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A MULTISCALE APPROACH TO THE STATIONARY GINZBURG-LANDAU
EQUATIONS OF SUPERCONDUCTIVITY

CHRISTIAN DODING, BENJAMIN DORICH, AND PATRICK HENNING

ABSTRACT. In this work, we study the numerical approximation of minimizers of the Ginzburg—
Landau free energy, a common model to describe the behavior of superconductors under magnetic
fields. The unknowns are the order parameter, which characterizes the density of superconduct-
ing charge carriers, and the magnetic vector potential, which allows to deduce the magnetic
field that penetrates the superconductor. Physically important and numerically challenging are
especially settings which involve lattices of quantized vortices which can be formed in materials
with a large Ginzburg-Landau parameter . In particular, k introduces a severe mesh resolution
condition for numerical approximations. In order to reduce these computational restrictions, we
investigate a particular discretization which is based on mixed meshes where we apply a La-
grange finite element approach for the vector potential and a localized orthogonal decomposition
(LOD) approach for the order parameter. We justify the proposed method by a rigorous a-priori
error analysis (in L2 and H') in which we keep track of the influence of & in all error contri-
butions. This allows us to conclude x-dependent resolution conditions for the various meshes
and which only impose moderate practical constraints compared to a conventional finite element
discretization. Finally, our theoretical findings are illustrated by numerical experiments.

1. INTRODUCTION

In most materials the flow of an electric current is countered with an electric resistance which
leads to a loss in energy. Materials with no electrical resistance, usually referred to as supercon-
ductors, are rare in nature, but open up a large variety of possible applications. To consider a
mathematical model for superconductivity, we let {8 C R? denote a cuboid which is occupied by
the superconducting material. The superconductivity itself is described by a complex-valued wave
function u: Q@ — C which is called the order parameter. Though not a physical observable on its
own, we can extract from u the density of the superconducting electron pairs |u|?. This density is
real-valued and can be observed in physical experiments. In fact, the scaling in the corresponding
models enforces 0 < |u|? < 1, where |u(z)|? = 0 implies that the material is not superconducting
(in normal state) in # € Q and |u(z)|? = 1 implies a perfect superconductor, locally in z. In
between, the percentage of superconducting charge carriers might drop to a value between 0 and
1. In these mixed normal-superconducting states, both phases can coexist in a so-called Abrikosov
vortex lattice [1] with |u(x)|?> = 0 in the vortex centers. These kind of configurations can only
occur for so-called type-II superconductors when a sufficiently strong (but not too strong) external
magnetic field H is applied. In fact, in mixed normal-superconducting states, the magnetic field
partially penetrates the superconducting material. In this paper, we focus on exactly these kind
of settings.

Considering such a situation, the relevant order parameter and the unknown internal magnetic
field can be characterized as minimzers of the so-called Ginzburg-Landau (GL) free energy (cf.
[24, Sec. 3]), which is given by

1 i 1
(1.1) Far(u,A) = 5/ |2Vu + Aul? + 5(1 — |u\2)2 + |curl A — HJ? da.
Q
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2 C. DODING, B. DORICH, AND P. HENNING

Here, H is a given external magnetic field and x € R* is a material parameter, often called the
Ginzburg—Landau parameter. The unknown A denotes the magnetic vector potential, from which
we can obtain the internal magnetic field given by curl A. In fact, besides the density |u|?, the
magnetic field curl A is the second physical quantity of interest. Recalling that we are interested in
vortex states, it is important to note that the size of the parameter x determines the structure of
the vortex lattice [53-56]. In particular, for small values of k, no vortices will appear, whereas with
increasing k, the number of vortices grows and they become more localized [2,53]. Thus, the regime
of large values of k is the physically most interesting regime accompanied by many challenges for
its numerical approximation. The phenomenon is also closely related to the appearance of vortices
in superfluids [22].

First results on the numerical approximation of minimizers to (1.1) were obtained in the pioneering
works by Du, Gunzburger and Peterson [24,25] who derived H'-error estimates in finite element
(FE) spaces for both the order parameter u and the magnetic vector potential A. Even though
estimates of optimal convergence order could be provided in a (joint) mesh parameter H, the proof
techniques could not take into account the precise role of k and how it affects potential constraints
on the mesh size for © and A respectively. An error analysis for alternative discretizations based
on a covolume method [27] or a finite volume method [26] can be also found in the literature.
However, both works only establish convergence, but no rates in H and &.

First error estimates that are indeed explicit with respect to x and the mesh size H were recently
obtained in [18] for a finite element discretization of (1.1), however, in a simplified setting where
the vector potential A was assumed to be given and the minimization of the energy only involved
w. In this case, the last term in (1.1) can be dropped. In the aforementioned work, it was found
that the mesh size H needs to fulfill a resolution condition of at least H < k! to obtain reliable
approximations. Even more, the error estimates indicated a pre-asymptotic convergence regime,
subject to a second resolution condition that depends on the strength of local convexity of Egy, in
a neighborhood of a minimizer, i.e., on the smallest eigenvalues of E{; (u). In fact, the numerical
experiments indicated that this resolution condition is not an artifact of the analysis, but FE
spaces with too coarse meshes are not able to capture the correct vortex patterns, which leads to
significant practical constraints.

To overcome these constraints it was suggested in [18] to use a discretization based on Localized
Orthogonal Decomposition (LOD). This idea was later realized in [8] (still in the setting of given
A). The LOD is a numerical homogenization technique designed by Malqvist and Peterseim [50]
to tackle elliptic multiscale problems. In the last decade it was generalized multiple times and
applied to a large variety of different problems, were we exemplary refer to [16,17,29,31,37,38,41,
45,47-49,52,58] and the reference therein, as well as to the reviews given in [3] and [51]. Applying
the LOD to approximate minimizers of the Ginzburg—Landau energy can be motivated with its
fast convergence under comparably weak regularity assumptions. This is achieved by constructing
an approximation space (the LOD space) that contains problem-specific information, in particular
it is based on k and A. A comprehensive error analysis of the resulting method was given in [§],
revealing that the k-dependent resolution conditions can be indeed relaxed with this strategy and
correct vortex patters could be computed on rather coarse meshes. Furthermore, the locality for
the LOD shape functions was quantified, where it was found that approximate shape functions with
a diameter of order O(log(Hk)H) are sufficient to preserve the overall approximation properties
of the ideal LOD method. However, in the aforementioned work the LOD spaces were computed
in an offline phase and the error analysis was only carried out for the simplified energy under the
assumption that the vector potential A is a-priori known and not part of the minimization process.

Turning to the full problem (1.1), one would naively try and use an LOD approach on both v and A.
However, this is computationally extremely expensive and, as one can see from our error analysis
and numerical experiments, there is typically no need for a fine resolution of the vector potential
A. This motivates one of the main questions of this work: What are suitable, possibly different
discretizations of the pair (u, A) such that we can achieve high convergence rates under possibly
low regularity assumptions and weak resolution conditions and can we quantify the corresponding
error if different ansatz spaces are used for u and A? The key in the error analysis of [18] was a
detailed a-priori analysis of the continuous and discrete minimizers in order to obtain bounds which
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are sharp in their x-scaling. Following this approach, we generalize these techniques and derive
bounds for continuous and discrete minimizers which are explicit in k. Most notably, we show that
the bounds on u in Sobolev norms depend on x whereas the bounds on A up to its second derivative
are independent of k, which resembles the simpler structure of A even in large x-regimes. Denoting
by H and h the spatial mesh size of the discrete spaces for v and A respectively, our error bounds
allow us to extract optimal coupling conditions between H and h depending on the polynomial
degree of the FE space and the parameter k. The main challenge is the intrinsic coupling of u and
A within the energy and the Fréchet derivatives. Here, again it turned out to be crucial to work
with appropriately scaled norms for both quantities in order to derive sharp estimates in k. Also
in the error analysis we need to carefully balance the distribution of regularity and integrability in
our estimates such that no superfluous powers of x enter the final error bounds. Our experiments
then indeed confirm that these bounds are optimal with one minor exception. In our theory, the
H3-norm of A is expected to grow linearly in x which is not visible in the experiments. To us it
remains open whether this is an artifact of the analysis or other examples could support our theory.
We note that we chose €2 as a cuboid to obtain all necessary regularity estimates in a rigorous way
even without assuming a smooth boundary.

Finally, let us mention that there has also been a lot of work on the time-dependent Ginzburg-
Landau equations which typically has a gradient flow structure and which is used to describe the
dynamics within a superconductor. Corresponding numerical methods, convergence results and
error estimates can be for example found in [5-7,13, 14, 19-21, 23, 28, 32, 33,4244, 46] and the
references therein. To the best of our knowledge, questions regarding vortex-resolution conditions
depending on k and A have not yet been studied in the time-dependent case. Due to the different
nature of the time-dependent problem, we will not discuss the equation any further here.

The rest of the paper is organized as follows: In Section 2, we introduce the analytical framework
and present several results on a-priori bounds and the regularity of the continuous minimizers.
Furthermore, we discuss the gauge conditions and study the resulting properties of the Fréchet
derivatives. The core findings of our paper are stated in Section 3. Here we present the construction
of LOD spaces in our problem setting together with our corresponding main results. The main
results are proved step by step in the sections after. First, in Section 4, we provide further
analytical findings which are crucial for the later error estimates. An abstract error analysis is then
established in Section 5. Finally, the abstract results are applied in Section 6 to the considered LOD
discretization and we give the corresponding proofs to our main results. Numerical experiments
which illustrate our theoretical findings are shown in Section 7. The regularity theory and technical
computations are postponed to the Appendices A and B.

Notation. For a complex number z € C, we use z* for the complex conjugate of z. In the
whole paper we further denote by L?(Q)) := L?(Q,C) the Hilbert space of L2-integrable com-
plex functions, but equipped with the real scalar product m(u,v) := Re vaw* dx for v,w €
L?(Q). Hence, we interpret the space as a real Hilbert space. Analogously, we equip the space
H(Q) := HY(Q,C), which will be the solution space for the order parameter, with the scalar
product m(v, w) + m(Vov, Vw). This interpretation is crucial so that the Fréchet derivatives of E
are meaningful and exist on H'(Q). For any space X, we denote its dual space by X’. Note that
this implies, that the elements of the dual space of H! consist of real-linear functionals, which are
not necessarily complex-linear. For example, if F(v) := m(f,v) for some f € L?(£2), then it holds
F(av) =aF(v) if a € R, but in general not if o € C.

For the real-valued vector potentials, we use boldface letters and denote L2(€2) := L?(£;R?) and
H'(Q) = H'(Q;R3). Note that functions in H'(f) are complex-valued, whereas functions in
H'(Q) are real-valued. Analogously, we transfer the notation to higher order Sobolev spaces, i.e.,
H*(Q) = H*(Q;C) and H*(Q) := H*(;R3) for k € Ny. Further, we use the standard spaces
for the weak rotation and divergence, i.e., H(curl) = H(curl, ) and H(div) = H(div, §2), both for
real-valued functions.

Throughout the paper C' denotes a generic constant which is independent of x and the spatial mesh
parameters H and h, but might depend on numerical constants as well as €2 and H. In particular,
we write o < 8 if there is a constant C' independent of k, H and h such that o < C .
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2. ANALYTICAL FRAMEWORK

In the following, recall that Q C R? denotes the computational domain which we assume to be
a rectangular cuboid. For the naturally appearing boundary conditions of minimizers as well as
the gauging process, we additionally introduce the subspace of H*(§2) of functions with vanishing
normal trace as

(2.1) H!(Q) = {BcH'(Q) |B-vjga=0}.

Among all order parameters u € H'(Q2) and vector potentials A € H!(Q), we are interested in
finding a pair that minimizes the Ginzburg-Landau free energy in (1.1) with a given external
magnetic field H € H(curl) and a material parameter £ € R*. In this setting, we seek (u, A) €
H(Q) x HY(Q) such that

EGL<’U/7A) = EGL(’U,B).

inf
(v,B)EH(Q)xH1(Q)
It is well known that minimizers cannot be unique since the GL energy functional Eqy, is invariant

under certain gauge transformations [24]. To be precise, for any (real-valued) ¢ € H?(Q;R) we
define the corresponding gauge transformation G, : H*(Q) x H'(Q) — H'(Q2) x H}(Q) by

(2.2) Gy(u, A) == (ue™®, A + Vo).
It is easily checked that Fq, is gauge invariant in the sense that
Far(u,A) = EqL(Gy(u,A)) for all (u,¢,A) € HY(Q) x H*(Q) x H'(Q).

Hence, if (u, A) is a minimizer, then G(u, A) is a minimizer, too. For smooth domains, it can be
shown that any pair (u, A) € HY(Q) x H!(Q) is gauge equivalent to a pair (v,B) € H'(Q) x H'(Q)
where the corresponding vector potential B is divergence-free and has a vanishing normal trace, cf.
[24, Lemma 3.1]. To be precise, let ¢ € H'(Q;R) denote the zero-average solution to the Poisson
problem —A¢ = — div A with inhomogeneous Neumann boundary condition V¢ - v|gq = A - v|sq,
then it holds ¢ € H?(Q;R) (this follows by combining the results of [36, Theorem 3.2.1.3] and
[35, Lemma 3.7 and Theorem 3.9] and by decomposing ¢ accordingly into an affine contribution, a
solution to a homogeneous Poisson problem with inhomogeneous Neumann boundary condition and
a solution to an inhomogeneous Poisson problem with homogeneous Neumann boundary condition).

With this, we have G4(u, A) € H'(Q) x H] 4, (9) where
Hrlhdiv(Q) ={BcH'(Q) | divB=0 and B-v|pg =0}.

As a direct conclusion, we can, without loss of generality, restrict the minimization of Eqr, to
functions in H*(£2) x HllhdiV(Q). This corresponds to the Coulomb gauge of the vector potentials.
Furthermore, if we restrict the vector potentials to divergence-free functions then they are only

gauge equivalent to itself. In particular, if (u, A), (v,B) € H(Q) x H! .. (Q), then

n,div
Gy(u,A) = (v,B) = A =B and v=ue" for ¢ € R.

This equivalence is easily seen by the observation that if div A = 0 and div(A + V¢) = divB = 0,
then A¢ =0 with V¢-v = A -v =0 on 02, hence, ¢ must be a constant and the gauge transform
reduces to Gg(u, A) = (ue™® A) on HY(Q) x H] 4, (9). Since minimization over divergence-free
functions can be cumbersome in practice, the energy can be stabilized by a penalty term that

depends on the divergence of a vector field. We therefore define
1
(2.3) E(u,A) := Egp(u,A) + 5 |div A|* dx
Q

and observe that any minimizer of F must be also a minimizer of Eqy, and, vice versa, any minimizer
of Eqr, is gauge-equivalent to a minimizer of E for which div A = 0 holds. In the following, we
can therefore restrict our analysis to the minimization of the stabilized energy E. The existence
of minimizers was proved by Du et al. [24] and we have the following result.

Theorem 2.1 ([24, Thm. 3.8]). There exists at least one minimizer of the energy (2.3), i.e., there
is (u, A) € HY(Q) x HL(Q) such that

(2.4) (u,A) = arg min E(v,B).
(v,B)EH(Q)xHL(Q)
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In particular, for any minimizer (u, A) the vector potential A satisfies div A = 0, and thus also
minimizes (1.1).

The result remains valid for external fields H € L2(£2).

As discussed above, the modification of the energy functional from FEg, to E restricts the gauge
transforms to divergence-free vector fields, which in turn implies that the gauge transforms G4 (u, A)
in (2.2) are only admissible if ¢ is a constant real number. Consequently, we call (u,A) €
H'(Q) x HL(Q) gauge equivalent to (v,B) € H' () x HL(Q) for E, if and only if A = B and

(2.5) v=ue* forsomew € [—m, 7).

Note that w corresponds to k¢ in (2.2).

2.1. Fréchet derivatives and stability bounds. Crucial components of our error analysis are
the derivatives of the energy and corresponding first- and second-order conditions for minimizers.
In the following, we start with summarizing the arising Fréchet derivatives of E, where we refer to
[24, Section 3.3].

Lemma 2.2. Let E denote the energy functional given by (2.3), then E is (infinitely) Fréchet
differentiable where, for any (u, A) € H*(2) x HL(Q), the first partial derivatives

OuE(u,A): H'(Q) =R and OaFE(u,A):HL(Q) - R

are respectively given by

OE(u,A)p = Re/Q(éVu + Au) - (%Vg@ +A9)" + (Ju? — 1)up* da,

OAE(u,A)B = /Q lul?A - B+ %Re(iu*Vu B) +curl A - curl B+ divA - divB — H- curl Bdx
for p € HY(Q) and B € HL(Q).

The first order conditions for minimizers (cf. [10]) imply E'(u, A) = 0 if (u, A) fulfils (2.4). By
splitting E'(u, A) into 9, F(u, A) and da E(u, A) we obtain the Ginzburg-Landau equations. For
readability, we highlight this observation in the following lemma.

Lemma 2.3 (Ginzburg-Landau equations). Let (u,A) € HY(Q) x HL(Q) be a minimizer of
problem (2.4). Then, it holds 0, E(u, A) = 0 and Opa E(u, A) = 0. By expressing these identities in
variational form, we obtain that (u, A) € H'(Q) x HL(Q) solves the Ginzburg-Landau equations

Re/ (%VUJF Au) - (ngaJrAga)* + (|u\2 —Nup*dz = 0,
Q
1
/|u\2A~B+7Re(iu*VU~B)+curlA~curlB+divA~divB—H~cur1Bd;U = 0,
Q K
for all p € H' () and B € HL(Q).

Next, we turn to the second partial Fréchet derivatives of E' which we later require for second order
minimality conditions. The second derivatives of E are given as follows.

Lemma 2.4. Let E be given by (2.3). For (u,A) € HY(Q) x HL(Q) we denote the second order
partial Fréchet derivatives by

@B A) - ¢) = (0B A)g) : H'(Q) B,
(OauE(u,A) - ,B) = %(&AE(u,A)B) tHY(Q) = R,
OuaBwA) - ¢) = (0B A)p)  HAO) 5 B,
(OAE(wA) - B) = O (0aB(u,A)B):HLQ) B,

0A
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where ¢ € H(Q)) and B € HL(Q). The derivatives are given by
(OB (u, Ay, 0) = Re/ﬂ(%vw +Agp) - (%w +AY)" + (Jul? = 1) py” +uPe" " + [uPpy* da,
(02 E(u, A)B,C) = /Q |u|>C - B + curl C - curl B 4 div C - div B dz,

1
(OuaE(u,A)B, @) = / 2Re(up*)A - B+ — Re(iu*Vy +ip*Vu) - Bdz
K

Q
and <au,AE(U'a A)B7 <P> = <6A7UE(U7 A)QO: B>

The proof follows with straightforward calculations.

In order to quantify the x-dependencies in our error estimates, we also require suitable stability
estimates for the minimzers (u, A) of the energy (2.3). For this, we use the following x-weighted
norms throughout the paper:

(262)  lellzy = s72lIVellis + el lelliz = w721Vl +llellz:,
(26b)  |BllZ: = [IBl[Z +[[VB|Z:, IBl[}2 = |ID*BI[L: + |IB|7
Here we formally define the norms that involve derivatives of the (vector-valued) functions B as

3 3
IVB|Z. = }kElllawileliz and ||ID?B|[. = 3> 02,0, BellZ:-

ij k=1

Lemma 2.5 (Stability bounds). Let (u, A) € H(Q) x H.(Q) be a minimizer of problem (2.4) in
Theorem 2.1. Then, the following stability bounds hold

ul < Tae, [12Vullgs < lfullee + [[Aullze,  fullmy S 1+ e, (Al S 1+ [H]| 2.

Proof. The pointwise bound ||u||p= <1 is shown in [24, Prop. 3.11]. Next, note that
E(0,0) = 5 vol(Q) + 5|[H]|Z.,
and thus for any minimizer it holds
lcurl A — HI[Z. + || div Al[Z. £ 1+ [[H|[Z..
At the same time, basic manipulations give us
lcurl Al[Z: < [|curl A — HI[Z. + [[H[Z..

Combining the two estimates yields || curl Al|zz +||div Al|gz < 1+ ||H]|z2. Using [35, Lemma 3.6]
gives the L? bound, and [35, Theorem 3.9] the H* bound on A.

Further, we obtain with |u| < 1 the estimate
11Vallpe < |[2Vu+iAullpe + [|Aullpz S 1+ |[H][z2 + Al S 1+ |[H]| 2.

It remains to prove the second estimate, which we obtain with Lemma 2.3 as
/ |éVu+Au|2 dz = /(1 — |u|2) |u\2 dz < ||u||%2
Q Q

The estimate now follows with |[1Vul[r2 < ||2Vu +iAu|[r2 + ||Au|lr2 < |Jullz2 + [[Aul|z2. O

2.2. Higher order regularity of the minimizers. Next, we will investigate the higher order
regularity of minimizers together with corresponding k-explicit regularity bounds.

Concerning the vector potential A, we can characterize it as the solution U € H}l)div(ﬂ) to a
problem of the following form

(2.7a) / curl U - curl B dz = / F-B+H: curlBdx, forall BecHL(Q),
Q Q

where F € L?(£2;R?) can be read of Lemma 2.3. Problem (2.7a) corresponds to the weak form of
(2.7b) AU =F + curl H, U-vjgn =0, curlU x v|pg = H X v|gg.
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For simplicity, we restrict ourselves from now on to homogeneous boundary conditions for the
external magnetic field, i.e., following [24], we assume H € H(curl) with the (well-defined) traces

(288“> HXU‘@Q:O’
(2.8b) curl H - v|pq =0.

The regularity of solutions to problem (2.7a) is presented in the following theorem. The first part
is a direct consequence of [40, Lemma 3.7]. The proof of the second part is given in Appendix A.

Theorem 2.6. Let U € H! .. (Q) be the solution of (2.7a) with F € L?({;R3?).

n,div
(a) If H satisfies (2.8a), then U € H3(Q) with
10l < (¥ 22 + | curl HY| 2.

(b) If in addition curl H € HY(Q) satisfies (2.8b) and F - v|gq = 0, then U € H3(Q) with
[Ullg= < 1F[| + | curl H | .
The hidden constants only depend on the domain Q.

Remark 2.7. (a) If Q is a general polyhedral domain instead of a cube, similar results are available
in Section 4.4 of [15] if the boundary conditions in (2.7b) are replaced by U x v = divU = 0 on
0f.

(b) Relaxing the condition (2.8) is a delicate issue. To do so, we assume divH = 0 and need to
find a smooth vector potential V such that

curlV=H, divV =0, V-vjpg=0

holds. Then, one can replace A by A=V and one is in the situation of (2.7) with H = 0. However,
the results for convez polyhedral domains [35, Thm. 3.5] only yield some V. € HY(Q). To derive the
same regularity as in Theorem 2.6, we would require higher regularity of V in H2(Q) or H3(Q),
respectively, but this is beyond the scope of the present paper.

For our proofs, we also require higher order regularity for the order parameter. In order to obtain
it, we will make use of the following auxiliary result which we prove in Appendix A.

Lemma 2.8. Let Q C R? denote a cuboid and let f € HY(Q). If u € H' () solves the Neumann
problem

—Au=f1inQ and Vu-v|ga =0,

then it holds u € H*(Q) with ||ullgz) < lulle2) + |fl a1 @)- Furthermore, if f € LP(S2) for
some 1 < p < 0o, then there exists a constant C, > 0 (depending on Q and p), such that

[ullw=» @) < Cp ([[ullo@) + 1 FllLe@)-
Here, || - ||w2» denotes the usual W*P-norm on Q with ||ul|w2» = > |[[D% 1r(q)-
| <2

With Theorem 2.6 and Lemma 2.8, we can conclude the H2-bounds on the vector potential A and
the order parameter w.

Corollary 2.9. Let (u,A) € HY(Q) x HL(Q) be a minimizer of problem (2.4).
(a) Then A € H%(Q) with
|Allm2 S 1+ [Hl[L2 + || curl H| 2

and constants independent of k. Note that the estimate implies a L°-bound for A. Furthermore,

together with the second inequality in Lemma 2.5 this yields % S 14 ||H||p2 + || curl H|| .
(b) Then u € H%(Q) with
(2.9) lullzz < (14 B[ z2 + [[curl Hl[z2)*  and |3 Vul|s <1

and constants independent of k.
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Proof. (a) Since A is a minimizer, it holds 9a E(u, A)B = 0 for all B € H.(Q), and hence by
Lemma 2.2

1
/curlA-curlB—i—divA-diVde:—/ |u|2A~B+;Re(iu*VU-B)—l—H-curlex.
Q Q

Since div A = 0, Theorem 2.6 (a) together with the estimates in Lemma 2.5 yield the desired
regularity and a-priori estimate for A.

(b) We follow the lines of the proof in [18, Theorem 2.2], and only have to establish the H2-bound.
We exploit 9, E(u, A)p = 0 for all p € H'(2) to obtain that the minimizer u satisfies

Re/ Vu-Ve*de =m(f,e), with f=—r*(lu|*—1)u —2ikAVu — k*|A]*u.
Q

The Sobolev embedding H?(Q2) — L>(Q) for A, the estimates in part (a), and Lemma 2.5 imply
[1fllz2 S #*(1+ [[Hl|z2 + || curl H| 2)?
which yields the H2-bound. O

In order to prove optimal order convergence rates for our numerical approximations of u and A,
we need to establish H3-regularity for both unknowns including corresponding regularity estimates
that are explicit with respect to . This is done in the following lemma.

Lemma 2.10. We consider a minimizer (u, A) € H*(2) x HL(Q) of problem (2.4) and assume
that curl H € H(Q).

(a) It holds A € H3(Q) and the estimate
[Al[ms <
(with a hidden constant independent of k).
(b) It holds u € H3(Q) and u € W2P(Q) for any 1 < p < oo with
2100 lullwe S & lullwes S Cor® and  ullwis S Gk,

~

where C, > 0 depends on p and can be different for WP and W2P.

Proof. (a) We aim to employ Theorem 2.6 and proceed as in Corollary 2.9 by estimating

1
[[|ul>A + p Re(iv*Vu) + curl H|| g

~

1 1
S Al + IVl ][ Al + = [IVul[7s + —lullgz + [ el H| g1 < 5.

The boundary conditions for A and u yield that in the notation of the theorem F - v|5o = 0 holds
and with (2.8b) the statement follows form Theorem 2.6.

(b) Using Lemma 2.5, we only need to bound f from the proof of Corollary 2.9 in the H!-norm.
Here we obtain with the results from Lemma 2.5 and Corollary 2.9 that
e < |12 (Jul? = Du — 2ikAVy — &2 A%l | g
< Rlullm + kAl l[Vulls + sl Al Lo [ull gz + 82| Al Do [ullm + £2[[Al7 S &

~

Next, we use the second part of Lemma 2.5 with
Iflle S K%+ wlA]l=|[Vul Lo + £[|Al[f < [lul[ = S &2
to conclude that for any 1 < p < 4 we have
lullwze S I1fl1pe + [Jullpe < K%

Next, we consider ||u||y1.s for which we obtain

IVulfs = /Vu-Vu*|Vu|6 dz V“'”'ZBQZO_/udiv(w*|vu|6) dz
Q Q

Holder 6 6 9
S ulle<lIVullzs [[ullw=s S [IVullzs 57

~
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We conclude ||Vu||s < k. With this regularity estimate at hand, we can return to f to see that
I fllzs < k2% and hence, with Lemma 2.5, |lu|ly2s < 2. It becomes apparent that the argument
can be repeated recursively to obtain ||Vul/z» < & and |lul|yzr < k% for any 1 < p < oo. For
example, assume that ||Vulr« < & holds for some ¢ > 2, then || f||r« < 2 and consequently
lullwe. < k2. With this, we have in turn

IVullzt, = _/“diV(VU*IVUI2q_2) dz < Jull e [Vl 2asa-2) [Jullw2.s
Q

lull 2= IVl 75,2 lullwza S [Vulf® s = [IVullze S &

We can repeat with 2q. Note however that the hidden constants in the above estimates can
potentially explode for p — oo and we cannot conclude that the estimates hold for p = co. O

2.3. Kernel in the second Fréchet derivative E”. In this section, we want to specify second
order conditions for our minimizers.

Recalling the results of Lemma 2.4, the second Fréchet derivative of E in (u, A) € H'(Q) x HL(Q)
is given by

(E" (u, A) (¢, B), (4,C))
<83E(’LL, A)QO, 'l/}> + <au,AE(u7 A)07 90> + <au,AE(ua A)Bv 1/)> + <812xE(Ua A)Bv C>

Re/ (inJ + Az/J) . (iV(,O + Acp)* + (\u|2 — 1)1/)90* +up* " + Ju*p* da
QR K

1
+/ 2Re(up*)A - C + - Re(iu* Ve + ip*Vu) - Cdz
Q
1
+/ 2Re(uyp*)A -B + — Re(iu*Vw + i¢*Vu) -Bdx
0 K
(2.11) +/ |u[?C - B + curl C - curl B + div C - div B dz
Q

for (¢, B), (v,C) € HY(Q) x HL(Q).

Lemma 2.11. Let (u, A) € HY(Q) x HL(Q) be a minimizer of (2.4). Then, it holds
(E"(u, A)(iu, 0), (¢, C)) = 0

for all (v, C) € HY(Q) x HL(Q). Thus, E"(u, A) is singular and cannot be coercive.

Proof. Using (2.11), we have by linearity that the terms with B = 0 vanish and thus obtain
(E" (u, A)(iu, 0), (¥, C))
= (02E(u, A)iu, ¥) + (Ou,aE(u, A)C,iu) + (0u,a E(u, A)0, ) + (03 E(u, A)0, C)
= (02E(u, A)iu, ¥) + (O a E(u, A)C,iu).
Further, we conclude from Lemma 2.3 and the fact that iu is still a minimizer that we have
(0uE(iu, A), ) = 0. Using Lemmas 2.2 and 2.4, this implies
(02F(u, A)iu, ) = (0, E(iu, A), ) + Re/ﬂuQ(iu)*w* + Juliurp* dz = 0.

Since we also have

(Ou,aE(u, A)C,iu) = /

1
2Re(—iu[*)A - C — = Re(—u*Vu +u*Vu) - Cdz = 0,
o) K

the claim follows. O
Lemma 2.11 can be interpreted through smooth curves () in H'(Q) x HL(Q). If the curve is

locally (in a neighborhood of ¢t = 0) of the form ~(t) = (ue'“!, A) for fixed a minimizer (u, A) €
H(Q) x HL(Q) and for some w € R\ {0}, then, due to the gauge invariance of E under complex
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phase shifts of u (cf. (2.5)), we have E(~(t)) = const in a neighborhood of ¢ = 0. Together with
~'(0) = w(iu, 0) and Lemma 2.3, we conclude

0= 4 E(Y(t))ji=o = (E"(1(0))7/(0),7'(0)) + E'(v(0)) 7" (0) = w*(E" (u, A) (iu, 0), (iu, 0)).
In other words, (iu, 0) is an eigenfunction of E”(u, A) with eigenvalue 0, which immediately implies

the statement of Lemma 2.11. Furthermore, if all other eigenvalues of E”(u,A) are positive,
then this implies that (iu,0) is the only direction for a curve v(t) with v(0) = (u, A) such that

d%E(v(ﬁ) )jt=o = 0. If this is fulfilled, then (u, A) is an isolated minimizer of £ up to the gauge

transformations (2.5), i.e., it is locally quasi-unique.

With these thoughts, we consider the orthogonal complement of (iu, 0) which is given by the space
(iu)t x HL(Q), with (iu)* = {p € H}(Q) | Re/ iwy*dz =0}
Q

and define “local quasi-uniqueness” of minimizers by assuming that the spectrum of E”(u, A) is
positive on (iu)* x H! (). This is fixed in Definition 2.12 below. Note that E”(u, A) cannot have
negative eigenvalues since this implies the existence of a direction in which the energy F is further
reduced, which would contradict the assumption that (v, A) is a minimizer of E. The definition
below summarizes the above discussion and follows [18, Definition 2.4].

Definition 2.12 (Local quasi-uniqueness). Let

((¢,B), (1, C)) 212 = Re /Q o*dr + i B Cduz.

We call a minimizer (u, A) € H*(Q) x HL(Q) of (2.4) locally quasi-unique if E” (u, A) has positive
spectrum on (iu)* x HL(Q), i.e., if (¢;,B;) € HY(Q) x HL(Q) is an eigenfunction with eigenvalue
A;j € R such that

<E/I(u7 A)(ija Bj)a (¥,C)) = Aj ((@j’ Bj)’ (¢, C))L2><L2

for all (v,C) € H'(Q) x HL(Q), then A\; > 0 for all j € N and \; = 0 if and only if ¢; € span{iu}
and B; = 0.

For the final error estimates we assume that the minimizers are locally quasi-unique in the sense
of the above definition. Whenever we need the assumption it will be explicitly mentioned in the
corresponding result.

Assumption 2.13. The minimizers (u, A) of the Ginzburg—Landau energy (2.3) are locally quasi-
unique in the sense of Definition 2.12.

For locally quasi-unique minimizers we have coercivity of E”(u, A) on (iu)t x HL ().

Proposition 2.14. Let (u, A) be a minimizer of (2.3) that is locally quasi-unique in the sense of
Definition 2.12. Then the second Fréchet derivative E" (u, A) is coercive on (iu)* x HL(Q), i.e.,
there exists a constant Csor(u, A, k) > 0 such that

(E"(u, A)(¢,B), (¢, B)) = Cual(u, A, 8) 7'[[(0, B) i1, for all (¢, B) € (i)™ x H,(Q)
where ||(0,B)||%1 g = |l@]|%: + [|B||%:. Furthermore, it holds

[(E"(u, A) (9, B), (¥, C)| < I(,B)llmxm [|(¥, C)llmp <
for all (¢,B), (1,C) € HY(Q) x HL(Y) and with a constant independent of k.

In general, the dependence of Cyo1(u, A, k) on £ is unknown and we are not aware of any analytical
results. However, numerical experiments indicate that Cso(u, A, k) ~ k* with o > 1 on rectangular
domains, cf. [8,18]. Hence, the coercivity constant degenerates with growing .

Proof. We proceed along the lines of [18, Proposition 2.6]. The local quasi-uniqueness (Definition
2.12) guarantees the existence of the second-smallest eigenvalue Ay > 0 of E”(u, A) such that

(2'12) <E”(u,A)(tp,B),(g0,B)> > )‘2||(‘p7B)||i2><L2
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for all (p,B) € (iu)t x HL(2). On the other hand, we can use (2.11) together with the identity
Re((up*)? + [ul?|¢]?) = 2(Re(up*))? to obtain

(E"(u, A)(¢,B), (¢, B)) = /Q |5 Ve + Apl® + (Jul* = 1)|¢l* + 2 Re(up”)? do
+/ 4Re(up*)A - B+ 2 Re(iu*Vp + ip*Vu) - Bdz +/ |u|?|B|? + | curl B|? + | div B|* da.
Q Q

Since |1 Vp+Ap|? > 55|V —|A[2[¢? and | B/ < || divB||r2+ | curl B 2 (cf. [35, Lem. 3.6]
and [35, Thm. 3.9]), we conclude together with the L*°-bounds for u and A from Lemma 2.5 and
Corollary 2.9 that

(E"(u, A)(¢,B), (»,B))
> /Q 12Vl + (Jul® =1 — |A]P)[@]* — 4]ul || |A]B| = 2(|u| [Ve| + |¢] [Vul)|B| dz

—|—/ | curl B|? 4 | div B|? dx
Q

2 el + Bl — allelz: — e2lBIIZ

for constants cj,co > 0. In the last step of the estimate, we also used the Young’s inequal-

ity H%|u| |[Vo||B| ||L1_§ ||i|%Vg0|2HL1 + 4[[ul?)/B?||L:, as well as ||[Vul||za < & which yields

12l [Vul B [+ < 25VullzallelrzBlrs < 213 Vullfsllel?s + elBl%:. We conclude that
the following Garding inequality holds:

(E"(u, A)(#,B), (¢, B)) = Cill(, B)[71 xqr — Coll(, B)l| 22
Together with (2.12) we obtain for (p, B) € (iu)* x HL(£) the coercivity estimate
(1+ $2)(E"(u, A) (0, B), (9. B)) = Cill(2, B)|[ 3 xrr

and Cyo1(u, A, k) = (1—1—%) C; !, In addition, the continuity estimate for [(E” (u, A)(p, B), (1, C))|
follows from Lemma 4.2 (c) below. ]

We have the following direct consequence of Proposition 2.14.

Lemma 2.15. Let (u,A) be a locally quasi-unique minimizer of (2.3) in the sense of Definition
2.12. Then, for all f € L*(Q) x L?(Q) C ((iuw)t x HL(Q))*, there exists a unique (¢,B) €
(iu)* x HL(Q) which solves

(2.13) (E"(u, A)(p,B), (¢, C)) = (£, (¥,C))r2xr2,  for all (¢, C) € (iu)* x Hy ().

The solution further satisfies
(e, B)llmixmr S Cool(u, A, ) [[f][L2xr2.

3. LOD DISCRETIZATION AND MAIN RESULTS

In this section we introduce the LOD discretization for the GLE by adapting the constructions
proposed in [8] and [18]. For that, let Ty and 7, be two shape-regular and quasi-uniform triangu-
lations of 2 with mesh sizes H and h respectively. The mesh 7y will be used to approximate the
order parameter u and 7T, to approximate the vector potential A. In the first step, let us define
the P;-Lagrange finite element space on Ty by

Vg = {‘PH S CO(Q;C) | @H‘K S Pl(K) for all K € TH}
and the Py-Lagrange finite element space of degree k = 1,2 on T; by
(3.1) V’,;O ={Bj, € C°%(R?) | By|x € Pr(K)? for all K € T, and By, - v = 0 on 9Q }.

In order to improve the approximation properties of Vi w.r.t. u we enrich the nodal basis functions
using the L2-inner product of two covariant gradients. To make this construction precise, let us
first define, for a fixed minimizer (u, A) of (2.3), the bilinear form

aIAOD(%lﬁ) = Re/ﬂ(iV(p—f—A(p) . (%Vw—’—Aw)*dx
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for p,1 € H'(Q). Loosely speaking, we want to interpret a5°P(-,-) as a differential operator and
define the LOD space as the inverse of this differential operator under V. However, the bilinear
form a,°P (-, -) is typically not coercive and possibly singular so that the inverse does not necessarily
exist. However, as proved in [8, Lemma 4.1], we have coercivity on the kernel W = kern w7 | 51 (q)

of the L?-projection 7EFM : H1(Q) — Vi which is given by
(3.2) (T Mo, )2 = (,%H)20) for all Yy € V.

Note that due to our assumption 7z is quasi-uniform, the L?-projection mi™ is H'-stable [4],
and consequently, its kernel is a closed subspace of H*(£2). The following lemma summarizes the
statement.

Lemma 3.1. Let A € HL(Q)NL>(Q). Then, there exists a constant Cyes > 0 that depends on Q,
|Al|L~ and the shape-regularity and uniformity constants of Ty such that if H < Ciesk™ 1, then it
holds

P (w,w) > E|wlis for allw e W,
where, for T5FM : HY(Q) — Vi given by (3.2),
W o= {we H(Q)|ri™w = 0}.

For the proof, we refer to [8, Lemma 4.1].

Exploiting the coercivity on the so-called detail space W, we can introduce the (well-defined)
correction operator C : HY(Q)) — W by

(3.3) alP(Cp,w) = aiOP(p,w) for all w € W.
The operator allows us to correct the elements of Vg to obtain the LOD space as
(3.4) V}[fOD = (1 - C)VH = {QDH - CQDH ‘ Y € VH}.

For practical aspects on the construction of Vj;°P and additional errors arising from its discrete
approximation we refer to [8] where this is described and analyzed in detail for the Ginzburg-
Landau equation.

With V4P and V| defined in (3.4) and (3.1) we seek numerical approximations (u}?, AJEM) €
ViOP x Vi  such that
(3.5) BOA®, AT = min  E(giP,By).
’ (LPII}ODvBh)
evEOPxvE |

V5OP requires knowledge about A, one might wonder

Noting that the construction of the space
how it is practically possible to seek numerical approximations uf’P € V5°P. We will get back to
this question in Subsection 3.2. Before we do that, we shall present some error estimates for the

approximations u%°" and A}EM in the next subsection.

3.1. Error estimates. We are now prepared to present our main result, which includes error
estimates in the H! x H!- and the L? x L?-norm, as well as an estimate for the energy error. We
emphasize that in order to obtain optimal order error estimates for quadratic elements for A, i.e.,
k=2in VZ,()’ we always additionally assume that curl H € H!(Q).

Theorem 3.2 (Error estimates for LOD approximations). Let Assumption 2.13 hold. We consider
an arbitrary discrete minimizer (uy’®, Aj5M) € VEOP x V}’i,o of problem (3.5) for either k =1
or k = 2. If (H,h) is sufficiently small with at least H < k=1, then there erists a minimizer
(u, A) € HY(Q) x HL(Q) of (2.4) such that utPP € (iu)t and it holds

[(u—uf®, A — AgiM)”H;le S KH?+ KEIRE 4 Csol(u, A, H)(“4H4 + Hk_lhk+1)~
Furthermore, for any € > 0, we have
(u— P A = AFE)|ocpe

< (kH+h) (K3H3+mk_1hk)(1+06/$5 Csol(u, A k) (1 + Csor(u, A, k)(kH + h)),
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and for the corresponding energy error we have
0 < E(ir® AR — E(u,A) < kSHS+ k7202 + Cooi(u, A, k) (5P H® + k25 2R2MF2),

All hidden constants in the above estimates are independent of k and (H,h).

The result is a summary of Proposition 6.3 and Proposition 6.4 which we prove in Section 6.

In essence, the error estimates in Theorem 3.2 demonstrate convergence of order O(x%H?+kF~1h*)
for the H!-error. The necessary resolution H for the order parameter u is constrained by r, whereas
the necessary resolution h for A is only weakly (if at all) constrained by . However, we also observe
that there is a higher order term Cyoi(u, A, k)(k*H* + k*~1h*+1) which has to be compensated
first in order to observe the asymptotic rate O(k>H? + k*~1h*). Here we recall that we expect
Csol(u, A, k) to behave as k™ for some positive a. This means that the higher order term is indeed
of certain relevance, because it requires the resolution H < Cioi(u, A, x)~ /4,1 and (for k = 2)
h < Csor(u, A, k)~"/3571/3 to become small. For our discretization, this is a slightly stronger
condition than for the dominating term where we only require H < x~!. Hence, we can expect a
short pre-asymptotic convergence regime caused by this additional resolution condition.

Note that error estimates indicate the same resolution conditions for the H!-error and the error in
energy, but an even stronger resolution condition for the L2-error. In fact, for the L2-error even the
asymptotic rates show a dependence on Cyoi(u, A, ). In the proofs, this constant entered through
an Aubin—Nitsche argument. However, our experiments as well as previous experiments [8, 18]
could not find any indications that there is a stronger influence of Cy(u, A, k) on the L2-error
and we therefore believe that the L?-estimate is still suboptimal with respect to the dependence
on Cyol(u, A, K).

Remark 3.3 (k constraint for h). The error estimates in Theorem 3.2 show, for k = 2, a conver-
gence rate of kh? for the H}-error and a rate of kh3 for the L*-error. The additional r entered
through the regularity estimate ||Allgs S k. Again, we could not find numerical evidence that this
estimate is sharp, and we rather observe constants which indicate ||A|lgs S 1. If this is true,
then we could remove the k-dependence in front of h in all our error estimates. However, due to
our computational limitations for studying very large k-values, it is not yet possible to draw any
definite conclusions from our numerical experiments.

We conclude with a comparison to a standard finite element discretization with Vg instead of
VECP | i.e. both spaces of the same dimension but different approximation properties. The proof
of the following result is analogous to the LOD case by exploiting the abstract convergence theory
from Section 5. Recall that for the case k = 2 we again assume curl H € H'((Q).

Theorem 3.4 (Error estimates for FEM approximations). Let Assumption 2.13 hold and let
(upr, Apg) € Vi x VZ70 fulfill for k=1,2:
E(ug,Apr)= min E(pg,Bp).

(¢m,Bnr)
eV XV;? 0

If (H,h) is sufficiently small with at least H < k™1, then there is a minimizer (u, A) € H'(Q) x
HL(Q) of (2.4) such that uy € (iu)t and it holds
[(w—um, A=Ap)lmxm S &H+E" + Col(u, A k) (K2H? + &M 1R,
Furthermore, for any e > 0, we have
l(u —up®, A — Ap )l L2 xee
< (KEH? 4 RFTIRMT 4 2R 2020 (1 4 CL v Cuot(u, AL R)) (1 4 Coot(u, A, k) (kH + h)),
and for the corresponding energy error we have

0 < BEWiPP Apg) — BE(u,A) < w2H? + 5277202 4 Coo(u, A, k)2 (kP H* 4 52F72p20H2),

Comparing the results of Theorem 3.2 and Theorem 3.4 we do not only observe that the LOD ap-
proximations converge much faster in H} (third order in H vs. first order in H), but also that the
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necessary resolution condition for small errors is significantly reduced with H < Cyo1(u, A, n)*l/ 4t
for LOD approximations vs. H < Cyoi(u, A, k)~'/?k~! for standard P;-Langrange FE approxi-
mations. Even though the usage of Ps-Lagrange FE for u would relax the resolution condition to
H S Csor(u, A, n)*l/gﬁfl, this would come at the expense of more degrees of freedom (compared
to VOP) and a loss of one order of convergence w.r.t. to the mesh size H. Finally, we also note
that for LOD discretizations the condition H < Cso1(u, A, k)~ /461 is sufficient for reliable ap-
proximations but not necessarily sufficient to observe the optimal third order convergence. This is
seen by rephrasing the H} x H!-estimate as

[(u—um, A= App)llaixa S (1 + Coolu, A, w)(kH + 1)) (x°H® + £"1R5),

~

i.e. we need Csoi(u, A, k)(kH + h) < 1 for optimal order.

3.2. Construction of V};°P through approximations of A. As mentioned above, A is an
unknown of the problem and therefore it is not possible to construct the approximation space V5P
for u, as long as we do not have a sufficiently accurate approximation of A. The influence of such
an approximation is easily traceable as it only influences the construction of V5P = (1 — C)Vy
through the correctors C given by (3.3). To make this precise, let A € H(€2) N L>(Q) be an
arbitrary approximation of A such that || Az~ +||A[z= < 1 (for some bound possibly depending
on the external field H). In this case, Lemma 3.1 is still valid and a3 (-, ) is coercive on W. We
can hence consider the two correctors: the original correctors Ca : H'(2) — W (which coincides
with C in (3.3)) and the approximate corrector C4 : H*(Q) — W which are respectively given, for
¢ € H'(Q), by

LOD (

LOD LOD
ay O O

CA()D?w) = ap (@7/“)) and aA (CA%U)) = (J’XOD(()Daw)

for all w € W. Since Ca is H}-stable with [|[Ca¢|l 1 < 2(1+[|A| L= )?[l¢llm: < llellm: we conclude
with ||Al L~ + [|A]z= < 1 that

3lICav —Cavltn < a5°P(Cap — Cap,Cap —Cay)
= (a5 = a7P)(p,Cap — Cap) + (X" — a3°P)(Cap,Cap — Cap)

S A —Al=[ICae —Caslluy o]l az-
Consequently, we have

(3.6) ICay —Cavllm < 1A= Al ¢l

With this estimate, we can revisit all error estimates and observe that it results in an additional
error contribution which is at most of the order |A — A||p~. To avoid an overly technical presen-
tation of our proofs, we omitted this contribution in our error estimates.

From a practical perspective, a suitable approximation A of A can be obtained by exploiting that
minimizers are found in an iterative process computing (u"*1, A"*1) from a previous approxima-
tion (u™, A™). The detailed setup for the iterative solver based on a discretization of the L2-gradient
flow is described in Section 7.1. We emphasize that we empirically observed that the iterates A"
converge significantly faster to A, then u™ converges to u. Intuitively, this is not surprising since
the vector potential has typically a simple structure where even |A||g= is bounded independent
of k. On the contrary, v has a complex vortex structure that requires many iterations to form
and which is heavily impacted by larger x values. Consequently, it is possible to construct the
LOD space in every step based on the current iterate A™ and update it for the first few iterations.
Once A™ is converged and stabilized for some m € N we keep the LOD space constant for the
remaining iteration process until u™ converges. The additional error contribution ||A™ — Al|p«
(according to (3.6)) is typically smaller than ||A™ — A||g: for the final iteration n > m, because
of the expected linear convergence of the iterative solver (i.e. 8" for some 0 < 6 < 1) and the fact
that the L®-error of smooth functions in FE spaces converges faster than the H!-error. To obtain
more reliable approximations we update the LOD space a few more times during the remaining
iteration process. A full error analysis of this scheme, including the approximation error from the
iterative solver, is beyond the scope of this paper and left for future work.
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4. ANALYTICAL PREPARATIONS

Before we can start with the error analysis, we require a few more analytical preparations regarding
the regularity of certain auxiliary functions which later appear as solutions to a dual problem in
an Aubin—Nitsche argument. Furthermore, we state an alternative representation of E” (u, A) that
will be useful for the aforementioned duality arguments. To keep the notation short, we introduce
two bilinear forms that are used for the rest of the paper. For that, assume that (u, A) denotes a
(fixed) minimizer of (2.3). For ¢, € H'(Q2) and B, C € HL(Q) we define

i i . .
(4.1a) aa(p,) = Re/Q(EVgD + Ayp) - (va +AY) + (JAP + 1)py* do
(4.1b) b(B,C) = / curl B - curl C + divB divCdz .

Q

We note that the bilinear form in (4.1a) is coercive and bounded with respect to the H!-norm with
constants uniformly bounded in &, see [18, Lemma 2.1], and the bilinear form in (4.1b) is coercive
and bounded with respect to the H:-norm, see [35, Theorem 3.9], where the respective norms were
defined in (2.6). We start with a lemma that characterizes the regularity of solutions to problems
that involve either the bilinear form aa (-, -) or the bilinear form b(-, -).

Lemma 4.1. (a) Let £ € L2(2), then there exists a unique B € HL(Q) NH?(Q) such that
b(B,C) = (f,C)z>  forall C € H:(Q)

and it holds
B[z S Ellzy-  and  ||Bllg2 S [If]|z2-

(b) The bilinear form aa (-, ) is coercive and continuous on H(Q) with constants independent of k.
In particular, since (iu)* is a closed subspace of H*(Q), there is for each f € H*(Q)* C ((iu)*)*
a unique o € (iu)* such that

aa(p, ) = (f,4)  for all € (iu)*
and ||| g1 S fll(arys - Furthermore, if f € L*(Q), then ¢ € H*(Q) N (iu)* and it holds
lellaz S (112
Proof. (a) Since Q is a cuboid, the results in [35, Lemma 3.6, Theorem 3.9] are applicable and give

the coercivity of b(-,-) on HL(£2). This yields the unique solvability for any f € L?(2) and the
corresponding stability estimate. The H?2-estimate follows from Theorem 2.6 for the case H = 0.

(b) The result is covered by [18, Lemma 2.8]. O

The next lemma gives an alternative representation of E”(u, A) for minimizers (u, A).

Lemma 4.2. Let (u,A) € HY(Q) x HL(Q) be a minimizer of (2.4) with the regularity established
in Corollary 2.9. Then, it holds for all (¢,B), (v, C) € HY(Q) x HL(Q)

(4.2) (E"(u, A)(¢,B), (,C)) = aalp,¥) + b(B,C) + A((¢,B), (v,C))

for some continuous bilinear form E(, -) with the following properties: For each € > 0 there exists
a constant C. (independent of k), such that

(i) Fory =0:
1A((¢.B),(0,0)| S (Cerllellmz +1IBl2) [ICllz S Cer|[(2,B)|[ ez ey [|Cll L2
(i) For C=0:
1A((@:B), (¥, 0))] S (lellzz + IIBllm) [[¥ll2 S 110, B xm
(iii) For arbitrary (¢, C) € H'(2) x HL(Q) :

1A((¢.B), (%, C))| < (llellze + 1Bl ) (1] 2 + [ICllar2).-

Pllz
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Proof. First, note that by using (2.11), we can identify 5(, -) as

K(((p, B), (¢, C)) = —Re /Q(|A|2 + 1)<P¢* dz + Re /Q(|u|2 — 1)<p1/)* + w4 Jufoy* dz
—|—Re/Q 2(up*)A - C + %(iu*V(p +ip*Vu) - Cdz
—|—Re/Q 2(uwyp™)A - B+ %(iu*Vd) +iY*Vu) -Bdz + Re/Q |u|>C - Bdax.

We estimate the individual terms one after another.

(a) With the embedding H?(Q) < L*°() (in 3d) and the H?-bound for A we have

[Re | (1AF +1)pv dal S llplloallile=

(b) For the second term, we have readily with |u| < 1 that

\RG/Q(MZ = Dv™ + w0y + [ul*ev* dal < [lellpall¥l] e

(c) Using again the L*-bounds for v and A, we have
[Re [ 2ug)A - Cda| S llpllial[Clli.

(d) The fourth term can be estimated in two different ways. On the one hand, we have
ke [ V- Cdal < lella |l

On the other hand, we can apply integration by parts to obtain with Lemma 2.5
|% Re/Qiu*Vga -Cdzx| = |£ Re/Qi(Vu*cp -C+updivC)dz| < l¢llez [|C||m-

(e) The next term is also estimated in two ways. First, by using (2.9) we have

1 . 1 (2.9)
2re [ipVu-Cael 5 Llglle IVullas [Clls % Iielss [l

For the alternative estimate, we apply the Holder inequality for a sufficiently small § > 0
with the coefficients p1 =2+, po = 4*(;—25 and ps = 2 to obtain with (2.10)

1 . 1 (2.10)
ke [ ipVu-Cdal S Lllellissl[Vullpssosl(Cll 5 G lillzase ICia,
Q

where Cs depends on ¢ through [|Vu||pa+2s/s < Cragas)/s k. To estimate |[p|] 245, we
use the Gagliardo—Nirenberg interpolation estimate [9] which states in our case (by log-
convexity of LP-norms) that

1—
lellzaes < llollzllellzs  for es = 3535

Since [|¢|[r2 < [l@|lm and [[o|[rs <
estimates that

]. P — g g
|ER6/QI<P Vu-Cda| < Csllelly™ (sllellm) [IClle = Cs k% [lellm [|Cl]z.

%||¢|| 2, we conclude by combining the previous

Note that es — 0 for 6 — 0.
(f) The sixth term is readily estimated with the L* bounds for u and A as

|Re/ﬂ2(u¢*)A'de| S Wllzl|Allz=[Bl[Lz < [l9fz2([Bl] L2
(g) Analogous to (d) we obtain the two estimates

1 . 1 -
ohe [ Ve Bdel S [0l Bl and | Re [ wVe-Bdsl £ (0]l Bln.
Q Q
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(h) We can proceed as for the first estimate in (e). Using (2.9) we have ||Vu||rs+ < & and hence
Re [ uBdal S Wil Fulls Bl £ (122 1Bl
(i) Finally, we also have

Re [ uPC-Bds| < [[B]12]C]l1o
Q

By combining the previous estimates we obtain two alternative estimates for &((g&, B), (¢, C)):

A((¢.B), (. C)| < lelle(lllrz + [[Clla) + Bl 19l 2 + [[Bl|z2]|Cll 2
and
1A((¢.B), (., C))| < (lellee + [IBlla)ll¢llzz + (Ce &%l 1 + IBl|z2) ||C]| e

Both estimates together prove (7)-(iii). O

Later we will consider auxiliary problems based on the operator E”(u, A). The following proposi-
tion yields H2-regularity estimates for the corresponding solutions.

Proposition 4.3. Let (p,B) € (iu)t x HL(Q) be the solution of (2.13) with £ = (f',F?) €
L?(Q) x L%(Q). Then (p,B) € H?(Q) x H%(Q) and, for any ¢ > 0 and some constant C- > 0, it
holds

lellm S 11 e + Coor(u, A, k) [Ifl| 2 xre,
IBllgz S [IF?]2 + Ce k7 Coor(u, A, K) [|f[| 22

Proof. Using (4.2), we first note that we can rewrite the problem as
aale, ) +0(B,C) = (£, (4.C)) - A((¢,B), (1, C)).
With this, we divide the proof in two parts and study the regularity separately.
(a) Setting C = 0, yields that ¢ € (iu)* solves for all ¢ € (iu)*
aale.) = (£,(1,0)) = A((¢, B), (¢,0)).
We estimate the right-hand side with Lemma 2.15 and Lemma 4.2 by

(£, (1,0)) = A((,B), (¥, 0)| < (1 z2¥]lz2 + [0, Bl mra srs ||| 2
< (I e + Coor(u, Ay R)IE]| L2 2 ]| 2,

ie., (f,(-,0)) — A((¢,B), (-,0)) € L*(Q)*, and hence by Lemma 4.1 (b) we have ¢ € H?(Q) with

m2 S e + Cool(u, A ) [[£]| L2 e

|0

(b) Setting 1 = 0, then B € H](Q) solves
b(B,C) = (£, (0,C)) - A((¢, B), (0,0))
for all C € H!(Q). We estimate the right-hand side with Lemma 2.15 and Lemma 4.2 by
|(£:(0,©)) = A((, B)| < (IIF?|| 2 + C: 5° Coon(u, A, 1) || 2x12) ||C 2
and hence by Lemma 4.1 (a) we have B € H2(2) and
IBllzz < (1?2 + Ce 67 Coor(u, A, k) || L2 xr.

This proves the claim. O
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5. ABSTRACT ERROR ANALYSIS

As a basis for our error analysis in FEM and LOD spaces, we will start with some abstract
convergence results in this section. For this, we consider an arbitrary family of (non-empty) finite-
dimensional spaces

Xy % Xne) C H'(Q) x Hy(Q)

which are parametrized by a small parameter 6 > 0. The notation H(J) and h(0) is used to indicate
that different mesh sizes could be used for the approximations of order parameter and magnetic
potential. We further assume that functions in H'(Q2) x H.(Q2) can be approximated by arbitrary
accuracy in the sense that for each (¢, B) € H'(Q) x HL(Q) it holds
lim inf |
=0 (¢u(s),Bn(s))
EXp(5)XXn(s)

(0 = vrE) B = By@))llgrxm = 0.

This assumption is fulfilled for all reasonable families of standard approximation spaces, such as
finite element spaces. For brevity, we skip from now on § in the notation and just write H = H(0)
and h = h(J), unless the role of ¢ is explicitly required. With this, we are looking for discrete
minimizers of

5.1 E(uy, Ap) = i E(on,B
(5.1) (um, An) onm (¢m,Bn)

which thus satisfy
OuE(up,Ap)on =0, for all pg € Xg,
GAE(uH,Ah) B,=0 for all B, € X,,.
The following lemma provides uniform bounds on the discrete minimizers only using the minimiz-

ing properties. The bounds are in line with the respective bounds obtained for the continuous
minimizers.

Lemma 5.1. Let (ug, Ap) be a minimizer of (5.1) in Xpg x Xy,. Then it holds
Eum, An) S luwalley + llualles S, [[Asllar $1

with hidden constants independent of k and §, but depending on the external field H.

Proof. Since (0,0) € Xy x Xj, we obtain the bound on the energy. Further, as in [18], we obtain
[lum|lrz S 1, and conclude with this

2
lurllzs < /Q(l—IuH\2) do +2l|ugl[f> + 117 < 2B(ug, An) +2|lunl[Z. +[[1]7: < 1.

The H'-bound ||Ax||lgr <1+ |H|z2 <1 follows as in Lemma 2.5. Next, we use the identity
2E(up, Ap) > [|EVug +iApug|i: = [|2Vug|ll: +||Asug|liz + 2Re(2Vuy, iAjug) e,
and bound the inner product via
2Re(y; Vur, iApun)re < 2|15 Vugleel|AnllzaJun e < 5115 Vunllze + 20| Anlfallum 74,

to conclude ||+ Vug|[r2 < 1. O

This allows us to conclude the following abstract convergence result, which is fully analogous to
[18, Prop. 5.1].

Proposition 5.2. Denote by (ug sy, Ans))s>o0 a family of minimizers of (5.1). Then, there exists
an exact minimizer (ug, Ag) € HY(Q) x HL(Q) of problem (2.4) such that there is a monotonically
decreasing sequence (0p,)nen With

Jim [[(uo = up(s,), Ao = Ans, )| g = 0.
In particular, we can define the twisted approzimations to ug by

Up(s,) = ei“’“uH((;n), where w, € [=F, 5] is chosen such that m(ugs,),uo) = 0
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which also converge in H, i.e.,

nlilgo|\(uo —Up(s,), Ao — An,)|| 1 xE = 0.

Conversely, for any n, the minimizer ugs,) i an approrimation to €“"ug.

Proof. The proof is along the lines of [11] and [18, Prop. 5.1]. We employ the bounds in Lemma 5.1
and the semi-lower continuity of E, see e.g. [57, Theorem 1.6]. Since we only apply constant
rotations w,, the magnetic potential is unaffected, and the proof in [18, Prop. 5.1] is applicable. [

In the light of Proposition 5.2 we can assume without loss of generality that the considered discrete
minimizers (ugr, Ay) are such that ug € Xz N (iu)* for a suitable exact minimizer (u, A) to which
we compare it. In such a setting, we derive error bounds for (v — ug, A — Aj) depending on the
best-approximation properties of the space Xy x X;,. For that, we split the error as

(5.2) I(u —wm, A= Ap)llLxa
< [l(u—Riu, A = RpA)[l g2 xrr + | (usr — Rigu, Ay — RpA) | g2 e
for suitable Ritz projections R7 and Ry, based on the bilinear forms a (-, ) and b(-, -) in (4.1). Both

bilinear forms are coercive and continuous by Lemma 4.1. The Ritz projection Rfv € Xz N (iu)*
is defined as the unique solution to

(5.3) aA(Rﬁv,goH) = aa(v,0m) for all o € Xp N (i)t
and the Ritz projection R;B € X}, solves
(54) b( R, B, Ch) = b(B, Ch) for all Cy, € Xj,.

In order to estimate the error through the splitting (5.2), we require the approximation properties
of the Ritz projections Ry and Ry, and an estimate for the defect ||(us — Riu, Ap, — RuA) || g s -
We start with a lemma that allows us to estimate ||(u — Rju, A — RpA)[ 1 < -

Lemma 5.3. Let (u, A) € HY(Q) x HL(Q) be a minimizer of (2.4). Then, for B € HL(Q) it holds
_ < _
(55) B-RiBlu: £ it B~ By

Ifrg : HY(Q) — Xp denotes the L%-projection on Xy and if mgu # 0, then we have for v € (iu)*

sl 1

lv = | L2.

~

1L
(5.6) |[v—=Ryvllmy < [lv—movllp + Tull Lz —u—mrull 2

In particular, if Xg is such that the L?-projection is H}-stable, then we have unconditionally,

—1
n : . lu —wgl| L2
[v—=Rgvllm < leg)f(H v —vella: + (1 — inf =

inf |lv—wo .
wieXu  |[ullm I e

vgEXH

(5.7)

Proof. The first estimate readily follows from the fact that b(-,-) is coercive and continuous on
H!(Q), cf. Lemma 4.1. Analogously, we obtain with Lemma 4.1 that Ri}u is a quasi-best approx-
imation of u in Xz N (iv)*. In order to get a quasi-best approximation on the full space X g with
estimates (5.6) and (5.7), we exploit that v,u € (iu)* and proceed analogously as in [18, Lemma
5.11] to get

(mHYv—v,iu) 2

1
||U—RHUHH; < ||U_7THU+(7rH(iu),iu)L2

o (i) |y -

Estimate (5.6) follows straightforwardly with (mg (iu),iu)r2 = ||ul|3. 4+ (7 (iu) — iu,iv) 2 and by
noting that myu # 0 implies ||[u — Tgul|r2 < |Ju||g2. For mgu = 0, we trivially have the estimate
lv — RJ}}vHHé < [[v = mgv| 1. Next, note that the second estimate in Lemma 2.5 together with
[AllL>~ < |Allg2 < 1 from Corollary 2.9 imply [|ul|g: < [|ul|z2. Hence, if 7y is Hl-stable, i.e.,
Ima vl S llvllmy, then we get

7w rrull 1 lluull g2 (1- w)*l
Tulz—Nu=rmullz ~ Tullpz—Tu=rmullz ~ el

The desired estimate (5.7) follows. O
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In the next step, we study the defect, which we estimate by exploiting the coercivity of E” (u, A).
Therefore, we consider the term

(B" (u, A)(Rppu — upr, RpA — Ayp), (¥, Cr)) = e(u, Ch),
which we decompose into € = €1 4 ¢2 with
(5.8) e1(Y, Cn) = (E"(u,A)(Rju—u,RpA — A), (¢, Ch)),
(5.9) e2(Yu,Crn) = (E"(u,A)(u—um, A —Ap), (Yu,Ch)).

The following two lemmas give the respective estimates for £1 (¢ g, Cp) and ea(¢ g, Cp).

Lemma 5.4. Let (u,A) € H () x HL(Q) be a minimizer of (2.4) and &1(¥g, Cr) be defined as
n (5.8). It holds

1, Cu)l S (Riw — u, RaA — A)|l 22 [|($m, Cr)lla e -

Proof. With (2.11) as well as aa (Rju — u,¥g) = 0 and b( R, B — B, Cj,) = 0 we obtain
e1($n, Cn) = (E"(u, A)(Ru—u,RpA — A), (1, Cp))

=— Re/ (JA]? + 1) (Rfu — u)y dz
Q
+Re [ (uf? = 1) (R — u)iy + (R — )"y + (R — )5 da
Q
1 * 1 sk 1 : 1 *
+ [ 2Re(u(Ryu —u)*)A - Cp, + = Re(iv*V(Rzu — u) + i(Rzu — u)*Vu) - Cj, dz
O K
1
+ / 2Re(utpi)A - (RRA — A) + - Re(iu* Vg + i Vu) - (R A — A) dz
Q

+/ u2(RyA — A)Cy da.
Q
Using

fRei/u*V(RJ}}ufu)~Chdx:Rei/(RlJ}ufu)Vu*'Ch+u*(RJgu7u)divChdz
kJa Kk Ja

we get, again with the uniform L*°-bounds for v and A, that

le1(¢m, Ch)l
S IRgu—ulle2|lmllze + [[Rzu —wllzz([[Chllzz +[|Chllms + || div Chl|L2)
+ [[Ro,nA = Al ([[0mlle + £1IV¥nll2) + [[Ro, A — AllL2]|Chl| L2
< IRGu— w2 + IRu A — Al \fl[9nlBy + CulE
which gives the claim. (|

Lemma 5.5. Let (u,A) € H () x HL(Q) be a minimizer of (2.4) and e2(tp, Ch) be defined as
in (5.9). It holds

le26n, Cu)l 5 (Il —un e+ lu =l + 1A = Anl ) 16, Callarscrre-

The proof is technical and given in Appendix B.
As a direct conclusion from Lemma 5.4 and Lemma 5.5, we have the following theorem.

Theorem 5.6. Let (u,A) € H'(Q) x HL(Q) be a minimizer of (2.4) that is locally quasi-unique
in the sense of Definition 2.12 and let (up, Ap) € X x Xy, be a (discrete) minimizer of (5.1).
With the Ritz-projections Ry; and Ry, given by (5.3) and (5.4) respectively, it holds

(v —vum, A — Ap)llg: e
N ||(U - Rﬁua A — RhA)HH}XHl + Csol(ua A, /Q)H(U; - Rﬁu7 A — IZ{hIA)”L”"XL2

~

(5:10)  + Cua(wArw) (Ju—unlde + Ju—unlly + 1A~ Anl).
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Proof. With the error splitting (5.2) and the coercivity of E”(u, A) in Proposition 2.14, we obtain
= A= Al < 10— Rfu, A — Ry s
(E"(u, A)(ug — Rju, A, — RyA), (uy — Rju, Aj, — RpA))
(s — Riu, Ap — RaA) | g2 e

+ OSOI(U, Aa K/)

8),(5. — Rju, A, —RLA
GRG0 R, A — Ry A) Py erns + Coor(, A, ) e = Rt A — Ry &)
; [(urr — Rgu, Ap — RpA) || g1 e
where the last term is estimated with Lemma 5.4 and Lemma 5.5. O

Even though Theorem 5.6 looks promising on its own, it only gets meaningful when used in
combination with Proposition 5.2. The reason is that (u, A) and (ug, Aj) might not be unique
(even aside from gauge transformations). Hence, the higher order remainder term ||u — ug||2s +
lu —u HH%& + ||A — A3, is not necessarily small. However, Proposition 5.2 guarantees that

for each discrete minimizer (ug, A}j) there is a corresponding exact minimizer (u, A), such that
[(u—um, A — Ap)||a1 xr becomes arbitrarily small for (H(6),h(d)) — 0. Hence, we can absorb
the higher order term on the right-hand side of (5.10) into the left-hand side. With this, we obtain
the following conclusion.

Conclusion 5.7. Let Assumption 2.13 hold and let (up, Ap) € X xXp, be a discrete minimizer of
(5.1). Then, for all sufficiently small (H(6), h(5)), there exists a minimizer (u, A) € H*(Q)xH.(Q)
of (2.4) such that uy € (iu)* and

(v —vum, A — Ap)ll g
< ll(u—Riu, A = RuA) | mixir + Coot(u, A, )||(u— Rgu, A = RyA)|| 122,

~

with constants independent of k and (H,h).

We finish the section on abstract error estimates with an estimate for the error in energy.

Theorem 5.8. Let (u, A) € H'(Q) x HL(Q) be a minimizer of (2.4) and (ug,Ay) € Xg x Xj a
corresponding discrete minimizer of (5.1). Then, the error in the energy is bounded by

E(um, An) — BE(u, A) < [[(u—um, A= Ap)|E e + luml|Lollu — ualfe + llu—unl 7.

with constants independent of k and (H,h). Note here that E(u,A) < E(ug, Ap,).

If § (and hence (H,h)) is sufficiently small and (upg,Ay) converges to (u,A) in the sense of
Proposition 5.2, then ||ug||rs < 1 and it holds

E(um,Ap) — E(u, A) S [[(u—up, A = Ap)|[F -

Proof. The proof follows similar arguments as in [18, Lemma 5.9]. With the notation

N(u, A) ::%/ %(1—|u|2)2+\curlA—H|2—|cur1A|2da:7
Q

we can write the energy as
E(u,A) = $a°"(u,u) + 1b(A, A) + N(u, A).
With this, we expand the energy error as

E(UH,Ah) — E(U,A)

= 2a 0% (um, un) + 5b(An, Ap) + N(ug, Ap) — 30377 (u,u) — $b(A, A) — N(u, A)
= %aIAOD(uH,uH) + %b(Ah,Ah) — %aIAOD(u,u) — %b(A,A)
=1
+ 3a0° (up, ug) — 300" (up,up) + N(ug, Ap) —N(u, A).
=T =15

We now treat these terms separately.
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(a) With Lemma 2.2 we write
L = 1a50P (u —ug,u—up) + (A — Ap, A — Ap) — aC%(u,u—ug) — b(A, A — Ay)

BOLMZ0 110D ugg) + SB(A — Ap, A — Ap) + Re/(|u|2 — Du(u — ug)* dz
Q

+Re/ [ulPA - (A —Ap) + 1 (u*Vu- (A—Ap) —H-curl(A — Ay) dz.
Q

(b) Concerning I, we compute

L = $aC°(up,up) — 5007 (um, um)

= %/|éVUH+AhUH\2—|éVuH+AuH|2dx
Q

_ Re/ Eug - (Ag — Al + SAR? fugl? — LIAP Jug? da.
Q

(c) We now turn to I3. In the proof of [18, Lemma 5.9] it was shown that for ey = u — ugy
2 2 X
(1= Junl®)” = (1= |ul*)” =41 — |u]*) Re(u(u — ug)*) + h.o.t(en),
with h.o.t (em) = 2(Ju|? — 1)|ex|* + (Jer|* — Re(u(em)*)?)? being a higher order term. With this

we obtain

2 2
I3 = %/ﬂ%(l—\uHP) —%(1—|u|2) +2H - curl(A — Ay)dx

- / (1— Juf?) Re(u(u — ugr)*) + H - curl(A — Ap) dz + / ho.t (ex) da.
Q Q
We are ready to sum up I, Is and I3. By noting that

sIALPun]? — SIAPug” + [APul* = (An - A)|ul?
= (AP = |AP) (Juul?® = [u?) + 3[Ap — AP|uf?
we obtain

E(uy,Ap) — E(u,A) = %al;\OD(u —ug,u—ug)+ %b(A — AL A—Ay)

+3 /Q(|Ah|2 —|AP)(Jun|* = |uf*) + |Ap — AP Jul® dz

+Re/ L ((u* —u’}{)Vu—i-u’;I(Vu—VuH))~(A—Ah)dx—|—/ h.o.t (ey)dx
o o

S llu—unlf + [An = Allf + A = Apllzo[[|A] + [Apllzollu — w22 | Jul + Jun|| 2o
A = Apllzall; Vullpallu = un iz + 15V (u = up)l| e um ]| 2a||A — Al s
Hlu—upllie + llu—uml|zs

S llu—unliy + 1An = Allfp + luglliele —umlZs + v —um L.

~

For the latter part of the theorem, recall that Proposition 5.2 ensures |jug—u| s S ||lug—ulgr — 0
for (H,h) — 0. Hence ||ug||rs < ||ul|ps+||um—u| s is bounded independent of k. Furthermore, the
higher order term ||u—ug |74 is asymptotically negligible and can be absorbed into ||u—ug||3,. O

6. ERROR ANALYSIS IN THE LOD SPACE

We are prepared now for the error analysis in the LOD space and for proving the main results
stated in Section 3. For that, we shall apply the results from Section 5 with the choice (Xpg,Xy) =
(VEOP, Vl}i,o) In the first step, we need an auxiliary result, which is an inverse inequality in V};°P.
The proof is given in Appendix B.

Lemma 6.1 (Inverse inequality in VE°P). Assume H < k™1, then it holds

LOD

Vi

e S el for all VEOP.



A MULTISCALE APPROACH TO THE STATIONARY GINZBURG-LANDAU EQUATIONS 23

Next, we specify the approximation properties of the corresponding Ritz-projections RIJ; : (i)t —
VEOPA(iu)t and Ry, : HL(Q) — VZ,O given by (5.3) and (5.4) respectively. We obtain the following
result.

Lemma 6.2. Assume H < k1. Let (u,A) € HY(Q) x HL(Q) be a minimizer of (2.4) and
(v,B) € (iu)t x HL(Q). If further (v,B) € (H%(Q),HY(Q)) with Vv - v|pq = 0, then the
Ritz-projections onto VEOP N (iu)* and Vﬁ’o, for k=1,2, fulfill

IB—RpBllr2+h|B—RpBlmn < AT B| e

~

and

lv = Rivllzz + wH o = Ryollwy < (wH)?||v] a2

~

Furthermore, for the minimizer wu itself, we even have superconvergence with

lu = Ryull 2 + #H lu = Rpullwy S (kH)"
Proof. Applying Lemma 5.3 and the approximation properties of Lagrange FE spaces, we im-
mediately have |B — RyB| g1 < h¥||B||gr+1 and the estimate for |[B — RyB| 2 follows with
Aubin—Nitsche.

For the bounds involving R3;, we first have to verify that the L2-projection 7P : H'(Q) — VEOP
is H!-stable. For that, let us denote the direct aa (-, -)-Ritz-projection by RLOD : HY(Q) — VEOP
(i.e. without orthogonality constraint for iu). We obtain with the inverse inequality from Lemma

6.1
v —RE " vllm + IRE v — 750 1 + ||vll

vl + 7 IRE v — 7w P ]|

1wl

vllm + 7 IREPv = vllee + o llm v — vl e

IN N N IA

vl + ZFIRE v — vl < vl

where we used in the last step that |Rf"v — vl|p: < &H||RE v — vl S kH||v|| g2, which is
proved in [8, Lem. 4.4]. Since mkPP is H}-stable we can apply the last estimate of Lemma 5.3. For
that, we can use the following two estimates which can be extracted from [8, Lem. 4.4]:

: _ ,,LOD <
oo I = Py 5
and
inf lv —vEPP |2 S kH inf v =052 -
LOD ¢y LOD »LOD ¢y LOD

Note that the estimates require Vv - v|gq = 0. Using the above estimates in equation (5.7) of
Lemma 5.3 we obtain

lv=Ripollmy < wH[vllgz + (1= wH) ™ (Hr)[|v] 2

~

RH0] a2

<
< (kH)* from [8, Lem. 4.5

Slmllarly, we can use the estimate ||RyPu—ul| 2 +cH ||REPu—ul| g
n (5.7) to obtain

lu =Ryully S (xH)*+(1—xH)" (Hr)* S (xH)”.

~

It remains to estimate ||v —R3v| 2. Here we use an Aubin-Nitsche duality argument. We consider
the unique solution z € (iu)* with

aa(p,2) = m(p,v — Ryv) for all ¢ € (iu)*
to obtain
lv—=Ryvllz: = aa(v—Ryv,z—Ryv) < v —Ryvlmllz - Ryzlm.

As in [18, proof of Lem. 2.8] and [8, proof of Lem. 4.6] it can be shown that ||z — RﬁzHHé S

kH ||v—Rv| 2. Hence, we have ||[v—Ryv| 2 < wH|jv— Rﬁv”Hé for all v € (iu) which finishes
the proof. O
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We are now in the position to state the H!-error and energy error estimate as a direct consequence
of Conclusion 5.7, Theorem 5.8, Lemma 6.2 as well as the regularity estimates from Lemma 2.10.

Proposition 6.3 (H'-error and energy error estimate). Let Assumption 2.13 hold and let (ugP®, Aj5M) €

VEOP x V}’i,o be a discrete minimizer fulfilling 3.5 for k = 1,2. Then, for all sufficiently small mesh
sizes (H,h), there exists a minimizer (u, A) € H*(Q) x HL(Q) of (2.4) such that utPP € (iu)*
fulfills

[(uw—up"® A= A . S KEH? + kFIRY 4 Cuor(u, A, k) (K H* + kF71RFTL),
and
E(uLHOD’AZECM) _ E(U,A) 5 HﬁH6 T H2k_2h2k + Csol(u,A,K)Q(HSHs T /€2k_2h2k+2),

where the hidden constants in the above estimates are independent of k and (H, h).

It remains to turn to the L?-error estimate.

Proposition 6.4 (L2-error estimate). We consider the setting of Proposition 6.3. It holds, for
any € > 0,

I — wb9°, A — ALEY) s
< (kH +h) (K3 H? + £*71hF) (1 4 C. k% Cor(u, A, k) (1 + Coot(u, A, k) (kH + h)),
with hidden constants independent of k and (H,h).

Proof. For the error (exr, Ep) = (u — up’®, A — AJEM), let (2,Z) € (iu)* x HL() be the corre-
sponding solution to the dual problem

(E"(u,A)(¢,B),(2,2)) = ((er, Ep), (0, B)) L2 %12 for all (p, B) € (iu)* x HL(Q).

The problem is well-posed by Proposition 2.14 with ||(2, Z) || g1 w11 S Csol(u, A, k) || (ex, En) | L2 xL2-
We obtain

l|(eq, Eh)”%?XL? = <E”(u7 A)(er,En), (2,2))
= <EN(U” A)(eH7 Eh)a (Z - RIL-IZ7 ha)> + <EH(U, A)(BH, Eh)v (R§Z7 ha)>
(6.1) = E'+(Rpz, RuZ),

where e is as defined in (5.9) and estimated using Lemma 5.5 as
e2(Rtr=,RaZ)| S (llewlFa + lenllfyy + 1Bl ) IRz RAZ) |y xon
S CoalusAsw) (llew 3o+ lenlfry + 1BnlEn ) 1l (en, Bz cus.

Here we also used the stability of the projections RJH and Ry. It remains to estimate the first term
n (6.1). With Proposition 2.14, Proposition 4.3 and Lemma 6.2 we estimate

E' < l(em Bl i ||(z = Rz, Z — RuZ)| g1 e
(kH[|2]| gz + hl|Z]m2) (e, By <
(vH + h)(ll2ll 2 + 11211 12) || (exr, Bp)l 2 cers
(KH +h) (14 Ce 7 Csol(u, A, 5)) [[(err, En) || L2 xr2 || (e, En)|[ gy xcmr
Combining everything yields
(e, Ep)llr2xre S (KH +h) (1 + Ce 5% Coor(u, A, &) [|(er, En)|| 1 xm

~

+ Cuorlt, A1) (llem o + llenll3y + 1Bl )

AR ANRZAN

Using [leg||zs < kller|lmy, the last term is of order ||(es, En)||31 3y and is hence negligible for
sufficiently small (H, k). The proof is finished by Proposition 6.3. |
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7. NUMERICAL EXPERIMENTS

In this section we verify our theoretical results from Theorem 3.2 in numerical experiments and
investigate the optimality of the convergence w.r.t. the mesh size H for the order parameter u
and the mesh size h for the vector potential A as well as the scaling of the convergence w.r.t. the
GL parameter k. The implementation for our experiments is available as a MATLAB Code on
https://github.com/cdoeding/fullGLmodelLOD.

For the experiments we choose the LOD approximation for the order parameter u and quadratic
FE (k = 2) for the vector potential A. The latter choice has two reasons: First, considering either
k =1 or k = 2 is sufficient to demonstrate the main results numerically, since the difference in
the analysis is based on standard properties of Lagrange finite elements and there is no reason to
expect a different behavior in the case k = 1, except for the lower order w.r.t. h and k. Second,
due to the higher convergence in the case of quadratic FE, it is easier to extract the expected third
order convergence in the LOD space by taking sufficiently small h in the experiments.

Another simplification we make is a reduction to two dimensions to keep the complexity and
runtimes reasonable in our experiments. We emphasize that the main results and the analysis in
this work are not restricted to the three-dimensional case, but can be modified to the problem in two
dimensions. To derive the corresponding Ginzburg-Landau model in 2d, one intuitively considers
a 3d external magnetic field H which is perpendicular to the z;-x5 plane, i.e., H = (0,0, H3)7 for
some scalar function Hs. Then the order parameter and the vector potential should not vary in
the x3-direction as far as we stay away from the x3-boundary of the superconductor, i.e., Oy, u =0
and 0;,A = 0. This implies that the third component of the vector potential has to vanish and
one derives the Ginzburg-Landau free energy in two dimensions

1
Ecrq(u, A) = / |7Vu + Aul® + (1 — |ul ) + | curlyg A — Hs|? dz

for the reduced 2d-vector potential A : ) — R? and the reduced order parameter u : 8 — C where
now Q C R? is a rectangle. Here curlyg denotes the conventional 2d-curl-operator mapping vector
fields to scalar functions. Setting up the previous analysis in two dimensions and introducing the
stabilized energy

Esq(u, A) == Ecr24(u, A) + / |div A|? dx

one can derive the corresponding results of Theorem 3.2 in 2d using fully analogue arguments. For
the sake of readability and brevity we omit this case in the analysis of this work and drop the 2d
subindices in the following and write H = Hs.

7.1. Gradient descent method. Our implementation to compute a discrete minimizer of the
GL energy relies on an implicit Euler discretization of the L?-gradient flow, based on the previous
works [8,18]. Let us assume that we have constructed the LOD space VLOD and let us pretend for
the moment that it does not change during the iteration. Taking the Lagrange FE space VZO for
the vector potential A into account, the implicit Euler discretization of the L?-gradient flow seeks
for (ufy, Aj) € ViOP x Vi o, n € N, satisfying

m(uy " on) =m(uy, en) — T OEWET AT eon for all o € V5P,

(A} By) = (A}, By,) — 7OAE(u™, ATTHB,, for all B, € VJ

for some step size 7 > 0 and suitable initial values (u%, A}) € V°P x V) ;. This nonlinear system
is further simplified by linearizing the Fréchet derivatives on the right-hand side at the previous
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iterate (u%, A}), that is

OuE (™ Ay pn ~ aiGP (i om) +P~e/Q (| = Vg oy do =2 (f (uly, AR)ul™ on),
OAE(uT AT THBy, ~ b(ATT By) + /Q [y PAPT By, da

1
+/ - Re (1(u?[)*VU?I . Bh) —H:curlBy, dz =: <F(U%,AZ+1),Bh>-
Q

Plugging this into the discretized L?-gradient flow leads us to the iterative scheme

n+1 V}L[OD

o) =m(uly, on) — T (f(ul, Auy™, on) for all pp €
(A} By) = (A}, By) — 7 (F(ufy, A}, By) for all B, € VJ .

Note that every (local) minimizer is a stationary point of the iterative scheme and, vice versa,
every stationary point satisfies at least the first order condition for a (local) minimum. Since,
in practice, the iteration is energy diminishing for sufficiently small 7 > 0 we may find a (local)
minimizer of the GL energy in V5P x V ho as a limit of the iteration. A rigorous convergence
analysis of the scheme is much more involved and left for future research.

Let us now come back to the fact that the LOD space V5°P is constructed by the unknown
minimizing vector potential A or, as discussed in Section 3.2, at least by a suitable approximation
A which are a priori unknown. To overcome this problem we incorporate an adaptive sequence of
LOD spaces in the iterative solver. Given the iteration (uy, A%) € H'(Q) x HL(Q2) at some step
n € N we can adaptively define the LOD space for the next iteration based on the bilinear form
a{j‘f;’iD(, -) according to Section 3. Denoting this LOD space by V9P C H'(2) we can define an

m(ufy

T

adaptive iterative scheme that seeks (uf;, Aj) € V9P x VF ; such that

m(uy on) = m(uly, on) — T(f(uly, Afup ™ en)  forall gy € VigP

(AT By) = (A}, By,) — 7(F(uly, A7), By) for all By, € V.

Practically, computing a new LOD space in every iteration is way to expensive. To obtain a
method with feasible cost we choose an empirical updating strategy of the LOD spaces: For
the first 10 iterations, we update the LOD space in every step. Then the LOD space is kept
constant until a multiple of 100 steps has been computed and is then updated again. In our
experiments, the vector potential component of the iteration converges quite fast and stabilizes
after a few steps so that this seems to be a valid updating strategy to keep the computational cost
feasible. Furthermore, we terminate the iteration when the difference in energy of two iterates
|Eor(u™t, Antl) — Eqp (u™, A™)| approaches a given tolerance g0 > 0.

7.2. Model problem and numerical results. The model of our numerical experiments consid-
ers the GL energy on the two dimensional unit square Q = (0,1)? C R?, with the external magnetic
field

H(z) = 10sin(mrzy ) sin(rzs), = = (r1,22) € Q,

and the particular values for the GL parameter k = 6,12,18,24. We compute the discrete mini-
mizers with the LOD approximation for the order parameter v and quadratic FE for the vector
potential A with the iterative solver described in Section 7.1. We choose the mesh sizes H = 277
and A = 272 and compute the minimizers up to a tolerance of ey, = 10710 with the step size
7 = 1. For the practical realization of the LOD spaces we solve the corrector problems from (3.3)
with P;-Lagrange FE on a fine mesh with mesh size hgne = 277 and with a localization to £ = 10
oversampling layers; see [8] for details. The computed discrete minimizers are shown in Figure
1 and the corresponding energy values are given in Table 1. These solutions serve as reference
solutions for the subsequent experiments and are for convenience again denoted by (u, A).

In the order parameter u (Figure 1, top row) we see the expected vortex patterns, known as the
Abrikosov lattice, that occur in type-II superconductors penetrated by external magnetic fields.
The vortices are well resolved by the LOD approximation space, consistent with the observations
of [8] for the reduced Ginzburg-Landau model with given vector potentials A. The number of
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FIGURE 1. Minimizers (u, A) for k = 6,12,18,24 (left to right) computed with
the LOD approximation in the order parameter u and quadratic FE for the vector
potential A. Top row: order parameter |u|. Middle row: vector potential A
(plotted on a coarse mesh). Bottom row: curl A of the vector potential.

K 6 12 18 24
Ecr(u,A) | 0.393563 | 0.271846 | 0.208339 | 0.182871

TABLE 1. Approximate energy Eqr(u, A) of the minimizers for k = 6,12, 18, 24.

vortices increases and their diameter decreases while the GL parameter k increases. Looking at
the vector potential A (Figure 1, middle line), we clearly see that no special vortex-like structure
appears in the vector potential. This justifies the choice of a standard FE discretization for the
vector potential A. The physically relevant observable is curl A, shown in the bottom row of Figure
1, which describes the magnetic field inside the superconductor. As expected, it is aligned with the
external magnetic field H. Furthermore, we observed during the computation that the alignment
stabilizes after a few iterations, so our strategy for updating the LOD space is empirically justified.
The challenging variable is the order parameter as we have seen that it takes a lot of iterations
until the right vortex-pattern appears and the gradient flow converges.

Next we investigate the error of the approximations of the minimizers and its dependence on
the mesh sizes H,h and on the GL parameter s as stated in Theorem 3.2. For the first experi-
ment, we choose a fixed fine mesh size h = 277 for the vector potential A, different mesh sizes
H = 2-{23456} for the LOD approximation in the order parameter u, and compute the errors
|u = ufPP || g2 and |lu — upP|| L2 to the reference solution for the different values s = 6,12, 18, 24.
All other parameters are chosen as for the reference solutions above. Due to the fine mesh size
in the vector potential we can expect that the overall error (u — ufpP”, A — AJTEM) is dominated
by the error in the order parameter. The results are depicted in Figure 2. We observe after a
short pre-asymptotic phase an order three decay of the H!-error w.r.t. the mesh size and an order
four decay of the L?-error w.r.t. the mesh size. The pre-asymptotic phase is explained by the
resolution condition H < Cyoi(u, A, k)~/*k~! that we previously discussed in Section 3.1 after
Theorem 3.2. For H = 275 both the errors start to stagnate which is most-likely due to the fine
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FIGURE 2. Error of the order parameter u for the mesh sizes H = 2~ 12:3:4.5.6}
h = 277 and LOD parameters hgne = 272 and ¢ = 10. Left: s-scaled H!-error
K3 lu — uPP || g1 . Right: k-scaled L?-error £~ *||u — ufPP|| 2

scale discretization of order O(hgpe) that we used to solve the local corrector problems for the LOD
space. This behavior was also observed in [8] and we refer to it for a more detailed discussion. Let
us now turn to the x-dependence of the error. We point out that in Figure 2 the H!-error is scaled
with a £~ pre-factor and the L2-error with a x~* pre-factor respectively. We observe that the
error curves are almost on top of each other as k varies and emphasize that a different k-scaling
of the error leads to a significant difference between the error curves. Therefore, we conclude that
the x3-dependence (resp. x*-dependence) of the H}!-error (resp. L2-error) in our theoretical con-
vergence result is optimal. Summarizing, the numerical experiments verifies the O(k*H?) (resp.
O(k*H*)) decay of the H!-error (resp. L2-error) in the order parameter u as proved in Theorem 3.2.

10°
k=06
o -k =12
107 ;=18 -7
) - . 102
T =
< 1o
I 102 |
< <
108
10»4 L L 10-8 L L
1072 107! 1072 107!
h h

FIGURE 3. Error of the vector potential A for the mesh sizes h = 2~{2:3:45.6,7}
H = 27% and LOD parameters hgne = 272 and £ = 10. Left: H'-error ||A —
A7 Right: L2-error ||A — ALz

In the next experiment we extract the convergence in the vector potential A. We fix a small
mesh size H = 27° for the order parameter, vary the mesh size h = 27{23456.7} for the vector
potential, and compute the errors |A — A5 |gn and [|A — A} ||z, Again all other parameters
are set as before and we can now expect that the overall error is dominated by the error in the
vector potential A. The results are shown in Figure 3 where we can see that the H'-error decays
in a clear asymptotic phase with a rate of two w.r.t. h after a short pre-asymptotic phase for the
larger values k = 18 and k = 24. The pre-asymptotic phase is now explained by the resolution
condition h < Csor(u, A, k)~ /3k~1/3. This coincides with our theoretical findings from Theorem
3.2. But, in view of the k-dependence, we see that the convergence curves are almost exactly
on top of each other, although we did not include any k-scaling of the H'-error. This clearly
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indicates that our error estimates of order O(xh?) might be suboptimal w.r.t. x as an implication
of a possibly suboptimal estimate of ||A|gs in the analysis; see Remark 3.3 for a more detailed
discussion. For the L2-error we also observe a clear third order convergence rate w.r.t. the mesh
size in the asymptotic phase, i.e., for small values of h and small values of kK = 6,12, 18. The curves
for kK = 18 and x = 24 show a significant pre-asymptotic regime from h = 272 to h = 273 as
for the H! error, but it is too small to allow for any further conclusions about its x-dependence.
The curve for K = 24 shows an unstable third order convergence for h=3 to =7, which indicates
pollution by further pre-asymptotic effects, but again does not allow for any reliable conclusions.
Nevertheless, as for the H!-error, we see no k-dependence of the L?-error (apart from the x = 24
curve) which again points to suboptimality of our estimates in the x-scaling. Besides this, the
experiment confirms our theoretical results w.r.t. the vector potential.
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FIGURE 4. Error of the energy E with LOD parameters hgne = 272 and £ = 10.
Left: 579 E(u, A) — E(ug’®, Aj"3")| for the mesh sizes H = 27123456} 'p — 2= 7,
Right: [E(u, A) — E(ufP®, ApTM)| for the mesh sizes h = 2~ (234567} [ — 975,

In both experiments we additionally computed the error in the Ginzburg-Landau energy which are
shown in Figure 4. The error in energy takes the convergence in both components into account and
we see in both error plots a convergence in three phases: a pre-asymptotic phase, an asymptotic
phase, and a stagnation phase. The occurrence of the pre-asymptotic phase is again caused by the
resolution conditions discussed above. The stagnation of the error is due to the fixed mesh size h
for the vector potential (Figure 4 left) or the fixed mesh size H for the order parameter (Figure
4 right). In the asymptotic phase the errors show the predicted sixth order convergence w.r.t. H
and correct k%-scaling in Figure 4 left. In Figure 4 right we observe the expected fourth order
convergence w.r.t. h but again no k-scaling. Except for the latter, this is again in agreement with
our main results.
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APPENDIX A. PROOFS OF THE HIGHER REGULARITY RESULTS

In this section, we collect the proofs of Theorem 2.6 and Lemma 2.8. As we could not find any
suitable reference which covers our cases, we present the proofs here in the appendix, even though
these results might be known to many experts.

For the sake of notation, we restrict ourselves to the unit cube Q = (0, 1)2, but the case of general
cuboids is easily derived by a linear transformation. For Qs = (—s,5)3, s € Rt the idea is to use

reflections to extend the functions from 2 to the extended domain €1, and then periodically to
any Qory1 for k € N while preserving its regularity.

The main intuition for this procedure comes from the eigenbasis of the Laplacian on a cube. For
example, for homogeneous Dirichlet boundary conditions the basis on 2 consists of functions
sin(rkxq) sin(mlxs) sin(mmas), k,l,m > 1,

and their natural extension is given by first performing an odd reflection on each face and then
obtain a periodic function on 2;. For Neumann boundary conditions, the same idea applies with
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the basis
cos(mkxy) cos(mlas) cos(mmas), k,¢,m >0,

and hence even reflections on each face. For mixed problems the correct combination of sine and
cosine enable us to extend this also to the mixed case.

A.1. Neumann boundary conditions. Let us consider the Neumann problem in Lemma 2.8
given by
—Au=gin Q and Vu-v|ag =0,

for g € L?(2). For a function f € C(£), we define the Neumann extension My : f — fo with

flxy, @, x3), x1 € (0,1),29 € (0,1),23 € (0,1),
flx1,xe, —x3), x1 € (0,1),22 € (0,1),z3 € (—1,0),
flx1, —z2, —x3), x1 € (0,1),29 € (—1,0), 25 € (—1,0),
fo(1, 2, 5) = f(z1, —x2, 33), z1 € (0,1),22 € (—1,0),z3 € (0,1),
f(=z1, T2, 73), x1 € (—1,0),22 € (0,1),z3 € (0,1),
f(=z1, 22, —23), x1 € (—1,0),z2 € (0,1),z3 € (—1,0),
fl=z1, —x2, —x3), x1 € (—1,0),z2 € (—1,0), 23 € (—1,0),
f(=z1, —wa, z3), x1 € (—1,0), 22 € (—1,0),23 € (0,1)

Without changing the notation, we extend the operator My also to L2-functions.

Lemma A.1. Let f € HY(Q). Then the extension My f satisfies:
(a) My f € HY (1) with || My fll ;1 @, < 22[1My fllm ()

(b) The periodic extension of My f satisfies My f € Hl(ﬁng) for all k > 1 with

1Myl @y < (2K + 2P Ml )-

Proof. (a) Since My f is in H! on each subdomain, it remains to check that the trace is continuous
in the L? sense on the faces. However, the even reflection ensures this continuity. Since the H!-
norm on each subdomain is equal to the H!-norm on , the estimate in (a) follows by counting
cubes.

(b) For the periodic case, it is sufficient to note that the periodic extension from ﬁl is equivalent
to iteratively performing even reflections on the outer faces. In particular, this implies continuity
at all outer faces of €1y, by repeating the calculation of the interior faces. O

We now turn to the case of preserving H?2-regularity.

Lemma A.2. Let f € H*(Q) with Vf -v|sq = 0. Then the extension My f satisfies:
(a) My f € H2(@) with || My f || g,y < 21 M Fllie(on.

(b) The periodic extension of My f satisfies My f € H2(§2k+1) for all k > 1 with

HMNJIHHZ(Q%H) < (2k + 2)3||Z\4Nf||H2(Q)-

Proof. We note that it is sufficient to show that Af.. € L2(§1) and elliptic regularity gives us the
claim. We further note, that the periodic extension is handled as in Lemma A.1.

Since we already know that My f € H? on each subdomain and My f € Hl(ﬁl), in order to show
that V f... € H(div, ;) holds, we have to prove that all normal traces of V f,,; are continuous.
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Computing the gradients on each subdomain, we obtain for the diagonal matrix I, . = diag(a, b, ¢)
the expressions

fLlef’(zl,m,mgy x1 € (0,1), 29 € (0,1),23 € (0,1),
a1V e z1 € (0,1),22 € (0,1),z3 € (—1,0),
11,_1,_1Vf{(%_%_w3), x1 € (0,1),29 € (—1,0), 23 € (—1,0),
Vf (00, 52, 72) = IL,LNf{(xh_m%), r1 € (0,1),29 € (—1,0),z3 € (0,1),
I_1,171Vf|(711’z2’x3), 71 € (—1,0), 29 € (0,1), 23 € (0,1),
1_1,1,_1Vf{(7mm,7$3), z1 € (—1,0), 22 € (0,1), 23 € (—1,0),
IV gy gy 21 € (21,0),22 € (=1,0), 25 € (=1,0),
I 11V o Zanan); z1 € (—1,0),29 € (—1,0),23 € (0,1)

We only check the face {1 = 0,22 € (0,1),23 € (0,1)} with normal vector v = e; to obtain
formally for all z5 € (0,1),z3 € (0,1)

lim O, foxs (21, 22, 23) = 1er(1)+ O f(x1,22,23) = 01 f(0,22,23) =0
Tr1

114)0

as well as
lim 0, foxe(x1,22,23) = lim —0y f(—x1,22,23) = =01 f(0,22,23) = 0.
$1—>0+

11—)07
For the other faces the very same computations can be performed. Thus, all normal traces of
V fext vanish on the inner faces, are thus in particular continuous, and we have shown V f. €

H(div, ). 0
With this, we are in the position to prove Lemma 2.8.

Proof of Lemma 2.8. First, we observe with Lemmas A.1 and A.2 that for u.. = Myu

7Aue"t|(w17w2,13) = 7Au}(ix1,i;r2,iw3) = f|(iw1,iw27iw3) = fext($17I27$3),

with signs chosen accordingly to the definition of Mpy. In particular, u.. solves the Neumann
problem in Lemma 2.8 also on Q3 with right-hand side f., € H*({23). By interior regularity for
elliptic problems (cf. [30, Theorem 6.3.2]) we conclude u = u.y | € H3(2) with

lullga) S ltextll 2@,y + Mexell @,y S lullzz) + 1 11a1 @)

Next, we turn towards the W2P-regularity of u, where we exploit again the extensions ey and fox
together with a Calderéon—Zygmund estimate. For that let By be a ball with radius r = 2, Wthh
is compactly contained in the extended domain Qg In particular, we have ) CC B CC Qg
and a regular boundary 0B, € C1'. We want to smoothly truncate tee t0 Bex with a cut-off
function 1 € C§°(Bex) with 0 < 1 < 1. Furthermore, 7 should not only be constant 1 on 2, but
also on a slightly enlarged box, that is, n = 1 on §1+5 for a sufficiently small ¢ such that we still
have §1+5 CC Bey. Finally, assume that 7 is selected such that ||V~ < C for some constant
C that only depends on B,,; and §3. We consider the function 7 e, € Hg(Bey) which solves

*A(n uext) = =N Aleyy — 2VUeyy - V) — Uexy AN = 1) foxt — 2VUexe - VI — Uexy AN =1 foxs.
Since ey € H?(Bey) (by interior regularity from the first part of the proof), Sobolev embeddings
guarantee that we also have Ve € L%°(Bey). Together with fo. € LP(Bek) (which directly
follows from f € LP(Q)), we conclude that e, € H}(Bex) is the unique solution to a Poisson
problem on a smooth domain B.,, with homogeneous Dirichlet boundary condition and a right-
hand side f.., € LP. By LP-regularity theory for elliptic problems, cf. [12, Chapt. 3, Thm. 6.3 &
Thm. 6.4], we conclude that this unique solution fulfills 1t € W2P(Bey). By construction of
the cut-off function, we have uext|§1+6 =(n uext)|§1+6 € W27P(§1+5), Furthermore, we still have

—AUgyy = fext In §1+5 C @3. Using the Calderén—Zygmund estimate [34, Theorem 9.11] with
Q CC Qy44, we conclude that there exist constants (depending on p, Q and §), such that

@y = ltesslwam@y S (ltess L@,y + Wentll o)) < (lllzncy + 11 mey).
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which proves the claim. O

A.2. Mixed boundary conditions. We now turn to the regularity results of the vector potential
A. As mentioned above, the H2-regularity of a solution U € Hn aiv () of (2.7) follows from
[40, Lemma 3.7]. In addition, the reference shows that the first component U; satisfies

AU, = finQ,

U =0onTy={ze€Q|a;=0o0ra; =1},
U =0onTy={zxeQ|zy=0o0rxy =1},
03U =0onTs={xecQ|zs=0o0rz3=1}

(A1)

and similarly the other two components by interchanging the roles of the faces. We thus only study
the case of U;. We follow the ideas of the Neumann case but now with the eigenbasis of the from

sin(wkx) cos(mly) cos(mmz)

in mind. This means odd reflections in x;-direction and even reflections on z,- and zs3-direction.
We therefore introduce the spaces

H},(Q) ={pe H(Q) | ¢ =0onTy},
H2 () = {p e HX(Q) | ¢ =0on Ty, d,p = 0 on T, UTs}.

If Q is replaced by a larger cube QS, we denote by T'; == {z € 895 | z; = —s or z; = s}. For a
function f € C (Q)7 we define the mixed extension M DN f = foxe With

f(x1, 22, x3), z1 € (0,1),z2 € (0,1), 23 € (0,1),
f(x1, 22, —x3), z1 € (0,1),z2 € (0,1), 23 € (—1,0),
f(z1, —x2, —x3), x1 € (0,1), 22 € (—1,0), 23 € (—1,0),
fxq, xg,xg) x1 € (0,1),22 € (—1,0), 23 € (0,1),
Jex (@1, 22, 3) = —f(—z1, z2, x3), x1 € (—1,0),z2 € (0,1),z3 € (0,1),
—f(—z1, 22, —x3), x1 € (—1,0),z2 € (0,1), 25 € (—1,0),
—f(—z1, —x2, —x3), x1 € (—1,0), 22 € (—1,0), 23 € (—1,0),
—f(—x1, —x2,3), x1 € (—1,0), 22 € (—1,0),:173 € (0,1).

As in the Neumann case, this extension preserves the regularity of the inserted functions.

Lemma A.3. Let f € Hy () and g € Hg ().

(a) Mp,n f € Hy () with [|[Mn fll @,y < 2% M fllm o)

(b) The periodic extension of Mp nf satisfies Mp v f € H&’l(ﬁgk+1) for all k > 1 with
||[Mp N fl| 1 ) < (2k +2)%||[Mp,n fll 1 () -

(§2k+1

(¢) Mp ng € HE (@) with [[Mp ngll o,y < 2°[|Mp ngllm2o
(d) The periodic extension of Mp nf satisfies Myg € Hg71(§2k+1) for all k > 1 with

1Ml 2 @) < (2K +2)*[|Mp g2 (0)-

Proof. The claims on H' are easily verified, as we preserve continuity at all faces. Further, the
computations for all faces where x; is either positive or negative are fully analogous to Lemma A.2
as all the normal traces vanish. Hence, we check the conditions at 7 = 0, and let for example
22,3 < 0. Then,

vfext('rthaxS) = Il,—l,—lvf|(x1’_;v27_w3)a
V fexe (1, T2, 73) = —1-71,71,71Vf|(_x1,

x1 >0

.’E1<0,

—x2,—x3)’
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and we obtain

lim 0, fexe (21,22, 23) = lim 0 f(x1, —x2, —x3) = 01 f(0, —x2, —x3)
11*>O+

d71*>0+
as well as
lim Oy fext (21,72, 23) = lim Oy f(—x1, =22, —x3) = 01 f(0, —22, —3),
x1—0— I1—>O+
and we also obtain here the continuity of the normal traces of the gradient. O

We can then turn to the proof of the second part of Theorem 2.6.

Proof of Theorem 2.6 (b). Let us recall that by part (a) U € H?(Q) solves
AU = G, U - v|gg = curl U x v|gg =0,
with G = F + curl H. The regularity of H and F and the conditions
curl H-v|po =F -v|ga =0 imply G € H(Q) and G - v|gq = 0.

Now taking the first component U;, wee see that f in (A.1) is given by the first component of

G, and thus satisfies f € Hj,(€2). Lemma A.3 further ensures that f.. € H&l(ﬁd) holds. For
U = Mp nyU we argue as in the proof of Lemma 2.8 and observe that choosing the correct case
in the definition of Mp

_AUeXt|(£81,$2,£C3) = (_1)mAU|(ix1,ix2,ix3) = (_1)mf|(ix1,ix2,ia:3) = fexr(xl’x%x?’)

with m = 0 for z1 > 0 and m = 1 for z; < 0. Hence, U, € Hg’l(ﬁg) solves the mixed problem
(A.1) with right-hand side f.. € H&l(ﬁg). Again, interior regularity for elliptic problems (cf.
[30, Theorem 6.3.2]) gives U = Uy |o € H3(Q) with

100 2@) S 1Uextll 2@y + 1extll grgag) S 1U0llL2@) + 1f 10,
which yields the claim. O

APPENDIX B. PROOFS OF ADDITIONAL AUXILIARY RESULTS

In this section, we present the proofs of Lemma 5.5 and Lemma 6.1.

Proof of Lemma 5.5. Using 0, E(u, A)p = 0 and da E(u, A)B = 0, we obtain the identity
<E//(’LL, A) (U, A)? (wH, Ch)>
= Re/ (iVu—l— Au) - (iVi/)H + AwH)>k + (Jul® = Dwpfy + 2[ul*uy; do
Q

+ /Q 2|u\2A -Cp + %Re(iu*Vu + iu*Vu) -Cpdx
+ /Q 2Re(u)y)|Al? + %Re(iu*wH +iY;Vu) - Ade
+ /Q |u|>C}, - A + curl Cy, - curl A + div Cy, - div A dz
= Re/Q2|u|2u1/);I dz + /§22|u|2A-Ch+%Re(iu*VU) -Cp dx

1
(B.1) + / 2Re(urp}y)|Al? + - Re(iv*Viy + i Vu) - A+ H - curl Cp, dz.
Q

Analogously, the same identity holds for (E" (ug, Ap)(um, Ar), (¥, Cr)) if we replace (u, A) by
(ug, Ap) at all occurrences. Next, we use the decomposition
gy = E"(u, A)(u, A) - EN(UH, Ah)(uH, Ah) + E"(UH, A}L)(UH, Ah) - E"(u, A)(UH, Ah)

=i€2,1 =i€2,2
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to sort the terms and treat them together. For the first term we obtain with (B.1) that

Egyl(wH,Ch) = Re/2(|u|2u—|uH\2uH)1/Jde + /2(|’LL|2A—|UH|2Ah)Chd£C
Q Q

=0 =2
1
—|—/ - Re(iu*Vu — iu;Vug) - Cpdz + / 2Re(urpiy)|A|? — 2Re(upgyly)|An|* do
Q Q
=:q3 =i0g

1 1
+/ - Re(iu*VwH + iwLVU) A — p Re(iu}V?/JH + iw}k{VuH) Ay dx.
Q

=il5

Using

Re/ (iqu +AhUH) . (iVQZJH +Ah’l/)H)* — (iVUH +AUH) . (iva + A7/)H)*dx
Q

B2 = Re/ wVug - (Ap — Ay — tun (An — A)VY + (|A* = |AP ) ury da,
Q

the second term satisfies
€22(¢r, Cn) = (E"(um, An)(um, An), (Vu, Cr)) — (E" (u, A)(um, Ap), (¥, Ch))

= Re/ﬂ(%VuH + Apup) - (%Vﬂ)H + Ann)" + (Junl? — Vel + ufuf i + lunPunyy de
+ /Q2Re(uHu’fq)Ah -Cp + %Re(iuj‘unH + iu*HVuH) - Cpdx
+ /QQRe(uHLZJL)Ah Ay + %Re(iu}IVd)H + iwjiIVuH) <Ay dx
+ /Q lug|2Cy, - Ap 4 curl Cy, - curl Ay, + div Cy, - div Ay, dz
B Re/ﬂ(%qu + Aug) - (%WJH + Ady)" + (Jul® = Dugdy + vPuy + [ulfugyy de
- /Q2Re(uu§{)A -Cp + %Re(iu*VuH +iuj Vu) - Cpdz
- /Q2Re(u¢l*q)A A+ %Re(iu*vw;{ + iy Vu) - Ay dz
— /Q |u|>Cp, - Ay + curl Cy, - curl Ay, + div Cy, - div Ay, da

B.2 * * gk
" Re [ 2(unl® o umdiy + (o Juvy do
Q

=51
+ / 2Re(uguly)An - Ch + (Jug|* — [u*)Ay - C — 2Re(uuly)A - Cp, dz
Q

=:f32
1
+ / - Re(i(ug — u)*Vug + vy (Vug — Vu)) - Cp, dx
JQ

=:B3
yﬂmmwmeWM4Ammwmm
Q

=:Ba

+ Re <H /Q (An=A) - (Vurfy —un Vo) + (=) Vebr + 05 V(i =) ~Ahdw)-

=:85
We investigate the various terms. For brevity, let us define ey := u — ug and Ej, := A — Ay,
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e a1 + f(1: First, we note that with uy = u — ey we obtain
2(JulPu — lugPug) = 2(Julu— (Ju]* —u*en — efyu+ leg|*)(u —en))
= 4lul’eqy + 2uel — len|* +ule|? — uted +enlen|?
as well as
2(un|* = ul?)un + (udy — u®)ujy
= 2(Ju]® —u'ey —efu+len)® — [ul?)(u—en) + (u* — 2uey + e —u?)(u—ep)*

= —AulPey —2u?ely + 3uted + 6len|*u — 3ey|en |’

Consequently,
a1+ 61 = |Re/Q C(Julu = JunPur) +2(Junl® = Ju*)un + (uf — u®)ujy) Y dal
~ |Re /Q((7“ ~ Dfen]? + 2ute — 2emlen|?) ¥ daf
< 10(lemllFallvmllcz + 2 lenlFelval L2

e ay + (2 First, we note that

2(Jul?A — lug|?Ap) + 2Re(uguy)An + (lugl® — |[ul?)An — 2Re(uul) A
= 2ufA+ (lug|® — [ul*)An — 2Re(uul)A = |u—ug|*A + (Jug|* — |u|?) (A, — A).

With this, we obtain again with ey = u —uy and E, = A — A,

‘042+ﬂ2| = |/ |6H|2A~Ch+(|uH|2—|u|2)Eh~ChdI|
Q

A

< llenllZllAlzsIChlILs + llemllzs Bl s Chll s ur|+ulll 4
< (lemllzs + IEnlZa) ICH] -
e a3+ (B3 We use
uVu —uyVug + (ug —u) " Vug +up(Vug — Vu) = (u—ug) (Vu— Vug)
to obtain

|z + 3]
|1
K

/ Re(iv*Vu — iuf;Vug) - Cp — Re(i(ug — u)*Vuy + iuj (Vug — Vu)) - Cp da
Q

1
E Re/ (u— w)* (Vi — Vug) - Cp daf
Q

IxVenlc2llemlzallCrllzs < (lealizy + llemlIZs) ICn ] -

IN

e oy + B4: Noting that
2Re(uvfy)|Al* — 2Re(unvyy)|Anl* + (3|An|* — |A]*) Re(umy;) — 2A - Ay Re(uty)
= Re(uyjy)|A — Ap” + Re((u — un)¥y) (A — Ap) - (A + Ay),

we obtain with the bounds from Lemma 5.1

s+ Bl = | / Re(uriy)|A — Anl® + Re((u — um)y) (A — Ar) - (A + Ay) da|

< A = AplFallva e + llu = wallps|¥mll2 | A = Anllzs A + AnllLs
S (lenllze +IEnlZs + 1EnlZe) a2z
e a5+ fB5: It holds
(U*V1/JH + T,/JEVU) A — (uEV’l[)H + IZJEVUH) <Ay

+ (Ap—A) - (Vugy —uaVog) + (ug —uw)*Vou + 5 V(ug —u)) - Ay
= (W'Vvg +ugVyy) (A —Ap) + 5 (Vu—Vug) - (A—Ay).
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Together with Re 1uv*Vyg) = Re (u(iVyg)*) = —Re (iu Vi), we hence obtain

los + Bs]
= %|/QRe(i (W'VYg +ugViy) - (A —Ay) + 1Y (Vu—Vug) - (A—Ah)) dz|

H /Q Re(i (un — )Vl - (A — An) + i95(Vu— Vug) - (A-Ap)) de]

H /Q Re(i2 (ugr — W)V - (A — An) + 107 (ugr — u) - div(A—Ay)) dal

2015 Venlcellu — unl|pall A = Apllps + 15 valsllu — wrr]| s ]| div(A — Ap)] L2
(lu = umlZs + 1A = AnllZn) vl

NN

It remains to sum up the previous estimates. We obtain

le2(Vi, Cr)| < Joa + Bi| + |az + Ba| + |az + B3] + |aa + Ba| + |5 + Bs|
S (lu=umllfe + llu—unlfn + 1A = AnllF) (Woullap + 1Callua),

and thus the assertion. O

Proof of Lemma 6.1. The proof follows [39, Lem. 10.8] with some modifications to account for the

missing coercivity of a4°P (-, -) on H'() and the influence of k on the estimates. Let pt°P € VEOP
be arbitrary, then we can write it as %P = (1 — C)pp for some ¢y € Vy. By definition of the
corrector C we have for the L2-projection 7EFM : HY(Q) — Vg that n5fM(Cpy) = 0 hence with

the approximation properties of 75 we conclude

(B.3) IComllre = I(1 = C)on — mr™ (L = Chon)llr: S HIIV(L = Cpnlre.
Next, we obtain from aX°P((1 — C)pm,Con) = 0 that
=lIVA-Cenrli: < aall=Cpn,(1-C)on)

= aa((l-C)on.on) +/Q<\A|2 1)1 - Chpn* du

el = Ceultn + Henltn + 11— Ceul.,

A

for any £ > 0 using Young’s inequality. Hence, for sufficiently small ¢ (independent of H or k),
we conclude [[(1 —C)en |3 S llemll?n + (1 —C)emll7. which we can further estimate with the
standard inverse inequality in Lagrange FE spaces as

V(1= C)enlza lerll7: + =z llenlz: + (1= C)enllz
(1 + =52)(en, 1 =C)em)re + (1 = C)pnul7-
(14 =) (1 =C)enulli: + 1+ =t=)(Con, (1 — C)on) 12

(1+ == + DIA - C)enlli + £ (1 + =) lIConlZ-

AN NN A

1+ gz + DN = Orllis + e (H + 5)IVA = C)pnll .

Using H < k™!, we can absorb the right term for sufficiently small ¢ into the left-hand side and
conclude

HIVA-Cerli: S =l -C0puli.. O
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