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ERROR ANALYSIS OF DGTD FOR LINEAR MAXWELL
EQUATIONS WITH INHOMOGENEOUS INTERFACE
CONDITIONS

BENJAMIN DORICH, JULIAN DORNER, AND MARLIS HOCHBRUCK

ABSTRACT. In the present paper we consider linear and isotropic Maxwell
equations with inhomogeneous interface conditions. We discretize the problem
with the discontinuous Galerkin method in space and with the leapfrog scheme
in time. An analytical setting is provided in which we show wellposedness of
the problem, derive stability estimates, and exploit this in the error analysis
to prove rigorous error bounds for both the spatial and full discretization. The
theoretical findings are confirmed with numerical experiments.

1. INTRODUCTION

Graphene is a monolayer of carbon atoms arranged in a hexagonal lattice and
has demonstrated exceptional thermal, electrical and optical properties, as well
as structural robustness. This makes it an attractive candidate for reinforcement
in materials, as well as for applications in organic electronics and optoelectronics.
There is significant interest in both the scientific community and industrial sec-
tors about graphene. In recent years, numerous other 2D materials have emerged,
with the term referring to crystalline solids that have a reduced thickness, usually
consisting of a single or only a few atomic layers. This unique characteristic gives
them exceptional properties. Another important class of composite 2D materials
are the semiconducting Transition Metal Dichalcogenides (TMDCs) such as MoS,
or WS, which also come in single layers, albeit with a more complicated unit cell
than graphene. These materials have a wide range of applications, including catal-
ysis, spintronics, and optoelectronics, cf. we refer to the reviews [25,27]. Numerical
simulations are vital for studying such materials.

The optical properties of such materials can be studied by depositing a sheet on
a thin dielectric layer on top of a metal plate and exciting it with light pulses. The
interaction between the pulses and the material is described by Maxwell equations
coupled to quantum mechanical models, see, e.g., [2,19,24]. A simpler way of
modelling the interaction of the 2D material in the Maxwell equations is to use
conductivity surfaces or current sheets. Here it is assumed that the material sheet
has zero thickness, thus is truly two-dimensional, and the constitutive equation

Jsurf(w) = Usurf(W)E(LU)
holds along the plane of the material in the frequency domain, where og,,¢ describes
the surface conductivity of the 2D material. We refer to Chapter 1 in [7] for details
about the modelling.

As a first step towards the full model, we consider linear and isotropic time-

dependent Maxwell equations on the cuboidal domain ) composed of two cuboids
@— and Q4 with a common interface Fi,y = Q_ N Q4, cf. Figure 1. We assume
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F1GURE 1. Sketch of the domain Q.

that the surface current J_ ¢ supported on Fi is a given function. After rescaling,
we assume, without loss of generality, that

Q=(-1,1) x (0,1)?, Q_ = (~1,0) x (0,1)%, @, = (0,1) x (0,1)%

The governing equations read
(1.1a) OH, =—pi'curl By, div(uiHi) =0,
(l.lb) atEj: = 6;1 Curl Hj: — c"flle:, diV(EiEi) = pi’

on Q4, for t > 0. We denote by fi = f’Qi the restriction of a function f €
L?(Q). Here, for x € Q+, E(t,x), H(t,r) € R? denote the electric and magnetic
field, J(t,x) € R? the volume current density and p(t,z) € R the charge density,
respectively. We assume that the material parameters py,e, > § > 0 are constant
on (Q+. The equations are equipped with perfectly conduction boundary conditions

(1.2) wH v =0, E xv =0,

on 0Q, for t > 0 with outer unit normal vector v, see, e.g., [4, Sec. 1.4.2.4]. At the
interface Fi,;, the conditions

(133) IIMH : nintﬂFint = 07 IIEE : nint]]Fint = Psurf>
(1.3b) [H X nint] 7, = J, [E X Mint] 7, = 0,

int surf> int

hold for ¢t > 0, where n;,; denotes the inner unit normal vector on Fj,; pointing
from Q_ to Q4 and [f]r,, = f+] r., — f—|p, denotes the jump on Fi; whenever
the functions f1 admit well-defined traces on the interface. Note, that the surface
current Jy ¢ (,2) = (0, Jy0(t, ), Jsurf’?)(t,x)) € R3 has no components perpen-
dicular to Fing. By poys(t; ) € R we denote the surface charge density, see, e.g.,
for details [4, Sec. 1.4.2.2].

Discretization. The discontinuous Galerkin (dG) time-domain method is a well
establish method for Maxwell equations, see, e.g., [14]. We briefly recall the con-
struction of the dG space discretization and refer to Section 3 for details.

Assume that 7j, is the union of suitable meshes for Q4+ with elements K and
matching faces at Fiy. The set of all element faces F' is denoted by Fp. The
broken polynomial space of degree at most k& > 1 is defined as

(1.4a) PE(Th) = {vn € L*(Q) | vn|x € P§(K) for all K € Ty },

which are polynomials on every element K and, in general, discontinuous across
element faces F'. The vector valued ansatz space for the magnetic and electric field
is given by the broken finite element space of degree k defined as

(1.4b) Vi = P5(Th).
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The dG method is a non-conforming method in the sense that a function Uy, € V},
does not admit a curl on the whole domain @Q, i.e., V;, ¢ H(curl,Q). Therefore,
we need to introduce a discretized curl operator acting on V. One way to do so
is given by means of the central flux discretization, see, e.g., [14]. The notation
is based on [18]. We define the discrete operator curly, : V;, — Vj, such that for all
on € Vy it holds

/curthh-q.’)h dz = Z / curlUy, - ¢y, dz
0 K

(1.5) KETn

— Z /F[[UthF]]F-{(ﬁh}}F ds.

FeFy

Here, [Up, x nr] r denotes the tangential jump of Uy, and { ¢y, } » a weighted average
of ¢p, on F defined below (3.1a). The first sum on the right hand side of (1.5) acts
locally on single elements, thus decoupling the action of the curl, while the second
sum couples neighboring elements through tangential jumps. The coupling terms
are referred to as numerical fluxes and they penalize non-zero tangential jumps
across faces. We recall that functions H € H(curl, Q) have zero tangential jumps
across faces, i.e.,
[[H X npﬂp =0.

By curlp o : Vi, — V}, we denote a discrete operator that additionally enforces ho-
mogenous tangential boundary conditions of the electric field (1.2).

In order to incorporate the surface current J ¢, we follow the idea of (1.5), but
instead of penalizing zero tangential jumps, we apply the inhomogeneous interface
condition (1.3b) for all faces F' € Fy with F' C Fiy, i.e.,

[[H X nFﬂF = Jsurf|F'

Equation (1.5) motivates to define an extension J_ ¢, € Vi via

(16) / Jsurf,h, ’ ¢h dz = Z / ']surf : {(ﬁh} ds

Q FEFn,FCFu ' T
for all ¢y, € V3. Note that J, ; is defined only on the interface Fi,¢ whereas Jsurf’ h
is defined on the whole domain @, with support only on elements adjacent to Fipt.
We end up with the following spatially discrete system of differential equations

(1.7a) O H,,(t) = —p~ " eurly o B (1),
(1.7b) HE,(t) = e " curly, Hy,(t) — J3, () — Tt 1 (1),

for t > 0. Here, the inhomogeneous interface conditions (1.3b) are incorporated by
Jourt p» that acts like an artificial current on the evolution of the electric field. We
refer to Section 3 for the precise definitions.

We integrate the spatially discrete system in time by the second order leapfrog
method. Let 7 > 0 be the time step size and t,, = n7 for n € N. The fully discrete

scheme then reads

Hy ™% — Hf = 2 el B,

n T n T n
Byt = By = e ey Hy T2 = S(IE 4+ i) = S (T + Thita).

41 n+tl/2 T 1 +1
H'" - H, ——§u curlp o E; 7,

for n > 0, starting from appropriate initial values (H 0 Eg) € V2. Other time
integration schemes can be applied to (1.7) as well.

It is well known that the explicit leapfrog scheme exhibits a step size restriction,
which is also known as the Courant-Friedrichs-Lewy (CFL) condition. The scheme
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is only stable for time step sizes T < T, With 7cpr, ~ hmin, Wwhere hyi, denotes
the diameter of the smallest element K € Tj,.

Contributions of the paper. The challenges associated with interface problems
have been thoroughly investigated from both analytical and numerical perspectives,
albeit within a geometric framework different from the one specified earlier. In
that context, it is assumed that a positive distance exists between the interface and
the domain boundary. For example, wellposedness and regularity of quasilinear
Maxwell equations for such a geometric setting is found in [23]. From a numerical
point of view, finite element methods have been explored in [3] concerning elliptic
and parabolic problems, and in [5, 6] for hyperbolic equations. However, these
results are not applicable to the problem described in (1.1) to (1.3).

In a recent study by Doérich and Zerulla [10], a different technique is employed
to establish wellposedness and regularity for the model problem (1.1) to (1.3).
From a numerical perspective, the discontinuous Galerkin time-domain method was
successfully applied to an interface problem concerned with Graphene sheets in the
above mentioned setting, see, e.g., [28,29]. There, the focus is on the physical
modelling of such sheets. Their excellent numerical results motivate a thorough
mathematical error analysis.

In this paper, we provide a mathematical framework that is suitable for both,
analysis and numerics of the problem at hand. We prove wellposedness and stability
for the governing equations building up on the techniques in [10]. Transferring
the ideas from analysis, a rigorous spatial and full discretization error analysis is
provided for the numerical scheme. Under suitable regularity conditions on the
exact solution, we prove that the error of the scheme is of second order in time and
of kth order in space with respect to the L?-norm, i.e.,

I(H, E)(t,) — (H}, E})ll 2@ x> @ < C(r2+ 1Y), 0<t, <T.

Furthermore, the results are underpinned by several numerical examples showing
the sharpness of the estimates with respect to spatial regularity.

Note, that the results are consistent with the case where the surface current
vanishes, i.e., J, ; = 0. However, new techniques are required for J_  # 0. We
address the problems in brief.

One of the challenges is that by the interface condition (1.3b), the state-space
H(curl, Q) x Hy(curl, Q), typically used for the evolution of linear Maxwell equa-
tions, is no longer suitable for the problem described by (1.1) to (1.3). Circum-
venting this, we enlarge the state-space with functions V' € L2?(Q)? that only
possess a weak curl on each sub-cuboid, i.e., Vi € H(curl,Qy). This causes sev-
eral problems both from an analytical and numerical perspective. Analytically,
C%-semigroup techniques are no longer applicable and numerically, we must han-
dle a non-consistent discretization. Motivated by the treatment of inhomogeneous
Dirichlet boundary conditions, we modify the problem that we can treat it in a
standard way. Nonetheless, since the interface Fj,; intersects with the boundary,
special care is necessary to treat the perfectly conducting boundary conditions (1.2)
correctly in the modified problem. For this, sophisticated techniques from [10] are
essential to both analysis and numerics.

Structure of the paper. In Section 2, we first introduce a suitable analytical
framework for the problem described by (1.1) to (1.3). We proceed by presenting
the main result of this section concerning an existence and stability result for the
analytical problem. With the strategy of proof outlined, we introduce an important
extension result that is later used frequently. The section is closed with the proof
of the main result.
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Section 3 is concerned with space discretization. We first provide a standard
description of the discontinuous Galerkin method and point out in detail how inho-
mogeneous interface problems are treated. Proceeding that, the main result of this
section provides an error bound on the semi-discretization. The section carries on
with the discussion of an important extension of the semi-discrete scheme utilizing
a nodal interpolation on the interface. The section again closes with the remaining
proofs.

Section 3 is concerned with space discretization. We provide a detailed descrip-
tion of the discontinuous Galerkin method and point out in detail how inhomoge-
neous interface problems are treated. We present the main result of this section
consisting of error bounds for the semi-discretization as well as an important ex-
tension of the semi-discrete scheme utilizing a nodal interpolation on the interface.
The section again closes with the remaining proofs.

The main result of Section 4 is concerned with an error bound on the full dis-
cretization. We first prove stability of the scheme and provide afterwards the proof
of the main result.

In Section 5, we provide three different numerical experiments that confirm our
theoretical findings.

2. WELLPOSEDNESS

General setting and notation. The volume charge density p is determined by
the volume current J through

(2.1) pu®) = o (0) + [ div i) ds

0

on Q4, for t > 0. Equation (2.1) is called the continuity relation for electricity. It
is well known that the divergence conditions (1.1a) and (1.1b) and the magnetic
boundary condition in (1.2) hold, if they are valid for ¢ = 0 and (2.1) holds. We
refer to [4, Sec. 1.4.1.2] for details.

A similar relation exists for the surface charge density p,, ;. It is determined by

the volume current J and the surface current J_ ¢ through

t
(2.2) %m@:%ww+/mmmwﬂwwﬂwmwmﬂs
0

on Fin, for t > 0, where divg,, denotes the two-dimensional divergence on Fipg. It
is shown in [23, Lemma 8.1] that equations (1.3a) are valid for ¢ > 0 if they are
valid for ¢ = 0 and (2.2) holds. Thus, it remains to solve the curl-equations in (1.1)
subject to the boundary conditions (1.2) and the tangential interface conditions
(1.3b).

The speed of light is denoted with cy = (u e, )~!/?

and we use the notation

Noo = Max{n_,ny}, 1€ {e,pu,c}

for piecewise defined constants. We employ the weighted inner L2-products

(2'3) ("')N = (u"')L2(Q)7 ('7')8 = (5'7')L2(Q)7 ('7')M><8 = ('7')u+ ('7')6
and their induced norms ||-||., [||lc and ||||zxs. Note that they are equivalent to
the standard L?(Q)-norm.

The spaces H*(Q) for s € R denote fractional Sobolev spaces. We write ||-|| 7+ ()
and || s (@) for their associated norms and semi-norms and refer to [11] for details.
Additionally, we write H*(T') for Sobolev spaces on the boundary ' = 9Q.

We introduce the space of functions that exhibit a weak variation curl

H(cwl, Q) ={V € L*(Q)® | cwrlV € L*(Q)* },
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as well as the subspace that contains functions with a vanishing tangential trace
Hy(cwrl,Q) = {V € H(cur,Q) | V x v|p =0 }.

Since we deal with solutions that lag regularity across the interface Fi,, we employ
the notion of piecewise spaces. For s € R we denote the piecewise Sobolev spaces

PH*(Q) = {ve L*(Q) | vz € H*(Qx) }
and we define analogously
PH(cwl,Q) ={V € L*(Q)* | curl Vi € L*(Qx)® }.

Note that we use the same symbol for both curl-operators. The following connection
between H(curl, Q) and PH (curl, Q) is a simple corollary of Green’s formula, see
for example [13, Thm. 2.11].

Corollary 2.1. Let V € PH(curl,Q). It holds V € H(curl, Q) if and only if

[V x nin]poe =0, in H™Y2(Fp).

We define the Maxwell operators acting on the magnetic and electric field re-
spectively as

(2.4a) Cu: D(@H) = PH(curl, Q) — L*(Q)*, H ~ ¢ ! curl H,
(2.4b) Cr:D(Cg) = Ho(curl,Q) — L*(Q)*, E — p 'curlE.
The operator acting on the combined field u = (H , E) is defined as

5 5 5 2(7\6 0 —Cr
(2.4c) C:D(C) =D(Cn) x D(Cg) — L*(Q)°, C = ¢ 0 )

H

We emphasize that H(curl, Q) C PH(curl, Q) and define the restricted operators
(24d)  Cu :D(Cn) = H(cwl,Q) — L2(Q)?, Cu = Culpew)
(2.4e) C :D(C) = H(curl, Q) x Hy(curl, Q) — L*(Q)°, C= (A3|D(c).

Note that operators with a hat are always associated with piecewise domains. We
stick to this notation throughout the paper.
The Maxwell equations now read: seek (H (t), E(t)) € D(Cy)x D(Cg) such that

(2.5a) OH=—-CgE in [0,7] x Q,
(2.5b) OWE=CyuH-¢'J in [0,7] x Q,
(2.5¢) H(0)=H’ E@)=E° in Q,

(2.5d) [H x nint] .y = Joues on [0,T] X Fing,

Surface current. The surface current J_, ;, as an tangential trace of the mag-
netic field H, needs to satisfy boundary conditions prescribed by the relation (1.2)
and (2.5d). We want to motivate them in the following. Thus, let I' = Q. We
define the sub-facets of I" as

(2.6a) r, = {(33‘1,.732,.133) €Q | x; € {-1,1} },

(2.6b) T ={(21,32,23) € Q | x; € {0,1} }, for j € {2,3}.
Furthermore, let S = (0,1)?. We identify F},; with S in the following and define
(2.6¢) Sy ={(x2,m3) €S |w2€{0,1}}, S3={(x2,23) €S ‘ z3 € {0,1} }.

Note that the lower index in (2.6) indicates which axis is fixed.
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We assume that H = (Hy, Ho, H3) is sufficiently smooth such that we can carry
out the following formal calculations. From (2.5d), we obtain that

(27) Jsurf,? = [[H3]]Fint7 Jsurf,S = _HHQ]]Fint7 on Fipt.

Thus, the perfectly conducting boundary conditions (1.2) of H, prescribe the ho-
mogenous boundary conditions

Jsurf,2|53 =0, Jsurf,3|S2 =0.

This consideration determines half of the boundary conditions of the surface cur-
rent. The other half is determined as follows. In order to proof that there exist
regular solutions, we additionally require the following compatibility condition

C(H,E) = (—Cr E,Cu H) € D(C).

Therefore, we obtain that curl H € Hy(curl,@) and thus curl H x v = 0 on T
Since we assumed that H is smooth, this can be written as

O2Hs —93Hy =0 on Iy UTs5.

Together with (1.2) and (2.7) we obtain the homogenous Neumann boundary con-
ditions on the remaining boundary, i.e.,

a2<]surf,2|53 =0, aSJsurf,3|Sz =0, on Fiy.
We can include both boundary conditions in the following spaces
(2.8a) D(—Ay) = {UEHQ(S) |u|52 =0, Julg, zO},
(2.8b) D(—As) ={ue H*(S) | uls, =0,01uls, =0}.

Let j € {2,3} in the following. The operators (—A;): D(—A;) — L*(S) are self-
adjoint and positive, see, e.g., [15,26]. This allows to define fractional powers
(—=A;)Y:D(=Aj)" — L?(S) for v € R.

We require in the following that J ¢ o(t) and Jg ¢ 3(t) are elements in certain
powers of D(—A3) and D(—Asz) respectively. This, however, seems to be an un-
natural choice compared to the usual Sobolev setting. The following remark closes
this gap.

Remark 2.2. The fractional domains D(—A,)" are associated with certain fractional
Sobolev spaces via interpolation. We briefly state the relations below and refer to
[10, Rem. 2.2] for details. With equivalent norms, it holds

D(=22)Y? = {ue HY(S) | uls, =0},
D(=23)"? = {ue H'(S) | uls, =0}.
Let € > 0. It holds
{u c H1/2+E(S) | uls, = 0} - D(—A2)1/4 - Hl/Q(S),
{ue HY?T(S) | uls, =0} € D(—A3)Y* c HY2(S).

Therefore, the space D(—A;)!/* generalizes Dirichlet traces for functions in the
space H'/2(S). A similar interpretation holds for the Neumann traces, i.e.

{ue H3?*(8) | uls, = 0,00u|s, =0} C D(—=Ay)%* c H3%(S),

{ue H3?*(8) | u|g, = 0,0uls, =0} C D(—A3)%* c HY?(S).

Motivated by those inclusions, we introduce for v € R the abbreviation
X) = D(-A;)"2.

The exponent of &; agrees with the associated Sobolev regularity.
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Main result. Our first main result states existence, uniqueness and stability un-
der appropriate regularity assumptions in weak variational curl spaces. This is a
variation of the statements in [10].

Theorem 2.3. Ifu’ € D(C), J € C°([0,T], D(Cu)) + C*([0,T], L*(Q)?), and
(Jsurf,27 Jsurf,g) ec! ([OvT]vxsl/Q X X21/2) N 02([07T]7X3_1/2 X X2_1/2>>
then there exists a unique solution
u=(H,E) € C°([0,T],D(C)) nC'([0,T], L*(Q)")
of (2.5). Furthermore, for all t € [0,T) it holds

() lluxe Slllixe + [T O 2202 + (et (Bl 230000

t t
(211) +/0 ||J(5)||L2(Q)3 dS—‘r/() ||athurf(s)||L2(Fmt)3 ds

b

t
+/O H(Jsurf,2(s)7<]surf,3

with a constant which is independent of J,J s and u.

() H (—Ag) /4% (—Ag)1/4

Strategy of proof. It is well known that the operator C : D(C) — L?(Q)° is the
generator of a unitary C°-semigroup, whereas the operator C : D(C) — L?(Q)® does
not inherit any good properties, see, e.g., [10, Rem. 2.1]. Thus, we aim to construct
an extension Jg € PH(curl, @) that exhibits the correct normal jump on Fiu,
ie., [Jyg X Nint] py = Jguee- This enables us to introduce a shifted magnetic field
H = H — Jy; with a vanishing tangential jump [H X 1] 5, = 0. Therefore, we
are interested in solving the following shifted system: seek (fI (t), E(t)) € D(Cy) x
D(Cy) such that

(2.12a) OH=—-CpE—J, in [0,7] x Q,
(2.12b) OE=CuH —J, in [0,7] x Q,
(2.12¢) H(0)=H" E(0)=E° in Q,

with J; = —0iJpy, Jo = —e 'J + e tewlJy and H® = H® — J;(0). The
shifted problem (2.12) allows us to use C%-semigroup theory to show existence,
uniqueness and stability. However, we need to make sure that the extension Jy; is
sufficiently regular in time and space to meet the requirements necessary for (2.12)
to be a wellposed system. This will boil down to certain regularity conditions
for the surface current J_ . Additionally, Jg needs to satisfy certain boundary
conditions.

Extension. The extension Jy; is constructed in two steps. We first extend scalar
valued functions from the interface to the whole domain, cf. Lemma 2.4. The
combination of scalar extension then yields the vector valued extension J; in The-
orem 2.5.

Lemma 2.4. There exists a bounded linear operator ®; :Xj_l/2 — L2(Q) with the
following properties.

(1) The operator ®;| /2 :le/z — PHY(Q) is bounded.
(2) The operator ‘I)j|X}/2 3/’\?;3/2 — PH?(Q) is bounded.
(3) Forve le/2 it holds [®;(v)]F,, =V 0N Fint.

(4) Forv e le/z it holds ®j(v) =0 on IT'; UT.
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Proof. Let x:[—1,1] — [0,1] be a smooth cut-off function with supp x C [-3/4, 3/4]
and x =1 on [-1/2,1/2]. For v € X;l/2 and z € @ we define
2,(0)(x) = ) ()Y (A A () for >0,
— @, (v)(—z1, 22, 73) for z1 < 0.
This defines a linear and bounded map.

The proof of (1) and (2) follows along the lines of [10, Lem. 4.1]. Alternatively,
we give a short proof of (1) in Appendix A.

We proceed with the proof of (4) and show the claim first for v € D(—A;)%/4,
Without loss of generality, we assume j = 2. Since v € D(—A3)?/*, we conclude
with (2) that ®5(v) € PH?(Q). The space H?((Q+) embeds continuously into
C°(Q+). Therefore, we obtain

@2(’0)(!)3170, ) = @2(,@1, 17 ) =0
since by construction, for z; € (=1,1) \ {0} it holds ®3(v)(z1,-) € D(—Ay). This
shows that ||®2(v)|z2(r,) = 0.

Furthermore, due to the cut-off function, it holds || ®2(v)| z2(r,) = 0. The density
of D(=A3)%/* in D(—A3)'/? proves the claim for v € D(—Ay)'/%.

It remains to prove (3). With a similar argument as above, we can take the
classical limit in the first component and obtain by construction

[2;(0)] iy = 5(0)(07 ) = B (0)(07, ) = o= (—50) =

on Fi,. This proves the statement. O

With this we can define the desired extension Jp; which satisfies the properties
outlined above.

Theorem 2.5. Let J ;= (O, ourt 25 Jurf,S) and

(Toust 2 Tount.3) € CH (0,71, 2577 2,7%) 0 €2 ([0, 7], 45772 % 25717).
Then, there exists a function
I € C1([0.71, PH(Q)*) N C*([0, 71, L*(Q)°)
such that for t € [0,T] it holds
(1) [[JH(t) X nillt]]Fint = Jsurf(t) on Fint,
(2) Jg(t)-v=0 on 0Q.
Furthermore, the following estimates hold
[T ®22@F S 1 sume®)l22(5)2,
10eT e ()| 22(@)2 S 10t e (D)l 2252
[Tl pr @ S 1 (Jourt 2()s Taunt 3 (—agy1/2 5 (—ag)1/e5

with constants independent of J_ ;.

Proof. Define Jg(t) = (0,7@2 (Jsurf)?)(t)),(bg (Jsurf)2(t))). The statement is an
application of Lemma 2.4. O

Proof of main result. We write (2.12) in the compact form: seek a(t) € D(C)
such that

(2.13a) By(t)
(2.13b) (0)

Ca(t)+j(t), for t € (0,7,
0

)

[~
Il
[~
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with a(t) = (H(t), E(t)), j(t) = (=0:J g (t), —e 1T (t) + e L eurl T (1)), G (t) =
(Jg(t),0) and a® = u® — 5 (0). This problem fits into the framework of Cauchy
problems and standard theorems for existence and stability can be applied.

Lemma 2.6. Let u® € D(C) and N (VR

surf,3) with
(ot 2 Tours.a) € CH(0.T1, 252 2,7%) 1 C2 (10,7, 25772 2,717,
Furthermore, let
J € C°([0,T],D(Cn)) + C'([0,T], L*(Q)%).
Then, there exists a unique solution
@= (H,E) € C°([0,T],D(C)) nC"([0,T], L*(Q)°)
of (2.12) given by

t
(2.14) a(t) = etCa’ +/ e=9)C4(s) ds.
0

Proof. In view of standard results for Cauchy problems, cf. [22, Thm. 4.2.4,
Cor. 4.2.5 ], we need to check the two conditions

a’ € D(C), jeC°([0,T];D(C)) +C*([0,T]; L*(Q)°).
By construction @® € D(C). Furthermore, by Theorem 2.5 it holds
[4° x ninel 7 = [4” X Rinel Fe — [ (0) X Rine] 7 = 0.

Therefore, we conclude with Corollary 2.1 that u® € D(C). Again by Theorem 2.5,
we see that

et eurl Iy, 01 J gy € Cl([oyT}; L2(Q)3)

This proves the claim together with the assumption on J. O
We are now able to proof the first main result.

Proof of Theorem 2.3. A straight forward calculation shows that w = @+ j g solves
(2.5). This solution is unique as a consequence of the uniqueness in Lemma 2.6.
It remains to prove stability. Taking norms in (2.14), we obtain

1 (®)llixe < 16 uxe + [ Ter (0)]],
t
4 [T + el ()], + 0T, ds
0
< Nulllixe + Vil T (0)]22(@)e

1 [t t
L / 1T ()]l 2@y ds + /i / 10T 11 ()220 s
N ;

1t
+ %/o chrlJH(s)HLZ(Q)3 ds.

By Theorem 2.5, we estimate further

Hﬁ’(t)HMXE 5 ||UOHM><E + ||JSqu(O)||L2(Fint)3

t t
4 / 17 ()l 20ps ds + / 180Tt (5) | 2 (s s

t
+/0 H(Jsurf,2(8)7Jsurf,B(S))H(_A3)1/4X(_A2)1/4 ds

The claim follows with [|w(t)||uxe < [|@(t)|lixe + 1175 ()] pxe- O
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3. SPATIAL DISCRETIZATION

In this chapter, we introduce a concrete space discretization and derive rigorously
the discrete curl in (1.5) and the discrete extension in (1.6). We first present our two
main results involving rigorous error bounds for the spatially discrete scheme and
an extended scheme. The chapter then proceeds with a spatially discrete analogue
of the stability bound Theorem 2.3 and is concluded with the proofs of the main
results.

Discrete setting. We denote with 7; matching simplicial meshes of the domain
Q, generated by a reference element K. The subscript h indicates the mesh size
defined as h = maxieT;, hi, where hx denotes the diameter of a mesh element K.
Furthermore, we assume that the mesh sequence is shape regular in the sense of
[12, Def. 11.2]. Thus, there exists ¢ > 0 independent of h such that hx < opg,
where pg denotes the diameter of the largest inscribing ball of K.

We collect the faces F' of all mesh elements in the set Fj, = Fj U .7-',?, where F,
denotes the set of all faces in the interior of @) and }",? the set of all faces on the
boundary 0Q. Refer to [12, Def. 8.10] for a precise definition of mesh faces.

The outer unit normal vector of K is denoted by ng. Every interior face F' € F}
intersects two elements Kr; and Kg,. The order of the elements is arbitrary but
fixed. We choose the unit normal n to F' pointing from Kr; to Kr,. For boundary
faces F' € F?, we choose the unit normal nz to F as the outer unit normal vector
ng of the associated element K.

Let F' be an interior face and v: (@) — R be a function that admits a well-defined
trace on F. The weighted average of v on the face F' is defined as

WKp, (’UlKF,l)’F + wKF,7'(U|KF,T')

WKp, + WKF,,

F

)

(3.1a) fo)s =

where w:Q — (0,00) denotes a positive weight function that is piecewise constant,
ie., w|g = wg for all K € Tj,. Analogously, we define the jump of v on F as

(S'Ib) [[U]]F = (/U‘KF,T) r (U|KF,I)|F'
For vector fields, both definitions hold component-wise.
The following assumption is necessary to resolve the interface conditions (1.3).

Assumption 3.1. We assume that every element K € Ty, lies completely on one
side of the interface Fiyg, i.e.,

KNFu =0, foralKecTh.

Furthermore, we assume that the unit normal ng for every face F' € Fy with
F C Fiut points in the same direction as Ny, i.€.,

np - Nin = 1, for all F € F;, with F C Fiy.
The set of all faces F € Fy with F C Fiy is denoted by Fi™t.

Similar to the definition of the broken polynomial space (1.4a), we introduce for
s > 0 the broken Sobolev space on T, defined by

(3.2a) H*(Tp) = {v e L*(Q) | ulx € H(K) for all K € T}, }.
The piecewise semi-norm on H*(73) is denoted by |-|fs(7;) and we define
(3.2b) - 7y = I-122) + e (73

In the following, slightly more regularity of the solution is assumed such that it
admits classical traces on element faces. Therefore, we define the spaces

(33a) VH =DECu)NHYT;), VE=DEC)NnH (T, Vi=VHxVF
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and the restricted spaces
(3.3b) VH = D(Cy)NHY(T), Vi=VH xVE.

Since functions of the approximation space Vj, defined in (1.4a), do not admit a
well-defined curl, we introduce the following spaces containing both the analytical
solution and the approximation

(3.4a) VE =VH v, VE =VE 1V, V.,=VE xVE,
and similarly
(3.4b) VE =VE+ V., Viu=VE xVE.

Remark 3.2. Note that the results are not specific to matching simplicial meshes
but are also valid for quadrilateral meshes and general meshes as described in
[8, Sec. 1.2]. We omit the details for the sake of presentation.

Spatial discretization. As motivated in the introduction with (1.6), we define
the discrete lift operator

(3.5a) Lot : L2(Foe)® = Vi (LintVodp)e =— > (VIr {0 }i)
FeFint
for ¢, € V},, and the discrete magnetic Maxwell operator EIH ‘A/*bz - W

(3.5b) (€uH,¢,)- = > (H,curlg,)x
KeTh

— Y (Hxnp.¢p)r— Y {HYS [o4]r x nr)r.

FeFP Fery
Analogously, we define the electric Maxwell operator €g :V:Jh — Vy for E € V*Eh
and 1, € V3, by
(35¢)  (€CE.4y)u= Y (Bewldy)x — Y ({E}F, [Wulr x nr)r.
KeTh FeFyp

This definition incorporates the perfectly conducting boundary condition for the
electric field. The discrete operator acting on the combined field is defined as

(3.5d) ¢V V2 €= <€0H —OCE) .
Analogously to (2.4d), we define the restrictions
(3.5¢) €y VH = Vi, € = Eulyn
(3.5f) € Vp — V2, c=aly,,.
The semi-discrete problem now reads: seek (Hy(t), Ep(t)) € V;2 such that
(3.6a) O Hp(t) = — €g Ey(t) for ¢ € [0, 17,
(3.6b) OE(t) = Cy Hy(t) — J),(t) — Ty n(t) for ¢ € [0, 7],
(3.6c) H)(0) = Hy, Ey(0) = B},
where J_ ¢ = Lintgurs H) = 1I,H°, E} = I,E° and J, = e 'J. We

denote with IIj, : L?(Q) — P%(75) the broken L2-orthogonal projection defined by
(37) (1} — Hhv,¢h)L2(Q) =0 for all th € Pi(ﬁ)

For typical properties of this projection, compare [12, Sec. 18.4] or [8, Sec. 1.4.4].

The second main result gives an error bound on the spatially discrete solution
up = (Hh7 Eh) of (3.6). For a sufficiently regular problem, we obtain convergence
in the mesh parameter h. The proof is given below.
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Theorem 3.3. Let the solution u = (H, E) of (2.5) satisfy
(3:8) w e OO0, T, V. H' ™ (Tp)*) N CH([0,T], L*(Q)°),

with s > 0. Furthermore, let Assumption 3.1 hold. Then, the appropriation w, =
(H,,E,) defined in (3.6) satisfies

[w(t) — wn(t)||ixe <CR™,  0<t<T,

with a constant C > 0 independent of h. Here, v, = min{s, k} with k denoting the
polynomial degree of the approximation space defined in (1.4a).

Note, that this agrees with the results obtained for the special case J ¢ = 0,
see, e.g., [14].

Nodal interpolation. The calculation of the lift operator (3.5a) involves the eval-
uation of integrals over mesh faces. In practice, those integrals are approximated
by quadrature formulas. This can be quite expensive, since the evaluation may be
required at every time step. Moreover, if the surface current depends on the solu-
tion itself, i.e., J s = Jou¢(E). The calculation of the lift operator would cause
evaluations of the finite element functions at every quadrature point which is quite
expensive. In such cases, nodal discontinuous Galerkin methods are attractive since
they allow for a fast evaluation of integrals and functions, see, e.g., [8, App. 2] for
a detailed discussion. In the following, we construct a scheme that makes use of
nodal interpolation of J_, ¢ and provide error bounds.

We specify the construction from Section 3 and choose N}, = dim P nodes
Yp = {URJ,...,JKMC} in the closure of the reference element K. Then, the
Lagrange polynomials, defined by 0k i(ck,;) = d;; for i,5 € {1,...,N;}, form a
basis of P%(K). Thus, we can define for £ > 3/2 the local interpolation operator

Nk
Ti :HY(K) - PUK), Tiv=>Y vlk(ok)ixk.
j=1

and hence, the global interpolation operator by restriction, i.e.,
ThHY(Th) = P3(Th), I'o|lg =Thv, for K €T,

Note, that the interpolation operator acts component-wise for vector fields.

The surface current J_ ¢ is only supported on the interface Fi,; and hence we
construct an interpolation operator on the sub-mesh f}Lnt. Therefore, we need the
following two assumptions.

Assumption 3.4 ([12, Ass. 20.1]). Let Fbea face of the reference element K and
denote with Y5 the nodes that are located on F, i.e., Xp = Xp NF. We assume
that for any p € IP’";([?) it holds p|z = 0 if and only if p(o) = 0 for all 0 € ¥ 5.

We also need to make sure how the nodes of neighboring elements come in contact
with each other.

Assumption 3.5 ([12, Ass. 20.3]). For any face F € Fy it holds
EKF,Z NF = ZKF,T NF=Xp.
We write again Xp = {op1,...,0rm, }-

Remark 3.6. These assumptions ensure that the triple (F, P5(F), Ep)peFm is again
a finite element for Fi, in the sense of [12, Def. 5.2], see [12, Lem. 20.2] for details.
Note that the usual Py and Q nodal Lagrange elements satisfy both assumptions,
see [12, Sec. 20.2] for details.
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Given Assumptions 3.4 and 3.5, we are able to define for k > 1 the local inter-
polation operator

N
Ip:HY(F) = PE(F), Jpv=> vlr(or;)0r,;

j=1
and the global interpolation operator
I HE(FM) = PE(FRM),  T'lp =T, for F e 7™
The problem now reads: seek (H(t), E(t)) € V;? such that

(3.9a) 0. Hy,(t) = — € Ey (1) for t € 0,77,
(39b) 875Eh(t) = é\:H H—h(t) - Jh(t) - jsurf,h(t) for i € [0’ T]’
(3.9¢) H,(0) = Hy), E40)=Ej,

with J, = £;,,3"J, ;. Note, that the semi-discrete solutions of (3.6) and (3.9) only
differ in the fact that we use nodal interpolation under the lift operator. Our third
main result is concerned with the error introduced by this additional approximation.
The proof is given below.

Theorem 3.7. Let Assumptions 3.1, 3.4, and 3.5 hold and further let the solution
u = (H,E) of (2.5) satisfy
(3.10) we CO[0,T), V.0 H'(T5)%) n €1 ([0, 7], L*(Q)°),

with s > 1/2. For the approzimations w, defined in (3.6) and @y, defined in (3.9)
it holds |
o (6) — (D)l e < CRPAE2)

with a constant C > 0 which is independent of h. Here, k denotes the polynomial
degree of the approximation space (1.4a).

The following corollary follows immediately from Theorems 3.3 and 3.7.
Corollary 3.8. Under the assumptions of Theorem 3.7 it holds
[w(t) = @n(t)]lux= < CR™,

a constant C' > 0 which is independent of h. Here, r, = min{s, k} with k denoting
the polynomial degree of the approzimation space (1.4a).

Stability. We proceed by proving a discrete analogue to the stability bound (2.11).
The broken L?-projection IIj, defined in (3.7), has the following piecewise ap-
proximation properties, see, e.g., [12, Sec. 18.4].

Lemma 3.9. For all K € T, and all v € H**(K) with s > 0 it holds
(3.11a) [o = Thol 2(x) < CR ol g (1),
(3.11b) o = Mol 2y < CRR 2 0] et (1),

with constants C > 0 that are independent of hyx. Here, r. = min{s,k} with k
denoting the polynomial degree of the approzimation space (1.4a).

The following lemma shows an important relation between the Maxwell operators
(2.4) and their discrete counterparts (3.5).

Lemma 3.10. (1) The operators €y, €g are consistent, i.e., foru = (H,E) €
V. it holds

II,CuH =¢x H,
II,Cg E =€ E.
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(2) The operator E:H is non-consistent, i.e., for H € YA/*H it holds
I, Cn H = & H — Lini([H % nine] . )-

The result (1) is stated in [18, Sec. 2.3]. Thus, we only prove (2) involving the
new domain special to the inhomogeneous interface problem.

Proof. Let ¢, € V},. With integration by parts, we obtain
CuH.¢,).= > (Hewlg,)x — Y (Hxnp, ¢),)r

KeTh FeF?

+ Z ([H]F x np, {01 })F

FeFy

- Z {HY [dn]F x np)e.

FeFy
Thus, with definitions (3.5a) and (3.5b), we see that
(CuH. y)- = (€u H. ) — (Cine([H] Ry X Tint), Pp)e-

This proves the statement since (Cy H, ¢p)e = (I, Cu H, ¢,,)e by definition of the
projection (3.7). O

Lemma 3.11. Let u € XA/*,h N HY(Ty)® for s > 0. It holds
1€(w — Tyw)|[uxe < R

with a constant C > 0 which is independent of h and w. Here, r, = min{s, k} and
k denotes the polynomial degree of the approzimation space (1.4a).

'U;|H7**+1(7’h’)6

A proof of this statement is included in [18, eq. (5.5)]. We emphasize that all
estimates there hold since they are local to every element K € 7T, and, thus, do not

~

depend on the domain D(C).
The following Lemma is essential for the wellposedness of the semi-discrete prob-
lem. A proof is provided in in [18, Lem. 2.2].

Lemma 3.12. The operator ¢ is skew-adjoint on th with respect to the inner
product (-, ) uxe, i-€., for up, vy, € V2 it holds

(Q:uh,7vh)/L><E = *(uh; €vh)u><s~

We infer from the skew-adjointness that ¢isa generator of a unitary C°-
semigroup on Vh2. Therefore, the semi-discrete problem (3.6) has a unique solution
up(t) = (Hu(t), En(t)) € V2 given by the variation-of-constants formula

—~ t ~
uh(t) = et eu?z + / e(tis) C(jh(s) +jsurf,h(s))dsa
0

with “?L = (H,?, E,?), Jn=(0,—J,,) and jsurf,h = (0, _Jsurf,h)‘
The following stability bound holds true for the semi-discrete problem. We
emphasize, that is an discrete analogue to (2.11).

Theorem 3.13. Under Assumption 3.1 and the assumptions of Theorem 2.3, the
numerical solution wy, = (Hh,E'H) of (3.6) is stable, i.e., fort € [0,T] it holds

len (®)llixe S Nulluxe + 1Tt 0) |22 (Fuo? + [Fsurr (Dl z2(Reye

t t
+ / 17 ()l z2(gye ds + / 10T () 2y dls
0 0

+ J[EE— as.

(—A3)1/4x (—Ay)1/4
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with a constant which is independent of h and w.

Proof. We proceed similar to the proof of Theorem 2.3 and introduce a shifted
semi-discrete solution @y, (t) = wp(t) — 4 (t), where jg(t) = (Jg(t),0) denotes
the extension of Theorem 2.5. Thus, the shifted solution solves

Ortun (t) = € un (1) + G (£) + ot (1) ~ TnDepa (1)
= Can(t) + EMygg (t) + 4u(t) + Jsurt n (1) — Hp0rg g (1)
By Lemma 3.10 it holds
0, (1) = € (t) = (0, i ([T (8) X minil ) ) = € Gar(8) + ot 1 (1)
Therefore, we obtain 9yt (t) = €y (t) + 74 (t), with
() = —€(I —T0,) i () + T (5 (1) + C g (t) — D (1))

We emphasize that 7,(t) € V;* and thus write the solution by means of the
variations-of-constants formula as

~ t ~
@ (t) = e € (u) — Mgy (0)) + / e €5, (s) ds.
0
Furthermore, since € generates a unitary C°-semigroup on V2, we obtain that

t
[ () lluxce < M1 luxe + 155 (0)lluxe +/0 175 () [luxe ds

It remains to bound ||7(s)||uxe. By Theorem 2.5, it holds Jg(s) € PH'(Q)? and
thus, by Lemma 3.11 with s = 0, we conclude that

1€(I = 1011) 3 ()lluxe < ClIg(s)lm(7ys = ClI g (s)|prn Q)2
The right-hand side can be further estimated with Theorem 2.5, and we obtain
HC(I - Hh)jH(s)H#XE < C”(Jsurf,Z(S)? Jsurf,S(s))||(—A3)1/4><(—A2)1/4'

The remaining parts of 7, (s) can be bounded analogously by Theorem 2.5. This
proves the claim similar to Theorem 2.3. O

Error analysis. We proceed by proving the main error bounds of this section.

Proof of Theorem 3.3. We define the error e(t) = u(t) — up(t), where u(t) denotes
the solution of (2.5) and wy(t) denotes the semi-discrete solution of (3.6). We split
the error into e(t) = er(t) — ex(t) with

(3.12a) en(t) = u(t) — Mpul(t),
(3.12b) en(t) = up(t) — Mpul(t).

Thus, er(t) denotes the best approximation error and and e, (t) the dG-error. By
(2.5) and Lemma 3.10, it holds

(3.13) Olyu(t) = Iy (Cu(t) + ) = Cult) + 4y (1) + Jowen(t)-
Since u, () solves (3.6), i.e.,

Oy (1) = €y (1) + G (8) + Jouwe 1 (0, 1 € [0,T], 2, (0) = Myt
we see that the dG-error solves the initial value problem
(3.14) den(t) = Cen(t) +dr(t), t€[0,T], en(0)=0,

with the defect d.(t) = — Cen (t). We can write the solution of (3.14) with the
variation-of-constants formula and obtain

t ~
en(t) = / c=9€q () ds.
0



DGTD FOR LINEAR MAXWELL EQUATIONS WITH INTERFACE CURRENT 17

Since € is the generator of a unitary C°-semigroup on V2, we conclude with
Lemma 3.11 that

t t
len(®) e < / da(5) e ds < Ch™ / [(8) o1 (70 ds

with a constant independent of h and uw. Together with the approximation proper-
ties of Lemma 3.9, we obtain

le@)lluxe < llem(®)lluxe + llen(®)llxe
t
< C’hr*+1|u(t)|H”+l(Th)6 + Ch:/ |’U,(S)|Hr*+1(7’h)6 ds,
0

which proves the claim. O

Remark 3.14. Note, that the stability result of Theorem 3.13 is not used in the
proof of Theorem 3.3. The reason for that is the fact that the lifted surface current
appears in (3.13) due to Lemma 3.10 (2). Thus, there is no contribution of the sur-
face current in the defect. This, on the other hand, assumes that the lifted surface
current can be calculated exactly which is not feasible in practice, cf. Section 3.

The following section deals with errors introduced due to nodal interpolation on
the interface.

Interpolation error. The following local estimates for the nodal interpolation
hold, compare for example [12, Thm. 11.13].

Lemma 3.15. For all K € T;, and all v € H**(K) with s > 1/2 it holds
(3.15) ||U—Ihv||L2(K) < Ch?+1|v|H7‘x+1(K)

with a constant C > 0 which is independent of hy. Here, r, = min{s,k} and k
denotes the polynomial degree of the approximation space (1.4a).

In order to obtain approximation properties for the local interpolation operator
3" on the sub-mesh, we need to ensure that ]-"}Lnt does not degenerate, i.e., that the
sub-mesh is again shape regular. Recall the following notation. For F' € f}L“t, we
denote with hp the largest diameter of F' and with pp the diameter of the largest
inscribing ball of F. It is clear from the definition that hp < hx. Furthermore,
[20, Thm. 10, (10)] shows that px < pp, i.e., the diameter of the largest inscribing
ball of K is always less or equal to the diameter of the largest inscribing ball of F'.
Therefore,

hx <opx = hr < opr,
i.e., the sub-mesh Fi"* inherits the shape regularity from 7,. We interfere again
from [12, Thm. 11.13] the following approximation properties.

Lemma 3.16. For all F € Fi** and all w € H**(F) with s > 0 it holds
(3.16) lw = 3wl L2y < CREFHw| ey

with a constant C' > 0 which is independent of hp. Here, r. = min{s,k} and k
denotes the polynomial degree of the approzimation space (1.4a).

Similar to Lemma 3.11, we obtain an approximation result under the discrete
lift operator.

Lemma 3.17. Let V € H*3(Fint)3 with s > 0. Under Assumption 3.1, it holds
[€int (V = 3"V)[|lo < CR™ T2V | i (i

with a constant C > 0 which is independent of h and V. Here, r, = min{s, k} and
the polynomial degree of approzimation space (1.4a) is denoted with k.
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Proof. Let ¢, € V3. By the defintion of the discrete lift operator (3.5a) and the
Cauchy-Schwarz inequality it holds

1/2
(3.17) (Line(V = 3"V, ¢))c| < ( > wrlv - th%%F))
FeFint
1/2
(X oy )
FeFnt

with the weight wp = min{hg,,, hk,,}. By Lemma 3.16, we obtain the estimate
(3.18) Wil lV = 3"V [Ea(py < CPwit hy 2|V iy

Since by definition hr < max{hg,,,hk,, }, we obtain with the shape regularity
that

(319) hF S max{hKF’HhKF,T} § OpF S Umin{hKF,,,,hKF’r} S OWFE.

Therefore, we lose one hp in (3.18) due to the weight wr and end up with the
estimate

Wpl |V = 3"V |[T2(py < CPohZ "V is oy

With the discrete trace inequality [12, Lem. 12.8], we further estimate

(3.20) ||{{¢h}gc||%2(1r) < 2C’QCgoMoo(h;<;L||¢h|KF,z

with a constant C' > 0 which is independent of F, Kr; and Kf,, but depends on
the polynomial degree k.

Multiplication of (3.20) with wp proves the statement together with (3.18) and
(3.17). O

g,KF_,, + hf};r &l rr., ”ZKF,T)

With Lemma 3.17, we have all ingredients to prove the second main result of
this section.

Proof of Theorem 3.7. Since H € C°([0,T], VH n H(T;)%) with s > 1/2, we
conclude by [12, Thm. 3.10] that

(3.21) J,

surf —

[H x nint]r,, € CO([O,T],Hl"‘“(}“;LHtP)

with k =s—1/2> 0.
We write (3.9) in vector form, i.e., @, (t) = (Hp(t), Ej(t)) such that

(3.22) By (t) = € (t) + Gy (1) + Jauer (1), for t € [0,7],  @,(0) = uf,

with jh = (07 _Jh)’ 3surf,h = (07 _jsurf,h) and ﬂ?L = (H}?7 E?L)
Writing ép,(t) = wp(t) — @p(t) and subtracting (3.6) and (3.22), we obtain

(3.23) Bién(t) = Cép(t) + dp(t), for t € [0,T], é,(0) =0,

with a defect dh(t) = jsurﬂh(t) — 5surf7h(t).
We can write the solution of (3.23) with the variations-of-constants formula and
obtain with Lemma 3.17 the estimate

t
Jen(Dlxe < N2 [ 4t 5y

This proves the claim since k + 1/2 = s. O
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4. FULL DISCRETIZATION

In time, we discretize (3.6) with the explicit leapfrog scheme with step size 7 > 0
and set t,, = n7 for n € N. The fully discrete scheme reads

(110)  HP o Hp =T es By,
4.1b En+1 _E" = E: Hn+1/2 _ Z Jn Jn+1 _ z J" Jn—i-l
( . ) h n —TCH h 2( h + h ) 2( surf,h + surf,h)a

(4.1c) HP - HT? = —% ¢ BT

forn > 0and HY =11, H", E} = 11, E°. 1t is well-known that the leapfrog scheme
is stable if for some 6 € (0,1), the CFL condition

20
(4.2) T <7TorL = —<——— S 6 min hg
|€n €pll: — KT
is satisfied. Here, ||-||c denotes the induced operator norm, cf. (2.3). For more

details on the constant within the CFL condition, we refer to [18, eq. (2.35)].
The main result of this section is the following bound on the full discretization
error.

Theorem 4.1. Let Assumption 3.1 hold and further let the solution u = (H, E)
of (2.5) satisfy

(4.3) w e C°[0,T], V. N H'"*(T5,)%) n C*([0, T, L*(Q)°),

with s > 0 and assume that the CFL condition (4.2) holds. Then, the approzima-

tions uy = (H}, Ey) defined in (4.1) with approzimation space (1.4) satisfies
lw(tn) — uplluxe < C(h™ +7%),  0<t, <T.

Here, r, = min{s, k} and C > 0 is a constant which is independent of h and 7.

Remark 4.2. Note, that the interface condition does not induce an additional step

size restriction, since the CFL condition (4.2) coincides with that for problems on
the full domain Q.

Remark 4.3. We note that in order to prove the regularity assumptions on u in
Theorem 4.1 certain compatibility conditions have to be satisfied at the initial time.
Assuming that the solution is sufficiently smooth, we obtain from (1.3b)

at‘]surf = [[atH X nintﬂFint = _ILU’_l curl E x nint]]Fir,“
02T e = — [ el E X nini]r,, = —[p tcurle t curl H X ming] 7y, -

The reader should refer to [10, Thm. 2.4-2.6] for a thorough treatment.

Our analysis is inspired by [18], where the locally implicit method for linear
Maxwell equations is considered. With the discrete Maxwell operators from (3.5)
and uj, = (H il E}’f), we write (4.1) in the following one-step formulation

S a P T/ ) T )
(443’) 9{*,u’h+1 = m+uz + 5 (Jthl + Jf?) + 5 (Jsutfl,h + anurf,h)
for n > 0 with operators
72
4

(4.4b) Ry V2 V2, z%izfigé— D

and perturbation operator

~ ~ 0 0
. 2 2 = ~
(4.4c) D:VZ V2, D= (0 & ¢E> .
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For ® = 0, the scheme (4.4) is equivalent to the Crank-Nicolson method and thus,
one can interpret the leapfrog scheme as perturbation of it. We further use the

~—1 ~

operator R V;2 — V2, defined as R=NR_ R,

Note, that for the special choice of Ci; = 0 and C% = 0 in [18, eq. (2.34)], one
obtains the leapfrog scheme on the whole spatial domain. Thus, we can use bounds
on the operators in (4.4) from that work.

Stability. The following theorem provides stability for the fully discrete scheme
and is a discrete analogue of the bound provided in Theorem 2.3 for the exact
solution.

Theorem 4.4. Assume that the CFL condition (4.2), Assumption 3.1, and the
assumptions of Theorem 2.3 are satisfied. Then, the fully discrete scheme (4.1) is
stable, i.e., for alln >0 it holds

[t lluxe S HU’O”MXE F [ Tourt (to)ll 22 () + [ Fourt (En) | 22 (710n)2

e
+3 Z||J(t£+1) + J (o)l 2 (@)
£=0

tn
+ / 10T (8)]| 2 (s s

to

n—1
-
+ 9 Z H (JSllrf,Q(té‘H) + JSurf,Q(tf)a
£=0

Jsurf,S(tZ"rl) + Jsurf,3(t[)) H

(—As) /A (—Ag) 1/t

with a constant which is independent of h, 7 and w.

Proof. The proof relies on the same arguments as in Theorems 2.3 and 3.13. Hence,
we introduce the shifted field

(4.5) ay, = up, — njgr,

where j7 = (J7,0) denotes the extension from Theorem 2.5. The shifted variables
satisfy the recursion

m vn+1 5{ n+1 n+1 .n
(46) +uh +3 2 ( + Jh) +5 2 (Jsurf h + Jsurf,h)
+ R gy — R
Next, we study the action of iﬁi on Iy, 5%, for £ > 0. Since the second component
of j4; is zero, it holds ® II;, 5% = 0. Thus, (4.4b) yields

5 . . T = .
Nellnjpr = Mgy £ 5 €y

. T~ ) T . T,
=jg + 3 C(M, —I)jg + §Hh CiuT §J£urf,h'

Here, the second identity follows from Theorem 2.5 and Lemma 3.10. Inserting this
into (4.6) leads to

(4.7) R_aptt = R, ap + i)
with the remaining terms
=5 )
~a(GE = d8)

+ Hhc< i )+ s (I — D) (G )

l\ﬂﬂ
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Solving the recursion (4.7), we obtain

—1—4 ~—1

n—1
-n N0 § N =0
uh :9:{ Uh+ m 9{7 T'h.
£=0

By [9, Lem. 11.14] we have

~—1
(4.82) M [luxe < V1462464

and by [18, Lem. 4.2] it holds
(4.8b) IR ||ixe < Cop = (16372 m=0,1,....
Together with (4.5) we infer

n—1
||UZHM><€ < Cstb(”“%“xtxs + ||thgi||uxe + \/§Z||7;h||uxs> + ||lej21||uxs-
£=0

The remainders ||#f ||,xc are bounded in the same way as in the proof of Theo-
rem 3.13. O

Error analysis. As usual, we split the full discretization error into
(4.9) u” —up =u” —Ipu” + pu” — up =ef; + ej.

Here, ef = u™ — II,u™ is the best approximation error and e} = I, u™ — uj is
the dG-leapfrog-error at time ¢,. Since the best approximation error is covered
by projection results, cf. Lemma 3.9, we determine the defect d™ by inserting the
projected exact solution into the scheme (4.4a), i.e.,

5 o T/ nt1 . T/ int1 .
(4.10)  R_Mpu"t' = R Mu” + 5(3;# +Jn) + §(g;‘utf’h +jlen) —d”
This allows us to infer the error recursion for the dG-leapfrog scheme.

Lemma 4.5. Let the assumptions of Theorem 4.1 be satisfied. Then, the dG-
leapfrog-error e} defined in (4.9) satisfies the error recursion

(4.11a) R_oel™ =Rief +d", d'=dy+0"+ (R —N,)d}
with
~ 2 ~
(4.11b) dr = ,g E(I -1 (uw™ + u™) — TZ DI —T0,) (u"+ —u™),
b1 (g — ¢t the1 — S
(4.11c) " = 7'2H}L/t ( n)2(72l+1 )8,:53’111(8) ds,

n+1l _ n
(4.11d) Z _ _i (Hh(atH 0 8tH )) .

Proof. With the fundamental theorem of calculus and the error estimate of the
trapazoidal rule, we obtain

wtl ot = a(un+1 + un) + %(jn+1 Jrjn)

tnt1 _ _
- 7'2/ (5 = tn) (bn-t1 S)ﬁf’u(s) ds.
t

-
2

272

Projecting both sides onto th and using Lemma 3.10, we infer that

T ~ T ~ T, . . T, . .
HhunJrl o 5 Q:unJrl _ Hhun 4 5 Q:,un 4 5(]Z+1 _'_.7}711) + §(J:utfl,h +J§Jrf,h) —&m.
Writing € = €11, + €(I — II,) and comparing with (4.10) gives

o~ 2 ~
d" = 6" = 2 (110 ) (u"! + ") + DI (u ! — ),
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Moreover, as in [18, eq. (5.21)], we can write

2
T N n n T N n n
TR (! —u ):—Z’)D(I—Hh)(u 1y
T s ) (M0 HT ~0,H")
4 (%‘ B am) < 0 '
This proves the claim. 0

With this representation of the defect, we are able prove the main result of this
section.

Proof of Theorem 4.1. The proof proceeds in three steps and makes use of a generic
constant C' which is independent of h and 7. First, we bound the projection error
ef;. Second, we solve the error recursion for the dG-leapfrog-error and estimate the
defects separately. The claim then follows in a third step via the application of the
triangle inequality.

Lemma 3.9 directly implies
(4.12) leftllxe = ™ = ™ [uxe < CH™ 4 rees 7.

With Lemma 4.5, the error recursion (4.11a), and the discrete variation-of-
constants formula we conclude

n—1
e;;_ZZ?t" T _d +Zm T E%fé%Z%““(I—ﬁ)dﬁ.
=0

To bound the first term on the right-hand side we use Lemma 3.11 to see
Hd ||H><5 < Ch™ = ("u,’n«+1 + u”‘Hr*+1(7—h)6 —+ |En+1 _ En‘HT‘*‘Fl(ﬂL)S) .

Utilizing (4.8) shows

n—1

~n—1—
> 9~ dilluxe < Cstbf§ ~lldfllxe < Ch™.
(=0

For the second term, we obtain

n—1 t
~n—1—40 ~—1 "
SRR S e <0 [0 u(s) e ds

to

Hence, it remains to bound the third term. Using summation-by-parts, we infer

n—1 n—2

~n—1—F¢ ~ ~n ~n—1—4
> R (I-R)dj, =-R d)+d; "+ ) R (d,t' —dj).
£=0 £=0

We estimate all terms separately. Again, using (4.11d) and the fundamental theo-
rem of calculus implies

t1
IR @ e < Or [ N7 ds < Cr7 . [7H ()],

to
and
[ lloxe < €% _max [OFH ()]

n 17 n
For the third sum, the fundamental theorem is used twice in order to exploit the
difference of the defects. We obtain

2

toyo t _
Znh((atﬂf+2 —20,H" ' + 9,H") = Tz/ (1 - ”iiﬂ)nhafﬂ(s) ds.
17
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Thus, we end up with the bound

tn—1

n—2

~n—1—¢
SR @ = d) e < OF / |03 H (s)]], d.
=0

t1
Combining all estimates, we have shown that
lefluxe < C(R™ +72).
Together with (4.12) this proves the claim. O

5. NUMERICAL EXPERIMENTS

In this section, we present several numerical experiments that underline our
theoretical findings. The software was build with the Maxwell toolbox TiMaxdG!
which is build upon the finite element library deal.II? [1]. The full software with
executables for reproduction purposes can be found under

https://gitlab.kit.edu/kit/ianm/ag-numerik/projects/b10/
dgtd-interface-problem.

All experiments are conducted in transverse electric (TE) polarization, i.e., H; =
Hy; = E3 = 0, to reduce the computational effort, with material parameters p =
e, = 1. Thus, we solve the system

(5.1a) OiH3 + = =01 By + + 02 E1 4, in Q,
(5.1b) OiEy + = 02H3 1+ — J1 1, n Qx,
(5.1c) OiFs+ = —01Hs + — Jo 4, in Q4,
(5.1d) H3(0) = Hy, Ei(0) = EY, E»(0) = E3, in Q,

(5.1e) [H3] e = J1surts on Fiy.

Cavity solution. In this experiment, we use the well-known cavity solution, cf.
[16, Sec. 6], to construct a regular reference solution of the interface problem (2.5).
On each cuboid —, Q4+ we make the ansatz

1
(52&) Hg,i(llfl, ZTo, t) = wii(l{itAQ - kQAiI:) [¢0)] (kgl‘g) COS (kit (1‘1 + 1)) sin (wit),
(5.2b) By (21, m9,t) = — AT sin (kgwo) sin (kF (21 + 1)) cos (wFt),
(5.2¢)  Egi(x1,m2,t) = — Ay cos (kpxo) sin (kF (21 + 1)) cos (wFt),

with spatial wave numbers

wk*E

(5.2d) k= —— k2=mm, kf,meN,
temporal wave numbers
(5.2¢) wt =/ (k)" + k3,
and amplitudes
k
(5.2f) Af = —AQk—i, Ay eR.
1
We choose the data such that
(5.3a) Jswrt(22,t) = lim Hs 4 (x1,22,t) — lim Hs _(z1,%2,1t),
.’,81—)0+ x1—0—
(5.3b) Ji2=Jo+ =0.

1https ://gitlab.kit.edu/kit/ianm/ag-numerik/projects/dg-maxwell/timaxdg
*nttps://www.dealii.org


https://gitlab.kit.edu/kit/ianm/ag-numerik/projects/dg-maxwell/timaxdg
https://www.dealii.org
https://gitlab.kit.edu/kit/ianm/ag-numerik/projects/b10/dgtd-interface-problem
https://gitlab.kit.edu/kit/ianm/ag-numerik/projects/b10/dgtd-interface-problem
https://gitlab.kit.edu/kit/ianm/ag-numerik/projects/dg-maxwell/timaxdg
https://www.dealii.org
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—— k=1
—©—k = 1, interpolation
k=2

O- k = 2, interpolation
——k=3
—©- k = 3, interpolation
——k=4
—©-k = 4, interpolation

FIGURE 2. Error in the L?-norm of the cavity solution (5.2) plot-
ted against the mesh size for a fixed time-step width 7 = 1-107%.
The dotted lines correspond to the lift defined in (3.5a), and the
circled lines to the interpolation in (3.9).

The remaining constants are chosen such that Jg,,r # 0. In our simulation we used
the specific values

k=2, kT =4, m=1, Ay =1.

We chose a mesh sequence of 20 meshes with mesh sizes in the range of 11071
and 1-1072, a fixed time-step width 7 = 1-107%, and polynomial degrees between
one and four. For each mesh size, we calculated two different numerical solutions
differing in the treatment of the surface current (5.3a). One series of simulations is
done with the lifting defined in (3.5a) and one series is done with the interpolation
of the surface current described in (3.9). At several time steps, we calculated the
L2-error against the reference solution (5.2). Figure 2 depicts the different mesh
sizes on the z-axis and the maximal L?-error obtained on the y-axis. We observe
for k-th order ansatz polynomials k-th order spatial convergence until a plateau is
reached where the error of the time discretization dominates. This agrees with both,
Theorem 3.3 and Corollary 3.8 Additionally, Figure 2 shows that the interpolation
of the surface current leads to the same spatial error. This is expected since the
surface current (5.3a) is smooth.

Low regularity surface current. The aim of this experiment is to show the
effect of spatial regularity of surfaces currents on the spatial convergence order. We
follow the ideas in [17] and construct for o > 0 trigonometric polynomials
M/2
(5.4) falz) = Z Vo, j€97, x € [—m, 7], M =2"meN,
j=—M/2+1
with coefficients
Va,0 = Vny2 =0,

Va»j:% fijzl,...,f—]_,
(1+j2)3G+e) 2
. M
Vaj = —Va,j+M/2 forj=——+1,...,—L

2

The factors (rj)j]\i/l%l are uniformly sampled numbers from the interval [—1,1].
In the limit M — oo, the sequence of trigonometric polynomials converges to a
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a=0.5 a=1.0

a=0.0
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98 912 916 920 98 912 916 920 98 912 916 920
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102 7

\+n:0»0 N=05—%n=10—4n=15—n=20 ‘

Ficure 3. Ilustration of discrete regularity: the norm || fo| g,
for f, given in (5.4), for different values of o and 7 plotted against
the number M of Fourier modes.

function in the Sobolev space Hp,,(—m,7) with norm

gl = 27 S+ %G, gla) = 3 gretin.
jez jez
The coefficients are chosen in such a way that the trace of f, vanishes on the
boundary {—m, 7} and, thus, satisfy homogenous Dirichlet boundary conditions.
By construction, the norm || f ||, is bounded uniformly in M for n < a and grows
otherwise. Figure 3 demonstrates this behavior. The surface current is defined as

Jsurt (t, 22) = Lfa (2mxy — ) sin(mt)?
1 fallo
for x5 € [0,1] and t € [0,T.

In our experiment, we chose M = 2™ for m = 22 and a series of regularity
coefficients o € [0,4]. For every «, we calculated a reference solution on fine
mesh with polynomial degree k.o = 3, mesh size hyf = 1- 1073, and step size
Teef = 5 -107°. We then compared the L2-error of a sequence of solutions on 8
different meshes with mesh sizes in the range between 1-10~! and 5-1072 at the end
time T' = 1 against the reference solution and estimated the order of convergence
(EOC). The experiment was performed for first and second order polynomials with
the fixed time step size 7 = 2.5 - 1074,

Figure 4 shows the dependence of the convergence order on the spatial regularity
of the surface current. For o < 1/2 little to no convergence is observed. The order
then grows linearly for a € [0.5,1.5] until it stagnates.

This agrees with Theorem 3.3 provided that one can improve on the results in
[10, Sec. 2] to solutions with piecewise regularity PH*(Q) for s = min{a + 1/2, 2},
a > 1/2. In particular, looking at the proofs one would expect that the regularity
requirements on J_ , can be reduced by one order of Sobolev regularity.

Polynomial solution. In this example, we investigate the temporal errors by con-
structing a polynomial solution which does not create spatial errors. We construct
a solution that is polynomial in space in order to isolate the error introduced by
time discretization. The ansatz polynomials in space are given by

(5.5a) g—(x1) =24z, qi(x1)=-142z1, 7r(x2)=122(1— 22)
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2 1 pmmmmme
S 15 !
3 | ’
s ! ,
8 ! /
= 1 I / ——deg. p=1
= | : # eeeses seo o o o o o < deg. p=2
< I y/ e
g ! y.
£ | ,f’”
1/"/
0 - -4-‘/2/-"",
T T T T T
0 1 2 3 4
«

FIGURE 4. Plot of the estimated order of convergence against the
discrete regularity parameter . For each «, we computed approx-
imations using 8 different mesh sizes between 1-10~! and 5-1073
with a fixed time step size 7 = 2.5-10~*. They are then compared
to a reference solution computed with kyet = 3, hyef = 1- 1072 and
Teef = 5 - 1075,

and the ansatz function in time by

(5.5b) p(t) = sin(27t).

We define on Q4 the fields

(5.5¢) Hj 4 (21,29, t) = p(t)qs (1)1 (22),

(5.5d) By g (21,29, t) = p'(t) g+ (21)r(22),

(5.5e) Es (21, 22,t) =

and define the surface current again as

(5.5f) Jsurt (T2, t) = mli_r}x(lﬁ Hs o (z1,22,t) — zlli_r}r(l)i H; _(z1,%2,t).
Additionally, we define the volume current on Q)+ as

(5.5g) Jix (21,29, 1) = p(t)qx(v1)r" (22),

(5.5h) Jox(z1,22,t) = —p(t) ¢y (z1)7 (z2).

We chose a mesh sequence with 5 different mesh sizes between 5 - 10~ and
5-1072. For every mesh in the sequence, we compared the L?-error between the
reference solution and the numerical scheme at several time steps for a total of 40
different time step sizes in the range between 1-10~! and 1-10~%. Throughout all
calculations, we used a polynomial degree of 3 in order to discretize the reference
solution exactly in space. Figure 5 shows on the x-axis the time stepsize 7 and the
maximal L2-error on y-axis. The method converges with second order in time if
the CFL condition (4.2) is satisfied.
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—x—h = 0.47141

h = 0.28284
——h =0.15713
——h = 0.08839
——h = 0.05051

1078 T T T T
10~ 1073 1072 107!

FIGURE 5. Error in the L2-norm of the polynomial solution (5.5)
plotted against the time step size 7 for 5 different mesh sizes be-
tween 5 - 107! and 5 - 102 using elements of order k = 3.

APPENDIX A. EXTENSION

Proof of Lemma 2.4 (1). Let v € X]»1/4. It holds

1 1
15(0) 3 (qa) :/0 102, @ (v) (1, ) 1725y da +/O @5 (0) (21, ) 7 () dan

27

1 1
< / 100, ® () (1, ) 325, s +C / 125 (0) (1, )2 p 172 e,

where we used that the H'(S)-norm is equivalent to the graph norm of (—A;)"/2,
see, e.g., Remark 2.2. For z; > 0, we obtain

1

0z, ®;(v)(x) = §(X/(»’U1) - X(xl)(—Aj)l/Q) (e_ml(_Aj)l/zv) (w2, x3).

Hence, it holds

1
—x(=A)Y/2
|(I)](U)|%11(Q2) S C/(; ||e z1(—=Ay ) ’U||(27Aj)1/2 dl‘]_.

Proposition 6.2 in [21] implies the estimate

1
_ A/
/0 (=) 2e= A2, ) day < Cllofl_a,ya-

We therefore concluded that (1) holds.
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