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EXISTENCE OF TRAVELING BREATHER SOLUTIONS TO CUBIC
NONLINEAR MAXWELL EQUATIONS IN WAVEGUIDE GEOMETRIES

SEBASTIAN OHREM AND WOLFGANG REICHEL

ABSTRACT. We consider the full set of Maxwell equations in a slab or cylindrical waveguide
with a cubically nonlinear material law for the polarization of the electric field. The nonlinear
polarization may be instantaneous or retarded, and we assume it to be confined inside the core
of the waveguide. We prove existence of infinitely many spatially localized, real-valued and
time-periodic solutions (breathers) propagating inside the waveguide by applying a variational
minimization method to the resulting scalar quasilinear elliptic-hyperbolic equation for the
profile of the breathers. The temporal period of the breathers has to be carefully chosen
depending on the linear properties of the waveguide. As an example, our results apply if a two-
layered linear axisymmetric waveguide is enhanced by a third core region with low refractive
index where also the nonlinearity is located. In this case we can also connect our existence result
with a bifurcation result. We illustrate our results with numerical simulations. Our solutions are
polychromatic functions in general, but for some special models of retarded nonlinear material
laws, also monochromatic solutions can exist. In this case the numerical simulations raise an
interesting open question: are the breather solutions with minimal energy monochromatic or
polychromatic?

1. INTRODUCTION AND EXEMPLARY RESULTS

Our results show the existence of spatially localized, real-valued and time-periodic solutions
(called breathers) to the full set of Maxwell’s equations. We consider two types of waveguide
geometries: the slab waveguide and the axially symmetric waveguide. Our breathers travel
inside the waveguide and are periodic in the direction of travel. In the axially symmetric
waveguide they decay to zero in all directions orthogonal to the waveguide, whereas in the
slab waveguide they are independent of one direction orthogonal to the waveguide and decay
to zero in the remaining direction. The nonlinear properties of the material are confined to
the waveguide and are built according to a Kerr-law which may be instantaneous or retarded
(temporally averaged). Before we summarize the main literature contributions we first intro-
duce the physical problem. Towards the end of this introduction we comment on the physical
consequences of our main theorems.

As our underlying physical model we consider Maxwell’s equations
) V-D=0, VXE=-B,
(1) V-B=0, VxH=Dy
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2 SEBASTIAN OHREM AND WOLFGANG REICHEL

in the absence of charges and currents. Constitutive relations between the electric field E and
electric displacement D as well as the magnetic field H and the magnetic induction B are
formulated by the following material laws

(2) D=cE+PE), B=puH,

where gy > 0 is the vacuum permittivity, po > 0 the vacuum permeability and ¢y = 1/,/z0m0
the vacuum speed of light. The relation B = poH reflects that the we assume no interaction
of the magnetic field with the material. The interaction of the electric field with the material,
however, is described by the polarization field P(E) which we assume to take the form

(3) P(E) = &oX1 (X)E + €0X3(X)N(E)

with x = (z,v, z) being the spatial variable, cf. |2, |4, 29]. Moreover, we assume that the cubic
nonlinearity N(E) is isotropic, of Kerr-type, and retarded (temporally averaged) of the form

(4) N(E)(x,t) = /0 h R(T)|E(x,t —7)° dr B(x, t)

which includes the case of an instantaneous nonlinearity
() N(E) = [EE

if we allow kK = dy to be the delta-distribution supported at time 0. A physical discussion of
these material laws is given in |10, |16} 29| where also higher-order dependencies and anisotropy
are discussed. Since we are looking for time-periodic fields E(x,t + T') = E(x,t) with period
T > 0, the nonlinearity may be re-written as

T
with the T-periodic function x(7) =T, , K(7 + kT) and where we understand & |(_c,0)= 0.

(6) N(E)(x,t) = l/0 k(T)|E(x,t — T)|2d7' E(x,t) = (/{ * |E(x, )|2) () E(x,t)

Moreover we have used the convolution notation (k * v)(t) = %fOT k(T)v(t — 7)dr for the
weighted temporal average of a measurable function v (which still includes the instantaneous
case where k = 05°'). From these equations we obtain the following second-order quasilinear
equation for the electric field E:

(7) V x V x E+eouo((1+ x1(x))E + x3(x)N(E)),, = 0.

We will show as part of our results how to recover the full set of Maxwell’s equations from .
Under suitable assumptions on the convolution kernel x, cf. (15]), we will show that has a
variational structure. Examples are given in Section [I.1]

We are interested in breather solutions of (7)) which are moving with speed ¢ € (0,¢). Our
results depend on the choice of the coefficients x1, x3, the retardation function x, the propa-

gation speed ¢, and the desired period T" > 0. We denote the frequency associated to T' by

_ 2r
w.—T.

In the literature there are several treatments of the existence of breather solutions of .
The first sequence of papers deals with monochromatic breathers, i.e., breathers of the type
E(x,t) = E(x)cos(kowt + ty). Such breathers are not compatible with the instantaneous
nonlinearity but with the retarded nonlinearity, e.g., in the case k(¢f) = 1 which may occur
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when £(t) = ZneNo o lpr ey With o, >0, 32 Jay, = T-'. Monochromatic breathers
have the advantage that (7)) reduces to the stationary elliptic problem

X3(x)
2
Instead of a cubic nonlinearity X?’T(X)IEPE, also saturated nonlinearities g(x,|E[*)E with a
bounded function g naturally appear. The cases of saturated nonlinearities were first elabo-
rated by Stuart et al. |24} [35, 136, 37, 38, 39, 40, 41| in the case of traveling breathers in an
axisymmetric waveguide. Using divergence free, TE- or TM-polarized ansatz fields, (8] was
reduced to a one-dimensional nonlinear elliptic problem which can, e.g., be solved variationally.
In the follow-up result [26]| the assumption of strict axisymmetry is dropped and more gen-
eral two-dimensional waveguide profiles are considered, also allowing pure power nonlinearities.
The case of standing monochromatic breathers also originates from Stuart’s work and leads
to the elliptic nonlinear curl-curl problem in the vector-valued case. First works |3}, 6} 7]
considered axisymmetric divergence free ansatz functions, which allowed to reduce V x Vx
to —A. Using Helmholtz decomposition and suitable profile decompositions for Palais-Smale
sequences, this restriction has been overcome by Mederski et al. [25] 27, 28|, see also the sur-
vey |5] and references therein, with the isotropic cubic Kerr-nonlinearity still being left as an
open problem. A different approach using limiting absorption principles [23] or dual variational
approaches was carried out by Mandel |21], cf. also |22] where a spatially nonlocal variant of
the stationary curl-curl problem was solved. Still within the area of monochromatic breathers,
Dohnal et al. considered in 13| breathers at interfaces between (lossy) metals and dielectrics
including retardation and in [14] they rigorously approximated breathers in photonic crystals

when the frequency parameter is near a band edge.

(8) V x V x E — eopokgw? (1 + x1(x))E + |E])E = 0.

In the second, much smaller sequence of papers, truly polychromatic breathers are considered
for instantaneous nonlinearities. The first approach which we are aware of, is [32] where spatially
localized traveling wave solutions of the 14 1-dimensional version of the quasi-linear Maxwell
problem were investigated. The authors treat the case where the linear coefficient y; is
a periodic arrangement of delta potentials. Using local bifurcation methods the authors solve
a related system which is homotopically linked to the Maxwell problem written as an infinite
coupled system arising from a multiple scale ansatz. It is analytically not clear whether the
bifurcation branch ever reaches the original Maxwell system but numerical results support the
existence of spatially localized traveling waves. A fully rigorous treatment for the existence of
breathers on finite large time scales was given in [15] for a set-up of Kerr-nonlinear dielectrics
occupying two different halfspaces. Two further rigorous treatments of exact polychromatic
breather solutions occurred in [9] and [20] where either the linear or the nonlinear coefficients
take the form of delta-distributions and the existence of travelling breathers was accomplished
by using bifurcation theory and variational methods, respectively. We are not aware of any
treatment of polychromatic breathers in the presence of retarded nonlinearities.

1.1. Examples of our results. We first describe our results on the level of examples. General
results will be given in Section [2 Breather solutions are rare phenomena, and hence the
fact that our examples contain rather specific assumptions on the material coefficients and
do not leave much leeway for perturbations should not be surprising. The main difference to
the previous results may be summarized as follows: while we allow both instantaneous and
retarded material laws, our traveling breather solutions are generally polychromatic and hence
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not limited to monochromatic ansatz functions. Moreover, our solutions satisfy the full set of
Maxwell’s equations exactly, the material coefficients y1, x3 are bounded, and our solutions can
be numerically approximated with little effort.

In the following, the speed of light is assumed to be 1 =1/, /euo. Breather solutions will be time-
periodic with period 7" and are propagating along the z-axis with speed ¢ € (0,1). We consider
two geometries for breathers: the cylindrical geometry where x1(x) = x1(7), x3(x) = x3(r)
only depend on r = /22 + 32, and the slab geometry where x;(x) = x1(x), x3(x) = X3(x) only
depend on z. In the cylindrical geometry we consider electric fields of the form

E(x,t) = W(r,t —12) - (-£,2,0)"

and in the slab geometry the electric field takes the form

E(x,t) =(0,W(z,t — 12),0)"

where in both settings W is a real-valued profile which is localized in the first variable (r-
direction in the cylindrical case and z-direction in the slab case) and T-periodic in the second
variable. In both geometries the electric field is a divergence-free TE-mode which means that
E is orthogonal to the direction of propagation.

Definition 1.1. The fields D,E,B,H € L (R? x R;R?) weakly solve Mazwell’s equations
provided

D - Ved(x,t) =0, /E-Vx@d(x,t):/ B9, d(x,1),
R4

R4 R4

/ B.Véd(x,t) =0, H-Vxddxt) =— | D-g,dd(x.1)
R4 R4 R4

holds for all ¢ € C*(RY:R) and ® € C°(R*; R?).

The following theorem can be read as an explicit recipe for the construction of materials which
support breathers. For the kernel &£ we generally assume . Explicit examples include, e.g.,

E(t) = L) (T + 4t or R(t) = > neny Wnlpr (i) (t) where a, > 0 with Y7 o, =
Tt cf. Remark for details. The material coefficients x1, y3 are assumed fixed and positive
and take the form

! Yi(lz| = R), |z| > R, 5 0, |z|>R

~per

where either x7 = x; : R — R is a P-periodic function defined on one periodicity cell by

per, v Ja |zl < 30P,
) {b, 0P < |z| < P

~ste

or X1 =x7 7 :R — Ris a step function defined by

~ste a? |w| < p7
X1t p(x) = {

b, |z[>p
with a,b,d, P, R,y,p > 0,0 € (0,1).
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We are also using a sign-dependent distance function for a point p € R and a set M C R:

_ if m > p,
dist ™ (p, M) = inf{d*(p,m) : m € M} with d*(p,m) = { p=ml 1 meb
00 if m <p.

Theorem 1.2. Suppose that the nonlinearity N is given by either or by @ where Kk satisfies
(15). Then there exists a (nonzero) T-periodic real-valued weak solution of the Mazwell problem
(1)), , i the sense of Definition both for the slab and the cylindrical cas@ﬂ and for

the following two choices of the polarization coefficient X7 :
() If x1 = X{* then we assume that the propagation speed ¢ € (0,1) is chosen such that
0<d<c?—1<min{a,b, %4} and

va+1l—c2.6 _@eNodd
Vb+1—c2-(1-6) n  Noq

and define

T :

_4Va+1—-c20P 4Vb+1—-c3(1-0)P
m n '

(ii) If Xt = X3P then we assume that the propagation speed ¢ € (0,1) is chosen such that
0 < min{b, d} < max{b,d} < ¢™® — 1 < a. Moreover, there are m,n € N coprime with

- > mn T
(10) 0 < & < arctan % where ¢ = dist™ (arctan \/ %, 5, T EZ)
and

T =4Va+1— c*zpﬁ.
m

Additionally, the solution has at all times finite and uniformly bounded electromagnetic energy
per unit square in y,z (slab case), or per unit segment in z (cylindrical case).

1.2. Discussion of the examples. Let us explain the reason behind the particular choices of
the coefficients in a physical context. The parameters a, b are properties of a linear waveguide
(without any nonlinear effect) whose profile is given either by the purely periodic profile x}
or the pure step profile ¥;*?. Then the conditions on a,b, ¢ have the nature of a nonresonance
condition, i.e., there are no guided waves E(x, ) = W (r)e/*w(t=7). (%2, 0)" with time period
T = 27” propagating with speed ¢ along the linear waveguide. Mathematically, this is expressed
by a property of the operator (14 x1(x))™' -V x Vx appearing in (7): namely all multiples
k2w? with k € Zgqq are required to stay away from the spectrum of this weighted operator
when restricted to suitable TE-modes propagating with speed ¢ along the waveguide. This
requirement is quite restrictive and its fulfillment can be guaranteed if w = 2 is chosen in the

particular way and the parameters a, b, ¢ satisfy either @D or .

The remaining conditions on d may be described as follows: by inserting a new material of width
2R at the center of the waveguide the purely periodic or pure step waveguide is perturbed. On
the linear level the new material has a low refractive index d and on the level of the nonlinear
refractive index it contributes a defocusing effect. The quantitative strength of the nonlinear

In the cylindrical case, write r instead of x, and restrict ¥1, 3 to the half-line [0, c0).
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effect plays no role in the sense that v > 0 may be arbitrary small. The value d always satisfies
a two-sided condition: on one hand 0 < d < ¢=2 — 1 and on the other hand

a+d -
ci-1< 5 or O<§<arctan\/%.

We note that these conditions are always satisfied if d is below but sufficiently close to ¢=2 — 1.
On the linear level, the presence of the new (linear) material at the core of the waveguide still
does not allow for guided waves of time period T" and wave speed c. However, at a different value
d, < d such a linear guided mode exists. Moreover, for all values de (d.,d) a solution of the
nonlinear equation @ exists, which bifurcates from 0 as d — d,. In other words, the solution
of Theorem is part of a bifurcation phenomenon with d as a bifurcation parameter. In a
nutshell: the nonlinear equation allows for guided modes in the waveguide at parameter values
for which there are no linear guided modes. We comment on this phenomenon in Section [7]

1.3. Outline of paper. In Section [2{we state the general form of our results (Theorem and
Theorem of which Theorem is a special case. For particular choices of the parameters
compatible with Theorem [I.2] illustrations of approximate breathers can be found at the end of
Section 2] Our main results are stated both for the cylindrical geometry and the slab geometry.
For the proofs we discuss in detail only the cylindrical geometry, as the slab geometry can
be treated similarly with less difficulties. Sections contain the proof of our main results.
In Section |3| we show how the problem on R? x R can be reduced to a problem on the
bounded domain [0, R] x [0,7]. We then treat this reduced problem using a simple variational
minimization method. In Section 4] we study a regularization of the bounded domain problem
and in this way obtain an improved regularity result for the solutions of both the regularized
and the original problem. Section [5| closes the proof of the main results. Adaptations for
the slab geometry are discussed in Section [6l Moreover, in Section [7] we show the further
regularity result that ||E|ze(suppys;z2(j0,r))) 18 finite and we explain what this has to do with
the dielectric character of the waveguide. Finally, in the same section, we comment on the
bifurcation phenomenon w.r.t. the parameter d.

The appendices contain important technical tools. In Appendix [A] we prove some auxiliary re-
sults on the fractional Laplacian as well as a version of the famous Kenig-Ponce-Vega inequality
on the torus. In Appendix Bl we show a basic convexity result for our variational approach,
lower bounds on integrated versions of the nonlinearity, and two trace inequalities. Then, in
Appendix [C|] we verify that the examples given in Theorem satisfy the conditions of the
general existence results. Lastly, Appendix D] details the numerical methods used to obtain
approximations to the breather solutions that appear in the following section in the images in
Figures [I] and [2] as illustrations of Theorem [I.2]

Let us finish this introduction by pointing out some observations and open questions, cf. Sec-
tion [2| for details. In all our results we allow the breathers to be a polychromatic superposition
of Fourier modes of arbitrary multiples of the basic frequency w. In case of an instanta-
neous nonlinearity, necessarily infinitely many Fourier modes are non-zero. For time-averaged
nonlinearities there is the possibility of monochromatic breathers and indeed (under suitable
assumptions on x) such monochromatic breathers exists. As our numerical simulations suggest,
they appear to be more smooth than their polychromatic counterparts, and moreover, for the
slab geometry, it seems that only monochromatic ground states exist. This is not the case for
the cylindrical geometry. These findings based on numerical observations are analytically still
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open, but they do shed new light onto the a-priori choice of a monochromatic ansatz by Stuart
et al. [24] 35, 136, [37, |38, 139, 40, 41| and later by others |3, |5, 6, |7} 25|, 27 28].

2. MAIN RESULTS AND NUMERICAL ILLUSTRATION

After having given examples we now state our main results in more general form. We divide
this into two subsections: one for the cylindrical geometry and one for the slab geometry. We
define T := R /77 as the torus of length 7" which is our time domain equipped with the measure
dt = £dX where dX is the Lebesgue measure on [0, 7.

2.1. Cylindrical geometry. First we consider a cylindrical material, where x;(x) = X1(r)

and x3(x) = x3(r) with r == /22 4+ y2. For E we consider a wave which is radial in the
(x, y)-directions, travels with speed ¢ > 0 in z-direction, and which has the form

(11) E(x,t) = wy(r,t — 12) - (=£,2,0)7

r?or?
with a real-valued profile function w;(r, ). Inserting the ansatz into and integrating
once w.r.t. t yields

(12) —w,, — %wr + T%w + (5(1(7“) +1-— c_Q)wtt + X3(r)N(wy) = 0, re[0,00),teR
with

(13) N(w;) = Nipg(w;) = w}
(14) N(wy) = Nay(wy) = (k% w?)wy

corresponding to and @, respectively. If the nonlinearity is given by , we require k to
satisfy the following assumptions:

k€ C%(T) for some a > 0,
(15) k(t) = k(—t) >0 for t € T,

LYT) = R,v — [ (x *v*)v* dt is convex
where the convexity assumption is satisfied if, e.g., max x < 2min « or if the Fourier transform
of xk is non-negative, cf. Lemma and Remark for further concrete examples. In the

following, N will always denote either N;,s or N,,. Under assumptions on k, we will show
that has a variational structure that is crucial in our study.

In the context of radial symmetry it is important to see the relation between a radially sym-
metric function f; : R*\ Bg(0) — R, R > 0, and its radial profile function f: [R,00) — R
via the map f;: R? \ Bg(0) = R, (z,y) — f(y/2%2+ y?). For 1 < p < oo this gives rise to the

function spaces

L}, ([R,00)) = {f € Ligo((R,0)): f; € L"(R*\ Br(0))}

with norm

1
Hf”Lfad([R,oo)) = ﬁ”fﬁHLP(RQ\BR(O)) = HfHLP([R,oo),rdr)
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For functions depending on radius and time we define
LY ([R,00) x T) = { f € Lioo((R,00) x T): f; € L"(R*\ Br(0) x R)}.

Other spaces of radially symmetric functions based on L2 4([R, o0) x T), such as HE ;([R, 00) x

rad rad
T), are defined analogously.

For time-periodic functions w: [0,00) X T — C we consider the temporal Fourier transform
F and denote for k € Z the k-th Fourier coefficient of w by w, = Fi|w] = fT wey, dt where
ex(t) == e*t. For the linear part of the differential equation (12

Lw = —w,, — %wr + T%w + ()21 +1- C_Q)th
we can apply the Fourier transform and obtain Fi[Lw] = Ly with

Ly=—8 =10, + 5 — K (1 +1—-c7?).

We make the following assumptions on the nonlinearity N, the potentials y1, Y3 and the oper-
ators L. Denote by Nygq := 2N —1={1,3,5,...}.

X1, X3 € L>([0,00),R) and supp(xs) = [0, R] where R > 0.

(A1)

(A2) N is given either by (13), or by where £ satisfies (15)).

(A3) ess supjg g X1 < €2 — 1, ess supy g X3 < 0.

(A4) There exists a solution ¢ € H2,([R,00)) \ {0} of Lypr = 0 for each k € Nyqq.
(A5)

rad

The following inequalities hold for ¢y, k € Nyqgq:
|0k (R)]

> 0, sup < 00
b klOkl 2 (R0

R
lim inf 9x(R)]
koo (|0nllL2 (r o0y

(A6) With I, denoting the modified Bessel function of first kind, there exists ky € Nyqq such
that ¢y, (R) # 0 and the following inequality holds:
() _ Mol (ko)
Oro (R) Iy (Mo R)

here A= w(c2—1—essinfv)"
whnere (U(C 68[8’11%1 X1>

We call ¢, a fundamental solution for L. Since Ly = L_; we define ¢_j, = ¢y, for all k € Nyqq.
The reason for considering k € Nyqq instead of k € Ny is that ker(Ly) = span{r, %} does
not contain nonzero L2 ,([R, c0))-functions. The restriction to Nygq amounts to considering
T/s-antiperiodic functions which is compatible with the cubic nonlinearity in ((12)).

11(2)
I

B —1

Assumption |(A6)|is in place to ensure existence of nontrivial solutions to . Since
as z — oo (see |17]), a sufficient condition for |(A6)| to hold is

- ¢, (R)
(AG) lmsup 22 s

—2 . ~ 1\ /2
> — 1 —ess inf
w(e ess inf 1) ",

which additionally ensures that |(A6)| holds for infinitely many k.

Next we state our main theorem for the cylindrical geometry.
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Theorem 2.1. Assume hold for given N,rk,X1,x3 and T. Then there exists a
(nonzero) T-periodic real-valued weak solution of the Maxwell problem , , in the
sense of Definition [1.1l Furthermore, localization orthogonal to the direction of propagation
is expressed by the fact that at all times ty € R the electromagnetic energy per unit segment
along the z-direction

/ (D-E+B-H)d(z,y,2)
RXRX[Z(),ZQ+1]

15 finite for all zg € R and uniformly bounded.

Remark 2.2. Let us explain why our assumptions , enforce Yy to take values both
below and above ¢ — 1. Suppose for contradiction that y; < ¢=? — 1 everywhere on [0, c0). If
w is a weak T-periodic solution to (|12)), we see that w = 0 must hold by multiplying with w
and integrating on [0, 00) x T with respect to the measure r dr dt. Hence, non-trivial solutions
do not exist. In fact, the assumption conflicts with y;(r) < ¢™2 — 1 everywhere on [0, 00).
Namely, in this case ¢ satisfies (r¢},)’ = (1 + rk*w?(¢c™> — 1 — x1(r))¢%. Multiplication with
¢ and integration from R to oo yields R¢}(R)¢r(R) = — [ r|dp[* + (2 + rk?w?(c2 — 1 —
X1(r))|éx|* dr < 0. Thus, ¢},(R) and ¢x(R) have opposite sign, contradicting and the fact
that Iy, I] are positive on (0, 00).

We end this subsection with a multiplicity result. For this, we first explain what kind multi-
plicity we consider. Given a solution w of (12)), any time-shift (z,t) — w(z,t + 7) for 7 € T
also solves . Moreover, if N = N,, with kK = 1 one can shift the individual frequencies
separately, i.e. (x,t) — >, , Wi(z)er(t + 1) solves for all 7, € T with 7, = 7_4. By
distinct solutions we mean solutions that are not shifts of one another.

Theorem 2.3. Assume |(A1) hold for given N, k,X1,Xs, L. If|(A6) holds for infinitely
many ko € Noaa (e.9. if|(A6’) is true) then there exist infinitely many distinct T-periodic real-

valued weak solutions of the Maxwell problem , , in the sense of Definition with

finite and uniformly bounded electromagnetic energy per unit segment along the z-direction.

2.2. Slab geometry. In our second setting, we consider slab materials that extend infinitely
in the (y, z)-directions. Here x1(x) = x1(x), x3(x) = x3(x) and we look for traveling polarized
waves moving at speed ¢ > 0 in y-direction and being constant along the z-direction. More
precisely, we consider fields E given by the ansatz

(16) E(x, 1) =(0,0,w(z,t — 1y)) .
Inserting into and integrating once w.r.t. ¢t leads to the equation
(17) —Way + ()Zl(x) +1- c_2)wtt + x3(z)N(wy) =0

for the profile function wy(x,t). Similar to the radial setting we define the operators
L=-0>+ (Xi(z) +1—c%)9;, Ly = —0% — KW’ (Vi(z)+1—c7?),

so that sz = Zk}"k holdstor the temporal Fourier transform F. We require the following
assumptions on Y1, x3 and Ly:

(A1) x1,Xx3 € L>®(R,R) are even with supp(xs) = [- R, R] where R > 0.
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N is given either by (13)), or by where k satisfies ([15)).
€ss SUP_p g X1 < c2—1, ess sup_p,g X3 < 0.

)
) ~
4) There exists a solution ¢, € H*([R, 00)) \ {0} of Lid, = 0 for each k € Nyqq.
) The following inequalities hold for %, k € Noaq:

lim inf < 0.
k—oo

~ ~I/
Jaml o [Em)
qukum(m,oo)) k kHQbk”L?([R,oo))
(A6) There exists ko € Nogq such that 5kO(R) # 0 and the following inequality holds:

O, (R)
Ko7 > Mkgtanh(AkgR) with X = w(c™? — 1 —ess inf )21)1/2.

Dpo (1) [-R.R|

Again, a sufficient condition for to hold is

~1
(A6’) limsup M > w(c™? — 1 — ess inf )El)l/2-
koso ki (R) ~R.A

We can now formulate our main theorems for the slab geometry.

Theorem 2.4. Assume hold for given N, x1, X3 and T'. Then there exists a (nonzero)
T-periodic real-valued weak solution of the Maxwell problem , , in the sense of Defi-
nition|1.1. Furthermore, localization in the x-direction is expressed by the fact that at all times
to € R the electromagnetic energy per unit square in the y, z-direction

/ (D-E+B-H)d(z,y,2)
Rx[yo,y0+1]x[20,20+1]
18 finite for all yo, zo € R and uniformly bounded w.r.t. to, 2g.

Theorem 2.5. Assume (A1)~I(A5) hold for given N, x1, X3, T . ]f holds for infinitely many
ko € Noaa (e.g. if[(A6’) is true) then there exist infinitely many distinct T-periodic real-valued

weak solutions of the Maxwell problem , , in the sense of Definition with finite
and uniformly bounded electromagnetic energy per unit square along the y, z-direction.

2.3. Numerical illustrations, discussion, and some open questions. In the following
we apply the numerical scheme outlined in Appendix [D| and show results for the profile w; of
the electric field, cf. or . The breathers we obtain analytically are ground states in
the sense that they are minimizers of the energy functional E discussed in Section [3| Here we
show approximations to these ground states. We consider particular potentials y; and y; which
are compatible with the parameter choices of Theorem . For the periodic case X7 = x}°
we show in Figure (1] four images which cover both choices of the nonlinearity (time-averaged
and instantaneous) and both choices of the geometry (cylindrical and slab). For the step case
= X3P also four images covering both types of nonlinearities and both types of geometries

are shown in Figure 2]

The following observations can be made leading to open questions or conjectures:
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S
FIGURE 1. Periodic potential outside [—R, R]: intensity (approximated) of elec-
tric field of breather solutions to Theorem|[L.2)in reduced coordinates (cf. and
(16])) over 2 time periods, with potentials y; (orange) and y3 (blue). Parameters
areT=4,w:§,c:§,a=%—Z,bz%,dz%,RzP:ZH:%,v:m:n:l,
k = 1. Top to bottom: Nj,s and cylindrical geometry; Ny,s and slab geometry;
N,y and cylindrical geometry with R = ‘21—(?; instead; IV,, and slab geometry.
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FIGURE 2. Step potential outside [—R, R]: intensity (approximated) of electric
field of breather solutions to Theorem in reduced coordinates (cf. and
(16])) over 2 time periods, with potentials y; (orange) and y3 (blue). Parameters
areT:4,w=%,c=%,a:%,b:i,d:%,R:Zp:f}/:m:n:l,mEl.
Top to bottom: Nj,s and cylindrical geometry; N;,s and slab geometry; N,, and
cylindrical geometry with R = % instead; V,, and slab geometry.
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e Although it is in general impossible to tell whether a computed solution is a global or just
a local minimizer, the numerical minimization scheme in the instantaneous case always
ends up in the same state (up to time shifts) independently of the initial state. One
may therefore conjecture that ground states are unique up to shifts in time. Moreover,
they seem to be even in time.

e Ground states for time-averaged nonlinearities seem to be more smooth than for instan-
taneous nonlinearities. Can one show improved regularity of ground states for time-
averaged nonlinearities?

e For time-averaged nonlinearities one can consider monochromatic solutions with fre-
quencies kw provided Ko = 0 (see discussion below). In the cylindrical setting we found
both monochromatic and polychromatic breathers (depending on the chosen param-
eters), whereas in the slab setting we only found monochromatic breathers. Can one
prove that in the slab setting ground states are monochromatic? Under which parameter
conditions in the cylindrical setting are ground states monochromatic/polychromatic?

A monochromatic breather has a profile w of the form

w(r, t) = Relv(r)ey(t)] = 2v(r)ex(t) + sv(r)e_k(t)
for some function v. It is compatible with the nonlinearity in the time-averaged case if 4o = 0,
since then the nonlinearity

Na(w) = %Re[/%gk(v?’egk + ]v|2vek) + 2/%0|U\2vek] = % ReHv|2vek]

is also monochromatic along monochromatic functions. The bottom images in Figures |1| and
always depict monochromatic breathers (for the slab geometry, time-averaged nonlinearity with
k = 1, and frequency index k = 1). All other images show polychromatic breathers. Further-
more, for the time-averaged nonlinearity one can state that if there exists a nontrivial breather
w then there also exists a monochromatic breather with frequency index k € Nygq provided
ko = 0 and fooo Ly, - W rdr < 0.

The instantaneous nonlinearity N = N;,s however is not compatible with monochromatic

breathers, hence all breathers for N = N,,¢ are necessarily polychromatic, and they have
infinitely many excited frequency indices k.

3. REDUCTION TO A BOUNDED DOMAIN PROBLEM

From now on we assume that assumptions (AG)| are satisfied, and we set

(18) V(r)=—(xi(r)+1—¢?) and T(r):=—x3(r),
allowing us to write as
(19) —wyr — 2w, + Sw = V(r)wy —T(r)N(w)e =0, re€[0,00),t€T

where V' > 0,I" > 0 on [0, R] due to|(A3)] We will show that can be reduced to a variational
problem below, where the conditions on k are essential.

We consider functions w which are T/2-antiperiodic in time. This is compatible with the
structure of , in particular with the cubic nonlinearity, and we use the suffix “anti” to
denote spaces consisting of functions which are 7/2—antiperiodic in time.
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Using the fundamental solutions ¢ given by [(A4)| we can further make the ansatz

(r.1) = u(r, t), 0<r<R,
T S i (Men(®), > R.

where o, € C and v € H ([0, R] x T) are to be determined. Note that a_j, = @ since w,

rad,anti

¢ being real-valued together with ¢_p = ¢ imply a_rd_r = apdy.

We want to ensure that w and w, taken from inside and outside match at »r = R. This leads
to the following conditions:

(20) u(Rt) = Y opdp(R)es(t),  w(Rt)= > apdf(R)e(t).

k€Zoaq k€Zoaa

By assumption we have ¢r(R) # 0 for almost all k € Zoqq. Let
§ = {k € Zoaa: ¢x(R) =0} C Zoaa

denote the finite exclusion set. The exceptional indices k € § have to be treated differently
than the regular indices k € R := Zoqq \ §. Note also that due to assumption [(A5)| there exist
constants ¢*, C* > 0 such that

. N |91 (R)
@) 1B 2 lonle qray: 1R < CIRIoM 2 gy it
hold for all £ € $R.

Let us show the difference between § and fR: for k € §F equations reduce to

up(R) =0 and oy = Zzgg;,
whereas for £ € R we have
iy, (R) oy BR(R)
ap = o (R) and u(R) = (bk(R)uk(R).

Thus we formally obtain the following boundary value problem for w:

—Upy — %ur + r%u —V(r)uy — T'(r)N(u) = 0in [0, R] x T,
. ' (R)

(22) i,(R) = 284y (R) for k € R,
up(R) =0 for k € §.

The formal calculation will be justified in the proof of Theorem when we establish the
weak-solution property. Problem (22) again is variational and solutions are critical points of
the functional E given by

E(u) = Er(u) — Eg(u)  where

Er(u) = /[0 . T(%uf—l—%(%u)z—l—%V(r)u?jt%lf(r)]\/(ut)ut) rd(r, 1)

(23)

Bnl) =5 3 SRl
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subject to the constraints ux(R) = 0 for k € §. Indeed, for a (sufficiently regular) solution u
and a sufficiently smooth function ¢: [0, R] x T — R we have

0= / (—urr — %ur + T%u — V(r)uy — F(T)N(ut)t)gprd(r, t)
[0,R]xT

:/M T(ur<p7~+r%uw+V(r)utsot+F(r)N(ut)sot) rd(r,t) — R/UT(R 1) (R, 1) dt

R
= / (u,«pr + T,%wp + V(r)up + F(T)N(ut)got rd (r,t) ok(R)
[0,R]xT Pl
= E'(u)[p].
Here we used ¢x(R) = 0 for k € § and that by Plancherel
R
R/urRt e(R,t)dt = R/urRt R ok(R)
i
so that this quantity is real and thus coincides with E';(u)[¢] = Re [R Y ken 2 SR R;ﬂ (R)pr(R)|.
We further used that Ey(u f[o R]XT( L(r)N (u)us) rd(r, t) satisfies

By@lel = [ (TN (w)e) rd(ro)
[0,R]xT
Indeed, for N = N;,s we have
En(u) = }1/ (F(r)uf) rd(r,t), hence FE}\(u)lp]= / (F(r)ug’apt) rd(r,t).
[0,R]xT [0,R]XT
If N = N,,, using that k is even by one has
/(/{ * (utgot))u? dt = / / K(t — T)ut(T)gpt(T)ut(t)Q dr dt
T TJT
_ / / (7 — g (F)r (7Y (8)? dt dr — / (5 + uD)ugepy .
T JT T

and therefore By (u) = § [io g, or(D(r) (5 * uf)uf) rd(r,t) does satisfy
Byl =4 [ (D)0 wpid + T ) rd )
[0,R]xT

- /[OR} T(F<r)(’f wup Jurpy) rd(r, ).

As a next step we properly define the functional £ and investigate its properties.

Definition 3.1. Define the norm || - || depending on the nonlinearity N by

1/4
4
= v rd(r,t)) = o]l
Nins (/[;),R}x']l‘ Lraa([0,R]XT)

1/4

R 2
ol = ( [([at) rdr) ol oy

V]l

and
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Remark 3.2. We have

< YRy

10l 2 o.mixmy < H vl 0l < llvlly,

, and / F(T)N(U)vrd(r,t)szHjlv.
Nins [0,R]xT

The first two estimates immediately follow from Hélder’s inequality. The last estimate is clear
for N = Ny, since N(v)v = v* and T is bounded and strictly positive by assumption . For

N = N,, we have
/N Jod(t // (t — 7)v*(r, 7)v*(r, t) dr dt

ess inf T - min & - |Jv]|y < / D(r)N(v)vrd(r,t) < ess sup' - max & - [|v] -
[0.R] [0,R]xT [0,R]

Proposition 3.3. The functionals E, E;, Eg given by are well-defined and differentiable
on the reflexive Banach space

so that

)

Yy = {u € Wigeanu ([0, R] x T)

U, TU € Lrad([o ] X ) }
|ue]| y < 00, ux(R) =0 fork e§

with norm
._ 1
HUHYN = HUTHLfad([O,R]XT) + H?uHLgad([o,R]XT) + [Juel -

The deriwative 1s given by

E'(u)]p] = /[OR] T(UTSOT + T%ug& + V(r)ugps + F(T)N(ut)gpt rd (r,t)
X

Jor(R).

kem

Furthermore, Er is sequentially weakly lower semicontinuous, Ep is sequentially weakly con-
tinuous, and E is sequentially weakly lower semicontinuous as well as coercive. Therefore E
attains its minimum E* = inf E = E(u*) and u* is a critical point of E.

Proof. Using assumption and Remark one can show in a standard way that E; is well-
defined and differentiable. The formula for the derivative follows from the calculations above.
Since V' > 0 the quadratic terms of E; are convex, and the same holds for the remaining
part Ey since I' > 0 together with assumption in the time-averaged case. Therefore Ej is
(sequentially) weakly lower semicontinuous.

With (21) we obtain |Ep(u)| < Col|lu(R, -)||§{1/2(T), so from compactness of the trace (see
Lemma [B.5|) it follows that Ep is sequentially weakly continuous and in particular continuous.

It remains to show that E is coercive. Using Remark and Lemma with ¢ == ﬁ we
estimate

2 4
B(u) > YurlZs,, + 31 2ullle + ey — Co(ellulEs, + Ce)ueliy)

= %;HUTHLI? 1”1

ullfe A+ ey = CoCe) ully

for some ¢; > 0. Thus E(u) — oo as [[ully, — oo. Using [34, Chapter I, Theorem 1.2] we find
that F attains its infimum at a critical point, which completes the proof. O
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Next we show that assumption [(A6)|is a sufficient condition for the solution u* obtained above
to be nontrivial P

Proposition 3.4. The minimal energy level of E satisfies E* < 0 and hence u* # 0.

Proof. Let ky € R be as in [(A6)| and recall that A = w||V||1L/fo (0,7 Define

f(r) = hL(Mkor),  ulr,t) = ef(r)(ex,(t) + ek (1))

where I; is the modified Bessel functions of first kind, i.e., it satisfies

(=2 -9, + L+ 1) =0, I(0)=0.

We calculate

R
B = [ G 30 VO ATV )~y S S
(0,R)xT

R
=c (/0 ((f) + G +w kOV(T)f)rdr— Qbko

R
62(/ f(=f"=3f+% L+ NEf) rdr + [rff]
0
2 2 f/(R)_ ?c()(R)) 4
== RI(R) (f(R) on(R)) O
We have f(R) > 0 and by assumption also

F(R) 64 (R)  Meolj(MkoR) 6 (R)
F(R)  ¢n(R)  L(A\kR) ¢ (R)

Thus E(u) < 0 for € > 0 sufficiently small, which completes the proof. O

W)
¢k0 (R)

IN

< 0.

4. APPROXIMATION BY FINITELY MANY HARMONICS

In this section we discuss approximations of the minimizers of E by finitely many harmonics

u(r,t) ~ Z Uy (r)ex(t),
k€Zoaa
|k|<K
that is we consider E on the subspace Y of Yy defined next.
Definition 4.1. Let K € Nyqq. Then we define

Y ={ueYy: =0 for |k| > K}.

First we discuss the canonical projection from Yy to Y

20ne can show that [(A6)|is also necessary for u* # 0 in the case where V is constant on [0, R].
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Lemma 4.2. For K € Nyqq, define the operator
S Yy = YR SKul(r ) = ) dn(r)ex(t).

k€Zoad
|k|<K

Then the operators SK are uniformly bounded in B(Yy) and S¥u — u in Yy as K — oo for
all u € Yy.

Proof. For p € (1,00) the Fourier cutoff operators S¥ defined by
S%: L (T) = Ly (T), SK[f]@) = Z fkek(t)-

k€Zoaa

|k|<K
are uniformly bounded and S¥ f — fin L? ..(T) as K — oo (see |18, Theorem 4.1.8 and Corol-

lary 4.1.3]). By acting on the time variable only, S¥ extend to uniformly bounded operators
S L ([0, Bl Liyu(T)) — Lig ([0, Bl; LE,(T))

rad anti rad anti

with S%u — w in L2 ([0, R]; L (T)) as K — oo. Then from S¥[u,] = (S%u),, S¥[w,] =

(S%u);, and S*[Eu] = 1(S%u) it follows that S¥: Yy — Y are also uniformly bounded
operators and SEu — u in Yy as K — oo. 0

Next we show that the minimal energy level E* can be approximated from within Y.

Lemma 4.3. For every K € Nyqq there exists u™* € Y such that EX* == inf Blyrx = E(uf).

Furthermore lim EX* = E* holds.
K—oo

Proof. Arguing as in Proposition , one can show that there exists a minimizer u* € Y of
Ely. Setting u” := S*(u*) we find

(24) E(u*) = B* < Ef* < B(u®).
Using v — v* as K — oo and that E is continuous, the second claim follows from in the
limit K — oc. 0

As a next step we establish uniform estimates on the minimizers u®**. First, we introduce the
fractional time derivative |0;|” and a quantity @ that behaves like a norm stronger than || - || -

Definition 4.4. For s € R we define the fractional time derivative |0y as the Fourier multiplier
with symbol |wk|’, i.e. Fi|0y|® = |wk|” Fy.

Definition 4.5. For N = Ny, we define the quantity

as= ([ (aromn) )

For N = N,, we define the quantity

R 1/a
On (0) = ( / o(r, W e 18620, ) e rdr)



EXISTENCE OF TRAVELING BREATHER SOLUTIONS 19

Remark 4.6. For N = N;,s by Lemma we have
[ TN 2 ¢ Qw0
[0,R]xT

with ¢* = %ess infg g I' > 0 whereas for N = N,, using Lemma (with constants ¢1, Cy) we
have

[ PNa@Ialrdrt) = CQu. ) - O,
[0,R]xT

with ¢* = ¢y ess infp g I" and C* = Cyess supyy g I'. In particular,

/ N(@)aord(r ) > ¢ Qu(v) — C*|lo]4
[0,R]xXT

holds for both choices of N.

The minimizers u®* formally are solutions of
SE =t — 2u, + Hu—V(r)uy — D(r)N(u),] =01in [0,R] x T,

i(R) = %8, (R) for k € R, k] < K,

ur(R) =0 for k € §,|k| < K.
Here the main part =92 — 20, + & — V(r)07 — ()9, N (9; - ) is elliptic by [(A3)] which is why we

expect the solution u to have increased regularity. Often this is shown by testing the problem
against derivatives of the solution. In Proposition [1.7, we obtain improved regularity by testing
the problem against |0;|u®*. However, with this method it is impossible to obtain even more
regularity because when testing against |0;|*u®* with s > 1 one can no longer control the
appearing boundary terms.

Proposition 4.7. There exist constants C1,...,C5 > 0 independent of K such that the follow-
g holds:

K,
(a) H“ *HYN < Ch,
(b) (1o <y,
12 ([0,R]xT)
c) (|20, 2 ut* < (s,
T L2 ,([0,R]xT)
)
)

Proof. Since E is coercive (see Proposition [3.3), there exists C; > 0 such that E(u) > 0
holds for all u € Yy with [[ull,, > Ci. Using E(u"*) = min Elyx < E(0) = 0 we conclude

[ ||y, < Ch, so that[(a)] holds,
For |[(b)H(e)| we first note that
Ml = >~ (il e,y o.mp + |

2oy HakHLf}ad([O,R})>
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defines an equivalent norm on Y. Thus the operators |9;|* are bounded on Y for all s € R.
In particular, |9;|u* € Y. Using V' > 0 on [0, R] and we calculate

0 = E'(u"*)[|0;|u"]
— / (uf’*]@t\uf’* + T%UK’*\&]UK’* + V(?‘)uf{’*\atmf{’* + F(T)N(uf’*)\ﬁtluf’*) rd(r,t)
[0,R]xT

_RZ

k€Zoaa
2 2
> / <(|3t|1/2u£(’*) + (%|3t|1/2uK’*> + F(T)N(uf’*)|8t|uf<’*) rd(r,t)
[0,R]XT

~CoR Y wk?|Fulu**)(R)].

k€Zoad

(b?c(R) K% 2

Using further
CoR Z wk2‘Fk[uK’*](R)‘2 < COHUK7*(R7 ')”ijl(’ﬂ‘)’

k€Zoad
Remark Lemma |B.7| with ¢ = ﬁ as well as aX? —bX > X — (bz)?, we obtain
(25)
1 2 K 2 1 2 K 2 K\ Ko||? ~ K2
02> 3[[10:] "y + |10 T u . +C*QN(ut ’ ) — C%||uy> M COC(€)QN(Ut : )
rad rad
2 2 A2 (CoC(e) +1)2
> 3 EARST + %‘3t|1/2uK’* . +QN<U{() _ (GG + 1) El)*_l— ) - C*CY.
c

rad rad

With C = (6004(% + C*CY} the estimates |(b)H(d)| follow from (25)) where
CQ =V 20, Cg = 04 = \/6,
and lastly follows from @ and @ using Lemma again. U

The following result is the most important result in this section. It shows how a minimizer «
of E gains additional regularity via the approximation by finitely many harmonics. This will
be the key to establish regularity of the solutions of across the boundary at r = R.

*

Proposition 4.8. Up to a subsequence, the limit u = limg_,oo u* exists in Yy. The function

u is a minimizer of E and satisfies

(a) [lully, <Ci,

b) |, <0,

( ) | t| Y L2 ([0,R]xT) 2
L9, |2 <C

© o, <6

(d) Qn(uy) < Cy,

(©) lu(R, M pier) < Cs,

where the constants Cy,...,Cs are the same as in Proposition[4.7,
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Proof. We only consider the case N = N,,, as for N = N5 one can argue similarly. Then due
to Proposition 4.7 and the definition of Qy,, the weak limits

u* =~ in Yy,

|0y ]1/2 Kx s fin L2

wa([0, B] X T),

Hour = g in LE,4(10, R x T),

ety | 2y |04 g™ = Boin L2,4((0, R] x T),
u*(R, -) = bin HY(T)

exist for K~ — 0o up to a subsequence and satisfy [lully, < C1, [[f]l;> < Co, llgll2 < Cs,

| Al 2, < Cy, ||bllzn < Cs. Using the properties of the functional £ from Proposition

and Lemma .3 we further obtain

E* < E(u) < lim E(@"*) = lim Ef* = E*,
K—o0

K—oo

X

so that F(u) = E* = limg_, F(uf5*). In particular u is a minimizer of E.

Also, since Eg(u®*) — Ep(u) for K — oo, we obtain E;(u®*) — E;(u) as K — oo. From

this it follows that u* — w in Yy as K — 0o as we show next. Since u®* — u we see that
K .
%UK*A . ([0, R] x T), w7 — uy in -1l

Moreover, by weak sequential lower semicontinuity we have

2 2
Ei(u) = 3l iz, + sll7ulliz, + 50V e, + 5[0
ra

Lu, uf* =, in L2,

tHNV

< ;llmlanu hmlan1 Ko

2
K,
HL2 ||L2 llmlanV/2 *
K—oo ras K—oco ra L2

4
K,
illmmeF/“ *
rad

av

2

. .. 2 .. 1 K

< %hmsupHuf’* —|—%hm1anluK’*HL2 +%hm1anV/2ut *
K—00 rad K—oo ''T rad K—o0

—hmmeF g, K*

rad Nay

< limsup Er(u®*) = E;(u).
K—o0
Notice that in the second inequality we have replaced one lim inf by a lim sup and in the last in-
equality we used that lim sup,,_, . an+z liminf, o b5, < limsup,, . (a,+> b, n) which fol-

lows from sup,,cy an + > b, infen b < supneN(an + > 0%). Tt follows that ||uTHL2 L(OEXT) =

lim inf K_mHu = limsupy _)OOHU,,’ Combining weak convergence

”L2 ' 4([0,R]xT) HLfad([o,R]xT)'

uf* — u, with convergence of the norms ||u* = [lugll> . we find that uf* — u, in
d
Lfad([O, R] x T) as K — oo. With a similar argument we find $u** — Ly in L2 ([0, R] x T)
and u]"* — uy in || - |y, as K — oc. Together, this shows uK’* — u in YN as K — oo.
It remains to show the estimates |[(b)H(e)} These follow from the identities
=10, *u,, g = %|at|1/2u, h = ||Ut||L2(T)|8t|1/2Uta b=u(R, ),

where we only discuss h = |Ju| L2(T)|8t\1/ “u; as an example. First, by definition of Qy and
convergence u* — u in Yy we have HuK’*HLZ(T)uK* = [ull o pyu in L2,4([0, R] x T). Taking

the Fourier transform, for k € Zyqq we find

Ful [\ ooyt ] = Filllutell g2 ye]
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and also
V w|k|}—k[Hu HL2 ¥ = Ji Hu HL2 1r)|8t|1/2 K*] Fi[h]
in L2 ([0, R]) as K — oo. Thus Fi[h] = v/wl|k|Fr[||u] w), ie. b= |0,"2(||u] ) =
rad ’ k k tIlL2(T) %l t tllL2(T) %t
||utHL2(TI‘)|at|l/2ut' O

5. PROOF OF THEOREMS [2.1] AND 2.3

The proof of Theorem is split into two parts. First, using results from Sections [3H4] we show
in Proposition that there exists a weak solution to the problem 1) in the sense of Defini-
tion[5.1] below. In Proposition [p. We show that from the solution of , one can reconstruct a
solution of Maxwell’s equations (1| , and that this solution has ﬁmte electromagnet1c energy
per unit segment in z-direction.

Definition 5.1. A function w: (0,00) x T — R is called a T-periodic weak solution to if
w lies in

X = {w e W, ((0,00) x T): 2w, w,,w, € L2

and satisfies the equation

/ (wrpr + Swp + V(PYwpe + DF)N(wp)gy) rd(r, ) = 0
[0,00)xT

([0, 00) x T),

0,8y < 00}

rad

forall p € X.
Proposition 5.2. There exists a nontrivial weak solution to in the sense of Definition .

We prepare the proof of Proposition with an estimate on the fundamental solutions ¢y.

Lemma 5.3. There exists a constant C > 0 such that Hgb;Hde([R’oo)) < C’\k|H¢kHL2d([Rm))
holds for all k € Zoaq-

Proof. By assumption we have
164+ 26kl ey = 50+ KVl o o < K2+ IV 6] 2 g

Due to |1, Lemma 5.5] the inequality

||¢;||Lgadqm»sco(e}|¢%+l¢zHL2 (e + 210z ooy

holds for some Cy > 0. Choosing € = 7, the claim follows with C' = Co(mz+w?|V]+1). O

k K

Proof of Proposition[5.3. Let u denote the minimizer of E obtained through Proposition (4.8
Then u is nonzero by Proposition [3.4] As motivated in Section [3] we define

(26) (rt) = u(r,t),h r <R,
T Shes B0k (M)en(t) + e BB ()er(t) > R.

First we show that ) (R) exists for all k € Zyga. To do this, let ¢ € (0,R). Then for
Y € C((e, R); C) we have

0 = E'(u)[Re[t)(r)ex(t)]]
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R —_—
— Re [ / (a;(rwl(m T [Lin(r) + B’V (r)ag(r) — ikwr(r)fk[N(ut)]<r)}w(r)) rdr}.
0
Since 1) was arbitrary, this shows that a, € H'([e, R]) is a weak solution to
(27) ay = —Lag + Lay, + KWV, — ikwDFe[N(w)] on  [e, R).

Note that the right-hand side of lies in LY*([e, R]). Thus i, € W2%([e, R]) and solves
[27) pointwise. In particular, we have @, € C'([e, R]) and therefore 4} (R) exists.

Next we show that w lies in X. Clearly, w is real-valued, and tw, w,,w, € L%4([0, R] x T) and
N(w;)w; € L 4([0, R]xT). Since the antiperiodicity of w forces 'the zero-th Fourier mode to van-
2 ([Roo)xT) and hence leHLEad([R7OO)XT) are bounded by [lwel|z2 ((r.00)xT)-
Therefore it remains to show that wy,wy € L2 4([R,00) x T) since the function values at r = R
match accordlng to the construction of w.

Using (21)), Proposition and Lemma [5.3] we find
N 2 ’LAL].C R
A PRTISEDS

¢—R‘ 19k N1z 700
keR keRr

2
SRR S (R )l < oo,
keR

~ 2
Y PRkl (roey = D %2

keR keR

S ZkQIUk )I” S (R, iy < o
keR

Since the finite sum Zke& )qbk( r)ex(t) belongs to H! ,([R,00) x T) this shows that the sum

w(rt) = 3 ez, Wk(r )ek(t) converges in H! (([R,00) x T). It remains to show that w is a
weak T-periodic solution to in the sense of Definition . That is, we need to verify

I[p] = / (wrgor + TLngo + V(r)wps + F(T)N(wt)gpt) rd(r,t) =0
[0,00)xT

||L 2 1([R,00))

for all € X. Since w,,w,w;, N(w,;) are T/2-antiperiodic in time, it follows that I[p] = 0 for
T/2-periodic ¢. So from now on let ¢ be T/2-antiperiodic in time. We calculate

Ilg) = /[ . T(ursor g+ V(g + TN (ur)py) rd(r, 0

R) : o o
D (R/ (012% + 2 Our + KWV (1) pupr) rdr

key ( )
R _ _
(28) +% %ER; / (64 + Zordr + KWV (r)dfr) rdr

= / (Ur% + 7n%ugo + V(r)up: + F(T)N(ut)cpt) rd(r,t)
[0, R}X’H‘

-y S e e B A

ke& kei)%
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If in addition ¢ (R) = 0 holds for all k£ € §, then

I[p] = / (urgpr + r%ugp + V(r)ugp, + F(r)ufgot) rd(r,t) — RZ
[0,R]xT

keR

i RA
= E'(u)[|o,r1x1] = 0

where we have used ¢l gxt € Yy. Now we want to conclude I[p] = 0 in the general case
where ¢ € X but ¢g(R) # 0 for some k € §. Note that since ¢ is real-valued we have the
decomposition

X={peX:¢(R)=0forall k € § k> 0} ® ling{Re[vex], Re[ivvey]: k € §, k > 0}

for any ¢ € C2°((0, 00)) with ¢)(R) # 0. By linearity it suffices to show the identity I[Re[¢)(r)ex(t)]] =
0 = I[Relivo(r)ex(t)]] for all k € §. Using we calculate

IReft(r)ex(t)]]

R [
= Re {/0 (ﬂkw + [%ﬁk + K2V ()t — ika(T)]-"k[N(ut)](r)]E) rdr — Rﬂ;(R)g/J(R)}

R
_ Re [ | (= b e R ()i - ikwrv)awwa]mrdr} ~ 0,
0
where the last equality follows from with € := min supp ¢). Replacing ¢/ by iy in the above
calculation, we obtain also I[Re[it)(r)ex(t)]] = 0. O

Proposition 5.4. Let w be a T-periodic weak solution to in the sense of Definition .
Then the fields D, E,B,H given by

D(x,t) = eo((1 4+ x1(x))wi(r, t — 12) + x3(x) N (w) (r, t — 12)) - (=, 2, 0)7,
E(x,t) = wy(r,t —12)- (=£,2,0)7,

B(x,t) = —(Lw(r,t — Lz) + w,(r,t — 22)) - (0,0,1)7 — Lw,(r,t — 22) - (£,£,0)7,
H(x,t) = /%OB(X, t),

where x = (x,y,2) and r = /22 +y? are weak solutions to Mazwell’s equations f m
the sense of Definition|1.1. Furthermore, the electromagnetic energy is finite orthogonal to the
direction of propagation, i.e.

/ (D-E+B-H)d(z,y,2)
RXRX[Zo,Z()—i-I]

18 uniformly bounded w.r.t. zg,tg.

Proof. We use cylindrical coordinates (z,y, z) = (r cos(), rsin(d), z). We abbreviate
e =(%520)", e=(-%%07, e =(001)"
and use the representations
Vo =00 e + 1000 e+ 0.0 e,
Vx®= (100" — 0.9%)e, + (0.9" — 0,9%)eg + 1 (9,(rd?) — 0p®")e.

where ® = ®"¢, + P+ P?e,. For better readability, we omit the domain [0, c0) x [0, 27] x Rx R
when integrating with cylindrical coordinates as well as arguments, so e.g. w = w(r,t — %Z)



EXISTENCE OF TRAVELING BREATHER SOLUTIONS 25

In particular, 0,w = —%atw = —%wt holds, which we use below. Now let ¢ € C°(R*; R) and
® € CX(R%:R?). Identities and hold by definition, so it remains to check the four
integral identities of Definition [I.T} beginning with

/R4 (D . ng) d(z,y,2,t) = /(D069¢) rd(r,0,z,t) =0,

where the integral above is zero because D is independent of §. Next,
/R4 (B . ng) d(z,y, z,t) = /(—(%w + w,)0,0 — %wtargzﬁ) rd(r,0, z,t)
= /(_%ar(rw)az(b + azw8r¢) rd(r, 0, z,t) = /(w(@rﬁqu — 6Z8rq§)) rd(r,0,z,t) = 0.
For the third integral we have
44(E-V xd—-B -3,@) d(z,y, z,t)
- /(wt(azq)’” — 0,9%) + (%w + w, )0, P* + %wﬁ@”) rd(r,0, z,t)
/(&w(@ " — 9,9%) 4 10, (rw)0,9* — 0, wd,®") rd(r, 0, z,t)

_ / (w(—0,0.9" + 0,0,8° — 0,0,9° + 0.0,8")) rd(r, 6, 2, £) = 0.

For the last identity, using integration by parts, that integrals with 0y vanish, and the definitions
of V.I" in , we have

~H-Vx®—D. 9dd(x,t)
R4

—1 / Lo 1 10,) (9, (r®7) — 8p97) + L (L0p®* — 0.0%) rd (1,6, 2, 1)
/ (1 4+ xa)ws + xsN(w,))0,8%) rd(r, 6, 2, )
= / 8 w0, Y + 8 wd? + wo (139) quﬁ — %azwﬁtq)e) rd(r, 0, z,t)
e /(%Mo(l +x1)0wd, @ + opioxa N (8;w) 9, 9%) rd(r, 0, 2, 1)
= #LO /(@w@r@e - %w@e + V(r)0wd,®’ + F(T)N(wt)ﬁtq)e) rd(r, 0, z,t)
_ 1 (wr% + Tlngp + V(r)wip + F(T)N(wt)got) rd(r,t) = 0.

o Ji0,00)xT
where in the last line w = w(r, t) is no longer in traveling coordinates, ¢ is given by
o(r,t) ::TZ/ (r,0,z,t + kT + 12)d(0, 2),
kez ¥ [0,2m] xR
and the last equality holds due to Definition [5.1] To show finiteness of the energy, using
D-E—I—B-H:50(1+X1)w§+5X3N(wt)wt+F%O(%w+wr)2 L_q?
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we calculate
/ (D-E+B-H)d(z,y,2)
RXRX[Zo,Zo-‘y-l]

— 2mc
Ho

/ ((=V(r) + Z)w? = TO)N(ww, + (2w + w,)?) rd(r, 1),
[O,OO)X[to—(20+1)/c,t0—20/c]

which is uniformly bounded w.r.t. ¢y and zy because V,I'" are bounded and w lies in X. 0

Now that we have completed the proof of Theorem [2.1]it remains to show the multiplicity result
of Theorem 2.3

Proof of Theorem[2.3. Let & denote the (infinite) set of numbers kg € Nygq for which [(A6)
holds. For ky € R we consider the subspace

YNk = {u €Yy ‘ u is %—antiperiodic in time} C Yy.

Similarly to the proof of Proposition one can show that £ attains a minimum value on Yy 4,

and that from the minimizer, one can construct a weak solution of using . Here we use

that problem is compatible with considering %—antiperiodic in time functions, i.e., N(w;)
T

is %—an‘ciperiodic in time if w; has this property. The solution of gives rise to a solution

of Maxwell’s equations by Proposition [5.4]

Repeating this for all ky € K, we obtain a family {(Dy,, Ex,, Bx,, Hi,, ) : ko € 8} of solutions
to Maxwell’s equations. Each solution has a minimal nonzero time-period that is a divisor of
%. Thus, this family has minimal periods becoming arbitrarily small and therefore infinitely

many among the solutions must be mutually distinct. 0

6. MODIFICATIONS IN THE SLAB SETTING

Here we sketch modifications that have to be done in Sections 3] to [5] in order to prove Theo-
rems 2.4 and 2.5 First our solution ansatz becomes

Wiz t) = u(z,t), N lz| < R,
’ > ket kOr([T)er(t), |z[ > R

where v € H} ([-R, R] x T) is to be determined and

ap = %(R), ux(R) =0 for k € §,
O (R)
_ (B OB
ap = 3(B) U, (R) = 5 (B) ui(R) for k € R.

We use the subscript “even” to denote functions that are even in space.

The restriction to even functions is done in order to shorten this chapter, but it is not necessary.
For example, one could instead look for functions u that are odd in space, or not impose any
spatial symmetry. In the latter case one need not make any symmetry assumptions on V,I’
(see assumption if instead one requires fundamental solutions to exist both on [R, o)
and (—oo, —R].
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Going back to the problem, we (formally) obtain the boundary value problem

— Uy — V(m)utt —T'(x)N(u); =01in [0, R] x T,

W (R) = ¢k<R> #(R) for k € R,

o)
up(R)=0forke§
uz (0, ) =0

for u, where the last condition comes from u being even in space. This problem has variational
structure as solutions are critical points of

Blu) = / L2 4 1V (@) + ()N () d Z

[0,R]xT kER
subject to the constraints @z (R) = 0 for k € §. We can proceed like in Sections [3] to [f in order
to prove existence, regularity, and multiplicity of some minimizers of E. The main differences to
the radial setting are the following: First, we do not work in radially weighted Sobolev spaces,
so rdr is replaced by dz and L? ; by LP. Further, the radial Laplacian 02 + %& is replaced
by the 1d Laplacian 2. In addition, the term —w is absent in problem , so that this term
(and related terms, e.g. %u in F/ and part of Proposition do not appear in the slab
setting.

¢k 2

So we define || - || and Qn like || - || ~ and @y but without the radial weight. Notice that E is
well-defined on the reflexive Banach space

Yy ={ueH ([=R,R] x T): |Ju||y < 00, t,(R) =0 for k € §}.

More noticeable changes have to be made in the proof of Proposition [3.4, There we made the
ansatz

antl ,even

u(r,t) = eli(Mkor) (e, () + ek, ()
in order to show that inf £ < 0, and I; was a solution of
(=02 =10, + S+ 1)} = 0.
For the slab setting the natural ansatz is
u(z,t) = e cosh(Akox) (eg, () + e_g, (1))
since (—0? 4 1) cosh = 0, which also explains the way we formulated assumption .

We note that the trace embeddings can be adapted to the slab setting, i.e., the trace map
tr: Yy — H"2(T),v — v(R, -) is compact and the estimates appearing in Lemmas H and
also hold with L% .. || - || v, @~ replaced by LP |- ||y, Q. This is because the trace of v only
depends on the function v in a small neighborhood of x = R, and the radial weight is not

singular at x = R.

Lastly, the electromagnetic waves reconstructed from the profile w for the slab geometry are
given by

eo (14 x1(x))wi(z, t — 2y) + x3(x)N(w,)(x,t — 1y)) - (0,0, n',
wy(r,t — —y) (0,0,1)",
B(X,t) 1w (x,t — Zy),wx(x,t — %y),O)T,

/\
\_/
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1
H(x,?) = -B(x, 1),

which can be shown similar to Proposition for the cylindrical geometry.

7. FURTHER REGULARITY ESTIMATE AND BIFURCATION PHENOMENON

Checking the assumptions [(A1){(A6)|and [(A1)H(A6)|one sees that they depend not directly on
X1 but on x§ := x; — ¢72. As we show next, for every solution of Theorem or Theorem
the L>°([0, R]; L*(T))-norm of the E-field is finite and can be bounded by a constant depending
only on x§ (as well as on x3 and ). A possible physical interpretation of this result is described
below.

Proposition 7.1. Let D, E, B, H be a solution of Maxwell’s equation as in Theorem or
Theorem (2.5, Then ||E| oo pp.r2(ry 8 finite. The same holds true in the slab setting for
solutions from Theorem[2.4] or Theorem [2.5

Proof. We focus on the radial setting and time-averaged nonlinearity. As in Section [f let
D, E, B, H be a solution of Maxwell’s equations such that |E|2 = w} where w is a weak solution
of in the sense of Definition . We begin by formally multiplying with —wy and
integrating w.r.t. ¢ to obtain

0= /(_wrr — 2w, + Hw — V(rywy — D(r)((k * wi)w,)) (—wy) dt
T
1
— / — Wipr Wy — %wtrwt + r_2wt2 + V(r)wft + 2T (r) (K * wywy ) wywy + T(r) (k * wf)wft dt.
T

Writing f(r) = 1 [ w?dt, we have

0= _f” — %f/ + |:/ T%wtz + wtzr + V(T)tht dt + F(T)J"(wt)[wtt, wtt]
T

where J(v) = 1 [1(k * v?)v?dt is convex by assumption (15) and therefore all terms in the
square bracket are non-negative. This combined with f(0) = 0, f(R) > 0 shows that f is
increasing on [0, R]. Thus [[wy|| 2y is bounded on [0, B] by [[w(R, - )| 2, Which is finite by
Proposition [4.8]

To justify this formal calculation, we argue as in Section : since w|p,gjxT Was obtained as
the limit in Yy of a sequence u®* defined in Lemma , we set fE(r) = %fT(utK’*)2 dt and
get that f& — fin L2 ([0, R]). Since u®* € Y and time-derivatives are bounded on Yi§,
we have (f%), % e L'([0, R]) so that f¥ is continuous and it indeed satisfies f*(0) = 0.
The formal argument above can therefore be applied to fX and yields that % is monotone
increasing on [0, R|. Thus f is monotone increasing and hence bounded by the constant %C’5

from Proposition completing the proof.

The proof for the slab setting is similar; the main difference is that at zero we have a Neumann
condition w,(0,t) = 0 instead of a Dirichlet condition. The proof with the instantaneous
nonlinearity follows by setting x = dy above. O
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Recall the constitutive relation
D = 5E 4+ P(E) = 5o(1 + x1(x))E + ox3(x) (s * |[E|*)E
for the time-averaged nonlinearity. The quantity

eo(1+ x1(x)) + goxs(x)(x * [E[)
may be called the effective permittivity and can be estimated from below by
eo(1+ x1(x)) + goxs(x) (5 * [E[*)

— c 2
> eo(1+ ¢ = [IXS oo @) — collxsll oo @) 161 oo iy BN Lo po.m: 22y

As described above, the existence of E hinges on x§ = x; — ¢ ™2

and the norm ”EHQLOO([O,R];L?(']I‘))
only depends on x{ and not on x;. Hence, if ¢ > 0 is sufficiently small then the effective
permittivity is positive, which gives the waveguide the character of a dielectric. In other words,
for time-averaged nonlinearities and for sufficiently small propagation speed ¢ > 0, the fields
are not strong enough to change the dielectric character of the waveguide. It is open if the

same holds for instantaneous nonlinearities.

Finally, we comment on the bifurcation phenomenon outlined in Section [1.2] in the context of
the cylindrical geometry. We consider Vy(r) = —(x1.4(r) + 1 — ¢™2), T' = —x3(r), where the
material parameters Y14, X3 are as in Section and where we emphasize the d-dependance
of x1 and V by adding a lower index d. In fact, d will be seen as a bifurcation parameter. Due
to the ansatz E(x,t) = wy(r,t — 12) - (=%,2,0)" and the fact that u(-,¢) = w(-,t) |jo,r solves
the boundary value problem , the bifurcation phenomenon can be explained on the level of
u as a solution of the d-dependent boundary value problem on [0, R] x T. Recall that on
[0, R] the function Vy(r) = —(d + 1 — ¢™2) is just a positive constant.

Let us first fix a value d* as in Theorem so that assumptions (A6)| hold. Then we
consider the linear eigenvalue problem

~tyr — Yup + Sut (d+1— ) uy = My in [0, R] x T,

—Vgx(r)

i,(R) = %y (R) for k € %,

@x(R) =0 for k € 3.

(29)

The smallest eigenvalue A can be obtained by minimizing
Eg jin(u) = / (uf + (%u)2 + Vd*(r)uf> rd(r,t) — 2Ep(u)
[0,R]xT

subject the constraint

/[OR] Tufrd(r,t):l
,R]x

Yim = {u € Wigaaii (0, Rl X T) | wp, 2u,uy € L24([0, R] x T) }.

loc,anti rad

Since assumptions |(A1)H(A6)| hold for d*, the negative minimum A < 0 is attained. It appears
as a Lagrange multiplier which coincides with the smallest eigenvalue. Moreover, the minimizer

on the space
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Ui, Satisfies so that

_ulin,rr - uhnr + 2u11n (d + 1— 072) ulin,tt = (d - d*)ulin,tt in [07 R] X Ta
—_—
n =Va(r)
i 1 (R) = S i 1 (R) for k € R,
uhn’k(R) =0 for k € 3.
where we have set d, = d* + A\. In particular, for the bifurcation parameter d € (d,, d*] we find
that

B in (tn) = / (S + 3 (Guma)” + 3Valr)id,, ) rd(r 1) = Ep(ua) < 0.
[0,R]xT

Hence, for a sufficiently small multiple £ > 0 we can insert cuy, into the functional E,; for the
nonlinear problem and get Ey(cwy,) < 0. This shows that £ = infy,, E; < 0 and it is therefore

the substitute for [(A6)| which we do not verify for d € (d,,d*). Since (A5)| continue to
hold for all d € (d,, d*] we conclude that the nonlinear problem

—Upyp — ur 7nz)u Va(r)uy — T'(r)N(uy)y = 0in [0, R] x T,

N R

i, (R) = ng; +(R) for k € R,

u(R) =0 for k € §.

has a nontrivial ground state u?. Let us now show that indeed u¢ — 0 in suitable norms as

d — d,, which shows bifurcation from the zero-solution at d = d, and continuation of solutions
as d runs from d, up to the primarily chosen value d*.

Lemma 7.2. For d € [d,,d*] any minimizer u® of Ey satisfies
ully, = O((d—d)"")
as d \, d,.

Proof. We first show that Huf
Proposition we find

Ed<u>:/[0R]XT(§uz+§(; u)” + LV(r)u? + 10(r )N(ut)ut> rd(r,t) — Ep(u)

| 18 uniformly bounded for d € [di,d*]. As in the proof of

> /[OR] T(%Uf + 30(r)N (up)ug) rd(r, t) = Collu(R, )32,

1
2 / R] T(%uz + ir(r)N(Ut)Ut) Td(ra t) - Z_LHUTHiEad([O’R]XT) - O()C(ﬁ)nutlﬁv
0,R] x

2 el el = CoC (55)-

If we insert u? and use E% = FE4(u?) < 0 the claim on the uniform boundedness of ||ut H N
follows.

Next we claim that Ej = O(d — d.). To see this, we find

Eq(u) > Egjin(u) = /

[0 R]><T<%uz + ()" + %Vd(T)>Uf rd(r,t) — Ep(u)
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> (d, — d)/ u? rd(r, t)
[0,R]XT
2 (de = d)ully
by Remark . The claim follows by inserting u = u.

Now we can use the equality

0> B} = Eafu®) —  B(u)u] = -

L

[ reNh e
[0,R]xT
and the previous step to conclude ||u§lH;1V = O(E}) = O(d — d,). Finally,

0 = Ej(u)u) = /[ e (O G+ V)@ + PN ) () = 2

4112

L2 ,([0,R]xT)

u_
r

+(c?—1—d

{22 omm — 2000 () e

rad

([0,R]XT)

= %”ugHLfad([O,R]xT)

ud

implies that Hu H 12, -

4([0,R]XT)’ Lfad([ovR]XT)7 HugHLfad([O,R]XT) Hut HN - O((d - d*>1/4) as
claimed. n

APPENDIX A. THE FRACTIONAL LAPLACIAN

In this section, we present some results on the fractional Laplacian on the torus, and related
spaces. They are not given in the most general form available, but in a form which is sufficient
for our applications. We begin by giving the definition of the fractional Sobolev-Slobodeckij
space W*P(T).

Definition A.1. For s € (0,1), 0 > 0 and p € [1,00), we set

f() — f(E+R)f
o) = // |h|1+sp dh dt

1 sy = I W zogry + [ vy
W (T) {f € L'(T): [flyyerr) < oo},
as well as WOP(T) := LP(T) and W*>(T) := C*(T). Setting

kEZ

Note that K,(h) ~ d(0,h)~'=7 where d denotes the metric on T.

Next we show that the fractional Laplacian |9)|°f = F~![|wk|®f] can be expressed using a
singular integral.

Lemma A.2. Let s € (0,2) and f € C’Ll(']l‘). Then

2 h —h
ars =c, [ HOLED TR o,
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= [ Kubr) = 5(e+1) = £ = m)an
holds where
C, = (2/RLOS(T7)dn> and Kg(h) = C’SK'S(h).

|

For a proof see |33, Theorem 2.5 where the case T' = 27 is discussedﬁ. In [33] a principal
value formulation is used which can be avoided by using the above symmetric representation,
as discussed in 30, Lemma 3.2|.

Related to Lemma is the fact that the seminorm [f]Wsz(’]l‘) coincides with |||9;|° f||, up to a
constant, and in particular that W**(T) = H*(T).
Lemma A.3. Let s € (0,1) and u € H*(T). Then

10"l 22y = Conlttrmnn —//K%|f £t + B dhdt
holds.

This can be shown in the same way as [30, Proposition 3.4]. Formally, it follows from Lemmal[A.2]
(with 2s instead of s) by multiplying the identity with f and then integrating.

Next, let us note that the fractional Gagliardo-Nirenberg inequality of Lemma [A.4] and the
Sobolev embedding theorem of Lemma hold on the torus.

Lemma A.4. Let s1,s2 € [0,1), 0 € (0,1), p1,p2 € [1,00] and s = 0s1+(1—0)s,, % = I%+1p;29.
0
Then || fllynizy S 1 1Seson oI f iy nn ry holds.

Lemma A.5. Let s1,55 € (0,1),p1,p2 € [1,00] with sy < s1 and p% — 89 > pil — 51 with strict
inequality for sipr = 1. Then || fllyysmo ) S | fllwsren ) holds.

Proof of Lemmas[A.{] and[A.5 We first remark that both results hold if W*?(T) is replaced
by W#P(I) where I is a bounded interval. This space is defined by

Wer(I) = {f € LP(D): [flwenry = </I/I%dxdy); < oo}

for s € (0,1), 1 < p < oo, and W>(I) = C*(I), WOr(I) = LP(I).

Indeed, on intervals the Gagliardo-Nirenberg inequality holds by [8]. Also on intervals we have
from [30] that W*vPr(I) — L4(I) for % = pil—sl if sipr <1, WsrP(]) — L(I) for 1 < g < ocoif
sipr = 1, and that WP () — C(I) for —a = pil — 51 for s1p; > 1. From these properties we
can deduce the claimed embedding estimate on intervals by applying the Gagliardo-Nirenberg
inequality (on intervals).

Then, the statements of Lemmas and follow from the results on intervals since the
norms || f|lyesery a0d || fl[yen 0,277y are equivalent for periodic f. O

3The constant in |33, Theorem 2.5] has a typo: o needs to be replaced by 20. Then the constant in [33]
coincides with C up to a factor of 2.
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Additionally, the following version of the Kenig-Ponce-Vega inequality (cf. [19]) holds on the
torus.

Lemma A.6. Let f,g € C®(T), s € (0,2), s1,52 € (0,1) with s < s1+s3, and p,p1,p2 € [1, 0]
with é = pil + piz. Then

110:°(f9) — f1O:] g — 90| fHLp S flwer, P1(’H‘)[9]W527P2(T)
holds.

Proof We only consider the case p;,ps < co. Using Lemma [A.2] we write

B (f9)(t) — FOIaLa(t) — a(t)]01" £ (1)
/ KL(h)2 (Dg(t) — f(E+ gt + h) — f(t— gt — b)) dh

) | K)ot = gl 1) = gft = )
~9(t) | KmCS(® = fle+ 1) = =) d
== [ K00 = £+ B a(0) = gt + 1) + (F(0) = Flt=W)a(®) = o(t = b)) ah
:—2/K — Flt+ ) (g(t) — glt + b)) dh

Now let r =1 — 1 +5—5—8 < z%' Using Holder’s inequality twice we estimate

— f{t+h))(g(t) — g(t + h))dh

LP(T)

/HK W) = £+ D)lg(t) — g(t + W)l ey dh
< (0, B) 7 o oy 1S (RO, B (8) = £ (2 + Bl g () = g (¢ + P oy

Y Kap (WIf() = f(t+ )] { Koo (W) f (1) = f(t+ 1)

~

LP1(TXT) LP2(TxT)
= [flwsm (T) [9]yyrsa v (T)
where we have also used that
K (R)d(0, B == d(0, k)™= = d(0,h) 75 o R/ Ry () R/ Kog(h). O

Lastly, we make the following observation on derivatives of time-antiperiodic functions. The
proof, which follows via the Fourier transform from the fact that the zero Fourier mode vanishes,
is omitted.

Lemma A.7. Let the function v € L'(T) be %—antipem’odic in time. Then for any s > 0 and
o € R we have

1 K
lollagey < MO el oy and thus 1070l oy < — 1000l 2 e
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If furthermore Fi[v] =0 for |k| < K, then these estimates can be improved to
1 1

ol < g lOWlzs o 10 ey < gl 00 sy

APPENDIX B. PROPERTIES OF THE NONLINEARITIES

For the instantaneous nonlinearity, it is clear that the function Ey is convex. In the time-
averaged case this follows from assumption together with I' > 0. Next we discuss two
conditions that are sufficient for convexity in the time-averaged setting, i.e. .

Lemma B.1. The convexity assumption of on Kk 1s satisfied for example if the other
assumptions hold and either maxk < 2mink or k > 0 for all k € Z, or more generally if k is
a sum of functions satisfying these conditions.

Proof. Set f: L*(T) = R, f(v) = [;(x * v*)v®. Then using that « is even we calculate

F@)ua =4 [

(k*vH)u?dt + 8 /(/{ * uv)uv dt.
T

T

Part 1: If maxk < 2min k, with ¢ := (min K + max k)/2 we can estimate

P 0) s u] = 4/(,f o)l di + 80(/T w dt>2 + 8/T((H — o) % uv)uv dt

T
> dmin kl|luv)? — 8||x — ¢ luv]2 > 0.

Part 2: 1f instead Ky > 0, we can estimate

() [u,u] > 8/(/4; x uv)uv dt = 82%k|fk(uv)|2 > 0. O

T keZ

Next we aim at lower bounds for E’(u)[|0;|u]. Using integration by parts, one sees that the
quadratic terms appearing in E'(u)[|0;|u] are L?*-norms of suitable fractional derivatives of u.
In the next two lemmas, we investigate the remaining non-quadratic term [ N (u;)||u;. We
begin with the instantaneous nonlinearity.

Remark B.2. Let us give a few examples of kernels k describing the nonlinear polarization
(cf. (4)) that lead via k(t) =T Y, R(t + kT') to admissible potentials  for (15).

(a) First, we consider

H(E) = {0, t<0,

(TH+ 497, t>0

where ¢ > 0. Let us show that the resulting « is admissible. To do this, we write

R (t) ! ! ! for t >0
K = — —_— or
2QT\T?+ (2t —=T)> T2+ (2t+1T)? -
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so k(t) is a telescoping series with value
1
t) =
" = Sr =1y

We see that k is even about and by periodicity also even about 0, and that minx =

k(0) = o=, maxr = k($) = 55 hold. Smce r is Lipschitz continuous, this combined

with Lemma show that r satisfies (15)).

(b) More generally, &(t) = 1;50[g(2t — T') — g(2t + T')] with even, Holder-continuous g: R —
R is an admissible example if maxp 7 g < 2minjg 7y g holds.

(c) Let us give another example: Consider

= Z L nr ey (t)
n€eNg
where (a,) € €' with }°, . @ = 7. Then s = 1 and therefore it satisfies (L5).

(d) Finally, using a Debye-type exponential decay in the kernel function cf. [12], let us
consider &(t) = ae ?1;50 and its discretized version Rq(t) = ay o oe " Lr yym)
with a, 8 > 0. Subject to the choice a = (1—e~#T) /T the discretized version clearly falls
into the category (c) whereas for the continuous version we get x(t) = e for t € [0,T)
so that k is neither even nor continuous on T and hence does not satisfy . Therefore
our results do not apply to &, but can be used for 54. Clearly, the smaller T > 0 the
better k4 approximates k, and our results provide existence of breathers with frequencies
tending to infinity as 7"\, 0. This, however, does not allow for any conclusion about
breathers for nonlinear Maxwell equations with Debye-type exponential decay kernel.

for t € [0,7).

Lemma B.3. The inequality

(30) zév?mm@u;AQmW@wWQa

holds for all v € C*(T).

Proof. We first encountered an estimate similar to in |11, Proposition 2.3|, and we prove
in a similar fashion. Note that v|v| € C(T) € HY*(T). Thus both sides of are
well-defined and we may use symmetry to obtain

A(|at|1/2(v\v’))2dt = /TUM |y (v|v]) dt

Using the representation of Lemma [A.2] we calculate

2/ |@wa—/ﬁM\auwpm
_C// (t) —v(t+h) —v(t — h))

- —'U( )w(®)](2v(E)[v(t)| — v(t + h)|o(t + h)| — v(t — h)|v(t — h)|) dhdt
= C/ 2 / 20(t —o(t+ h)) — v(t)|v(t)|(v(t)|v(t)| —o(t+ h)|v(t+ h)|)
200 (012) — ol — 1)) — o] (0O — ol — Wo(t — B)]) dt dh
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= C/ 2 / 20(t —o(t+ h)) — v(t)|v(t)|(v(t)|v(t)| —o(t+h)|v(t+ h)|)
20t 4+ WP (o4 ) = o(t)) — ol + Wlo(t + W)t + W)lule + )] = v(@) (o)) e

—0/ hQ/ Lot 4 h)t = 20()v(t 4+ h) — 20(8)v(t + h)? + 20(t)[v(t)|v(t + h)|v(t + k)| dt dh

Next we claim that the last integrand is everywhere non-negative. To see this, abbreviate
a:=wo(t), b:=wv(t+ h). If a and b have the same sign, we find

a* +b* — 2a°b — 2ab® + 2ala|b|b| = (a® + b*)(a — b)* > 0.
If a and b have opposite signs, we instead calculate
a* +b* — 2a%b — 2ab® + 2alalblb| = (a® — b2)2 — 2ab(a® + b*) > 0.
This completes the proof. dJ

The counterpart for the temporally averaged nonlinearity reads as follows. Its proof is very
different from the proof of the previous lemma.

Lemma B.4. There exists constants ¢, Cy > 0 such that
2 2 4
/T(/f 0|0, dt > e1[|v]l 72y 1O vl 72(my — Collvl 2y

holds for all v € C(T).

Proof. By k € C*(T). Inspired by the famous Kenig-Ponce-Vega inequality [19]|, we define
the Leibniz-defect for the fractional half-derivative as

§ = 10,2 ((k * v*)v) — v]0y] (5 % v?) — (k% 0?)|0] 0
Using Lemma [A.4] and Lemma we estimate

24«

2
161l S [ % v?] alvlpa-ere < [Blal0lla[o]lgre-on S [Klgallvlls™ 0l

We further have
10:] (5 % v2) = (10K * (|04 7~ 70%) = |04k 5 (20]0,] >0 + 9)
with Leibniz-defect 0 given by
5 = [0, (0?) — 200, 0.
By applying Lemma [A.6] Lemma | and Lemma [A.4] for p close to 1 we obtain the estimate

@ 11—«
< Sl ol

H6|| VV21‘7 l/a—o/6 ||H1/4 /8 Y2 >

so that

1 o2, < 2] ol =0l + 12l 5]

1 1 11—
< Iallge (I8 ol + ol el )

p

where we have used [33, Theorem 2.6] for the estimates on |8;|”*x.
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Next we estimate the quantity appearing in the claim:
/(n « 02 - |0 |vdt = /\atyw((ﬁ «v2)) - 9, v dt
T T

= /((’i*02)|at|1/2v+U|3t|1/2(/<a*v2) +5) _ |3t|1/2vdt
T

= / (k% v*)(10,] 70)*
T

= Clollollmllen (150l + ol ol ) [ 10 2|
= Cluleu 0l o175 120
The claim now follows using
/(K, «0%)(|0,|"*v)? dt > min & - HUHZH@\VQUH;
T
and Young’s inequality for products. 0

Next we prove two important trace inequalities that are adapted to the terms appearing in our
functional. In Lemma we estimate the trace in H"?(T) against || - ||y, and the “regularized”
embedding Lemma [B.7| estimates the trace in H'(T) against Q.

Lemma B.5. The trace map
tr: Yy — H7*(T),u — u(R, -)
is well-defined and compact. Furthermore, for all € > 0 there exists C(g) > 0 such that
2 2 2
(31) HU"UHHW(T) < €Hu7”“Lfad([0,R]><'J1‘) + C(e)Juel[y-
holds for all u € Yy.

Remark B.6. By Remark we have the continuous embedding ¢: Yy < H. ([0, R] x T),
and it is well known that the trace maps H'([0, R] x T) into H"/?(T), and the same holds for
H! ([0, R] x T). However, both the embedding ¢ and the trace map tr: H_4([0, R] x T) —
H'?(T) are noncompact maps. Their composition tr o, however is compact, as we show below.

This is true because of the temporal decay in the embedding «.

Proof of Lemma[B.3 Since |||y, S|+
to consider the case N = Ny, .

N, Py Remark and thus Yy

ins

— Yy, if suffices

Let u € H?

anti

v(r,t) = (r)u(r,t) we calculate

([0, R] x T). Fix some ¢ € C*([0, R]) with ¢ = 0 on [0, £ R] and ¢(R) = 1. With

3 3 1
[6r wll /ey = [[tr vl e ) < Coll|0] 2 tr o)

R
=3Co/ <|||8t|1/2vHLzm/I@A”wl@\lﬁvrdt) dr
0 T

R
:300/ <|||8t|1/2v||L2(T)/|8t|v.vrdt) dr
0 T
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R 1/2
ssa(/" ﬁranw-/'maw%mﬂmmawmﬂmwv)
[0,R]xT 0

where the factor r can be introduced since v is supported on [3R, R] x T. Using Lemma ,
Remark and infr x > 0, inflg g ' > 0 we continue the estimate

3 2
[tr U||H1/2(1r) < Ol||“r||L§ad([o,R]x1r) vl y,,
2
< Co(llwll e o sy + ez oy ) el

2
< Co(llullg, + Nuell 2, o,y ) el
3
< Calully,.

By approximation, the inequality

3 2
e wllfrairy < Co(lluallg, + Nuell e, go.mm ) el

can be shown to hold for all u € Yy, so that tr is a well-defined and bounded operator on Yy.
The inequality now follows immediately using Young’s inequality for products. It remains
to show compactness of the trace operator. To do this, we consider the operator

trf = troS¥
for K € Nygq, cf. Lemma for a definition of the projection operators S¥. Then tr’ is a

compact operator since it is bounded and has finite-dimensional range. Since Fj.[u — S%u] =0
for |k| < K +2, using the improved estimate from Lemma[A.7)in our calculation above, we find

3 C 3
|| tr(u — SKU)||H1/2(1I) < ﬁ“u — SKUHYN,

so that in particular
3
VE 12 M

holds. Using Lemma it follows that tr® — tr in B(Yy; HY?(T)), which shows that tr is
compact. O

Htru — trKu”:;l/Q(T) = Htr(u — SKU)H;/Q(T) <

Next we show in Lemma [B.7] the “regularized” trace inequality, which is the main tool used to
obtain improved regularity in Section [4]

Lemma B.7. For all € > 0 there exists a constant C(e) > 0 such that

2 L CE)Qu ()

2 1/2
(32) HtrUHHl(T) < ‘€H|at| Ur L2, ,([0,R]xT)

holds for all u € Y and K € Nygq and where C(g) does not depend on K.

Proof. Part 1: Let N = Ny, Fix ¢ € C*([0, R]) with ¢ = 0 on [0, 3R], ¥(R) = 1 and set
v(r,t) = ¥(r)u(r,t). Further let H denote the Hilbert transform in time, which is given by
FiH = isign(k)Fy. Using 0, = H|0;| we calculate

HU"UH?{l(T) = HtrUHiﬂ(’ﬂ‘)

3
S [Itrvel[ 2
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/ (R, P dt
= 3/ Vv vg| d(r, )
[0,R]xT

B 3/ H|0:| v, - |04 (vilve]) d(r, t)
[0,R]XT

1/2
1/9 2 1/9 2
3( [ (#orn) aeo- [ (18" wl)) d(r,w)
[0,R]xT [0,R]xT

=s( [ (o) ae- [ w00 ) o, 0)"
N (Hlatll/zur ot (AR ]Lfa)QNm(ut)?

where in the last inequality we have estimated 2, %, < r. From Lemma we further
have

IN

1/2

) /
|1 Lo = Q).
ad

1 1
S el e, S Nl = a3 |10 Culua]
rad

rad

Combining both inequalities with Young’s inequality for products, the estimate follows.

Part 2: Here we consider N = N,,. We define v as above, but now we estimate

3 3
Htru“Hl(’J]‘) S [tr UtHL?(T)

3
= [[tr vell 2 p)

R
3 [ (s [ vat) ar

0 T

R ) )
3/ <Hvt||L2(’]I‘) /]8t| ", - H|0,| 2, dt) dr

0 T

1/2 2 R’ 2 1/2

3 (10 "0.) dtrt) - [ ol 10400

[0,R]xT 0

5 (H|8t|l/zur 12 +H|at|l/2u‘[,2 )QNaV(ut)z
ad rad

IN

2 /2
dr)
L2(1)

where again supp v C [%R, R] has been used. Using Lemma we further obtain

4
Sl S ol oy (/ My i)

||ut M Zazy |10 e,
(T)

Combining both estimates above with Young’s inequality for products, the estimate follows.
O

|16

rad

d = .
. r r) = Qn,, (1)
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APPENDIX C. EXAMPLES

In this section we prove Theorem [I.2] by verifying the assumptions of Theorem [2.1] or Theo-
rem We prepare the proof with a lemma on convergence of infinite matrix products.

Lemma C.1. Let

o 1+an Bn 2%2

where |A| < 1, and |o,| < 5 as well as |B,], [Val, [6a] < € hold for alln € N. Then the product

ﬁ = lim (A1 - Ay Ay)

converges against a matriz of the form (: 8) If all A, are invertible, then [[°_; A, # 0.
Further, there exists a function f: (0,00) — (0,00) with f(0+) = 0 such that

11+ (5 o)

Proof. First we consider the product

< f(O).

— n
€m dm n=N
where we choose N € N so large that denominators appearing in the following four constants
Cy, Cy, C., Cy with

C, :=20CCy,
. 1 C

Cp = max 2N _ 1 _20" N |/\| C’—i—2C2 ’
N+1 N Nt1

C. =200y,

C
O NG C+ nitm
d -= max 2N _E’L_|/\|_C+2C2 ’

N+1 N N+1 N

are positive and “ < 1 holds. We show by induction that the following estimates hold for
m > N:

|am_1| SCa(%_%)’ |bm| < %7
(33) 1 1 m—N
C 1=\l m—N C.
[eml < Ce(§ = ) + [ = AN < S

We will moreover show for the differences that

-N
(34) |1 = | < iy et = em| < ey + 5 A
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holds. First, for m = N the estimates hold since ay = 1,by = 0,cy = 0,dy = 1. For the
induction step, let us assume that holds for fixed m > N. Using a1 = (14 Q)@ +Yimbm

as well as |a,,| < CF =1+ %= we find

C cC, (N+1)C 1 Ca
_ < (Ot 220 M T T (ot < .
|amy1 — am| < mQC“ + S N (C'a +Cb) m(m—+1) =~ m(m+ 1)

This in turn implies that |apme1 — 1] < |ame1 — am| + |am — 1| < Ca(% — mLH) Next, from

bimi1 = Bmam + (A + dn)by, We obtain

C Cy Cq, N+1 CaCy, 1 Cy
bpit]| < —CF+ | N—+=—2< CCT +|\C < )
| +1|_m o T |m+mm_ N < o TG+ N Jm+1~"m+1

Then we use ¢;,11 = (1 + am)em + Ymdy as well as |c,| < CF ::%+J\I(+—|A|)t0 obtain

C C/ime
emi = enl < —5CF 4 (WY + &)
m m

(N+1)C, . 1 Cim—nN
<~ 7 - -
C. C\\ime
+ _I)\| N7

< - -
“m(m+1) N
from which the desired estimate on |¢,,. 1| follows as before. From d,, 11 = Gnem + (A + 9)dm

we obtain
C C C _ C
A1 — )\m+1_N| < C’;L + |)\|—d + — <|)\|m Ny —d)
m m m

m

N+1 CCy 1 Cq
< + < )
< (CCC+|A|Cd+C+ N)m—l—l_m—irl

This shows the estimates , (34). It follows that b,,,d, — 0 and that a,,, ¢, converge as
m — oo. Thus we have shown that the product [[ 7\ A, converges against a matrix of the

form (* 8> This implies convergence of the product [[*~; A, with the limit being given by

- lim,, o @y, O
HAn:[Al"“'AN-l](hmH c 0)’
n*l m—00 m

which has the specified form of vanishing second column. From we get |a, — 1] < S= < 1
so that lim,, o an # 0. Thus [[77, A, # 0 if we assume that A;,..., Ay_; are invertible.

It remains to show the estimate

< f(0O).

d 10
[T+ (; o)

We choose || - || to be the column sum norm. To emphasize the dependence of C,,...,Cy on
the constant C, in the following we write C,(C), ..., Cy(C). Let C* > 0 and observe that there
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exists a sufficiently large N € N such that the denominators appearing in C,(C), ..., Cy(C) are
positive for all C' € (O C*]. Then (33) shows that

10 Ca(C) + Ce(C) ¢
= (0 0)) =TT sy = O
holds, where fy: ( O C’* (0,00) with fn(04) = 0. Then
I A - H <l HA (6 o)+ av1(5 0)- (5 0|
n=N-1

< max{1+ W 2%+ INHIN(C) + @ = fxa(©)
where fy_1(0+) = 0. Repeating this N — 2 times, we find a function f; such that fi(0+) =0

)

The proof of Theorem is split into four parts, because the fundamental solutions ¢, strongly
depend on both the chosen geometry (radial problem or slab problem) and on the linear po-
tential Y% (step potential ¥;"” or periodic step potential Y2).

< f1(0). O

For the proof, we introduce the following (non-negative) variables to denote the values of the
piecewise constant potential V = —(y; + 1 — ¢7?):

(i) If x1 = X177, we set
a=a+1—-c? pB=b+tl-c? §=—(d+1-c?),
where by the assumptions of Theorem we have «, 3,0 > 0 and § < a.
(ii) If Y& = X3P, let
« ::a+1—c_2, Bi=—b+1—-c?), §=—(d+1-c?),

where again «, 5,0 > 0 by assumption.

Proof of Theorem 1.3, Part 1. First, we consider the periodic step potential Y} with cylin-
drical geometry, i.e. . We verlfy the assumptions [(A1)H(A5)| and |(A6’)| in order to apply

Theorem [2.3] Firstly, assumptions (A1)} [(A2)] and [(A3)|hold by definition.

Step 1. Here we construct the fundamental solutions ¢, based on the following idea: we
define propagation matrices My, (r,r’) with the property: (iﬁgr)) My, (r,7")(;) provides the
solution of Lo, = 0 at r with initial values (Z) at . On subintervals where the potential
V' takes constant values, M, can be explicitly computed. Iterating the propagation from

T = R+nP+ %HP back to r with prescribed decay o P77 at Ty T = min{\/g, \/g} < 1and

sending n — oo will provide the fundamental solution.

Now we start with the propagation matrices on intervals where V is constant. The general
solution of

(35) (=02 =10, + & — Kw’a) f =0
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is given by
flr) = AJi(ayr) + BYi(ayr)

where J,,Y, are the Bessel functions of first (resp. second) kind and «y, = kwy/a. Thus the
propagation matrix for is given by

(;/((72)) = Moy (r,7') (f’%)

Mo, 7) = ( Ji(awr)  Yi(oyr) ) ( Jow’)  Vi(owr) )1

agdi(ogr) oY (agr) apdi(ogr’) oY (agr’)

with

Next we calculate the asymptotic expansion of M, x(r, ). With the asymptotics (cf. [17])

Ji(z) = %(Sin(z — )+ % cos(z — §) + (’)(%))7
Yi(z) = %(—COS(Z—%)—F;—ZSin(Z—%)4—(’)(2%))’
Ji(z) = %(COS(Z—%)—ésin(z—%)juo(z%)),

Y{(z) = \/g(sin(z — )+ L cos(z—5)+0O(%))

as z — oo, we find
) =5 (5 )I(F 2)ro) (o) mit )
1G5 3)eis 1)

as z,z — oo, where z = ayr, 2’ = agr’. If, in particular, ' — r = 6P, then since

z—2 = —/{ZWHP\/& S %Zodda

(36)

we have cos(z — 2') = 0 and sin(z — 2’) = %1, so we can further simplify

(1 0 L/—% 1 10

Mty =27 (0 OV[(FF 1) vo e m](h L)
B (1 0 m \/La 1 10
_i\/;<o kw)[(—\/a S +0(59)] (o L

as kr — oo. If we denote by r, .= R+ nP + %GP, rl =R+ nP+ (1 — %G)P for n € Ny the
points where V' changes from one constant value to the other, then we have

My, (T Tns1) = Mg g(ry, 7)) - Mo g (7, 7r1)

26 )| (2 e 1) oG

2kwry, «

g o
N
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as kn — oo where 0 = — sin(kwfP+/a) sin(kw(1 — 0)P\/B) € {£1} does not depend on k. To
simplify the asymptotics, we introduce the rescaling

and define the rescaled propagation matrices
M}i(r, ) = Sp(r) My, (r,7")Sk(r) 71,
Mik(r, ') = S(r) Mo g (r, ) Sp ('),
Mgk(r, ') = Sk(r) Mg (r, ) Sk(r') 7t

In the following we assume « > 3, the case § > « can be treated similarly. We then define
(37) Uy(r) = lim <al\/§> M} (r,rm).

m— 00

This definition is according to the idea introduced at the beginning of the proof: W (r) contains
decaying fundamental solutions for a rescaled version of the operator Lj, where the geometric

decay factor \/g has been built into the solution. As we shall see, the second column of W,

vanishes, which reflects the fact that there can only be one solution which decays at infinity.
Next we note that

m—1 [e'¢)
\Ijk('f’) = 7711—13})0 M[s:k (r7 TO) H (UI@M}JS;C (Tnu Tn+1)> = Mgk (Tv TO) H <0-1\/§]\4—51C (Tn, Tn+1)) .
n=0 n=0

Using the asymptotics
1 [Bays 10
= (o) 3) -0t

as kn — oo and Lemma the limit in exists and is nonzero. In particular, the limit
matrix ¥, has a vanishing second column so that we can define

v (r) 0
= W(r).
(w,i” (r) 0
If we also undo the rescaling and define

%)) g ) w,i”<r>>
<¢](€2)(74)> : Sk( ) (w’(f)(r)

M, /
<¢];(:2)E7"§) = My, (r,r") (

since w}(€1)’ w,(f) satisfy the identity

then

This shows that ¢y (r) = ¢,(€1)(r) satisfies Lydr, = 0 and ¢} = 22) so that ¢ is the sought
fundamental solution. Its properties will be verified in the next step.
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Step 2. We are left with verifying assumptions |(A4)| [(Ab), and [(A6’)| for the functions ¢y
obtained in Step 1. We have already seen as a result of Lemma[C.1I| that ¢ # 0. Next we show
that ¢p € L2 4([R,00) x T). From the asymptotics we see that there exists a constant

rad

(1 > 0 such that

1M )| [ M5 ()| < €
holds for all £ € Nyqq and all 7,7’ > R. By Lemma there further exists a constant Cy > 0

such that
H (01\/§Mi(rn, TnH))

n=ng

holds for all ng € Ny and all k € Nygq.

< Cy

For every r € [R, 00) there exists a unique ng € Ny such that r € (r;, _, 7] From

Viouls) = o) = (i (o7 /2) M8 M, )

1,1

(38) no o0
= (O-_l\/g) MLSk (r7 Tn()) H (O-_l\/gMLSk (T'VH T?’L"Fl)) I
n=no 1,1
and
M no)s no—1>Tn
MLSk(Ty Tno) = M%k(r’T O) "e (rno_l " 0]
Bk(r’ Tno)v re (Tno’rng]
we obtain

and therefore also
2 > 2 - n
I oy = [ 1on(r)Prar < 3 (2)"CECEP < o0,
ng=0

where we used 7], —r}, _, = P. While we obtained an L?*-bound on ¢, which is uniform in £,
with the help of the equation Li¢, = 0 one can easily show that ¢, € H2 4 ([R,00)), but the
H?2-bound will be k-dependent. Thus assumption holds.

Next we discuss the asymptotics of ¢r. We use
g N cos(kwy/a(r —1')) \/La sin(kw+/a(r — ")) 1
Maalr.r') = <—\/ESin(k:w\/5(r — 1) cos(kwy/a(r — 1)) +0(3)
and likewise for M3, (r, ') as well as

T (o« 205 ) = (5 0)

n=ng

as k — oo, cf. Lemma . Thus, together with we obtain

/

[ et rar

no—
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- o
R

as k — oo. In particular, we have

/
ng—1 0

Tng T’,ln
/ cos(kwv/a(r — 1y, )2 dr + / cos(kw/B(r — ry,))? dr + 0(1))

llmlnf||¢k||L2 J(R) Z Z

no=1

In order to verify assumptions|(A5)|and |[(A6’)| we calculate the asymptotics of ¢ (R) and ¢} (R).
Setting

o = 4w\/abL € Nogq,

we have

VR (R) = o (R) = (Mgfk (R, 7o) f[( S EME, (ra s ))

= cos(kwv/a(R —1q)) + o(1) = cos(km,5) + o(1) = j:75 +o(1)

as k — o0o. Combined with the estimates on ||¢y]| ;2 . this shows the first part of assumption

(Ab)l Next we have

k—“fcb;(m = (R) = (Mikm, o) ] (0_1\/§Mfk (Fu. rnH)))

= —Vasin(kwya(R — o)) + o(1) = Vasin(kmeF) +o(1) = £ +o(1),
which shows the second part of assumption |(A5)| Finally, we have

2,1

OlE) _ wy/atan(km,T) + o(1) = —w\/a—l)ma;k +o(1)

kow(R)
as k — oo, so
. Pi(R)
l1glj£p Fon () = wyva > wVé = w||V||LOO([0 R)
since a > §. Thus assumption [(A6’)| holds, and Theorem [2.3| yields the result. O

Proof of Theorem[1.9, Part 2. Now we consider the periodic step potential with the slab ge-
ometry, i.e. . We verify the assumptions of Theorem in order to apply it.

By the set-up we have that (A1)} |(A2), and |(A3)| hold. The determination of the fundamental
solutions 51{; follows the Floquet-Bloch theory for second-order periodic differential operators.
Details can be found in |20, Appendix 6.2|. The main outcome is the following: there are two
Floquet-multipliers

Pr € {—\/gsin(k‘m’lw) sin(km/n), —\/gsin(km'lw) sin(km'w)}
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where
/ P P
[=4/=—— and <2m' = 4\/50w2—,2ml = 4/B(1 — 9)w2— C Noaa
7r m

and in our setting m = 2m’, n = 2m/l. This implies that |p;| € {\/%, \/g}, so that in modulus

one of them is smaller than 1 and one of them larger than 1. For each Floquet exponent there
is a solution of Ly¢, = 0 with ¢, (z + P) = pr¢,(z) for all x € R. If we choose the fundamental
solution corresponding to the Floquet multiplier with modulus less than 1 then this leads to

1
qukHLQ([Rpo)) - 1_—pkH¢kHL2([R,R+P))'

Using the normalization ¢,(R) = 1 we have

%(R) = —kwy/atan(kwy/abL) = —kwy/atan(mkl) = kw\/a(—l)k+T

and
0 < k‘GII{]lf quk’HLQ [RR+P)) S kSuI;dHQbk”LQ [RR+P)) < 0.
From these estimates it follows that also|(A4)H(A5)(hold. Moreover, since —Ig‘ ((}2) = (-1 " wya
k
and o > 0 = [|V|[ oo ((_p g the final condition |(A6’)|is true and so Theorem ﬁ yields the re-
sult. O

Proof of Theorem[1.3, Part 3. Next we consider the step potential ¥;® with cylindrical ge-
ometry, i.e. problem (12). We verify the assumptions [(A1)H(Ab5)], [(A6’)| in order to apply
Theorem [2.3] First, [(Al)] [(A2)] and [(A3)| hold by definition. Let J,,Y, denote the Bessel
functions of first (resp. second) kind and K, denote the modified Bessel function of second
kind. For k € Nyqq and with ay, :== kw+/a, B = kwy/B, the fundamental solution ¢y is (up to
a constant) then given by

ou(r) = ApJi(agr) + BpYi(agr), R<r < R+ p,
b Ky (Bgr), r> R+ p.

with

By apJi(an(R +p)) oY (aw(R+ p)) BrK1(Be(R + p))
We begin by estimating the functions ¢y. Using the asymptotics (cf. [18])
Ji(z) = \/7(8111( D+ 0(2)), Ji(z) = \/i
Vi(2) = /2 (~eos(z - D+ O(Y)), V(2= /2 (sin(z - )+ 0().

Tz

Ki(z) = [ " (1+ O(2)), Ki(z) = /e " (-1+0(}))

as z — oo, we find

A= —To mmm(\f cos(ak(mp)——)—\/%sin(ak<R+p>—%)+0(%))7

(Ak) _ ( J(ax(R+p))  Yi(ax(R+ p)) >< Ky(Bi(R + p)) )
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By, = —Te Peliite) (\/S:’Zsin(ak(R +p)— %)+ \/g:’;cos(ak(R +p)—F)+ O(%)),
and thus
||¢k||ifad([R+p,oo)) = ﬁe—Qﬂk(Rﬂ?)(l +0(3)),
p

2 _ 7w 2Bk (R+ a 1
61z a e = e (5 + 2)p(1+ O(})
as k — oo. In particular we have

10l L2_ ((r,00)) = T(C +0(3))

for some C > 0. We further have

O(R) = | [ige ) (\/%COS(O%/)) + /B sin(axp) + 0(%)>
oL (R) = 4/ %e—ﬁkﬁ#p <\/% sin(ayp) — \/SIZCOS(O%,O) + (9(%)) _

Note that % = \/% is constant.

As ¢, above is the fundamental solution, assumption holds, and the second part of as-
sumption |[(Ab)| follows directly from the asymptotics. Let 9 = arctan(“—k). Then

Bk

ou(R) = \/ 7w (5 + 2) e (sin(anp +0) + O(F)).

PL(R) = =/ 5% <% + 5—’;)67’8’“(1%“) (cos(agp + ) + O(3))-
By assumption of the theorem on the values 7" and ¥ we can write
kmm  mm w
app+¥=-——+—+——¢
2n 2n n

for some [ € Z. Since m, n are co-prime, the expression Z,qq 2 k +— agp+9 mod 7 is 2n-periodic

and attains the n values
T 27
__57__57"'771-_5

n n

and no others. Further, none of these values are zeros of sine. This shows that also the first
part of assumption [(A5)| holds. In addition, we have

O o (con (22 ) 4 o)),

Therefore for € > 0 sufficiently small we find infinitely many k& € Nyqq such that

ap+¥=m—¢ modm and ljsz((];)):w O{COt(f)"'O(%)ZW\/g_’_Z‘:

hold. This verifies [(A6’)l Finally, we have checked all assumptions of Theorem which
provides existence of T-periodic solutions. [l
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Proof of Theorem[1.9, Part 4. Lastly we discuss the step potential with slab geometry, i.e.
Like in part 3, we set ay = wky/a, By = wky/B. Then the fundamental solutions ¢k are (up
to a constant) given by

~ Ay sin(agz) + By cos(apz), R <z < R+p,
e Pk r>R+p
with
<Ek> B ( sin(ag (R + p)) cos(ag(R + p)) )1( o Bre(R+p) )

B, ay cos(ag(R+p)) —aysin(ax(R 4+ p)) — Bpe Prllitp)

_ o hu(Rte) sin(ag (R + p)) — g—k cos(ag(R + p))
cos(ax(R + p)) + SE sin(ax(R + p))
Therefore holds and

||¢k||L2([R+p,oo)) = 2,Bk *Qﬂk(R+p)

||¢k||L2([R,R+p}) _ ;_;e—QBk(R-‘rP) <1 + %) (1 + O(%))
so that

||$k||L2([R,oo)) = e ME(C 1+ 0(3))
holds for some C' > 0 as k — oco. In particular,

Oy (R) = e Pr(Btr) (Cos(akp) + 2 sm(aw)) = e M) [T+ Bsin(ap + 09)

%(R) = —qpe B 14 8 cos(akp + 1)

with ¢ = arctan (ﬁ) . From here on we can argue almost identically as in the proof of part 3

and

for the verification of the conditions |(A5)|and [(A6)| O

APPENDIX D. NUMERICAL METHOD

In this section we provide details on the generation of Figures[I] and [2] For simplicity, we only
consider the radial geometry setting.

As discussed in Section , solutions w to can be obtained from critical points u of the
functional E, see , and in particular from the minimizer of £. We numerically minimize
E|z over a finite dimensional space Z: FE(u) =~ min E|z. Then from u we reconstruct an
approximate breather w using the formula .

Motivated by Section 4| we choose the ansatz space

7 = {u u(z,t) ka x)ex(t ‘kaka—fk}

k€Zoaa
|k|<K
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where F'is a (complex-valued) 1d finite element space, which we have chosen to be the space
E (N*l)R R

of piecewise linear elements with equidistant nodes 0, &, ..., ~—%—,

The illustrations from Figures [I] and [2] are then obtained by choosing K = 64, N = 128 and
using a MATLAB built-in function to solve the minimization problem. The code to generate
them can be found in [31].
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