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Abstract

The purpose of this short note is to explain how the existing re-
sults on the validity of the NLS approximation can be extended from
Sobolev spaces Hs(R) to the spaces of functions u = v + w where
v ∈ Hs

per and w ∈ Hs(R). This allows us to use the Peregrine solution
of the NLS equation to find freak or rogue wave dynamics in more
complicated systems.

1 Introduction

The NLS equation

i∂TA = ν1∂
2
XA+ ν2A|A|2, (ν1, ν2 ∈ R)

can be derived by multiple scaling perturbation analysis for the description
of slow modulations in time and space of the envelope of spatially and tem-
porarily oscillating wave packets, as they appear in nonlinear optics, water
wave theory, plasma physics, waves in DNA, Bose-Einstein condensates, etc.

As an example we consider the cubic Klein-Gordon equation

∂2t u = ∂2xu− u+ u3, (1)
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for x, t, u(x, t) ∈ R. We make the ansatz

u(x, t) = εΨNLS(x, t) = εA(ε(x− cgt), ε
2t)ei(k0x−ω0t) + c.c. (2)

with spatial and temporal wave number k0 > 0 and ω0 ∈ R, with linear group
velocity cg ∈ R, with envelope function A = A(X,T ) ∈ C, scaled variables
X = ε(x − cgt), T = ε2t, and small perturbation parameter 0 < ε ≪ 1.
By inserting the ansatz in (1) and by equating the coefficients in front of
εjei(k0x−ω0t) to zero for j = 1, 2, 3, we find the linear dispersion relation
ω2
0 = k20 + 1, the linear group velocity, here cg = k0/ω0, and finally the NLS

equation
2iω0∂TA = (c2g − 1)∂2XA− 3A|A|2. (3)

Figure 1: A modulating pulse described by the NLS equation. The envelope,

advancing with group velocity cg in the laboratory frame, modulates the underlying

carrier wave ei(k0x−ω0t), advancing with phase velocity cp. The envelope evolves

approximately as a solution of the NLS equation.

Several NLS approximation results have been established in the last decades.
For the above cubic Klein-Gordon equation we have for instance [KSM92]:

Theorem. Let A ∈ C([0, T0], H
4) be a solution of the NLS equation (3).

Then there exists an ε0 > 0 and a C > 0 such that for all ε ∈ (0, ε0) there are
solutions u of the original system (1) which can be approximated by εΨNLS

with
sup

t∈[0,T0/ε2]

∥u(t)− εΨNLS(t)∥H1 < Cε3/2.
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The NLS equation was first derived by Zakharov in 1968 for the water wave
problem [Zak68]. In general, error estimates are non-trivial for quadratic
nonlinearities since solutions of order O(ε) have to be controlled on a time
scale of order O(1/ε2). The results are based on near identity change of vari-
ables using the oscillatory character of the O(ε)-terms in the error equations,
cf. [Kal88]. Resonant terms can however lead to non-approximation results.
There are rigorous counter examples that the NLS approximation fails to
make correct predictions, see [SSZ15]. An NLS approximation result for the
water wave problem can be found for instance in [Dül21].

It is the purpose of this short note to explain how the existing approxi-
mation results can be extended from Sobolev spaces Hs(R) to the spaces of
functions u = v + w where v ∈ Hs

per and w ∈ Hs(R). This allows us to use
the Peregrine solution of the NLS equation to find rogue wave dynamics in
more complicated systems, too. Rogue waves, also known as freak waves or
killer waves, are large and unpredictable surface waves that can be extremely
dangerous to ships. Their height is significantly greater than that of average
waves, and they seem to appear out of nowhere. These phenomena are not
confined to water waves; they also occur in liquid helium, non-linear optics,
and microwave cavities, see [GTY+17].

The focusing NLS equation in its normalized form

i∂τψ +
1

2
∂2ξψ + |ψ|2ψ = 0

possesses so called Peregrine solutions

A(ξ, τ) =

[
1− 4(1 + 2iτ)

1 + 4ξ2 + 4τ 2

]
eiτ (4)

which were discovered by Peregrine [Per83] and are prototype of a rogue
wave. See Figure 2.

The existing NLS approximation results do not apply since this solution
does not decay to zero for |ξ| → ∞. However, it can be written as

A(ξ, τ) = eiτ +B(ξ, τ),

with B(·, τ) ∈ W s,p(R) for all p ∈ [1,∞] and s ∈ N0. In a similar manner we
split the ansatz, defined in (2), into

εΨNLS(x, t) = εΨv(x, t) + εΨw(x, t),
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Figure 2: Absolute value (left) and real part (right) of the Peregrine soliton
plotted as a function of space and time.

with
εΨv(x, t) = εΨv(x+ 2π/k0, t), εΨv(·, t) ∈ W s,p

per,

and
εΨw(·, t) ∈ W s,p(R).

In a similar manner we split the solution u of the cubic Klein-Gordon equation
into

u = v + w,

with

v(x, t) = v(x+ 2π/k0, t), v(·, t) ∈ W s,p
per, and w(·, t) ∈ W s,p(R).

The new variables v and w satisfy

∂2t v = ∂2xv − v + v3, (5)

∂2tw = ∂2xw − w + 3v2w + 3vw2 + w3. (6)

Then we have the following approximation result

Theorem 1.1. Fix s > 1/2 and let A = Av + Aw, with

(Av, Aw) ∈ C([0, T0],C×Hs+4(R)),
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be a solution of the NLS equation (3). Then there exist ε0 > 0 and C > 0
such that for all ε ∈ (0, ε0) there are solutions

(v, w) ∈ C([0, T ], Hs
per ×Hs(R))

of the KG equation (1) with

sup
t∈[0,T0/ε2]

∥(v, w)(·, t)− (εΨv, εΨw)(·, t)∥Hs
per×Hs ≤ Cε3/2.

Since we have a cubic nonlinearity the application of Gronwall’s inequality
to the variation of constant formula is sufficient for getting an O(1)-bound
for Rv and Rw on the long O(1/ε2)-time scale. We expect that most of
the existing NLS approximation theory (the handling of quadratic terms
by normal form transformations, cf. [Kal88], the handling of resonances,
cf. [Sch05], and quasilinear systems, cf. [Dül17, WC17, DH18]) can be
transferred to these function spaces. There are other interesting solutions
of the NLS equation having the same analytic properties as the Peregrine
solutions. Hence the above approximation result also applies to so called
Kuznetsov-Ma solitons and higher order Peregrine solitons. See Section 6.

Acknowledgement. The paper is partially supported by the Deutsche
Forschungsgemeinschaft DFG through the SFB 1173 “Wave phenomena”
Project-ID 258734477.

2 The functional analytic set-up

In this section we introduce the functional analytic set-up which we need to
prove Theorem 1.1.

A) In order to solve (5) we use the space

Hs
per,k0

= {v : R → R : v(x) = v(x+ 2π/k0), ∥v∥Hs
per

<∞}

for a k0 > 0, with

∥v∥Hs
per

= ∥v̂∥ℓ2s = ∥(⟨k⟩s/2v̂k)k∈Z∥ℓ2 =

(∑
k∈Z

|v̂k|2(1 + k2)

)1/2

,

where v(x) = k0
2π

∑
k∈Z v̂ke

ikk0x, i.e., (v̂k)k∈Z is the discrete Fourier transform
of v. In the following we write Hs

per instead of Hs
per,k0

if no confusion is
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possible. The space Hs
per is closed under pointwise multiplication if s > 1/2

and can be embedded in C0
b,unif if s > 1/2. In detail, for each s > 1/2 there

exists a C > 0 such that for all v1, v2 ∈ Hs
per we have

∥v1v2∥Hs
per

≤ C∥v1∥Hs
per

∥v2∥Hs
per
.

B) In order to solve (6) we use the space

Hs = Hs(R) = {w : R → R : ∥w∥Hs <∞},

with

∥w∥Hs = ∥ŵ∥L2
s
= ∥ ⟨·⟩s/2 ŵ(·)∥L2 =

(∫
(1 + k2)s|ŵ(k)|2dk

)1/2

,

i.e., ŵ is the continuous Fourier transform of w. The space Hs(R) is closed
under pointwise multiplication if s > 1/2 and can be embedded in C0

b,unif if
s > 1/2. In detail, for each s > 1/2 there exists a C > 0 such that for all
w1, w2 ∈ Hs(R) we have

∥w1w2∥Hs ≤ C∥w1∥Hs∥w2∥Hs .

C) In (6) there are multiplications between v ∈ Hs
per and w ∈ Hs, too.

For s > 1/2 these can be estimated with

∥vw∥Hs = ∥⟨k⟩s/2v̂w(k)∥L2(dk) ≤
∥∥∥∥∫ ⟨k⟩s/2|v̂(k − ℓ)ŵ(ℓ)|dℓ

∥∥∥∥
L2(dk)

≤ C

∥∥∥∥∫ ⟨k − ℓ⟩s/2|v̂(k − ℓ)ŵ(ℓ)|dℓ+
∫

⟨ℓ⟩s/2|v̂(k − ℓ)ŵ(ℓ)|dℓ
∥∥∥∥
L2

≤ C∥|⟨·⟩s/2v̂| ∗ |ŵ|+ |v̂| ∗ |⟨·⟩s/2ŵ|∥L2

≤ C
(
∥⟨·⟩s/2v̂∥ℓ2∥ŵ∥L1 + ∥v̂∥ℓ1∥⟨·⟩s/2ŵ∥L2

)
= C(∥v̂∥ℓ2s∥ŵ∥L1 + ∥v̂i∥ℓ10∥ŵ∥L2

s
)

≤ 2C∥v∥Hs
per

∥w∥Hs ,

where we used the identity

⟨k⟩s ≤ C(⟨k − ℓ⟩s + ⟨ℓ⟩s),

in the second inequality, Young’s inequality in the fourth inequality, and
Sobolev’s embedding theorem in the last inequality.
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Remark 2.1. The goal of this paper can also be reformulated as follows. It
is the purpose of this short note is to explain how the existing results about
the validity of the NLS approximation can be extended from Sobolev spaces
to spaces formally defined by

M s = {u = v + w : v ∈ Hs
per, w ∈ Hs},

with the corresponding norm

∥u∥Ms = ∥v∥Hs
per

+ ∥w∥Hs .

As a direct consequence of the above estimates the spaces M s are algebras
for s > 1/2, i.e., for each s > 1/2 there exists a C > 0 such that for all
u1, u2 ∈M s we have

∥u1u2∥Ms ≤ C∥u1∥Ms∥u2∥Ms .

3 Construction of an improved approxima-

tion

We follow the lines of [KSM92] and consider the improved approximation

u(x, t) = εΨ(x, t) = εA(ε(x− cgt), ε
2t)ei(k0x−ω0t)

+ε3A3(ε(x− cgt), ε
2t)e3i(k0x−ω0t) + c.c..

By this choice we have that the so called residual

Res = −∂2t u+ ∂2xu− u+ u3,

i.e., the terms which do not cancel after inserting the approximation into the
equation, is formally of order O(ε4). For estimating the approximation and
the residual we split A = Av +Aw into a spatially constant part Av and into
a spatially decaying part Aw. Similarly, we split A3 = A3,v +A3,w. Thus the
improved approximation is then of the form

u(x, t) = εΨ(x, t) = v(x, t) + w(x, t) = εΨv(x, t) + εΨw(x, t),

where

εΨv(x, t) = εAv(ε(x− cgt), ε
2t)ei(k0x−ω0t)

+ε3A3,v(ε(x− cgt), ε
2t)e3i(k0x−ω0t) + c.c.,

εΨw(x, t) = εAw(ε(x− cgt), ε
2t)ei(k0x−ω0t)

+ε3A3,w(ε(x− cgt), ε
2t)e3i(k0x−ω0t) + c.c..
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By inserting this ansatz into (1) and by equating the coefficients in front of
εjei(k0x−ω0t) to zero, for j = 1, 2, 3, we find, as in the introduction, the linear
dispersion relation ω2

0 = k20 +1, the linear group velocity cg = k0/ω0, and the
NLS equation

2iω0∂TAv = −3Av|Av|2, (7)

2iω0∂TAw = (c2g − 1)∂2XAw − 3A2
vAw − 6AvAwAv (8)

−3A2
wAv − 6AwAvAw − 3A2

wAw.

By equating the coefficient in front of ε3e3i(k0x−ω0t) to zero we finally find

0 = (9k2 − 9ω2
0 + 1)A3,v − A3

v, (9)

0 = (9k2 − 9ω2
0 + 1)A3,w − 3A2

vAw − 3AvA
2
w − A3

w. (10)

Similarly to the splitting of u = v+w we split the residual Res = Resv+Resw,
into

Resv(v) = −∂2t v + ∂2xv − v + v3, (11)

Resw(v, w) = −∂2tw + ∂2xw − w + 3v2w + 3vw2 + w3. (12)

4 Estimates for the residual

We have

Lemma 4.1. Assume sA − 3 ≥ s ≥ 1. Let (Av, Aw) ∈ C([0, T0],C × HsA)
be a solution of the NLS equation (7)-(8) and let (A3,v, A3,w) be defined as
solution of (9)-(10). Then there exist ε0 > 0 and C > 0 such that for all
ε ∈ (0, ε0) we have

sup
t∈[0,T0/ε2]

∥Resv(εΨv)∥Hs
per

≤ Cε4

and
sup

t∈[0,T0/ε2]

∥Resw(εΨv, εΨw)∥Hs ≤ Cε7/2.

Proof. By construction we have that the remaining terms in the residuals are
formally of order O(ε4). The loss of ε−1/2 for Resw(εΨv, εΨw) comes from the
scaling properties of the L2(R)-norm w.r.t. the scaling X = εx. We refrain
from giving the detailed estimates which are completely straightforward, cf.
[SU17, Section 11.2].
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5 The error estimates

The subsequent error estimates adapt the proof in [SU17, Section 11.2]. We
introduce error functions εβRv and εβRw with β = 3/2 by:

v = εΨv + εβRv, w = εΨw + εβRw,

where
Rv(x, t) = Rv(x+ 2π/k0, t), Rw(·, t) ∈ L2(R).

The error functions Rv and Rw satisfy

∂2tRv = ∂2xRv −Rv + ε2fv, (13)

∂2tRw = ∂2xRw −Rw + ε2fw, (14)

where

ε2fv = 3ε2Ψ2
vRv + 3ε1+βΨvR

2
v + ε2βR3

v + ε−βResv(εΨv),

ε2fw = 3ε2(Ψv +Ψw)
2Rw + 3ε2Ψ2

wRv + 6ε2ΨvΨwRv

+3ε1+β(Ψv +Ψw)R
2
w + 3ε1+βΨwR

2
v + 6ε1+βΨwRvRw

+3ε2βR2
vRw + 3ε2βRvR

2
w + ε2βR3

w + ε−βResw(εΨv, εΨw).

The associated equations in Fourier space, namely

∂2t R̂q = −ω2R̂q + ε2f̂q,

with q = v, w and ω(k) =
√
k2 + 1, are written as a first order system

∂tR̂q,1 = iωR̂q,2,

∂tR̂q,2 = iωR̂q,1 + ε2
1

iω
f̂q.

This system is abbreviated as

∂tR̂q(k, t) = Λ̂(k)R̂q(k, t) + ε2F̂q(k, t),

with

Λ̂(k) =

(
0 iω(k)

iω(k) 0

)
, F̂q(k, t) =

(
0

1
iω
f̂q(k, t)

)
.

We use the variation of constant formula

R̂q(k, t) = etΛ̂(k)R̂q(k, 0) + ε2
∫ t

0

e(t−τ)Λ̂(k)F̂q(k, τ)dτ

to estimate the solutions of this system. We start with the estimate for the
linear semigroup.
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Lemma 5.1. The semigroup (etΛ̂(k))t≥0 is uniformly bounded in every L2
s and

every ℓ2s, i.e., for every s ≥ 0 there exists a C > 0 such that

sup
t∈R

∥etΛ̂(k)∥L2
s→L2

s
+ sup

t∈R
∥etΛ̂(k)∥ℓ2s→ℓ2s

≤ C.

Proof. In the following Xs denotes L2
s or ℓ2s. We have Λ̂(k) = SD̂(k)S−1

and as a consequence etΛ̂(k) = SetD̂(k)S−1 where

S =

(
1 1
1 −1

)
and D̂(k) =

(
iω(k) 0
0 −iω(k)

)
.

The estimate follows from

∥etΛ̂(k)û∥Xs ≤ sup
k∈R

∥etΛ̂(k)∥C2→C2∥û∥Xs ,

and

sup
k∈R

∥etΛ̂(k)∥C2→C2 ≤ ∥S∥C2→C2 sup
k∈R

∥etD̂(k)∥C2→C2 · ∥S−1∥C2→C2

≤ ∥S∥C2→C2∥S−1∥C2→C2 <∞.

For the nonlinear terms we have

Lemma 5.2. For every s > 1/2 there is a C > 0 such that for all ε ∈ (0, 1]
we have

∥F̂v∥ℓ2s ≤ C
(
∥R̂v∥ℓ2s + εβ−1∥R̂v∥2ℓ2s + ε2β−2∥R̂v|3ℓ2s + 1

)
,

∥F̂w∥L2
s

≤ C
(
∥R̂v∥ℓ2s + ∥R̂w∥L2

s
+ εβ−1(∥R̂v∥ℓ2s + ∥R̂w∥L2

s
)2

+ε2β−2(∥R̂v∥ℓ2s + ∥R̂w∥L2
s
)3 + 1

)
.

Proof. Let q ∈ {v, w}, and Xs
q , Y

s
q be ℓ2s, ℓ

1
s for q = v and L2

s, L
1
s for q = w.

Then the estimates follow from∥∥∥ 1
ω
û
∥∥∥
Xs

q

≤ ∥û∥Xs
q
, ∥ε−βR̂esq∥Xs

q
≤ C,
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as well as from∥∥∥Ψ̂q1 ∗ Ψ̂q2 ∗ R̂q3

∥∥∥
Xs

q

≤ C∥Ψ̂q1∥Y s
q1
∥Ψ̂q2∥Y s

q2
∥R̂q3∥Xs

q3
,

∥Ψ̂q1 ∗ R̂q2 ∗ R̂q3∥Xs
q
≤ C∥Ψ̂q1∥Y s

q1
∥R̂q2∥Xs

q2
∥R̂q3∥Xs

q3
,

∥R̂q1 ∗ R̂q2 ∗ R̂q3∥Xs
q
≤ C∥R̂q1∥Xs

q1
∥R̂q2∥Xs

q2
∥R̂q3∥Xs

q3
,

where for q = v we have q1 = q2 = q3 = v and where for q = w at least one
of the indices qj equals w. Finally for estimating ∥Ψ̂q∥Y s

q
we use

2
∥∥∥1
ε
Âq

( · − k0
ε

)
+ h.o.t.

∥∥∥
Y s
q

≤ C
∥∥∥1
ε
Âq

( ·
ε

)∥∥∥
Y s
q

+ h.o.t.

≤ C∥Âq∥Y s
q
+ h.o.t. ≤ C∥Âq∥Xs+1

q
+ h.o.t..

Note that we estimated Ψ̂q in Y s
q and not in Xs

q since ∥Ψ̂q∥Xs
q
= O(ε−1/2)

for q = w which is too large to derive estimates on the natural time scale
O(1/ε2) with respect to t.

Using the previous lemmas shows that

Z(t) = ∥R̂v(t)∥ℓ2s + ∥R̂w(t)∥L2
s

satisfies

Z(t) ≤ Cε2
∫ t

0

(
Z(τ) + εβ−1Z(τ)2 + ε2β−2Z(τ)3 + 1

)
dτ

≤ Cε2
∫ t

0

(Z(τ) + 2) dτ ≤ 2CT0 + Cε2
∫ t

0

Z(τ)dτ

which holds as long as

εβ−1Z(τ)2 + ε2β−2Z(τ)3 ≤ 1. (15)

Applying Gronwall’s inequality yields

Z(t) = ∥R̂v(t)∥ℓ2s + ∥R̂w(t)∥L2
s
≤ 2CT0e

Cε2t ≤ 2CT0e
CT0 =M

for all t ∈ [0, T0/ε
2]. Choosing ε0 > 0 such that εβ−1

0 M2 + ε2β−2
0 M3 ≤ 1

ensures that condition (15) is satisfied. This completes the proof of our
approximation result.

Remark 5.3. Local existence and uniqueness of solutions to the nonlinear
wave equation (1), as well as to the error equations (13)-(14), hold in the
function spaces in which the error estimates were derived.
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6 Discussion

We strongly expect that the existing theory about the validity of NLS ap-
proximations, i.e., the handling of quadratic nonlinearities by normal form
transformations, cf. [Kal88], the handling of resonances, cf. [Sch05], or the
handling of quasilinear systems, cf. [Dül17], can be transferred in the same
way. Therefore, we strongly expect that an approximation result, similar to
Theorem 1.1, holds for the water wave problem, too. This will be the subject
of future research. The present paper goes beyond some formal arguments
and is a strong indication for the occurrence of freak or rogue wave behav-
ior in almost all dispersive wave system where the defocusing NLS equation
occurs as an amplitude equation in the above sense.

The Peregrine soliton is not the only interesting solution where our the-
ory applies, too. For illustration we recall some of these solutions from the
existing literature. The Peregrine soliton can be obtained from the family of
solutions

A(X,T ) = eiT
(
1 +

2(1− 2a) cosh(RT ) + iR sinh(RT )√
2a cos(ΩX)− cosh(RT )

)
in the limit a→ 1/2, cf. [AAT09], where

R =
√

8a(1− 2a), Ω = 2
√
1− 2a.

For 0 < a < 1/2 the members of this family are called Akhmediev Breathers.
They are spatially periodic and localized in time above a time-periodic spa-
tially constant background state. See Figure 3. For a > 1/2 the members
of this family are called Kuznetsov-Ma solitons. They are time-periodic and
spatially localized above a time-periodic spatially constant background state.
See Figure 4. Our approximation result, Theorem 1.1, easily applies for all
members of the Kuznetsov-Ma family, too.

Finally, the Peregrine soliton can also be seen as a member of a family of
solutions of the form

A(X,T ) = eiT
(
(−1)j +

Gj + iHj

Dj

)
where the Gj and Hj are suitable chosen complex polynomials and the Dj are
suitable chosen positive real polynomials, cf. [AASC09]. For the Peregrine
soliton we have j = 1, G1 = 4, H1 = 8x, and D1 = 1 + 4x2 + 4t2. Other
members of this family are plotted in Figure 5. Our approximation result,
Theorem 1.1, applies to all members of this family.
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Figure 3: Absolute value of an
Akhmediev breather (periodic in
space) for a = 1

4
.

Figure 4: Absolute value of a
Kuznetsov-Ma soliton (periodic in
time) for a = 3

4
.

Figure 5: Absolute value of the higher order Peregrine soliton for j = 2, 3.
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