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MULTILEVEL STOCHASTIC GRADIENT DESCENT
FOR OPTIMAL CONTROL UNDER UNCERTAINTY

NIKLAS BAUMGARTEN AND DAVID SCHNEIDERHAN

ABSTRACT. We present a multilevel stochastic gradient descent method for the optimal
control of systems governed by partial differential equations under uncertain input data.
The gradient descent method used to find the optimal control leverages a parallel multi-
level Monte Carlo method as stochastic gradient estimator. As a result, we achieve precise
control over the stochastic gradient’s bias, introduced by numerical approximation, and its
sampling error, arising from the use of incomplete gradients, while optimally managing com-
putational resources. We show that the method exhibits linear convergence in the number
of optimization steps while avoiding the cost of computing the full gradient at the highest
fidelity. Numerical experiments demonstrate that the method significantly outperforms the
standard (mini-) batched stochastic gradient descent method in terms of convergence speed
and accuracy. The method is particularly well-suited for high-dimensional control problems,
taking advantage of parallel computing resources and a distributed multilevel data structure.
Additionally, we evaluate and implement different step size strategies, optimizer schemes,
and budgeting techniques. The method’s performance is studied using a two-dimensional
elliptic subsurface diffusion problem with log-normal coefficients and Matérn covariance.

1 Introduction

The state of a physical, technological, or economical process, as a function of space and
time, is often described by partial differential equations (PDEs). Controlling the state of such
processes, for example, by imposing boundary conditions or external forces, is of significant
interest in all the aforementioned applications. However, determining the optimal control of
a PDE-governed system is a computationally demanding task, particularly when the PDE
involves high-dimensional, uncertain input data and the control has to be found with high
precision.

Known methods to uncertain optimal control problems (OCPs) focus on minimizing the
expected distance between the state and a desired target. Finding solutions to such problems
often requires three key functionalities: solving the minimization problem, e.g. by using stochas-
tic gradient descent (SGD) methods; addressing the uncertainty through sufficient sampling
of the input data; and discretizing the PDEs with finite element (FE) methods. Approaches
which fall under this description can be found in [1, 2, 3, 4, 5].

Motivated by this work, we take an integrated approach, combining all three functionali-
ties in a single algorithm which leverages multilevel variance reduction, as in multilevel Monte
Carlo (MLMC) methods [6, 7], and parallel computing resources. Even though other sam-
pling methods to discretize the input space involve sparse grids [8, 9] and quasi-Monte Carlo
methods [10, 11], we based our approach on the budgeted multilevel Monte Carlo (BMLMC)
method [12, 13, 14], which provides high-performance and broad applicability. As baseline,
we consider a step size controlled parallel (mini-) batched stochastic gradient descent (BSGD)
method, e.g. used in [15, 16], and show that our method improves it significantly in terms of
convergence speed, achievable accuracy, scalability and robustness (cf. Figure 5 for a direct
comparison).
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2 NIKLAS BAUMGARTEN AND DAVID SCHNEIDERHAN

As a model problem, we consider a two-dimensional elliptic subsurface diffusion problem
with log-normal coefficients (illustrations in Figure 1), generated using the memory efficient
stochastic PDE sampling technique of [17]. We intentionally choose a high-dimensional elliptic
problem to not lay the focus on the PDE, but rather on the algorithm and its properties. To
get the gradients for the SGD, BSGD or the here introduced multilevel stochastic gradient
descent (MLSGD) method, we solve the adjoint system corresponding to the PDE constraint
as outlined in [1], also related to the adjoint Monte Carlo method described in [18].

Previous multilevel ideas for OCPs can be found in [19] for pathwise control, or in [20] for
sample average approximation (SAA) assembled into a large linear system — similar to [12] —
then solved using a multigrid algorithm. The results in [21, 22] provide a foundation for mul-
tilevel gradient estimation of OCPs, e.g., then used in a nonlinear conjugate gradient method.
The approaches in [3, 4] address the optimization problem using stochastic approximation
(SA), tracing back to [23], in the form of a SGD method. Our method embeds the mentioned
multilevel gradient estimation in this SGD approach. In [24], the SA is also extended to a mul-
tilevel setting, considering [25], from which we draw further motivation to develop the MLSGD
proposed with this paper. Related ideas can also be found in the context of Bayesian inverse
problems, where the Stein variation gradient descent has also been extended by multilevel
ideas [26, 27].

Machine learning has been the main driver for the development of novel SGD methods to
enable large-scale training of neural networks, often striking the balance between per-iteration
cost and expected improvements [28]. Features such as variance (noise) reduction and paral-
lelism through BSGD [29], adaptive moment estimation (ADAM) [30], adaptive step sizes [31],
or averaging and aggregation schemes [32, 33], have been successfully applied to various prob-
lems. We take inspiration in these approaches, incorporating them into the proposed MLSGD
method for OCPs and conjecture that the algorithm is applicable in machine learning as well.

Concluded, recent developments, theory and existing algorithms motivate the combination
of multilevel variance reduction and SGD methods, however, we have not found a highly-
performant, adaptive, and parallel method for high-dimensional control problems yet. With
this paper, we propose new ways to realize such a method which in particular features:

Algorithmic description and convergence analysis. Building on the assumptions and nota-
tions in Section 2, we present a detailed description of the MLSGD method for OCPs in Algo-
rithm 1 and Algorithm 2, incorporating the standard BSGD method recalled in Section 3 and
the MLMC estimation from Section 4. In Section 5, we establish the linear convergence of the
proposed method in terms of optimization steps through Theorem 5.2 and Corollary 5.4. This
result follows from bounding the error of the gradient estimation through an appropriate choice
of the multilevel batch size (see Lemma 5.1). The method achieves this convergence rate (like
an SAA approach) with a complexity similar to the standard MLMC method, as it circumvents
full gradient evaluations (as done for SA) at the highest level. As a result, MLSGD improves
convergence rates, speed, and accuracy by adaptive the multilevel batches.

Adaptivity, budgeting and error control by resources. In extension to the new MLSGD
method presented in Section 5, we incorporate the adaptive step size rule from [31], adaptive
multilevel batches similar to [22], the optimal distribution of the computational load as in [14],
and a posteriori error control with dynamic programming [13] into Algorithm 3. We impose the
given computational resources, such as the total available memory and the reserved CPU-time
budget, as additional constraints to the optimization problem resulting in 6.1. The final Bud-
geted Multilevel Stochastic Gradient Descent (BMLSGD) method allows for total error control
by the given computational resources through Corollary 6.2 and is presented in Algorithm 3.



MULTILEVEL STOCHASTIC GRADIENT DESCENT 3

Numerical experiments with HPC resources. Lastly, we note that the method is designed
for HPC resources implemented on a domain- and sample-distributed multi-index data struc-
ture [14], enabling efficient use of resources as in [13]. While our study focuses on an el-
liptic model problem, the algorithm and implementation are designed for broader applicabil-
ity, demonstrating parallel scalability through the usage of the FE software M++ [34], here
used in version [35]. In our numerical experiments, presented across several sections (see Sec-
tions 3.2, 5.2 and 6.2), we compare all introduced algorithms (see Sections 3.1, 5.1, 6.1) to
support the theoretical findings mentioned in the previous paragraphs. We particularly high-
light again Figure 5 illustrating the superior performance of BMLSGD over BSGD, and Figure 7
which demonstrates that this method also scales well with increased computational resources.

2 Assumptions and Notations

Goal of the proposed methodology is to find the optimal control to a PDE governed system
with uncertain input data. Similar problems are considered for example in [3, 21, 4], presenting
theoretical foundation for our approach; however, the algorithm and the notation are closely
related to [12, 13, 14]. The PDE system of interest is defined on a bounded polygonal spatial
domain D C R? with d € {1,2,3}, while the uncertainty of the input data is captured by a
complete probability space (2, F,IP). Let further (V,(-,-),,), (W, (-,-)y ) denote Hilbert spaces
with V' C W C L2(D), where V is an appropriate space for an PDE sample solution. Lastly,
let L2(Q, V) and L2(Q2, W) denote Bochner spaces containing all L?-integrable maps from the
probability space (2, F,P) to V and W, respectively.

2.1 Optimization Problem

We search for an admissible control z € Z to an optimal control problem (OCP), where Z
is a non-empty, closed and convex set

7 = {z cW: zL‘,’jW(x) <z(x) <z,5(x), ae. x€ D}

with zl%V, z,, € W. The control is found, if the distance of some prescribed target d € W to
the state solution u € L2(€2, V) of the PDE is minimal in expectation.

Problem 2.1 (Optimal Control under Uncertainty). Given the desired target state d € W and
a cost factor A > 0, find the optimal, admissible and deterministic control z € Z, such that

(2.1) min J(2) =E[j(2)] with j(w,2) = § |ule] —d]5 + 3 ]

under the constraint that the state u € L2(Q, V) is the solution of
(2.2) Glwlu(w, x) = z(x)
with Glw] representing the uncertain PDE system.

To ensure a unique solution to Problem 2.1 and to show convergence of the used SGD
methods, we suppose the following conditions on the optimization problem.
Assumption 2.2.
(1) The functional j: Q x W — R is L2-Fréchet differentiable on W, i.e. for every open
Z C W containing z, there exists a linear operator A: Q x Z — L(W,R), such that
. H.](7Z+h) _j('az)+A('7Z)h||L2(Q)
lim
W>h—0 Iy

=0.
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(2) The mapping z — j(w,2z) is strongly p-convex on the admissible set Z for almost every
w € Q, implying z — J(z) being strongly p-convez, too, i.c., there exists a constant
p >0, such that for all z),z(?) e Z,

(2:3) (VI12V] = VI2®)], 20 = 2®) > 2D = 2|2, and
(2:4) J(2) > J(z0) + (VI[2V], 22 — 20 4 £]|2) — 202 .

(3) VJ is Lipschitz continuous, i.e., there exists a constant crip, > 0, such that
(2.5) IVI[2D] = VI22]||,, < cLipllz® — 2P|, Vah,2® e Z.

Under Assumption 2.2, the solution z* € Z to Problem 2.1 satisfies besides (2.2) also the
optimality condition (cf. [36])

(2.6) VJ[z*](x) =0 with VJ[z](x)= lz(x)— E[q](x)
everywhere in D, where q € L?(Q, V) is the solution of the adjoint PDE system
(2.7) G wla(w,x) = d(x) — u(w,x)

and G*[w] is the uncertain adjoint system of G[w].

2.2 Approximation

We want to find approximate solutions to Problem 2.1, which involves three main compo-
nents: (i) computing finite element (FE) solutions u, € V; for system (2.2) and q, € V; for
system (2.7), V; denoting a suitable finite element space associated with V' at discretization
level ¢; (ii) sampling finite-dimensional representations of stochastic events Q > w — y,; € V4
to generate the input data for the PDE systems; (out of simplicity, we take V; for all functions
with a discrete representation, but remark that different spaces can be chosen as well) and (iii)
finding the root in (2.6) using an iterative stochastic approximation indexed by k € Ny. The
iteration scheme of a standard SGD method is given with step sizes ¢t > 0 by

(2.8) zékﬂ) —Ty (zgk) - tk()\zf) - qék))), where my(z,) = argmin ||zg — Wy,
WeEZy

(k*+1) remains in the admissible discretized space Zy C V. This ap-

ensures that the control z,

proach, using gék) = )\zgk) - qE;k) as stochastic gradient, is motivated by [1], with the method-

ology further developed in [3], where the step size ¢, is assumed to satisfy

(2.9) tr > 0, Ztk = 00, Zti < 00,
k=1 k=1

to ensure convergence (cf. [28, 31] for further reading on step size control). This is combined
with an adaptive mesh refinement and a step size decay to control the sampling error and the
bias introduced by the FE method. Here, we approach this by introducing a MLMC estimator
for the gradients, controlling both errors while drastically speeding up the computations and
reducing the variance to make the choice of the step sizes less critical.

To outline all necessary assumptions for this approach, we consider an increasing sequence
of sub-o-algebras {Fj}ren, of F (a Filtration), such that ng) and z®) are Fj-measurable.
Since all quantities updated in the optimization depend upon the previous steps, we introduce
with the conditional expectation Ex[-] = E[-|Fk] (cf. [37, 38]) the norm Hv(k)Hii(

Ex[[[v®[|3,] and the space

QW)

L2(Q, W) = {v(k) eLXQW) : VP2, 0y < oo}.
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We remark that the computed control in (2.8) is a discretized random-field ng) € L2(Q, Zy)
unlike the true solution z* € Z to Problem 2.1, which is deterministic.

As gradient estimator, the MLMC method gives its computational advantage through the
variance reduction of the state and adjoint level differences

k k k k k k k
@10) V= u— P a9 = u® and pi= o — Pl 1q,, = o

where we made use of the linear isometric projection operator P@ 1: Vo1 = Vpasin [14]. The
assumptions required for the MLMC estimation are summarized below.

Assumption 2.3. The FE approzimations of (2.2) and (2.7) with mesh diameter hy = hg2~*
satisfy in every optimization step k
@2112) Bl —u®||,  <wphgr (2120)  |Ey[al” -

(2.11b)  ||vi¥ — B4l

]HW = Qkh?q

(k) HL2 Q W)< UkhB (2.12b) Hp(k) ]Ek[pék)mii(g,w)ﬁ pkhf"

with exponents ow, aq, By, Pp > 0 and ug, qx, vk, pr, > 0 being independent of the discretiza-
tion level £. The state u'®) and the adjoint q') represent the true solutions to the continuous
problems (2.2) and (2.7) within the optimization algorithm. We further assume that the com-
putation of the state-adjoint pair (vé ,p&k)) is bounded with yor, YMem > 0 and ci, mg > 0 in
its computing-time and memory footprint

213)  CN((vp) <eh o @1a)  CN (v pf) < muhy e
Lastly, with cg, z > 0 and a, > 0 being also independent of £, we suppose

(2.15) 2" — 2z ) < coBalllal” — a5, ] < zehi.

@,w)

Remark 2.4. (1) Assumption 2.3 is based on [14] and adapted to fit to the MLSGD method
by extending it to every optimization step.

(2) The constants ug, G, Vi, Dk, Ck, My and z possess k-dependence due to changing right-
hand-sides of (2.2) and (2.7) as the optimization runs (cf. arguments of [39, 40, 41]
for an elliptic PDE).

(3) The exponents aw, g, Pv, Bp, YCT, TMem 0nd oy are assumed to be independent of k as
the reqularity of the PDE solutions is not expected to change during the optimization.

(4) In the setting of this paper we denote o = aq, 8 = Bp and v € {YoT, VMem }-

(5) Though assumptions (2.11a) and (2.11b) are not used in theory, we present numerical
estimates on them in Section 6.2

(6) The cost bounds (2.13) and (2.14), while in [14] imposed for full field MLMC estimation,
also might find justification in machine learning through a formulation with respect to
the problem size. Commonly, computing time budgets and memory constraints are
among the limiting factors in the training of neural networks.

(7) The inequality on the control error (2.15) is used in Lemma 5.1 to avoid specific assump-
tions on the operators Glw] and G*|w] as well as the applied discretization schemes. This
is motivated by inserting (2.2) and (2.7) into the left-hand side of (2.15) and thereof,
cg encodes information about the operators, whilst assumed of being independent of the
optimization step k.

(8) By the work in [7, 42, 13, 14] the asymptotic behaviour of all inequalities in Assump-
tion 2.3 can be estimated during runtime of the algorithm, enabling adaptivity and
verification of the assumptions as done in Section 6.2.



6 NIKLAS BAUMGARTEN AND DAVID SCHNEIDERHAN

2.3 Example PDE

As an example of the system G[w], we consider the elliptic diffusion equation on W = L?(D)
and V = H}(D) with log-normal coefficients and homogeneous Dirichlet boundary conditions

a2

The adjoint operator G*[w] of this system is the same as G[w] due to the problem’s symmetry.
This problem will serve as an example for the numerical experiments in this paper (cf. [3, 21]
for more analysis); however, we emphasize that the methodology is not limited to this specific
PDE as we do not rely on any properties other than already stated in the Sections 2.1 and 2.2.
The majority of the used functionality within the presented algorithms has already been used
for hyperbolic PDE systems [34, 13, 14]. Further analysis on other PDEs is also given, for
example, in [5, 11, 16].

For our numerical experiments, we consider the unit square D = (0, 1)2 as domain, impose
the target state d(x) = sin(27x)sin(27wy), consider the cost factor A = 10~% and set the
admissible bounds to z\%" = —1000,z.] = 1000. This leads to 7z having no impact on the
presented experiments, but can be adapted to the setting of [3]. To define the log-normal
diffusion coefficient in (2.16), we consider a Gaussian random field (GRF), denoted y(w,x),
with mean-zero and the Matérn covariance function

o2 V2
Cov(x1,X2) = m(lir)ylcy(lir), r=|x; —xaf,, kK= o

where I" is the gamma function and I, the modified Bessel function of the second kind. Re-
alizations of the GRFs are computed with SPDE sampling [43], particularly with the method
introduced in [17]. Throughout the experiments, we set the parameters 02 = 1.5, v = 1 and
Ax = 0.1. For two independent realizations yém) of the GRF with different mesh diameters,
we refer to the four plots on the left of Figure 1. The plots on the right show the computed
control zék) after k = 10 and k = 100 iterations of (3.1).

We solve all PDE systems (needed for the Dirichlet-Neumann averaging of [17] as well as the
state and adjoint equations) with standard Lagrange linear FE, multigrid preconditioning and
CG methods. We note that a large selection of other solvers and FE spaces, as explored in [12],
are available and applicable in the used software [34] and within the proposed algorithms.

We remark that most numerical experiments are performed on a single node on the HoreKa
supercomputer utilizing 64 CPUs. In Section 6.2, we present scaling experiments of moderate
size up to sixteen nodes with a total of 1024 CPUs. Though the presented numerical results
are for two-dimensional domains D, the method is designed with three-dimensional domains in
mind (cf. outlook of Figure 8). First numerical results for this were already achieved, however,
omitted as this also requires an indepth discussion of the HPC techniques and challenges which
is, such as the PDE system, not the main focus of this paper.

3 Batched Stochastic Gradient Descent

As a foundation and baseline for MLSGD, we first introduce the BSGD method. We be-
gin with an algorithmic description in Section 3.1, followed by the first numerical insights
and experiments in Section 3.2, and conclude with a discussion of its convergence rate and
computational complexity in Section 3.3.
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FIGURE 1. Left to right Two GRF samples yém) on different mesh diameters;

Computed control Ze ) after k = 10 and k = 100 iterations of Algorithm 1.

3.1 Algorithm

At its core, BSGD generates, such as (2.8), a minimizing sequence {zz )} "o C Zy of approx-
imations to find the optima of Problem 2.1. We refer to Algorithm 1 for a high-level functional
pseudocode generating this sequence.

BSGD function. The algorithm starts in the BSGD function taking an initial guess z( ) e Zy,
an appropriate step size rule {tk}sz_ol (here directly given as a sequence of length K , which
may be replaced by a function) and the batch size M as inputs. The sequence {zy“)},lfzo C Zy
is generated by iteratively solving the root problem (2.6) with estimates to Ex[q®)] € L2(Q, V)

M
. 1
(3.1) 2 my (2 — 1, (02 — EMCIM])) with EMCqM] = i ST g

m=1

Here, we represent the batch estimation as a MC method using M independent and identically

distributed samples of the approximated adjoint solutions qﬁm’k). These samples are generated

within the BatchEstimation function called in each optimization step.

Batch estimation function. Every call to BatchEstimation takes the current control zﬁk)

and the batch size M as input. Then, M independent realizations of yém) are drawn and

used as input, together with the fixed ng)’ to approximate the solution of the systems (2.2)
and (2.7). This computation can be fully parallelized for all samples, provided sufficient memory
and processing resources are available. The function returns the Monte Carlo estimate of the

k)
")

adjoint solution, E}IC to be used in (3.1), as well as an estimate of the objective (2.1)

M
32) B = LS A a3

m:
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Algorithm 1 Batched Stochastic Gradient Descent (BSGD)

function BSGD(ZEO), {ti L M):
for k=0,..., K —1:
MCrq4(k)1 gMC(,, (k) : ; (k)
Eylay ], Jy (2, ') < BatchEstimation(z, , M)
2 —71z(2” -t (02l — EMClqM)))

return ZEK)

function BatchEstimat ion(zgk)7 M):
for m=1,2,...,M:
// Sampling method for w yém)
v el 1{
(m)

// Find state uém’k) to control zék) and realization y,

. (m,k)
(m,k) (m) (k), ) Find u, € Vy such that:
u «ly, ", z,’]
// Find adjoint q\™" to state u!™" and realization y™
j qy o state u, and realization y,
. (m,k)
m,k m m.k), | Find gq €V, such that:
) e [

* m m,k m,k
g ly(™) af™ =d —uf™"

// Return result of estimators defined in (3.1) and (3.2)
return Eﬂl\gc[quk)], JMC(zék))

using the state approximations uém’k). In machine learning, this is often referred to as empirical

risk [28], which we use here to experimentally monitor convergence (see Subsections 3.2, 5.2,
and 6.2). However, in the convergence analysis, we prefer using J (zf)) to avoid introducing
an additional estimation error. Note that we also use J(z*)), for instance in Lemma 5.1, to
express the objective (2.1) for the continuous control z*) € L2(Q, W) of (2.2), which is not

spatially discretized but still subject to stochastic approximation.
3.2 Experiments

To convey the functionality of the BSGD method and its implementation in M++ [34],
we present the first numerical experiments to evaluate the method and to motivate potential
improvements.

Investigation of the batch size. We examine the influence of a variable batch size M on a
grid with mesh diameter hy = 277 combined with the constant step size t; = 100 and the initial
control z(®) = 0. Figure 2 illustrates two plots: the left one presents estimates of J%C (zgk))
according to (3.2) over the iteration k, while the right plot shows evaluations of the gradient
used in (3.1) in the L2-norm ||EY© [gék)]HW = ||)\z§k) — EMC [qgk)]HLg(D) plotted against the
total computing time. A higher noise level in JMC (zﬁk)) is observed for smaller batch sizes M,
yet all methods oscillate around the same value. The impact of the batch size on the gradient
norm is even more pronounced: the optimality condition (2.6) is visibly better satisfied with
larger batches, but this comes at the cost of an increased computational effort. Beyond this, a
smoothed descent and arguably better convergence rates are observed for larger batches. Thus,
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FiGURE 2. Comparison of different batch sizes M.

if high accuracy is desired, larger batches are more reliable in achieving the result. However,
as soon as we impose a tight limit on the computational cost, the choice for the smaller batch
might be preferable.

Further experiments. Running Algorithm 1 requires the choice of several hyperparameters
and adaptions to the given computational environment. This includes besides the batch size M,
the appropriate choice of the discretization level £, the step size tx, the number of optimization
steps K, the parallelization strategy, and further configurations of the involved numerical solvers
and discretization schemes. We omit a detailed presentation of our numerical experiments
conducted on this, and refer to Section 6 where we develop an adaptive algorithm determining
several of the hyperparameters automatically. Before we turn to this, we recall the convergence
and complexity theory of BSGD methods.

3.3 Properties and Discussion

As just experimentally observed in Section 3.2, the batch size M is crucial, M being too
small leads to a high variance in the gradient estimate, while M being too large increases
the computational cost. This leads to a trade-off between the per-iteration cost and expected
per-iteration improvements. To navigate this trade-off, we recall the convergence properties of
SAA and SA methods, here distinguished through the batch size MSAA > MSA,

Convergence and complezity. Assuming strong p-convexity (2.3) and an appropriate choice
of step sizes t), (e.g. satisfying (2.9)), an SGD method (including mini-batches of size M%)
converges at a sub-linear rate, in particular (cf. [28, 1, 31, 4])

(3.3) E[J(z")) = J(z*)] < O(K™') at cost CSA < MSAh, Vet

Here, hy is assumed to be sufficiently small, and C%# represents the cost required to reach an
accuracy of at least € > 0, where M SAhf’ denotes the cost of one batch, and h, ” is proportional
to the cost per sample, as assumed in (2.13) and (2.14).

On the other hand, if the batch size is large enough to fall within the SAA regime, classical
optimization methods (e.g., conjugate gradient descent, BFGS, ...) achieve at least linear
convergence rates. That is, for some p € (0,1), we have (cf. [28, 22])

(3.4) E[J(2")) — J(z*)] < O(p%) at cost C3M < —MSAh, 7 log(e)

to reach accuracy 0 < € < 1. Thus, SAA methods offer superior convergence rates compared
to SA methods. However, since M54A > M52 each optimization step in SAA is significantly
more expensive. In cases where the input data exhibits high approximate similarity, SA meth-
ods are in practice more efficient [28]. But, once the optimization error falls within the same
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order as the approximate similarity, SAA methods become preferable, as SA methods can no
longer guarantee an improvement in expectation. We refer again to Figure 2 where aspects of
this discussion can be observed, too.

Adaptivity and step sizes. To combat the increased variance of SA methods, but also to
reduce the total computational cost of SAA methods, adaptive batch sizes (cf. [15, 16, 22] for
optimal control), adaptive step sizes [31] and the ADAM optimizer [30] have been proposed,
giving more robust paths of iterates Zék), objectives J MC( E )) and gradient evaluations. This
also enables a stopping criterion other than a maximum number of optimization steps K. We
also note that convergence can still be shown for the convex case, by considering the averaging
scheme of [32], for details see [3]. This also requires a decreasing or sufficiently small sequence
of ¢, which also has to be chosen carefully to ensure convergence.

4 Multilevel Monte Carlo

As a remedy to the observed challenges in the previous section, we propose the use of an
MLMC estimator to determine the expected discretized adjoint solution in each optimization
step k. Expanding Ek[q(Lk)] in a telescoping sum over discretization levels £ = 0, ..., L of the
FE mesh, inserting equation (2.10) and using the isometric transfer operators PL: V, — V7,
gives

Erla}"] = PLE[a)"] +ZP£Ek P ] = ZE W1 ~ E[q®).

This motivates the MLMC estimator (cf. [14] for details in similar notation)

M,
ML MC (k) (m k
(4.1) E E Pe Eve with EM/ = M E

where {M, g}EL:O denotes the number of samples on each level. Note that for £ # 0 the difference
in (2.10) is the same sample computed on two different levels, i.e., pém’k) = q§m’k) Pﬁ 1qgm1k)
(cf. Figure 1 for an illustration of the same input data on two different levels). The mean squared

error in the above approximation is expressed by (cf. e.g. [44, Theorem 3.1] for a similar setting)

(42)  em P (EM (] Z M [pf — Ealpf g ) + [Exlal” = a®

— num
.7errk

— sam
.—CI‘I‘k

If (2.12a) and (2.12b) are satisfied, we can control both; the sampling error errj* and the
numerical error err;"™, either by increasing the level-dependent number of samples M, or by
refining the mesh. Naturally, both measures come at an increased computational cost captured
by (2.13) and (2.14). However, the multilevel structure allows for the construction of a sample
sequence {Mg}fzo, such that the computational cost C, (measured in memory or computing-

time) to reach a desired accuracy of 0 < € < e~! is bounded by (cf. [6, 25])

€2 B>,
|

(4.3) \/errMSE (EML[g]) <e = C(EMV[QM]) S { e 2(log(e))? B =1,

2Bl g < .

This stands in contrast to the combination of FE with standard MC methods which has the
cost of Ce(EMC [q(Lk)]) < €277/ giving at least an improvement of 8/« in the rate for the
same accuracy [6]. The central idea of this paper is to leverage this improvement for the
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batch estimation within an SGD method. Before we outline this approach in further detail
in Section 5, we briefly state how to estimate err®*™ and err™™. This is done by (cf. [42, 7, 14])

k) L
o IEYCw ™ . U
(44) ey ::el?f?‘."fL<<2ap1)W with %S%Zg:l(loga\\EMf[pé N +at —e)

thus @ is determined by regression and érr),  follows from extrapolation arguments. The
estimation of the sampling error is similar to computing a sample variance, i.e.,

(k)

L
s e Y R i iplt) = 3 o™ - EYCIS,
£=0

m=1

5 Multilevel Stochastic Gradient Descent

With the previous recall of MLMC and BSGD, we now introduce one main contribution
of this work, the Multilevel Stochastic Gradient Descent (MLSGD) method. We outline the
algorithm in Section 5.1, present the first experimental results in Section 5.2 and analyze its
convergence and complexity in Section 5.3.

5.1 Algorithm

To explain Algorithm 2, we first note its similarity to the previously discussed BSGD method
outlined in Algorithm 1 and draw on knowledge from Section 4 to explain the differences and
advantages. Again, we follow a function-wise explanation of the algorithm.

The MLSGD function. The MLSGD function serves as the entry point to Algorithm 2 and
accepts an initial guess for z(LO), an appropriate sequence of step sizes {tk},fgol, and a multilevel
batch {M,}L_, as input arguments. Similar to Algorithm 1, the MLSGD method iteratively

optimizes the control z Lk). However, instead of using (3.1), we employ the iteration scheme
6.1) 2 g (2 - . EME M) with  EMM[glF] = A2l — EMEq(P)]
to approximate the solution to Problem 2.1. We note that the gradient estimation EML [g(Lk)]

is now computed using EFM [q(Lk)], as given through (4.1).

Multilevel batch estimation. To compute the adjoint EML[q(Lk)], the function MultiLevelEstimation

is called in each optimization step, taking the current control z(Lk) and a multilevel batch

{M,}}_, as input arguments. By (2.10), the adjoint and the state are computed with the
BatchEstimation function, as in Algorithm 1, on the lowest level £ = 0. For the higher lev-
els £ = 1,..., L, the estimation is performed for the level pair (¢, — 1) using the function
LevelPairEstimation. This also motivates the definitions of yénz kl) , uﬁb kl) and qe il 1) in the
top row of Algorithm 2.

Lewvel pair batch estimation. Similar to the BatchEstimation function in Algorithm 1, the
LevelPairEstimation function approximates the state (2.2) and adjoint (2.7) systems, taking

the current control z(Lk)

Since the control Z(Lk)

¢ and ¢ — 1 with the restriction operators Rﬁ: Vi — V; and ReL_lz Vi — Vi_1, respectively.
Additionally, the control must be distributed across the multiple processes executing the batch
loop in parallel. We omit the details on the parallelization and refer to [13, 14] as well as to a
short discussion in Section 5.2. Having the distributed and restricted controls zEkZ) 1, We can

approximate the state and adjoint on both levels ¢ and ¢ — 1, taking the realizations yé 0 )

, the level-specific batch size My, and the level ¢ as input arguments.

is always stored at the highest level L, the first step is to restrict it to levels

as input. Finally, the function returns with p(m ) = ém ) _ Pf lqﬁmlk) the MC estimate
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F1GURE 3. Comparison of MC and MLMC gradient estimation.

of the adjoint level difference as in (4.1), and with Qy”’k) = %Huém’k) — dH‘Q/V7 Yém’k) =
k) _ Qim k) for £ > 1 and Y{™ = Q{™* for £ = 0 the estimate
M,
(k) m.k)
(5.2) TN (2ggq) = =, leY
This enables the estimation for (2.1), then returned by the MultilevelEstimation function
k k) (|2
(5.3) JME(z () Z ZM )+ 3|z (L)HW'

In conclusion, Algorithm 2 utilizes a MLMC method as replacement for the batch estimator.
Care has to be taken to ensure that the control is distributed and restricted to the correct data
structures; and that the level pairs are solved with the same input realizations. The overall
algorithm, however, is still strongly related to the BSGD method.

5.2 Experiments

Having introduced Algorithm 2, we present first experiments to evaluate the method. Par-
ticularly, we compare the MLSGD with the BSGD method and further investigate the influence
of the multilevel batch {Mz}ngo at hand of the PDE example introduced in Section 2.3.

Comparing multilevel estimation and batch estimation. The layout of Figure 3 follows the
figures in Section 3.2, illustrating a comparison between MLMC and MC gradient estimation.
Both methods use the constant step size ¢, = 100, the same initial control z(®) = 0, the
same number of iterations K = 100, and the same number of CPUs |P| = 64. The mesh
resolution starts with hg = 2% and ends with h; = 277 for the MLMC case, where as
MC estimation operates as in Section 3.2 on hy, = 2~7. Neither of the estimated objectives,
JML(ZS-J]C)) and J}MC (Z(Lk)) in Figure 3, shows a clear advantage over the iterations k, as both
oscillate around the same value with a similar noise level. However, the plot of the gradient
norms reveals a significant speedup—greater than factor 10 in this example—for the MLMC
gradient estimation. The MLSGD method achieves a similar convergence rate and gradient
quality by offloading variance reduction through batching on the lower discretization levels at
significantly reduced computational cost. This serves as an initial indication that MLMC is a
promising alternative to batch estimation.

Investigation of the multilevel batch size. Next, we examine the influence of the multilevel
batch size {Mg}eL:O illustrated in Figure 4. The blue lines in Figure 3 and Figure 4 correspond
to the same batch with hg = 27% and hy, = 277, where as the orange and green lines in Figure 4
extend on hy = 27% and hy = 279, respectively. We note that larger multilevel batches yield
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Algorithm 2 Multilevel Stochastic Gradient Descent (MLSGD)

(m) . (m) _,(m) (m.k) . _

m,k m,k m,k) . m,k m,k
def y,, 1 = (¥, s¥p_1)s Wpelq = (ué ),Ué,l )) e ) qf ))

» Qo1 = (@, "5,

function MLSGD(z\ { M}y, {tx} i)
for k=0,...,K —1:
{EML[q(Lk)], JML(Z(Lk)) — MultiLevelEstimation(z%k), {Mo} )

z(LkH), EML[g(Lk)] +— GradientDescent(z(Lk), EML[q(Lk)],tk)

(K)

return z,

function GradientDescent(z(Lk), EME [q(Lk)], tr):
EML[g(Lk)] . )\Z(Lk) _ EML[q(Lk)]

z(LkH) — Ty (Z(Lk) — tp M [g(Lk)D
return z(F+1)  pML [g(Lk)]

function MultiLevelEstimation(z(Lk), (M} o)
// Solve state and adjont system on lowest level £ = 0 (cf. Algorithm 1)

Ej\l%j [pék)], J}X}S(z(k)) — Bat(:hEstimation(z(Lk)7 My)

0
for {=1,...,L:
// Solve state and adjont system for level pair (¢,¢ — 1)
(k

Eﬂl\flf[pﬁk)], Jﬂl\ﬁ[[f(zgve)fl) < LevelPairEstimation(z; ) My, £)

// Return result of multilevel sums as in (4.1) and (5.3)

L k L k k)12
return 3, PEENMCIM], S0, MO ) + 325,

function LevelPairEst imation(z(Lk), My, 0):

zg?_l — (RE2M) R // Restrict and distribute control
for m=1,2,...,M,: // Run in parallel with optimal distr.
// Sampling method for w — yggll
yéf?zl « | ] {
// Find states u{™* to controls z%)_, and realizations y!""”
0,01 0,0—1 Yeo—1
(m,k) (m) (k) Find ué?Lkl) € Vo -1 such that:
"y Yoo Zyp ] 1o (m) (mk) _ (k)
gﬂé—l[yu—ﬁ Wyp 1 = %501
// Find adjoints (m:F) 46 states ul™*) and realizations y!™”
J Qpo—1 u—(1 k) Z Y-
& k), | Find qu’_ € Vyy—1 such that:
qufl) — [yéf?lpd - u%q)] { . (in) (mk) _ 4 (m,k)
ge,e-ﬂ)’z,eq] Qo1 =Ad— Uy, 4

// Return result of estimators defined in (4.1) and (5.2)
C( ()
p (ZM—J

return E}[° [pye)], JM
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FIGURE 4. Comparison of different multilevel batch sizes {M,} .

smoother and more robust estimates of the objective J ML(Z(Lk)). The gradient norm plotted over
computing time motivates a similar discussion as in Section 3.2, i.e., the larger the multilevel
batch, the better is (2.6) satisfied due to the reduced variance, but this time also due to the
reduced bias. Yet, the higher quality of the computational results naturally comes at increased
cost.

Discussion and remaining challenges. Though the MLSGD method shows promising re-
sults in the numerical experiments, several questions remain as well as new challenges arise: (i)
We note that picking the optimal multilevel batch size still depends upon the available com-
putational resources. Smaller batches are still to be favored for small compute time budgets.
In Section 6, we develop a hardware-aware method that automatically finds the optimal batch
size for a given computational budget in CPU-time and memory. (ii) To incorporate the com-
putational budgets, an adaptive strategy for the step size tx, the multilevel batch {M, g}fL:O, the
total number of iterations K and the largest level L has to be developed. Before we propose
ways to approach (i) and (ii) algorithmically in Section 6, we examine the method’s convergence
and complexity behavior analytically in Section 5.3. (iii) Lastly, leveraging parallel computing
resources within a multilevel setting is a non-trivial task. The reason is that the MC estimates
on the lower levels are much more efficient with a sample parallelization, whereas the MC es-
timates on the higher levels often require a parallelization over the spatial domain D. Yet, all
estimates must be synchronized to compute the adjoint estimate in (4.1). To leverage the full
potential of MLMC estimation without sacrificing parallel efficiency, careful algorithmic design
is required which is solved with a multiindex approach for full field estimates as introduced
in [14].

5.3 Analysis

Finally, within this section, we present comprehensive convergence and complexity analysis
of the MLSGD method. The main result is given in Theorem 5.2, leveraging Lemma 5.1 as a
key idea. Corollary 5.4 generalizes the convergence result on the objective and on the gradient.

Lemma 5.1. There exists a multilevel batch {M}l_,, such that the error r(Lk) between the
gradient V.J(z®)) in step k and its estimation EML[g(Lk)] in (5.1)
(5.4) v = EMLgM] — vy ()

as well as ||Z(Lk) — Z(k)HLi(Q,W) can be bounded through €, > 0, particularly

(5.5) Hr(Lk)Hii(Q,W) <2¢ and HZ(Lk) - Z(k)Hii(Q,w) <cg(1—0)e,
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with 6 € (0,1) and cg from (2.15) at computational complexity

-2
Ek B > 77
(5.6) Cr (EM[gr]) S { e (log(ex))* 8=,
6;2—(7—5)/04 B <.

Proof. By VJ(z®) = Az®) —E;[q®)], (5.1) and the triangle inequality, we have

(k)

11 00y = B[22 = 229 + Exfa®) - B (g P[5,

w

< 2,\2HZ<Lk) —z® Hii(ﬂ,m + 2B [aV] - EMT [q(Lk)]Hiz(n,m

Since errMSE := E;, [HEk [q¥)] — EML [q(Lk)]H?/V}, we have with the decomposition (4.2)

L

IEE e oy < D0 M HIPE = Exlpfll[5a g m) + [IExlal” — a1,
=0

2

+ )‘2||Z(Lk) — 2" ||L§(Q,W)

Considering the left side of assumption (2.15) and applying Jensen’s inequality gives

IN

L
31 2y < DM g — Exlof [ o)+ (eg + 1) Bx[[laf” —a®| ]
£=0

Thus, with (2.12b) and (2.15) both error contributions are controlled and similar as in [6, 25],
we can achieve with some bias-variance trade-off 6 € (0, 1)

L
1) (k) (k)12 > (k) _ ()2 (1-6) »
;:Me [Py — Expg ]HLg(Q,W) < e and Ep[[qy —d )HW] < (\2cg + 1) €k
=0
through an appropriate choice of {Me(k)}fzo such that (5.6) holds. O

Theorem 5.2 (Convergence and e-Cost of MLSGD). There exists a sequence of multilevel
batches {{Mkj}ZL:O}kK:_Ol, step sizes {t )1, C Rsq, and some p € (0,1), such that

(5.7) eK = Hz(LK) —z"

L2(awy  converges linearly, i.e., ex < O(pK).

Further, reaching an error of ex < € smaller than accuracy € > 0 comes at the cost

e? B>,
Ce $ € ?(log(e))® B=r,
6_2_(7_16)/04 5 < Y.

Proof. The proof is organized in two steps, first we show the linear convergence and then we
estimate the cost of the algorithm. We define for the further proof

Cpt+1 = Hz(Lk+1) — Z*HLi(Q,W)’ ey = ||Z(Lk) — Z*HLi(Q,W)'
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(i). Adapting the arguments of [3] to the iteration scheme (5.1) gives

1= |7z (Z(Lk) - tkEML[g(Lk)]) —z ||L§(Q,W)
< ||Z§Jk) — tp EME[g{M] — Z*HLZ(Q w)
_ .2 _ 2tk< (k) 2", EML[g (k) >L2 o +ti||EML[gg€)]Hii(Q,W)

By (5.4), it is EML[g(Lk)] = r(Lk) +VJ(z®) and we can write

eiﬂ < ei - 2tk<z(Lk) z* r(Lk) + VJ(z(k))> + ti”r(Lk) +VJ(z

L2(Q,W) HL"’(Q w)*

Since J is p-strongly convex (2.3) and VJ(z*) — VJ(z(Lk)) + VJ(z(Lk)) =0, it follows
7<Zg€) —z", VJ(z(k))>

_<Z(Lk) -z rs;k)>L§(Q,W) < ek ||rL ||L§(Q,W)'

k
L2(Q,W) < ‘LLBk + €k||v<] Z(k)) VJ(Zi )))HLi(QvW)’

Therefore, we can estimate
i1 < ek + 2t (ex Hr(Lk)HLi(Q,W) + ekHV'](Z(k)) - VJ(Z(L]C)))HLi(Q,W) — pek)
k 2
+ ZtQ(Hr( )HLi(Q,W) + ”VJ(Z(k))HLi(Q,W))
Further, by (2.5) and (2.6) we see that

|V J(z* =||VJ(=z") - VJ(z < cfpplz®

2 *
||L§(Q,W) HL2 @w) = —Z ||Li(Q,W)

< 2¢;, (ef + ||z — ZL)HLi(Q,W))

and since the true gradient in step k is given by V.J(z*)) = \z®) — E,[q(®)], it is

IVI7@") = V(@) < [Exla® = il ) + Al =250

HL2(Q w) = QW) QW)

In conclusion, the estimate for e 41 18 given by

e < €+ thekHr%k)HLi(Q,W) + thekHEk [q®) — q(Lk)]HLi(Q,W)
+ 2tpep|[zM) — 20 HL2 — 2tiHr(Lk> Hig(n,m
+ 4ticiip||z(k) -z (k) HL2(Q wy T 4tkciipei — 2ty ped

Now, we apply Lemma 5.1 by choosing €, in every iteration k as 7 - e with a sufficiently small
1 > 0. Then, there exists in a sequence of multilevel batches {{Mé(k)}éL:O}keN’ such that

(5.8)  enp1 < en((Actip(1+n7cg) + 2075 + 2(V2n + 0 + \Jeghn — p)t, + 1) = ep}

where we used (1 — 6) < 1. By taking the square root of the above expression, it follows by
induction that the error converges linearly, if p, < 1 in each step. This can be achieved by
choosing the step size ty and the factor i, such that the quadratic expression of py in (5.8) is
minimized and t; > 0 holds. As a result, by taking the expectation and the tower property,
the total error in the final step K is given by O(pX), with p :=sup{pp: k=1,...,K}.
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(ii). We denote with Cj again the cost of the k-th descent. By Lemma 5.1, the summed
cost C, to achieve an total error of ex < € is given by

K K 6;22 B>,
Cc=> Cp D < logler)? B=1,
k=0 k=0 6;27(%6)/& B <7

Since we chose the multilevel batch such that 7! e, equals the error in each step, and since

er = O(p"), we get similar to [22] for large K >> 1 the asymptotic behavior

K (p2* p2K=2 2 B>,
Cosd qr 2 og( ) ~ | K2t ~ € log(e)? B=1,
k=0 p*% (v=B)k/ex pAEAD=(y=B)(K+1)/a e 2-0=Ple g <~
using the geometric series and e = O(pX). O

Remark 5.3. (1) Bven though MLSGD improves the rate from O(K~'?) to linear con-
vergence O(pX), as discussed in Section 3.3, similar results can be achieved with large
enough batches and gradient aggregation methods. However, as pointed out in [28] and
observed in Section 3.2, this comes with an increased computational cost. Our approach,
leveraging the MLMC method, reduces the cost of the gradient estimation dramatically,
as demonstrated numerically in Section 5.2 and now proven by Theorem 5.2.

(2) The parameter n > 0 has to be chosen small enough, that minimizing (5.8) is achieved
with t, > 0. Sincen < ﬁ\/@ is independent of k, this suggests the usage of an
adaptive algorithm that successively enlarges the multilevel batch. In particular, as the
algorithm runs and ey decreases, this leads with e, = 1 - ex to a decreasing target error
€x and thus to an increased computational cost of each iteration.

The following corollary motivates implementing the targeted multilevel error by e, = 7 -

||EML[g(Lk)]||W. This idea is similar to [22] and later used in Algorithm 3.

Corollary 5.4. There exists a sequence of multilevel batches {{M }e O}k o Step sizes
{ti} iy € Rsg, and some p € (0,1), such that

E[J(20)) - J(z")] < O(p%) and ||EMV[g{") < O(p").

||L2(Q,W)
Proof. The first expression follows from the strong p-convexity (2.4) together with (2.5)

1290 - J(2) < (VIR 280 — o), — 8]0 — 2|,

w12
< (evip — )22 = [fyy
and by taking the expectation on both sides. The second expression follows from bounding

k
HVJ(Z( ))HL}ZC(Q,W) QW)
ing the expectation over all possible optimization trajectories concludes the result. O

and ||r5:k) HLi in (5.4) with similar arguments as in Theorem 5.2. Tak-
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6 Adaptivity and Budgeting

Having established the MLSGD method, particularly its convergence in Theorem 5.2 and
its functionality in Algorithm 2, we now address the question of how to choose the multilevel
batches {{M, k,é}%:o}f:_ol and step sizes {t};—," given computational constraints such as mem-
ory limitations Memg and CPU-time budgets |P|-Tg, Ty being the reserved time budget on the
cluster and |P| being the cardinality of the set of processing units. Building upon [13, 14], we
formulate the following knapsack problem, which is then solved with the budgeted multilevel
stochastic gradient descent (BMLSGD) method, adaptively determining the multilevel batches
and step sizes.

Problem 6.1 (MLSGD Knapsack). Suppose the solution z* to the optimal control prob-
lem (2.1) is given, find the optimal sequence of step sizes {tk}kK:Bl and multilevel batches
{{Mk7g}f:’€0 2{2—01} such that the total error ey is minimized, while staying within a CPU-time
|P|- Ty and memory Memgy budget

*

(6.1a) min HZ(LK) -z

L2(Q,W
{te M}, } (@)

k=0

(61b) Z Z Z CCT((Vém,k), pém,k))) < |’P‘ - To

(6.1c) cMem ((V(LK_U, p(LK_l))) < Memy.

Problem 6.1 is an NP-hard integer resource allocation problem which we solve with dis-
tributed dynamic programming techniques utilizing an optimal policy to find the multilevel
batches in each iteration of the optimization algorithm. To respect the cost constraints (6.1b)
and (6.1c), we utilize assumptions (2.13) and (2.14). Before we present the BMLSGD method
in Algorithm 3, we can conclude with similar arguments as in [13, 14] that the error of ev-
ery feasible solution is bounded from below by the memory constraint and from above by the
CPU-time budget.

Corollary 6.2 (Lower and Upper bound of MLSGD). The minimum (6.1a) is bounded through
the imposed constraints (6.1b) and (6.1c) as

(6.2) Memg® < [z —2*||,, < (1—A)T5® + Ap(IP| - To)~°.

Here, § = min {%, m} 1s the convergence rate with respect to the computational resources
and A, € [0,1] is the parallelizable percentage of the code.

Proof. Applying the arguments of [13] for the right-hand side, i.e., combining the inverted
complexity of Theorem 5.2 with Gustafson’s law, and considering for the left-hand side that
the smallest possible bias is determined through the maximal memory footprint as in [14], gives
the result. |

6.1 Algorithm

Building upon Algorithm 1 and Algorithm 2, we outline again the method as functional
pseudocode. Since Problem 6.1 is intractable, we use the estimators given in Section 4 in
combination with the theory from Section 5.3. We define the global variables for the leftover
time budget Ty, and the total available memory Memy, (we store the history of these values along
the optimization steps k) and initialize them with the given Ty and Memg from Problem 6.1.
We further set the constants for the error target reduction n € (0,1] and the bias-variance
tradeoff 6 € (0, 1) to start the algorithm.
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The Init function. Starting the call stack in the Init function with an initial guess on zg)),
an initial multilevel batch {MO,K}EL:‘)O, and the initial step size tp, the MultiLevelEstimation
function and the GradientDescent function from Algorithm 2 are called. This gives the ini-
tial estimates on the adjoint EME [q(LO)]7 on the initial objective JML(zg))) and with that, the

gradient EM [g(LO)] and the first updated control Z(Ll). The computational cost is dominated
by the MultilevelEstimation function, thus after its first call, the time budget and the left-
over memory are updated with T < Ty — COCT and Mem; < Memg — CIOVIem, where the cost
measurements C$T and CMe™ are given by

Ly My,
(63) CST _ Z Z CCT((ng’k),pgm’k))) and CkMem ~ mkhZZMem'
=0 m=1

We refer to [14] for a more detailed discussion on the time cost measurement in parallel and why
the memory cost can be bounded through the highest level L, following the assumption (2.14).

(1)
L

Subsequently, we call the BMLSGD function with the new control z;’ and the first error target

€ ¢ 1M HEML[g(LO)] ||W (cf. [13] for a discussion why 7 is relevant for the parallel efficiency).

The BMLSGD function. The BMLSGD function in Algorithm 3 acts as the main driver
of the algorithm by recursively minimizing (6.1a), while enforcing the computational con-
straints (6.1b) and (6.1c). This involves checking the leftover time budget Ty in a guard clause
of the function, and adapting the largest level Ly if the FE error, estimated with (4.4), is
larger than a predefined fraction of the target error 8 ¢;. To find the optimal multilevel batch
{M;fz,t f:’“o in each iteration k, we apply techniques introduced in [7, 14] utilizing estimates
from the previous optimization step k — 1. Particularly, we use

2 21, (k—1) L | g2 p({cfl) ger
(6.4) M’?;zt _ (\/gek) S [pe jCT Z ¢ [ ¢ ] k—1,¢
’ (My—1,0 = 1) CT |\ 7 M1, —1
to get the optimal number of samples M ]g}zt on each level £ where 55 [pék_l)] is the second order

sum from (4.5). The estimate GETM is the averaged cost of the previous iteration £ — 1 on
level ¢, thus with the sample size Mj,_; ¢, it is

My _1.
Z CCT((Vém,kfl),pgm,kfl)))

m=1

O = 3
—16 =
M1,

Once the new multilevel batch {M, ;;rzt ZL:’CO is chosen, the NotFeasible function is called. This
functions stops the computation if the new batch is expected to take longer than the leftover
time budget Ty or, if, by appending a new level, the memory constraint is violated. Else, we
call the MultiLevelEstimation function to compute new estimates on the adjoint EML [q(Lk)]

and the objective JML(Z(Lk)) using the new multilevel batch {M,‘Et ZL:ko- We then determine

the new control z(LkH) by calling the AdaptiveGradientDescent function, update the budgets

with (6.3), and start a new optimization step with the BMLSGD function taking the new control

z(LkH), and the new error target ex 1 < 7 - ||EML [g(Lk)]HW as input.
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Feasibility check. Within the NotFeasible function, the upcoming computational cost is
estimated and checked against the remaining budgets:
Ly,
ZM,??CS,TM > T or myhy ™M > Memy,
£=0

new batch is too expensive in memory

new batch is too expensive in CPU-time

We recall that Memy, is the leftover memory, i.e. the difference between the initial memory
budget Memg and the memory footprint of the last computational result. In either case, if the
new multilevel batch is too expensive in CPU-time or memory, the algorithm stops and returns
the current control as the solution to Problem 6.1.

Adaptive Gradient Descent. By Theorem 5.2, we do have to determine besides the optimal
multilevel batch {M ,?Izt}f **, also the step size ¢, in order to minimize (5.8). To this end, we use
the adaptive step size techniques introduced in [31] in combination with the already computed
MLMC estimates and the gradient EFME [g(Lk)] used in (5.1). Particularly, we compute
_ B g M e o I e — B e

e | EMU (g1 e BN gl

where €ITg,, is determined with (4.5), and ¢, is an estimate of the Lipschitz constant follow-

(6.5) tr

ing (2.5) which takes the previous gradient EM¥ [g(Lk_l)] from memory. With the new step size
tx, we finally compute the new control z(LkH) following the update rule in (5.1) and return to

the BMLSGD function again.

6.2 Experiments

We now present our final numerical results, evaluating the performance of Algorithm 3 on
the PDE example from Section 2.3. In particular, we focus on estimating the convergence rate §
as defined in Corollary 6.2. Following the approach of [13], we estimate ¢ via linear regression
on the logarithmic decay of the gradient norm over time:

min >~ (log, (||E""[g}”],,,) — 310ga(Tk) + )

(6,%5)
All figures in this section display estimates of §. To clarify the plots, we represent data points
directly (excluding early iterations within the first 60 seconds) along with the corresponding
linear fit.

Method comparison. Figure 5 presents a direct comparison between the BMLSGD and
BSGD methods. To improve the BSGD performance, we used a decaying step size t; =
to - K9 satisfying (2.9) with ¢, = 250 and increased the iteration count to K = 150. With
h¢ = 277 and M, = 256, this configuration gave the best BSGD results within one hour of
computation. Despite these optimizations, BMLSGD significantly outperforms BSGD on our
example — achieving comparable results 18x faster and yielding errors 5x smaller for the
same computational cost. As shown in Figure 5, BMLSGD also achieves a markedly better
convergence rate of § ~ 0.5, compared to § ~ 0.37 for BSGD. This aligns with theoretical

expectations: for BSGD, § = 2;_17 (cf. discussion in Sections 3.3 and 4), while for BMLSGD,

Corollary 6.2 gives § = min{%, m} Finally, BMLSGD achieves these improvements

with fewer iterations, lower bias, and reduced noise (see left plot of Figure 5).

Unlike in Sections 3.2 and 5.2, as well as the preceding discussion, Figures 6 and 7 addition-
ally present results on multilevel statistics and highlight the decay of the gradient || EML [g(Lk)] lw
over time. The aim is to justify Assumption 2.3 by estimating the exponents o, aq, Sv, Bp; YCT,
and Ymem. The top row in both figures displays the experimentally measured exponents: for
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Algorithm 3 Budgeted Multilevel Stochastic Gradient Descent (BMLSGD)

global const (1, 0)" < (0.9,0.5)"  // Tested choice for both values

global (Ty, Memy)' <« (To, Memg) ' // Initialize with time and memory budget

function Init(zL ,{MO (3o, to): // Calls functions from Algorithm 2
EML[qu)], JME (g 5;())) — MultiLevelEstimation(zgn, {Mo. o} ,)

Z(Ll), EML[g(LO)] +— GradientDescent(zg)), EML[q(LO)],tO)
(Ty, Memy) " — (To — CST, Memg — Chlem) T
return BMLSGD(Z(LI) n-|[|[EMg), (0) ||W

function BMLSGD(Z(Lk), €x):
(k)

if Ty < 0.05Ty: return z;
if ety > (1—0)€;: Ly Lp_1+1
for £=0,...,L;: MY+ (6.4)

if NotFeasible({M"'}*,): return Z(L)

EML [q(Lk)]7 JML(Z(Lk)) — MultlLevelEstlmatlon(z(L ), {M,S%t ZL’“O)
Z(LICH)7 EML [g(Lk)] <+  MAdaptiveGradientDescent(z (k), EML[q (k)])
(Try1, Mempy1) " <« (Ty — CCT Memy, — CMem)T

return BMLSGD(Z(Lk+1, n-||[EMV[g) (k) ||W

function NotFeasible({M;%'}/*,):

. L =

if Yo MY CPT, > Ty: return true
if mkhZZMe“‘ > Memy, : return true
else: return false

function AdaptiveGradientDescent(zj (k) . EME[q (Lk)}):

EML [ggc)} — )\Zg@) _ EML [qg@)]

G | (g1 EM gl ML g (k= 1)

CLip A |‘tk7111E1\/IL[g(L’C*113]I|W // tk—la D) [gL } from memory
1M (g7 1113 —emry™ sam . ,

t “ L stimated with (4.5

* B g PR, /) & estimated with (4.5)

2+ e mp(a® - BV )

return 7+ pML [g(Lk)]
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FIGURE 5. Comparison of Algorithm 1 with Algorithm 3.

the state (dash-dotted line) and the adjoint solutions (dashed line) in the left and center plots,
respectively. The rightmost plot shows the measured computational cost exponents v¢T and
yMem in a dual-axis format: the increasing solid line indicates average computational costs per
level, while the bar plot represents memory costs per level. The horizontal lines in this plot
mark the total memory footprint in megabytes (MB). The slight overhead of memory costs at
the lowest level stems from initialization of the algorithm and the solvers.

Step size choice. Following the approach of [13], we assess the multilevel results to identify
the optimal step size rule under a fixed computational budget through direct performance
comparisons. The algorithm is initialized with the multilevel batch configuration: (hg, Mo) ' =
(274,64)T, (hy,M})T = (27°,16)T, and (he, M) = (276,4)T. Performance is evaluated
using the same settings as in Figure 5. In Figure 6, we compare fixed step sizes ¢, = 100 and
tr = 150 with the adaptive step size rule (6.5) using tg = 200. The center plot in the second
row of Figure 6 shows that all three configurations result in a comparable load distribution
across levels and remain within the 1-hour computational budget (indicated by the horizontal
red line). The lower right plot indicates that the adaptive step size yields the best convergence
rate and lowest gradient norm at the end of the optimization. In the context of BMLSGD,
the adaptive rule utilizes each batch optimally, thereby enables larger batches that lead to
improved parallel efficiency.

Node scaling. Finally, we demonstrate that the BMLSGD method scales well with increased
computational resources (cf. Figure 7). To this end, we run the method with adaptive step size
and top = 200 on |P| = 64 (1 node), |P| = 256 (4 nodes), and |P| = 1024 (16 nodes). Notably,
the method leverages the additional resources to compute more samples—and, for |P| = 1024,
also includes an additional level (cf. lower left plot of Figure 7 showing the total number of
samples My over the optimization). As shown in the lower right plot of Figure 7, and similarly
observed in [13], increasing computational resources improves the solution quality. The smaller
gap between the green (|P| = 1024) and orange (|P| = 256) lines, compared to that between
the orange and blue (|P| = 64), suggests diminishing parallel efficiency with more nodes. This
is due to the inherently unparallelizable portion A, of the code (see Corollary 6.2 and [13] for
further details).

7 Outlook and Conclusion

In this paper, we introduced the MLSGD method and its budgeted variant. We showed
that the method solves optimal control problems of the form (2.1) with a linear convergence
rate in the number of optimization steps. The total error is controlled via multilevel Monte
Carlo estimation, as established in Lemma 5.1, Theorem 5.2, and Corollary 5.4. Our numerical
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FIGURE 6. Comparison of t; = 100 and ¢, = 150 with the adaptive step size rule (6.5).
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FIGURE 7. CPU-scaling experiment with |P| = 64, |P| = 256 and |P| = 1024.

experiments in Section 5.2 and Section 6.2 clearly demonstrate the superior performance of
MLSGD compared to the baseline BSGD method. In particular, the budgeted variant of Sec-
tion 6 shows significant improvements in convergence speed, accuracy, parallel scalability, and
robustness, while ensuring total error control relative to available CPU-time and memory, as
shown in Corollary 6.2.

Future work may explore other PDEs, such as wave equations [13] or coupled PDEs [12],
applications which are already supported by our software M++ [34]. The method is designed for
high-dimensional problems and large computing clusters, where its inherent parallelism, based
on [14], enables efficient usage of resource. It is thus applicable to three-dimensional problems,
as illustrated by the outlook application in Figure 8. Algorithmically, the method can be
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F1GURE 8. Outlook on three-dimensional random field sampling and optimal control.

extended in several directions, such as incorporating limited-memory BFGS methods [45] as
an alternative to gradient descent, or combining it with QMC methods as in [10, 11]. Further
improvements may also be achieved by refining the step size strategies and by using new
averaging schemes [46]. We also suspect that the MLSGD method can excel in risk-averse
PDE-constrained optimization using conditional value-at-risk (CVaR) estimation, as described
in [47], potentially leveraging the multilevel techniques introduced in [48] to estimate the CVaR.
Lastly, we want to point out again that the MLSGD method is not limited to PDE-constrained
optimization in application. We note that simultaneously with our work, a related formulation
to the MLSGD method appeared in [49], focusing on operator learning. We believe that the
findings in our paper, e.g. how to realize adaptivity and parallel scalability, will improve future
applications of the MLSGD method in machine learning.
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