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Abstract

The asymptotic limit of the Navier-Stokes-Korteweg system for barotropic capillary
fluids with density dependent viscosities in the low Mach number and vanishing
viscosity regime is established in R?, with d = 2, 3. In the relative energy framework,
we prove the convergence of weak solutions of the Navier-Stokes-Korteweg system to
the strong solution of the incompressible Euler system. The convergence is obtained
through the use of suitable dispersive estimates for an acoustic system altered by the
presence of the Korteweg tensor.
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Korteweg model, capillary fluids, inviscid incompressible limit.

Contents

1 Introductionl 2
[1.1 Singular limit, scope of the present analysis| . . . . . .. ... ... .... 3
[1.2  Overview of previous results|. . . . . . . .. ... ... ... ... ... .. 4
[1.3  Organization of the paper| . . . . . . . . . ... .. ... ... .. 4
CANOEAIONl .« .+« « o v v e e e 5

|2 Background and Main Result| 5
[2.1  Existence of weak solutions for capillary fluids|. . . . . . . ... ... ... 5
[2.2  Local well-posedness tor the incompressible Euler equations| . . . . . . .. 7




3 Uniform bounds| 8
[4__Acoustic waves| 11
[6 Relative energy inequality] 13
6 Inviscid incompressible limit| 15
6.1 Initial datal . . . . . . . . . . e 16
6.2  Convective termsl . . . . . . . . . .. e e e 17
6.3 Korteweg terms| . . . . . . . . ... 20
6.4 Viscous termsl . . . . . . . ... 21
[6.5 Pressure termsl . . . . . . .. 22
6.6  Proof of Theorem 2.3. . . . . . . . . . . . . .. 24
[7_Comments on the 2D casel 24

1 Introduction

The aim of this paper is to characterize the asymptotic limit in the low Mach and
vanishing viscosity limit regime of the following (re-scaled) compressible Navier-Stokes-
Korteweg system in (0,T) x R3:

{gfg—li_l)d—l;ffﬁ:()gz ([; u) + Vplo) 2vdiv(eD(u)) — 2629V Ap = 0, (NSK)
e
complemented with far-field behavior
o—1, /pu—0, as|z|— oo, (1.1)
and the initial conditions
0(0, ) = oo, ou(0, ) = gouo. (1.2)

The unknown variables o = o (¢,2), u = u(¢,x) and p = p(p) represent the mass density,
the velocity vector and the pressure of the fluid, respectively. This last is given by a
standard power law type

plo) =07, v>1, (1.3)
while
1 T
D(u) = i(Vu +V u)

is the symmetric part of Vu. The Korteweg tensor 2620V Ap can be recast in the form
oVAp = divK where

K= (gdiv(V@) + ;|Vg|2) I-(Vo® Vo). (1.4)
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Fluids for which the Korteweg tensor has the form as in are usually termed capillary
fluids (see e.g. [4] and references therein). The parameter € represents the Mach number
while v and k are the viscosity and capillary coefficients, respectively. The associated
energy is given by

u 2
Ble.w(n) = [ [955 + o)+ wIveR| (as, (1.5
H(e) = ("~ 1=2(e~ D). (16)

where H(p) takes the far-field behavior into account.

1.1 Singular limit, scope of the present analysis

Formally, in the limit of € — 0 and v — 0, we obtain the incompressible Euler system
in the whole space

divgu®f =0,
oru” +u” - Vu® + VII =0,
with initial conditions
u?(0,.) =uf. (1.7)

More precisely, in the present analysis we are interested to prove the convergence of
the weak solution of to the strong solution of in the limit of ¢ — 0 and
v — 0, namely in the low-Mach (incompressible) and vanishing viscosity limit. The key
difficulty of our analysis consists in tackling the singular limit in the presence of a highly
non-linear capillarity tensor, a density-dependent viscosity and disturbing effects caused
by fast oscillating acoustic waves. The occurrence of the latter is due to the choice of the
so-called ill-prepared initial data (see Section .

The convergence will be obtained within the relative energy inequality framework,
we refer for instance to [I5] and references therein for a comprehensive overview of the
method. To the best of our knowledge, the present is the first result addressing the
inviscid incompressible limit for capillary fluids and could be seen as a continuation of a
previous analysis in which a weak-strong uniqueness result (for a fixed viscosity coefficient
v > 0), together with the high-Mach number limit, has been recently obtained; see [13].

To achieve our result, we thus need the following:

e A suitable form of the relative energy inequality that captures structural properties
of compressible flow including the capillarity and density-dependent viscosity tensors,
in particular, in the vanishing viscosity limit.

e Appropriate dispersive estimates for the decay of the acoustic waves in the low-
Mach number limit that take the capillarity effects into account.



Regarding the first point, in [I3] the authors derived a relative energy inequality
based on an “augmented” version of the system in the same spirit of e.g. [9], [10],
[11], where an equation for a velocity of the type 20V log(p) is properly introduced. The
use of the “augmented” system is required due to the fact that an H' bound for the
velocity is no longer available because of the density dependent viscosity. Consequently,
standard application of the Korn’s inequality to handle, in particular, the viscous terms
in the usual weak-strong uniqueness framework is not possible. The authors in [6] used
this “augmented” version to study, for the first time, the vanishing viscosity limit for
a barotropic fluid with density dependent viscosity. The result has been obtained for
a fluid in smooth bounded domain and without the presence of the Korteweg term.
However, a recent analysis (see [7]) shows that it is possible to completely avoid the
“augmented” version of the system using a suitable form of the relative energy
inequality. Consequently, being the proper framework to perform the vanishing viscosity
limit, our relative energy inequality will be consistent with the one considered in [7].

On the other hand, the analysis of the incompressible limit requires a suitable control
of the acoustic waves which presence is due to (potential) density fluctuations at finite
Mach number. Being the problem posed on R?, suitable dispersive estimates
yield the decay of the acoustic waves in the low-Mach number limit. Here, we take the
presence of the nonlinear capillarity tensor 2k2pV Ap depending on third order derivatives
of the density into account. Upon linearizing system around the constant state
(p = 1,u = 0), it is possible to obtain a fourth-order acoustic wave equation for the
density fluctuations o. = ¢ 1(g. — 1), namely

1
Oio. — SO0 2e2K2A)o. = 0. (1.8)

The presence of the Korteweg tensor modifies the dispersion relation governing the
propagation of the acoustic waves with respect to the usual dispersive estimates obtained
for the classical wave equation, namely in the absence of the capillarity tensor (k = 0) and
is reminiscent to the accoustic oscillations occuring in quantum fluids [1,2]. Consequently,
the adaptation of the techniques developed in [I, 2] allows us to derive suitable estimates
for the present analysis (see Section |4| below).

1.2 Overview of previous results

Other results in the context of Korteweg fluids concern the low-Mach number limit
for quantum fluids (see [1], [2], [18]) in which the authors study a weak-weak convergence
towards the weak solution of the quantum incompressible Navier-Stokes system.

A similar singular limit analysis for the Korteweg type fluids has also been performed
in the case of the quasi neutral limit; see [§],[I4]. In the framework of strong solutions
we can refer to [16], [17], [20], [21], [27], [24].

1.3 Organization of the paper

The manuscript is organized as follows: in Section [2| we discuss the existence of weak
solutions for the Navier-Stokes-Korteweg system (NSKJ) together with the existence of



the strong solution of the Euler system . Then, we present our main result. Section
is devoted to the uniform bounds. In Section [ we introduce the acoustic system related
to the Navier-Stokes-Korteweg system and the dispersive estimates. In Section
we derive the relative energy inequality suitable for our analysis. In Section [6] we
study the incompressible and vanishing viscosity limit in the whole space R3. Section
[7 is devoted to some comments and observation that concern the incompressible and
vanishing viscosity limit in the 2D-case.

1.4 Notation

We denote by C2°([0,T) x R?; RY) the space of periodic smooth functions with values
in R? with compact support in [0,7) x R3 and by LP(R3) the standard Lebesgue spaces.
The Sobolev spaces of functions with s distributional derivative in LP(R3) are W*P(R3).
In the case p = 2, W*P(R3) = H*(R3). The Bochner spaces for time-dependent functions
with values in Banach spaces X are denoted by LP(0,T; X) and W*P(0, T'; X). The space
C(0,T; X,) is the space of continuous functions endowed with the weak topology. By
Q and P we denote the Helmholtz-Leray projectors on irrotational and divergence-free
vector fields, respectively:

Q=VA ldiv, P=I-Q.

2 Background and Main Result

We introduce the concepts of weak solutions for the Navier Stokes Korteweg system
(NSK]) and of strong solutions for the target Euler system ([E]). For both systems solutions
are considered in R?® with given farfield condition (T.1]).

2.1 Existence of weak solutions for capillary fluids

Definition 2.1. A triple (o,u,T), with o > 0, is said to be a weak solution to (NSK]
with initial data if the following conditions are satisfied:

(i) Integrability conditions:
o€ L=(0,T; Hh (%) N L2(0,T; HE(RY),  /ou € L=(0,T; L2,,(RY)),
0?7 € L™(0,T; Li,o(R%)) N L*(0, T Hyyo(R?)),  V/o € L0, T; L (RY)),
T € L2(0,T: L2 (BY),  oue O(0.7); L}, (B).
(i) Continuity equation: for any ¢ € C°([0,T] x R3;R) and for all T € [0,T],

- / / (00hp + v/a/0u - Vep) dadt = / 0(0, (0, dr / o(7, (7, Yz
0 R3 R3 R3 (21)



(iii) Momentum equation: for any fixed | = 1,2,3, ¢ € C°([0,T] x R3;R3) and for all
7€ [0,7],

—/0 /RB Vovou- 0y dxdt—/o /RB(\/Eu@\@u) : Vo dxdt
+2v /OT » VoS(u) : Vo dxdt — 512/(]T /11&3 p(o)dive dzdt
o2 [ : Lo 2 .
2K /0 /RS (VQ V (odive) 2|Vg| divg+Vo® Vo : ng)) dxdt
— [ (e 9)0.)dz - [ (ou-9)(r. ) (2.2
R?)

R3

(iv) Dissipation: for any ¢ € C°([0,T] x R3;R) and for all T € [0,T],
/ / (v/oT)¢ dxdt = —/ / ou-V¢§ dmdt—/ / 2(y/ou®V/p)¢ dzdt. (2.3)
0 JR3 0 JR3 0 JR3

(v) Energy inequality: for almost all T € [0,T], the energy as defined in (1.5]) satisfies
the inequality

E(o,u)(1) +2v /OT » |S(u)(7, z)|2dzdt < E(°,u°), (2.4)

where S denotes the symmetric part of the tensor T .

(vi) BD-entropy inequality: there exists C' > 0 such that for almost all T € [0,T] the
Bresch-Desjardins entropy inequality holds

B(o,u)(7) + 2v /OT - |A(u) (7, )|*dxdt

8v [T
T2
7 Jo JR3

with

2 T
Vo? (, x)‘ dxdt + 41//-;2/ / |Ao(r,2)|?dzdt < CB(0°, u®), (2.5)
0 JR3

1
B = [ | |5Vau+ 2VVER + RV 4 H)| (e (26)
and A denoting the anti-symmetric part of T .

Here, S(u) and A(u) are the symmetric and anti-symmetric part of the tensor 7 (u),
respectively, defined by

VoT (u) = V(ou) —2(,/ou)®Vy/o in D ([0,T] x R?). (2.7)



Remark 2.1. For smooth solutions, the energy inequality (in fact an equality) for the

system (NSK]) reads
E(o,u)(7) +2V/ / o|D(u)2dzdt < E(o°,u°). (2.8)
0 JRr3

For weak solutions, we only require the energy inequality to hold where the dissipation
is formulated in distributional sense. Weak solutions are commonly constructed

through approximation procedures and at present it appears to be unclear whether

arbitrary finite energy weak solutions satisfy the inequality @ Indeed, a lack of

compactness rules out to conclude that the weak-limit in Lgm of \/onD(uy,) is given by

VoD(u), see [4, Remark 2.2]. In general, the approximation procedure only yields the

information

VorD(u,) =S in L7,.
The viscous term oD(u) has hence to be understood as /0S. Similar arguments hold for
the BD-entropy inequality.

We postulate the following existence result of global finite energy weak solutions.
While to the best of the authors’ knowledge this result is not available in the literature
for considered on R3 with far-field , the respective result for the problem
posed on T? is proven in [4]. It is conceivable that global existence of weak solutions to
on R3 with far-field can be achieved by combining the periodic result [4] and
the invading domains approach developed in [3] in the case of quantum fluids in order to
prove the following:

Theorem 2.1. Given initial data (¢°,u®) of finite energy and BD-entropy, then, there
exists at least a global weak solution (o,u,T) of (NSK)]) in the sense of Definition [2.1]

2.2 Local well-posedness for the incompressible Euler equations

We recall here the following classical result (see [22], [23] for example) for the target
Euler system :

Theorem 2.2. Given uf € W32(R3) with divuf = 0, there exists T* > 0 and a unique
solution to the initial value problem @ - such that for all 0 < T < T* it holds,

u? e C*([0,T), W3 R2(R% R3)), I € C*([0,T), W3 F2(R?)), k =0,1,2,3

[ |lyyrk.ce (0. 73—k 2 ey + [Mlweoe o rws-rems)) < o(T [uf wszwsy).  (2:9)

2.3 Main result

Our main result rigorously characterises the aforementioned asymptotic regime of
(NSK)) in the case of the following set of ill-prepared initial data. Specifically,



0(0,") = 02 = 14e0?, o2 € L(R®*)NH(R?) uniformly bounded, o¥ — s in H'(R?),
(2.10)

u(0,) =u?, ol e L*(R?), /2u?-u") =0 in LA*R3). (2.11)

as ¢ — 0.

Having recalled and collected all the preliminary notions we need in the sequel we are
ready to state our main result.

Theorem 2.3. Suppose v — 0 as ¢ — 0. Assume the initial data (o%,u?) to be of
uniformly bounded finite energy and BD-entropy, i.e. there exists C' > 0 independent of
e,v > 0 such that

E(,u) <C, B(o,ud) <C. (2.12)

and satisfy ([2.10)), (2.11)). Let (o, u.,7z) be a weak solution of (NSK|) and u” the unique
solution to the initial value problem @ - on [0,T) x R3, 0 < T < T*, with initial

datum uf’ = P(u’) € W32(R3). Then, as ¢ — 0,
0- —1—0 in L™®(0,T; L*(R?) + L7 (R3)) N L>(0, T; H*(R?)) (2.13)

for all 0 < s < 1 and
Vvou. —u¥ in L*(0,T; LY (RY), (2.14)

for any 0 < T < T™.

Remark 2.2. Note that in , we do not require that the initial data for the density
is well-prepared but allow for the presence of fast oscillating acoustic waves. The quantity
s will serve as initial data for the linear acoustic system in Section [4 and subsequently
in the relative entropy scheme in Section 5.

Remark 2.3. We also provide the analogue of Theorem in the case d = 2, the main
difference being the weaker dispersive decay of the acoustic waves and the well-posedness
properties of the 2D-FEuler equations . Posed on R?, singularity formation in finite
time is ruled out and we obtain global solutions. We refer to Section [7] for details.

3 Uniform bounds

Owing to (2.4) and ({2.6)), the weak solutions under consideration satisfy the following
uniform bounds. To take the non-trivial farfield (1.1]) into account, we will repeatedly
rely on the following fact: let f € L (R3) with Vf € L?*(R?), then there exists ¢ € R

loc

such that f — ¢ € L5(R3) (see [19, Theorem 4.5.9] for the proof).

Lemma 3.1. Assume that the initial data (o2, u?) satisfies (2.12)). Then, the following
hold:



(i) 0¥ —1 € HY(R3) uniformly bounded and

1<y<2

4
0 g6~
0. — 1||p2msy < C

|0z — 12 (rs) {8 V52

(i) /o — 1 € L*(R3) uniformly bounded with

4

e6—v l<y<?2
v 02 — 1] 2(m3) SC{ 7
€ V=2,

(iii) v/02u? € L?(R3) uniformly bounded.
(iv) the initial momentum satisfies o%u? € L?(R3) + L%(]R3) uniformly bounded,

(v) the initial density fluctuations o satisfy eo? € H*(R3) uniformly bounded and

y—2
6—v 1 2
P e s
C v > 2.

Remark 3.1. Note that the above uniform bounds are only based on the finite energy
assumption and do not use additional information from the viscous dissipation and the
BD-entropy inequality.

Proof. The assumptions (2.12)) yield that
Vol € L*(R?), H(g)) € L'(R?),

uniformly bounded and with H defined as in ([1.5) and thus non-negative. To prove (i),
we note that by convexity of the function s — s¥ — 1 — (s — 1) for v > 1 is possible to
conclude that

0 2 0 v 2

see [25] for details. If v > 2, this yields
102 — 1| p2(rs) < Ce

and in particular o0 —1 € H'(R?) uniformly bounded provided that v > 2. Moreover, for
any v > 1 it follows from V? € L?(R3) that there exists ¢ € R such that ¢? —c € LS(R3)
uniformly bounded. The bound then entails that oY — 1 € LS(R?). For 1 < v < 2
it follows by interpolation that

0 -0 29
1002 = )10 ypsallzz < 1002 = D10 g0 1 19211002 = 1)1 0y o [167 < Ce



with 6 = %. Upon observing that

Vel =1 =@+ Ve e - )| < (e - 1)

the desired bound (ii) is implied by (i). While (iii) is a direct consequence of (2.12]), the
statement (iv) follows from /00 — 1 € H(R?) — L5(R3) and /02u? € L?(R?) as

3
odul = /oQul + (/o — 1)y/o2u? € L*(R?) + L2 (R?).

For the statement (v) it suffices to note that o — 1 € H'(R3) uniformly bounded yields
eo? € L*(R®) uniformly bounded. Moreover the L?-decay rate for o2 — 1 yields o0 €
L?(R?) uniformly bounded provided that v > 2 and

)

-2
0] 23y < Cet=
for 1 <~y < 2. O

Along the same lines of Lemma [3.I] one infers the following uniform bounds for weak

solutions to (NSKJ]) provided that (2.12)) holds:

1<y <2,
V=2

IVerlizrz <O ol 5 <C (33)

4
g6
loe = Uzeerms <€, loe = lpgerz < C {5 (3.2)

By interpolation, one has that p. — 1 converges strongly to 0 in L>(0,T; H*(R?)) for all
0 < s < 1. In particular, for all 2 < ¢ < 6 there exists C' > 0 such that

IVoe = 1l pgers < lloe — 1 pgerg < Ce” (3.4)

where 8 = 8(q) = % (1 -3 (% - %)) by interpolation. The viscous dissipation and the
BD-entropy inequality further allow for the following bounds.

Lemma 3.2. Assume that (oe, u:) is a finite energy weak solution to (NSK|) with initial
data (02, u?) satisfying (2.12). Then there exits C > 0 independent of ¢ such that

ol
V|vo: = Upem <C, VvVol |22 < C,

IVoBedlzi: <O IVES@)l <€ IVPAWIz <C (35)
Proof. The bounds are immediate consequences of the energy and BD-entropy inequalities
stated in Definition 2.1 O
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4 Acoustic waves

The analysis of the incompressible limit requires a suitable control of the acoustic
waves. Indeed, their presence is due to density fluctuations at finite Mach number and
may create highly oscillating phenomena. Being the problem posed on R?, suitable
dispersive estimates yield the decay of the acoustic waves in the low-Mach number limit.
As will be detailed below, it is possible to obtain a fourth-order acoustic wave equation
for the density fluctuations

0. =¢ Yo — 1)

by a suitable linearization of the system (NSK]) around the constant (incompressible)
state, namely

Ohoe — éA(l —2e%k%A)o. = 0. (4.1)

We notice that in the absence of the capillarity tensor (k = 0), we have the usual
dispersion relation for the classical wave equation. Here and due to the Korteweg tensor,
this dispersion corresponds, at the leading order, to the one already observed in quantum
fluids such as e.g. the QHD or quantum Navier-Stokes equations, see [I], 2]. Denoting
the sequence of momenta by m. = p.u. and linearizing around the constant state
(pe = 1,m. = 0), one obtains the acoustic system

1
0o + gdiv Q(m.) =0,

(4.2)
8,.Q(m.) + gv (0. — 2622 Ac.) = Q(FL),
with )
F. := —div (g-ues ® ue) + 2vdiv (p:Du.) — <75_2 >VH(Q€) + %G,
and where ( 0
5_2Vp(05) = gvas + 762 VH(o:).

In particular, for the dispersive stress tensor divK, as defined in (|1.4]), we obtain the
identity
1
divK = div ((1 +e0.)div (eVoe ) + 5 |€V05]2) ]I) —div (eVoe ® eVoy)

=eVAo. + %G,

with
Ge :=0.VAc..
While we discarded all terms in divK being multiplied by £? into F., we keep the
leading order linear term 2ex?VAc. which, as already mentioned, alters the classical

dispersion relation. Consequently, the decay of 0. in space-time norms can be shown to
be stronger compared to the classical wave equations, see Proposition below and [I8],

11



Remark 4.10]. The method of exploiting altered dispersion relations through accurate
Strichartz estimates has also been employed e.g. in the analysis of the quasi-neutral limit
for Navier-Stokes-Korteweg system [14].

We sketch the derivation of the respective Strichartz estimates and refer [I, Section
4] to for further details. We symmetrize by applying

oe =(1— 2521€2A)%UE, m, = (—A)fédiv m. (4.3)
to obtain )
862 + ~(—A)2(1 — 262k2A) 21, = 0,
€
1 ) ) ) (4.4)
om, — —(—A)2(1 —2%k%A) 26, = E.,
where

F.=(-0)"2divQ(F.).
As described in [I], the system (4.4 can be characterized by means of the linear semi-
group operator €= where H, is defined via the Fourier multiplier

1€l
€

o< ([€]) = 14 2e22[€]2. (4.5)

The dispersion given by mimics wave-like behavior for low frequencies |¢| < ¢!
while it is Schrodinger like for high-frequencies |£] > e~!. A stationary phase argument
then leads to the desired Strichartz (dispersive) estimates [1, Section 4].

In order to recall the dispersive estimates suitable for our analysis, we start saying
that a pair of Lebesgue exponents (p, q) is called “Schrédinger admissible” if

2 3 3
2<p,g<o0 and -+ -=—.
p q 2

The following proposition holds.

Proposition 4.1 ([I, Proposition 4.2]). Fix e > 0 and s € R. There exists a constant
C > 0 independent from T and e such that for any (p,q) admissible pair and any
1

ap € [0, %(5 — %)], the following hold true,

HeitHsfHLP(O,T;WS*D‘M(R:*)) < CEaOHf”HS(RS)- (4.6)

For the purpose of the inviscid incompressible limit (see Section @ it turns out to be
sufficient to consider the acoustic system system (4.2]) in its homogeneous form

1
018: + —divVd, =0,
€ - (4.7)
oV, + EV (85 - QHQEQASE) =0,

with initial data (s, V®q), where we denoted by ®. the acoustic potential, i.e. V&, =
Q(m.). For the sake of clarity, we choose a distinct notation for the solution s. of the
linear homogeneous equation and the solution o. to . In particular, we will
see in Section §|that the initial data (s, V®q) considered will be given by the data

(5%, Q(up)) in (2.11)), (2.10). properly regularized.

12



Remark 4.1. Note that the fourth-order equation (4.1)) formally follows from (4.7]) by
applying the differential operators 0y and div to the first and second equation respectively.

From Proposition and combing the transformation (4.3) with the Strichartz estimates
of Proposition one derives the following bounds for solutions to (4.7)). we refer the
reader to [1, Proposition 4.5] for details.

Proposition 4.2. Let s € R, (s, m°) be such that s° € H*(R3), eVs" € H*(R?) and
Q(m°) € H*(R?) and denote by (s., m.) the unique solution to the homogeneous system

([@.7) with initial data (s, Q(m")). Then, for all T > 0, all Schrédinger admissible pair

(p,q) and any « € |0, %(% — é)] the following holds true

[ (s¢, Q(me)) || Lo (0,750 )R3)
< Ce® (HSOHH5+D‘(]R3) + Hé‘VSOHHera(RB) + HQ(mO)HHera(RS)) .

Note that (s., Q(m.)) can be bounded in terms of (g, m.) in LP(0,T; W*4(R3)) in
view of ([4.3]), while one has

152, 10)| o sy < I8 mrsraqmey + 1€Vl prsaqrs) + QM) [ 1o )

which leads to the above estimate.

5 Relative energy inequality

In the same spirit of [7], we derive the relative energy inequality related to the Navier-
Stokes-Korteweg system (NSK)). For 7 € [0, T], we introduce the following relative energy
functional

E(o,u|r,U)(r) = /]1{3 %]\fgu — \/§U|2(T, dz + K> /R3 [Vo— VTP(T, dx

52 [H(o) — H(r) — H'(r)(0 — 7)] (7, -)dx,
R3

where (p,u) is a weak solution to (NSK]) and (r, U) is a pair of smooth (arbitrary) test
functions. In the following, we simply write £(7) in place of £(p,u|r, U)(7). First,
thanks to the energy inequality (2.4, we infer that

—+

S=T 1 S=T s=T
E(s)|2y < /R3 <2QU‘2 —ou- U) (s, )dx|’—] + K /RS (IVr* = 2Vo- Vr) (s, )dx|_,

-z [ (HO)+ H ()0 =) (5] 55

- V/T S (u)|? dadt.
0 R3
(5.1)
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Next, we test the continuity equation by %]U]Z and 2k2Ar, and the momentum equation
by U, to get

T 1 T 1
/ / ,Q@t]UIdedt—i—/ / gu-V\UPdmt:/ *Q|U’ T
o Jrs 2 o Jrs 2 R3

—2/{2/ / 00 Ar dxdt — 2/@2/ / ou - VArdxdt =2k* | Vo Vr(s, )dz’zig
0 JR3 0 JR3 R3 h

nd
T T 1 T

—/ / gu-@tdedt—/ / (ﬁu@ﬁu):VUdmdt—Q/ / p(0)div U dxdt
0 JR3 o JR3 € Jo JR3

T 1
_252/ / <VQ -V(odivU) — §’VQ’2diVU +Vo®Vp: VU) dxdt
0 R3

+2V/ VoS(u) : VUdxdt = —/ (ou-U)( dw|
0o Jr3 R3

Moreover, we have

/12/ \Vr(s,-)|2d:£|zig = —2/@2/ Oyr Ardzdt.
R3 - o JRr3

Then, using the continuity equation, we have

/ [0, (H(r) + H'(r) (o — )] dedt
R3

= / [H/(r)aﬁ“ + 0(H'(r)) (0 — 1) + H'(r)0r0 — H’(r)@tr] dxdt
= (5.2)

T
_ / [O:(H' (1) (0 — ) — H'(r)div »(ou)] ddt
0 JR3

T
= [ [ e =) + ou- V(i) asa.

Therefore, from (5.1} , we obtain
- 0_/ / gﬁt\U|2dxdt+/ / —ou - V|U* dzdt
—/ / Qu-(?tUd:Bdt—/ / (vou® +/ou) : VU dxdt
0o JR3 0o JR3

+2/{2/ / (00t Ar + pu - VAr — OyrAr)dzdt
0 JRr3
T 1

- 2&2/ / <Vg -V (pdivU) — §|VQ|2diVU +Vo®Vp: VU) dxdt (5.3)
0 JRr3

+2I// fS( u) : VUdzxdt

giz / [0,(H'(r)) (0 — ) + ou - V(H'(r)) + p(o)divU] dadt
0 JR3

—y / S (w)|? dadt.
0 R3
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Rearranging the relative energy inequality above, we obtain

5(5)}228—1—1// / IS(u)|? dedt
0o Jr3
< [ [ 000U = o + (vou- 9)U- (V2U  yau)] dads
+ 252 / / (00:Ar + ou - VAr — OyrAr)dzdt
0o Jr3
5 [T : Lo 24 : (5.4)
— 2K Vo-V(edivU) — i\VQ\ divU + Vp® Vo : VU | dzdt
0o Jr3
+ 21// VoS (u) : VUdzdt
0o Jrs

- % /T/ [0/(H' (1)) (0 — ) + ou - V(H'(r)) + p(0)divU] dadt
& o JR3
=L +..4+1Is.

Apart from the presence of the Korteweg terms, relation (5.4 is reminiscent of the one
derived in [7] (see relation (4.7)).

6 Inviscid incompressible limit
For a fixed § > 0, we consider the following ansatz
r=1+es,;, U=u"+Vd (6.1)

in the relative energy inequality (5.4). Precisely, u” is the solution of the target system
with initial datum ugj = P(ug) and s. 5, VO, 5 are the solution of the acoustic system
(4.7) with the regularized initial data

s3=s%n;, VO =Vd'xn;,  Qu’) =V, (6.2)

for ns € C°(R3) a standard mollifier and (s°,u’) as in and (2.11)). The above
choice is motivated by the fact that we consider the (arbitrary) smooth pair (r,U) as
the sum of the incompressible Euler equations and the contribution from acoustic waves.
The latter disappear in the low-Mach number limit as the next Corollary shows. By
means of the dispersive estimates of Proposition [£.2] we infer the following decay in € in
Strichartz norms.

Corollary 6.1. Let s € R, and (s, V®Y) be as in (6.2). For any Schrédinger-admissible
pair (p,q) with ¢ > 2 and «, > 0 sufficiently small and T > 0 there exists C' > 0 only
depending on the constant in and 6 > 0 such that the unique solution (s 5, VO 5)
to the satisfies

(8,6, Ve,5)ll (0,7 ws0)r3) < Ce. (6.3)
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Note, that the solution (s. 5, V®. 5) satisfies the energy conservation

(5.5, V®e5) | Lo (r,2(m3)) = [1(55, VOF)ll 2(m3), (6.4)

and similarly for all s € R it holds

(52,6, Ve,o)ll Lo, rrs(m3)) = (58, V) | 17+ (o) (6.5)

due to the fact that e’*f= constitutes a unitary semigroup operator.

In the following, we will consider the ansatz and we will handle the terms
Ii,...,I5 in in order to bound the relative entropy functional. We start with the
relative energy functional for the initial data, whose required convergence (see ,
(2.10) is crucial in order to prove Theorem in terms of Gronwall’s type arguments
(see Section [6.6 below).

6.1 Initial data
From the assumptions on the initial data (¢?,u?) in (2.10)-(2.11)) and (r, U) in

respectively, we infer that
E(0:,u: | r,U)(0)

= 1 vV QO(UO —ug) ’ dr + k%e? Vol — Vs 2 dzx
e\He 5 1
R3

+/Rg S IH (1 +e0d) —eH (1 +esd) (o~ ) — H (1 +esh)] de. (66)

Now, setting a = 1+¢e0? and b = 1 +es. 5, we observe that there exists eg > 0 and C' > 0
independent of € such that for all € € (0,¢p) it holds

H(a) = H(b) + H'(b)(a — b) + %H"(ﬁ)(a —b)?%, €€ (ab),
|H(a) — H'(b)(a —b) — H(b)| < C'la—bJ*.
Consequently, we have

/R; [H (14 ¢0%) — eH' (1+¢es) (00 — ) — H (1 +es0)] da

< [ St = ) o= Co? = 8 ms (6.7
R3 €

It follows
5(@67115 | T)U)

<||Va

+C(r%)e? Vol — VSSH%?(R?’;R?’) +Coc - SgHiQ(H@) '

(6.8)

L2(R3;R3)
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6.2 Convective terms

Next, we provide bounds for the convective terms corresponding to I in (5.4]). In the
following we drop the subscript € in (p., u.) for the sake of a concise notation. Specifically,
we have

L= // 0,U - (oU — ou) + (v/ou - V)U - (VaU — /au)] dadt
0 R3
= /T/ (0:U+U-VU) - (oU — pu)dzdt
0 R3

+ / VU - (/oU — y/au)(y/aU — ou) dedt = 11V + 119,
0o JR3
As VU € LS, the term I§2) is controlled by

t,xo

1) < C’/ E(-,t)dt
0
while I fl) can be written as follows

= / / (0U — ou) - (9u? +uP - vuP) dadt
0o Jrs
+/ / (U — pu) - VP, 5 dzdt —l—/ / (U — ou) ® VO, 5 : Vu® dxdt
0 JR3 0o JR3

T 1 T
+/ / (U — ou) @ u? : V2@, 5 dadt + / / (U — ou) - V|V®, s> dzdt. (6.9)
0 JRs 2Jo Jrs
Now, we analyze the first term in . We have

//(gU—gu)-(@tuE—i—uE-VuE)dxdt:/ / Qu-VHdmdt—/ / oU - VII dzdt.
0 R3 0 R3 0 R3

In view of (3.3), there exists w € L*°(0,T;L*(R3)) such that ,/ou —* @ in L{°L2.
Together with (3.4]), it follows that

3_
ou=(\/p—1)/pu+pu—1a weakly-(*)in L{°L2 + L3 .

In particular, one has we deduce that

//Qu-VHdZEdt—)//U'VHd$dt.
0o JR3 0 JR3

We consider the weak formulation of the continuity equation
T
| [ (etne+ o oyasai= [ ot yetr.dar— [ 00,1000,
0o Jr3 R3 R3
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and for IT as test-function to obtain

//Qu-VHd$dt—>//u-Vdedt

0o Jr3 0o Jrs

[/ QHdﬂ:|6—//Q@tdedt]—>O as €—0
R3 0o JRs

thanks to Lemma and (3.2). Consequently,

and

-
//Qu~Vdedt%0 as ¢ — 0.
0 JR3

Next,

//gU-VHdmdt://(g—l)U-VHd$dt+/ U - VII dadt.
0 R3 0 R3 0 R3

With similar arguments as above

//(Q—l)U-VHdacdt—H) as € —0,
0 JRrs
while
/ U - VII dzdt = / / u? . VII dzdt + / Vo, 5 - VII dzdt.
0 JRr3 0 JRrs 0 JRr?

Performing integration by parts,

//diqu-Hda;dt:O
0 R3

thanks to the incompressibility condition div,u” = 0. For the other term, using again
integration by parts and the acoustic equation (4.7)), we have

/ Vo, 5 - VII dedt = —/ / Ad, 51T dxdt = 6/ / O¢se5 11 dadt
0 JR3 0 JR3 0o JRrs

-
—[E/ 35,5de]6—5//35758t1'[dafdt]%0 as e — 0.
R3 0o Jr3

Now, we analyze the second term in . We have

/ /]12{3(QU —ou) - VP, 5 dxdt = / /IR3 ou” . OV, 5 dxdt
0 0

T 1 T
—/ /R3 ou- 0V, 5 drdt + 3 / /R3 Q@t|V<I>575|2 dxdt
0 0

.
:/ / ou” -9V, 5 dxdt + 1" + I'7,
0 R3
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where
T T
I 1 2
I' =— ou- Vo, s dedt, I'" = - 00|V, 5|7 dadt, (6.10)
o Jrs 2 Jo Jrs

The terms I1 and ! will be handled later in combination with other terms. For the
remaining one, we have

/ / ou? - 9,V ;5 drdt = / / (o—Du¥ -9V, 5 dadt + / / u? .9,V 5 dedt
0 R3 0 R3 0 R3

where, thanks to div,u? = 0, the second term

/ / SdivgcuE'at(Dag dzdt = 0.
0 R

Using the acoustic equation (4.7)), the first term is written as follows
/ / (o — Du? -9V, 5 dudt
0 JR3
T E 1 2
= [/ / v(o—1)u” - <—V35?5 + 2K sAsW;) dxdt] -0 as e—0.
0 R3 3
We conclude analyzing the last three terms in . Owing to Corollary we have

[ /0 /R 3(QU — ou) ® VO, 5 : Vu drdt

+/ / (U — ou) @ u? : V2®_ 5 dadt
0 R3

1 T
+/ / (0U — ou) - V|V®.4|* dadt| -0 as e—0.
2 0 R3
In particular, the last term writes
1 /7 )
= (U — pu) - V|V, 5|” dadt
2 0 R3
1 T
- 2/ /Rg (v —1) (voU — y/ou) - VIV, 5° + (1/oU — /ou) - V|V® 4|* dadt.
0

The former converges to 0 in view of the uniform bounds (3.4) and the latter by virtue
of Corollary
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6.3 Korteweg terms

The Korteweg terms amount to Iy and I3 as defined in (5.4). For a fixed k > 0 and
from (6.1]) we have for I5 that

I, =22 / / (00 Ar + ou - VAr — Oyr Ar)dzdt
0 JR3
= / / (€00t Asc 5 +e(pu) - VAs, 5 — 528t5675A56’5)dxdt -0 as e€—0
0 JR3

thanks to the uniform bounds (3.2), (3.3) for p — 1 and pu respectively as well as the
bounds (6.5) and (6.3) for s. 5, ®. 5. Upon using (6.1 and div uf =0, we write I3 as

T 1
I3 = —2k2 / <VQ -V(pdivU) — §‘VQ‘2diVU +Vo®Vpo: VU) dzdt.
0o Jrs
= /-@2/ |VQ|2A<I>6’5dxdt — 2/4;2/ / oVo - VA®, sdxdt
0o Jm3 0o Jms
— 22 / Vo®Vo:V(uf + Vo, 5))dzdt
0o Jrs

— 10+ 1P+ 1.

The integral I3 is bounded as

T 1 T
n2/ / \VQPA@E,(;dxdt’ < HZ/ / Vo — Vr|?|Ad, 5| + |Vr|* |AD, 5| dzdt
0o Jrs 2 0 JRs
< HQHA(I)sﬁHLOO([O,T]XR?’)/D /R3 Vo — Vr|Pdedt + || Vse || 324 | A 5| 1212
< c/ E(-,t)dt + CR*TPe™
0

for some «, § > 0 small from (6.3]). Further and due to (6.5)), for any s > % it holds
AP sl oo (0, 17xRr3) < IV Pe sl Loors < C. (6.11)
The term Ig obeys the bound

/0 /R3 prVA‘I’w;dxdt‘ =

< TﬁHp — 1HL°°L4”Vp”L°°L2HVA(pE,5HL§L4 + ’A /]Rg V(,O — 1)VA®€’5d$dt’

/ / (p—1)VpVAD, 5+ V(p— 1)VA<1>6,5dxdt‘
0 R3

< OTPe™ +

/ Vip— 1)VA<I>575dacdt’ .

0o JRr3

Note that as V(p — 1) € L>=(0, T; H'(R3)) is uniformly bounded and p — 1 — 0 strongly
in L>°(0,T; H*(R3)) for all 0 < s < 1 from (3.2). It follows that V(p — 1) —* 0 in
L>(0,T; L*(R3)) as ¢ — 0. Hence,

/ V(p—1)VA®, sdzdt -0 ase — 0.
0o Jr3

20



Finally, to bound I§3) , one observes that
1Y) < IQQ/ / IVp|? |VU| dadt
0 Jr3
< 267 || VU|| oo g0 T]XRa)/ / IVp—Vr|* + 252/ / \Vr|? | VU dadt.
’ 0 JR3 0 JRr3
Using that U = u” + V&, s is smooth and arguing as for Iél) + 1. §2) we conclude that
) < c/ E(-,1)dt + CrTPe"
0
for some a, 8 > 0.

6.4 Viscous terms

We have

T

I =2 / JoS(u) : VuPdudt + 2v / JoS(u) : VY, 5 drdt = IV + 112
0 R3 0 R3
Now,

= v / / Vo —1)S(u) : VuPdzdt 4 2v / (u) : VuPdazdt.
]R?’

< CVv UOT /Rs Iv/o— 1|2d:z:dt} mﬁ [/OT /Rg |S(u)|2dxdt} v

+CVv [/OT /Rg |S(u)|2dxdt} v Vv

c [T c [T
< 1// / Iv/o — 12 dxdt + u/ |S(u)|?dxdt
2 0 R3 2 0 R3

-l—Cl// |S(u)[*dzdt + C(v).
2 0 R3

The first term goes to zero as e — 0 thanks to (3.2]). The viscous terms containing S(u)
can be absorbed on the left-hand side of (5.4) and C(v) — 0 as v — 0. For the second
term, we have

19 =2 / / Vo —1)S(u) : VVO, 5 dedt + 2v / (u) : VVO®, 5 dedt
R3

< CviivVe —Upars IS 222 IVV e sl paps
t—x t -z tHx

T 1/2 T 1/2
+CV/v [ / / \S(u)dedt] ﬁ[ / / \vvq>5,512dxdt]
0 R3 0 R3
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T 1/2 T 1/2
< Ce*Vr+Cyv [/ / |S(u)|2d:cdt} N{Z U / |VV<I>5752dxdt] , (0<a<1/12).
0 R3 0 R3

Here we used (3.4), (6.3) and the second term on the right-hand side can be handled

o . 1
similarly as in I

6.5 Pressure terms

We recall
-5 / [ [aH )0~ ) + ou- V(') + plo)divU] dadt.
0 JR3

We first consider the second term in I5. Using r = 1 + es. 5, we have

1 T 1 T
_// Qu-V(H'(r))dfcdt:—// ou - B (r)Vs. sdadt
62 0 JR3 € Jo Jr3 ’

T H// 1 _ H// 1 1 T
—/ / ou-Vs.; (1+e5:5) ( )dazdt — / / ou- H"(1)Vs. sdzdt,
0 JR3 9 € Jo Jr3

where H”(1) = p/(1) = 7. Realizing that

< C|58,5|a

‘H”(l +es.5) — H'(1) ‘
€

we have

T H// 1 _ H// 1
{/ / ou-Vs.s (1+es0) ( )da:dt} —0 as e—0,
0 JR3 9}

from Corollary For the other term, using the acoustic equation (4.7]),

—7// Qu-Vs&(;dxdt:/ / ou- Vo, s dacdt—2’ya/<;2/ / ou-VAs, s dxdt
€Jo Jrs 0 JRS 0 JRS

where, without loss of generality, we assumed H”(1) = 1. The first term cancels with its
counterpart I7 in ([6.10)) while the second converges to 0. Now,

1

5 | [ ata e - o - poivUdsar

// H" )0¢Se.s da:dt—l—// sesH"(r)Osse 5 dudt — // 5 ACD sdxdt
R3 R3 R3 €
/ / L () oys. s + / / Q(H"(r) — H"(1))ys. sduvdt
R3 R3
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+// SagH”(?”)atsag dxdt—// ZL?A(I)W;
R3 R3 €
// seoH" (r)0sse s d:):dt—i—// H” — H"(1))A®, sdxdt
R3 R3
—1
/ / 3 ;; ) —r )Acbe,gda:dt.
R

Consequently, for these remaining terms we have

[ / /RS 52 = _p(l)A‘I’e,s dxdt

1 _ H/l H//
/ / o( (1 ))AQE,(; dxdt] -0 as e—0,
R3

by combining (3.2)) for v > 2 and (| . ) for 1 <+ < 2 and Corollary Finally,

// seoH" (r)Oyse 5 dudt
0 JRrs

- / / 5o s H"(1)9y5..5 dardt + / / 5o s(H"(r) — H"(1))0ys..5 dadt
0 JR3 0 JR3

where, using similar arguments as above,

[/ / ses(H"(r) — H"(1))0s8e 5 dxdt} -0 a e£—0
0 Jr3

and

T 1
/ / 5575H"(1)8ts€75 dxdt = 2/ \35’5\2daz\6.
0 JR3 R3

Back to I in (6.10]), we have

1 T
/ / 00|V, 5|* dadt
2 0 R3 ’

1 (7 1
= / / (0 = 1)0,| VO 5|* dadt + / IV, 52 da|].
2 0 R3 ’ 2 R3 ’

By acoustic energy conservation, we have

1 1
2/ |5c.6|%dx |l + 2/ IV, 5> dz|) =0
R3 R3

1 T
/ / (Q — 1)8,5’V‘I>575‘2 dxdt =
2 0 R3

1 /7 1
2/ / (0—1)VO.5- <—€ng75 + 26/@2VA8875> drdt -0 as e€—0
0 JRr3

from (3.2)) for v > 2 and (3.1)) for 1 < v < 2 as well as Corollary
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6.6 Proof of Theorem [2.3|
From (5.4) and all the estimates above, we end up with

£(r) < £(0) + C / " 0)dt + x(v,e) (6.12)

where x(v,e) = 0 as (v,e) — 0 (for fixed § > 0). In virtue of the integral form of the
Gronwall’s inequality, we have

E(T) < C(T)E(0) + x(v, e). (6.13)

Consequently, sending ¢ — 0 first, and then § — 0, thanks to (2.10)), (2.11)) and , we

have
lim lim (1) =0 (6.14)

6—0e—0

uniformly in 7 € (0,T). Now, considering U = u” + Vo, s, for any compact set K C R3
we have

[vo(u— UE)HLng(K) < [Vo(u=U)llz2r2 k) + V0V e sl oLy (k) (6.15)

for p,q > 2. The first quantity on the right-hand side of (6.15)) goes to zero thanks to

(6.14), while
lim lim [|v/oV®e sl L rg(x) = 0 (6.16)

thanks to (3.4)), (6.3) and (6.5) provided that (p,q) is a Schrodinger admissible pair. In
fact, we have

IVoV@esllrrrary < (Ve — D)V ®esllrrrary + [IVPesllrrixy -0 as e—0

for a fixed 6 > 0. Consequently, (6.16)) holds. Theorem is proved.

7 Comments on the 2D case

In this section, we discuss an extension of our main result to the problem posed on
R2. To that end, we only highlight the key steps and modifications needed for its proof.
The relevant differences compared to d = 3 are given by

e the properties of the target system, namely the 2D Euler equations,

e while go.—1 enjoys slightly better integrability properties due to Sobolev embedding,
the dispersion of the acoustic waves is weaker in R? compared to R3.

To start and concerning the 2D incompressible Euler equations, one has global existence
of strong solutions as singularity formation in finite time is ruled out by the Beale-Kato-
Majda criterion and the conservation of the L*-norm of the vorticity, see e.g. [26].
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Theorem 7.1. Given uOE € W32(R?) with divug = 0, there exists a unique solution
u? € ¢ ([0, 00), W3 F2(R2;R?)), IT € C*([0, 00), W37 F2(R?)), k =0,1,2,3
to the initial value problem @ - such that for all 0 < T < oo it holds
HuEHWk’w(O,T;WS—W(R3;]R3)) + ||H||W'w>o(o,T;WS—ku(RS)) < T, HUOE||W372(R3))‘ (7.1)

For the primitive system (NSK)) posed on [0, c0) x R?, we postulate existence of global
finite energy weak solutions according to Definition [2.1] adapted to d = 2. Similarly to
the case d = 3, we expect that global existence can be inferred in the spirit of Theorem

by relying on [4, [3].

Theorem 7.2. Given initial data (o°,u®) of finite energy and BD-entropy, then, there
exists at least a global weak solution (o,u,T) of (NSK)) posed on [0,T) x R? in the sense
of Definition 211

The constructed finite energy weak solutions satisfy the following uniform bounds.

Lemma 7.1. Let (o.,u?) be a FEWS to (NSK]) posed on [0,T) x R? with initial data
(02,u?) satisfying
E(g2,ud) <C, B(ed,u?) <C,

for some C' > 0 independent of € > 0. Then, the following hold:
(i) 02— 1€ HYR?) and o — 1 € L>=(0,T; H'(R?)) uniformly bounded and

HQS - 1HLQ(JRQ) < Cg, [l os — IHLOO(O,T;LQ(RQ)) < Ck,
(ii) /o2 — 1 € L*(R?), /o — 1 € L>(0,T; L?(R?)) uniformly bounded with
||\/972_ ]'”LQ(RQ) < 06, ||\/Q>5 — 1||L°°(O,T;L2(R2)) < 06,

(iii) v/02u? € L?(R?) uniformly bounded,

(iv) the momentum satisfies gdu? € L?(R?)+ LP(R?), o%u? € L°°(0,T; L*(R?)+ LP(R?))
uniformly bounded for all 1 < p < 2,

(v) the density fluctuations o? satisty o2 € L?*(R?), 0. € L>(0,T; L*(R?)) uniformly
bounded as well as ec? € H'(R?), eo. € L>(0,T; H'(R?)) uniformly bounded.

Proof. The only modification in the proof compared to one of Lemma consists in the
fact that the argument yielding o. — 1 € L(R3) from the bound Vo, € L?(R?) does not
hold for d = 2. Instead, we rely on the fact that if f is a measurable function such that
Vf € L*(R?) and supp(f) is of finite Lebesgue measure then

£l o) < IV £l z2q2) £2 (supp(£))7 - (7.2)
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For a proof of (7.2)) see for instance [12} Inequality (3.10)] and also [I8, Proof of Lemma
3.1]. From the analogue of (3.1 for d = 2 and the Chebychev inequality, we infer that

1 1
o= 11> 50 < 35 [ 100 =17 1 yyde < €,
where £2 denotes the Lebesgue measure. Consider a smooth cut-off x € C°(R) such that

13745741 (1) < Xx(r) < 1j1/2,3/9)(r). Applying the inequality (7.2) to (0 — 1)(1 — x(pe))
yields

N

[(0 = D)(1 = X(p ) oo (0.00:22(®2)) < 1V 0el Lo (0,00522(m2)) £2 (supp(1 = X(p¢)))
< Ce| Ve Lo (0,00, (r2)) < Ce.

We obtain that

|0c = 1| oo (0,00;2(R2)) < O, [[V(0e = D)l oo (0,00522(R2)) < C-
The proof for the respective bounds of ¢” — 1 follows verbatim. O

Note that opposite to Lemma [3.1] none of these bounds depends on whether v < 2
or v > 2 for d = 2. In particular, by interpolation it follows that

1pell oo 0,735 (m2)) < Ce'™*

and for all 2 < ¢ < oo there exists C' > 0 such that

2
H\/@_ e < ||Qg — 1HL§ < Ceu

2 (7.3)
/0 — 1HL§>°L§ < los — 1||L§°Lg < Cea

In addition, the analogue of Lemma [3.2] remains valid for d = 2.

Next, we provide the suitable decay of acoustic waves in space-time norms. The
dispersion relation is non-homogeneous and mimics wave-like behavior for low and
Schrodinger like behavior for high frequencies. While it exhibits a regularizing effect for
low frequencies for d > 2 providing decay of order € at the expense of a loss or regularity
of order § with § > 0 arbitrarily small, no such regularizing effect occurs for d = 2, see [2,
Section 3]. However, separating frequencies above and below the threshold % and relying
on the wave-like estimate for low frequencies combined with an interpolation argument,
the following Strichartz estimates are shown to hold in [2, Proposition 3.8].

Definition 7.1. The exponents (q,r) are said to be f-admissible if 2 < ¢,r < oo,
(¢,7,0) # (2,00,1) and

1 n o 0

qg r 2
We say that a pair is Schrodinger or wave admissible if § = % orf = % respectively.
Further, we denote 8 = 3(r) := % - %
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Proposition 7.1 ([2]). Let e > 0 and 6 € [0,1). Then, for any 2ge—admissible pair
(g,7) and sop = 36(r)0, it holds

||6itHEf||Lq(O,T;LT(R2)) < C5§||f||ys(ug2)- (7.4)

The estimate allows one to infer decay in Strichartz-norms at the cost of arbitrarily
small regularity.

Remark 7.1. Being the symbol ¢. non-homogeneous, it does not allow for a separation
of scales. Therefore, the e-dependent estimates cannot be obtained by a simple scaling
argument. Further, such estimates also appear in the context of the Gross-Pitaevskii
equation. For 6 = 0, yields Schriodinger like Strichartz estimates that however do
not provide decay in . In [5, Corollary B.1], the estimate is proven for 6 = 1 and
d > 2 and low frequencies in the framework of the (GP)-equation. For high frequencies,
a Schridinger type estimate is obtained. In this regard, can be interpreted as a
refinement of [5, Corollary B.1 ].

With these key ingredients at hand and observing that the proof of the relative
entropy method can then be adapted in a straight-forward way, we have the following
main result for the asymptotic limit for d = 2. Specifically and analogue to the case
d = 3, we consider ill-prepared initial data

0(0,)) = o0 = 14e0?, 0% € L®(R?)NH(R?) uniformly bounded, ¢° — s° in H'(R?),

u(0,-) = ug, \/qug € LQ(Rz), \/gg(ug — uo) —0 in LQ(]RQ). (7.6)
as ¢ — 0.

Theorem 7.3. Suppose v — 0 as ¢ — 0. Assume the initial data (0, u?) to be of
uniformly bounded finite energy and BD-entropy, i.e. there exists C > 0 independent of
e,v > 0 such that
E(e2,u) <C, B(d,ud) <C. (7.7)

and satisfy , .

Let (0, ue, T:) be a weak solution of and u” the unique solution to the initial
value problem @) - on [0,00) x R? with initial datum uf = P(u®) € W32(R?).
Then, for all'T > 0 as € — 0, it holds

l0c — 1| Loo (0,715 (R2)) < Ce'™* (7.8)
for all 0 < s < 1 and
Vvou. —u” in L*(0,T; LY (R?))). (7.9)

loc

We note that different to Theorem we may consider arbitrarily large times 7" > 0
as solutions to the limit system are global. The convergence in Orlicz space is implied
by the convergence in L (0, T; H*(R?)) due to the Sobolev embeddings for d = 2 and
any vy > 1.
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