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Local and nonlocal homogenization of
wave propagation in time-varying media*

Christian Doding! Barbara Verfiirth

Abstract. Temporal metamaterials are artificially manufactured materials with time-dependent material
properties that exhibit interesting phenomena when waves propagate through them. The propagation of elec-
tromagnetic waves in such time-varying dielectric media is governed by Maxwell’s equations, which lead to wave
equations with temporal highly oscillatory coefficients for the electric and magnetic fields. In this study, we analyze
the effective behavior of electromagnetic fields in time-varying metamaterials using a formal two-scale asymptotic
expansion. We provide a mathematical derivation of the effective equations for the leading-order homogenized
solution, as well as for the first- and second-order corrections of the effective solution. While the effective solution
and the first-order correction are governed by local material laws, we reveal a nonlocal constitutive relation for the
second-order corrections. Special attention is also paid to temporal interface conditions through initial values of
the homogenized equations. The results provide a mathematically justified framework for the effective description
of wave-type equations of time-varying media, applicable to models in optics, elasticity, and acoustics.

Key words. Homogenization, asymptotic expansion, Maxwell equations, wave equation, temporal metama-
terial, time-varying media
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1 Introduction

Metamaterials are artificially structured media with spatially and/or temporally varying mate-
rial properties that enable wave phenomena beyond those found in natural materials, such as
amplification, negative refraction indices, non-reciprocity, and cloaking (3, 4, 5, 8, 9, 10, 12, 22].
In recent years, temporal and spatiotemporal metamaterials have attracted significant attention
due to their intriguing physical behaviour and potential applications in optics, acoustics, and
elasticity. The mathematical analysis of such materials has become an active area of research,
ranging from Morgenthaler’s early work on time-varying media [19] to more recent studies in
time-harmonic regimes [11, 13, 14, 24, 28, 29| and in the context of homogenization theory
[16, 20, 21, 25, 26, 27].

This work is devoted to the higher-order homogenization of temporally modulated electro-
magnetic metamaterials characterized by a spatially homogeneous but temporally heterogeneous
permittivity. Electromagnetic wave propagation in such media is governed by Maxwell’s equa-
tions, which give rise to wave-type equations with time-dependent coefficients for the electric
and magnetic fields. Using a formal two-scale asymptotic expansion, we derive effective wave
equations for both fields. In addition to the leading-order homogenized equations, we carry
out higher-order homogenization by deriving governing equations for the first- and second-order
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correctors of the effective solution. These higher-order terms yield refined approximations of
the effective description and capture nonlocal physical effects as light propagates through the
medium. A key finding is that the homogenized equations differ for the electric and magnetic
fields due to the distinct placement of the time-dependent coefficients in their respective wave
equations. Initial conditions also introduce temporal interface conditions that require careful
treatment. Recasting our results within the Maxwell framework leads to both local and nonlocal
effective material laws. Nonlocality means that the corresponding constitutive relation involves
derivatives of the electric field, aligning with the literature, c.f. [15, 18, 21]. While our primary
focus is electromagnetics, the generality of our approach extends naturally to other wave systems
in temporally modulated media, such as acoustics and elasticity.

Our analysis generalizes and unifies results from previous studies. For instance, the work [21]
addresses a case corresponding to the electric field setting considered here and derives second-
order effective equations in the time-frequency domain, which are consistent with our results
in physical space. Our contribution complements theirs by providing a general derivation of
the homogenized equations and extending the analysis to the magnetic field case. Higher-order
homogenization for spatiotemporal metamaterials has also been explored in the works [25, 26],
which study material modulations along traveling wave trajectories. However, these settings do
not cover the purely time-dependent case considered in our study. At leading order, an effective
description for purely time-dependent dielectric composites was derived in [20], where the authors
obtain the harmonic mean as the effective permittivity for a two-component system with piece-
wise constant modulations. Their setting also corresponds to our electric field case. Although
our framework assumes smooth modulations, it can be applied to the composite setting of [20].
In contrast, [27] examines time-varying acoustic media and finds that the arithmetic mean is
the effective coefficient. At first, this seems to contradict [20], but our analysis reconciles the
discrepancy. In fact, in [27], the authors consider time-varying compressibility, which, via the
derivation of the wave equation, corresponds to a different coefficient placement. Consequently,
our findings provide a mathematically justified framework for simulating wave propagation in
time-varying media and lend theoretical support to prior observations.

Outline. The structure of the paper is as follows: In Section 2, we formulate the problem
by presenting Maxwell’s equations and the associated wave-type equations for the electric and
magnetic fields. Section 3 introduces the formal two-scale asymptotic expansion that forms the
basis of our analysis. First, we homogenize the electric field in Section 4, and then we present
the analogous treatment for the magnetic field in Section 5. Section 6 connects our findings back
to Maxwell’s equations, yielding the effective local and nonlocal material laws. Finally, Section 7
provides numerical simulations that demonstrate light propagation through time-varying media
and validate our theoretical results.

2 Problem derivation

Electromagnetic wave propagation in time-varying metamaterials is governed by Maxwell’s equa-
tions in time domain R? x R, reading in the absence of sources as

curl E + 0;B = 0, divD =0,

. (2.1)
curlH — 9;D =0, divB = 0.

Here D : R3 x Ry — R? is the electric displacement (induction), E : R3 x Ry — R? is the
electric field, and B,H : R3 x R, — R3 are the magnetic fields of the wave. This system is



complemented with the linear constitutive relations
D(z,t) = e, (t)E(x,t), B(x,t) = p(t)H(x,t), (2.2)

where the properties of the time-varying metamaterial are described by the permittivity e, :
R4 — R, respectively the permeability p: Ry — R, that relates the electric components D and
E, respectively the magnetic components H and B, of the electromagnetic wave. For simplicity,
we only consider non-magnetic materials in the following and set 4 = 1 so that B = H. In
contrast, the electric permittivity is rapidly oscillating with respect to time on a microscopic
length scale 0 < n < 1, but spatially constant, modeling the time-varying property of the
metamaterial. More specifically, we assume ¢, to be periodic in time with period 7. This
corresponds to a time modulation of &, with large modulation frequency w,,, = n~'. We denote
by € the 1-periodic blueprint so that

en(t) =¢€(t/n), 0<n<l.

Using the constitutive relations, Maxwell’s equations reduce to a system for either E and H or D
and B. It is well known that one can combine the two time-dependent equations of (2.1) to one
single evolution for any of the four fields. Incorporating the divergence constraints and using the
identity curl curl = —A + V div with the vector Laplacian A, we deduce a wave-type equation
for the selected component of the electromagnetic wave. We obtain three independent equations
of different type for each of the fields B, D and E:

8t(67,8tB) — AB = 0, (23)
enattD — AD = O, .
att(EnE) — AE =0. (25)

Obviously, the equations for the electric components (2.4) and (2.5) are strongly related and can
be transferred into each other by the constitutive relations (2.2) and it suffices to consider only
(2.4). Thus, we end up with two different wave equations describing the time evolution of the
magnetic field (2.3) and of the electric displacement (2.4).

The system of Maxwell’s equations is closed with the initial conditions

B(z,0) =vy' and D(z,0) = v{

for smooth initial vector fields vi' : R — R3 and v§ : R® — R3. This determines the first
initial conditions for the wave-type equations (2.3) and (2.4). Both wave-type problems are
closed with second initial conditions that can be derived from the temporal interface conditions
of Morgenthaler [19]. They require the curls of B and D to be continuous at ¢ = 0 leading to

£,(0)0:B(z,0) = — curl D(z,0) = — curl v (2.6)

and
0D(z,0) = curl B(x,0) = curl v (2.7)

Note that we discuss spatially unbounded media so that no spatial boundary conditions are
required. Summarizing we obtain the following settings — PDE and initial conditions — for
the magnetic field and the electric displacement, where we now generalize to arbitrary space
dimensions d = 1,2, 3, arbitrary sufficiently smooth initial data v$, v§, v, vi* : R? — R? that
may (or may not) satisfy the temporal interface conditions of Morgenthaler vi* = — curl v§ and
v{ = curlvi.



Electric case: The electric displacement D is a solution u, to the initial value problem

£,0u1, — Au, =0 in R x Ry,
u,(,0)=vf  inRY (2.8)
o, (-,0) =v§  in R%

Magpnetic case: The magnetic field B is a solution u,, to the initial value problem

O(e,0pu,) — Au, =0 in R? x Ry,
u,(-,0)=vl  inR% (2.9)
£7(0)0u,(-,0) =vi*  in R%

Our goal is to derive an effective description of the solutions to (2.8) and (2.9), that is, we consider
the limit 7 — 0 of very fast time modulations of the material. Due to the time dependence of the
permittivity €, the two wave equations have different mathematical nature so that we expect also
a different effective behavior and need to treat the two wave equations (2.8) and (2.9) separately.
We also derive formulas for the first and second order corrections of the effective behavior, which
vanish as 1 — 0, but lead to higher order approximations of the solutions in the case of large
but finite modulation frequencies w,, = n~!. In the latter case we strictly assume that the time
modulations are much larger than the spatial modulations, i.e., wy < w.,, where wy denotes
the spatial modulation frequency determined by the initial values. Therefore, in the asymptotic
regime 17 — 0 this condition is always satisfied, but one has to take care of it in particular
simulations when the time modulation is finite.

3 Homogenization via asymptotic expansion

In this section we introduce the formal two-scale asymptotic expansion of the solution u,, of (2.8)
and (2.9), respectively. We define the microscopic time variable 7 = ¢/n and expand u,, into

k
w,(z,t) = uo(w, t,7) + nui(z,6,7) + P uz(z,t,7) + - =Y (e, 1)+ O (3.1)
Jj=0

for some k£ € N and where each u; is 1-periodic w.r.t. 7. With the introduced notation, the time
derivative 9; yields 9; + =10, for any u; due to the chain rule. We plug-in this ansatz into the
corresponding wave equations (2.8), (2.9) and derive problems for the expansions functions uy,
uy, us. In particular, we derive problems for the macroscopic and microscopic components of
the expansions functions u; by the splitting

uj(amt,T):ﬁj(x,t)+ﬁj(:r,t,7)7 7 € Np.

Here, T, (x, t) is the macroscopic, T-independent component of the k-th expansion function (some-
times also called time-averaged part) and u; is the microscopic component which is 1-periodic
w.r.t. 7 and has zeromean, i.e.,

/1 uj(z,t,7)dr =0 (3.2)
0

for all (x,t) € R x Ry. In the subsequent sections we first consider the equations for the electric
displacement (2.8) (Section 4), which we frequently refer to as the electric case. Then we tackle



the system (2.9) describing the propagation of the magnetic field (Section 5) which is referred to
the magnetic case.

Clearly, for (3.1) to hold we need to assume that the solution u, of (2.9) and (2.8), respectively,
depends smoothly on 7. This can be expected as long as the permittivity coefficient €, and the
initial data v§, v§{ and v, v* are sufficiently smooth. However, in this work we do not aim
at a rigorous justification of the formal asymptotic expansion (3.1), but at the derivation and
mathematical underpinning of the effective local and nonlocal material laws as electromagnetic
waves propagate through time-varying metamaterials. In this sense, our results are purely formal,
but several classical homogenization techniques can be used to rigorously justify our findings, e.g.,
the method of two-scale convergence [1] or other related homogenization methods [2, 6, 7, 17, 23].
The techniques used therein have mainly been applied to spatial multiscale problems, but a
suitable exchange of space and time might allow to treat time-dependent problems in a similar
way. In fact, the media oscillate rapidly with respect to a one-dimensional variable, namely time,
and homogenization in one dimension is an extensively studied area. Finally, for an application
of these techniques, it is crucial that our media are constant in space and that the initial values
do not contain any spatial multiscale features. This is expressed by the small spatial modulation
frequencies imposed by the initial values in (2.8) and (2.9), so that no coupling with the fast
temporal scale can occur.

4 The electric case

In this section we consider the initial value problem (2.8) for the electric displacement and derive
equations for the effective solution uy and the higher order corrections u;, j > 1. The general
strategy for the derivation relies on plugging the formal asymptotic expansion from (3.1) into the
PDE in (2.8) and then comparing powers in 7. This leads to governing PDEs for the effective
solution and the higher-order corrections. Similarly, the initial conditions from (2.8) are treated
so that initial value problems for the effective solution and higher-order corrections are observed.

4.1 Effective electric behavior

We start with the effective behavior ug in (3.1). First, we consider the PDE in (2.8) and discuss
the initial conditions for ug afterwards. Plugging in the formal asymptotic expansion (3.1) into
the PDE in (2.8) yields
1 1
0 =¢&,0nu, — Au,; = —ed-rup + 75(28”u0 + 8TTu1>
n n

k—2 (4.1)
+ Z UjE(attu]' + 2(9157—11]'4_1 + 8-,—Tllj+2 — EilAu]‘) + O(T}kil).
=0

For the O(n~?)-term we obtain
€0,-ug = 0.

Since € is strictly positive, this implies that ug is independent of 7 and therefore its zero-mean
component vanishes, Uy = 0. Furthermore, the O(n~!)-term yields

€0rru; =0 (4.2)
and hence also 7 = 0. The equation for the O(1)-term reads after dividing by ¢ as

Oy — e Aug + 0-,us = 0. (4.3)



Integration over (0, 1) w.r.t. 7 and using the periodicity of us yields the compatibility condition
1
/ Oprup — e TAug dr = 0.
0

Since ug is independent of 7 we conclude that the effective behavior ug is given as a solution to
the homogenized equation
ghomattUO - Au0 =0 (44)

with the homogenized coefficient

Chom = (/01 E_Idr)il. (4.5)

In other words, the effective permittivity in this case is the harmonic average of the time-
modulated permittivity over one time period. This is exactly the well-known formula in one-
dimensional spatial homogenization, see e.g. [2, 7, 17].

Next we discuss the initial conditions for the effective equation (4.4). The first initial condition,
u,(-,0) = v§ in (2.8), directly implies ug(-,0) = v§ (and u;(z,0) = uz(z,0,0) = 0). The second
initial condition dyu,(-,0) = v§ in (2.8) yields dyug(-,0) = v§, since u; is independent of 7. Our
observations for the effective behavior ugy are summarized in the following conclusion.

Conclusion 1. Suppose the asymptotic expansion (3.1) holds for the solution u, of the initial
value problem (2.8) up to order k = 2. Then Uy = 0 in R? x Ry and the effective solution
ug = Uy solves the homogenized initial value problem

5homattuo - AUO =0 mn Rd X R+7
up(-,0) =v§  inRY (4.6)
815110(', 0) = V(f mn Rd

with the homogenized coefficient epom from (4.5).

4.2 Electric first order correction

We continue with the problem derivation for the first order corrector u; for which we have already
seen that it is independent of 7; cf. (4.2). Recalling the expansion from (4.1), we see that the
O(n)-term is

Orrug + 20;:us + Oy — E_lAul =0. (47)

Again, integrating over (0,1) w.r.t. 7 and taking the periodicity of uy and us into account yields,
similar to the derivation of the homogenized equation (4.4), that

Ehgmattul — Aul =0.

Hence, u; also solves the homogenized equation as uy does, but the initial conditions differ as we
now discuss. The first initial condition in (2.8) directly implies u;(z,0) = 0 and we again focus
on the second initial condition d,u,(-,0) = v; from (2.8). Plugging in the asymptotic expansion
(3.1) into the initial condition we obtain for the O(n)-term

atul (%, 0) + 87-112(56, O, 0) =0.



We can calculate d,us(x,0,0) explicitly. For this, we recall the O(n)-term of the asymptotic
expansion in the PDE, see (4.3). Integrating with respect to 7, we obtain

87-112(', ’ ) 8 u2 5 7 / 8TTu2ds

f/ Opug — e tAugds = (/ 5*1ds> Aug — 704uy.
0 0

Another integration over (0,1) w.r.t. 7 yields, using fol Orugdr = 0 due to periodicity,

dyuy (z,0) = —0rus(x,0,0) / / —lds dT) Aug(z,0) — fattuo(m 0)

—1 e
e dsdr — ) Av
~/0 /0 26hom 0

_ —1 e
- _X()Ehom AVO?

where we used that ug is a smooth solution of (4.6) and set

Xo — €hom / / ~tdsdr. (4.8)

We summarize our findings in the following conclusion.

Conclusion 2. Suppose the asymptotic expansion (3.1) holds for the solution u, of the initial
value problem (2.8) up to order k = 3. Then u; = 0 in RY x R, and the first order correction
u; = uy solves the homogenized initial value problem
EhomOru1 — Aug =0 in RY x Ry,
u;(-,0) =0 in RY,
1 (+,0) = — X0 AVE in R?
with the homogenized coefficient epom from (4.5).

We emphasize that if the permittivity blueprint ¢ satisfies

1 T 1 1
/ / e tdsdr = = / e~ tdr, (4.9)
o Jo 2 Jo

i.e., xo = 0, then we have u; = 0 on R4 x R, and the effective solution ug is expected to be a
second order approximation of u, in 7. However, this is clearly a very specific condition on the
time variation of € and belongs to a degenerate case.

4.3 Electric higher order corrections

We next investigate how higher order terms in the asymptotic expansion can lead to refined
effective material laws, especially for finite 7 and derive a system of equations for the second
order corrector uy for the electric field in (2.8). As we will see the resulting effective equations
involve higher order derivatives. Recall, such higher-order effects are called nonlocal in line with
the physics literature.

From (4.3), we see that

—1 —1
aTTu2 =€ AuO - 8ttuO - (ghomg - 1)8ttu07



where we used that ug solves the homogenized equation. Thus we can write us as
UQ(.’E, t, T) = 9(7’)8“11() + ﬁg(.’b, t)

so that uy(z,t,7) = 0(7)0uug(x,t) and where 0 is the unique 1-periodic solution of the cell-
problem

1
Orr0 = chome ™ " — 1, / 0dr = 0. (4.10)
0

We can calculate 0 explicitly as

1 T s 1 s
0(1) =600 — = (7> —7) + Ehom(/ / e ldrds — T/ / E_ldrds),
2 o Jo 0o Jo
1 1 T s 1 1 s
0p = —— — €hom “Ydrdsdr — = “Ldrds).
0 12 €h (A A /0 € rasat 2/0 /0 g r S)

Next we derive the equation for Uy. The O(n?)-term in the asymptotic expansion gives

where

Orry + 20i-u3 + Oypug — E_lAllg =0.

From there we obtain the compatibility condition
1 1
0= / attUQ — 6_1AUQ dr = / 8ttﬁ2 — 5_1Aﬁ2 — 5_10A8ttu0 dr.
0 0

Replacing Adyug by EgolmA2u0 due to (4.6), this yields the homogenized equation with a (non-
local) correction

= — 2
5homattu2 - AuQ = 5corA o,

where
1
5cor:/ e todr (4.11)
0

is the correction coefficient of the material. Next we discuss the initial conditions. The first
initial condition u,(:,0) = v§ yields uz(z,0,0) = 0 which implies Ts(-,0) = —0y0uuo(-,0) =
—EﬁolmeoAVS where we again used that ug is a smooth solution of (4.6). Plugging in the asymp-
totic expansion into the second initial condition dyu,(-,0) = v§{ yields for the O(n)-term

0 = dyus(x,0,0) + O;us(z,0,0).

Further, recalling the O(n)-term from (4.7) we obtain after integration w.r.t. 7
Orugz(x,0,7) — Oruz(x,0,0) = / O0rru3(z,0,s)ds
0
= 7/ 20;,uz(, 0, 8) + Oy (,0) — e (s)Auy (,0) ds
0

_ / 20,0(5)prtio(,0) + Dy (2, 0) — e~ (s) Auy (, 0) ds
0



= —/ 20,0(s)Orug(w, 0) ds,
0

where we used that Auy(z,0) = 0 and dyuy(x,0) = &1 Auy(x,0) = 0. Another integration
over (0,1) w.r.t. 7 yields

1 T
—0ru3(z,0,0) = —2/ / 070 dsdt Oprug(x,0) = 2000urug(z, 0).
o Jo

This yields
8tﬁ2(l', O) = atllg(x, O, 0) — atﬁg(x, 0, 0) = Hoatttuo(:c, O) = EgolmaoAVT (iL’)

Conclusion 3. Suppose the asymptotic expansion (3.1) holds for the solution w, of the initial
value problem (2.8) up to order k = 4. Then the second order correction us = Ua + Uz is given
by

ﬁg(ﬂ?,t,T) = G(T)attuo('r7t) (412)
with the solutions 6 of the cell problem (4.10). Furthermore, with the homogenized coefficient
Ehom from (4.5) and the correction coefficient ecor from (4.11), Ty is given by the solution to the
second order corrector problem

Ehom Oy — ATy = £cor A%ug in R x Ry,
Uy (,0) = —e; - OpAve  in RY, (4.13)
9tz (+,0) = ek O AVS in RY.

Let us note here that computing Ty and clearly also uy requires to first solve for ug via (4.6).

4.4 Pure macroscopic description of the electric field

In contrast to solving for the full components u;, which in particular includes potential mi-
croscopic information via U;, one is usually only interested in the purely macroscopic effective
behavior of the propagating wave. We can express this macroscopic behavior by the quantities

k
ak)(z,t) =Y u(x,t), keN. (4.14)
j=0

Due to our previous derivations we have 1?9 = uy and TV = vy + nu; in the electric case. In
particular, ") solves, due to linearity, the initial value problem

5homattﬁ(1) - Aﬁ(l) =0 in Rd X R+7
ﬁ(U(.’ O) — VS in Rd,
9 a M (-,0) = v§ — nxoepa, AV in R
Considering T?, we see that it solves the homogenized equation

5homattﬁ(2) - Aﬁ(2) = 772500rA2u0~ (415)

In particular, solving for ® again requires solving for ug first. Therefore, we aim for a O(n?)-
approximation u® = u® + O(n?), which solves an effective equation that does not depend

directly on the quantities u;. We can rewrite (4.15) using up = a® — 5, — 7%, and obtain

5homattﬁ(2) - Aﬁ(Q) - 7]2500rA2ﬁ(2) = _7735C0rA2ﬁ1 - n4€corA2ﬁ2-



Neglecting the O(n?)-terms on the right hand side we can define u(® as the solution of the initial
value problem

fhom @ — Au® — 772scorA2u(2) =0 in R x R,
u@(-,0) = v§ — el B AvE in RY, (4.16)
c‘)tu(2)(~7 0) =v{ - T]X()E}:OlmAVS + T]ng;IIGOAV‘f in R?.

We emphasize that u(® can be computed without pre-computation of any other quantity u; and
is a third order approximation of a®, e, u® =u® 4+ O(n?). In particular, u® 4+ 9?0, is a
O(n?)-approximation of full wave solution u,.

4.5 The electric field E

In the derivation of the model problems from Maxwell’s equations in Section 2 we also obtained
an equation for the electric field E, namely (2.5), for which the second time derivative in the wave
equation acts on €E, and for which we could derive a similar effective behavior as in the previous
sections. In particular, we obtain (2.5) from (2.4) by replacing D with eéE and multiplying with
e~1. Since this connection is based on physical laws given by the constitutive relation (2.2), it
should persist through the homogenization process. Homogenization approaches for (2.5) reveal
that D = €E is the quantity that can be homogenized and described by macroscopic quantities,
but not E. To illustrate this, we show in Figure 4.1 (left) an example of a E field solution from
(2.5). The solution clearly shows microscopic oscillations on the length scale i and therefore
cannot be described by a homogenized 7 independent quantity, while the quantity D = €E can,
as discussed in the previous sections.

E D
0.4 0.4 1
2.5 08
0.3 0.3
2
0.6
+ 0.2 15 + 02
0.4
1
0.1 0.1 o2
0.5 h
0 0 0 0
-1 05 0 0.5 1 1 05 0 0.5 1
X

x

Figure 4.1: The fields E (left) and D (right). Model setting as described in Section 7.

5 The magnetic case

Next, we homogenize the magnetic field and consider the initial value problem (2.9), where the
electric permittivity occurs between the two time derivatives in the wave equation. Pretending
that there is only one spatial dimension, we can exchange space and time, so that this case is
similar to the homogenization of the (one-dimensional) wave equation with spatially multiscale
coefficients (in divergence form), and we expect to obtain similar results. We follow the same
strategy as in the electric case, plugging the asymptotic expansion into the PDE and initial

10



conditions (2.9) and comparing powers in . However, due to the different type of wave equations,
we also get different problems for the effective solution and the higher order corrections compared
to the electric case.

5.1 Effective magnetic behavior

Again we start with the derivation of a system of equations for the effective component ug in
(3.1). As in Section 4, we start considering the PDE first and discuss the initial value afterwards.
Plugging in the asymptotic expansion (3.1) into the PDE in (2.9) yields

0 = 0(gy0¢uy) — Auy,
1 1
= 50-(c0,m) + 5(at(samo) + 8, (e0pu0) + 8T(€3Tu1))
k—2 '
> (815(561511]’) + 0¢(e0ruj11) + 07 (€01 41) + 0- (€0 142) — Auj) +O(n* ).

Jj=0

We compare powers of 1 and first deduce 9, (¢9,uq) = 0 for the O(n~2)-term. With the periodic-
ity of ug in 7 this yields again Uy = 0, i.e., ug is independent of 7. Considering the O(n~!)-term
we obtain

aT(aatuo) + aT(saTul) =0.

In contrast to the electric case, this does not imply u; to be independent of 7. Rather, we
calculate (due to linearity) u; in dependence on ug and obtain

u; (.’E, tv T) = X(T)atu()(xa t) + ﬁ1(x> t)a
where x is the unique 1-periodic solution of the cell-problem

1
0-(e0-x) = —0;¢, / xdr =0 (5.1)
0

and W, still needs to be determined. In particular, x from (5.1) is explicitly given by
X(T) = X0 + €hom / elds -7 (5.2)
0

with xo from (4.8) such that fol xdr = 0. Next, the O(n)-term gives
Ot(e0pug) + O¢(e07u1) + 07 (e0puy) + O-(e0-uz) — Aug = 0. (5.3)

Integrating the equation from 0 to 1 w.r.t. 7 leads to the compatibility condition
1
/ 8t(58tu0) + 8t(58¢u1) — ALIO dr = 07
0

where we used the periodicity of ,u;, and uy. Since ug is independent of 7 and 9,u; = (9pu)d- X,
we deduce
at(EhomatuO) — AIIO =0

with the homogenized coefficient

1
€hom ‘= / e(1 4 0rx) dr. (5.4)
0
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Inserting our explicit representation of x from (5.2) into (5.4), we see that the expression from
(5.4) coincides with the one from (4.5), i.e., the homogenized coefficient is

1 -1
—1
€hom = (/ £ dT) .
0

Again, the homogenized coefficient is the harmonic average of the time-modulated permittivity
over one time period.

We continue with the initial values. From the initial condition u,(-,0) = v¢ we immediately infer
the first initial value ug(-,0) = v{*. From the second initial condition &, (0)0;u,(-,0) = v* we
find, after plugging in the asymptotic expansion, that £(0)(0yug(z,0) + d-u;(x,0,0)) = vi*(z).
Using O,uy(x,t,7) = 0, x(7)0:ug(x,t) we obtain

(0)(1 + 9, x(0))druo(x, 0) = vi*(x).

By (5.1) we conclude that (14 9, ) is constant in 7 and it is equal to epom by (5.4). This gives
the second initial condition

EhomatuO('a O) = Vin'
We summarize our findings regarding the effective solution ug:

Conclusion 4. Suppose the asymptotic expansion (3.1) holds for the solution u, of the initial
value problem (2.9) up to order k = 2. Then Uy = 0 in R? x Ry and the effective solution
ug = Uy solves the homogenized initial value problem

Ot (EhomPrug) — Aug =0 in R x Ry,
u(-,0) =vy  inRY (5.5)
EhomOr (-, 0) = v in R?

with the homogenized coefficient epom from (4.5).

5.2 Magpnetic first order correction

Let us now derive a full description of the first order correction u;. We already derived in the
previous Section 5.1 that it is of the form

u (z,t,7) = x(7)0uo(z, t) + Uy (2, t), (5.6)

where y is the solution of the cell-problem (5.1) explicitly given by (5.2). Thus it remains to
derive an equation for the time average u;. For this purpose, we rewrite the O(1)-term from
(5.3) and plug in (5.6), so that

0r(e07u2) = Aug — 04(e0pug) — 0y (e0,u1) — O, (e0puy)
= AUO — 6(1 + 8Tx)8ttuo — 8T(€X)8ttu0 — (87—6)(6tﬁ1)
= —6T(Ex)8ttu0 — (8725) ((‘3tﬁ1).

Here we used in the last step that ug solves the homogenized equation (5.5). The equation is
solved by

us(z,t,7) = £(7)0nup(x, t) + x(7)0a (z, t) + ta(z, t),

12



where £ is the unique 1-periodic solution of the second cell-problem

07(€07€) = —0-(ex), /[ ¢dr = 0.

The solution £ is simply given by

£(r) =§o—/0 xds,

1 1 1 T 1 T s
fO = 715 7€hom/ / €7ld$d7' + €hom/ / / 671d7’d8d7"
12 2 o Jo o Jo Jo

Next we consider the O(n)-term in the asymptotic expansion which yields

where

0r(e0-u3) + 0¢(e0;12) + 07 (e0ruz) + O¢(e0puy) — Auy = 0.

Integration over (0,1) w.r.t. 7 gives the compatibility condition

1
0= / at(€a7-ll2) + 5‘t(s(9tu1) — AuldT
0

1
= / €(X + 6T§)6tttu0 + E(l + 87-X)8ttﬁ1 — XatAllo — Aﬁl dr.
0

Since x + 0,.£ =0 and fol xdt = 0, iy also solves the homogenized equation
8t(€homatﬁ1) — Aﬁl =0.

The O(n)-term in the first initial condition, i.e., u,(-,0) = vo, implies u; (z,0) =
ui(+,0) = —xo0rug(-,0) = _XOE}:OlmV1 For the second initial condition, £(0)0;u,,
obtain the O(n)-term

0= Btul(azOﬂ') + aTUQ(1'70,T).

Integration over (0,1) w.r.t. 7 yields due to the periodicity of usy

and therefore
,0) = v, we

1 1
oz/@m@@ﬂw:/Xmm@m@m+@m@m=@mmm
0 0

We now summarize our findings for the first order correction u;:

Conclusion 5. Suppose the asymptotic expansion (3.1) holds for the solution u, of the initial
value problem (2.9) up to order k = 3. Then the first order correction uy = 0y + Uy is given by

uy (z,t,7) = x(7)0puo(z, t)

with the solution x of the cell-problem (5.1). Further, with the homogenized coefficient epom from

(4.5), Wy is given by the solution to the first order corrector problem

O (EhomO¢ 1) — ATy = 0 in R x Ry,
Ty (+,0) = —Xoepanvi®  in RY,
€homOru1 (-, 0) =0 in R?.

13
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5.3 Magnetic higher order corrections

Finally, we derive the system of equations for the second order correction u,. We have already
shown in the previous section that uy can be written as

u2((E, t? 7—) = 1~12(£I,'7 ta T) + ﬁg(fﬂ,t),
where
Uy (x,t,7) = &(7)0nug(z, t) + x(7)0¢ty (z, ).

We consider the O(n)-term in the asymptotic expansion, plug in the expressions for uy, us, and
use the fact that @y solves (5.8) to obtain

0r(e0ru3) = Aug — 0y(e0puy) — 0y (e0,u2) — O, (€0pus)
= AU — enomOiuy + XAatuO — 0, (Sg)atttuo -0, (€X)attﬁ1 — 0,002 (59)
= —(0-(€€) — X€hom ) Ot o — 07 (eX) Oy U1 — 070, Ua.

Here we replaced Adyug by ehomOiup in the last step. We can solve this for ug and obtain
usz(x,t,7) = ((7)0uruo(x,t) + £(7)0yy (2, t) + x(7)0pus(x, t) + Us(x, t),

where ( is the unique 1-periodic solution of the third cell-problem

1
87'(587'C) = _87'(55) + XEhom /0 ¢dr =0.

Next we recall the O(n?)-term reading as
0, (e0-uy) + 0(e07u3) + 07 (e0pus3) + ¢ (e0puz) — Aug = 0.

Integration over (0,1) w.r.t. 7 yields with our derived expression for us and us
0= /01 0t(e0-u3) + 0y (e0ru2) — Auadr
= /01 £(& + 0:0)0fug + e(x + 0,031 + e(1 + 8, X)0u Ty — ATpdr
= /01 EnemE (€ + 0-0)A%ug + e(x + 0,071 + (1 + 0, x)0uT2 — Alipdr,

where in the last step we replaced djug by sl:fmAQuo if ug is a smooth solution of (5.5). Next,
we make the important observation that, by straightforward calculations,

1 1
61?02111/0 6(5 =+ aTC)dT = 7/0 siledT = —E&cor-

Therefore, with x + 0. = 0, U, also solves the homogenized equation with the corrected right-
hand side

815 (Ehomatﬁ2) - AGQ = EcorA2uO

and with the correction coefficient from (4.11). For the initial conditions for ug, respectively Us,
we observe from u,(-,0) = vg§* that u(z,0,0) = 0 and therefore

Uy (7,0) = —&0iuo(x, 0) — X001 (2,0) = —&yuug(x,0) = —&p L LAV,
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since 9;U; (z,0) = 0 and where we assume that ug is a smooth solution of (5.10). For the second
initial condition, £(0)d;u,(-,0) = vi*, we now obtain with the O(n?)-term in the asymptotic
expansion

0 = dyuy(x,0,0) + d;uz(x,0,0).

Recalling the O(n)-term (5.9) in the asymptotic expansion, we solve for d,uz and obtain

e(r)0ruz(z,t,7) — £(0)drug(z, t,0) = (5(0){0 —&(7)é(T) + €hom /OT de) Oyrug(z,t)
+ (e(0)x0 — e(T)x(7)) 01 (2, 1) + (£(0) — &(7)) Otz (w, t).

Dividing by e(7) and by £(0) yields, after integration over (0,1) w.r.t. 7,

—87—113(I,t70) foatttuO Z, t hom / / XdS 8tttu0 fE t)
€hom
e(0)

With 8tﬁ2 (JL‘, 0) = —(97—113 (1‘, O, 0) — 8tﬁ2 (ZE, O, O) and 8tﬁ2 (:E, O, O) = foﬁtttuo (1‘, 0) + Xoattﬁl (ZE, 0)
this implies

+ X00uu1(x,t) + atﬁg(x, t) — ——Oita(x, t).

Ehom Oz (z,0) = 5h0m / _1/ dedT)atttuO (z,0) / / XdeT AvT.

We summarize our findings for the second order correction us:

Conclusion 6. Suppose the asymptotic expansion (3.1) holds for the solution w, of the initial
value problem (2.9) up to order k = 4. Then the second order correction us = Ug + Uz is given
by

Uy(z,t,7) = £(7)0rao(z, ) + x(7) 0y (2, 1)
with the solutions &, x of the cell-problems (5.7) and (5.1). Furthermore, with the homogenized

coefficient enom from (4.5) and the correction coefficient €cor from (4.11), W is given by the
solution to the second order corrector problem

at(Ehomatﬁg) — Auy = —EcorAQU.O in R% x R4,
Us(-,0) = —¢,,,,50Av( in R, (5.10)
Ehom U2 (-, / / X deT Av1 in R?.

5.4 Pure macroscopic description of the magnetic field

As in the electric case, let us consider the macroscopic quantities given by (4.14) for the magnetic
field. Again we have u(®) = ug and the initial value problem for a") = ug + nu; now reads as

Oy (enomduV) — Auh) = 0 in R? x Ry,
al(,0) =v§ —nxovi  inRY,

Ehom 0@V (-, 0) = vi in RY.

15



In addition, we derive an initial value problem for a third order approximation u®® of a®, i.e.,
u® =a® + O(n?) given by

Ot(ehomdu®) — Au® — 2 A?u® =0 in RY x R,

u®(-,0) = vt — v — el AV in RY,

1 (5.11)
fhomOruP (+,0) = vI* + 1 (/ et / dedr) Av in R4,
0 0

6 Homogenized Maxwell’s equations

In this section we revise the system of Maxwell’s equations (2.1) in view of our observations
from the previous sections. In particular, we derive the homogenized Maxwell systems for the
effective behavior of an electromagnetic wave propagating through a time-varying metamaterial.
The homogenized Maxwell systems for the first order corrections as well as the equations for
nonlocal second order corrections are revised, revealing local and nonlocal material laws.

Recall the Maxewell system (2.1) which can be formulated with the constitutive relations (2.2)
with permittivity ¢, as a system for the pair (D, B) reading as

curl D +¢,0,B =0, divD = 0,

6.1
curl B— 0;D =0, divB = 0. (6.1)

This system is equipped with the initial conditions
D(z,0) =vg, B(z,0) =v{.
In the previous sections we assumed that the fields D and B can be formally expanded in 7 as
D(x,t) = Do(x,t,7) +nDy(2,t,7) + °Da(x,t,7) + -,
B(z,t) = Bo(z,t,7) + nB1(z,t,7) + n°Ba(z,t,7) + -+,

where 7 =t/n, D;(z,t,-), Bj(,t,-) are 1-periodic and can be decomposed into macroscopic and
microscopic components according to

Dj(x,t,7) = ﬁj(w,t) + ﬁj(x,t,7)7 Bj(z,t,7) = Ej(:n,t) + ﬁj(x,t,T).

Here f)j and ]§j have zeromean over 7; cf. (3.2). From (6.1) we immediately conclude divD; =0
and divB; = 0 for all j € N and we can further assume w.l.o.g that divD; = 0 and divB; =0
for all j € N. In view of the interface conditions of Morgenthaler [19] (cf. (2.6) and (2.7)) we set

v{ = curl vi* and v{* = — curl v§ so that Conclusion 1 and Conclusion 4 imply that Dy = Bo =0
and that the pair (Dg,Bg) is a solution of the homogenized Maxwell system

curl DO + EhomatBo = 0, div DO = O,
curl Bg — 0;Dg = 0, divBg = 0.

The initial conditions for this system are given by Dg(x,0) = v§ and Bg(z,0) = v{’. We can
proceed by formulating the system for the first order corrections (D1, B;). From Conclusion 2
and Conclusion 5 we infer that D; = 0 and

B (z,t,7) = —ep i x(7) curl Do, t)
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with x from (5.1). Thus, the pair (D1, B;) solves the homogenized Maxwell system

curl Dy + ehomd:B1 =0, divD; =0,
curlﬁl - 8tD1 = O, diVEl =0

with the initial conditions D (x,0) = 0 and By (z,0) = xov§. Next we treat the nonlocal effects
and the second order corrections. We obtain from Conclusion 3 and Conclusion 6

Dy(z,t,7) = —ep (1) curl curl Do (x, t),
By(z,t,7) = —epk &(7) curl curl Bo(z, t) — et x(7) curl Dy (,t)

with 6 from (4.10), £ from (5.7), and x from (5.1). However, it is clear that the macroscopic

components (Dy, Bs) do not satisfy the homogeneous Maxwell equations. Instead, we consider
the concatenated macroscopic components

D (2,) = Do(, ) + 7Dy (z, 1) + 1?Da(x, 1),
B (2,) = Bo(2,t) + nB1 (2,1) + 1°Ba(a, 1)

which are again divergence-free, i.e., div 5(2) =0 and div E(Q) = 0. Asin (4.15) we have

)

Ehomattﬁ(2 - Aﬁ(2) = nzgcorAZDO = n25homgcorAattD0~

Replacing Dg by ﬁ(g) —nD; — *’D,, we obtain

(2)

<5hom - EhomgcorA)attﬁ(z) - Aﬁ - n35h0m€corAattD1 + 7745h0m5c0rAattﬁ2-

Dropping the O(n®) source terms on the right hand side, we define, in analogy of Section 4.4,
the macroscopic electric quantity D(®) as the solution of

(Ehom - shOmECOI‘A)attD(2) _ AD(Q) -0

with the initial conditions

9,D®? (z,0) =v§ — 77X05E01H,AV8 + 7726;01m90Avff.

Then D@ is an O(n*)-approximation of ﬁ(Q), ie,D® = DY+ O(n?). Similarly, we define the

macroscopic magnetic quantity B as the solution of

(Chom — EhomEeorA)9u B — AB®) =0
with the initial conditions

B?(z,0) = v§' — nx0v} — 1 epomb0 AV,

1 T
fhom& B (2,0) = v + 1° (/ et / XdeT) AV,
0 0

This is an O(n?)-approximation of §(2), ie., B® = BY 4+ O(n?). Note that by construction

D® 4+ 772f)2 =D+ 0O(n*) and B®? + 772]§2 =B+ 0(1%).
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Now we obtain that the pair (D), B(?)) is a solution of the Maxwell system

CuI‘lD(Z) + (Ehom + 7725h0m<€cor curl Curl)&tB(Z) =0, div D(Q) =0,
crlB® —9,D? =0,  divB® =0

with the initial conditions
D(Q)(x, 0) =v§— nQE}TC)lmGOAVS,
B®(2,0) = v — X0V — N ehamE0AVE
This leads to the nonlocal constitutive relation
D® = (chom + 7%EhomEcor curl curl)E?)

between the macroscopic electric displacement D(?) and the associated macroscopic electric field
E® . In the limit n — 0 this gives D® = g, E® which is the same local constitutive
relation as that of the effective fields. However, for n > 0 there is an additional contribution
of 7725h0mscor curl curl E®). This additional contribution is nonlocal, as it involves derivatives of
the electric field. For monochromatic plane waves, this nonlocal material law produces artificial
magnetism in the material by altering the effective magnetic permeability obtained from the
dispersion relation; cf. [21, 24].

7 Numerical experiments

In this section, we verify our homogenization results in numerical simulations. We aim to (i)
illustrate the derived homogenized solutions for the electric and magnetic case and to (ii) verify
the expected approximation orders in terms of 77. The implementation of the experiments is avail-
able as a MATLAB code on https://github.com/cdoeding/PropagationTimeVaryingMedia.

Model setting As a model problem, we consider a transverse electromagnetic wave that prop-
agates through a time-varying metamaterial, and we simulate its electric displacement and mag-
netic field independently. This allows us to describe the time evolution of the fields through the
equations (2.8) and (2.9) in one dimension. Note that our homogenization results do not depend
on the spatial dimension and, thus, the consideration of the one-dimensional case is not restric-
tive. We model the situation that the time oscillations of the material are instantly switched
on at time ¢ = 0. For negative times ¢ < 0 we assume that the material behaves as vacuum
(e(t) = 1) so that the wave propagates through the medium at the speed of light ¢ = 1. In this
case the electric displacement or magnetic field, respectively, can be described by a Gaussian
wave packet of the form
(t—=)
w(z,t) = exp(—W) cos(wo(t —x)), xze€R,t<0, (7.1)
0

with T > 0 and wg > 0. We choose Ty = 0.1 and wg = 0.01 in the subsequent experiments. Note
that wg is the carrier frequency and determines the spatial oscillations of the wave that we need
to keep small in comparison to the modulation frequency w,, = n~! so that the homogenization
errors are small in view of the asymptotic expansion (3.1).
For ¢ > 0 the permittivity of the material is given by the blueprint

(1) = (2 +sin(277)) - (7.2)
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and we vary the time modulations through different values of 7 satisfying wy < n~!. The
homogenized coefficient from (4.5) and correction coefficient (4.11) can be calculated explicitly
and are given by

1 1

€hom = 5; Ecor:_ﬁ-

Furthermore, the solution of the cell-problems (4.10), (5.1), and (5.7) can be solved explicitly.
However, we note that in any particular application the homogenized coefficients epom and ecor
as well as the solutions to the cell-problems can be solved numerically using suitable quadratures
if an explicit representation is not available.

For the initial values in our model we use that the interface conditions of Morgenthaler [19]
require the fields to be continuous at ¢t = 0 leading to the first initial condition for the electric
field v§ = w(z,0) and for the magnetic field v§' = w(z,0), respectively. A precise recap of the
model and in particular its simplification from three to one dimension reveals that the second
initial conditions for the wave-type problems (2.8) and (2.9) are given by v§ = 9;w(x,0) and
vi* = 9;w(x,0), respectively. Indeed the latter two conditions coincide with the conditions (2.6)
and (2.7).

Numerical discretization What remains to be solved numerically are the time-averaged so-
lutions u; given by the initial-value problems stated in Conclusion 1-6. In order to solve the
corresponding wave equations, we first restrict the initial-value problem to the bounded domain
Q = (-1,1), impose periodic boundary conditions, and solve on a finite time interval [0,T]
with 7' = 0.4. Note that the initial conditions and system parameters are chosen such that the
propagating wave never reaches the boundary in the time interval [0,T], so that the artificial
boundary conditions do not induce any additional effects. In space, we discretize using a Fourier
spectral method with N = 256 (for visualization) or N = 64 (for error computation) degrees
of freedom, which allows a simple discretization of A and A? in Fourier space and so that the
discretization errors are negligible. The Fourier spectral method is combined with the two-stage
Gauss-Legendre IRK of order four with variable time step size 7 = 2787 for visualization and
7 = 27137 for the error computation. Again, the high order of the time integrator allows us
to neglect any errors induced by the time discretization, so that only the errors induced by the
homogenization process become dominant in our experiments. The actual full wave solution u,,
is solved with the same method and parameter sets and serves as a reference solution.

Discussion of the results We first consider the electric displacement and compute the full wave
problem (2.8) for the choice 7 = 274T. Here we use N = 64 Fourier modes, step size 7 = 2787
and plot the full wave solution u, in Figure 7.1 (top left). As expected, we see the wave propa-
gating to the right accompanied by a smaller reflected wave moving to the left. The latter comes
from the interface condition at ¢ = 0 described by the initial values. This reflection is induced
when the permittivity of the metamaterial is switched from constant permittivity (¢ < 0) to
time-varying permittivity (¢ > 0). Visually, no fine oscillation can be observed, but the propa-
gation velocity is certainly governed by the time variation of the permittivity.

The effective solution ug as given in Conclusion 1 is shown in Figure 7.1 (bottom left). As
expected, the effective solution captures the macroscopic behavior of to the full wave solution
u,, and resolves the effective propagation of the wave through the metamaterial. The first and
second order homogenized solutions u; and us as given in Conclusion 2 and Conclusion 3 are
also shown in Figure 7.1. We clearly see that the first order correction u; does not contain any
microscopic information but gives a clear contribution to the transmitted and reflected wave.
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Figure 7.1: Full wave simulation and effective behavior of the electric field for the fine-scale
parameter n = 2747

Only the second order correction uy contains microscopic information in accordance with Con-
clusion 3. However, visually at this point we see no difference between the corrected solutions
ug + nuy and ug + nu; + n?uy to the effective solution ug and the full wave simulation u,.
However, the effective wave propagation through the time varying metamaterial is captured by
all homogenized solutions.

Next we consider the magnetic field of the electromagnetic wave described by the initial-value
problem (2.9), which we solve with the same set of parameters. The solution u,, is shown in
Figure 7.2 and again we see a transmitted wave propagating to the right and a reflected wave
propagating to the left. Unlike the electric case, the reflected wave now has negative values and,
furthermore, shows a microscopic behavior through fine oscillations. These fine oscillations can-
not be resolved by the effective solution uy from Conclusion 4, as shown in Figure 7.2 (bottom
left). Nevertheless, uy captures again the effective behavior of the wave. In contrast, the first-
order correction u; from Conclusion 5 resolves the fine oscillation, leading to no visual difference
between the corrected effective solution ug +7nu; and the full wave solution u,,. The second order
correction shown in the Figure 6 (bottom right) adds further micro- and macroscopic information
to the solution, but is visually indistinguishable from the first order corrected effective solution.
Summarizing, our theoretical results lead to visually good approximations of the full wave solu-
tion in both the electric and the magnetic case, and the effective and corrected equations resolve
the propagation of the electromagnetic wave through the time-varying metamaterial.

To quantify the approximation properties of the homogenized solutions and to validate the
derived equations in Section 4 and Section 5, we study the homogenization error

||11n - uO||L2(O,T;L2)7

for a set of fine-scale parameters n = T'/¢, { = 10,20, 30,40, 50, 60, 80, 100, 150, 200, 250, 300.
Similarly, we consider the homogenization errors for the first and second order homogenized
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Figure 7.2: Full wave simulation and effective behavior of the magnetic field for the fine-scale
parameter n = 2747
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Figure 7.3: Homegenization errors in 7 for the electric field (left) and in the magnetic field (right).

solutions ug +nu; and ug +nu; +n?uy. For the numerical computation of all quantities, we now
choose N = 64 Fourier modes in space and a step size of 7 = 27137 so that the homogenization
error is not polluted by additional discretization errors. Figure 7.3 shows the homogenization
errors over 7 in double-logarithmic scaling for both the electric case (left) and the magnetic case
(right) for which the observations are very similar. As highlighted by the reference lines, we
observe the expected linear convergence in 7 for the homogenized solution uy and the expected
quadratic convergence in 7 for the first order corrections ug + nu;. In addition, the second order
corrections ug +nuy +n?uy show the expected cubic convergence in 7). Finally, we computed the
second order macroscopic quantities u(®) from sections 4.4 and 5.4, which can be solved by the
higher order wave equations (4.16) and (5.11). Corrected with the microscopic quantities u; and
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U, the associated errors again show a cubic convergence in 7, showing that u(® coincides with
@® up to higher order errors, but for which one has to solve only a single wave-type equation.
In summary, our numerical results verify our theoretical findings from Conclusion 1-6 and the
derived equations for the effective solution and its first and second order corrections lead to to
an effective description of wave propagation through time-varying metamaterials.
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