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SPECTRAL GAP PROPERTIES OF PERTURBED PERIODIC
MEDIA

A. KIRSCH AND B. SCHWEIZER

ABSTRACT. We analyze periodic operators on R™ and small perturbations of these
operators. The perturbation is periodic in n — 1 directions and has bounded sup-
port in the remaining direction. We show that, when the perturbation has a sign,
every spectral gap for the unperturbed operator is reduced by the perturbation.
We develop a general theory that can be applied to elliptic operators, to systems
such as that of linear elasticity, and to Maxwell’s equations.
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1. INTRODUCTION

In a periodic medium, a self-adjoint differential operator has a spectrum that typ-
ically consists of bands and band gaps. This qualitative structure can be understood
with a Floquet-Bloch transform: One can show that the spectrum in the periodic
medium is given as the union of the spectra of differential operators in a periodicity
cell. The spectra in the periodicity cell are discrete, the union is taken over the
Floquet parameter; this leads to a spectrum that consists of intervals.

We ask: What happens to band-gaps when the periodic medium in n dimensions
is perturbed in a non-periodic fashion? We restrict ourselfs to perturbations that
are periodic in the first n — 1 directions and that are confined to z, € (0,2m).
The differential operators in this text are quite general. The two basic examples
are (a) elliptic systems, the spectrum then describes the behavior of waves in the
medium, and (b) Maxwell’s equations, the spectrum then describes the propagating
electro-magnetic modes in the medium. Our main result states, loosely speaking:
A non-periodic perturbation with a sign reduces the spectral gap, no matter how
small the perturbation is chosen.

To be more specific in the description of our main result, let us present the motivat-
ing example for our theory. The example is a scalar elliptic equation and our results
are (under additional assumptions) already known in this problem, see [4, 5, 6, 7].
Our aim is to develop methods that are more general, the operator M below can also
be the Maxwell operator or the elliptic operator of linear elasticity. Nonetheless, let
us describe the simplest case here: For coefficients a,b : R® — R, both 27-periodic
in each direction in R™ and both positive, we study the family of operators

MM = —V - (aVu) — \bu.

Solutions are always functions u : R™ — C™, in this guiding example with m = 1,
the parameter A € R is the spectral parameter.

We now treat the case that the coefficient b is perturbed, more precisely, it is
replaced by the coefficient b + d¢?, where ¢ : R® — R is a bounded function with
support in R"~! x (0, 27), periodic in n—1 directions, and § > 0 is a small parameter
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FI1GURE 1. Sketch of a perturbed periodic medium in dimension n =
2. The medium is characterized by the coefficients of a differential
operator. The underlying coefficients, a and b in the guiding example,
are periodic in every direction. The perturbation, in the example given
by the coefficient ¢, is confined to a strip R* ! x W = R x (0, 27). Our
result is that the perturbation reduces spectral gaps of the underlying
medium.

that measures the strength of the perturbation. We emphasize that ¢ is localized in
direction z,, and hence, in particular, not periodic in this direction. The family of
perturbed operators is therefore

MMy = =V -(aVu) = X(b+5¢°)u.

The choice to write ¢? for the perturbation indicates that the sign of the perturbation
is relevant.

In applications, one is interested in spectral gaps of operator families as above;
essentially, a number A € R is in a spectral gap when the operator M*? is invertible.
For the application, this means that there are no propagating wave solutions for
the system, for the frequency corresponding to A. Since the perturbation modifies
the properties of the periodic background medium along a hyperplane, one may
expect that there are propagating wave solutions that are concentrated along this
hyperplane. With this interpretation in mind, one may expect that spectral gaps
are getting smaller when 0 is increased. Our main result is that, indeed, the upper
end of the spectral gap is pushed down by the small perturbation.

Mathematically, we define spectral gaps as maximal intervals (a_,ay) C R such
that, for every A\ € (a_,a,), the operator M*? is invertible. Let (a_,a.) be a
spectral gap for the unperturbed problem (§ = 0). Our main result is that, for
every § > 0, there exists A\ € (a_,a,) near ay such that M*° is not invertible. In
particular, the interval (a_,a.) is not a spectral gap for the operator family M*°
for 6 > 0.

The precise statement is formulated as Theorem 3.2. It treats a general situation
with an unperturbed operator M (the above example uses M : u — —V - (a Vu),
in the case of the Maxwell system, essentially M : u +— curlcurl u) a mass-matrix
operator E (in the above example £ : u +— bu), and a perturbation 6Q? (in the
above example the operator u — d¢*>u). We investigate the spectral gaps of the
family M — A\(E + 6Q?) in dependence of 4.
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1.1. The heart of the argument. We provide a rough sketch of the main argu-
ment for the theorem, this idea was already used in [4, 5, 6, 7]. The entire argument
is based on Floquet-Bloch transforms; we assume that the underlying operators are
periodic with the periodicity cell W™ for W = (0,27). On the one hand, we can
transform in all variables zy, ..., z,; we write k € I"™ with [ = [-1/2,1/2] for the
dual variable. This transformation is only useful for the operators M and E. On the
other hand, we can transform the system in the first n — 1 variables 1, ..., x,,_1; the
dual variable is then denoted as m € I"~!. This transformation can be performed for
the periodic operator M — A\E and also for the perturbed operator M — A(E + 6Q?).
For a parameter m° € I"! we write, e.g., (M — AE),» to indicate the differential
operator in the Floquet-Bloch representation for the parameter m® (Section 2 is, to
a large extend, concerned with making the corresponding construction precise).

Step 1, made precise in Lemma 3.4: We show that a certain scalar product be-
comes large in absolute values in the limit A  a,. For an appropriately chosen
function r € L2(W™), its trivial extension R*r € L*(W"~! x R), and for a critical
dual parameter m° € ", there holds
(1.1) limsup | (M — AE), s R*r, R*r) p2qyn-1xm)| = 00,

)\%a_,_
compare relation (3.4). The relation coincides with our intuition: The fact that a
is a boundary point of the spectral gap implies that the inverse of M — AE must be
large in some way.

Step 2, made precise in Lemma 3.5: We introduce, compare (3.14), an operator
A as follows:

(1.2) A=) NQR(M — \E),LR*Q : L*(W™) — L*(W™).

This operator is self-adjoint. Since it contains the inverse of M — AE, the operator
has a large norm for A close to ay by (1.1). This implies that, for fixed 6 > 0, there
is A < ay such that A has the norm 1. To sketch loosely the rest of the argument,
we might say: 1 is an eigenvalue of A, hence there is an eigenfunction w € L?(W™)
with Aw = w. Let us consider v := A\ (M — AE) L R*Qw. Then there holds, on
the one hand, (M — AE)ev = AW R*Qu by definition of v. On the other hand,
VOQRv = Aw = w. Together, these two facts imply MR*QQRv = \WOR*Qu =
(M — AE)ov. This shows

(1.3) (M — AE — MSR*QQR) e (v) = 0.

In particular, (M — AE — MR*QQR) > has no bounded inverse, which is actually
the conclusion of Lemma 3.5 for some A < ay, see (3.12). This implies the theorem
since there exists A < a, which is not in a spectral gap of the family M —\(E+3§Q?).

Let us include a more technical remark concerning our methods. It is tempting to
work with operators that have a compact resolvent and to exploit spectral theorems
for compact self-adjoint operators. This is what we tried first, but we did not succeed
to fit the Maxwell system in this framework; the operator curlcurl has a compact
resolvent only in the space of divergence-free functions, but this space does not
behave well under the Floquet-Bloch transform. We solved the problem by working
only with Fredholm operators.

1.2. References. Our results are inspired by the work of Brown et al., [4, 5, 6, 7],
where the above statement was derived for the elliptic operator M of the introduc-
tion. Let us describe the newest of these publications, [6], which generalizes older
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results. Starting from Maxwell’s equations and considering TE-modes, the underly-
ing problem regards a scalar field H : R? — C in two dimensions and the relevant
coefficient is the strictly positive permittivity ¢ : R?> — R. The operator acting on
the unknown H is the elliptic operator —V - (¢7'V). The authors consider pertur-
bations of the coefficient e, the perturbation must be non-negative, non-trivial and
periodic in the first direction.

In comparison with our result we may say: We treat more general equations and
arbitrary dimensions, our approach does not require Floquet-Bloch theory in H 1
and we do not have to make assumptions on the band functions A, (see Assump-
tion 3 in [6] where a quadratic lower bound is assumed for the band functions).
Nevertheless, as described above, we use the same underlying ideas, compare the
description in Section 2.2 of [4].

We emphasize that our goal is not to show the creation of isolated eigenvalues by
the perturbation, which is the topic, e.g., in [9, 15] and many other publications.
Another topic of interest, also different from the questions asked here, regards the
formation of gaps as in [3]. For the periodic Maxwell operator in three dimensions,
the existence of band gaps is the topic of [10].

The book [11] gives an overview about many aspects of photonic crystals, ex-
plains the appearance of band gaps in periodic crystals and the corresponding wave
phenomena, it covers defects in periodic media and provides many examples of how
waves can travel along defects. At this point, let us emphasize that the contribution
at hand is not about the creation of band gaps by a defect, but it is about how a
band gap changes when a small defect is introduced. A more mathematical overview
on photonic band gap optical materials is [14].

In [2], perturbations of a one-dimensional self-adjoint periodic Sturm—Liouville
problem are studied. Under integrability assumptions on the perturbation, it is
shown that the essential spectrum and the absolutely continuous spectrum remain
unchanged, and that at most finitely many eigenvalues appear in the spectral gaps.
In [8], a localized perturbation of a periodic Schrédinger operator is treated.

The aim of [1] is in a different direction: The authors use the method of Floquet-
Bloch transforms in order to homogenize periodic equations and in order to study
the limit of spectral values in the homogenization limit.

2. THE FUNCTIONAL ANALYTIC SETTING

We are interested in partial differential equations, the unknowns are functions
u: R" — C™. We write x € R™ for the independent variable so that u : x — u(x).
Since we will work below with the Floquet-Bloch transform, we will seek for solutions
always in the underlying space u € L*(R™, C™). We will suppress the image space
C™ when it is clear from the context.

Notation. For normed linear spaces X and Y we write £(X,Y") for the space of
linear and bounded maps 7' : X — Y, and set £(X) := L(X, X). The kernel of an
operator 7' is denoted as N'(T'). For a Banach-space Y, for convenience of notation,
we consider its anti-dual space Y': For elements u € Y', v € Y and A € C holds
(u, \)y+y = Mu, v)y:y. This definition allows to write the dual pairing as (-, )y y :
Y’ xY — C and we have for both, the scalar product (-,-)x in a Hilbert space X
and the dual pairing the following property regarding complex conjugation: For
A, 1 € C and admissible elements u, v, there holds (Au, pv) = Afi{u, v). Accordingly,
we define the symbol (-,-)yyr as (u,v)yy := (v,u)yry foru € Y andv € Y'. A
bounded linear operator T : Y — Y is self-adjoint when, for all admissible u, v,
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there holds (T'u, v)y'y = (u, Tv)y,y for all u,v € Y. For Hilbert spaces X the dual
pairing is the inner product.

We will consider the situation that X is a Hilbert space and that ¥ C X is
a linear subspace. In this situation, we denote the embedding by ¢ : ¥ — X,
but we oftentimes suppress the embedding and identify v € Y with v € X. An
element u € X is accordingly identified with the element (*u € Y’, which acts as
(t*u,v)yry = (u,w)x. Also here, we oftentimes suppress the embedding and write
u instead of t*u. Accordingly, an element u € Y is identified with (*1u € Y.

Two real intervals are of particular importance throughout this text: We use

(2.1) W= (0,27) and  [:=[-1/2,1/2].

2.1. Function spaces and differential operators. In order to define operators
on functions u € X = L*(R") = L?(R",C™), we assume that we are given a reflexive
Banach space Y C X which is dense in X. In our examples, Y is a subspace of
functions with additional regularity.

The operator M. With the anti-dual space Y’ of Y, we have the Gelfand triple
Y € X = X’ CY'. The differential operator M of interest is given by M € L(Y,Y”).

The operator E and the family M?>*. We consider a second operator E :
X — X. In many applications, F is the identity. We will later demand that E is
bounded, self-adjoint and coercive. With a parameter A € C we define a family of
operators M* as

(2.2) M» .= M —\E.

In this setting, we identify F with the map t* o Eot : Y — Y’. Suppressing
embeddings, the map can also be described by the formula (Fu,v)y y = (Eu,v)x
for all u,v € Y. With this interpretation, (2.2) defines M* € L(Y,Y”) for every
AeR.

The restriction R. We are interested in perturbations of the family M*. We
want to study perturbations that are supported in the unbounded strip R"~! x W
with W = (0,27). For a precise definition we use the restriction operator R :
L*(R") 3 u +— ulgn-1xw € LA(R"! x W), which is a bounded linear operator. We
also use the adjoint operator R* : L*(R"~! x W) — L?*(R"™); this operator extends
a function on R™™ x W trivially to R" (extension of the function by zero). By our
convention regarding embeddings, we do not distinguish between R and the operator
Rov:Y — LAR™ x W),

The operators S°. Indexed by a further real parameter § > 0, we assume that
we are given a family of bounded linear operators S° € L(L*(R"™! x W,C™)). We
assume that ¢ is a measure for the size of S° in the sense that, for some C' > 0, there
holds ||S°|| < C6 for every § > 0. We restrict ourselfs to the effect of a multiplication
with a non-negative function and assume S° = §Q(Q, where the self-adjoint operator
(@ is given by the multiplication with a bounded non-negative function ¢, hence
Q:u— qu.

We can now define the object of our investigations. We consider the family of

bounded linear operators ¥ — Y’  parametrized by the parameters A € C and
0>0,

(2.3) M = M —X\(E+ R*S°R).

2.2. Examples. Our main applications are elliptic systems and Maxwell’s equa-
tions.
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Perturbed elliptic problem. The most elementary example for our theory is the scalar
elliptic equation that was already sketched in the introduction. We want to clearify
how this example is cast in the abstract language of our main result.

Definition 2.1 (Perturbed elliptic scalar problem). Let n € N be arbitrary and
let m = 1. Coefficients are a,b : R" — R, both bounded and 2m-periodic in each
direction, both a and b with a positive lower bound. Let a perturbation be given
by 0 # q € L®°(R") which is bounded, non-negative, supported in R"™* x W and
2m-periodic in the first n — 1 directions. The spaces are X = L*(R",C™) and
Y := HY(R",C™), the operators are

(2.4) Mu = -V - (aVu), ie (Mu,p)yy = / aVu-Veg,
(2.5) Eu:=bu, ie (Eu,@)yy = / bugp,
(2.6) Sov:=8¢*, e (R'S°Ru,p)yy = S up.

Rn

Systems are actually described by the same formulas (2.4)—(2.6), but they are
interpreted in a more general way: In the case of systems one considers arbitrary
m € N, the symbol Vu stands for the Jacobi matrix of u, the coefficient a is such
that a(z) is a fourth order tensor for every x € R", the coeflicients b(z) and ¢(x)
are second order tensors for every z, see Section 4.1.

Perturbed Mazwell system. Our second application is the perturbed Maxwell oper-
ator. The two unknowns are a magnetic and an electric field, H, £ : R® — C3. The
system can be written as

curl H + iweE = —iwde, E curl E — z'w,uﬁ =0.

We eliminate H by inserting the second relation into the first, set u = E and use
A = w?. We obtain an equivalent description with an operator family M*?°,

(2.7) MMy = curl(p " curlu) — Ae+der)u = 0.
The Maxwell system can be described with our abstract framework as follows.

Definition 2.2 (Perturbed Maxwell system). Let the coefficient functions p,e €
L>®(R3,R) have positive lower bounds and let them be 2mw-periodic in every direction.
Let a perturbation be given by a non-negative function 0 # ¢, € L¥(R3 R) that is
27 -periodic in the first two directions and satisfies e1(x) = 0 for x = (x1, X2, x3) with
T3 §é w.

The Mazwell system is encoded with the choices X = L*(R3 C3) and Y :=
H(curl, R3) = {u € L*(R3,C?) | curlu € L*(R?,C3)} and the operators

Mu = curl(p'curlu), i.e. <MU7’¢>Y/’YZ/ pteurlu - curl ),
R3

Eu = cu, ide (Bu,Y)yy = / cut,

R3

Sy = deyv, e (R*S‘SRu,z/z>y/’y = / Seruh.
R3

We apply our theory to this system of equations in Section 4.2.
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2.3. The Floquet-Bloch transform. Domains for spatial variables are introduced
as products of the one-dimensional sets R and W = (0, 27). We use W" = (0, 27)" as
a periodicity cell in dimension n and L*(W™) for functions on this unit cell. For the
dual variable of the Floquet-Bloch transform we use the unit interval I = [—1/2,1/2]
and products thereof, in particular, I = [-1/2,1/2]".

Transformation in all variables. The n-dimensional Floquet-Bloch transform is a
map
(2.8) Foiomy : LP(R") = L*(W™ x I™) = L*(I", L*(W™))..

This transformation is defined as the extension of the following map, which associates
to a smooth function v with compact support the function u:

(2.9) (k) =Y u(x+2ml) e TOE,
Lezmn

The independent variables for @ are x € W™ and k € I". We note that, for smooth
u and for arbitrary k, the map u(-, k) = (Fp,..nu)(-, k) is 27r—periodic in every

.....

-----

.....

images.
The map Fy,.._»y of (2.8) is an isomorphism from L*(R") onto L*(W™ x I"™). For
almost every x € W", the inverse is given by
(2.10) (.7-"_ (@) = / v(z, k) e™*dk for all v € L*(W™ x I™).
In

.....

-----

(2.11) ((Fo)(-, k), (Fo)(- dk = (v,¢)r2mny for all v,¢ € L*(R").
m

KD 2w
In contrast to the more standard transform to quasi-periodic functions, the periodic
Floquet-Bloch transform does not commute with gradients. Instead, one has the
formula V(e Fu) = e** F(Vu), which leads to

>L2 (W) dk = <V'U7 V¢>L2(R")

(212) | (VT Fo) ), V(T F o)

for all v, € H'(R™).

Transformation in less than m variables. 1t is also possible to perform the Floquet-
Bloch transform only in some of the n directions. Let us derive formulas for the
transformation in x,,, writing the variables as z = (1, z9,...,2,) =: (Z,2,). The
transform in the last variable is a map Fy,y : L*(R") — L2((R"™* x W) x I). On
smooth functions with compact support, it is defined, for x = (z,x,) € R* 1 x W
and k, € I, by

(]:{n}u)<$> kn) = Z (g; Ty + 27T€) —i(zn+210)ky,
LEZ

It defines a unitary isomorphism.

The partial Floquet-Bloch transform in the first n — 1 variables is defined ac-
cordingly as a map Fyi_,_13 @ LA*(R") — L*((W" x R) x I"'). For smooth
arguments u, it is defined, for r=(%,z,) € W' xRand m € I"!, by

(F,n—nyu)(z,m) = Z W(F + 210, x,) e~ iEF2TO ™M

ZEZH71
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The transformation Fyy, . ,—1y is a unitary isomorphism, for all v, ¢ € L?*(R™) holds

(v, ) L2@n) = /In1<(]:{1""’”_1}v)<" m), (Fg,..n-130) (- m)>L2(anlxR) dm .

2.4. Floquet-Bloch representation of operators. The Floquet-Bloch transfor-
mation relates a function u to a transformed function @. The transformation can
therefore also be used to express operators M that act on v with operators that act
on 1.

Transformation in all variables. Let us start with a loose description of the Floquet-
Bloch transformation of an equation. When we write the equation as Mu = f, we
seek for a function u : x — u(x) in the space Y so that Mwu = f holds as an equality
in Y. When we apply a Floquet-Bloch transformation, we seek, for almost every
kel"=[-1/2,1/2]", a periodic solution a(-, k) : W™ > x + u(x, k) of an equation

We note that we may identify a function u(-, k) on W™ with its periodic extension,
(2.13) w(z + 210, k) == u(x, k) Vee W™, LeZ".

We must demand that the periodic extension of u is locally in Y'; this property is
expressed with 4(-, k) € Yy for a reflexive Banach space Yy C L*(W™). We can
then define

L*(I", Yper) := {0 € L*(I", L*(W™))
where the norm is defined by

(2.14) (R . la(, k)13, k-

The space L*(I",Yper) i a linear subspace of L*(I", L*(W™)) and (2.14) defines a
norm on this subspace, L?(I", Y, ) is a Banach space.

ﬁ(-, kf) - Yper for all k’, ||’Il||L2(]n7yper) < OO} s

Definition 2.3 (Admissible subspace Y,e). We need a compatibility of Yyer with Y.
We say that Yy, C L2(W™) is admissible when the restriction of the Floquet-Bloch
transform defines an isomorphism

(215) Jr{l,...,n} Y — L2([n7 Yper) :

The next definition introduces a representation of an operator M : Y — Y’
with the Floquet-Bloch transformation. Loosely speaking, we demand that, for the
transformed operator, the variables x and k are decoupled. This is possible when
M is a differential operator with periodic coefficients.

Definition 2.4 (Floquet-Bloch representation). We say that an operator M :' Y —
Y’ possesses a continuous Floquet-Bloch representation in n directions when, for an
admissible space Yye, there exists a family of bounded operators My : Yoer — Yo,
imdexed by k € I, depending continuously on k, such that M is represented by the
family (My)g in the following Floquet-Bloch sense: For arbitrary u,v € Y and their

transformations 4 = Fyi,. pyu and © = Fyi,. ny v holds

(2.16) (Mu,v)yry = / (Mya(- k), 0(-, k), , dk.
n per»* per
We note that this definition carries over to the operator E : L?*(R™) — L?(R")
when we consider this map as as operator from Y into Y’. Continuity of I"™ 3 k — Ej,
from I"™ into £(Yper, Yoo, is satisfied if k — Ej : L2(W™) — L*(W™) is continuous.

per
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Remark 2.5. We demand that the family My is continuous on the compact set
k € I"™. This ensures that the family My, is uniformly bounded in L(Yyper, Y...). In

per» per

particular, the right hand side of (2.16) is well defined since the maps k — a(-, k)
and k — (-, k) are of class L*(I", Yyer).

Transformation in n — 1 variables. We write again © = (1, %2, ...,x,) = (T,2,)
for the independent coordinates. The dual variable will always be decomposed as
k = (m,r) with m € I""! and k € R. In the next definition, we always think of
Yper as being a subspace of functions in L*(W"~! x R) that are periodic in the first
n — 1 directions and that have some additional smoothness such that the periodic
extension is locally in Y.

Definition 2.6 (Admissible subspace Yyer). Let Yoor C L2(W™) be admissible for

Y. We say that a subspace f/per C LA (W™ x R) is admissible when the following
holds:

(a) The (n —1)-variables Floquet-Bloch transform on'Y defines an isomorphism
(2.17) Fripom-1y 1 Y = LI Vi) .
(b) The 1-variable Flogquet-Bloch transform on f/per defines an isomorphism
(2.18) Finy + Yoor = L*(1, Yer) |
We note that a consequence of (2.18) is that also
(2.19) Finy : LI, Yoer) = LA™, Yoer)

is an isomorphism. Indeed, the map is independent of the parameter m € 1™~ 1.
The next definition can be interpreted as: We demand that the operator S is
periodic in the first n — 1 directions.

Definition 2.7 (Floquet-Bloch representation in n — 1 directions). We say that
an operator S :'Y — Y’ possesses a continuous Floquet-Bloch representation in
the first n — 1 directions when, for spaces Yper and f@er as in Definition 2.6, there
exists a family of bounded operators S, : }N/per — ffp’er, depending continuously on m,
such that S is represented by the family (Sm)m in the Floquet-Bloch sense: For all
u,v €Y there holds, with @ = Fpy

.....

(2.20) (Su,0)yry = / (Sit(-ym), (- m))g, 5 dm.
n—1 i per
2.5. Implications of Floquet-Bloch representations.

Lemma 2.8 (Relation between two Floquet-Bloch representations). Let the spaces
Yoer and ffper be admissible in the sense of Definitions 2.3 and 2.6 and let M possess
a Floquet-Bloch representation (My)y in n directions in the sense of (2.16). We
define M, : Yoo — Y through

per per

per’ per?

(2.21) (M@, 0)y, oo = /I<M(m,n)(}—{n}ﬂ)( k), (Fmyo)(: >Y’ Yper

foru,v e Y/per and m € I""*. Then the family M,, is a Floquet-Bloch representation
of M in the first n — 1 directions as described in Definition 2.7.
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Proof. We have to check property (2.20) for M, i.e., we have to verify that, for u,v €
Y, the expression (Mu,v)yry coincides, for 4 = Fyi ,-13u and 0 = Fp, ,-13 0,
with

/[n1 <Mma(., m), o(-, m)>?/

per»

2:21) /In—l /I<M(m7n) (f{n}ﬁ(~,m))(-, k), (Fimyo(, m))(-, ’i)>Y’ Yper dr dm

:[ <Mk(f{1 ,,,,, n}u)(ak)7 (‘F{l ,,,,, n}v)('ak)>y/ Yer dk .

per

- dm
chr

The desired equality holds by (2.16). O

With the following assumption we clearify the situation of interest. Item 3 de-
mands the periodicity of M and E in all directions and the periodicity of the opera-
tors S% in n — 1 directions. As we will show in Section 4, the examples of Definition
2.1 (both in the scalar and in the vectorial case) and the Maxwell system of Defini-
tion 2.2 fit in this framework.

Assumption 2.9. We assume that the following holds.

(1) Space Y and operators M, E, and S°. For a reflevive Banach space
Y C L*(R™) we are given an operator M € L(Y,Y"). Additionally, we are
given E € L(L*(R")) and a family of operators S° € L(L*(R" ! x W)).

(2) Spaces Y, and f’per. Two reflexive Banach spaces Yper and f/per are
admissible for' Y in the sense of Definitions 2.3 and 2.6.

(3) Operators My, E;, and S’fn. The operators M and E possess continuous
Floquet-Bloch representations (My)r and (Ey)x in n directions in the sense
of Definition 2.4. The operators S° possess Floquet-Bloch representations
(S8 ) in n — 1 directions in the sense of Definition 2.7.

(4) Properties of Ey. For every k € I", the operator Ey : L*(W™) — L*(W™)
15 a self-adjoint coercive isomorphism. The mapping k — Ej. is continuously
differentiable from I™ into L(L*(W™)).

(5) Properties of Mj. For every k € I" the following holds: The operator My,
is self-adjoint, i.e. (Mku,v>y};emyper = (u, ]\4;621);@6“;/;;6r for allu,v € Y,er. The
operator My+ Ey, is uniformly coercive, i.e. ((My+Ep)u, u)yy,, vy, > cllullf, |
for some ¢ > 0 and all w € YVyer. The operators My — AEy, @ Yoo — Yp/er are
Fredholm operators with index O for all 0 # X\ € C. The set of all A € C
such that M, — \E}, has a non-trivial kernel has no accumulation point except
(possibly) A = 0. The mapping k — My is continuously differentiable from
I" into L(Yper, Yyer)-

(6) Properties of S° . For every m € "' the operator S%, : L*(W") —
L*(W™) is linear, bounded, self-adjoint. We assume S, = 6QQ, where Q # 0
1s a multiplication operator that multiplies the argument with a fixed non-
negative function q € L*®(W™). Accordingly, for some C > 0, there holds
ISpll < C'é.

Our proof shows that the Fredholm property and the accumulation point property
of Item 5 is needed actually only in a neighborhood of the critical point, later on
denoted as a.

Remark 2.10 (Inherited properties). Formulas (2.16) and (2.21) allow to transfer
the properties of Ey and M+ Ey from Items 4 and 5 to E and F,,, and M + E and
M, + E,,, respectively. In particular, also E and E,, are self-adjoint and coercive on
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LA(W™) and L*(W"! x R), respectively, and M + E and My, + E,, are self-adjoint

and coercive as mappings from'Y to Y’ and Ye to f/éer, respectively.

To indicate the required calculations, we show how to obtain coercivity of My, +Ey,.
From (2.21) for M,, and E,, we obtain, for @ € Ve

Fpur = /1 (M + Ex) © Fin) i Finyit)y, . i

> o [ WFwilk,, dn = el

where we used the isomorphism (2.18) in the last inequality. We recall that constants
c and C' may change from one line to the next.

(M, + E,,)a, ﬂ)y/

per»

Notation regarding restrictions. We recall that f/per is a subspace of L2 (W™~ x R).
Strictly speaking, in Item 6, we should not write S° , but we should write R;S° R} :
L2(W™) — L*(W™) with the restriction operator Ry : L2(W"™! x R) 2 u > u|yn €
L*(W™) and its dual, the trivial extension R}. In the following, we do not distinguish
between R and R; and write R for both restriction operators. When the action of
the operator is clear from the context, we suppress the restriction operator entirely.

Invertibility properties. When an operator M* can be represented in the Floquet-
Bloch sense with a family (M}))rerm, then properties of M* imply properties of
(M) ke and vice versa. We now investigate how invertibility properties carry over
from one representation to the other.

Lemma 2.11 (Invertibility of M* when all M} are invertible). Let Assumption 2.9
hold and let X € R be fized. We assume that, for every k € I, the map M} =
My, — AEy, @ Yoo — Y], is invertible. In this situation, also M» .Y =Y is
invertible.

Proof. Let f € Y’ be arbitrary. The map Fyy ny 0 Y — L*(I", Yye) is an isomor-
phism by (2.15). We introduce f := fof{i..,n} . L*(I", Yyer) = C. As an anti-linear
functional on L2(I", Y ), the map f has a representation f € L(I", Yo.). We use
this representation and define, for almost every k € I,

(k) = (M) (f(k) € Yoer.

The continuity of k — M} required in Definition 2.4 implies uniform boundedness
of the operator family (MQ)™!: V! — Y, and thus @ € L*(I", Y, ). The inverse

per

transform yields u := F, {jl n}ﬂ € Y. The fact that M and E are represented by the
families M}, and Ej, allows to calculate with (2.16), for a test-function ¢ € Y,

(MPup)yy = [ (MR GR)y,

= [ {Femetp),

7 dk = <f’¢>L2(In,Yper)',H(In,Yper)
= f(§) = (foFyl )@ = fle).

This shows M*u = f and we have found the inverse element v € Y.

You dk

Yper

We have shown surjectivity of M?. Since the operator is selfadjoint, this implies
also the injectivity of M?*. ([l

Lemma 2.12 (Invertibility of all M} when M?* is invertible). Let Assumption 2.9
hold and let 0 # X\ € C be fived. When M? : Y — Y’ is invertible, then, for every
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k € I™, the map M,;\ = My — AEj, @ Yoo — Y;er 1s 1nwvertible. Furthermore, the

mapping k — (M)~ : Y], — Yier is continuous.

Proof. For a contradiction argument we assume that, for some k = k° € I, the
map M} = My — AEj, : Yoo — Y/, is not invertible. Our aim is to conclude that

per

M?* :Y — Y’ is not invertible, which yields the desired contradiction.

The operator M)} is a Fredholm operator with index 0 by Assumption 2.9, Item 5.
Since we assumed that the operator is not invertible, it has a kernel; we find ©° € Y,
with [[u°|ly,., = 1 and M}u® = 0. Starting from the element u° € Ype, it is our
aim to construct a bounded family 4. € L*(I", Y,e) and the corresponding family

U 1= ]:{_11.__”}@5 €Y withu. A 0in Y and M*u. — 0in Y’ as € — 0. This shows

the non-invertibility of M* and concludes the proof.

We now construct 1u,; for notational simplicity we assume here that k° is an inner
point of I", the same construction with minor modifications can be used also for
boundary points. For arbitrary (small) ¢ > 0 we construct a localization function
as a normalized characteristic function on a small cube: We set p.(k) := ¢™/? if
|kj—k3| <e/2forallj =1,...,n,and p.(k) := 0 for other arguments k = (ki, ..., k).
With the characteristic function p. we define

e k) = w()pe(k), e € LI, Yoer) -

Because of ||u°||y,., = 1 we have constructed a function with

e llZ2(rn vy = f 1?15, [p(R)[* dk = i pe(R)|*dk = 1.

The norm of the family u, = {_11 n}ﬁg € Y is bounded from below by a positive
constant, since JF, {’11 n} is an isomorphism.

For the family u. we now calculate M*u. with the help of the Floquet-Bloch
representation of M?*, see (2.16). For arbitrary v € Y and the transformed function
0 = F{1,...,myv holds

’(MAU(E, U>y/7y‘ =

[n<M2ﬂ5(7 k)? QA}(’ k>>Y’ ,Yper dk‘

[ ot 32 1),

per»

w

<

/znps(W(M’? = M)t i k))y, dk‘ ,

per»

Yper

where we used M u® = 0.

We now exploit that M} is continuous in k by Definition 2.4. The difference
Mp — M, is small in £(Yer, Yy,,) on the support of p. for small ¢ > 0, which
provides, as € — 0:

(M ue, v)yry| < o(1) |lvlly

where the quantity o(1) is independent of v. This shows M*u. — 0 in Y’ as e — 0,
which is the desired result.

We have obtained that M,;\ = M}, — M\E), is an isomorphism from Y, onto erer
for every k € I™. Since these operators depend continuously on k, their inverses are

continuous. This implies the second claim of the lemma. O
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3. SPECTRAL GAPS

Definition 3.1 (Spectral gap). We consider a family of operators M, indexed by
A € C, for a fized value § > 0. We say that a nontrivial interval (a_,ay) C R is
contained in a spectral gap for the operator family M*° 1Y — Y' when

(3.1) MM Y =Y  is invertible for all X € (a_,a,).

We say that (a_,ay) C R is a spectral gap, when (a_,a.) is contained in a
spectral gap and when it is maximal with this property, i.e.: For everyn > 0, neither
(a— —mn,ay) nor (a_,ay +n) is contained in a spectral gap.

Our main result is the following theorem. We show that the upper end of the
spectral gap is pushed down or eigenvalues are created inside the gap. Let us
emphasize that it is not excluded that the spectral gap is shifted towards 0; in this
sense, the spectral gap of the perturbed system need not be smaller in length.

The assumption that is formulated in the theorem is satisfied for every system
with a unique continuation property.

Theorem 3.2 (A spectral gap is reduced by a perturbation). Let Assumption 2.9
hold and let (a_,ay) be a spectral gap of the family M = M — \E. We use
ag := (a_ + ay)/2, the mid-point of the spectral gap. We assume that, for every
k e I" with N'(M;") # {0}, there exists an eigenfunction ¢ € N (M a+) such that
(Q6,0) = [ipn qlo[? # 0.

Then there exists g > 0 such that, for every 6 € (0,dy), the interval (ag,ay) is
not contained in a spectral gap of the family M = M — \(E + R*S°R).

The theorem is a consequence of the subsequent three lemmas. The first lemma
provides a value k° € I™ for which invertibility fails.

Lemma 3.3 (Critical k). Let Assumption 2.9 hold and let (a_,ay) be a spectral gap
of the family M* with a, > 0. Then there exists k° € I™ such that

(32) M]?(j = Mko — CL+Eko }/ijer — Y,

per

18 not tnvertible.

In view of Lemmas 2.11 and 2.12, the conclusion of the lemma is essentially
equivalent to: M** is not invertible.

Proof. Step 1: A closed set . of spectral values. We introduce o(My) := {\ € R |
My — ANEj; : Yper — Y. is not invertible} and consider the bounded set

per
2= J o(My)N oy, 0y +1] CR.
keln

We claim that X is closed. To show this, let A\; — A € R be a convergent sequence
with A; € 3. By definition of ¥ there holds \; € o(My,) N [ay,ay + 1] for some
k; € I". By compactness of I", we find a subsequence k; — k for some k € I". The
operator My, — AE} cannot be invertible since otherwise also My, — A;Ey; had to be
invertible for sufficiently large j. We exploit here that I" > k + M}, € L(Yyer, Yoer)
and k — Ej, are continuous. We therefore find A € o(M}) and hence A € ¥. Since
Aj was arbitrary, this shows that X is closed.

Step 2: Conclusion. For a contradiction argument, we assume the following prop-
erty: For every k € I", the operator M; " = My, — aE), : Yyor — Y., is invertible.
This property implies ay ¢ ¥. Since X is closed, we find n > 0 such that A € ¥ for
every A € [ay,ay + n]. With this parameter n > 0, for every A € [a,,a, + n] and
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every k € I", the operator M}! is invertible. We can apply Lemma 2.11 to conclude
that M?* is invertible. We therefore find that also (a_,ay + ) is contained in a
spectral gap. This is in contradiction to the maximality of (a_, a4 ). O

The second lemma is treating the unperturbed operator after a Floquet-Bloch
transform in n — 1 coordinates. We are therefore treating the underlying spatial
domain W™ ! x R.

Lemma 3.4 (Large inverse for the unperturbed operator). Let the situation be as
in Theorem 3.2. Let k° = (m°, k°) with m® € "' and ° € I be such that M
has a non-trivial kernel. Let 0 # ¢ € N (M) be an element of the kernel and let
r € L2(W™) be a function with

(3.3) (re” ™" @) 2y # 0.

Then there holds, for every sequence (\;); with \; < ay and \; — a:

(3.4) limsup [((M — AE), s R*'r, R*r) 2gpn-14m)| = 0.
)\—)(Z+

Proof. Step 1: Reformulation of the task. The scalar product in (3.4) has the entry
v:= (M — \E), L R'r € ?per. In this proof, we must analyze v, the solution of the
problem (M — AE),,cv = R*r, with respect to its dependence on A. We transform
this equation with the one-dimensional Floquet-Bloch transform in the last variable.
We write v,,(-) = (Fgnyv) (-, (m°, k) € L*(W") and r,, € L*(W™") for the transformed
functions in the point k. We recall that m° is fixed in this proof, s varies and we
use k = (m°, k).

Since the function R*r vanishes for z,, € W, the Floquet-Bloch transform of R*r
in the variable x, is the function r.(z) = r(z)e . The transformed solution
Uy, € Yper solves

(35) (Mk — )\E}C)U,i = Ty,

compare Lemma 2.8. The essential task of this proof is to find a lower bound for
the expression

<Um rn)LQ(W") = <(M - )\E)Izlrm T"€>L2(Wn) '

We claim that, for every i € I, there exist constants ¢ > 0 and 7 > 0 such that, for
all [k — k| <npandall A € (a™ —n,a™):

(36) <Umarn>L2(W”) > _CHTNH%Z(W")'

Let us note that (3.6) follows directly when # has the property that (M —a* E) e )
is invertible. Indeed, in this case, there exists n = n(&) and ¢ = ¢(&) > 0 such that
|(My, — AER,)7Y| < cforall |k —#&| <nand A € (a* —n,a™). This provides (3.6).

Step 2: Description with eigenfunctions. We now consider % such that (M —
a" E)(me ) is not invertible. We apply Theorem A.4 with X := L*(W") and YV :=
Yoer € X and the operator families M (k) := Mo ) and E(k) 1= E(pe . All
assumptions of Theorem A.4 are satisfied, its application yields the existence of
n = n(k) > 0 and a finite number N of mappings x — pu;, for j = 1,...,N
and |k — k| < n such that p;, are eigenvalues of M) with mass matrix Ej, for
Jj=1,..., N, satisfying p1,z = a4, the mappings k — p;, are Lipschitz continuous
for all j =1,...,N. We denote by ¢; . € Y, corresponding eigenfunctions,

Mk‘gbj,ﬁ = HKjk Ek¢j,n s
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normalized as (¢; ., Ex¢r) r2(wn) = 0j¢. Theorem A.4 provides also the continuity
of the eigenprojections P, (orthogonal with respect to (u,v)g, = (u, Exv)r2qny)
from L*(WW") onto the N-dimensional space

My = {6 € Yoer | (My — 11, Br)¢ = 0 for some j € {1,....N}} € LA(W").

The projection is given, for arbitrary ¢ € L*(W™), by
N

(37) Py = Z<¢7 ¢j,H>Ek gbjﬁ :

j=1
We recall that we consider A < ay and that (a_,ay) is a spectral gap. The eigen-
values therefore satisfy A < ay < p; .

Step 3: Verification of (3.6) and an improvement thereof when (M — a E)(ne )
is not invertible. We write the solution of (3.5) in the form

(s 0)
ks Pj,k/ L2
(3.8) U = Z#%n + vy
j=1 Iujv'f - )\
The equation for v} is then
o~ (i 0i)
Ky Pjk) L2
(My — AEvr = 1, — ZM—J;)\L(M,C—)\E,C)@,R
j=1 WL
N
(3.9) = Tk — Z<rn>¢j,n>L2(W”) Erjpn -
j=1

Claim Sa: With the projection By, of (3.7), we claim that there holds Pyv: = 0.
Indeed, multiplying (3.9) with ¢y, using that My — AE}, is self-adjoint and that the
¢jr are Ep-orthogonal, we find

N

(,U/gﬁ — /\) <UIJ£‘, Ekgbl,n)L?(W") = <T’m ¢£7H>L2(Wn) — Z(Tm Qsj,n)L? 5]-’[ = 0.

j=1
This provides (v, Ek¢g’R>L2(Wn) = 0 for all £ and thus P,vt = 0. Claim 3a is shown.
Using Claim 3a, we can replace equation (3.9) by the equivalent equation

N
(3.10) (Mg — AEp + ExPvi = 1 — Y {1, i) 12 Exhis -
j=1

Claim 3b: The operator My — AEy, + EL P, is an isomorphism. The claim regards
k close to & and A close to a*. Since only small perturbations are treated, it is
actually sufficient to show that M, — A\E} + Ei P, is an isomorphism for k = & and
A=a'.

Let us consider injectivity. For k = (m°, &) we study the relation (M, — a™E}, +
EyP;)u = 0. Multiplication with Pu yields, because of j;z = ay for all j,

O = <<Mk — CL+Ek + EkP,%)u, P,%u>L2 = <EkP;€u, P,g’U,>L2 ,

and thus P;u = 0. The original equation for u simplifies to (My — a™ Ey)u = 0 and
we conclude the u is in the eigenspace, u € M. In this situation, the projection
acts trivially and we obtain 0 = P;u = u. This provides the injectivity.

The operator M, — A\E}, + E} P, is a finite-dimensional perturbation and hence a
compact perturbation of a Fredholm operator with index 0. We therefore conclude
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that the entire operator is again Fredholm with index 0 and thus, by injectivity, an
isomorphism for all |x — k| <7 and A € (at —n,a™). Claim 3b is shown.

Claim 3b implies ||(My — AEy + ExP.)"!|| < ¢ and hence, since v satisfies (3.10),
[vnllvpe < cllrallrz for all |k — & <nand A € (a™ —n,a™).
We insert our findings into (3.8) to obtain

N 2
TH’QS‘,H, 2
<Um7"n>L2(Wn) = % + <U,i_77nn>L2(W")
j=1
N
(s Bjn) 2
(3.11) > ﬁ = cllrallZe ) -
j=1 WAL

This holds for |k — #| < n and A € (a* —n,a™). We note that (3.11) also provides
(3.6) for & since p;, > at > X holds for all j and x.

Step 4: Conclusion. From the compactness of I we conclude that we can choose
n and ¢ independent of %, which means that (3.6) holds for some constant ¢ for
all Kk € I and all A € (a™ —n,a™), and the stronger estimate (3.11) holds for all
k € (A —n,k+n) with & such that (M — a™ E) (e ) is not invertible.

When we integrate the lower bounds with respect to k € I, we use the stronger
estimate (3.11) in the interval (k° — 7, k° 4+ n) and the weaker estimate (3.6) in the
remaining part of /. The one-dimensional Floquet-Bloch transform is an unitary
isomorphism and we can calculate

<(M )\E) 1R*7” R T'>L2 Wn—1xR)

= <U, R*T>L2(W" IxR) = /<Um T,{>L2(Wn) dr
K+ N T’ ¢ > |2
s Qo) L2 (W
> —cllralZagyny + / SLACE S
RO =1 N
In this lower bound, we can now use the fact that the maps x — p;, are locally
Lipschitz continuous. Because of ;.o = a4, we have

Wi — A < fljwe — A + cplk —R°| = ay — A + cplk —K°

for |k — k°| < n where ¢z, > 0 denotes the Lipschitz constant. This leads to the lower
bound

<(M )\E) 1R*7" R*r >L2(W"*1><R)
K°+n

1
- / — A+ ek — K° Z' T Gsi) 1w [ - e rlzeqn -

K°—nm

At this point we use the requirement (3.3), which provides the information that
(o, Pjo) 2wy = (re " i o) rammy # 0 for some j € {1,...,N}. Indeed,
(re " ¢ o) 2wy = 0 for all j € {1,..., N} would imply (re=*"*n¢) p2ym) = 0
for all ¢ € N(M,5"), a contradiction to the assumption. This yields the estimate

<(M — )\E) R*T R* >L2 Wn—1xR)

/1—&—77 1
> de — c|lr||?2m, .
- ar — A+ cp|k — K°| 711z vy
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The assertion follows since the integral tends to infinity as A — a. 0

Our third lemma uses the above constructions in order to derive a result on the
perturbed operator. Again, we treat the operator after a Floquet-Bloch transform
in n — 1 coordinates.

Lemma 3.5 (The inverse of the perturbed operator has a large norm). Let the
situation be as in Theorem 3.2 with (a_,ay) a spectral gap of the family M> =
M — A\E and ag = 3(as + a_) the mid-point. Let k° = (m°,k°) be such that M
has a non-trivial kernel N'(Mys) C Yper. We use the assumption of Theorem 3.2
that there exists ¢ € N (M") with (Q¢, ¢) # 0. Then there exists 6y > 0 such that
for every 6 € (0,0¢), there exists A € (ag,ay) such that the operator

(3.12) (M —AE — MR QQR) e
has no bounded inverse.

Proof. Step 1: Simplification and the function f. With the two real parameters
A € [ag,a4) and § > 0, we define the real-valued function

(3.13) fA0) == A sup (M — AE), s R*Qu, R* Q) r2(wn-1xg) ,
flwll=1
where w ranges in L*(W") and the norm is [|w|| = [Jw|| 2(wn).

Since the operator is invertible for A\ = ag, by boundedness of (), we can choose
do > 0 such that f(ao,d) < 3 holds for every § € (0, ).

From now on, we consider a fixed parameter ¢ € (0, ).

By assumption we can choose ¢ € N (M) with ||¢||z2qwn) = 1 and (Q¢, ¢) # 0.
We set w = ¢e™*® and r := Qw = Q¢ e ™, the latter since @ is a multipli-
cation operator. Then (re "™ ¢)r2mm) = (Q¢,¢) # 0, hence (3.3) is satisfied.
Lemma 3.4 yields sup,,<y<,, f(A,0) = oco.

By the continuity of f(-,0) there exists A € (ag,a;) with f(A,0) = 1. We claim
that, for this value of A, the operator (M — AE — MR*QQR),,> has no bounded
inverse. When this claim is shown, the proof is complete.

Step 2: The operator A and conclusion. We have to study the operator
(3.14) A=A QR(M — \E), L R*Q : L*(W™) — L*(W™)
in more detail. By the choice of A, the operator A has the property
1 = f(X\9d) = sup (Aw,w)zqwn).

[[w][=1

Since A is self adjoint, this relation implies ||A|| = 1. Accordingly, there exists a
sequence w; € L*(W™) with [Jw;|| 2wy = 1 and

(Awj, wj)2qwny — 1 as j — o0.
We calculate
[Aw; — wjl|T2pmy = [[Aws]|Toqny — 2Re(Aws, wy) 2wy + w221y
< [JA] = 2Re(Aw;,w;)2wny + 1
=2 — 2RG<A'LUj,'LUj>L2(Wn) .

The right hand side converges to zero. Since the left-hand side is nonnegative, this
implies Aw; — w; — 0. The function v; := A\W/$ (M — AE)L R*Qu; then satisfies
\/EQRU]» —w; = Aw; —w; — 0 and hence also \/SR*QQRU]' — R*Qw; — 0.
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On the other hand, there holds (M — AE),,.v; = AV R*Qw; and thus
(3.15) (M — \E — MR*QQR)mev; — 0.

However, v; does not tend to zero; indeed, otherwise we would find w; = \/SQ‘SRU]—
(VOQRv; — w;) — 0, in contradiction to ||w;| 2w~y = 1. Relation (3.15) therefore
implies that (M — AE — AJR*QQR), is not boundedly invertible. O

Proof of Theorem 3.2. Lemma 3.3 provides k° = (m°, k°) as needed in Lemma 3.5.
In particular, we find a non-trivial element ¢ € N (M5").

Lemma 3.5 provides A € (ag,a) such that (M — AE — MR*QQR)o is not
invertible. Lemma 2.12 shows that A is not in the spectral gap of the perturbed
operator. This concludes the proof of Theorem 3.2. O

4. APPLICATIONS

We next show that our result has many applications: scalar elliptic equations,
elliptic systems with arbitrary dimensions in image and pre-image, elasticity systems
and Maxwell’s equations. In all applications we conclude: When periodic coefficient
are perturbed in such a way that the coefficients are modified along a hyperplane,
then spectral gaps become smaller at the upper end.

4.1. Application to an elliptic system. Let the two dimensions n,m € N be
arbitrary. The coefficient fields are a : R" — R™*™*™*™ and b : R® — R™ ™, they
are measurable, bounded and 27-periodic in every direction. For every z € R", the
coefficient a is a fourth order tensor in the sense that an arbitrary matrix £ € R™™
is mapped to a matrix a(x) & € R™*™, given as

(4.1) (a(x) ) =) afj(x) .
4l

We use the convention that indices that are related to directions in R™ are ¢ and j,
they are lower indices and they run from 1 to n. Indices that are related to vector
coordinates in R™ are k and [, they are upper indices and they run from 1 to m.

We always assume that b is positive definite: For some ~ > 0, for every vector
¢ € R™ and every x € R™ holds: ¢ -b(z)¢ = >, b""(2)G:G > 7[I¢[|*. Furthermore,
we assume that, for every z, the matrix b(x) is symmetric.

Regarding positivity of a, we consider two different requirements. We say that a
is strongly elliptic when the following holds for some v > 0: For every x € R™ and
every matrix £ € R»*™

k kil !
(4.2) §ra(x)€ =) &agj(x) & = lg)*
irjok,l
In order to treat additionally the system of elasticity, we consider also an alterna-
tive concept in the case n = m. We say that a is weakly elliptic when (i) for every x
and every skew-symmetrix matrix £ there holds a(z) & = 0, and (ii) for some v > 0

holds
(4.3) §-a(x) € >¢|?

for every x € R™ and every symmetric matrix & € R™*™.

With this notation, we can generalize the perturbed elliptic problem of Definition
2.1: The dimensions n,m € N are now arbitrary, the coefficients are a : R" —
Rmxmxnxnand b : R® — R™* ™, both measurable, bounded and 27-periodic in
every direction, b positive and symmetric. The tensor a satisfies either the strong
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ellipticity (4.2) or the weak ellipticity (4.3) (in the latter case, the dimensions must
coincide, n = m). The perturbation is given by 0 # ¢ € L*>®(R™ R™*™) supported
in R"! x W with ¢(z) a symmetric matrix for every z, the map ¢ is 27-periodic in
the first n — 1 directions.

We denote the derivative of a function u : R" — R™ with Vu: For every z, the

k
matrix is Vu(z) = (dju(x))}. Accordingly, (aVu)(z) = (Zj,l af]l(x) 8jul(x))'. In
the first line of the subsequent formulas, the dot in the integrand indicates the scalar

product in the space R™*™ of matrices. With this interpretation of products, we use
the operators M, E and S° of the definitions (2.4)—(2.6).

Proposition 4.1 (The perturbed elliptic problem fits in the abstract framework).
We consider the perturbed elliptic problem of Definition 2.1 with the above general-
1zation as a system. We assume that the assumptions on a, b and q are satisfied:
boundedness and periodicity, positivity of b, strong or weak ellipticity of a. This
perturbed elliptic system satisfies all properties of Assumption 2.9.

Proof. The underlying spaces are X = L*(R",C™) and Y = H'(R",C™). There
holds Y C L*R"), M € L(Y,Y'), E € L(L*(R")), hence also E € L(Y,Y"),
S% € L(L*(R™ x W)). This verifies Item 1 of Assumption 2.9.

We introduce Y, as the normed space

Yoer := {ufwn|u: R* — C" is 2m-periodic in every direction, u € Hy (R")}
||u||Yper = ||u||H1(W”) .

The subordinate space is given by

Yoer := {ufwn-1xr|u € Hp (R",C") is 2m-periodic in z1,..., T,1,

ulyn-1xg € H'(W" ' xR},
lully,, = llullm wn-1xr) -

We must check that the two reflexive Banach spaces Ye and f/per are admissible
for Y in the sense of Definitions 2.3 and 2.6. Regarding Definition 2.3, we must
verify (2.15), namely that

(4.4) Fu,.my i Y — LQ([H’ Yier)

is an isomorphism. We consider a function u € Y with derivative g = Vu € L*(R™).
The function v is mapped to @ = u(x, k) = (Fp,. nyu)(z, k), similarly g to g =
Fi,..ny9 (component-wise, for every entry of g). The derivative of the transformed
function is given by the formula V(e?**i) = e**g. This verifies that the map of
(4.4) is well-defined. Vice versa, an arbitrary function 4 € L*(I",Ype) is also of
class L*(I", L?(W™)) and posesses therefore a pre-image u. The gradient of the pre-
image can be calculated from V(e?**4) = ¢**g; in particular, the pre-image has an
L*(W™)-gradient and is therefore of class Y. This argument provides also estimates
and we conclude that the map of (4.4) is an isomorphism.
In the same way one verifies (2.17) and (2.18):

Fitpom1y Y = LI Vo)
Finy  Ypor = LA(I, Yier)
are isomorphisms. This verifies Item 2 of Assumption 2.9.
We next have to show that the operators M and E possess continuous Floquet-

Bloch representations (My), and (Ey)y in n directions in the sense of Definition 2.4
and that S° possesses a Floquet-Bloch representations (S°),, in n — 1 directions
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in the sense of Definition 2.7. We define the operators My, Ej : Yper — Yp’er and
SO LA(W™) — L2(Wn) as

(Mg i= [ alo) Vula)e™) - Viple)e ) d,
(4.5) !
(Epu,p) = / bup, (S0 u, @) = S up.
n W

We verify the most interesting relation, namely the representation property (2.16)
for M; the formulas for E and S° follow in the same way and are simpler since no
derivative is involved. We calculate, using, in this order: definition of M, rule for
gradients of transformed functions, the coefficient a is periodic in all directions and
hence multiplication commutes with the Floquet-Bloch transform, unitarity of the
Floquet-Bloch transform, definition of M.

/IR<M’€@ >Y Yper

per?

/ / u(z, k)e ka) . V(g@(:c,k)e_ik'“”) dx dk

]n n
/ / )M Fr amy(Vu)(z, k) - e F o (V) (2, k) da dk
In n

- / Fa,.ny(@Vu)(x, k) - F,. . (Vo) (z, k) de dk
]n Wn

= /n a(x) Vu(z) - Vo(x) d
= <MU, U>y/7y .

This shows Item 3 of Assumption 2.9.

For every k € I", the operator Ej, : L*(W") — L*(W™) is given as a multiplication
with the positive definite matrix b = b(x). This shows that Ej is a self-adjoint co-
ercive isomorphism. The mapping k — Fj is independent of k, hence, in particular,
differentiable. We obtain Item 4.

For every k, by its definition, M, is self-adjoint. We have to show that M + Ej
is uniformly coercive. In the case of strong ellipticity, this follows by a direct com-
parison of the expression (Myu,u) with [lul|3, . In the case of weak ellipticity, the
expression (Myu, u) controls only the symmetric part of Vu. By Korn’s inequality,
this controls indeed all derivatives and we conclude coercivity.

For every k, the operator M is an elliptic operator with well-defined resolvent
(My + E)~" : Yy, — Ype. This implies that, for every A € C, we can write
(Mk + Ek)_ (Mk — )\Ek> =id — (Mk + Ek)_l(l + )\)Ek The I'lght hand side is a
compact perturbation of the identity in Y, since the embedding Yj,er — LQ(W”)
is compact. This implies that the left hand side is a Fredholm operator with index
0 in L£(L*(W™)). Since (My + Ex)™" : Y/, — Yye is an isometry, we can conclude

that the operator My — AEj, : Ypeor — Ypfel: is also a Fredholm operator with index 0.
The fact that A = 0 is the only possible accumulation point of the spectral values is
a consequence of the compactness of the resolvent.

Its formula shows that the map k +— M is continuously differentiable from I™

into £L(Yper, Yee). We have thus verified Item 5 of Assumption 2.9.

pers =~ per
For every m € I""! the operator S° : L*(W") — L?*(W") is given by the
multiplication with the function d¢?. In particular, it is bounded and self-adjoint.
This shows Item 6. U
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In order to apply Theorem 3.2, we finally have to check that there exists an eigen-
function ¢ € V(M) such that (Qp, ) = [, q|¢|> # 0. This is a consequence of
the fact that eigenfunctions are not vanishing on any open set (unique continuation
property). We conclude the following result on spectral gaps.

Theorem 4.2 (Application to the perturbed elliptic problem). Let (a_,a;) C
(0, 00) with mid-point ay = (a— + a4)/2 be a spectral gap of the operator

u — —V-(aVu)—Abu,

where a,b € L®°(R") and ¢ € L®(R"' x W) satisfy the above assumptions. Then
there there exists 09 > 0 such that, for every o € (0,0, the interval (ag,a) is not
contained in a spectral gap of the operator family

u = —V-(aVu) = A(b+6¢*)u.

Application to a problem in linear elasticity. The time-harmonic Lamé system is
covered in the above result. Let us sketch the setting and provide the necessary
arguments in dimension n = m. We use the density py € L*(R",R) and the Lamé-
parameters g, \g € L>®°(R™, R), the three functions are assumed to be periodic in
every direction and non-negative, py and g with a positive lower bound (we write
1o and Ay for the Lamé-parameters in order to avoid confusion with the spectral
parameter \). Every matrix ¢ € R™™ can be symmetrized, we use ™ := (£+£7) /2.
We define the tensor a as follows: For every x € R™ and every matrix £ € R™*" we
set

(4.6) a(z)€ = 2p0(x)E¥™ + No(z) trace(€) id .

In particular, for every skew-symmetric matrix £ € R™*™ (that is: {7 = —¢), there
holds a(x)§ = 0. We note that the weak ellipticity is satisfied since, for every
symmetric matrix ¢ € R™*", using the dot here to indicate the scalar product in the
space of matrices:

(4.7) € a(x)é = 2p0€ - £ + Aoltrace(§)* > ||

Using the symmetrized gradient V¥™u = (Vu + (Vu)T)/2, we can write the
operator also as

div(aVu) = div(aV™"u) = div(2po V™ u + A trace(Vu) id) .

With the above choices, the elliptic operator of Theorem 4.2 encodes the Lamé
elasticity system with strain e = V¥™u, stress o = 2uo(z)e + Ao(z) trace(e) id, and
balance of momentum described by the operator Mu = —div(o).

Theorem 3.2 yields the spectral gap result for the elasticity system:

Theorem 4.3 (Application to the perturbed system of elasticity). We consider
bounded, non-negative and measurable periodic coefficient functions i, Ao, po : R* —
R, we assume that pg and pg have positive lower bounds. Let a be the tensor of the
Lamé system described in (4.6). Let (a_,a) C (0, 00) with mid-point ag be a spectral
gap of the operator
u — div(aVu) + Apou.
Let 0 # py be a non-negative function, periodic in the first n — 1 directions and
supported on R™™' x W. Then there exists 6o > 0 such that, for all 6 € (0,0,
the interval (ag,ay) is not contained in a spectral gap of the elasticity system with
perturbed mass,
u — div(aVu) + A (po + dp1) u.
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4.2. Application to the Maxwell system. In this section we consider the Maxwell
system of Definition 2.2,

Mu)yy = [ wewlu-culd,  (Buvlvy = [ cud,

R3 R3
(R*S°Ru, {)yry = / deyut.
R3
The underlying space is X = L*(R* C?). The domain of the operators is Y =
H(curl,R3) = {u € L*(R3,C?) | curlu € L*(R3 C?)}. With the space of locally
integrable functions, Hy,.(curl,R?) = {u € L (R? C?) | curlu € L (R3 C?)} we
define the space Y, as

Yper := {u|wn|u: R" — C" is 27-periodic in every direction, u € Hjoc(curl, R™)} |
[elloer = [l cennim)

and Y. as

Yoer 1= {u|wn-1xr| v € Hipe(curl, R", C") is 27-periodic in 1, ..., Z,_1,
u|yn-1yxr € H(curl, W1 x ]R)} ,
||UH}7per = Hu|’H(Curl,W"*1><R) .

The operators My, Ej, : Yper — Yoo, and S5 : L*(W?) — L*(W?®) are defined just
as in (4.5); the factor in the definition of Ej is € instead of b, the factor in the
definition of S,, is €, instead of ¢?, and in the definition of M, gradients must be

replaced by rotations,

(Myu, ) = / ptcurl(u(z)e® ) - curl(@(z)e™ ™) da
(4.8) !

(Eyu, ) ::/ EUP, (S° u, ) ::/ derup.

Proposition 4.4 (The Maxwell system fits in the abstract framework). Under the
assumptions on p,e and €1 in Definition 2.2, the above description of the Maxwell
system satisfies all requirements of Assumption 2.9.

Proof. Most items of Assumption 2.9 are shown as in Proposition 4.1.

When we want to verify that Fyy . : Y — L*(I",Ype) is an isomorphism,
we must calculate derivatives. We exploit the product rule to calculate rotations,
curl(e®®a(x, k) = e* curla(z, k) + V(e*®) x a(x, k). This identity implies that
the function e**4(z, k) has a curl in L? when curld(z, k) and 4(z, k) are both in
L?. Since the Floquet-Bloch transform is an isometry in L2, we can also conclude
that, vice versa, 4(z, k) has a curl in L? when curl(e®**a(z, k)) and 4(z, k) are both

The only other assumption that requires additional arguments is Item 5 of As-
sumption 2.9. The fact that M is self-adjoint follows from its formula in (4.8).
That M; + E) is uniformly coercive follows from

(Mo + By, = [ curlu(o)e) - curl(ao)e ) do

+/ e [u(z)e™? dw > min(u™", ) |lu(@)e™ || = cllulls,, -

The fact that the mapping k — My is continuously differentiable from I™ into
L(Yper, Y.,,) follows also from (4.8).

pers © per
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It remains to show that the operators M, — AEj : Yper — Yp’er are Fredholm
operators with index 0 for all A € C, A\ # 0. This property is verified for real and
positive A in Lemma B.1 of [13], the argument can easily be extended to 0 # A € C.
We note that, in [13], the roles of € and p are exchanged and the parameter A is
denoted as w?. Another technical difference is that, while we let the operator curl
act on u(x)e** in [13], u is in the space of k-quasiperiodic functions (and « is used
instead of k as the parameter for quasi-periodicity).

The eigenvalues have no accumulation point except for (possibly) A = 0. This
is a consequence of the proof of Lemma B.1 of [13]. The underlying space can
be decomposed with a Helmholtz decomposition. On the space of divergence-free
functions, the Maxwell operator is a compact perturbation of the identity. On the
space of gradients, the Maxwell operator is multiplication with —w?. This shows
that 0 is the only possible accumulation point of eigenvalues. 0

Theorem 3.2 yields the subsequent spectral gap result for the Maxwell system.

Theorem 4.5 (Application to the perturbed Maxwell system). Let u,e € L>®(R")
and g1 € L®(R"™! x W) satisfy the assumptions of Definition 2.2. Let (a_,a,) C
(0, 00) with mid-point ag be a spectral gap of the operator family

u +— curl(pt curlu) — Aew.

Then there exists 69 > 0 such that, for all § € (0,3, the interval (ag,ay) is not
contained in a spectral gap of the operator family

u > curl(p curlu) — A (e + dey) u.

APPENDIX A. LIPSCHITZ DEPENDENCE OF EIGENVALUES

In the proof our main result, we use a well-known property of parameter depen-
dent eigenvalue problems: The Lipschitz dependence of eigenvalues, formulated in
a classical form in Theorem A.1 below. The Lipschitz dependence of eigenvalues is
well-known and frequently used, but we did not find a reference with full proof in
the required setting, namely that of Theorem A.4 for Fredholm operators. For the
convenience of the reader, we provide all proofs. The ideas are taken from [12].

A.1. Classical eigenvalue problem. We are interested in a family of operators,
indexed with a real parameter k. We always assume that, with real numbers &, ng €
R, 9 > 0, the parameter ranges in a real interval, kK € Iy := (kK — 19,5 + 19). We
consider the problem for k = & as the unperturbed problem.

For a linear operator A : X — X, we write o(A) for the spectrum of A. Let us
assume that, for every 0 £ X\ € C, the operator A — \id is a Fredholm operator with
index 0. Under this assumption, the set o(A)\ {0} C R consists only of eigenvalues.
Furthermore, for every eigenvalue, algebraic and geometric multiplicity coincide.

Theorem A.1 (Lipschitz dependence of eigenvalues). Let X be a Hilbert space over
C. For an interval Iy = (k—mno, k+mn0), let A € C*(Iy, L(X)) be a family of operators.
For every k € Iy we assume that (i) A(k) : X — X is self-adjoint and (ii) for every
0 # X\ € C, the operator A(k) — Aid is a Fredholm operator with indez 0.

Let A # 0 be an isolated eigenvalue of A(%) and let m := dim N (A(%) — N id) < oo
be the dimension of the corresponding eigenspace. Then there exists a parameter
0 < n < mno such that, on the possibly reduced interval I :== (k —n, Kk +n), there exist
m Lipschitz continuous functions \; : I — R, j = 1,...,m, such that, for every

J<m, (k) = X and, for every k € I, the real number Aj(k) is an eigenvalue of
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A(k). In addition, the functions \; provide a continuation of the eigenspace in the
following sense: The linear subspace

M(k) = @N(A(n) — \j(k)id)

satisfies M(i) = N(A(k) — Xid), for every k € I holds dim(M(k)) = m, and
the orthogonal projection P(k) from X onto M(k) C X is differentiable as a map
P:1>kw— P(r) € L(X).

Remark: A well know counterexample by Rellich, presented as Example II, 5.3 in
[12], shows that the eigenvectors ¢;(x) corresponding to the eigenvalues A;(x) are not
necessarily continuous in . It is therefore important to study the projection P(k) to
the entire continuation of the eigenspace, M(x). We also note that Example II, 5.9
of [12] shows that the eigenvalues \; are not necessarily continuously differentiable
in k. In this sense, the Lipschitz dependence of the eigenvalues is optimal.

The proof of the theorem is based on two lemmas. The first lemma provides a
formula for the projection onto eigenspaces. If we think of the above situation with
a parameter k, we might say: The subsequent lemma is for a fixed point x € I.

Regarding notation: We denote eigenvalues in the theorem by A;, it is possible
(and it might be necessary) that eigenvalues are repeated, A\; = \; for j # i. In
the subsequent lemma, eigenvalues are denoted by p;, every eigenvalue appears only
once.

Lemma A.2 (Formula for projections). Let X be a Hilbert space over C and let
A € L(X) be self-adjoint with the property that A— X\id is Fredholm with index 0 for
every 0 X € C. Let D C C be an open disc with 0 & D, we regard the boundary
I' = 0D as a positively oriented simple curve in C. We assume that there are no
spectral values on the boundary, 0D No(A) =0, and that D contains finitely many
eigenvalues of A, denoted as jiy, ..., fb,. In this situation, the orthogonal projection
P € L(X) onto the subspace M := @j_; N(A — p;id) coincides with a complex
integral: For arbitrary u € X holds

(A1) Pu = i (A —Xid) tud.
2w Jr

Proof. Step 1: Preparations. For every eigenvalue p;, let 1, ; with index ¢ =
1,...,m; be the eigenvectors of A corresponding to ;. We may assume that these
eigenvectors are normalized such that {¢y; | ¢ = 1,...,m;, j = 1,...,n} is an
orthonormal basis of M. By its definition, the space M is invariant under A in the
sense that A(M) C M. Since A is self-adjoint, this implies that also the orthogonal
complement M is invariant under A.

For u € X, the projection onto M is

n My

Pu = Z Z(U, Yej)x Ve -

j=1 ¢=1

The application of (A — Xid)~! can be written, with ut = (id — P)u € M*, as

1 <
— ZW,W,J')X (¥

J =1

(A—Xid)u = (A= Aid) et + >
j=1

In order to obtain (A.1), we must establish a relation of these two quantities.
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Step 2: Application of the Cauchy integral formula. Let u,v € X be arbitrary and
let u* be defined as above; these vectors are kept fixed until the end of the proof.
For every A € D\ {pu,. .., ttn}, we consider the expression

FO) = (A= Xid)u,v)

= ((A—Xid)~ U>X

_)\Zu¢€] wf]>>

We begin with an analysis of the first term, g : A — <(A — Aid)"tut, v>X. This
function can actually be extended as a continuous function to all of D and also to D.
This follows from the fact that A — \id : M+ — M is an invertible operator for
every A € D (it is a Fredholm operator with index 0, restricted to the complement of
the kernel, and it is considered as a map to its image). By the analytic dependence
on \, the function ¢ is holomorphic in A € D.

As a consequence, f is a meromorphic function in D with poles in the eigenval-
ues jj, j = 1,...,n, the corresponding residua are >, (u, ¥y ;) x (tr;,v)x. The
residual theorem yields

1 1
A—\id)” d\ = — A)dA
27 r<( id)™ U>X 2mi Ff( )
_ZZ Wg wij X = <PUU>
Jj=1 ¢=1
Since this holds for all v € X, the characterization (A.1) is shown. U

The next lemma provides, for a differentiable family of projections, a differentiable
family of coordinates for the images.

Lemma A.3 (Coordinates for a family of projections). Let X be a complex Hilbert
space and let [ = (k —n, &k +n) be a real interval. Let P € CY(I,L(X)) be a family
of operators such that P(k) : X — X is an orthogonal projection for every k € I.

Then there ezists a differentiable family I > k — U(k) € L(X) such that U(k) =
id and, for every k € I, U(K) is a unitary operator that provides coordinates for the
subspace P(k)X in the sense that

(A.2) U(k)P(R)U (k)" = P(k).

Proof. Step 1: Preparation. We prepare the proof by collecting consequences of the
fact that every P(k) is a projection. From P(k) o P(k) = P(k) we obtain for the
derivative P'(k) = 0,P(k), suppressing the argument, PP + PP' = P’ and, as a
consequence, PP'P = 0. For Q := P'P — PP’ we therefore obtain

(A.3) PQ=-PP, QP=PP, QP-PQ="r.

The orthogonality of P implies, for all elements u,v € X, the identity (u, Pv) =
(Pu, Pv) = (Pu,v) and hence P* = P. Differentiating the identity also implies
(P")* = P and, in turn, Q* = —Q.

Step 2: Unitary operators as solutions of an ODE. We use an ordinary differential
equation (ODE) to find U € C*(I, £(X)), namely the linear initial value problem

(A.4) Uk) = Qk)U(k) Ve €I, Uk) = id.

We claim that the solution is a family of unitary operators. To verify this claim,
we study the operator family V' := U*. By forming the dual of (A.4) and exploiting
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Q(r)" = —Q(k), we find that V solves the ODE
(A.5) Vi(k) = =V(k)Q(r) Vk €1, V(k) = id.

The product rule yields (VU) = V'U + VU = —=VQU + VQU = 0 and thus
V(k)U(k) = id for all k.

The expression UV satisfies the initial condition (UV')(#) = id and the differential
equation (UV) = UV +UV' = QUV) — (UV)Q. The same linear differential
equation is solved by the constant function id. Uniqueness of the ODE implies
U(k)V (k) = id for all k. We conclude that U is invertible with U* = U~!, and
hence the claim.

Step 3: Property regarding projections. It remains to show (A.2). We compute
(PU) = PU+ PU" = (P'+PQ)U = Q(PU).

This shows that P(k)U (k) satisfies the same ODE (namely Y’ = QY') as U(x)P(k),
compare (A.4). Both functions have the initial condition P(%). We conclude that
the two functions coincide, P(k)U (k) = U(k)P(k) for all k. This provides (A.2). O

We can now prove the theorem on the continuation of eigenvalues.

Proof of Theorem A.1. We are given an cigenvalue A € C \ {0} of A(%) with multi-
plicity m. Our aim is to show that the eigenvalue can be continued with m functions
)‘j I — R.

Step 1: Construction of the projections. We choose a small circle D = BE(S\) cC
with positively oriented boundary curve I' = 9D such that 0 € D and A is the only
eigenvalue of A(%) in D.

By our choice of T', the operator A(k) — Aid is invertible for all A € T. This
fact, together with the compactness of T', allows to find 7 > 0 such that A(k) — \id
is invertible for all A € I" and all Kk € I = (A — 1,k + n). This implies that
P(k) = 5= [.(A(k) = Xid) "' d) exists for all k € I and that P is differentiable with
respect to k.

For every k € I, we denote the eigenvalues of A(k) in the disc D by p(k), ¢ =
1,...,nforsomen = n(k) < m. Lemma A.2 implies that this P(k) is the orthogonal
projection onto the finite sum of eigenspaces M(k) := @,_; N (A(k) — pe(r)id).

Step 2: Coordinates. We can now apply Lemma A.3 to the family of projections
P(k). The equation U(k)P(k)U(k)* = P(k) shows that U(k) maps M(k) into
M(k) and U(k)* = U(k)™! maps M(k) into M(&), i.e. U(k) is an isomorphism
from M(&) onto M(k).

A consequence of the fact that the subspaces are isomorphic is that the dimension
is constant. We recall that M(%) = N(A(&) — Mid) and hence dim M (&) = m. This
implies dim M(x) = m for all .

The operator B(r) := U(k)*A(k)U(K)|m(z) is an operator on the finite dimen-
sional space Z := M(k), we constructed a family of self-adjoint operators B(k) €
L(Z) for k € 1. If X is an eigenvalue of A(k) in D with eigenvector ¢ € M(k), then
A is an eigenvalue of B(k) with eigenfunction U(k)*¢ € Z. Conversely, if \ is an
eigenvalue of B(k) with eigenvector ¢ € Z, then X is an eigenvalue of A(k), with
A € D, with eigenvector U(k)y € M(k). It is therefore sufficient to consider the
eigenvalues of B(k) : Z — Z inside D and their dependence on the parameter k.

Step 3: Lipschitz continuity. It remains to consider the following situation: Let
Z be a finite dimensional complex Hilbert space and let, for every x € I, the
operator B(k) : Z — Z be self-adjoint, the map B : I — £(Z) being differentiable.
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We consider the ordered eigenvalues \j(k) with A;(k) < ... < A, (k), repeating
multiple eigenvalues according to their multiplicity. Courant’s min-max principle

characterizes the eigenvalues for j =1,...,m as
B
Ni(k) = max —< (HW}’;/))X .
codim M=j—1  O0£peM |13

From this formula, we can conclude the Lipschitz continuity of the eigenvalues.
Indeed, from the differentiability of B(k) we have |B(k1) — B(k2)|| < CL |k1 — Ka,
and therefore (B(r1)Y, ¥)x < (B(k2)¥,¥)x + Crlk1 — ka|||¥||%. Taking, for a fixed

subspace M, a minimum, we find
B B
< (“1)¢2a¢>X < min < (’@)ﬂ;@@x
ozveM 9]k ozveM 9]k
Choosing M as the subspace that maximizes the left hand side, we obtain \;(k;) <

Aj(K2) + ¢|k1 — K2|. Reversing the roles of k; and xy implies Lipschitz continuity of
the eigenvalues. This completes the proof. O

+ OLllil — I€2|.

A.2. A spectral result in a generalized setting. We want to generalize our
results to the following situation: Let Y € X C Y’ be a Gelfand triple, M €
LY,Y') and E € L£(X) both self-adjoint, E coercive. With the embeddings of
the Gelfand triple, E' can also be regarded as an operator £ € L(Y,Y’) using the
relation (Eu,v)yry = (Ew, w)x for all u,v € Y. With this interpretation, it makes
sense to study the eigenvalue problem for ¢y € Y and A € R,

(A.6) M = \Ei.

Our result is that the dependence of eigenvalues A\ on a parameter x can be described
as in Theorem A.1. To prove this result, we formulate an equivalent problem to
which we apply Theorem A.1.

A central point of the proof is the choice of the scalar product on X and the
corresponding interpretation of the operator £ € L(Y,Y"). Since E is self-adjoint
and coercive, we can use on X the expression (u,v)r = (Fu,v)x as scalar product
and equivalent norm. Choosing this scalar product means that we introduce also a
new embedding (* : X — Y’: We want that +* is the adjoint to ¢ : ¥ — X with
respect to (-, -) g, hence, for u € X and v € Y, it must satisfy the relation with the
exclamation mark,

(A.7) (C'u,v)yry O (u,w)g = (Fu,v)x .
This implies a relation for the operator £ € L(Y,Y”), which is defined by the first
equality, for u,v € Y,

(A.8) (Bu,v)yry = (Bw,w)x = (u,w)p = (Fu,v)yy .

This shows that, with ¢* defined with the E-scalar product on X, the operator
E € L(Y,Y’) is given as

(A.9) E=u.

From now on, we will use only the E-scalar product on X and exploit £ = ¢*:.

We will demand coercivity of M + E : Y — Y’ which is defined as follows: For
some ¢ > 0, there holds ((M + E)v,v)yry > c||v||? for every v € Y.

Theorem A.4 (Lipschitz dependence of eigenvalues in the generalized case). Let
X be a complex Hilbert space, let Y C X be an embedded Banach space and let Y be
the dual space of Y. For an interval Iy = (k — 1o, & + o), let M € C' (1o, L(Y,Y"))
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and E € CY(Iy, L(X)) be two families of operators. For every k € Iy we assume
that (i) M (k) and E(k) are both self-adjoint and (ii) E(k) and M (k) + E(k) are
both coercive (both uniformly with respect to k) and (iii) for every 0 # X € C, the
operator M (k) — A E is a Fredholm operator with indez 0.

Let X # 0 be an isolated eigenvalue of M(k) with mass matriz E(k) and let
m = dimN(M(/%) —;\E(/%)) < 00 be the dimension of the corresponding eigenspace.
Then there exists a parameter 0 < n < ng such that, on the possibly reduced interval
I := (k —n,k +mn), there exist m Lipschitz continuous functions \; : I — R,
j=1,...,m, such that, for every j < m, \;(k) = A and, for every k € I, the real
number \;(k) is an eigenvalue of M (k) with mass-operator E(k). In addition, the
functions \; provide a continuation of the eigenspace in the following sense: The
linear subspace

M(k) == @/\/’(M(n) —X\i(k)E(k))

satisfies M(k) = N(A(k) —
the orthogonal projection P(k
P:1>kw— P(r) € L(X).

Aid), for every k € I holds dim(M(k)) = m, and
) from X onto M(r) C X is differentiable as a map

Proof. We consider the following family of operators:
AR) = M)+ E®)]™ : X = X.

We recall that, as a map Y — Y’, there holds E = (*1. The family of operators is
well-defined since M (k) + E(k) is coercive, there holds A € C'(Iy, £(X)), since M,
E and (* depend differentiably on k. Furthermore, since M and E are, also A is
self-adjoint for every k.

Step 1: FEquivalence of the eigenvalue problems. We consider the self-adjoint
eigenvalue problem Ay = p, that is,

(A.10) M (R) + 7 () = plRb(s)
for p(k) € R and ¥ (k) € X. We want to show that the problems (A.6) and (A.10) are

equivalent. In the corresponding calculations, we drop the argument « for simplicity.

Let ¢» € X be an eigenfunction for (A.10) with eigenvalue p # 0. We define
pi=pt—1€Rand ¢ :=[M+ 5 ") €Y. Relation (A.10) and the definition
of ¢ imply t¢ = pip and *¢p = [M + 1*1]¢. We obtain, for arbitrary ¢ € Y,

(10, 0)yry = (h,u0)p = p(h,uo)p = p("d, ©)yry
= p([M + "o, )y y -

This provides M¢ = pt*1p = pE¢ and we see that p is an eigenvalue of (A.6) with
eigenvector ¢.

Conversely, let p and ¢ satisfy M ¢ = u*1p. Weset p := (u+1)"! and ¢ := p~ 1.
The choice of p implies p(M + t*1)¢ = 1*1¢. We conclude ¢ = (M + *1)"11*y) and
thus pt) = 1) = (M + 1*1)""1*¢p. This shows that p is an eigenvalue of (A.10) with
eigenvector 1.

We have obtained that the problems (A.6) and (A.10) are equivalent.

Step 2: Fredholm property of the family A. We can apply Theorem A.1 to the
family A = A(k) when we verify, for every x and every p # 0, that the operator
A(k) — pid is a Fredholm operator with index 0. From Step 1 we conclude that the
kernel of A(k)— pid is finite dimensional; the kernel is the complement of the range
since A(k) is self-adjoint.
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Therefore, we can apply Theorem A.1 which yields the existence of m Lipschitz
continuous functions xk — p;(x) such that p;(k) are eigenvalues of A(x) and p;(k) =
p:= (14 )"t Then p;(k) := pj(k)~' — 1 yields the Lipschitz continuation of the
eigenvalues.

Step 3: Projections. It remains to look at the eigenprojection. Let {¢. (k) |
¢ =1,...,m;} be an orthonormal (with respect to (-,-)pg(.)) basis of N'(M (k) —
1j(k)E(k)). We have seen above that (k) := (p;(k) + 1)t¢ej(k) € X is a basis
of @, N (A(k) — pj(r)id). This shows M(k) = @] N'(A(k) — p;(r)id). By the
second part of Theorem A.1 the orthogonal projection from X onto @;nzl N (A(FL) —
p;(k)id) = M(k) is differentiable as a mapping from (& — 7, & + 1) into £(X). O
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