Next, we observe that Lemma 5.15 and the estimates (6.35), (6.61), and (6.62) yield

∥z̊(t)∥∞ ≲
log(2 + t)

1 + t
(6.63)

for t ≥ t∗. Combining (6.35), (6.53), (6.61), (6.62), and (6.63) with Proposition 5.14, we find that
estimate (6.55) also holds for α = 0 and t ≥ t∗ (with η(t) replaced by 1). This leads to the bound

∥z̊(t)∥C1
ub

≲
log(2 + t)

1 + t
(6.64)

for t ≥ t∗. Finally, (6.35), (6.51), (6.61), (6.62), and (6.64) yield

∥̊v(t)∥C1
ub

≲
1√
1 + t

(6.65)

for t ≥ t∗. It follows from (6.61), (6.62), (6.63), (6.64), and (6.65) that the estimates (1.12)
and (1.13) also hold for the case α = 0.

Approximation by the viscous Hamilton-Jacobi equation. We begin with establishing
auxiliary bounds for short time. We use Propositions 4.3 and 4.4 to establish the modulational
bounds ∥∥∥S0

p(t)
(
ϕ′
0γ0
)
− χ(t)e(d∂

2
ζ+a∂ζ)tγ0

∥∥∥
∞

≲ E0,

(1− χ(t))
∥∥∥e−∂4

ζ tγ0 − e(d∂
2
ζ+a∂ζ)tγ0

∥∥∥
∞

≲ E0

(6.66)

for t ≥ 0. On the other hand, given α ∈ (0, 16), Propositions 4.1 and 4.2 in combination with the
estimates (6.40) and (6.59) yield the nonlinear bounds∥∥∥∥∫ t

0
S0
p(t− s)N (v(s), γ(s), ∂tγ(s)) ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2

s
3
4 (1 + s)

1
4
−2α

ds ≲ E2α
0 (1 + t)2α∥∥∥∥∂m

ζ

∫ t

0
e(d∂

2
ζ+a∂ζ)(t−s)γζ(s)

2ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2

(t− s)
m
2 (1 + s)1−2α

ds ≲
E2α

0

(1 + t)
m
2
−2α

(6.67)

for t ≥ 0 and m = 0, 1.
Having established the auxiliary bounds (6.66) and (6.67), we follow the approach of [4] and

distinguish between the cases ν = 0 and ν ̸= 0. We begin with the case ν ̸= 0. Since e(d∂
2
ζ+a∂ζ)t is

a positive operator, we have the pointwise estimate

e−
ν
d
M ≤ y̆(t) ≤ e

ν
d
M , y̆(t) := e(d∂

2
ζ+a∂ζ)t

(
e

ν
d
γ0
)

(6.68)

for all t ≥ 0. One readily verifies that the function γ̆ ∈ Y defined by

γ̆(t) =
d

ν
log (y̆(t))

is a classical global solution to the viscous Hamilton-Jacobi equation (1.10) with initial condition
γ̆(0) = γ0 ∈ C1

ub(R). Hence, it satisfies the Duhamel formula

γ̆(t) = e(d∂
2
ζ+a∂ζ)tγ0 + ν

∫ t

0
e(d∂

2
ζ+a∂ζ)(t−s) (γ̆ζ(s)2) ds(6.69)
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for t ≥ 0. Moreover, the pointwise bound (6.68) and Proposition 4.2 yield

∥γ̆(t)∥∞ ≤ M, ∥γ̆ζ(t)∥∞ ≲ E0, ∥γ̆ζ(t)∥∞ ≲
1√
1 + t

(6.70)

for all t ≥ 0. We observe that the bounds on γ(t) and γ̆(t) in (1.12) and (6.70) readily imply
the estimates (1.14) and (1.15) in case α = 0. Therefore, we focus on the case α ∈ (0, 16). By
Proposition 4.2 and the bound (6.70), we obtain∥∥∥∥∂m

ζ

∫ t

0
e(d∂

2
ζ+a∂ζ)(t−s) (γ̆ζ(s)2) ds∥∥∥∥

∞
≲
∫ t

0

E2α
0

(t− s)
m
2 (1 + s)1−α

ds ≲
E2α

0

(1 + t)
m
2
−α

(6.71)

for m = 0, 1 and t ≥ 0. Hence, applying Proposition 4.1, employing estimates (6.2), (6.66), (6.67),
and (6.71), using 0 ≤ E0 ≤ 1 and 0 < α < 1

6 , and inserting the Duhamel formulas (5.9) and (6.69),
we arrive at the short-time bound

∥γ(t)− γ̆(t)∥∞ ≲ E2α
0 (1 + t)2α(6.72)

for all t ≥ 0. On the other hand, using Proposition 4.2, the identities (5.18) and (6.69), and the
estimates (6.2), (6.37), (6.38), (6.59), (6.67), and (6.71), we deduce∥∥∂m

ζ (ỹ(1)− γ̆(1))
∥∥
∞ ≲ Eα

0

for m = 0, 1, where we use 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Hence, using the mean-value theorem and

the bound (6.70), we obtain∥∥∂m
ζ (y(1)− y̆(1))

∥∥
∞ =

∥∥∥∂m
ζ

(
e

ν
d
ỹ(1) − e

ν
d
γ̆(1)
)∥∥∥

∞
≲ Eα

0

for m = 0, 1. Combining this with the identities (5.24) and y̆(t) = e(d∂
2
ζ+a∂ζ)(t−1)y̆(1), Proposi-

tion 4.2, and the estimates (6.28) and (6.59), we infer∥∥∂m
ζ (y(t)− y̆(t))

∥∥
∞ ≲

Eα
0

(1 + t)
m
2

(6.73)

for m = 0, 1 and t ≥ 0. Finally, applying the mean-value theorem, using the identities (5.21)
and (5.17), and the bounds (6.22), (6.31), (6.59), (6.68), and (6.73), we obtain

∥γ(t)− γ̆(t)∥∞ ≲ ∥r(t)∥∞ + ∥y(t)− y̆(t)∥∞ ≲ Eα
0 +

1

(1 + t)
1
2
−2α

,

√
t ∥γζ(t)− γ̆ζ(t)∥∞ ≲

√
t
(
∥rζ(t)∥∞ + ∥yζ(t)− y̆ζ(t)∥∞

)
≲ Eα

0

(6.74)

for all t ≥ 0, where we use 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Thus, using (6.72) for E

4
3
0 (1 + t)2 ≤ 1

and the first bound in (6.74) for (1 + t)−2 ≤ E
4
3
0 , we establish the first inequality in (1.14), where

we use 0 < α < 1
6 . On the other hand, using (6.32) and (6.70) for short times t ∈ [0, 1] and the

lower bound in (6.74) for large times t ≥ 1, we obtain the second inequality in (1.14). Finally,
estimate (1.15) follows from (1.14) with the aid of the mean-value theorem.

We now consider the case ν = 0. Then, the function γ̆ ∈ Y defined by

γ̆(t) = e(d∂
2
ζ+a∂ζ)tγ0
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is a classical global solution to (1.10) with initial condition γ̆(0) = γ0 ∈ C1
ub(R). Again it follows

from Proposition 4.2 and the bounds (1.12) that the estimates (1.14) and (1.15) are trivially satisfied
in the case α = 0, allowing us to focus on the case α ∈ (0, 16). On the one hand, Proposition 4.1,
the estimates (6.2), (6.66), and (6.67), and the representation (5.9) yield the short-time bound

∥γ(t)− γ̆(t)∥∞ ≲ E2α
0 (1 + t)2α(6.75)

for all t ≥ 0, where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . On the other hand, invoking the identi-

ties (5.17) and (5.18), applying Proposition 4.2, and using the bounds (6.2), (6.22), (6.37), (6.38),
and (6.59), we obtain

∥γ(t)− γ̆(t)∥∞ ≲ ∥rζ(t)∥∞ + ∥ỹ(t)− γ̆(t)∥∞ ≲ Eα
0 +

1

(1 + t)
1
2
−2α

,

√
t ∥γζ(t)− γ̆ζ(t)∥∞ ≲ ∥rζ(t)∥∞ + ∥ỹζ(t)− γ̆ζ(t)∥∞ ≲ Eα

0

for t ∈ [0, 1], where we again use 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Similarly as in the case ν ̸= 0,

we combine the latter with the short-time bounds (6.32), (6.75), and ∥γ̆ζ(t)∥∞ ≲ E0 (cf. Proposi-
tion 4.2). This results in the estimate (1.14), which once more implies (1.15) via the mean-value
theorem.

7 Discussion and outlook

We discuss the wider applicability of our method and outline potential directions for future research.

7.1 Adaptations to other dissipative systems

We anticipate that the modulational stability framework developed in this paper extends beyond
the class of reaction-diffusion systems and applies to diffusively spectrally stable wave trains in other
dissipative problems, provided that the linearization about the wave train generates a C0-semigroup
on Cub(R) whose high-frequency component is damped. A key observation is that the structure of
the critical low-frequency component S0

p(t) of the semigroup is determined by the diffusive spectral
stability assumptions (D1)-(D3), rather than the specific structure of the underlying equation. As
a result, the linear estimates on modulational data derived in §4.1 are expected to carry over to
a broader class of systems. This suggests that our method may even extend to certain dissipative
quasilinear problems, provided that one obtains sufficient regularity control within the nonlinear
iteration scheme. Such control may be established via nonlinear damping estimates, as in [22].
Alternatively, if the quasilinear equation is parabolic, one may use pointwise Green’s function
estimates [10,31]; see [4, Section 6.6] for further discussion.

An interesting and more delicate challenge arises when additional conservation laws are present,
as in the St. Venant equations for shallow water waves [16]. In such cases, the spectrum of the
linearization about the wave train possesses an additional critical mode at the origin, thereby
violating the spectral assumption (D3). This changes the nature of the leading-order modulational
dynamics: instead of being governed by the scalar viscous Hamilton-Jacobi equation (1.10), it is
described by a Whitham modulation system that captures interactions among multiple critical
modes; see [14]. This precludes a straightforward application of the Cole-Hopf transform and poses
a significant obstacle for extending the current analysis.
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7.2 Extension to multiple spatial dimensions

We conjecture that our modulational stability results extend to roll waves in reaction-diffusion
systems in higher spatial dimensions. These roll waves arise by trivially extending a one-dimensional
wave train in the transverse directions. We believe that the core techniques employed in our analysis,
such as the Cole-Hopf transform and the detailed decomposition of the linear semigroup, remain
valid in this higher-dimensional setting. While we do not expect fundamental differences in the
modulational behavior of roll waves compared to the one-dimensional case, we do not anticipate
that our framework can be lightly adapted to study fully nonlocalized modulations of the planar
periodic patterns studied in [20], or their higher-dimensional counterparts. The reason is that
the leading-order dynamics of the modulations of such periodic patterns, which are nontrivial in
any spatial direction, are governed by systems that differ qualitatively from the viscous Hamilton-
Jacobi equation. These may include hyperbolic-parabolic systems, models with cross-diffusion, or
anisotropic systems with dispersive effects; see [20] for more details. Developing an L∞-theory for
such periodic patterns therefore remains an open problem for future research.

7.3 Unbounded initial phase modulations and wavenumber offsets

We expect that it may be possible to allow initial data γ0 ∈ BMO(R) with γ′0 ∈ Cub(R), where
BMO(R) denotes the space of functions of bounded mean oscillation. This expectation is motivated
by the estimate ∥∂ζet∂

2
ζ g∥∞ ≲ t−

1
2 ∥g∥BMO, which enables interpolation on the critical linear terms

in the Duhamel formulation. In particular, this suggests that the initial data γ0 may be spatially
unbounded. We note that, for the application of the Cole-Hopf transform in case ν ̸= 0, it may
be necessary to additionally assume that e

ν
d
γ0 ∈ BMO(R). This condition still permits γ0 to be

spatially unbounded. Furthermore, restricting to ν = 0, we expect to allow for algebraic growth
of γ0 at rate |x|β as x → ±∞ by assuming Lp-localization of the derivative γ′0. Here, β > 0 is
sufficiently small and 1

1−β < p < ∞.
A further open question is whether wavenumber offsets can be permitted in settings where the

phase modulation grows linearly at spatial infinity. For plane wave solutions in the real Ginzburg-
Landau equation, this question has been answered affirmatively in [2,8]. We refer to [4, Section 6.3]
for further discussion.

A Technical lemmas for linear estimates on modulational data

This appendix is devoted to technical estimates underlying the L∞-bounds on modulational data
in §4.1. Our first result is a variant of the low-frequency estimate established in [4, Lemma A.1],
addressing the case of a spatially periodic integral kernel. Following the treatment of modulational
data in [12,18], we make use of a Fourier series expansion of the periodic kernel.

Lemma A.1. Let m1 ∈ N0, m2 ∈ {0, 1}, and ξ0 ∈ (0, π]. Let λ ∈ C
(
(−ξ0, ξ0),C

)
and F ∈

C
(
R3 × [1,∞),C

)
. Suppose that there exist constants C, µ > 0 such that

i) λ′(0) ∈ iR;

ii) Reλ(ξ) ≤ −µξ2 for all ξ ∈ (−ξ0, ξ0);

iii) supp(F (·, ζ, ζ̄, t)) ⊂ (−ξ0, ξ0) for all ζ, ζ̄ ∈ R and t ≥ 1;

48



iv) F is twice continuously differentiable in its first argument and 1-periodic in its third argument
such that

∥∥∂ℓ
ξF (ξ, ζ, ·, t)

∥∥
L2(0,1)

≤ Ct
ℓ
2 for ξ ∈ (−ξ0, ξ0), ζ ∈ R, t ≥ 1, and ℓ = 0, 1, 2;

v) if m2 = 0, then
∫ 1
0 F (ξ, ζ, ζ̄, t)dζ̄ = 0 for all ξ ∈ (−ξ0, ξ0), ζ ∈ R, and t ≥ 1.

Let a ∈ R be such that λ′(0) = ai. Then, the estimate∥∥∥∥∫
R

∫
R
etλ(ξ)ξm1+m2F (ξ, ·, ζ̄, t)eiξ(·−ζ̄)v(ζ̄)dξdζ̄

∥∥∥∥
∞

≲ t−
m1
2 ∥v′∥∞

holds for each t ≥ 1 and v ∈ C1
ub(R,R).

Proof. Expanding the 1-periodic function F (ξ, ζ, ·, t) as a Fourier series and subsequently integrat-
ing by parts, we obtain∫

R

∫
R
etλ(ξ)ξm1+m2F (ξ, ζ, ζ̄, t)eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄

=
∑
j∈Z

∫
R

∫
R
etλ(ξ)ξm1+m2

〈
F (ξ, ζ, ·, t), e2πij·

〉
L2(0,1)

eiξζ+(2πj−ξ)iζ̄v(ζ̄)dξdζ̄

= i

∫
R

∫
R
etλ(ξ)

(
ξm1+m2h0(ξ, ζ, ζ̄, t)− ξm1h1(ξ, ζ, ζ̄, t)

)
eiξ(ζ−ζ̄)dξ v′(ζ̄)dζ̄

(A.1)

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R), where we denote

h0(ξ, ζ, ζ̄, t) :=
∑

j∈Z\{0}

〈
F (ξ, ζ, ·, t), e2πij·

〉
L2(0,1)

2πj − ξ
e2πijζ̄

and where

h1(ξ, ζ, ζ̄, t) :=
〈
F (ξ, ζ, ·, t), 1

〉
L2(0,1)

=

∫ 1

0
F (ξ, ζ, y, t)dy

vanishes identically in case m2 = 0, by hypothesis v). By Hypothesis iv), we have∥∥∥∂ℓ
ξh1(ξ, ζ, ·, t)

∥∥∥
∞

≤
∥∥∥∂ℓ

ξF (ξ, ζ, ·, t)
∥∥∥
L2(0,1)

≲ t
ℓ
2(A.2)

for ξ ∈ (−ξ0, ξ0), ζ ∈ R, t ≥ 1, and ℓ = 0, 1, 2. On the other hand, hypothesis iv) in combination
with an application of Hölder’s and Bessel’s inequality yields

∥h0(ξ, ζ, ·, t)∥∞ ≤
∑

j∈Z\{0}

∣∣∣∣∣
〈
F (ξ, ζ, ·, t), e2πij·

〉
L2(0,1)

2πj − ξ

∣∣∣∣∣
≤ ∥F (ξ, ζ, ·, t)∥L2(0,1)

 ∑
j∈Z\{0}

1

(2πj − ξ)2

 1
2

≲ 1

(A.3)

for ξ ∈ (−ξ0, ξ0), ζ ∈ R, and t ≥ 1. Similarly, computing

∂ℓ
ξ

(
1

2πj − ξ

)
=

ℓ!

(2πj − ξ)ℓ+1

49



for j ∈ Z \ {0} and using hypothesis iv), we bound

∥∥∥∂ℓ
ξh0(ξ, ζ, ·, t)

∥∥∥
∞

≲
ℓ∑

m=0

∥∥∥∂ℓ−m
ξ F (ξ, ζ, ·, t)

∥∥∥
L2(0,1)

 ∑
j∈Z\{0}

1

(2πj − ξ)2(m+1)

 1
2

≲ Ct
ℓ
2(A.4)

for ξ ∈ (−ξ0, ξ0), ζ ∈ R, t ≥ 1, and ℓ = 1, 2.
Let m ∈ N0 and ℓ ∈ {0, 1}. Proceeding as in [4, Lemma A.1], we use integration by parts to

rewrite the integrand

I(ζ, ζ̄, t) :=

∫
R
etλ(ξ)ξmhℓ(ξ, ζ, ζ̄, t)e

iξ(ζ−ζ̄)dξ

in (A.1) as

I(ζ, ζ̄, t) =

(
1 +

(ζ − ζ̄ + at)2

t

)−1 (
I(ζ, ζ̄, t) + I2(ζ, ζ̄, t)

)
(A.5)

for t ≥ 1 and ζ, ζ̄ ∈ R, where we denote

I2(ζ, ζ̄, t) =
1

t

∫
R
∂2
ξ

(
et(λ(ξ)−λ′(0)ξ)ξmhℓ(ξ, ζ, ζ̄, t)

)
eiξ(ζ−ζ̄+at)dξ.

To bound the first integral on the right-hand side of (A.5), we use hypotheses ii) and iii) and
estimates (A.2) and (A.3), yielding

∣∣I(ζ, ζ̄, t)∣∣ ≲ ∫ ξ0

−ξ0

∣∣∣ξmetλ(ξ)
∣∣∣dξ ≲

∫
R
|ξ|me−µξ2tdξ ≲ t−

m+1
2(A.6)

for t ≥ 1 and ζ, ζ̄ ∈ R. To bound the second integral on the right-hand side of (A.5), we first
observe that, by hypotheses i) and ii), estimates (A.2), (A.3), and (A.4), and the fact that λ ∈
C2
(
(−ξ0, ξ0),C

)
, it holds∣∣∣∂2

ξ

(
et(λ(ξ)−λ′(0)ξ)ξmhℓ(ξ, ζ, ζ̄, t)

)∣∣∣
≲
(
|ξ|mt

(
1 + |ξ|

√
t+ ξ2t

)
+m|ξ|m−1

√
t
(
1 + |ξ|

√
t
)
+m(m− 1)|ξ|m−2

)
e−µξ2t

for ξ ∈ (−ξ0, ξ0), t ≥ 1 and ζ, ζ̄ ∈ R. Therefore, using hypotheses ii) and iii), we establish

∣∣I2(ζ, ζ̄, t)∣∣ ≲ ∫
R
e−µξ2t

(
|ξ|m

(
1 + |ξ|

√
t+ ξ2t

)
+

m√
t
|ξ|m−1

(
1 + |ξ|

√
t
)
+

m(m− 1)

t
|ξ|m−2

)
dξ ≲ t−

m+1
2

(A.7)

for ζ, ζ̄ ∈ R and t ≥ 1. Applying the estimates (A.6) and (A.7) to (A.5), we arrive at

∣∣I(ζ, ζ̄, t)∣∣ ≤ t−
m+1

2

(
1 +

(ζ − ζ̄ + at)2

t

)−1
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for ζ, ζ̄ ∈ R and t ≥ 1. Finally, we use this pointwise bound to estimate the right-hand side of (A.1),
yielding∣∣∣∣∫

R

∫
R
etλ(ξ)ξm1+m2F (ξ, ζ, ζ̄, t)eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄

∣∣∣∣ ≲ ∫
R
t−

m1+1
2

(
1 +

(ζ − ζ̄ + at)2

t

)−1

∥v′∥∞dζ̄

≲ t−
m1
2 ∥v′∥∞

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R), which concludes the proof.

The second technical estimate is a slight modification of the high-frequency bound established
in [9, Lemma A.2].

Lemma A.2. Let ξ0, d > 0 and a ∈ R. Let F ∈ C2
ub(R,R) be supported on R \ [−ξ0, ξ0]. Then,

there exists a constant µ0 > 0 such that we have∥∥∥∥∫
R

∫
R
eiξ(·−ζ̄)+(aiξ−dξ2)tF (ξ)dξ v(ζ̄)dζ̄

∥∥∥∥
∞

≲

(
1 +

1√
t

)
e−µ0t∥v∥∞

for v ∈ Cub(R,R) and t > 0.

Proof. We follow the strategy of the proof of [9, Lemma A.2] and use integration by parts to rewrite
the integrand

I(ζ, ζ̄, t) =

∫
R
eiξ(·−ζ̄)+(aiξ−dξ2)tF (ξ)dξ

as

I(ζ, ζ̄, t) =
1

1 +
(
ζ − ζ̄ + at

)2 (I(ζ, ζ̄, t) + ∫
R
∂2
ξ

(
e−dξ2tF (ξ)

)
eiξ(ζ−ζ̄+at)dξ

)
(A.8)

for ζ, ζ̄ ∈ R and t > 0. We compute

∂2
ξ

(
e−dξ2tF (ξ)

)
= e−dtξ2

(
F ′′(ξ)− 4dtξF ′(ξ) + 2dtF (ξ)

(
2dtξ2 − 1

))
for ξ ∈ R and t > 0. We estimate∣∣I(ζ, ζ̄, t)∣∣ ≲ ∫

R\[−ξ0,ξ0]
e−

d
2
ξ2t− d

2
ξ20t∥F∥∞ ≲

1√
t
e−

d
2
ξ20t∥F∥∞,∣∣∣∣∫

R
∂2
ξ

(
e−dξ2tF (ξ)

)
eiξ(ζ−ζ̄+at)dξ

∣∣∣∣ ≲ ∫
R\[−ξ0,ξ0]

e−
d
2
ξ2t− d

2
ξ20t
(
1 + t+ |ξ|t+ ξ2t2

)
∥F∥C2

ub
dξ

≲

(√
t+

1√
t

)
e−

d
2
ξ20t∥F∥C2

ub

for ζ, ζ̄ ∈ R and t > 0. Applying these estimates to the identity (A.8), we arrive at∣∣∣∣∫
R

∫
R
I(ζ, ζ̄, t)dξ v(ζ̄)dζ̄

∣∣∣∣ ≲ ∫
R

(√
t+

1√
t

)
e−

d
2
ξ20t∥v∥∞

1 +
(
ζ − ζ̄ + at

)2dζ̄ ≲

(
1 +

1√
t

)
e−

d
4
ξ20t∥v∥∞

for ζ ∈ R, v ∈ Cub(R,R), and t > 0, which yields the desired bound with µ0 =
d
4ξ

2
0 .
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B Local existence of the phase modulation

We establish existence of a maximally defined solution γ(t) to the integral equation (5.9) by em-
ploying a contraction-mapping argument.

Proof of Proposition 5.4. It follows from standard analytic semigroup theory [19] that the or-
bit map Γ ∈ C

(
[0,∞), C1

ub(R)
)
given by Γ(t) = e−∂4

ζ tγ0 enjoys the regularity property Γ ∈
Cj
(
(0,∞), C l

ub(R)
)
for all j, l ∈ N0 and it obeys the estimates (5.11) for all t > 0. In particu-

lar, it holds ∥∂ζΓ(t)∥∞ = ∥e−∂4
ζ tγ′0∥∞ ≤ ∥γ′0∥∞ < r0 for t ≥ 0. Since the propagator S0

p(t) vanishes
on [0, 1], the function Γ(t) solves (5.9) for t ∈ [0, 1]. Hence, we have τmax ≥ 1.

Next, assume τmax ≤ Tmax. As τmax ≥ 1, we must have Tmax ≥ 1. Take t0 >
1
2 and δ, η > 0 such

that t0 + δ < Tmax and η < r0. Let γ̌ ∈ C
(
[0, t0], C

1
ub(R)

)
∩C

(
(0, t0], C

2
ub(R)

)
∩C1

(
(0, t0], Cub(R)

)
be a solution to (5.9) with ∥γ̌ζ(t)∥∞ ≤ r0 − η for all t ∈ [0, t0]. Let R ≥ 1 be such that
∥(γ̌(t), ∂tγ̌(t))∥C2

ub×Cub
≤ R for all t ∈ [12 , t0]. We argue that γ̌ can be extended to a solution

γext ∈ C
(
[0, t0 + δ], C1

ub(R)
)
∩ C

(
(0, t0 + δ], C2

ub(R)
)
∩ C1

(
(0, t0 + δ], Cub(R)

)
to (5.9) which satis-

fies ∥∂ζγext(t)∥∞ ≤ r0 − 1
2η for all t ∈ [0, t0 + δ] and ∥(γext(t), ∂tγext(t))∥C2

ub×Cub
≤ 2R for all

t ∈ [12 , t0 + δ]. To this end, we close a contraction mapping argument in the metric space

M =
{
(γ, γt) ∈ C

(
[t0, t0 + δ], C2

ub(R)× Cub(R)
)
: ∥γζ(t)∥∞ ≤ r0 − 1

2η and

∥(γ(t), γt(t))∥C2
ub×Cub

≤ 2R for t ∈ [t0, t0 + δ]
}
,

endowed with the metric from the Banach space C
(
[t0, t0 + δ], C2

ub(R)× Cub(R)
)
.

Applying the mean-value theorem and Proposition 5.1, it follows that V : Cub(R)× [t0, t0+δ] →
Cub(R) given by

V (γ, t)[ζ] = u(ζ − γ(ζ), t)− ϕ0(ζ)

is continuous in t and fulfills

∥V (γ, t)− V (γ̃, t)∥∞ ≤ ∥uζ(t)∥∞∥γ − γ̃∥∞

for γ, γ̃ ∈ Cub(R) and t ∈ [t0, t0 + δ]. Therefore, setting K = {(γ, γt) ∈ C2
ub(R) × Cub(R) :

∥γ′∥∞ ≤ r0 − 1
2η, ∥(γ, γt)∥C2

ub×Cub
≤ 2R} and recalling (5.6), the nonlinear maps K× [t0, t0 + δ] →

Cub(R), (γ, γt, t) 7→ Q(V (γ, t), γ),R(V (γ, t), γ, γt),S(V (γ, t), γ) are bounded, continuous in t, and
Lipschitz continuous in (γ, γt).

Since the propagator S0
p(t) vanishes on [0, 1], it must hold γ̌(t) = Γ(t) for all t ∈ [0, 1]. We show

that the action of the nonlinearities on Γ(t) is well-defined. Thus, applying the estimates (5.11),
using that t 7→ ∥u(t)∥∞ is bounded on [0, 1], and noting that R(v, γ, γt) is linear in γt and γζζ , we
establish

∥Q(V (Γ(t), t),Γ(t))∥∞ , ∥S(V (Γ(t), t),Γ(t))∥∞ ≲ 1, ∥R(V (Γ(t), t),Γ(t), ∂tΓ(t))∥∞ ≤ t−
3
4

for all t ∈ (0, 1]. Combining the latter with (5.5) and Proposition 4.1, we arrive at the estimate∫ 1
2

0
S0
p(t− s)N (V (Γ(s), s),Γ(s), ∂sΓ(s)) ds ≲

∫ 1
2

0
s−

3
4ds ≲ 1
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for all t ≥ 0.
Finally, we observe that, by Proposition 4.1, the propagators ∂ℓ

tS
0
p(t)∂

i
ζ : Cub(R) → C l

ub(R) are
t-uniformly bounded and strongly continuous on [0,∞) for any i, l, ℓ ∈ N0. A standard contraction
mapping argument, cf. [21, Theorem 6.1.2], in the complete metric space M yields a unique solution
(γ, γt) ∈ M to the integral system

γ(t) = S0
p(t)

(
v0 + ϕ′

0γ0 + γ′0v0
)
+ (1− χ(t)) Γ(t) +

∫ 1
2

0
S0
p(t− s)N (V (Γ(s), s),Γ(s), ∂sΓ(s))ds

+

∫ t0

1
2

S0
p(t− s)N (V (γ̌(s), s), γ̌(s), ∂sγ̌(s))ds

+

∫ t0+δ

t0

S0
p(t− s)N (V (γ(s), s), γ(s), γt(s))ds,

γt(t) = ∂tS
0
p(t)

(
v0 + ϕ′

0γ0 + γ′0v0
)
− χ′(t)Γ(t) + (1− χ(t)) ∂tΓ(t)

+

∫ 1
2

0
∂tS

0
p(t− s)N (V (Γ(s), s),Γ(s), ∂sΓ(s))ds

+

∫ t0

1
2

∂tS
0
p(t− s)N (V (γ̌(s), s), γ̌(s), ∂sγ̌(s))ds

+

∫ t0+δ

t0

∂tS
0
p(t− s)N (V (γ(s), s), γ(s), γt(s))ds,

provided δ > 0 is sufficiently small.
By construction, we have γ ∈ C1

(
[t0, t0 + δ], Cub(R)

)
with ∂tγ(t) = γt(t) for all t ∈ [t0, t0 + δ].

Consequently,

γext(t) =

{
γ̌(t), t ∈ [0, t0),

γ(t), t ∈ [t0, t0 + δ],

defines a solution to (5.9), which extends γ̌. In particular, it satisfies the estimate ∥∂ζγext(t)∥∞ < r0
for all t ∈ [0, t0 + δ].

As shown in [3, Theorem 4.3.4] and [21, Theorem 6.1.4], this extension procedure yields the
existence of the desired maximal solution γ(t). Its regularity properties then follow by the fact
that the propagators ∂ℓ

tS
0
p(t)∂

i
ζ : Cub(R) → C l

ub(R) are t-uniformly bounded and it holds Γ ∈
Ci
(
(0,∞), C l

ub(R)
)
for all i, l, ℓ ∈ N0.
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