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A NON-ITERATIVE DOMAIN DECOMPOSITION TIME
INTEGRATOR FOR LINEAR WAVE EQUATIONS

TIM BUCHHOLZ AND MARLIS HOCHBRUCK

ABSTRACT. We propose and analyze a non-iterative domain decomposition in-
tegrator for the linear acoustic wave equation. The core idea is to combine an
implicit Crank—Nicolson step on spatial subdomains with a local prediction
step at the subdomain interfaces. This enables parallelization across space
while advancing sequentially in time, without requiring iterations at each time
step. The method is similar to the methods in [2,11], which have been de-
signed for parabolic problems. Our approach adapts them to the case of the
wave equation in a fully discrete setting, using linear finite elements with
mass lumping. Compared to explicit schemes, our method permits signifi-
cantly larger time steps and retains high accuracy. We prove that the result-
ing method achieves second-order accuracy in time and global convergence of
order O(h + 7'2) under a CFL-type condition, which depends on the overlap
width between subdomains. We conclude with numerical experiments which
confirm the theoretical results.

1. INTRODUCTION

Wave equations are central to modeling a wide range of physical phenomena,
including acoustic, electromagnetic, and elastic wave propagation, cf. [13, Chapter
1]. Numerical simulations of such problems pose significant challenges, particularly
due to the computational cost associated with resolving wave dynamics accurately
over large spatial and temporal domains.

A critical aspect of simulating wave propagation is the time integration process.
Broadly, time-stepping methods fall into two categories: explicit and implicit meth-
ods. Explicit methods are only conditionally stable: Step size restrictions, often
also called Courant-Friedrichs-Lewy (CFL) conditions, force the choice of the time
step to directly depend (linearly or worse) on the space discretization width. Unfor-
tunately, the need for numerous tiny steps can lead to a significant computational
burden, slowing down the simulation process. Implicit methods, in contrast, are
unconditionally stable in many cases and permit larger time steps. However, im-
plicit methods incur a higher computational cost per step, as they require solving a
system of equations at each step. This cost becomes particularly pronounced when
dealing with three-dimensional or finely resolved two-dimensional problems.

To address these computational challenges, we propose a non-iterative domain
decomposition (DD) method for time integration of a finite element discretization
of the linear acoustic wave equation. Specifically, we consider the first-order formu-
lation of the linear acoustic wave equation on an open, polygonal domain Q C R™,
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given by
diu =, ov =Lu+f in  x (0,77,
(1) w(@,0) =u(z), o(@0) =@  nQ
u(,t)]yq =0 for t € (0,77,

with Lu = V - (k?Vu), a constant wave propagation speed x > 0 and final time T
The differential operator L is defined on its domain D(L) = H?(2) N H (). For
the space discretization, we consider linear finite elements with mass lumping on a
triangular mesh.

Domain decomposition methods are well-established tools for solving spatially
discretized partial differential equations (PDEs) by splitting the spatial domain into
subdomains, often enabling parallel computation. Classical Schwarz methods itera-
tively solve stationary problems by exchanging boundary data between subdomains.
An overview of such methods can be found in [20] and [24], respectively.

For time-dependent problems, Schwarz waveform relaxation (SWR) methods
extend this concept by integrating the PDE independently in each subdomain and
exchanging interface data iteratively [21-23,28]. However, their iterative nature
introduces a computational overhead that conflicts with the goal of reducing the
computational cost of the time integration.

We follow a non-iterative approach motivated by [2] for parabolic problems which
is based on an overlapping decomposition of the spatial domain. Coupling between
the subdomains is established via artificial boundary conditions obtained from local
extrapolation at the interfaces in each time step. The authors of [2] show that this
domain splitting method is stable and exhibits optimal order of convergence if
the overlap regions between the subdomains are sufficiently large. Related non-
iterative methods are discussed in [11,12]. Further work on time-integrators based
on domain decomposition can be found under the names domain decomposition
operator splitting or regionally-additive schemes; see for instance [15,38,39] and
[16,29], respectively. Most of these works focus on the parabolic case. Recently the
authors of [4] managed to extend such a method to stochastic evolution equations.

Another non-iterative DD approach for hyperbolic problems is tent pitching
[7,14,26,27] in which space-time domains are constructed incrementally with (typ-
ically tent-shaped) subdomains, adhering to causality constraints. Yet, this can be
complex for non-constant coefficients and lacks straightforward parallelization due
to subdomain solution dependencies. A different approach relying on finite propa-
gation speed and superposition principles was recently proposed in [19]. Similar to
our convergence analysis, the authors of [19] show convergence against the Crank—
Nicolson scheme and utilize exponential decay in space. However, their localized
implicit time stepping method requires significantly larger overlap regions than the
scheme presented here.

In this work, we adapt the domain splitting method from [2] to the setting of the
linear acoustic wave equation in first order formulation. In this method, which we
call domain splitting method hereafter, we divide the spatial domain into overlap-
ping subdomains on which the Crank—Nicolson method is applied independently.
We use a local variant of the leapfrog scheme for the prediction of boundary data
on the subdomain interfaces.

We prove that the proposed domain splitting method achieves second-order accu-
racy in time and overall convergence of order O(h+72) under a CFL-type condition
that depends on the wave propagation speed, the spatial mesh size, and the width
of the overlap between subdomains. Compared to the explicit leapfrog scheme, the
proposed method allows O(¢) bigger time steps, where ¢ describes the number of
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mesh layers within the overlap. At the same time the domain splitting method re-
tains convergence of order O(h+72), given sufficient regularity of the exact solution,
the initial data, and the source term.

The paper is organized as follows. In Section 2 we first introduce some notation
and discuss standard space and second-order time discretizations on the full spatial
domain. We then construct the domain splitting scheme in Section 3 and present
the main result in Section 4. The subsequent error analysis spans Sections 5 to 8.
In Section 5, we bound the error introduced by the predictions at the boundaries
of the subdomains. In Section 6, we show that the local error can be interpreted
as a solution of a stationary problem, from which we deduce an exponential decay
in space. Section 7 gathers some properties of the averaging process, which is
necessary to obtain a globally continuous approximation. In Section 8, we derive
an error recursion and conclude the error analysis with the proof of the main result.
Finally, we present numerical experiments in Section 9.

2. DISCRETIZATION AND NOTATION

2.1. Discretization in space. Let T, = T,(€2) be a (shape- and contact-regular)
matching simplicial mesh of Q, see, e.g. [17, Definition 8.11]. The parameter h
denotes the minimal diameter of the elements in 7,. We use continuous linear
finite elements and define the approximation spaces

Wi(Q) ={qge H'(Q):VK € T, : q|, € Pr} and W, () = Wi () N Hy (),

where P; denotes the set of all linear polynomials in m variables.
Let © C Q such that

(2) KNnO=K o KNO=0 forall K €T

We denote the submesh containing all elements in © by 75(0).
Moreover, we define the set of all nodal points of the triangulation 75 by

Ny = |J {exs}idt
KeTh

where {cx ; ;”:ﬁl are the vertices of the element K € 7. The set of interior nodal

points of © C Q satisfying (2) is given by Ng = N5 N O and for © = Q we write
N = Na.

2.2. Norms and bilinear forms. For © C Q with (2) we denote the standard
L*(©) inner product by (-,-)g = (-, ")12(e) and define the bilinear form

(3) ae(q,p) = / k*Vq - Vpde, for ¢,p € H*(O©).
©

We formulate (1) weakly by seeking (u,v)—r € HE(2) x L3(2) such that
(Oru, ) = (v,9)g for all ¢ € Hg(9),
(O, 9)q = aq (u,i/}) + (f,¢)q, forally e H&(Q)

Moreover, we use mass-lumping, i.e., we approximate the L? inner product cell-
wise by a (Lobatto-)quadrature approximation, see, e.g., [9]. If we denote the
nodal interpolation on a single cell K by Iff , we can express the mass-lumped
inner product by

(anpn)e= D, Iy (gnpn) dz,  qn,pn € Wi(O).
KeT(0) 'K

(4)
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On a mesh consisting of intervals, triangles, or tetrahedrons we can give the mass-
lumped bilinear form (-, -) o explicitly by the following representation

ALY
(5) (mvn)e= >, > m+1Qh(CK,j)ph(CK,j)7

KeTp(©) j=1

see, e.g., [8, Chapter 4]. The mass-lumped inner product induces a norm on W (2),
which is equivalent to the standard L?(2)-norm, i.e.

_ 1/2 1/2
(6) CMi(qh,Qh)Q/ < lgnllz2(0) < CML([Qh»Qh))Q/ , an € Wr(2),

see, e.g., [37, Chapter 15] and [35, Section 3 and 4].
We then introduce the finite-dimensional Hilbert spaces Vj,(©), Hp(©) by

Vi(©) = (Wi(®),a0 (), Hw(©) = (Wi(©), (),
with norms
12, 0 = ae () and I3, 0 = ()

respectively. The subspaces with a zero trace are denoted as V3,0(0) and Hj, ¢(0©).
The linear operator Ly, : Vj, 0(Q2) — Vi0(€2) associated to ag (~7 ) is given by

(7) (Lnan:pn), = aa(qn,pn),  an,pn € Vio().
For X(0©) = H'(0) x L*(©) and z = (u,v)—r € X(0©) we define
Hx”i(@) = a@(u,u) + (v,v)g -

Similarly, for X,,(0) = V,,(©) x Hy(©) and z, = (u, vh)T € Xn(0©) we denote the
discrete variant using the mass-lumped scalar product by
2
[2n]lx, o) = lunll¥. ) + lvnlli, o)-

If © = Q, we drop the set © and write, e.g., ||-[|x = ||| x() and ||x, = [l x,©)-
We use the L2-projection with respect to ([~, ~)Q to approximate the right-hand side
fn(t) = f(t). We want to emphasize, that this projection coincides with the nodal
interpolation Zj,, as

(8) (q —Ihq,wh))Q =0, forqeC(Q),w, € Hy,.
For ¢ € H?>(K) on K € Ty, the standard interpolation estimate
9) g —Inaly x < Cr,hlaly i

holds with |- , ;- denoting the standard H®-seminorms on K, see, e.g. [3, Theorem
4.4.4]. We also use the nodal interpolation Z;, for the initial values, so that we have

(10) uf) = Tpu', vp = Ipo”, I =Inf(tn).

In X, the discrete counterpart of (4) becomes finally

(11) Z (ZLZ) = <_%h é) <Z:> + (fﬂt))'

Note, that the discrete problem is stated in terms of the discrete operator Ly on the
space Xp. For the implementation, we need to assemble mass and stiffness matrices
from a basis of V}, and Hj,.
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2.3. Classical second-order time integration. Let 7 > 0 be a given time-step
size and t, = n7 for n = 0,1,...,ny with final time 7' = np7. The implicit
Crank-Nicolson scheme for the semi-discrete system (11) yields approximations

T .
TEN = (U&\nv&\;) € X}, given by

-
(12a) ugn = ugy' + §(U8N +eN' ),

_ T _ —n—1/2
(12b) v = ViR = S La(uln +uly) + 7T 2
where we denote f271/2 = %(f[f—i—f;ffl). For the implementation it is advantageous
to solve

72 " 72 S ne1 . T2on—1/2

(13) (7 + ZLh)UCN = (I~ ILh)uCN TN T 5 Th

for ug,y instead of solving the coupled system (12).
The one-step formulation of the explicit leapfrog scheme applied to (11) yields

. . T .
an approximation zj} = (uﬁ, Uf}) € Xy, given by

n—1/2 n— T n—
(14a) P =+ 9t '
(14b) vff = vﬁ_l - TLhuﬁ_1/2 + 77271/2
n—-1/2 T
(14c) ufp = 4 Sl

If we choose a nodal basis of W, (€2) and assemble the mass and stiffness matrices
for (14), we get one linear system with a diagonal mass matrix in each step. We
would like to stress that this makes the method local in space. It is well known
that the leapfrog scheme suffers from a strong CFL condition, namely

(15) PlLnlla,m, <4

see, e.g., [33, Theorem 1].

3. DOMAIN SPLITTING SCHEME

The construction of our new scheme is inspired by the non-iterative DD scheme
from [2] proposed for finite element discretizations of parabolic problems. We
start by decomposing the spatial domain into non-overlapping subdomains £2;,
i=1,...,N, such that

N
ao-Jo
i=1

Next, we define an overlapping decomposition with overlapping subdomains Qf
by extending §2; with £ layers of elements. Here, § denotes the minimal width of the
layers extending §2;, see Figure 1. Obviously, we have § ~ ¢h for a regular mesh.

Solving the discrete wave equation (11) on each subdomain Q? requires appro-
priate boundary conditions. Hence, one time step of the domain splitting method
consists of the following three steps:

1) Prediction: We generate boundary values at all artificial boundaries 9Q¢ N
Q by a leapfrog step, which is local in space.

2) Crank—Nicolson on subdomains: Using the predicted boundary values,
we perform one time step of the Crank-Nicolson method (12) on each of
the overlapping subdomains Qf.

3) Averaging: In this step, we restrict the subdomain solution on Qf to the
non—overlapping subdomain €;, 4 = 1,..., N. On the interfaces 0€2; N 0£Y;,
we apply averaging to obtain a unique continuous solution on 2.



6 TIM BUCHHOLZ AND MARLIS HOCHBRUCK

Qs Qy

FiGURE 1. Non-overlapping and overlapping decomposition for
¢ = 3 on an equidistant mesh and for £ = 2 on a non-equidistant
mesh.

We now present the three steps in detail.

3.1. Prediction. To generate boundary conditions at each of the interfaces Ff =
09¢ N Q we perform a leapfrog step. This step is fully explicit and only uses the
degrees of freedom surrounding the interface 'Y since mass lumping leads to a
diagonal matrix in (14).

In contrast to our approach, in [2] extrapolation in time was used locally at the
desired degrees of freedom. Using a leapfrog step for the prediction is advantageous
here, since it leads to a one-step scheme which simplifies the implementation as well
as the analysis.

3.2. Crank—Nicolson step on subdomains. The prediction step provides inho-
mogeneous Dirichlet boundary conditions on all interfaces I‘f, 1 =1,...,N. This
enables us to apply a Crank—Nicolson step on each subdomain Qf. Using the
Crank—Nicolson method on subdomains is considerably cheaper than on the full
domain €2, since the linear systems of equations are smaller and can be solved in

parallel.

3.3. Averaging. Recall that Ny, is the set of all interior nodes in Q;, i.e., N, =
N NQ;. We define the averaging operator

N N
C: X Xp(Q) = Xy, or C: X Vi(Q0) = Vi,

=1 =1
mapping a set of subdomain functions ¢; € X, () or ¢; € V4 (), i =1,...,N,
to a global approximation by its nodal values
(16)

qi(cj), ¢;j € Ny, for exactly one i € {1,...,N},
(ki) e =1 2 %5t e €N (Ui v M),
’ WithJjZ{iE{l,...,N}ZCjEﬁi}.

Note that ¢; is contained in at most one set of interior nodal points Ng, as the
subdomains Q;,7 = 1,..., N, are non-overlapping. Moreover, for ¢ € V,(2) we
immediately see

(17) C(‘{‘1|Q§}i:L...,N) =4
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i.e., first taking restrictions to the overlapping subdomains and then applying ¢
keeps functions in V4 (Q2) invariant.

3.4. Full algorithm. We summarize the domain splitting method in Algorithm 1.
For the initial values we assume u°, v € H2(Q2) to give the point-wise evaluations
within the interpolation a proper meaning.

Algorithm 1: Domain splitting scheme

input: initial data uODS =Tl e V0, v%s =Tp0° € Hy,

N
. o = sy
overlapping decomposition Q@ = |J Q;,
i=1
time-step size 7, final time T = np7

1n=1

2 while n < nr do

3 prediction step: prediction by u} (leapfrog step with i.c. mggl)

4 fori=1,..., N do

5 Crank—Nicolson on subdomains:

6 calculate z* on ¢ with 171?|F? as b.c. on I

7 end

8 averaging step: construct global af,q = C({x?}izl N) according to
(16)

9 update n <—n +1

10 end

result: 21§ ~ «(-,T).

3.5. Further notation. For the subsequent error analysis, we introduce some ad-
ditional notation. By z{}g and z}' we denote the approximations of Algorithm 1.
In addition, the Crank-Nicolson solution after n steps started from z° = (uo, UO) is
denoted by x¢y. Moreover, we will make use of local in time approximations, which
are obtained by doing one time step with the Crank—Nicolson or the leapfrog scheme
starting from the domain splitting approximation zggl. These approximations are
denoted by z&%y and zf, respectively.
We summarize the notation in Table 1.

domain subdomain local in time local in time

splitting approx. Crank—Nicolson | Crank—Nicolson leapfrog
in nth step

up ul U ~ ul ~ Uy

L g— DS n _ % - CN n_— ( ZCN n _ (7If

oS (vgs) o <) o <CN> ron <CN> i <v1?>

TABLE 1. Notation for different approximations
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4. MAIN RESULT

A main contribution of this work is to show that the domain splitting method
for approximating the solution of (11) satisfies an error bound of the form
||ng — :L'(tn)HX <724+h

under suitable conditions on the exact solution z of (1), the right-hand side f, and
the parameters h, 7, and /.

A key idea is to start with comparing the domain splitting method and the
Crank—Nicolson method, since for the latter, rigorous error bounds of the full dis-
cretization exist, see [31] and [30, Example 5.3, Corollary 5.9]. More precisely, we

will show

B = s — s, <7

in the following lemma.

Lemma 4.1. Let u°,v° € H?(Q) N H{(Q) and f € L>=([0,T]; H*(Q) N H}(Q))
and consider the domain splitting method of the previous section with a sufficiently
large overlap 6 ~ Lh. Assume that the CFL condition

i Py, < 47

holds for a time step 7 € (0,1]. Then there exist constants 0 < o < 1 and Cqata > 0
such that

E" = Hx’f)s — x%NHXh < 72Cqata min{e?™ — 1, ot e}
The constant Cyapa is independent of h and T, for details see Lemma 5.2 below.
The proof of this result is quite involved and postponed to Section 8.1.

Theorem 4.2 (Error bound against the exact solution). Let the assumptions of
Lemma 4.1 be fulfilled and let the solution of (1) suffice
u e C*([0,T]; L*(Q)) N C*([0,T); Hy(2)) N C*([0, T); H*(R2)) N C([0,T); D(L?)).
Then, the error of the domain splitting scheme satisfies

||x7f)s — x(tn)HX <7%+h

Proof. Let Jp, be the projection from X to X} obtained by taking a Ritz projec-
tion Ry, (see, e.g., [18, Section 32.4]) in both components. Then, by the triangle
inequality, we can estimate

() =] < [lz(tn) = Tnz(ta) || s+ Core | Tnw(tn) —aew] |, + O [|loen —aBs |,

with Cyr, > 0 from (6). For the first term we can apply standard approximation
results to obtain

HZL’(tn) - jhl'(tn)HX = <|u(tn) _Rhu(tn)|i{1(ﬂ)+ ||8tu(tn) _Rh(atu(tn))H2L2(Q))1/2

1/2
S () g0 + 10 [ 0)

see, e.g., [18, Theorem 32.15 and 33.2]. For the second term, we have

2

tn+1
n T
|2En = Tna(ta)]| , 5\/5(’1”“0\\112(9) + [y + g/o 1872 (s)]x ds

n

+ ht max ||8t2u(s)||H1(Q)
= sE[t ,tj41]

+ Ty || Lu(t)) | g2 + ||Lu(tj+1)HH2(Q))»
j=1
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from [31, Section 4.8] and [30, Section 5.3 and Corollary 5.9].
Finally, the bound for Hﬂ(L)N — x%SHXh follows from Lemma 4.1. O

5. PREDICTION ERROR

A key part of the error analysis is estimating the prediction error at each step,
which is challenging because each step begins with a solution that has been cut and
reassembled along the interface, offering little regularity. To address this, we aim
to analyze the prediction error globally in space, but only locally in time. This is
done by using equivalent formulations of the leapfrog and Crank—Nicolson methods
on X}, which can be found in [13, Sections 11.1 and 11.2].

Lemma 5.1. a) The Crank—Nicolson method (12) is equivalent to

n n—1 0

u Uu
19 R_ SN>=R (CN>+T —n-1/2 |
(19) (UCN * ViN In /

where
I -1 I |
_ 2 _ 2
(o, ) R B

b) The leapfrog method (14) is equivalent to

R n R n—1 0
(20) R_ (uilf) = R+ (ug_1> —+ 7 777,_1/2 5
i3 Vg h

where
- I —71 - I 1
(th 1- L, T\t 1-TL,

Moreover, we define
(21) R=R 'R, and R=R'R,.

We start with a stability result for the Crank—Nicolson method, which makes
use of the inverse inequality

(22) ILhanlla, < Cinvkh™ anllv, < Chyw®h2llgnl a1,
see, e.g., [17, Lemma 12.1]. For a function ¢ € H?(2) we moreover use, that

(23) [(Zh = Ri)d|y, < Crih

|Q||H2(Q)a

see, e.g., [3, Theorem 4.4.20 and 8.5.3]. Lastly, for all p € H?(Q2) it holds that
pr = Ipp satisfies

(24) 1L *palln, = |Zapllvi, < Cruellpll 20,

see, e.g., [17, Section 11.5.1]. Note here that we could also require p € W1*(Q)
with s > m, since we only need an embedding into C°() to make Z;,p well defined,
see, e.g. [3, Theorem 4.4.4].

Lemma 5.2. Let u®,v° € D(L) and f € L*>([0,T}; D(L)) . With udy = u) and

vdy =Y from (10), the Crank-Nicolson approzimations (19) satisfy

@) (a1, e )+ R @),

H 2 . < Odatan

with Cyata = Cata(u®,0°, K, f,t,) independent of h.
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Proof. By the discrete variation-of-constants formula, we have
UAN U — 0
CN _ Rnfl < CN) 47 Rnij—l .
1 — —7—=1/2 .
( VN ) veN ; Y
It is well known that

=1 and

1%, x, 1Bl 5, x, <1

so that we obtain
LY2yn<t LY20 — 1/2 pj
H ?/2 TCLNl = H ?/2 ((’JN "Xh+TZ"Lh Ti H
j=0

It remains to bound ||L,11 udn v, ||Lh ’UCNHHh, and ||L,1L/2ff{||Hh in terms of the
initial values and the inhomogeneity. Recall that the Ritz projection R} satisfies

(26) HLthQI)HH}L = HLQJ)HH(Q)’
for all ¢ € D(L), since
(LuRro, n)g, = aa(Rud, vn) = aq (o, n) = (Lo, thn)g, for all ¢y, € Hy,.

Hence, we have from (22) that

1Ly ulx |y, = || LnZnu

<|Zn(@n = Ru)u |y, + ([ Lo RAu®|

0||
Hp,
Sc’invh 1K||(Ih ;a}l)u || u ||L2(Q)

WL
“llv,
< (CinvCRh + 1)'%HUOHHZ(Q)’

since u® € D(L) C H?(Q2) by assumption and (23). The remaining bounds in the
Hj-norm follow directly from (24) and using that f € L°([0,7T]; D(L)). Setting all
these bounds together yields an upper bound for (25) given by

(27)

C’data: (CinvCRh, + 1)"{||u0||H2(Q) + CIntH”’UO”Hz(Q) + tnCIntHj:rrolaXn”f(tj)||H2(Q)

O

Based on this stability result, we can bound the prediction error ||fgN -2 ||§(h

which is global in space but local in time (we only consider one time step of the

Crank—Nicolson and the leapfrog method starting from the domain splitting ap-
proximation xjg")

Lemma 5.3. Let the assumptions of Lemma 5.2 and in addition the CFL condition
(18) be satisfied. Then it holds

~ ~ —1
[@n — &, < Me (Jlabs" - w2x |, +7Coaa)
with a constant M, only depending on £.
Proof. We rewrite the difference we are interested in with Lemma 5.1 by
TN — 7 = (R~ E)zggl + T(R:1 - Eil)ﬁﬁ_m

(28) n—1 DY ,n—1 -1 p-1\=n—1/2
(R~ R) (ps' —ain') + (R— R)agy' +7(RZ' = RZY)g,

with g, 12 (n 1 /2) A simple calculation shows

P 2<A;1Lh 1 ) =L, -3
A Ly) \zL,  —1)°



A DOMAIN SPLITTING METHOD FOR THE ACOUSTIC WAVE EQUATION 11

- 72 73
R_B_T <Ah1Li » > | I21
4 ALy ) \ =1 Z1)°

where we denote Ay, =1+ %Lh. Since for « € [0, 2], there holds

and

5(1/2
§1+£§1, for all £ > 0,
it follows that
TQHAleLhHHheHh, <4 and 72“A;1Lhuwevh <4

From this and (18) we can derive for z = (u, ’U)T

D 10T L
(7= R)el, =T a B G T

<(|I5 LhU||Vh+||TL1/QUIIVh+|| Lol + 15 LwHH)

2

2 ’ 2
+ HZAhlLi(*T“ + ?v)

Hp,

(29)
<26+ 1)([lrzi*ul, + 7Lyl
=M} ||,

with M 42 = 8(¢* + ?) being a polynomial of degree 4 only depending on £. Alter-

natively, we can also keep a prefactor 7 by using
=2 2 \1/2

60 (=B, <2+ 0r (il + 2 l,)

Analogously, we derive for g = (0, f )T

(31)

1 o1y 2 ™ _ 2 2 _ 2 T 2
I(R=" = R2)allx, < Il An L8 L, + 1 An Lad I, < 21520 (], -
From (28) we deduce

[Fen — 3y, < (R = R) (55" — 2, + 1B~ B)atxt ]y,

+ TH(R_l N ﬁq)?n 1/2

(32)
I,

For the first term we use (29) to get

(R = R) (as" = 22x") ||, < Mel|2ps’ = ox|lx,

while we take (30) for the second term to obtain

1/2
(7~ Ryl < Vo@D (|11 7, + 10 e ,)
and (31) to bound

H(R:l—ﬁi )7n 1/2 <\/’H L1/27n 1/2

I, I,

To simplify the constants we just take

max{ My, \/2(02 +1),v2} = M,, VLeN.

Putting these estimates together in (32) and using Lemma 5.2 proves the claim. O
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6. LOCAL DEVIATION FROM GLOBAL CRANK—NICOLSON APPROXIMATION

Next, we investigate the local Crank—Nicolson approximations on all subdomains.
After the for loop in Algorithm 1 we end up with subdomain approximations x}
on each of the overlapping subdomains Q?, which we now compare to the global in
space Crank-Nicolson approximation Z&y given in (12) on Q. We refer to Table 1
for an overview on the notation.

6.1. Variational problem for local error on subdomains. Recall that the

subdomain approximation z} and the Crank-Nicolson approximation Zfy both

start from the same approximation xDsl.

y n _ n own y
Lemma 6.1. The difference z,, ; = uj’ — uCN‘Q? satisfies

2
(= W@)m +7 —ags (215¢) = 0, for all p € Vi, 0(Q9),

n ~n ~n )
Zy i = W — UGN, on 0€);.

(33a)

Moreover, for z,, = vi' — ?%LN’Qg it holds, that

T .
(33Db) Zyi = 52’31 in Hh(Qf).

The problem (33a) is well posed, cf. [18, Lemma 33.1].

Proof. The proof is based on comparing two weak forms, one on the overlapping
subdomains Q? and one on the full domain €.
On the one hand, 27 € (V,,(Q2) N HJ () x Hy(9?) is the solution of

((u?a@i))gg - ((vz ’901))95 - ((UDS ’901))95 +35 ((UDS ’901))957

([U?ﬂﬂi))gg + 5“9;? (uf 1) = (vps?, z)m - am (ups® i) +7(Fn
ul =u},  onT?.

for all ¢;,9; € Vi0(€22). On the other hand, &y € Vi0() x Hy,o(€2) satisfies

n—1/2

7¢i))9;57

([agN7 ‘P))Q - %@(?N’ ‘P))Q = ((uggl, ‘P))Q + z(UDS 790))97
(’5(?Na ¢))Q + %G,Q (ﬂgNa¢) = (U]7:L)517¢)Q ClQ (U’DS ’w) + ((f

for all ¢, 9 € V3, 0(£2).

In order to compare these two approximations, we extend the test functions
i, ; by zero onto €. By this extension we get valid test functions for the weak
formulation of the global Crank—Nicolson on 2, which vanish outside of Qf. The

n—1/2

7¢)Qa

difference

n ~n u uCN| 3 ZZ,Z'

Z; *xCN|Q§ = ) = . | € Vi (90) x Hp(92)
i U’L — 'UCN|Q5 z’U,i
satisfies
n T n
(34a) (('Zu,iv @i)gf - §(Zv,ia @Z)QS =0, i € Vh70(Q?)v
T
(34b) ((Zg,iv ’l/)l))Qf + 5@9;5 (Zg,ia 11[}1) =0, 7701' € Vh70(Qg)7
and
(u;n - agN)|]_“<§ = a:lrfl|p§ - agN’r{iv

(340) 1 1 7

(ui' = agN)|anaQ;? =0.
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(34a) is equivalent to (33b). Inserting this relation into (34b) and using the bound-
ary conditions (34c) shows that 27! ; solves (33a). O

6.2. Exponential decay of errors in boundary data. The goal of this subsec-
tion is to prove a discrete exponential decay result for the solution of (34a). For
that we additionally need to introduce weighted bilinear forms.

Definition 6.2. Let A > 0 be arbitrarily chosen and qn,pp € Vi. For a positive
and continuous weight function w : Q@ — Ry, we introduce the weighted bilinear
forms

(35a) ao.w(qn:pn) = /GW(CC)HQth(x)-Vph(:c) dx

1
(35Db) be.w (qn:pn) = F((WQhaph))@ + ae,w(qn, pn) -

For w =1 we abbreviate this via

1
(35¢) be (qn,pn) = be.1(qn, pr) = ﬁ([q;uph))@ + ae (qn. pn)-

Next, we show a discrete decay estimate, which serves as key ingredient of our
error analysis. This estimate is strongly motivated by [2, Lemma 1], which, however,
does not apply directly to our setting for wave equations. For instance, we have to
include mass lumping.

Theorem 6.3. Let A >0, and g € V,,(Q2). If 2 € V3, (Q29) solves
(36) ((27 @)Q{F + )‘20’52;? (Z’ 30) =0, ch € Vh70(Qf)a
z=gy, on 89?,

then it holds

1 1) 1
e 2 (22) < o (= 2 (50 + s (o))

with v € (0,1] and B > 0, which are independent of A\, h, and the size of the
subdomain ;.

Proof. We choose some v € (0,1], which will be fixed later and define a weight
function

e )
37 = —_— |, € Q.
(37) olo) = o (5] wen
The distance of a point = € ? to the prediction interface is denoted by dist(z, T'?).
Since the distance function is not contained in V3, (€2?), we define its nodal interpo-
lation Zj, on the grid points in Q? as

(38) dp =Ty (z — dist(z,T9)) € V().

For the sake of presentation, we suppress the space dependencies in the rest of the
proof, i.e., we write w(dp) = w(dp(z)). Let us first gather some properties of w and
dp

(390) W) > 13 w(-6) >0, for £ > 0,
(39b) w(€+v) =w(lwv), for £,v € R,
(39¢) dp(z) — 6 >0, for z € Q.
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By definitions (35¢) for © = €, (37), (39a), and (39¢), we have
1
bo, (2,2) = F([z,z))m +ag, (z,2)

< Swldn —90)z,2) g, + aa, wia,—s) (2 2)
= w(=6)bo, wian) (2, 2)
(40) < W(=0)bgs w(dn) (2, 2)-

Thus, it remains to bound bm’w(dh)(z,z) in terms of the boundary data g. To
shorten the notation, we write

(41) wa. = w(dp)z.
Since Tpwas — g € Vi 0(Q29) is a valid test function for (36), we conclude that
1 1
(42) ﬁ(zvzhwdzl)ng + ags (Z,Ihwdz) = p((z7 g))ﬂ;? + ags (z, g) = bQ;_s (z,g).
Using this together with the product rule
w(dp)Vz = Vwg, — 2Vw(dy) .

yields
1
bos wan) (#:2) = p((wdz,z))gg + ag; (waz, 2) — /Q(‘S 212Vw(dp) - Vz da
1
(43) = ﬁ(wdz — Thwaz, z))Q? + ags (waz — Thwaz, 2) + bas (9,2)

f/ 2k2Vw(dy) - Vzdr
Q7

The first term vanishes because of (8). The third term can be estimated with
Cauchy—-Schwarz inequality by

[bas (9.2)] < bas (9.9)*bas (.2)7* < bas (9.9) " *bag wian (2:2)%,

where we also used that w(dy) > 1 on Q2. The bounds on the remaining two terms
are given in Lemmas A.1 and A.2 which we postponed to Appendix A because the
proofs are rather technical. Plugging these bounds into (43) yields

(44) be,w(dh) (27 2)1/2 < W(Cl + CQ)be,w(dh) (Z, 2)1/2 + bﬂf (9’ 9)

with constants C7, Cy independent of «, h and A. Thus, by possibly reducing v €
(0, 1], such that

1/2

B2 =1 ’y(Cl + 02) > 0.
This allows us to rearrange (44), which gives
(45) b o) (2:2) % < BY2bgs (9.9) "
By setting together (40) and (45) we finally obtain
bo, (z,2) < 5w(—5)bﬂf (9,9).
which concludes the proof. O

We now set together Lemma 6.1 and Theorem 6.3 to apply the decay result to
our setting.
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Lemma 6.4. Let the conditions from Lemma 6.1 and Theorem 6.3 be satisfied.
Then,

n ~ 2 75 Ty z 2
|7 — $CNHX,L(Q@-) < fexp ( B Wg,hﬂ (it xCN”Xh(Qf) '

Proof. As in Lemma 6.1, we write

n_~n n

n_ on ~n _ (% T UeNles | [ Fui
Zi*%_xCN|Q§* vn_@n‘ = n |-

i i CNlq2 2y

From (33b) it holds

n n n n 4 n
(46) ||~ Hi{h(gi) = quzH?/h(Q) + sziHiIh(Qi) = qu,iH?/h(Qi) + ﬁ”zu,iHiIh(Qi)'

The leapfrog steps (14a) and (14c) started from apg" yield

~n n— T n— ~n
uf = upg' + §(UD81 + )
On the other hand, we have for the Crank-Nicolson method by (12a) that

~n _ ,n—1 T n—1 ~n
UCN = UDS + 5 (UDS + UCN)'
It follows
’
~n ~n _ ~n ~n
W — UCN = §(U1f - UCN)v

and thus we have as in (46)

- 112 - 112 4, 112
[ = Zenllx, o) = 8E = @exlly, s + 28 = @x, @ -
The stated bound then follows immediately by Theorem 6.3, where we set g =

on on p—
uff —udy and A = 3. g

7. AVERAGING

In this section we investigate the stability of the averaging operator ¢ defined in
(16) and deduce some bound for the specific use of ¢ within a single domain splitting
step. The statement of the following lemma relies on the notation summarized in
Table 1.

Lemma 7.1. The averaging operator  satisfies the following stability estimate in
the mass lumped L?-norm
(47a)

N
l¢(oitics, ) @) < Covsn I lvillsy o for all vi € Hy(), i=1,... N,

i=1

with a constant Cyyg pr, > 0 independent of h, k, L.
If the CFL condition (18) is satisfied, it further holds

[#Bs — ngHih = HC<{"’3? - iélN’Qf}i:L...,N) Hi{h

N
< Cavg . [l27 = 38x %, 00
=1

There, the constant Cave may depend on £, but it does not depend on h and 7.

(47b)

Note that (47b) relies heavily on the specific structure of 7" — Zly]| os from
Lemma 6.1. '
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Proof. With vg = C({Ui}i:1 N) it holds, that

.....

m—+1

N
2 2 |K|
||UQ||Hh,(Q) = Z H”QHHh(Q Z Z Z va(cx ).
i=1 i=1 KTy (Q;) j=1
The stability bound (47a) follows directly by
2
(cx,j) vk (e ;)
valck.;)? = ECR) | < KRG
P2 el ) 22 T

with Jg j = {k € {1,...,N} : ck; € Q} and the fact that the sizes of neighboring
cells are uniformly equivalent w.r.t. h, see [17, Proposition 11.6].
To show (47b) we note that

N
~ 2 ~ 2
le({a = Zenlas bima, x5 = Do lC({at = Fenlas bimr, v ) ey
=1

Let K € Ty be a cell of which all vertices {CKJ};":T lie inside of one of these
subdomains, say in 2. For this cell the averaged solution coincides with the local
solution, i.e.,

(48) C({iﬂf - 58N|gzg}i:1 ..... N) ‘K - (xZ - %CN|91€) K

This means we only have to focus on the remaining cells for which one of the
vertices, say ck ,, lies on an interface, i.e. in

ckr€l= |J Tu

i=1,...,N

Furthermore, we define the set of all cells having at least one vertex on the interface
by

D)={KeTy|ck;eN\( U N, ) for at least one j € 1,...,m+1}.

i=1,..,N
By Lemma 6.1 we have uf — uly =  (vF —08y) in Hy,(Q2), see (33b), and thus
n ~n T n ~n
(ups — ucn) (ck5) = 5 (vps — V) (ck,j) forall ek j € N
For K € T,(T'), we derive with the CFL condition (18) that
l2bs — Zénllx, ) = lubs — @onlly, ) + ﬁHUDS = 8N [, )
< |\ Zall g, lubs = uCNHHh(K) + ﬁ”“Ds - uCNHHh(K)
4 ~ 2
2 n
<+ l)ﬁHuDS - UCN||Hh(K)
n ~n 2
= (£2 + 1)HUDS - UCNHH,L(K) :
We continue by using (47a) which implies that

N
S lvBs = 0n i, ) < Covettn D 2 oi =Bl

KeTn(D) =1 KeTn(T)
KCQ;

N
< Cavgr, y, Y, |t — 5CN||§(h(K)-

=1 KeT,(I")
KcQ;
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Putting these derivations together we obtain finally

N
(49) Z Hfﬂf)s - E(?NH?X;L(K) = Cﬁ"gz Z fo - Egl\TH?Xh(K) ’
KeTun(T) i=1 KeT,(T)
KCQ;

with Cavg = Cave, i, (EQ + 1). However, by (48) we also know that

N
o abs—Fnlluo =2 X la? @l -

KETi\Ti(I) i=1 KeTi\Tn ()
KcCQ;

Together with (49) this yields (47b). O
8. GLOBAL ERROR

Recall the definitions of zfg, ¥, ¢y, Ty and Tf, which are summarized in
Table 1. We now derive a bound for the difference E™ of the domain splitting
approximation and the Crank—Nicolson approximation after n time steps, i.e.

(50) E" = ||lps — x|, -

For that we will use the results of the previous sections, so recall the constants
Cdata from Lemma 5.2, M, from Lemma 5.3, 3,7 from Theorem 6.3, and Cjyg from
Lemma 7.1.

To set everything together, we denote the maximum number of mutually over-
lapping subdomains by

(51) card{i | € Q} < Cqion, for all x € Q.

Note that Cglo, does not depend on the total number of subdomains N. This
property is known as bounded local overlap property, see for instance [32].
Lemma 8.1. Let u°,v° € H2(Q) N H(Q) and f € L*°([0,T]; H*(Q) N HL(Q)).
Assume that the CFL condition (18) holds. Then, E™ defined in (50) satisfies

n—1

(52) E" < 1CaataDr s Z(l +Dyps)
§=0
with
0 N\
(53) D2, 5 = CavgCuionB exp ( S h})MZ .

Note, that the overlap § scales like fh. Recall, that M 42 is a fourth polynomial
of order in ¢. Hence, D j s becomes small fast when increasing ¢.

Proof. Firstly, we use the triangle inequality to obtain
B = s ot < s~ T lx, + 17—l = B3+ BB,
Secondly, we use (47b) and then exploit the exponential decay in Lemma 6.4 and
(51)
N

() = |lobs — Fénllx, < Cave D ll7t = Féxl5, o)
i=1

< CavgBexp ( max{f h}) Z |z — ‘TCN||Xh(Q5

< Cgioh Cavg S exp ( - m) |2 — ‘%CNHXh
PR
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Next, Lemma 5.3 yields
||‘:i"il7fI - EgN’|X;l < MZ (En_1 + Tcdata) ;
so that we obtain

6

En 2< av, y10 T T 1
( A) —C gcgl bﬁexp( max{%,h}

)Mf (E"' + 7Cuata)”

For term E% we use that the Crank—Nicolson operator R defined in (21) is unitary,
which implies

n—

Py = [|7éy - x%NHXh =||R (25’ —=ex') HXh = [|lps" — mCNluXh, = E"L
Combining the estimates of £’ and E} and obtain

E" < D‘r,h,& (Em_1 + TCdata) + En_l
= (1 + Dﬂh,é)Enil + TDT,h,,écdata-

Resolving this inequality and using that E° = ||:1c0DS — xOCNHX} = 0 proves the
claim. (]

8.1. Proof of Lemma 4.1. In this section, we complete the proof of the main
result Theorem 4.2 which relies on Lemma 4.1.

Proof. By assumption, we take the overlap § ~ ¢h sufficiently large, such that there
exists a constant 0 < o < 1 with

1/2
0 2
4 D; = av o ( - 7) M, < y
(54) 16 (C ¢Calob 8 exp T E > <ot
where 7 was introduced in Theorem 6.3. From (52) we obtain

n—1

(55) E" < 12C4ata0T Z (1 + 072)j .
j=0

This allows us to derive two error bounds. Since 7 < 1, there holds

n—1 n—1
oT Z (1 + 072)] <or Z (1+ O’T)j <%t 1
§=0 §=0
and
n—1 ) 1
oT Z (1 + 0'7'2)] < f(e‘”t" — 1) < ot,e’ i,
i=0 4
This proves the lemma. O

8.2. Discussion on the CFL condition. Next, let us discuss the CFL condition
(18) required for Theorem 4.2. Obviously, (18) becomes weaker if £ is chosen larger.

The second condition is that the overlap & ~ ¢h has to be chosen sufficiently
large such that (54) holds for a constant ¢ € (0,1). This condition ensures, that
the damping of the prediction error is strong enough. The condition can be satisfied
for fixed 7, h by taking ¢ sufficiently large such that the condition on é ~ h¢ above
is satisfied.
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FIGURE 2. Maximal stable step sizes Tyax Of the domain splitting
(DS¢) depending on the overlap parameter £.

9. NUMERICAL EXPERIMENTS

After proving the theoretical results in the previous sections, we confirm and il-
lustrate these with some numerical experiments. All experiments were implemented
within the FEniCSx framework [1,36]. The code corresponding to the experiments
in this section is made publicly available at

https://doi.org/10.35097/zsd8jg6d7urs378x.

In all graphs, solid lines refer to errors against the analytical solution, dashed
lines refer to errors against the Crank—Nicolson solution.

9.1. One-dimensional experiments. Inspired by [34] we construct an analytical
solution to the homogeneous wave equation on a one-dimensional domain (0,1) C R.
We choose a function

B 3
(56) lLLg,S(Z) = 1{|z—§|<s} Sin(%W) ,

where 1g denotes the indicator function corresponding to a set S. Then, we define
the initial conditions for (1) as

(57) u(z) = p(z), () =l —t)],_,
with
w(z) = pe; s(2) — pey,s(2), & =055, & =045 s=0.2.

In order to avoid over approximation effects, we perturbed a uniform mesh
randomly, which resulted in a non-equidistant mesh with minimum mesh width
Bmin = 3 -107% and maximum mesh width Apax = 6.9 - 10~% with 2000 subin-
tervals). All domain splitting approximations use two subdomains and the index
indicates the choice of the overlap parameter /.

We start by illustrating the dependence of the CFL condition (18) on the overlap
parameter £ in Figure 2. One can clearly see the linear dependence, confirming the
theoretical result.

In Figure 3 we show the Hg () x L?(Q) errors measured at the final time T'= 5.0
against the exact solution (which can be found in [34]). For comparison, we also
show the error of Crank—Nicolson (CN) and the leapfrog (If) methods on the full
domain. Here, we observe that the error of DS, roughly coincides with the Crank—
Nicolson error, if the time step satisfies the CFL condition. This is confirmed in
Figure 3, where we illustrate Lemma 4.1 by plotting not only the error against the
exact solution but also the error of the domain splitting method (DSg) against the
Crank—Nicolson solution on the full domain.


https://doi.org/10.35097/zsd8jg6d7urs378x
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FIGURE 3. Errors of the domain splitting approximation (DSy) for
the 1d example of Section 9.1 for various numbers of ¢ measured at
the final time 7" = 5.0 against the exact solution (solid) and against
the Crank—Nicolson approximation (dashed). For comparison, we
also show the error of the Crank—Nicolson (CN) and the leapfrog
(If) methods on the full domain.

10! ——
Y—% @ 8 @ S-"’"’?‘
T ST L
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—If
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FIGURE 4. Errors of the domain splitting approximation (DSy)
with 4 x 4 subdomains and ¢ = 8 for the example from Section 9.2
measured at the final time 7' = 1.0 against the exact solution
(solid) and against the Crank-Nicolson approximation (dashed).
For comparison, we also show the error of the Crank—Nicolson (CN)
and the leapfrog (If) methods on the full domain.

9.2. Two-dimensional experiments. Let Q = (0,1)2, ¢ = 0.5, s = 0.2, and
Using (56), we prescribe the exact solution of (1) as

U($, Y, t) = ’U,1D(.73, t)/”'f,s(y) + 1D (yv t):uﬁ,s(x)a

where uip solves the homogeneous one-dimensional wave equation on (0,1) with
initial conditions (57) with p = ¢ . Inserting this solution into the wave operator
defines the inhomogeneity f in (1).
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FIGURE 5. Errors of the domain splitting approximation against
the Crank—Nicolson approximation on different, rectangular sub-
domain configurations. All runs were made with overlap parameter
{=8.

We discretize by a regular, triangular mesh containing 2 - 105 cells with mesh
width h = 1073, The error is measured at the final time 7" = 1.0. In Figure 4
the convergence against the exact solution is depicted for the leapfrog scheme, the
Crank—Nicolson method and the domain splitting method with different choices of
the overlap parameter £. Additionally, the norm of the difference between the final
domain splitting approximation and the Crank—Nicolson solution is measured. The
results are in line with the one-dimensional example in Figure 3.

In Figure 5 compare the error of the domain splitting approximation against the
Crank—Nicolson approximation on different, rectangular subdomain configurations
comprising IV, x N, subdomains in x and y-direction, respectively, for a fixed overlap
parameter £ = 8. The approximations are denoted by DSy n, xn,. While the error
constants depend slightly on the number of neighboring subdomains, the stability
is not affected by the number or configuration of subdomains as also stated by our
error analysis.

9.3. Experiments using a parallel implementation. In this subsection we
present the performance of a parallel implementation of the domain splitting method.
As in the previous subsections, we use FEniCSx [1] as the underlying framework.
More specifically, we use the PETSc interface through petscdpy [10]. The global
mesh is generated using Gmsh [25] and then partitioned into non-overlapping subdo-
mains using PT-Scotch [6]. The parallel implementation relies on the construction
of local meshes associated with the overlapping subdomains Q¢ and the leapfrog
prediction domains, as illustrated in Figure 6. In addition, efficient local neighbor-
to-neighbor communication between adjacent subdomains must be established. The
implementation is consistently based on these local meshes T5,(Q), while direct ac-
cess to the global mesh 75 (f2) is avoided whenever possible.

The global mesh is constructed on the unit square [0, 1], which we refine around
the center with a refinement factor of 2. An example of such a mesh, partitioned
into four non-overlapping subdomains using PT-Scotch, is shown in Figure 7.

We consider a global mesh with Agmin &~ 2.9 - 1074, resulting in approximately
4.89 - 10% spatial degrees of freedom when accounting for both components. We
compare the domain splitting method with ¢ layers (DS,) with parallelized global
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FIGURE 6. Overlapping subdomain ¢ (left, dark and light blue
area) for £ = 2 and leapfrog prediction domain (right, green area).
The interface T'¢ is shown in dark red in both figures. Only the
colored parts of the mesh are stored locally.
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FIGURE 7. Partitioning of the global domain into four nonover-
lapping subdomains using PT-scotch with Ay, = 0.0215. For the
simulations, significantly finer meshes were used.

time-integration schemes, namely the Crank—Nicolson (CN) and the leapfrog (LF)
methods, which exploit the built-in parallelization provided by FEniCSx. For the
domain splitting and the Crank—Nicolson method, the resulting linear systems are
solved using the PETSc Cholesky decomposition of the system matrix, which proved
to be faster for the problem size considered here than the available iterative solvers
provided by petscdpy. The implementation of the leapfrog method and the predic-
tion step within DS are fully explicit, since the mass matrix is diagonal.

To evaluate the accuracy of the different approaches, we prescribe an exact so-
lution and adapt the right-hand side accordingly. Specifically, we choose

2

u(z,y,t) = sin(mz)? sin(ry)? exp(t), t € [0,5],

which allows us to compute the relative L? error of the u component of a given
approximation compared to the L? norm of the exact solution. All simulations are
performed on a single node using eight CPU cores of an Intel Xeon Platinum 8358
processor. We show the relative L? errors in Figure 8 and compare the simulation
timings in Table 2.
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FIGURE 8. Comparison of the relative L? error in the first com-
ponent for the domain splitting approximation (DSy), and the ap-
proximation obtained by the global Crank—Nicolson method (CN)
and the leapfrog method (If).

If DS, DSg DSi6 CN
7=100-10"% | 7367.0s 11525.5s 11186.2s 12026.6s 17267.1s
T~ 215-107% - 5169.2s 5291.7s 5488.7s 7338.1s
TR 4.64-107% - - 2473.0s  2294.8s  3363.1s
7=1.00-10"3 - - - 1259.9s  1380.3 s

TABLE 2. Comparison of timings (setup time for solver + wall time
for time loop) for the simulations from Figure 8. We only included
simulations, where the error is comparable to the error obtained
from the global Crank—Nicolson method. Due to the dominance of
the space discretization error, all corresponding relative L? errors
lie between 2.35- 1076 and 2.38 - 1076,

For DS with eight subdomains, ¢ = 16, and a time step 7 = 0.001, we obtain a
relative L2 error of 2.35-10~% with a total runtime of 1259.9 seconds. In comparison,
the parallel CN method using eight cores and the same time step yields a relative
L? error of 2.38-107% with a runtime of 1380.3 seconds. In general, for a fixed time-
step size 7, if the domain splitting scheme omits stability, it appears to be faster
than the parallelized global CN method. Moreover, an increase in the number
of layers ¢ within the overlap comes with an additional overhead, mainly due to
communication, which is visible in most cases by an increased total simulation
time. Hence, we recommend to use ¢ as small as possible while still ensuring
stability. Finally, the parallel leapfrog scheme with eight cores and a smaller time
step 7 = 0.0001 achieves a comparable relative L? error of 2.37 - 1076 at a total
runtime of 7367.0 seconds.

The experiments indicate that the parallel implementation of the domain split-
ting method achieves accuracy comparable to the global methods, while improving
stability compared to explicit methods and reducing computational costs compared
to implicit methods.

APPENDIX A. BOUNDS OF THEOREM 6.3

With the notation introduced in Definition 6.2 and in the proof of Theorem 6.3
we now prove two Lemmas used there. Recall the definition of the constants Cyr,
and Cr, from (6) and (9), respectively, and the definition of the weight function
w in (37). Let [-|5 r (_q,) denote the H? semi-norm, weighted by w(—dp,), in the
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same manner as the bilinear forms from Definition 6.2. Moreover, |-| denotes the
Euclidean norm when applied to a vector.

Lemma A.1. Lety € (0,1], A >0, z € V;,(Q9). For wg, = w(dp)z defined in (41)
the interpolation error €4, = wq, — Lpwqy, Satisfies

‘aﬂf (Edza Z) ’ < ’yclbﬂiw(dh) (Zv Z)a
with Cy = kCx, \/3me - max{eCy,, 2}

Proof. By definition of ags(+,+) in (3), ags ,(-,-) in (35a), the Cauchy-Schwarz
inequality, and (39b) we obtain

‘aﬂg (5dz,z)’ = ’(,&V(sdz),v,z)ﬂg

(58) = ’(KQW(—dh)l/ZV(Edz)aW(dh)l/zvz)ﬂf
/e

1/2
Saaf,w(fdh)(gdzaEdZ) aﬂf,w(dw(z’z

We estimate the first factor via

aﬂf,w(fdh)(sdzagdz): Z aK,w(—dh)<5dz75dz)
KeTn(922)
2
(59) < Y maxw(—d)n® el k-
KeTn(922)

Since z|K e Py, for K € E(Qf) the function wq,
lation estimate (9) yields

|K is smooth, so that the interpo-

2 12

60 < CER? D QL — 2 .
( ) ‘5dz|17[( —= CI;L ‘wdz|2,K — minwEKw(_dh) |wd2|2,K,w(—dh)

Moreover, since w(zr) is monotonically increasing, there holds on K € T ()
(61)
max,e g w(—dp) _ w(—mingex dp)

- = dp, — mindy) < w(diamK) < w(h).
minge g w(—dp) w(— maxee i dp) w(iﬂea}? h ;Iél% r) < w(diamK) < w(h)

By combining this with (59) and (60) we get
62)  990w(-dn (Eds:as) < KPCE W Pw(h) > el an -
KeTn(Q2)

Since 8T(8jvh|K) =0forv, € PLandr,j=1,...,m, we get
KA.
0,0; max A, h
Note, that d :  + dist(z, ') satisfies

\Vd(z)| =1, forallZ € Q2
cf. [5]. By definition of dj in (38), we deduce with a geometric argument
(64) |0;dp(Z)] < |Vdp(Z)| < |Vd(Z)| =1, forj=1,...,m

for all 2 € Q9, see also [2] after equation (24).
By combining (63) and (64) and using the linearity of the integral we have

Z \wdz@,x,w(—dh)* Z /

(65) KeTn(92) KeTn(92) rj= 1

(72 (w(dp)z, z)Qtis + 2 max{A, h}QaQ?M(dh) (2, z)) .

(63) (arzajdh 2 0,dn 0y + 0,20 dh> (dn).

{/\ h}

2
8 Wdz

d
2,0; |

3m~y?
~ max{\, h}*
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Using (6), one can easily show, that
(66) (w(dp)u, U)Q;_s < C’ML(,u(h)([w(dh)u,u))m7 u € Vi (QF).
Combining this with (65) yields

2 3my? 2
(67) KETZ(Q(;) |Wdz|27K7w(_dh) < S WA max{~y CMLW(h),2}ng’w(dh)(2,z).
n (€25

Putting (62), (67) together yields an estimate for the first factor of (58) of the form
3m~y?
max{\, h}2
By (35b) and since 55 (w(dn)2, Z))Qg > 0, we bound the second factor in (58) by

Q3 w(—dy) (€dzr€dz) < KQCIQh h2w(h) max{y?Cyrw(h), 2}bﬂf’w(dh) (z,2).

agf,w(dh)(z,z) < be,w(dh)(ZvZ)-

In total, we receive the estimate

h \/%'yh 12 b
‘an (€d27 Z) ’ § K/OIhUJ(§)m maX{'}/CN[/LUJ(§), ﬁ}bﬂf,w(dh) (Z, Z) .
The claim follows by using that m <1, v < 1, and thus w(h/2) < /2 <
Vve. O

By similar arguments as in the proof of Lemma A.1 we can also derive a bound
for the last remaining term in (43).

Lemma A.2. Let the assumptions of Lemma A.1 hold. Then, we have

< 702bsz§,w(dh,)(2,z),

/ 2k2Vw(dy,) - Vzdz
o

with 02 = %K(CML6)1/2.
Proof. By (64) we have |Vdj| < 1. Thus, with definition (37) of w(-) we derive

_ Ydn _ gl 7
|Vw(dp)| = |V exp (max{/\,h}> B ‘max{/\,h} b (max{A,h})th
Y
[ — .
= max{/\,h}w(dh)

The desired bound then follows by using again the Cauchy—Schwarz inequality,
which yields

/ 2K2Vw(dy,) - Vzdz
4

~y

< __

< /{/Q? | 2] max{/\,h}w(dh)ﬁ |Vz| dz
M

~ max{\, h}

Ii(C'MLe’Y)l/2
=~ Vfbﬂf,w(dh) (Z, Z) .

1/2 1/2
(@(dn)2,2) g5 ags wiay) (2:2)

The claim follows then as in Lemma A.1 from ¥ < e. O
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