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THE TROUBLE WITH THE LIMITING ABSORPTION PRINCIPLE
FOR PERIODIC WAVEGUIDES

ANDREAS KIRSCH

ABSTRACT. In this paper we consider the open waveguide source problem Au + k*fiu =
—f in R% := {z € R? : , > 0} with homogeneous Neumann conditions for zo = 0.
Here, k > 0 is the wavenumber and 7 a local perturbation of a refractive index n which
is periodic with respect to x; and equals to one for x5 > hg. We derive radiation
conditions by replacing k2 or 7 or the boundary condition by k2 +ie or 7 + iep (for some
function p, periodic with respect to x1) or a boundary condition of impedance type,
respectively, and let € tend to zero. We show that in general we derive different radiation
conditions. They coincide only in the case that the spaces of propagating modes are
one-dimensional.
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1. INTRODUCTION

In this paper we consider the following open waveguide source problem. Let & > 0 be the
wavenumber which is fixed throughout the paper. Set R% := {z € R* : 25 > 0}, and let
n € L®(R3) be the real valued index of refraction which is assumed to be 2w —periodic
with respect to z1. Let n € L°(IR%) be a local perturbation of n; that is, n—n is supported
in Qp, := (0,27) x (0, hg) for some hy > 0. We assume that n(x) > ny and n(x) > ng
on R? for some constant ng > 0 and n(x) = 1 for x5 > hy. Finally, let f € L?*(R%) have
compact support in (Jp,. It is well known that in general the boundary value problem

0
(1) Au+Kfuw = —f inRZ, 8—u:0 on Iy :=R x {0},

4]
fails to be solvable if in addition the “angular spectrum radiation condition” (see, e.g.
[?] or (7) below) is assumed. This is due to the fact that the unperturbed homogeneous
equation Au + k*nu = 0 can have quasi-periodic (with respect to x;) solutions u €

H? (R%) with du/dxzy = 0 on Ty which are called guided waves, see Definition 2.1 below.

loc
A similar problem occurs for the scattering of plane incident waves u™(x) = ¢*%% where

0 = (_Sg‘)ge) for || < % denotes the direction of the incident wave directed downwards.

Then the total field u = u" + u* satisfies (1) for f = 0. As mentioned already in [5] the
upwards propagating radiation condition does not rule out guided waves; that is, is not
strict enough. For locally perturbed periodic structures usually (see, e.g. [?]) it is assumed
that u is the sum u = wy + Upert of @ v—quasi-periodic solution wuy of the unperturbed
equation Aug + k*nug = 0 where @ = ksin6 and a solution of the source problem (1)
for wpe,s with right hand side f = k%(n — n)ug satisfying the angular spectrum radiation
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condition. However, in general the angular spectrum radiation condition is too strict for
the source problem to allow a solution.

A standard tool to derive a correct radiation condition is to justify the Limiting Absorption
Principle; that is, consider the problem where k2 is replaced by k% +ie for € > 0 and show
convergence of the corresponding solution as € tends to zero. From the spectral point of
view k% + ie belongs to the resolvent set of the selfadjoint operator —%A with respect
to Neumann boundary conditions and one has to prove convergence of the solution when
k* + ie approaches the point k% in the spectrum of this operator. We refer to [?] for the
problem with Dirichlet boundary conditions on I'y and [1, 6, 2| for closed infinite or semi-
infinite waveguides. The spectral point of view does not explain the notion of absorption
principle. However, if one considers the problem as the TM-mode E = (0,0, u(x1,25))"
of an electromagnetic problem in the half space R? := {z € R*: 25 > 0} with constant
permeability p(z) = po and electric permittivity e(z;, x2) then k* = w?eouo and n(x) =
e(x

—~. The modification k% +ie corresponds to adding the conductivity o(z) = e—=) 6 the

0 WeoH0

system globally in R? . Indeed, the refractive index is then % (E(m)—kiw) = (1+i5)n(z).

w
An alternative way is to put some conductivity eo(x1,x2) to the inhomogeneous layer

R x (0, hg) x R only which replaces n(z) by n(z)+iep(z) with p(z) = z(—fo) for 0 < zy < hy
and p(z) = 0 for x5 > hg. A third possibility is to put absorption to the boundary

condition at I'y; that is, replace the boundary condition % = 0 on I'y which corresponds

to H xv=0on dR3 by H X v+ eE =0 on R} which is g—;z—i—iewuou =0 on I'y. Here,
v =(0,1,0)" denotes the normal at OR3.

It is the aim of the paper to show that these concepts lead to different radiation conditions.
Therefore, there is no “one” radiation condition for waveguides in general. We note that
the following analysis carries over without difficulty to closed waveguides; that is where
R? is replaced by R x (0, ho) and where an additional homogeneous boundary condition
on [y, = R x {hg} is assumed'.

The paper is organized as follows. In Sections 2-4 we will consider the unperturbed case;
that is 7 = n. In Section 2 we will introduce propagating (or guided) modes. In Section 3
we will recall the Floquet-Bloch transform as a useful tool for treating periodic problems
and will prove a representation of the transformed solutions, and in Section 4 we will prove
the Limiting Absorption Principles for the three cases introduced above. The perturbed
case will be studied in Section 5.

We use the following notations: W, = R x (0,h) for h > 0, I', = R x {h} for h > 0,
Qp :=(0,2m) x (0, h) for h > 0, Qoo = (0,27) x (0,00), and Sj, = (0,27) x {h} for h > 0.
Finally, we set Let Wgy, := (=R, R) x (0, h) for R > 0 and h > 0.

2. PROPAGATING MODES AND FORMULATION OF THE PROBLEMS

We first recall some notations.

Definition 2.1. (a) o € R is called a cut-off value if there exists € € 7 with |{ + o| = k.

IThis case is even a bit simpler because it avoids the use of the Dirichlet-Neumann operator.
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(b) a € R is called a propagative wave number (or quasi-momentum or Floquet spectral
value) if there exists a non-trivial ¢ € H. (R%) such that
2 2 99
(2) Ap+kng = 0 inRL, — =0 only,
(91:2
¢ is a—quasi-periodic; that is, ¢(xy + 2w, 15) = €*"¢(x1,x) for almost all x, and ¢
satisfies the Rayleigh expansion

(3) ¢($) _ Z(m ei(€+a)z1+i\/k27(£+a)2\x2\ fO’I" T > ho

LeZ

for some ¢y € C where the convergence is uniform for xo > hy+ 6 for all 6 > 0. The
functions ¢ are called propagating (or guided) modes.

If we decompose k into k = ¢ + k with £ € NU {0} and x € (=1/2,1/2] we observe that
the cut-off values are given by £+« + ¢ for any ¢ € Z.

Since with « also a + ¢ for every ¢ € Z is a propagative wave number we can restrict
ourselves to propagative wave numbers in (—1/2,1/2].

Under the following assumption it can easily be seen that every propagating mode ¢
corresponding to some propagative wave number « is evanescent; that is, ¢, = 0 for all
|0 + a| < k; that is, there exist ¢,d > 0 with |¢(z)| < ce 922 for all x5 > hy.

Assumption 2.2. Let | + «| # k for all propagative wave numbers o and all ¢ € Z; that
18, the cut-off values are no propagative wave numbers.

Under Assumption 2.2 it can also be shown (see, e.g. [?]) that at most a finite number of
propagative wave numbers exist in [—1/2,1/2]. Furthermore, if «v is a propagative wave
number with mode ¢ then —a is a propagative wave number with mode ¢. Therefore,
we can numerate the propagative wave numbers in [—1/2,1/2] such they are given by

{&; : j € J} where J C Z is finite and symmetric with respect to 0 and &_; = —a; for
j € J. Furthermore, it is known that every eigenspace
(4) X; = {¢ € H) ,.(R}): ¢ satisfies (2) and (3)}

is finite dimensional with some dimension m; > 0. Here, and in the following, H} ;,.(R? ) :=
{ue H} (R?) : u is a—quasi-periodic}.

We now formulate the three modified problems discussed in Section 1.

Problem I: It is the aim to prove convergence of the solution u, € H'(R%) of

ou,
(9x2
as € = 0. This problem has been considered (for the Dirichlet boundary condition on I'y)
in [?] or for tubes in R? in [3].

Let H}(R2) be defined as
H;(RY) = {ueH,

oc

(5) Auc+ (k* +ie)nu. = —f inR%, =0 only,

(R%) :u € H'(W,) for all h >0} .
3



Problem II: Let p € L>(W)},,) be some non-negative periodic (with respect to ) func-
tion with p(z) > py on some open subset of @y, where py > 0. We extend p by zero into
p € L™(R?%). It is the aim to prove convergence of the solution u, € H}(R2) of

Ou,

(6) Au. + k(i +iep)u. = —f inR%, 5 =0 only,
X2
satisfying the angular spectrum radiation condition
(7) ue(z) (Fue)(w, ho) eV =2 @—ho)tiwar g, g0 s g
vV 27T

where the Fourier transform is defined as

(Fo)(w) - m/as i s weR,

considered as an unitary operator from L?(R) onto itself.

Problem III: Let ¢ € L*(R) be some non-negative periodic function with g(x;) > gy on
some open interval in R where ¢o > 0. It is the aim to prove convergence of the solution
u. € HY(RY) of
9. . o Oue
(8) Auc + k*nu. = —f in Ry, a—+lequ6:() on Iy,
o)

satisfying again the angulur spectrum radiation condition (7).

Theorem 2.3. For all e > 0 there exists a unique solution u. € H'(RY) of (5). Further-
more, there exists at most one solution u. € H(R%) of (6), (7) and (8), (7).

Proof: For (5) we write k? + ie in polar coordinates as k% + ic = pe® with p := |k? + i¢|
and some s € (0,7/2). Then we show that the sesqui-linear form

alu, 1)) = /[VU-VE (K* +ie)nuy|dr, wu,¢ € HY(RY),
R}

is coercive. Indeed, we have that

Re[e™27/ig(u,u)] = sin(s/2) /[|Vu\2 + p|ul?] do
RZ
> sin(s/2) min{1, pro} [l s
The Theorem of Lax-Milgram yields existence and uniqueness of a solution u. € H'(R?)
of Problem I.

Let now u. € H!(R?%) be a solution of (6), (7) or (8), (7) for f = 0. Application of Green’s
theorem in the strip W), yields

/[|vuﬁ|2 k2 (7 + ieap) [uc[2] d / Gesds + 263/q|u€| ds

Wh o

where Iy, ::Rx{h}forh20and62:eand63:Ofor (6) and €5 = € and €3 = 0
for (8). It is easily seen using Plancherel’s formula that the angular spectrum radiation
4



condition (7) implies that Im [. . g“e

yields
e [plufde > e [aufds.

Wh, To

ds > 0. Therefore, taking the imaginary part

For (6), (7) we conclude that u. vanishes on some open set in I}, and thus in all of R%
by the unique continuation principle. For (8), (7) we conclude that u,. vanishes on some
open interval (a,b) x {0} C Iy, and thus also Ju./0z2. We extend u. and n by zero into
U := (a,b) x (—1,0). Then u. € H*(R2UU) and Au, + k*nu. = 0 in R2 UU. The unique
continuation principle implies again that u. vanishes in Ri. U

Existence of solutions for problems (6), (7) and (8), (7) for the unperturbed case n = n will
be shown by applying the Floquet-Bloch transform, see Lemma 3.1 below. The perturbed
case will be treated in Section 5.

3. REPRESENTATION OF THE FLOQUET-BLOCH-TRANSFORMED FIELDS

To treat all three problems simultaneously we introduce three parameters €;, 7 = 1,2, 3,
for Problems I, II, and III, respectively, for n = n; that is, we consider

0
9)  Auc+ (K* +ier) (n+iep)u, = —f inRZ, 0u +eque=0 only,
T2

and the corresponding condition at infinity. The Floquet-Bloch transform is the standard
tool to transform the problems to families of quasi-periodic problem in the cell ),,. We
use the periodic Bloch transform transform, defined as

(Fu)(z1, 225 0) 1= Zu(xl + 27l x2) em im0 g — (z1,72) € Ri 3
tez.

for sufficiently smooth functions w. Then it is known (see, e.g. [4]) that F' has an ex-
tension to an isomorphism from H* (W) onto L2((—1/2,1/2), H},.(Qs)) = {u € L*(Q) X
(=1/2,1/2)) 1 u(-; ) € HY,,(Qn)}. Here, H., (Qy) := {v € H'(Qy) : v is 2m—periodic wrt @1}
Let u. € H!(R?%) be a solution of (9). Then it is known that the Floquet-Bloch transform

Ueo = (Fu.)(;a) € H (Qs) is a a—quasi-periodic solutiuon of (9) in the cell Q.

The variational can be reduced to the bounded rectangle (), by the use of the Dirichlet-
Neumann operator Ag g2 : Hplr (Sho) — Hpet! ?(Sh,), given by

(10)  (Aaw29) (21, ho)

k2 — (€4 )2 ¢yp(ho) €™, 1 € (0,2n),

ZGZ

for ¢ € Hyl? (Sho)- Here, ¢y(ho) are the Fourier coefficients of ¢(-, hy). Then the problem
(9) is equivalent to the problem to determine ucq € H,,,.(Qn,) With

(11) / (Vue,a Vi — 2ia ag‘;’l“ U — [(K* +ie1) (n +iep) — & teq E) dx

Qhng

— /(Aakzﬁelum)wds — 263/qu€a¢ds = /fal/zdx for all ¢ € per(QhO)

Sho So Qng
5



where f, = (Ff)(; a).

We note that in Problem I the parameter € = €¢; appears in the volume integral and in the
Dirichlet-to-Neumann map while in Problems IT and IIT the parameter ¢ = €5 and € = €3
appears only in the volume integral over (J, or line integral over Sy, respectively. In all
three cases the variational equations can be written as (I — Kera)ue,a = r, with compact

operators K, , from H;er(Qho) into itself” when we use the inner product

(u,v), = /[Vu-V@—i—u@] dx + Zvl—l—@zu@(ho) ve(ho)

Ony ez,
for u,v € H,,.,.(Qn,). Also, the operators K, and the right hand sides 7, depend
continuously on «.
Lemma 3.1. For ¢; > 0 the operators L., = I — K., are invertible for all o and

the inverses L;é depend continuously on «. Furthermore, there exist unique solutions
u. € H(RY) of problems (6), (7) and (8), (7).

Proof: Uniqueness of solutions of (11) for all & € [—1/2,1/2] is shown exactly as in the
proof of Theorem 2.3. Therefore, Fredholm’s theory implies that L., are invertible for
all o and the inverses L;é depend continuously on «.

With respect to existence of solutions of (6), (7) and (8), (7) we note that the fact that
Ueq depends continuously on « implies that a — u, is in L*((—1/2, 1/2),H;ET(Qh));
that is, the inverse Floquet-Bloch transform

1/2

(12) u(x) = / Ue o (7)e" " dav
~1/2
is in H!(R?) and represents the solution of (6), (7) or (8), (7), respectively. O

We want to apply the following abstract result taken from [?].

Theorem 3.2. Let H be a (complex) Hilbert space, I = (—¢g, €9) C R and J = (—ap, ap) C
R open intervals containing 0. Let K(e,a) : H — H and f(e,a) € H, (e,a) € I X J,
be families of compact operators and elements, respectively, such that (e, ) — K(e, ) is
twice continuously differentiable on I x J and (z,a) — f(z,«) is Lipschitz continuous on
Ix J. Set L(e,a) =1 — K(e,c) and assume the following:
(a) The null space N := N(L(0,0)) is not trivial and the Riesz number of L(0,0)
15 one; that 1s, the algebraic and geometric multiplicities of the eigenvalue 1 of
K(0,0) coincide; that is, N'(L(0,0)*) = N(L(0,0)). Let P : H - N C H be
the projection operator onto N corresponding to the direct decomposition H =
N @ R(L(0,0)),
(b) L(e, ) is one-to-one; that is, also onto, for all (e,a)) € I x J, € >0,
(c) A == 1 PLK(0,0)|y : N = N s selfadjoint and positive definite and B :=
PZK(0,0)|y : N = N is selfadjoint and one-to-one.

2The notation K, o means that for given j € {1,2,3} the parameter ¢; is positive while the two other

parameters are zero.
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Let u(e, ) € H be the unique solution of L(e,a)u(e, ) = f(e, ) for all (e,a) € I x J,
€ > 0. Then there exists ¢; € (0,¢y) and § € (0,aq9) such that u has the form

o~ feg
ue.o) = uWea) = 3R
7]

(=1

¢ for (e,a) € (0,€1) X (—0,9).

Here, |u™ (e, @)|| s is uniformly bounded with respect to (¢, o), and {)\g,j, Gl =1,... ,m}
s an orthonormal eigensystem of the following generalized eigenvalue problem in the finite
dimensional space N (where m = dim N ):

(13) —B¢y = NjApe in N with normalization (A¢g,¢g/)H = Oup

for 6,0 = 1,....m. Finally, f;; = (Pf(O,O),qzﬁg)H are the expansion coefficients of
AP f(0,0) with respect to the inner product (A-,-)g.

We fix d; for some j € J and define H = H},,(Qn,) and K(e,o) = K. 4,44 for e = €; or
e=¢eore=egand f(a) =ra1a for |af < ag where ayg is so small such that the interval
[&; — ag, &; + ap] contains no cut-off value. This is possible by Assumption 2.2. Then

the smoothness condition concerning K (e, «) and f(«) are satisfied (see [?] or [?]). The
nullspace N = N'(L(0,0)) is given by N' = {¢lq, : ¢ € X;} where

= {6 € H)o(Qu) s 9() = e 7 g(x) for some § € X;}, je,

is the space X ; of guided modes transformed to periodic functions. Furthermore, X; is
also the nullspace of the adjoint L(0,0)* which implies that the Riesz number of L(0,0)
is one and that the decomposition H,,,.(Qn,) = N ® R is orthogonal.

The derivative of K(e, ) with respect to « at (e,a) = (0,0) is the same in Problems I,
II, and III, and its projection to N is given by

(14) (PaLéO .0) ,¢) = (aLgo .0) ,w) = —2@/(5—;“@0%3:

for u,1 € X; where we identified V" with X;. We refer again to [?].

The derivative with respect to € is different for Problem I, II or III. For Problem I we
have

(15a) (P@u,zb)* = (@u,zp)* = —i/nuwda:

oo

for u,1 € X; (see [?]) while for Problems II or IIT we have obviously
L L —
(15b) <Pa (0’O>u,1p> = (8 (0,0) ,2/1) = —ik? /puwda:,

Oe Oe

ho

and

(15¢) <P8L<006’0)u,w>* = <8Lé 0) ,w) = —z/quads,

0

respectively, for u, 1 € X;. This results in different eigenvalue problems for constructing

bases in X.
7



For Problem I the eigenvalue problem has the form (after transformation into X ;)

Oy — . R
(16a) —2i / ;ZJ vdr = Mg /nQS(’j'l/]dx for all ¥ € X,
Qoo Qoo
for ¢ =1,...,m; with normalization
(16b) /néé,j (de/,j dx = Opp,
Qoo

while for Problems II and III the eigenvalue problems have the form

(16¢) —2i %QZIJ = Ak / poejpdr forall i € X,
@no
for £ =1,...,m; with normalization
(16d) k? / P bu,jdr = Sup .
@no
and
(16¢) —2z/ %qizfﬂdx = Aoy /q@jiﬂds for all ¢ € X,
Qoo So
for £ =1,...,m; with normalization
(16f) /chz,j v jds = o,
So

respectively. Injectivity of the derivative B requires the following assumption.

Assumption 3.3. Let A\;; #0 for all ¢ =1,....,m; and j € J; that is, for every j € J
and every ngS € Xj there exists ¢ € Xj such that fQoo g—i@dx # 0.

We note from the second form that this assumption is independent of of the chosen inner
product. Application of Theorem 3.2 yields the fundamental representation

e

i€ — A j(a — &)

mj

(17) Ueal®) = ull(z) = Y-

(=1

Qbé ]( ) T

for (e,a) € (0,€9) X (& — ap, &; + ), and ||um||H1 (Qug) is uniformly bounded with

per

respect to € and a. Here, f;; = (Pf(() 0) gbgj) fQ f¢g] dz.

Remark 3.4. In the case that Xj is one-dimensional; that is, m; = 1, the eigenvalue
problems reduce to the same problem. The eigenvalue A and eigenfunction ¢ are in each

case scaled such that —2i fQ a¢ gbdfc =



4. THE LIMITING ABSORPTION PRINCIPLE

We continue with the unperturbed periodic case; that is, n = n. For the representation

of u,. one has to integrate u., with respect to a, see (12). Since uﬁl(l converges to u(()li in

HY(Qy,) for every o # &; and is uniformly bounded Lebesgue s theorem on dominated
a]+6 (1)

§ (1
convergence shows that f Ue,d € da converges to 17 J:S u(() i e’ o in H* (W p,) for
aj

every R > 0. Again, WR,ho = (=R, R) x (0,hy) for R > 0. Furthermore, elementary
calculations show that

dj+5 )
1 S 1 .
/ : _ ez(a—aj)atl do = / : el g0,
i€ — A j(a — &) i€ — Ao
dj*(; -5
y el \ bo
_ % / cos(efry/| Z’deﬁ ~ 2in, QBsm? a5
R 1+ B2 7 ) a4+ 2B

which converges to

ox1 dx1

sin B s sin 8
dg = Tl {1 + (51gn)\gj) 5 dﬁ}

M/Hﬁz 4b - Ae]

0
as € tends to zero uniformly with respect to x; from compact sets. Therefore,

;40
/ueyaem‘“da —
a;—o
&j+0 oz
08) [ ahenrdo ¢ WZ|fZ| ) [F a5y oo

&;j—5 0

in H'(Wgp,) for every R > 0. Since the function o ufﬁl for |a — &;| < 0 and zero for
la — &;| > & is in L*((—1/2,1/2), H:(Qx,)) the inverse Floquet-Bloch transform yields
that the first integral on the right hand side of (18) is in H(W},).

We choose any o > 27 + 1 and functions ¢,¢~ € C*°(R) with ¢+ (z1) = 1 for x; > oy
and " (z1) = 0 for 1 < 09—1 and, analogously, ¥~ (z1) = 1 for x; < —ogpand ¢~ (1) =0
9



for x;1 > —op + 1. Then we decompose the second term on the right hand side of (18) as

ms
o - fﬁa]

ox1

sin 3
v

= Al

B

|:1 + (sign )\&j)% d5:| ng,j

o
. 2 sin i
= i {1 + = / ﬁﬁ ag — 2w+(x1)1 Z |§Z’]4 Puj
T 0 f:)\g’j>0 tJ

ox1

2 [ sinf
-2
+m{ - 3

dﬁ—zw—m)} > |fi’?|05e,j
£Xg ;<070

+ 2mipT (1) Z f\ce’j (Zg[,j + 2wy (z4) Z f’j Qgé,j

mw>0| £l z;A[,j<o| i

which gives a splitting of the propagating modes in X ; into those traveling to the right

and the left, respectively. The functions x; — 1 + %fo&cl # df — 2y (x1) and x; —
1 - %fo&cl %dﬁ — 2¢~(x1) are in H'(R). (Note that [} Sigﬁ dB = £5 4+ O(1/[t]) as
t — 400.) Therefore, the right hand side of (18) has a splitting in the form

umdd(m) + 27Ti¢+<$1) Z f&j qgé,j(x) + 27Ti¢_($1) Z fzvj

f:Ag’j>0| i f:)\e,j<0| i

Be ()

with Urad,j € Hl(WhO).

Finally, we do this for all propagating wave numbers &;. The integral [ 7 Uea e 1 doy over
the region I := (—1/2,1/2) \ U;(&; — 6, &; + &) converges to [} ugq € ***do in H'(Qp,)
which is also in H'(WW},,) because the integrand is continuous with respect to . Before

we formulate the main convergence result we formulate the open waveguide radiation
condition.

Definition 4.1. Let ¢, € C*(R) be any functions with Vi(z1) = 1 for £x; > oy
(for some oo > 2w + 1) and Y (x1) =0 for £x1 < 09 — 1.

A solutionu € H}, (R%) of (1) satisﬁes the open waveguide radiation condition with respect
to given inner products (-, )X] in X; if uw has a decomposition into U = Upeq + Uprop tNLO

a radiating part uyqq € HY(R2) and a propagating part ., which satisfies the following
conditions.

(a) The propagating part uy.o, has the form
19) ) = B[ ¥ anybuslo) + 0o T aryduylo)
jed 6:X;>0 £:0,;<0

for x € RY and some ay; € C. Here, for every j € J the scalars A\p; € R

and Qgg,j € Xj for £ =1,...,m; are given by the eigenvalues and corresponding
eigenfunctions, respectively, of the self adjoint eigenvalue problem
(20a) —2i %de = Ao (qgg ; 2/1) . forally e X,
axl »J 53J Xj Jo
Qoo

10



with normalization
(20D) (¢ ¢ef,j))gj = Oper
(b) wraq satisfies the generalized angular spectrum radiation condition

2

(21) / ‘ (F ““gjﬂ W) i (Fttyad)(w, 25)| dw —s 0
2

as xo tends to infinity where the Fourier transform is defined as

(Fo)(w) : m/qs s gs W ER,

considered as an unitary operator from L*(R) onto itself.

We note that the radiation condition depends on the chosen inner product in X ; provided
the dimension m; of Xj is larger than one. By obvious modifications of the proofs in [?]
uniqueness and existence can be shown under this open waveguide radiation condition for
any inner product in X j

Noting that the width hg of the layer is arbitrary and can be replaced by any larger value
h we have shown the following convergence result.

Theorem 4.2. Let Assumptions 2.2 and 3.3 hold. Let u. € H'(R3) or u. € H!(R?) be
the unique solution of (5) or (6), (7) or (8), (7), respectively, for e >0 and . =n. Then
ue converges for every R > 0 and h > 0 in H'(Wg,) to the unique solution uy € H}, (R%)
of (1) for n = n which satisfies the open waveguide radiation condition of Definition 4.1.

For Problems I, II, and III the inner products are given by (¢, 1) X, = me novdr and
(,0) . = k? th povdr and (¢,) fSo q o ds, respectively.

Therefore, in the case that the dimension of one of the mode-spaces Xj is larger than
one the radiation conditions for equation (1) are different for the three types of Limiting
Absorption Principles.

5. THE CASE OF A LOCAL PERTURBATION

In this section we consider Problems I, II, and III for the local perturbation n instead of
n. We will prove the following extension of Theorem 4.2.

Theorem 5.1. Let Assumptions 2.2 and 3.3 hold.

(a) For every € > 0 there exist unique solutions u. € H}(R3) of (6), (7) and (8), (7).

(b) Assume that there ezists no bound state of (1); that is, there is no non-trivial
solution w € H'(R?%) of (1). Then the assertion of Theorem 4.2 holds identically
with the perturbed index n instead of n.

Proof: We restrict ourselves to Problem II but note that the same arguments hold also
for Problems I and III.

First we introduce the solution operator £, from L?(Qy,) to H'(Qp,), defined as L.f =
Uelq,, » Where u. € H;(R?) denotes the unique solution of (6), (7) for n instead of 7. It

exists by Lemma 3.1. Then equation (6) can be written in the form Au.+k* (n+iep) u. =
11



—f—k*(n —n)u. in R and gz; = 0 on I'y. Considering the right hand side as a source

in L?(Qy,) we rewrite this equation as a fixpoint equation in the form
(22) ue — KL ((R—n)u) = Lcf.

This fixpoint equation is equivalent to (6), (7). Indeed, if u. € H(Qp,) is a solution of
(22) then we solve (6), (7) for n instead of 7 with source f + k*(n — n)u. € L*(Qp,)-
The uniqueness result of Theorem 2.3 yields that the solution with this right hand side
solves (6), (7) for n. Therefore, it suffices to study (22) with respect to existence and
convergence as € — 0.

(a) The uniqueness result of Theorem 2.3 implies uniqueness for (22) in H'(Qp,). Since
H'(Qp,) is compactly embedded in L*(Qy,) and L, is bounded from L*(Qy,) into H'(Qp,)
we note that the operator u — L ((7n —n)u), is compact from H'(Qy,) into itself. There-
fore, the Fredholm theory implies existence of a solution of (22); that is, of (6), (7) for
every € > 0.

(b) We note that Theorem 4.2 implies pointwise convergence of the solution operators
L. to the solution operator Lo : L*(Qn,) — H'(Qn,), defined as Lof = ulq, where
u € H (R?%) is the unique solution of (1) for 7 = n satisfying the open waveguide ra-
diation condition corresponding to Problem II. In other words, L.f — Lof in H(Qp,)
for every f € L*(Q,) as ¢ tends to zero. Since {u € H'(Qn,) : |ullrr(q,,) = 1} is
relatively compact in L?(Qp,) this implies that £, converges to Ly in the operator norm
of H(Qp,), and standard perturbation arguments show convergence of u, to the solution
up € H'(Qn,) of ug = Lof +k* Lo((R—n)uo) in H(Qp,) as e — 0. Here we use that the
equation ug = k% L, ((ﬁ —n) uo) admits only the trivial solution uy = 0 by the uniqueness
result of [?], Theorem 3.3. O
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