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Abstract

The thermal radiative transfer equations model temperature evolution through a
background medium as a result of radiation. When a large number of particles are
absorbed in a short time scale, the dynamics tend to a non-linear diffusion-type equa-
tion called the Rosseland approximation. The main challenges for constructing nu-
merical schemes that exhibit the correct limiting behavior are posed by the solution’s
high-dimensional phase space and multi-scale effects. In this work, we propose an
asymptotic-preserving and rank-adaptive dynamical low-rank approximation scheme
based on the macro-micro decomposition of the particle density and a modified aug-
mented basis-update & Galerkin integrator. We show that this scheme, for linear
particle emission by the material, dissipates energy over time under a step size restric-
tion that captures the hyperbolic and parabolic CFL conditions. We demonstrate the
efficacy of the proposed method in a series of numerical experiments.

Keywords: thermal radiative transfer equations, energy stability, asymptotic-preserving scheme,
dynamical low-rank approximation, macro-micro decomposition

1 Introduction

The radiation of particles from a hot source into a cold medium and the corresponding formation of
a thermal heat front, known as a Marshak wave, is well modeled by the thermal radiative transfer
equations. They consist of a coupled system of partial differential equations governing the transport
of particles (represented by the particle density f) and the temperature evolution of the medium
(T) [1] given by

%&ff*‘ Q- Vif=0"B(T) - f),

e, 0T = /S o(f — B(T)) dQ.

The particle density f depends on time ¢, position x and direction of flight © € S? and the
temperature T on time and position. ¢ and ¢, represent the speed of light and the specific heat of
the material, respectively. These two equations are coupled through the absorption and emission
of particles by the background material. Numerically simulating the thermal radiative transfer
equations poses several challenges. First, to evolve and store the particle density, high memory, and
computational resources are required. This is due to its high-dimensional phase space, consisting of
temporal, spatial, and angular variables, which can be up to six-dimensional for a three-dimensional
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spatial domain. Second, when a large number of these particles are absorbed in small time scales,
the dynamics of the system asymptotically converge to a diffusion-type non-linear partial differential
equation known as the Rosseland approximation [2] which reads

4ac
30

(e, +4aT®)0,T = Vy - < T3vxT> ,

where «a is the radiation constant. Since the dynamics tend to a diffusion problem, the numerical
scheme should also capture this behavior without having to resolve prohibitively small time scales.
Numerical methods that do so while efficiently treating the stiffness arising from large absorption
terms are called asymptotic-preserving (AP) schemes [3]. Work on asymptotic-preserving schemes
for kinetic equations can, for example, be found in [3]-[6].

To address the computational challenges posed by a high-dimensional phase space, we use dy-
namical low-rank approximation (DLRA) [7], which is a model-order reduction strategy that has
recently gained popularity in solving kinetic equations. The fundamental idea behind dynamical
low-rank approximation is to evolve the solution on the manifold of rank r functions M, by pro-
jecting the dynamics to the tangent space of M,.. The evolution equations thus obtained can be
interpreted as a Galerkin system, with 2r basis functions for the phase space variables, which evolves
the coefficients and basis functions according to the dynamics of the problem. Using standard time
integrators to evolve the coefficient and basis functions leads to unstable numerical schemes and
thus robust integrators, like the projector-splitting integrator (PSI) [8], and the basis-update &
Galerkin (BUG) integrators [9]-[12], have been developed.

DLRA has, for example, been shown to reduce computational costs in dose computation in
radiation therapy planning [13], in high-scattering problems [14]| and neutron criticality problems
[15]. In recent works, DLRA was used for the thermal radiative transfer equations [16], [17] where
it was shown to significantly reduce computational time. The work in [17] proposes a low-rank
scheme based on the augmented BUG integrator of [10] for thermal radiative transfer. Though this
scheme is energy-stable and preserves mass locally, it does not include multiscale effects frequently
arising in thermal radiative transfer.

Since the thermal radiative transfer equations tend to a diffusion equation, for small time scales,
the dynamics are restricted to the manifold of low-rank functions [2] and thus can be accurately
represented by a low-rank approximation. Thus, a DLRA scheme combined with techniques to
preserve asymptotic behavior can be highly beneficial in tackling both numerical challenges simul-
taneously. This was investigated for the related problem of radiation transport in [18|, where the
PSI, along with a macro-micro decomposition to construct an asymptotic-preserving scheme, is
used. A key challenge for such schemes is to prove stability and provide a CFL condition that takes
into account effects at long time scales (kinetic regime) and small time scales (diffusive regime). In
contrast to [18], the scheme constructed in [19] uses the fixed-rank BUG integrator and is energy
stable under a CFL restriction, which captures both the kinetic and diffusive regimes. In the kinetic
regime, a large number of particles stream in all directions, increasing the rank required to resolve
the solution. In contrast, in the diffusive regime, a large number of streaming particles are absorbed
and diffused, thus lowering the required rank of the solution [2]. This is well demonstrated in the
experiments from [18], [19]. Thus, using a fixed-rank integrator without prior knowledge of the re-
quired rank in the regime results in either higher computational costs (due to over-approximation)
or a poorly resolved solution (due to under-approximation). One of the ways to address this is by
using a DLRA scheme that appropriately chooses and evolves the rank of the solution according to
the regime.

This work proposes an asymptotic-preserving and rank-adaptive DLRA scheme for the thermal
radiative transfer equations in slab geometry and analyzes its properties. The novelty of this work
can be summarized in the following:

o An asymptotic-preserving, mass conservative and rank-adaptive DLRA integrator: We pro-
pose a new asymptotic-preserving BUG integrator for the thermal radiative transfer equa-
tions, based on the macro-micro decomposition [6], [20] of the particle density, the basis



augmentation step from [10] and conservative truncation [21], [22], to capture the underlying
dynamics of the system. The proposed algorithm is locally mass conservative.

o A stability analysis for the proposed asymptotic-preserving DLRA scheme: We show that the
proposed integrator is stable in the energy norm under a CFL restriction that captures both
the kinetic and the diffusive regime under linear emission of particles by the background
material.

This paper is structured as follows: Following the introduction in Section 1, in Section 2 we review
background concepts that are used in this paper and build the modal macro-micro equations for
the thermal radiative transfer equations. In Section 3, we present a spatio-temporal discretization
for the modal macro-micro equations, which is asymptotic-preserving and stable under a CFL
restriction that captures the kinetic and diffusive regime. In Section 4 we present dynamical low-
rank integrators for the thermal radiative transfer equations and the stability results. Specifically,
in Section 4.1, we present the evolution equations for the modal macro-micro equations using the
fixed-rank BUG integrator [9] and prove its stability property. In Section 4.2, we present the
asymptotic-preserving BUG integrator and prove the stability of the scheme. Finally, numerical
experiments are presented in Section 5.

2 Background

In this section, we review the basic ideas and concepts that are used in this work. The first subsection
describes the thermal radiative transfer equations in slab geometry for the gray approximation, its
asymptotic limit, and the macro-micro decomposition [6] of the particle density and its angular
discretization. In the second subsection, we look at dynamical low-rank approximation [7], the
fixed-rank BUG integrator [9] and the augmented BUG integrator [10].

2.1 Thermal radiative transfer equations

In this paper, we consider the dimensionless form of the gray (i.e., frequency-averaged) thermal
radiative transfer equations in slab geometry,

2
%8tf+5u81f = ¢%(B(T) — f), (2.1a)

1
52@6th/ o*(f — B(T)) dp. (2.1b)
-1
In the above equations, f(t,z,u) represents the particle density (or angular flux) at time ¢t € R,
position z € D C R and direction of flight ¢ € [—1,1]. The temperature of the material is given
by T'(t,x) and depends on time and position. These are supplemented with initial and boundary
conditions, which are later specified according to the problem. B(T') describes the emission of
particles by the background material due to blackbody radiation at its current temperature. It is
given by the Stefan-Boltzmann law,
B(T) = acT*,

where a is the radiation constant and c is the speed of light. The rate of absorption and emission

of particles by the background material is specified by the absorption cross-section o®(x), where we
assume that 0%(x) > o9 > 0. We denote the integral over p as (-), = fil - dp and thus the scalar
flux of the particle density is defined as, ¢(t,z) = 2 (f),.

In (2.1) as € tends to zero, absorption effects dominate the dynamics. A Hilbert expansion of

the particle density f yields that, as ¢ — 0, the particles are distributed as B(T), i.e., f = B(T),



while the evolution of temperature is given by a diffusion-type non-linear equation known as the
Rosseland approximation [2]:

¢, 0T = gax <1B’(T)8IT> — gB’(T)a,gT, (2.2)
(o c

where B'(T) = -4 B(T).

2.1.1 Macro-micro decomposition

The asymptotic analysis of the thermal radiative equations (2.1) shows that multiple time scales are
involved in the evolution of temperature and particles. In particular, effects occur at times scales of
order O(1), O(e), and O(¢?) and must be correctly resolved to capture the underlying dynamics of
the system. One way to do this is by decomposing the particle density into variables that describe
the macroscopic and microscopic effects. This type of decomposition of the particle density is
called a macro-micro decomposition and was first proposed in [6]. Since the thermal radiative
transfer equations involve three time scales, the particle density is decomposed into macroscopic
(B), microscopic (g), and mesoscopic (h) variables. For the thermal radiative transfer equations,
this macro-micro ansatz was first proposed in [20]. To be precise, we make the following ansatz for
the particle density

f(t,x, 1) = B(T(t,2)) + eg(t, x, ) + €*h(t, z), (2:3)

where (g),, = 0. Note that since (g),, = 0, the total mass of the system is conserved and was used
in [23] to construct a numerical scheme that conserves mass in shallow water equations.

Remark 1. The rationale behind calling h the mesoscopic variable instead of the microscopic vari-
able, despite scaling as €2 is that it arises as the leading scaled quantity in the decomposition of
the macroscopic quantity of radiation transport equation, the scalar flux, and does not depend on
the angular variable.

To obtain evolution equations for h, g and T' we substitute the macro-micro ansatz (2.3) in the
radiative transfer equations (2.1) yielding the following evolution equations

62 K a R/ 1 a
?&h +-o B'(T)h + 5830(;19)” = —o%h, (2.4a)
52 1 / 2 a
09+ (T 500 ) (0029) + B (T)pd:T + e°pdph = —ay, (2.4b)
OT = koh, (2.4c)

where we set k = Cl for ease of presentation. Note that by comparing the O(e?) terms in all three
equations of (2.4) we obtain the Rosseland approximation (2.2) [2], [20].

Initial and boundary conditions It remains to describe the initial and boundary condi-
tions for the macro-micro equations (2.4). Note that we can write the microscopic variable g and
mesoscopic variable h as

ott) = 2 (162 = J5 o)) (250
) = 5 (5o, - BOED). (2.5b)

Thus, for given initial and boundary conditions of the radiative transfer equations (2.1), we use the
above relations to derive the initial and boundary conditions for the macro-micro equations (2.4).



2.1.2 Angular discretization of microscopic variable

The microscopic variable g depends on the direction of flight, u, and must be discretized in the

angular domain. In this work, we use the method of moments or the Py method [24] to discretize
in . To obtain the moment equations, let {Py}renugo be orthogonal Legendre polynomials with
standard L?([—1,1]) norms 7, given by 77 = 525 Let P = Pi./~, denote the k™ orthonormal
Legendre polynomial satisfying the recurrence relation

k+1

2k +1)(2k +3)

puPy = ap—1Pr—1 + apPriq, ap =

The Py ansatz for g then reads

N

glt,w, 1) = gey (t2, 1) = Y gilt, @) Pelp),
k=0

where gy, is called the k moment of the system. Since P} is orthonormal the k* moment is given
by gx = (gPx),. To obtain evolution equations for the moments gi, £k = 0,1,..., N, we multiply
(2.4b) by Py and integrate over u € [—1,1] . The evolution equation for the k' moment is then
given by

2

g
?afgk + €0y (ak-19k—1 + argr+1) — 6%@5915160 + 71 (B(T)0,T + €°0,h) 651 = —0“gr..

Note that since (g), = 0, we get go = 0 and we obtain the following system of modal macro-micro
equations

62 K o Y1 a
?(’%h + i B (T)h + 58191 = —0%h, (2.6a)
2
= 0,9 +cAd,g + b (B/(T)0,T + £20,h) = —a°g, (2.6b)
c
OT = koh, (2.6¢)
where
0 ay
aq 0 .
g=(g91,....,95)" €RY, A= . . e RN and =(7,0,...,0)" e RV,
aGN—-1
anN—1 0

2.2 Dynamical low-rank approximation

In this subsection, we give an overview of the DLRA put forth in [7]. The fundamental motivation
behind DLRA is to evolve a solution on a low-rank manifold of a given rank. To make this more
concrete, let g;x = gr(t, ;) be the evaluation of the k* moment of the microscopic variable g;, at
spatial point x;. The goal is then to evolve g such that it stays on the manifold of rank r matrices,
M.,.. In DLRA, a low-rank approximation is computed by projecting the dynamics of the problem
onto the tangent space of the manifold [7].

For any matrix g, € M, C RY=*" we have the factorization

g.(t) = X(®)S(H)V(D)". (2.7)

This means that the solution matrix is spanned by the spatial basis X : Rt — RY=*" the moment
basis V : RT — RN*" and the coefficient matrix S : Rt — R"*". In DLRA, the basis and



coefficient matrices are evolved on the low-rank manifold such that, for g,.(t) € M, and a given
right-hand side F : RV=*Y _ RNoXN the following minimization problem is satisfied at all times ¢
min 5 (1) — F t .
ol 8 () - F & O

Here Ty (1) M, denotes the tangent space of M,. at g,.. A reformulation of this minimization problem
[7, Lemma 4.1] projects the right-hand side onto the tangent space and requires solving

g, (1) = P(g,.(1)F(g,(1)

where
P(g)Z=XX"7Z-XX"ZVV' +ZVV"

is the projection onto the tangent space Tg ()M,
Following [7], evolution equations can be derived for the factorized solution from the above

equations as )
S(t) = X(t) "F(g, (1)) V(®),

X(t) = (- X(O)X(t) "F (g, (1)) V(#)SH) ",
V() = (I V() V() )F(g, () X()S(1)~ "

In case of over-approximation of the rank, the coefficient matrix S becomes nearly singular which
is a source of instabilities. Thus, robust integrators that do not invert the coefficient matrix have
been developed [8]-[11]. In this work, we use the fixed-rank BUG [9] and the augmented BUG
integrator [10], which we describe here in brief.

For a given factorized initial solution, g = XOSOVO’T, one step of the fixed-rank BUG inte-
grator updates the factors X, S,V from time ¢y to t; by the following sub-steps

K-step Update X° to X' by solving
K(t) = FKHOV"HVY  K(t) = XS’
Compute K(t1) = X!SE e.g. by using QR decomposition, and store M = X T X0,
L-step Update V° to V! by solving
L(t) = X"TF(X°L(t)),  L(tg) =S°V®T.
Compute L(t;) T = VISET e.g. by using QR decomposition, and store N = V1 TV0,
S-step Update the coefficient matrix S° to S' by performing Galerkin step in the updated basis

S(t)=XVTRX'S(H) V)V S(tg) = MSONT
and set 8' = S(ty).

Then the approximation at the next time step is set as g,.(t1) = xXistvi T,

Using a fixed-rank integrator comes with several challenges. First, since the rank of the solution
is not known beforehand, it is usually over-approximated, which leads to increased computational
costs. Second, the rank of the solution may vary over time [10], [13], [17]; thus, a fixed-rank
integrator may not capture the solution correctly. Moreover, the fixed-rank BUG integrator does
not preserve solution invariances. To overcome these, a rank-adaptive extension of the fixed-rank
BUG integrator, known as the augmented BUG integrator, was presented in [10] that appends extra
spatial and angular basis vectors by reusing the old basis and truncates the rank to a prescribed
tolerance .

To present the algorithm, we denote all quantities of rank 2r with hats and those of rank r
without. Then, one step of the augmented BUG integrator updates the solution, g0 = X080vo. T
of rank r (note that g, represents low-rank approximation and not an approximation of rank r),
from time ¢y to t; through the following steps



1. Update and expand the spatial and angular basis in parallel.

K-step Solve '
K(t) = FKHOV"HVY  K(t) = X°s?,
and compute the updated basis matrix X € RN=X2" a5 an orthonormal basis of [K(tl), XO]
—~ oT
and store M = X X° € R?*",
L-step Solve .
L(t) = X"TF(X°L(t)),  L(t) =S"V"T,
and compute the updated basis matrix V € RNV*2" a5 an orthonormal basis of [L(tl)T, VO]
AT
and store N =V VY ¢ R¥ 7,

2. Update the coefficient matrix S° to S by performing Galerkin step in the updated and

expanded basis
A A1, T oon, AT ~ —~ 0T
S =X""FXS®)V )V,  S(to) = MS'N .

3. Truncation to new rank 7. N
Compute the SVD decomposition of S
S=PxqQ’,

where P, Q € R?"*?" are orthogonal matrices and X € R?"*?" is a diagonal matrix with
singular values, 61,...,02,. The new rank ry is chosen as 1 < r; < 2r such that, for some
user-defined 9, the following is satisfied:

2r 1/2
(Z &3) <.

i=r1+1

To set the updated factors, we define P,, and Q,, to be the matrices containing the first r;
columns of P and Q, respectively. X, x,, is set as the diagonal matrix containing the first

71 singular values of S. Then the updated factors are set as X' = )A(P“, V= \A/'er and
St = 3, xr, and, the approximation at time ¢; is then g}« =X!stviT,

Remark 2. Note that often in practice, to truncate the rank, a relative tolerance of the form ¥-|| 3|,
is used.

3 Energy stability of modal macro-micro equations

Having discretized the macro-micro equations in angle (2.6), in this section, we present an asymptotic-
preserving spatio-temporal discretization and investigate its energy stability.

3.1 Spatio-temporal discretization
We start by noting that for 4,5 € {1,..., N}, we can represent the (i, )" term of the flux matrix
A by a quadrature rule. That is,

1 N+1

Aij = (uPiPj), = /1 P () Py (1) dpe = > wiegin Py () Py (),
- k=1

where (pg)r=1,... nv+1 and (wg)k=1.. ~n+1 are quadrature points and weights given by the Gauss-
Legendre quadrature rule. If we define the matrices T € RN*WV4D  with Ty = JwrP;(ux),



and M e RIVEDX(N+D) - with M;; = pd;;, then we can write the flux matrix as A = TMT'.
Given (|[M]|);; = |M;;| we can define a stabilization matrix for a finite volume discretization as
|A|=TM|T" and A* = lT(M+ |M|)T".

e~ ~T
Remark 3. The choice of the stabilization matrix used here is not the standard Roe matrix T ‘M‘ T

where A = TMTT is the eigendecomposition of the flux matrix. That is, the columns of T € RVXN
consist of orthogonal eigenvectors of A and M € RV*¥ has the corresponding eigenvalues on
the diagonal. The factorization of the flux matrix used, consisting of transformation matrices in
RN*(N+1) “is needed for the diagonalization of the modal scheme for showing stability in the energy
norm. This choice of stabilization matrix was first presented in [19] for the radiative transport
equation.

We discretize in space using an equidistant staggered grid, with Az = 1/N,,, for a given number
of N, € N spatial cells. The cell interfaces are given by z;/s,...,%n,11/2 and the midpoints by z;
for i € {1,...,N,}. The temperature (T') and mesoscopic variable (h) are resolved at the full grid
points z; whereas the microscopic variable (g) is evaluated at the cell interfaces ;41 /2.
Since B(T) = acT* we get B'(T) = 4acT? and thus, to simplify the presentation of the algorithm,
we define
U(t,x) = 4(T(t, z))>.

The values of ¥ at x; and x;,/, are given by V' = ¥(¢",z;) and V7 , , = %, respectively.

Finally, to discretize in time we employ a forward-backward Euler scheme and obtain the following
modal macro-micro scheme
g2 (h;zﬂ _ pr

T > Famot U 4 DT = —ofhit, (3.1a)

g2 9?:11/2 — 9412 n n n n a T
P e vE— +elgiiy )+ bo° (ac\I/i+1/2Ti+1/2 + €2hi+1/2) = _Gi+1/29ilj—11/27 (3.1b)

T_’ﬂ+1 _Tn
i

7 L= kolhI (3.1¢)
where,
_ Giv1/2 — Gi-1/2 9i+3/2 — Giv1/2
D gi12 = #, D+gi+1/2 = #7
9it1/2 — 9i-1/2 _ Tiv1 —T;
Dogi = #(: D gi+1/2)7 50Ti+1/2 = #;

Lgii1)2= (ATD™ + A DT)gi1/0

Theorem 1. In the limit e — 0, the modal macro-micro scheme (3.1) gives a consistent discretiza-
tion of the diffusion equation

(14 2% 9, = 295, (;\paﬂ) .

Cy 3¢,

Proof. The O(e°) term in (3.1b) is given by

mn

*‘7?+1/29;L,ﬁ1/2 = 71@0‘1’?+1/250T¢+1/2~ (3.2)
Similarly, the O(g%) term in (3.1a) is

apntl _ agnpnt+l | Y150 n+l
—oih; " =akoi ViR + ED 914



which on substituting g?ﬁl /2 from (3.2) and collecting h?“ terms on the left hand side yields

\I]?+1/2 Tn _ Tn _ lI]?—1/2 Tn _ Tn
1+ cm\I/T-l)U‘»lh’“'1 = ﬁac AEEVE (T 2 7iia il =)
Do (Az)?
Thus, substituting o¢A ™ in (3.1c)
\I};Zrl/Z n _ my __ \PZLI/Z mn __ n
(1+ 2aqj?) T4 = TP\ _ 2ac | ot (T - T7) %i1/2 (T -1
¢y At 3¢, (Ax)? ’

where we re-substitute k = cl This is a discretization of the limiting diffusion equation with an

explicit Euler discretization in time and centered differences for spatial derivatives.
O

3.2 Stability analysis

Next, we investigate the stability of the modal macro-micro scheme (3.1) in energy norm for a
linearized version of the problem as described in [25]. The linearization assumes that the particles
are emitted from the background material proportional to the temperature (instead of the 4" power
of temperature as given by the Stefan-Boltzmann law). That is, we set B(T') = acT and thus ¥ = 1.
Other strategies to linearize the problem include the Su-Olsen closure [26] in which the specific heat,
¢y, is assumed to be proportional to 73.

Substituting the value of ¥ in (3.1) we get the following modal macro-micro scheme with linear
emission of particles:
&2 (h;(z-i-l — hn

. 7 d > +akalhIT 4 %Dog{’jl = —ohit, (3.3a)

g2 9?4:112 — 9% . . n

- # +eLgiiyn+ b6’ (adﬁuz + 52hf+1/2) = —Ufﬂ/ggifll/g, (3.3b)
-1 ,
ZTtl = /QU;lh?+1. (33C)

The following norms are defined for the scalar- and vector-valued functions

lul* =D wide, Nl =D (D1 jatiinye) A

Then, for the linearized modal macro-micro scheme, we have the following stability result:
Theorem 2. Assume that the time step At fulfills the CFL condition for all k, such that py # 0,
2
Al < 1 (2€Ax 00A2$ ) ,
5eBn \ lpl 1,

where By = max wi(N + 1) and c is the speed of light. Then, the scheme (3.3) is energy stable,
that is,

(3.4)

1
e"th <em,
where the energy is defined as

2 2

2
e" = |laT™ + E—h"
c

2 ac
rn
[V

+\

ign
YoC



Remark 4. For the sake of compactness, the proof of this theorem, along with all the required
lemmas, are presented in Appendix A. The proof follows the energy stability result in [25] and
combines it with the results obtained for the modal macro-micro scheme for radiation transport from

2 2
[19]. Tt is roughly divided into three parts; the first part bounds HaT”Jrl + %h”“‘ + ’ £ gntl H

Yoc

from above using (3.3a) and (3.3b). In the second part we derive an upper bound for ||/%=T"+! H2
from (3.3¢). Combining the bounds obtained in the first and the second part, we show energy
stability subject to step size restriction given by the CFL condition (3.4) in the third part of the
proof.

4 Dynamical low-rank approximation for the modal macro-micro equa-
tions

The macro-micro decomposition [6], [20] allows us to construct an asymptotic-preserving and
energy-stable numerical algorithm for the thermal radiative transfer equations. However, the micro-
scopic variable g is still a high-dimensional quantity since it depends on time, space, and direction
of flight. Thus, to reduce computational costs, we use dynamical low-rank approximation [7] to
approximate the solution of g by a low-rank factorization. This section is divided into two subsec-
tions; in the first subsection, we derive evolution equations for the low-rank factorization of g for the
fixed-rank BUG integrator [9]. We present an asymptotic-preserving spatio-temporal discretization
and show that the numerical scheme is energy stable for the linearization presented in Section 3.
In the second subsection, we extend the scheme to the augmented BUG integrator [10].
Consider the microscopic equation (2.6b) given by

2
%3,59 +eAdrg + b (acW 0,T + £20,h) = —o"g. (4.1)

The low-rank ansatz for the microscopic variable g reads:

g(tvx) ~ Z Xp(tvx)SP(I(t)Vq(t)Tv

P,q=1
where 7 € N is some given rank and V, = (Vi 4,..., VN,q)T € RN. Thus, we can write the above
sum as
g(t,z) = X(t,z)'S)V(H)T,
where
X =(X1,....X) €R", S=(Sy), ,ER™, V=[V; ... V,]eR"

4.1 Fixed-rank modal macro-micro BUG integrator

With this low-rank ansatz for g we can now write down the individual steps of the fixed-rank BUG
integrator [9] for updating the microscopic variable. To this end let the solution at time ¢, be given
by g™(z) = X™(x)"S™V™ " then the evolution equations for updating X, S,V are as follows:

K-step For K(t,z)" = X(t,2)"S(t) solve
i _ n, T n _wvn, T 2 — g%
c WK (t,z)=—e |VV AV 0, K(t,z) — V"™ b(acVd,T + e“0,h) — e K (t, ),

with the initial condition K (t,,z) = X"(z)"S™. We denote the updated spatial basis vectors
by X"t (z) which is obtained as the orthonormal basis of K (t,1,z).

10



L-step For L(t) = V(£)S(t)T solve
2 .
E;L(t) = —eATL()(0, X", X" "), — b(acVd, T +%0:h, X™ ),

where (-,-), denotes the L? - inner product over the spatial domain, and we have the initial
condition given by L(t,) = V"S™". We denote the updated angular basis matrix by V",
which is obtained as the orthonormal basis of L(t,11).

S-step Perform a Galerkin step in the updated spatial and angular basis according to

2 .
%S(t) = (X" 9, X", S(H) VLT AV (X eWd, T + €29, h), b VI

o <O_aXn+1’ Xn+1’T>rS(t),

with the initial condition S(t,) = (X", X™ "), 8"vm Tyt

4.1.1 Spatio-temporal discretization

The update equations for 7" and h from Section 2.1.2 along with the evolution equations for the low-
rank factors of g give the fixed-rank modal macro-micro BUG equations for the thermal radiative
transfer equations. Similar to Section 3, we discretize the fixed-rank modal macro-micro BUG
equations in space and time. First, we define

Ti4+1
z+1/2 A / X (tn, ) d

and K, 1/2(t) = X,;41/2(t)"S(¢) € R". Then, for the prescribed data X™, V", 8" h" T" at time
t, the fixed-rank modal macro-micro BUG scheme updates the solution at time ¢, through the
following steps,

K-step Update

Kn+1 n
+1/2 i+1/2 R n n n a
? [ i A7 1 = —EﬁKK;LJrl/Q_VnTb50(aC\I}i+1/ZTi+1/2+€2hi+1/2)_Ji+1/2K1n:11/27
(4.2)
where KZ+’1/2 = XZI/QS and
LKy = [V"TA+V"] D K7,y + {V"’TA_V"} DYKT, ) o
Compute X" i /2 as the orthonormal basis of K "j11/2
L-step Update
E Ln+1 Ln n n
o [At} =—eLL"—b Z Xz+1/26 (acWiyy)oT e+ hz+1/2)
(4.3)

n+1 n, T
—L ZU¢+1/2X1‘+1/2X1+1/2

where L™ = V"S™ T and

n n — vn n, T —1n n n, T
LoL" = AYL"Y DX X0, + ATLY Y DX p X,
Lt

Compute V"™ as the orthonormal basis of

11



S-step Update

* A i+1/2
c t - (4.4)

(]
a n+1 n+1,T gn+1
- Z Ui+1/2Xi+1/2Xi+1/2 S
i

2 Sn+1 _ gn —n
£ [1 =—cLsS — > X1 0%acWlyy )T ) + 2Rl )b VT

an n n, T nxrn, T xrn
where S° =3 Xle/2Xj+1/2S V™IVt and

n __ n+1 — n+1, T gnyrn+1,T A +xrn+1
LsS _ZXM/QD X, stV TATY

+ XD Xy stV T ATV,
Update T, h:
2 /pntt g
B ( A ) FanofUPR 4 EDOXTLTST VI e = ot (45)
R
S = Roh (4.6)

Theorem 3. In the limit ¢ — 0, the fixed-rank modal macro-micro BUG scheme given by eqgs. (4.2)
to (4.6) gives a consistent discretization of the diffusion equation

(1 T Qaq’) 0,7 = 2%, (lamT> .
Cy 3¢, o

Proof. As e — 0, from the K-step (4.2) and L-step (4.3) we obtain

vl b‘I’?+1/250 (acTfiy)p) = _U?+1/2K?f11/2

and
n+1 n n, T n, T 0
L Z ‘7?+1/2X¢+1/2Xi+1/2 =-b Z Xi+1/2‘1’?+1/25 (GCTﬁuz)-
i i

. . v .
If K™, is factorized as K™ = X" LTS then —26%acT}, , ,,) lies in the range space of

i+1/2 i+1/2 i+1/2 R i+1/2
X?ﬂl/z' Similarly, if L' = V"*S] and (SI > Uf+1/2X?+1/2X?+’—|1—/2) is invertible, then b lies

in the range space of V"1
Now as € — 0, from the S-step we obtain

n n n a n n+1,T n
— (Z \I/Z-Jrl/zéo(acﬂzuz)Xi:f/z) (bTV +1) = (Z Ui+1/2X¢j11/2Xi:1/2 ) sntt (4.7)

Note that since w&o(acTﬂ ) = [Z WcSO(acT@

nt+1,T] gt
i+1/2 i+1/2 7ol ]+1/2)X } X 5 we have

j+1/2 i+1/

gn
n m a i+1/2 n
Z50(ac\Ili+1/2Ti+1/2)X?:11/2 = ZJiJrl/Q (U“ 50(“ i+1/2)X?-:_11/2>
% i i+1/2

yn
_ a n+1 n+1,T J+1/2 o n+1
= (Z%+1/2Xi+1/2xi+1/2> Zm‘s (acT?y0) X501 0
i i g

12



Hence, (4.7) becomes

g
n+l _ J+1/2 0 n n+1 T~xrntl
M = — [ Y L aeTy ) X | (8TV)

5 Zi+1/2
and since %50(%@11 /2) and b lie in the range of the updated spatial and angular basis, scalar
multiplication with X ?:11/;— and V"L T from the left and right implies

g
n i+1/2 n T
g2j11/2 = — Ua 60(0,0 Z+1/2)b . (4.8)
i+1/2

The rest of the proof follows along the lines of Theorem 1. O

4.1.2 Energy stability

Next, we investigate the stability of the fixed-rank modal macro-micro BUG scheme in energy norm
for the linearized problem (3.3). For the following decomposition of the micro variable

972
gn _ _ XnSnVn,T’
9711@4—1/2

the norm is defined as )
HgnHQ _ HXnSnVn,TH Az
F

Additionally, we state the following property that we use in the proof of energy stability:

Property 1. For any {¢;}i=1,.. n, € R and {d;}i=1,... n, € R we have

> eid = %Zc?+%2df—%2(ci_di)2.

i

Theorem 4. Assume that the time step At fulfills the CFL condition (3.4) from Theorem 2. Then,
the fized-rank modal macro-micro BUG scheme given by eqs. (4.2) to (4.6) is energy stable for the
linearised problem (3.3), that is,

€n+1 S en’

where the energy is defined as

2

e’fL —

2 2

aT™ + ihn 4 H @T’n
c V 2

Proof. Since the proof of the theorem follows along the lines of Theorem 2, to shorten the presen-

tation, we only present the parts of the proof that differ from Theorem 2. That is, we show that

the inequalities (A.6) and (A.5) hold for the low-rank scheme. We begin by rewriting the S-step

(4.4) of the fixed-rank modal macro-micro BUG scheme as

2
"

an SnVn,T
YoC

2 2
€% wni1l € gn an n+l 50 n 2pn Tyrtl
ST = S —eLsS T Y X 0 acT] gy + Y )BTV

J

_ a n+1 n+1,T gn+1
§ :Uj+1/2Xj+1/2Xj+1/2 S
J

13



n+1,T

i11/2 and V™57 from the left and the right, respectively. If we define §?+1/2 =

and multiply X

xtLTg "yt T n+l  _ yn+l, Tantlyn+l,T .
i+1/2 S and iv12 = X¢+1/2 S V , we obtain
e’ 1 e’ x LT £ gyt LT
n+ ~n n+1, n
—q. = ——q. — € 8 LSS s
CAtgz-i-l/Q CAtgz-i-l/Q i+1/2

i+1/2 “j41/2

n+1,T yvn n n n n+1,
7ZX +1,T yntl 50(aCTj+1/2+52hj+1/2)bTV 1yt T (49)
J

a n+1,T n+1 n+1 n+lyrn+1,T
- ZJJ'+1/2X2'+1/2 Xi{1)295{1V" "V .
]

c RNJ;XN

Defining the projection matrix onto the spatial basis as PX = with entries

X _ n+1,T vyn+1 n+1 n+1
Pz‘j - X¢+1/2 Xj+1/2 - E :Xi+1/2,qu+1/2,q

q

and the projection matrix onto the angular basis as PV = ynflyntlLT c RNxN (4.9) reads

2 2
£ +1 _ € ~n n+1,T p Q"xrn+1,T
cardine = gagdiye — X LSV

X ¢0 n 21n TpV a X n+1 Vv
_Zpij5 (@cTfy1yo + "R /2)b P _Z%‘H/zpij 9ji12P
J J

n+1

Thus, if 1 < k < N, the evolution equation for the k** moment, 9i1 /2,00

is given by

2 2

€ n+1 . n+1,T p &"xrn+1,T
Aditr2k = oagditr/2k T 5Xi+1/2 L3SV €k

n n TpV a n 14
=Y PYONacT]y y + 071 0)b P er =Y ot Pl gl PV e,
J J

(4.10)

where ey, = (0;)i=1,..., n. First, we consider the second term on the right-hand side of (4.10) and
split it into two sub-equations

n+1,T p S n+1,T . _ wn+l,T n+1 — v+, Ty n+1,T A +xrn+l
X LsS Ve, = XUEL 1N X0 H D XIS VIR TATY

J

S XD XIS VT Ay v T,
J

= Py D G e AL i+ D P DY G A P
Jibq Jilq
Similarly, expanding the third and the fourth term on the right-hand side of (4.10) we get

2 2
€ +1 € X y— + pV X 1y - pV
EQ?H/M = Eﬁ?ﬂ/zk —€ Z Pij D §?+1/2,€A€qqu — € Z ]Dij D+9?+1/2,6Aeqqu
J-4,q J-4,q (411)
X <0 2 v X +1 1%
- Z Py; 67 (ac T2 te h?+1/2)bqqu - Z Py ‘7?+1/29;L+1/27qqu~
7,9 7,9

14



Multiplying (4.11) by ¢!, , Az and summing over i, k we get

i+1/2,k
2 2
€ +1 \2A.._ € +1 X ntl
E ;(9211/2,1@) Axr = E ZE;L—H/Q,kginJrl/Q k — & ; D~ g]+1/2 EAéq ZP P ::_1/2 kA;z;
2 J2:€,9
X ntl
—ey DF %+U2eeq§: w5 9 AT
Jilq
X nt1
-}25 (@cT} 1o + €4 jo)bg D PPy 01y A
ik
X n+l
Z UJ+1/29J+1/2,q Z Pw zn+1/2 pAL.
(4.12)
Using
pX ot +1 PV g+l +1
Z i3 Gi1/2.6 = Ji41/2.00 Pokdi 20 = 9541 /2.0 (4.13)
and Property 1, (4.12) reduces to
+1112 _ 1572 +1 _ 32 = - + o+l
Skl (Hg" I* = 1" 17 + g™ = 1) = e Do DG 1Al o A
Jisa
+o — n+l
—e> D 417264449541 /2,45%
Jisa
0 2, n 1
=D 0NacT 1 jp + 2N )by A
J»q
~nt1 +1
= D 05120 0 g I . A
J»q

Collecting into a vector, we get

(e - e + e -2 ) = _EZ (£797112) )58 A

- Z b" 8% (ac T2 +E2h1)0)g J+1/72 Az

n+1,T
- Z UJ+1/297+1/2gJ+1/2 Az.

The above equation is equivalent to (A.6). Similarly, substituting the temperature update (4.6) in
(4.5) we get

aT Y R0t g — St
( i c ' A 1 c 'Y + %'DOX;H_LTSThLanJFI’Tel _ _O_;zh;z-&-l. (414)

)

Multiplying (4.14) by aT;" ™ + %h?“, summing over 4 and using Property 1 yields

e
oAt \||¢

g2 g2
aTn—i—l + 7hn+1 _ aTn _ 7hn+1
C C

2 2
Tn+1 4 ihn—&-l aT™ =+ ihn+1
C

+

9 (4.15)
7 n+1 n+1\m0 n+1 n+1 i n+1ypntl

+2ZXT + 5 h )D%g ZU@T + =R

which is the same as (A.5). The rest of the proof follows along the lines of Theorem 2 (see Ap-
pendix A).

O
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4.1.3 Local mass conservation

Theorem 5. The fized-rank modal macro-micro BUG scheme is locally conservative. ILe., if
the scalar flux at time t, is denoted by ® = acT* + e2h?, where n € {0,1} and gt =

i+1/2,k
Y otm Xf++11/2 eSZ#Vk’iil the scheme fulfills the discrete conservation law

oIt — pn
R ey Dt = ot (4.16a)
Tl _n
5 () = (1.16b)
Proof. Since, for zero or periodic boundary conditions, ), C%Dogﬁrl = 0, this means that the

total mass Y, (L1®7 + % T7") is conserved over all time steps n. This result is a direct consequence
of the macro-micro strategy as shown in [23] and follows from multiplying (4.6) with ac and adding
(4.5) for the linearized problem. O

4.2 Asymptotic-preserving modification to augmented BUG integrator

o
We see from Theorem 3 that the updated spatial and angular basis span U%m&o(acTi’il /2) and
i+1/2

b, respectively. Unlike the fixed-rank BUG integrator [9], naively using the augmented BUG inte-
grator [10] does not guarantee that this property is fulfilled since the truncation step may prune
away essential basis vectors. Thus, we propose the following modification to the augmented BUG
integrator, based on its basis-augmentation step and conservative truncation [22], to obtain an
asymptotic-preserving scheme. To ease the presentation of the integrator, we consider the spatially
and angularly discretized problem from Section 4.1 so that g € R™V=*~_ Thus, the low-rank ansatz
takes the form
g(t) = X®)S(HV(H) "

Then, one step of the modal macro-micro BUG scheme updates X", V" S" A", T" from time t,
to tn+1 by the following steps

1. Spatial and angular basis update

K-step: Update K(t,.1) € R¥=*" according to the K-step (4.2) of the fixed-rank modal

. Sntl .
macro-micro BUG scheme. Then compute X as an orthonormal basis of

—~  ontl,T
[(6*) 7108 (acT™) K(tn41) X"] and store M = X" xn e R

L-step: Update L(t,,+1) € RY*" according to the L-step (4.3) of the fixed-rank modal macro-

~n+1
micro BUG scheme. Then compute V' as an orthonormal basis of [b  L(tn4+1) V"] and

store N = \A/'TH_LTV" € R@r+1)xr,

~n+1
2. Perform a Galerkin update of the coefficient matrix S " similar to (2) with the initial
~n —~T ~T
condition S = M S"N and the right-hand side as described in (4.4) of the fixed-rank

modal macro-micro BUG scheme.

3. Asymptotic-preserving splitting of the basis matrices and truncation
~ anflantl ~ N N
Set K=X"8"" and split K = [Kap Krem} into basis vectors, where

K" = [(6*)71U"8%(acT™)] € RN=>! and the remaining basis vectors into K™ e RNex2r,

~ap ~rem m

Similarly, split the angular basis V= [V A\ }, where V' = [b] eRVXI and V' €
RNXQT'
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~rem

Next compute the QR decomposition of K

~rem s rem-rem

K =X

~Trem

and for truncating the rank compute the SVD of S as
re

S =usw’. (4.17)

We truncate the remaining basis vectors to 1 < r* < 2r such that if 6;, i =1,...,2r, are the

~rem

singular values of S then for some user defined tolerance ¥ the following is satisfied:
o 1/2
< > a> <.
1=r*+1

The new rank is set as rq = r* + 1. Then let U € R " and N4 S RQZXT* be the matrices
containing the first 7* columns of U and W, respectively. Similarly, let 3 be the first r* x r*
block of X; then we set

rem -~ = o rem-——-

X=X U, ST=% @ W'Hl=V W

Then we get the updated angular basis V"' € RV*™ by adding columns, i.e.
vl = [\7""0 W"H} .
For the updated spatial basis, we first compute the QR decomposition of K™ as
K" = XS,

Then set X = [X*P X"™™] and subsequently perform a QR decomposition to obtain the
updated spatial basis matrix X" € RN«x"1,

X" R, = X. (4.18)
Finally we set the updated coefficient matrix S"™! € R™ "1 to be

(4.19)

ap
S’n+1 — R2 |:S 0 :|

0 Srem

and the approximation at the next time step is set as g"t! = XHigntiyntiT

4. Update T\ h:
2 /pntl _pn
= ( N > +akofUPhIT + %DOX;ﬂ/; SMHIV LT ey = —ofhI T (4.20)
C
T 1
,Lth = :‘{O'?h?“rl. (421)

Lemma 1. For the proposed modal macro-micro BUG scheme, we have

_T (Sap)fT 0 ~n+1,T ~n+1 Im 0 . 41
RQ [ 0 fUT(grem)_T S S 0 774 =5" y

where the matrices are as defined above and I, is the m X m identity matriz.

17



Proof. See Appendix B. O

Theorem 6. The proposed modal macro-micro BUG scheme is asymptotic-preserving in the sense
of Theorem 3.

Proof. From the K- and L-step of the modal macro-micro BUG scheme we get (6®)~10"8°(acT") €

~n+1 ~n+1
Range (X " ) and b € Range (V " ). Thus, along the lines of Theorem 3 for ¢ — 0 we get from

the S-step of the modal macro-micro BUG scheme

on+1,T ~n-+1
(X .

(0%) 1 0"6° (acT")) (ﬁf”“) ~3 (4.22)

Now, to show that the proposed scheme is asymptotic-preserving, we need to show two things; first,
that (%)~ 10" (acT") € Range(X"™!) and b € Range(V™"!). Second, we need to show that
the above relation (4.22) also holds for the truncated factor matrices X" V™" and 8"*!. The
first %)roperty follows directly from the construction of the scheme. For the latter, we can represent
X"t as

Xn+1 _ [Xap Xrem] R2—1
(s X""U| Ry
~rem ,~rem

(%)t KE) 0| Ry

ap ~rem (Sap)_l 0 _1
~rem Ll R
K| { 0o (§gl T

Thus we get

xn+LT RQ—T l(S*ﬂ;)T GT(g?em)_T] An+1,TXn+1,T

and similarly, we get the following relation for the updated angular basis

vl {\73" W”*l}
_ [\A/_ap i\/_rem:| |:IgL {?\V] .

Vn+1 _ vn‘i'l [Im 0:| 7

This yields the relation
0 W

: I , . (8T 0 LT
where I,,, is the mxm identity matrix. Now we multiply (4.22) by R, 0 ﬁT (grem)_.r S

I, O
from the left and by [ 0 \/7\\/'} from the right and using Lemma 1 for the right-hand side gives
o (Xn+1’T(Ua)71\I/n(SO(aCTn)> (bTVn+1) _ Sn—i—l'

Thus by multiplying by X"*' and V"*! from the left and the right and using the fact that
()~ 10"6%(acT™) € Range(X™ ') and b € Range(V"™*!) we can show that the proposed scheme
is asymptotic-preserving by following the steps from Theorem 3. O
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4.2.1 Energy stability

Theorem 7. Assume that the CFL condition (3.4) from Theorem 2 holds. Then the modal macro-
micro BUG scheme is energy stable for the linearized problem (3.3), where the energy is the same
as defined in Theorem 4.

Proof. Similar to Theorem 4 we start by considering the S-step of the modal macro-micro BUG
scheme where,

2

€2 ~n+1 g2 ~n ~nt1 e
—~ S —Es —eLsS" ZXJH/Q (acT}y g + R0 )bV

/\n-i,-l —n+1,T ~n+1
Zgﬁl/? J+1/2XJ+1/QS :

n+1

(4.23)

LT ~nont+l,T —n+1,T
We note that Z Xz_:_l/2 sV 2 =>,X" T ,8"V™ T Multiplying (4.23) by Xij_rl/2 from the

i+1/2
left and V

7

from the right, then summing over i we get

2 ZAn-H T an+1 An+l T 1, T ~nt1,T

nyrn, I
72 Xis1/2 S CAtZX7+1/QSV Az—eZXM/Q,cSSV Az

/\n+1 T/\n+1 n+1An+1
_Z i+1/2 g+1/25 (acT}y 5 +¢ h]+1/2)b v Az

An+1 T—=~n+1 —n+1,T ~An+1 An+1
ZJJ-H/? it1/2 X 12X j11/28 Az.

Since the truncation step of the integrator does not increase the norm of the solution

S

HXnJrlanrIVnJrLTH =||s"| < ‘ An+1H B HAn+1An+1\7n+1 TH '

The rest of the proof follows along the lines of Theorem 4. O

5 Numerical results

The following numerical results can be reproduced with the openly available source code [27].

5.1 Rectangular pulse test case

We consider gray thermal radiative transfer equations in slab geometry (2.1) on the spatial domain

D =[-10,10]. The initial distribution of the temperature is given by the rectangular pulse
100
T(t=0,z2) = “ X[ .
( ) oa(z) X[-0.5,0.5] ()

The particle density is initially at an equilibrium with the temperature and is given by
ft=0,2,u) =acT(t =0,x).

Subsequently, as time progresses, the particles move into all directions p € [—1, 1] while undergoing
isotropic absorption at the rate o%(x) = 0.5. In this test case, we assume that no particles are
present at the boundary during the entire simulation, and the temperature remains zero at the
boundary as well. The initial and boundary conditions for g and h can be derived from those for
temperature and particle density by using the relations (2.5). We assume that constants are scaled
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to 1, i.e., we set the radiation constant a = 1, speed of light ¢ = 1, and the specific heat is ¢, = 1.
The mass at time ¢,, is defined as

2
m" =3 (T +hp+ 2T) Az (5-1)

%

The spatial domain is divided into N, = 501 spatial cells, and we use N = 100 Legendre
polynomials to represent the angular variable. The moment solutions (P y) are computed using the
modal macro-micro scheme (3.3). For € = 1, we choose a rank of r = 5,15 for the fixed-rank modal
macro-micro BUG integrator (frBUG) and an initial rank of = 1 for the modal macro-micro BUG
integrator (BUG). For rank truncation we set the tolerance parameter to ¢ = 5-1072 ||X||, and the
end time is set to teng = 1.5. The step size is chosen according to (3.4)

. { 1 ( 2:e Az oAz > }
At = min + 5
ko 5eBn \ |kl 1%

where, for N = 100 the step size is minimal for p = —0.999719 which gives the step size At ~ 0.005.
We compare the low-rank approximations with the moment solutions P5, P15 and Pygg, and the
results are given in Figure 2. The relative mass error of all the low-rank solutions as well as the P1qq
solution is given in Figure la. Note that the chosen step size for the P5 and P15 solutions differs
from that of the rest of the solutions and is minimal for a different quadrature point, which we do
not specify here. From the plots of temperature and scalar flux, we see that the solution of the
fixed-rank modal macro-micro BUG integrator with » = 15 (BUGy5) and the modal macro-micro
BUG integrator agree well with the full moment solution P1gg and are different from the Rosseland
diffusion limit. Additionally, the BUGs approximation performs much better than the P5 solution.
All the integrators dissipate energy over time, as we see from Figure 3.

gl gl-10-1
2 |E - |&
£l 3x1076 &
s | P10 s
@ frBUGSs 5}
L frBUG15 a
© ©
g |- BUG £
() ()
2 >
K] 8
T T
o o
2x10716
[ERIE L [[IWINE
0.0 02 04 08 1.0 0.0
t
(a) e=1.0 (b) e =105

Figure 1: Relative mass error for the rectangular pulse test case in the kinetic and diffusive
regime.
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(c) energy over time (d) rank over time BUG

Figure 2: Numerical results of the rectangular pulse test case in the kinetic regime, i.e.,
€ =1 at t = 1.5. In the first row, we present the temperature profile at end-time for the
moment and low-rank methods; in the second row, we have the corresponding scalar flux.
In the last row, we have the energy of the system over time for all the methods and the
rank evolution of the BUG integrator.

For ¢ = 107°, we use a coarser spatial grid with N, = 201 cells. The rank used for the fixed-
rank modal macro-micro BUG integrator is 7 = 1, and the modal macro-micro BUG integrator
starts with the same initial rank » = 1. The tolerance parameter and end time are the same as
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in the kinetic regime. We see from Figures 1 and 3 that the solutions from the full modal macro-
micro integrator, fixed-rank modal macro-micro BUG integrator, and modal macro-micro BUG
integrator agree well with the limiting Rosseland approximation. Additionally, all the methods
dissipate energy over time.
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Figure 3: Numerical results of the rectangular pulse test case in the diffusive regime, i.e.
e =107% at t = 1.5. Top left: Temperature profile, Top right: Scalar flux, Bottom left:
Energy of the system over time for all the methods, Bottom right: Rank evolution of rank-
adaptive integrator over time.

5.2 Absorber test case

To study the behavior of the methods in an inhomogeneous medium, we place an absorber in the
middle of the domain. That is, we set the absorption coefficient to

() 5, if —0.25 <z <0.25,
% x) = .
0.5 else

The remaining parameters, along with the end time, are the same as in the rectangular pulse test

case. The temperature and scalar flux, along with other parameters, are depicted in Figure 4 for
¢ = 1 and in Figure 5 for ¢ = 107°.

22



1001 Rosseland limit 1000 o~ e Rosseland limit
"""" P100 = Poo
rrrrrrrr Ps frBUGS
8y | Ps 0
g e |
g 60 £
g g
4 Q
Q Q
£ £
@ 40 2
20
0 e L |
0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0
X X
2 3 50
3 3
=3 Z 40
- 1-.'
s R
I Il 30
= =
s s
z 2 20
2 2
2 =
5 5
T T 10
O O
12 %]
— 0
0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0
X X
(a) moment methods (b) low-rank methods
3x10%
13
“
11
A
2x10* 9
o] ) ~
o
© g7
=
[
5
3
104 1
00 05 04 06 o8 1o 1> i3 00 02z 04 06 08 10 12 14
t
(c) energy over time (d) rank over time BUG

Figure 4: Numerical results of the absorber test case in the kinetic regime, i.e., e = 1 at
t = 1.5. In the first row, we present the temperature profile at end-time for the moment
and low-rank methods; in the second row, we have the corresponding scalar flux. In the last
row, we have the energy of the system over time for all the methods and the rank evolution
of the BUG integrator.
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Figure 5: Numerical results of the absorber test case in the diffusive regime, i.e., ¢ = 107°
at t = 1.5. Top left: Temperature profile, Top right: Scalar flux, Bottom left: Energy of

the system over time for all the methods, Bottom right: Rank evolution of rank-adaptive
integrator over time.

6 Conclusion

In this work, we propose a modal macro-micro BUG integrator for the radiative heat transfer
equations. We show that this integrator is energy stable for the linearized problem under a CFL
condition that captures the kinetic regime and diffusive regime of the thermal radiative transfer

equations. Additionally, the full modal macro-micro scheme’s stability and the fixed-rank macro-
micro BUG scheme have been investigated.
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Proof of Theorem 2

We start by stating some lemmas and properties used to prove stability in energy norm (Theorem 2)
for the linearized modal macro-micro scheme (3.3).

Lemma 2 (Lemma 3.3 [19](Summation by parts)). For vectors ¢;.1/2,C;v1/2 € RN where i =

0,...

, N, the equality

K2

ZCL1/2Di¢i+1/2 = _Z(DJFQH/Q)T@H/Q (A1)

holds for periodic or zero values at the boundary.

Lemma 3. Let ¢; 4/, € RN+ fori=0,..., Nz, then the following inequality holds

(2

2
S (DFbirs) = s (i) (42)

Proof. Expanding the left-hand side using the definition of D

Z (D+¢¢+1/2)2 = Aimg Z(¢i+3/2 - ¢¢+1/2)2

2 2 T
= A2 Z(¢i+1/2)2 T A2 Z ¢i+3/2¢i+1/2'

K2

Using Young’s inequality for the last term on the right-hand side in the above equation we get

2 1 1
A2 Z¢;—3/2¢i+1/2 < A2 Z(¢i+1/2)2 + A2 Z(¢i+3/2)2' (A.3)

A change in the index in the last term gives the desired result. O

26


https://doi.org/10.1142/S0218202501001082
https://doi.org/https://doi.org/10.1016/j.jcp.2023.112060
https://arxiv.org/abs/2311.06399
https://arxiv.org/abs/2302.01391
https://doi.org/https://doi.org/10.1016/j.jcp.2016.12.033
https://doi.org/https://doi.org/10.1016/S0306-4549(96)00100-4
https://github.com/chinsp/publication-Asymptotic-preserving-and-energy-stable-DLRA-for-thermal-radiative-transfer-equations.git
https://github.com/chinsp/publication-Asymptotic-preserving-and-energy-stable-DLRA-for-thermal-radiative-transfer-equations.git

The constructed macro-micro system (3.3) with the stabilization matrix |A| is related to the full
N+1

Py system through the flux matrix Ay = ([Pl-,le,lu]M) and Roe matrix [Af| = T |M]| TJT,
ij=1

where Ty = (MH_l(uk))jvjill such that Ay = TfMT;. We additionally define

1
—b=a=(ap,0,...,0)" e RV, as = (0,a0,0,...,0)" € RNFL,
o
Lemma 4 (Lemma 3.4 [19] (Py preservation)). For a given vector g € RN define its extension
vi=(0,91,...,9~5)" € RN*! a5 well as Vip1/2 = T}rvi+1/2 € RN*L. Then,
~T ng2a AT 5 ~T .
g ' A’g=9"'M?*v, g"|Alg=%"|Mv, g'aa'g="% T}'»—afa}-r Tsd.

Two main properties of the advection operator, £, that are used in proving energy stability are

Lemma 5 (Lemma 3.5 [19] (Positivity)). For a given discrete function gi',, 5, the advection oper-
ator fulfills the properties

Az
+1, T n+1 + n+1,T + n+1
29?4-1/2 9iv1/2 = Z 9 - D ?4-1/2 |A|D"g 9it1)2 2 0

and
Az
ntl,T + n+1 T n+1
Z 9it1/2 £gt+1/2 - Z 2 =D 9it1/2 |A|D"g 9it1/2
J
+ Z(nglﬂ - g?jll/z)T<A+D+ + AiD_)g?.:rll/Q'

Lemma 6 (Lemma 3.6 [19] (Boundedness)). For a given discrete function g the advection

i+1/27
operator fulfills the property

2
+ — =y 1 +1,T 42 n+1
E [(A DY+ A D )giH/z} < 28y E Dtg :L+1/2A :D+gz:1/27

where By = max wi(N + 1) is bounded for all N.
With these lemma we now present the proof of theorem 2:

Proof. We start by plugging in the update equation of the macro variable, T', (3.3¢) into the update
equation of the mesoscopic variable, h, (3.3a). This gives

mn 2 n i 2 T
(aT} 4 Zhi H) — (aT3" + = h7) T T 0, n+l
2

< —oth (A.4a)

1 (98— 9t Lean  _ T51/2 nt Ly s0 b Adb
A\ A +g Givi/2 = — 22 gi+1/2_? (aCT+1/2+€ 1+1/2) (A.4b)

Next we multiply the update equation for the micro equation (A.4a) by (aT;*t* + %h?“)Am, and
sum over i,

i n—i—l n+1 n+1 i n+1 n i n
At;(an h N Z (T 4 —h ) (ol + —hi)Aw

2
ge! n e . n . e . wn
+5 Z(G’Ti 1y ?hiﬂ)Doglf{lAf = _Z(aTi +1 ?hiﬂ)% R A,

% i
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Using the summation of products property 1 we get
1
— | |la
2At

Multiply (A.4b) by g7:11/2 Az, and sum over ¢, and using the summation property 1

1 /1 1 1 1 n
sz (eI = et + ¢ e - ) + 2 2203 Lot e

2 2

2

2
o™ + S pn
C

g2 e? 5
Tn+l + 7hn+l aTn-l—l 4 7hn+1 —aT™ — Z_p"
C Cc C

) +
(A.5)

2
% Z(aTZH'1 h”+1)D()g"+1A:E = Z:((ZTZH'1 + %h?+1)afh?+lAm

% 7

(A.6)
90 +1 71 +1
< T2 Hgn H 2 9?,i+1/25 (acTiyp +e hz+1/2)Ax
7
where we use 09 < 0, | /5, Vi, and g?jll/;—b = '719?;;11/2'

Then (A.5) +% (A.6), where 73 = 2 is the normalization factor of the zeroth order Legendre
0

2 2 2

3

polynomial, gives
2
‘ Yo€

L
2At
2)

2

Y1 3 £ +1,T

+ 5 Z(aT;L+1 + ?h:-H'l) g;L;HAx + % Z :L+1/2 ﬁgz+1/2Aa§
A 7

3
n+1 n
—8

2
al™ + —p"
’YOC C

2
aTn—i—l + ih"+1
c

"

2 2

g e € €
aT™t 4 Zpt T — —pn — gt - g
C C

2
’ YoC YoC

< - Z(aTi A ?hiJrl)Ui hi T Ax — % lg"+]|” ~ 291 j+11/2 Tiyi2 + z+1/2)A$'
(A7)

Using discrete integration by parts from Lemma 2 we get
n+1 62 0 n+1 n 62 n
291 1+1/2 +1/2 z+1/2)A33 = ZD 91,i (aT* + ?hi )JAz. (A.8)
i

With the use of (A.8) we rewrite (A.7) as

1 e? 2 € 2 e |? € 2
aTnJrl + 7hn+1 + ‘ 7gn+1 al™ + —p™ o ‘ S an
2At c YocC c Yo€
2 2 2
et ¢ gt g — S| o ‘ gt g >
C [ YoC YoC

2
€ n+1,T n ) 41112 n—+1 € n+1 n+1
+% Zgi+1/2 Egi+1/2A33 < "9 Hgn H - Z(aTi + ?hi Joihi T Ax
% 7
71 0 n+1 n+1 62 hn+1 n 82 MMA
ZDQU —aTj -l +aT; +?i) x.

Using Young’s inequality,
2

2 g? €
—aT™ — —p T T ¢ "
c c

2
n § DO (—aTP T - St el + SR Az < a
C C

Z’h Dogﬁﬂ A
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Thus, setting a = ﬁ we have

g? 2
Tn+1 7hn+1
2At (H c
2 €
n+1,
" > + % Zgz+l/2 Lgi 0z

2
<—%||gn+1||2_z(aTin+1+%h?+1) ahn+1A +A 71 Z 0 n+1

2 2

ign
YoC

52
n+1 aTn T 7hn
C

2 ’

+]
YocC

13 I3
—g't - —g

d
YoC YoC

i

(A.9)

This gives an upper bound for the term HaT"+1 + £ h"+1H + ’ "'HH. Next, we derive an

’YOC
upper bound for H\/ET"“H . For that we multiply the temperature update (3.3c) by aTi”HAx
and sum over i

1
A ZaTZ—"H(Ti"H —TMAx = /@ZaTi"Hafh?HAx.
i .

Thus, we get using the summation of products property 1

2 2 2
(o Wl |- o
t K K K K

Adding (A.9) and (A.10) gives
A+ ntl _en = oontl = gn < n+1, n
281 <e o ‘ T0c® ~oc® ) T3 ;gm/z Ly AT

< 7;72 ||gn+1H2 . (LCO ||€hn+1||2 At 71 Z DO n+1 H\/>Tn+1 \/> n

Since — %0 Hsh”“”2 <0 and — ||\/ng+1 — \/%T”HQ < 0 we bound them from above by 0.
Then (A.11) becomes

1
- n+l _ _n
2AL (e ¢ +’

) = aT M oth T Az, (AL10)

ign+1 _ ign
YoC o€

2
€ n+1,T n
) + % Zgi+1/2 L9y 00
i

< 7‘2772 Hgn+1||2 At ’71 Z DO n+1

(A.12)
Next, we split the last term on the left-hand side of (A.12) as
n+1 n .
> gLl pAr = P+ Q
where
+1 n+1 +1 +1
P = Zg?-u/z 1L+1/2Ax Q= Zg?-s-l/zﬁ 9z+1/2 - 9?+1/2)A$'
Then, using Lemma 5 we have,
Az
_ + n+1,T +  n+l
= 72@ 9i1), |AID gl A,
v (A.13)

—N—\ N T n
Q = Z(A+D+ +A D ) 1:11/2 (gz+1/2 iJ:rll/z)'

%
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Thus, using Young’s inequality

1 2
QI <allg" —g"||+ - S [(ATDT + A D )grfL,] A

%

and Lemma 5 we get

n 25N n
Q| < o ||g g H + ZD+97:11/;A2D+ z-:_ll/QAx (A.14)
We set a = 557, then ‘ ﬁg"“ - =g"
L1 eAx nt1,T n+l At LT A2 ntl
AL (" —e") + Ac ZD+ 9it1/2 |A|D"g z+1/2Am 5N72D+ 9iv1/2 A D'g z+1/2A‘r

7 K2

At
< _% Hgn+1H2 71 Z (D% n+1

(A.15)
We rewrite the last term on the right-hand side of (A.15) as
’Yl 0 n+1 ’Y1 n+1 _ n+1,T__T n+1

Z (DOg7 )2 Az = Z (Drgp )2 Ar = ZD* 9!, aa D gl Ax

and we get
1 0 2
n+1 n 0 n+1
Lo —emy < -2 g
1 D+ n+1,T A A2 1 T A D-‘r n+1 A (A16)
—&-52 9it1)2 t| By +§aa - | | gi A
If we define v = (0,g1,...,95)" € RV and v = T}rv € RV*1, then we have from Lemma 4
+ n+1,T A 24+ n+1 — Dt +1, Ty g2 +An+1
D gn+1/2A D Git12 = D n+1/2M D Vir1/2
+ n+1,T + n+1 +An+1T +An+1
D +1/2 |A|D z:—l/Q =D 1+1/2 ‘M‘D z+1/27
and
gt LT g Tptgntl — ptontLTpT +ntl
D 9?4-1/2 D7g i =D :L+1/2 Trara; +TsD Vit1/2
As given in [19, Thoerem 3.2|, since Tf af = Tf ey = /% Pi(px) %k py, we have
N+1 m 2
+5 ~n+1,T An+1 _ +An+1 k
DTVili)s Tf agay ;TyD* Vit1/2 = (Z DT ), k\/ 2”’@)
| N1

1 +pntl + an+t1
Z D Viv1/2,6V wi i D Uy it1/2V Wele
N+1

Young ]
<

- 4
k.0

2
+ ~an+1 2
< Ui+1/2,k) Wi Hi

| N+ 9
+ 1 Z (D+ﬁ?2+11/2) wepg

2

_ +antl 2

- 9 Z(D zn+1/2k) W -
k



Since we can write ||g" T H2 v H =D SOt )2Az we have that (A.16) becomes

z+1/2 k
1
n+1 _ 00 ~n—+1 2
NG €") < -5 D0 x) A
ki
. N+1 eAx
T35 Z Do z++11/2 K’ {At (BNNz T wkﬂi) iy |/~Lk|} Az.
2
Using Lemma 3 we get > <D+ A?J:'fﬂ) < 2 Zl(Afjll/Q)Q, thus
1,001 n 1 At ingl o | 4AL 5 1 9 4e
9 (e e ) < §E;(Ui+1/2,k) Ar2 ﬂNNkJFZﬂNH’k T %Az |k |* -
Hence for ensuring stability we must have for all k, where px # 0,
2
NP 1 (O’oAzSC N 25Aw) '
5cBn \ Hj, ||
We note that Sy remains bounded for all N. O

B Proof of Lemma 1

Proof. As the SVD of s —usw’ (4.17) where U and W are orthogonal, we have
~T /~rem\ — | ~T —~T
U (s ) — (U U)W = (5" TW |

Consider

sntlantl (L, O ~ I, O
xS [o vAv}—K[o vAv}

[ ~rem-~rem Im 0
— [xws® X8 H ]

0 W

o _Xap Xrem:| SaP 0
= I 0 Sremw

[ ~rem Im 0 Ssap 0
— |xap e
x X {0 U} { 0 srem}

where we use that S W = US™. We have from (4.18) that the updated spatial basis matrix
has the form X" 'R, = [X* X""] =[x X0 and thus

~n 1An11m 0 ap
e gl ]

-W 0 Srern

Hence we get the following relation

[Im OT] §n+1,T§n+1 [Im O] 1, o ] fS\n+1,TXn+1,T5in+1/S\n+l {Im 0}

0 0o W |o W' 0 W

o~

Bl 0 T+l Tyentl S*® 0
- 0 Srem,T:| R2 X X R2 0 Srem

ERa T[S0
- 0 Srem,T:| R2 R2 |: 0 Srem:| .
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Putting it all together we have

Sap - 0 ~n+1,T ~n I 0
R;T ( ) ~ T ~rem T S i S i |: m /\]
o U §)- 0 W
[ S*P -7 0 ~n+1, T An I 0
=R5T( ) TATSH Sﬂ[m ,\}
0 (S TW 0 W
r -T
_ -T Sap 0 Im 0 ~n+1,T ~n+1 Im 0
"R lo s {0 W PO% oW
r =T ap, T a
1 [s* 0 gep: 0 o [s*® 0
iR2 i 0 Src1n:| |: 0 Srem,T R2 R2 0 grem
sap 0
- RZ |: 0 Srem:|
=gt
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