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SOBOLEV STABILITY FOR THE 2D MHD EQUATIONS IN THE

NON-RESISTIVE LIMIT
NIKLAS KNOBEL

ABSTRACT. In this article, we consider the stability of the 2D magnetohydrody-
namics (MHD) equations close to a combination of Couette flow and a constant
magnetic field. We consider the ideal conductor limit for the case when viscosity
v is larger than resistivity x, v > x > 0. For this regime, we establish a bound
on the Sobolev stability threshold. Furthermore, for x < 3 this system exhibits
instability, which leads to norm inflation of size VETE.
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1. INTRODUCTION

The equations of magnetohydrodynamics (MHD)
oV +V.-VV+ VIl =vAV + B-VB,
&B+V - -VB=xkAB+ B-VV,
(1) V.-V=V-B=0
(t,z,y) ERT x T xR =:Q,

12
29
31
33

model the evolution of a magnetic field B : Q — R? interacting with the velocity
V : Q — R? of a conducting fluid. The MHD equations are a common model

used in astrophysics, planetary magnetism and controlled nuclear fusion |

).

The quantities v,k > 0 correspond to fluid viscosity and magnetic resistivity.
The pressure Il : 2 — R ensures that the velocity remains divergence-free. A
fundamental problem of fluid dynamics and plasma physics is the stability and
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2 NIKLAS KNOBEL

long-time behavior of solutions to equation (1) and in particular stability of specific
solutions. We consider the combination of an affine shear flow, called Couette flow,
and a constant magnetic field:

Vs:yela

B, = ae;.

In particular, the solution combines the effects of mixing due to shear and coupling
by the magnetic field. The Couette flow mixes any perturbation, which leads to
increased dissipation rates, called enhanced dissipation, and stabilizes the equation.
The coupling with a constant magnetic field propagates this mixing to magnetic
perturbations. However, the magnetic field weakens the mixing, especially if
viscosity is larger than resistivity, inviscid damping gets counteracted by algebraic
growth for specific time regimes.

In the related case of the Navier-Stokes equation, that is when no magnetic field
is present, one observes turbulent solutions as viscosity reaches small values. In
contrast, the linearized problem around Couette flow is stable for all values of the
viscosity. These phenomena are known as the Sommerfeld paradox | ] and
highlight instability due to nonlinear effects. In | , , , , ]
various authors show sharp stability in Gevrey 2 spaces (spaces between C'*° and
analytic) for the inviscid case v = 0. The nonlinear instability can be suppressed by
the viscosity for initial data sufficiently small in Sobolev spaces, ensuring stability
[  MZ2, |

When considering the MHD equations without Couette flow, the constant mag-
netic field stabilizes the equation. The dynamics of small initial perturbations of
the ideal MHD equation around a strong enough magnetic field is close to the
linearized system | |. For stability in several dissipation regimes we refer to
[ , , , , , , ] and references therein.
However, global in time wellposedness for the non-resistive case is still open (see
the discussion in | ]). Furthermore, a shear flow leads to qualitatively different
behavior and instabilities | : ]

Recently, the MHD equation around Couette flow has gathered significant interest
[ , , , , |. Already on a linear level, the behavior of
the MHD changes for different values of v and x. In | ] Liss proved the first
stability threshold for the MHD equations. He considered the full dissipative
regime of k = v > 0 and proved the stability of the three-dimensional MHD
equation for initial data which is sufficiently small in Sobolev spaces. For the
analogous two-dimensional problem, Dolce | | proved stability in the more
general setting of 0 < k* v < k. In | ] Zillinger and the author considered
the case of only horizontal resistivity and full viscosity and established stability
for small data in Sobolev spaces. For the regime of vanishing viscosity v = 0 and
non-vanishing resistivity £ > 0, in | | we constructed a linear stability and
instability mechanism around nearby traveling waves in Gevrey 2 spaces. In a



MHD STABILITY THRESHOLD 3

corresponding nonlinear stability result, Zhao and Zi | | proved the almost
matching nonlinear result of Gevrey o stability for 1 < o < 2 and for sufficiently
small perturbations.

The results mentioned above on stability around Couette flow focus on the
setting when resistivity is larger than viscosity v < k. Indeed in the setting v > 0
and k = 0, the magnetic effects dominate leading to a linear instability mechanism
and thus a growth of the magnetic field by vt for specific initial data | ].

In this paper, we consider the setting 0 < x < v. In particular, this also includes
the non-resistive limit x | 0 independent of v. To the author’s knowledge the
stability of the regime x < v has not previously been studied for the MHD equation
around Couette flow. To state the main result, we define the perturbative unknowns

U(ZE,y,t) = V(f[) + ytayat) - ‘/:9,
b(z,y,t) = Bz + yt,y,t) — By,

where the change of variables z — x + yt follows the characteristics of the Couette
flow. For these unknowns, equation (1) becomes

OV + vgeq — 28$A;1Vtv2 = vAw + adb+ bVib — vViv — Vi,
(2) 0ib — boeq = kA + ad,v + bVv — vV,
Vtm:Vt'b:O.
Due to the change of variables the spatial derivatives become time-dependent, i.e.
0y = 0y — 10y, Vi = (Os, 8;)T and Ay = 0% + (8;)2.

For equation (2) we establish Lipschitz stability for initial data which is sufficiently
small in Sobolev spaces, in the sense that there exists a bound on the initial data
g0 = €0(v, k) and a Lipschitz constant L = L(v, k) such that for initial data which
satisfies

[(v, O)inllry =€ < &,
the corresponding solution is globally bounded in time by
[(v, 0) (@) || < Le.

For the non-resistive case, k = 0, global wellposedness is an open problem and so
Lipschitz stability in Sobolev spaces is unclear. Thus, naturally the question arises,
which ¢y and L are optimal and how they behave in the limit v, s | 0.

We denote a Sobolev stability threshold as 71,7, € R, such that for g = cov" Kk
with small ¢y > 0 we obtain

|(0, 0)in|| v < o K?? — stability,
|(0, 0)in|| v > cov" K7? — possible instability.

This extends the common convention in the field (eg. see | ]) to allow for
two independent parameters v and . In particular, it agrees with the common
convention when restricting to the case v ~ k. It allows us to discuss cases
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where x tends to zero much quicker than v. Establishing a possible instability is
highly nontrivial since for the nonlinear setting it is difficult to construct solutions
that exhibit norm inflation. To the author’s knowledge, there does not exist any
nonlinear instability result for the MHD equation around Couette flow in Sobolev
spaces.

For accessibility and simplicity of notation, we state our main result as the
following theorem (see Theorem 3.1 for a detailed description).

Theorem 1.1. Consider o > %, N > 5 and a small enough constant co = co(a) > 0.

Let 0 < k <v < %(1 — i)%, then we obtain Sobolev stability for initial data which
is sufficiently small in Sobolev spaces, where the estimates qualitatively differ for

the regimes k 2 v° and k < v3. More precisely:
o In the regime of V3 < &k, for all initial data which satisfy

H(U7b)mHHN =e< Coyéf-{;%’
the global in time solution (v,b) of (2) satisfies the Lipschitz bound

sup || (0, 0)(D) v S e.
t>0

e In the regime of v® 2 k, for all initial data which satisfy

1

”(U7b)m||HN =& S Col 12 [{%’
the global in time solution (v,b) of (2) satisfies the Lipschitz bound

sup || (v, b) (1) g~ < vk~ 5e.
t>0

In particular, we obtain Lipschitz stability for the Lipschitz constant L ~ max(1, Vli_%)
for the smallness parameter €y ~ min(l/l% K2, lf%m%).

In the proof, we employ an energy method similar to | , , ,
, |. In the following, we outline the main challenges and novelties of
the proof:

e The imbalance of resistivity x and viscosity v yields two cases v* < k and
v3 > k (or equivalently 1 < vk or 1> l/li_%). These cases give different
values for L, namely 1 and VETE. By Proposition 2, the norm inflation of
VK3 appears in the linear dynamics and thus is sharp.

e We consider the case v® 2 k. On certain time scales the viscosity is so
strong that fluid effects get suppressed while the effects of the magnetic
field dominate. Thus, the term 0;b = e1by in (1) generates algebraic growth
in specific regimes (see Subsection 2). Estimating this linear effect yields
the norm inflation by L = vk~ 5. The algebraic growth appears on different
time scales depending on the frequency, a precise estimate of the nonlinear
terms is necessary.
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e For the case 13 < & the algebraic growth is bounded by a finite constant. In
the subcase v = k the sum of the threshold parameters is v; + v, = % which

is a slight improvement over % in [ |. This improvement is attained
by the choice of our adapted unknowns which changes the structure of the
nonlinearity.

e In the proof of Theorem 1.1 we perform a low and high frequency decompo-
sition a = ap; + a0n. For high frequencies, the nonlinear term consist of
100w Vian;, called transport term and ap;V,a, called reaction term (including
hi — hi interactions). Compared to the Navier-Stokes equation, in the case
of the MHD equation, it is vital to bound the transport term precisely. In
particular, for < ©3 the previously mentioned algebraic growth affects the
estimate of the transport term strongly.

e The threshold is determined by the nonlinear term vV,b = A;'V+p, Vb
acting on b in (2), for the natural unknown p; = A; 'V+v (which we discuss
later in more detail). In our estimates we rely on two stabilizing effects,
the strong viscosity of v and the A; ! in front of p;. For the nonlinear term
vVb both effects fall onto v. Due to the weaker integrability of the b this
term determines the threshold after integrating in time.

With the main challenges in mind, let us comment on the results:

e The size of the constant magnetic field a > % results in a strong interaction
between v and b. Due to this interaction, the decay in v and growth in b
are in balance (see Lemma 1). Constants may depend on « and degenerate
as a | 3. For example we obtain lim,, 1 co(a) = 0.

e Figure 1 shows which areas stability has been proven. The graphic shows
only qualitative behavior and after rescaling we obtain the same graphic.
The resistivity « is on the vertical axis and the viscosity v is on the horizontal
axis. We prove stability for the regime 0 < x < v, which we divide into two
segments: v® < k in orange and v® 2 k in red. In | ] Dolce considered
the regime of 0 < (12x)3 < v <k, which is in blue. The authors of | ]
considered the line v = 0 which is in purple. The black line corresponds to
v==r>0of |-

Stability for the regimes 0 < v < (2£)?, k =0 < v and kK = v = 0 remain
open. For the set 0 < v < k3, we expect that an adjusted application of
the methods used in this article yield stability. We expect stability for the
case k = 0 and 0 < v to be very difficult since we obtain linear growth for
the p, variable. For A;'p, we obtain linear stability but then there is no
time decay in the magnetic field and so we lack an important stabilizing
effect. In the inviscid case, kK = v = 0 the linearized system is stable in the
p variables. However, due to the lack of dissipation, it is very challenging
to bound the nonlinear terms.
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v

FI1GURE 1. Sketch of areas with results for stability.

e Our threshold consists of parameters 7; and 5. An alternative notation is
to impose the relation v ~ &? for some 0 < § < 1. With that convention
we obtain stability if e < cox??) for

1,3 1
5T 15 023
6 12

otherwise.

The remainder of this article is structured as follows:

e In Section 2 we discuss the linearized system. We identify two different
time regions where “circular movement” or “strong viscosity” determine the
linearized behavior. We estimate both effects separately and then establish
the estimates for the linearized system.

e In Section 3 we prove the main theorem. We employ a bootstrap approach,
where we control errors in Proposition 3.1. The main difficulty is to bound
the linear growth and the nonlinear effect of vV;b acting on b.

Notations and Conventions. For a,b € R we denote their minimum and
maximum as

min(a,b) = a Ab,
max(a,b) =a Vb.

We write f < g if f < Cg for a constant C independent of v and . Furthermore,

we write f ~ g if f < gand g < f. We denote the Lebesgue spaces LP = LP(T x R)
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and the Sobolev spaces HY = HN(T x R) for some N € N. For time-dependent
functions, we denote LPH® = LY H® as the space with the norm

(3) 1 zorze = {1 ez .

where omit writing the 7. We write the time-dependent spatial derivatives
8; =0, — t0,,
Vt - (axaaZ)T7

Ay =0;+(9,)%,

and the half Laplacians as

At — (_At)%

The function f € H” is decomposed into its x average and the orthogonal comple-
ment

f-w) = [ (@ y)da,
fr=F—-7r=
The adapted unknowns. For the following, it is useful to change to the unknowns

1z = A 'Vivg and py 2 = A 'Viby,. However, since A; 'V is not a bounded
operator on the x average, we define

P1#£ = Aglva#

P1,= = V1=,
Doz = A Vi by,
P2==0b1=

Thus (2) can be equivalently expressed as
op1 — GxaéAt’lpl — a0ppy = VA1 + ATV BV D — vV ),
(4) Oypa + 8I8;At_lp2 — aOpp1 = KAy + AV (Vw0 — 0V4b),
Pli=o = Pin-
These unknowns are particularly useful since

[Ap1 |l = [|Av] 2,
[ Apallz2 = [[Ab]| 2,
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for all Fourier multipliers A such that one side is finite. We note that we can
recover vy and by from p. by

v =—A"VipLy
by =—A;'Vipa..

The operator A; 'V can be seen as the perpendicular Riesz transform shifted
in time on frequency space applied to either a vector or a scalar. It satisfies
(A;'VEH) o (A/'VE) = —1d in HY.
2. LINEAR STABILITY AND NORM INFLATION
In this section, we consider the behavior of the linearized version of (4):
A1 — 0x0,A; ' p1 — adypy = VA,
Oip2 + a:ra;At_IPQ — a0yp1 = KApa.

(5)

For this equation, we establish the following proposition:

Proposition 1 (Linear energy estimate). Consider o > %, N>0and0 <k <v.
Let piy, € HY with pyn— = [pimdx = 0, then the solution p of (5) satisfies the
bound

xS _1
(6) lp@) |~ S e (1 +vk3)||pinl v
1

Furthermore, we obtain for specific initial data norm inflation of vx~3. The
proof uses Lemma 3 from | ]

Proposition 2 (Linear norm inflation). Consider a > %, N > 1 and v
max(2k, m) then there exist initial data p;, and such that at the time T' =

the solution p of (5) satisfies

e |V

(7) Ip(T) ||~ = v | pinl v

For the proof of the propositions, we perform a Fourier transform (z,y) — (k, )
and replace p; by ip;. Hence the system (5) can be equivalently (for & # 0) written
as

£

opy = —@pl — akpy — kaz(l + (t - %)2)131»
(8) ¢
Oipa = szkg)ﬂb + akp, — "ka(l + ( )2)192-

Here, with slight abuse of notation, we omit writing the Fourier transformation.
This equation has several effects that appear in different regimes of ¢ — %, which we

discuss in the following. The effect of circular movement appears for |t - %| Svt

and the effect of strong viscosity for v=! < |t — %\ < 3. Then before proceeding
to the proof of the propositions, we briefly sketch these effects.
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Circular movement. To highlight the effect of the constant magnetic field « in
(5) we consider the toy model

(9)

This is solved by

aﬂDl = —Oék’pz,
Opa = akp.

cos(akt) —sin(akt)
p(t) = ( sin(akt)  cos(akt) >pm'

We call this effect of the constant magnetic field (9) circular movement, which
leads to a transfer between p; and py. This circular movement is counteracted by

viscosity for times away from ;.

Effect of strong viscosity. Let us consider the case when 0 < Kk < v and for

simplicity of notation let £ =1 and & = 0. Due to the viscosity, we obtain p; ~ 0
for large times ¢ > ¢y > 1. Then from (12) we deduce the toy model

(10) 8tp2 = (# - I€<]. + t2)>p2

The first term in (10) leads to linear growth until the resistivity is strong enough
for the second term to take over. This is seen in the explicit solution of (10)

¢
pa(t) = % exp (—If 1+ 72 dT) pa(to)-

to

This is estimated by

L 1
Do (t) ,S talﬂigeicﬁg (tfto)p2 (to),

which corresponds to the maximal growth which we obtain. In the following, we
will see that to ~ v~! is the time after which viscosity dominates. The reader may
expect that the enhanced dissipation timescale =35 would be the relevant timescale,

but the combination of circular movement and the viscosity gives enough decay for

po such that the linear growth gets suppressed until the time vt

Proof of Proposition 1.

Proof. For simplicity of notation, we introduce the new variable s = ¢t — % and

initial time s;, = —% Then equation (12) reads
Ospr = —13753p1 — akpy — vk*(1+ s*)py,
asp2 = H%Z)Q + Oékpl — l€/€2(1 + 82)]92.

Further we change the unknown to p = exp(§k*(s — si + 3(s* — s3,)))p. For & = &
and v = v — 7, this yield the equation

OsPr = —252P1 — akPy — UK (1 + 5%)py,
Ospr = 1222 + akpy — Rk (1+ 5°)pr.
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Let us denote sy := v~ and in the following, we distinguish between times |s| < s
and |s| > so. We first consider the case s;, < —so. For |s| < s¢, the circular
movement is not suppressed by the viscosity.

We define the energy E = |p|* + i%ﬁlﬁg, then F is a positive quadratic form

due to our assumption o > l and satisfies

(1= @)l < B < (14 5501

We calculate the time derivative
O F + vk*(1 + s2)p? + kE*(1 + s%)p3
(v— )

- 1 8 <1+52 VP12 — 25 P12
<3 1 8 (1+32 )p1D2 + Euk:Q(l )pl + ngg
iflE we infer

|0,B| < o (5 +25%)E.

and so with [p|* < 3

Gronwall’s lemma implies

E(s9) < exp (af

Since vsg = 1, we deduce

£(r 4+ 225 s0l)r ) E(=s0).

E(s0) S E(—s0)
and thus
(11) [P(s0)| S |P(=50)]-
Consider the case |s| > sg, we calculate
30sIBI” < (=15 — DR*(1 + 5%))pi
+ (152 — RE*(1 + 5%))p5,
(1+ %)) <0 for all |s| > so we conclude
0[P < (2% — RE* (1 + 5%)) 1 5.

Thus we obtain the estimate

and since (—5

|]5(3m)|2 s < —S5o, .
15(s)|* < ﬁi \p(So)\Q so < 5 < 2(kk?)73,

Wl
IA
VA

(1+402673k73)[p(so)|2 50V 2(kk?)™
Combining this with (11) we infer
B()| S (L+ v 5k 5) p(sin)].
The case s;, > —sg is established similarly since we only bound the growth. With

1
exp(—§k2(s — s + 35" — ) £

~



MHD STABILITY THRESHOLD 11
we deduce
1
Ip(s)] < e *[pl(s)
1
< (L+ vk 5)e™ " p|(s50).

Equation (12) decouples in £ and k, so we infer the proposition with this estimate.
0

Proof of Proposition 2.

Proof. We introduce the notations p(t, k, &) = exp(rkk? [5(1 + (7 — £)?)dr)p(t, k, )
and 7 := v — k. Then the equations (12) read

- t—% < 9 €12\~
&pl = _1+(t7%)2p1 - akp? — vk (1 + (t - E) )plv
- -5 -
(12) ath = 1+(t_k%)2p2 + akp17

We point out that this exactly agrees with the linearized equation with the non-
resistive case. Specifically in Lemma 3 of | | it was shown that there exists

frequency localized initial data such that for all ¢ > 0 and frequencies £ € [2%2, 4%2]
it holds that

(13) ﬁQ(ta _1a€) 2 ;?p2,zn<_175> Z Dtp?,m(_lag)

From this lower bound, we deduce the norm inflation for the non-resistive limit.
For times 7 € [0, 53] and frequencies ¢ € [2%2, 4‘1—:] we obtain

IT+& vt + K73,

Then there exist C' = C(«), such that

1> exp(—m/OT(l + (t+ €)?)dt) = exp(—Cr(v ™ + K_%)Zli_%) > exp(—2C) 2 1.

IN

Where we used in the last estimate, that £ < 13 yields k(v + £73)%73 < 2.

From (13) and v =v — k > %V, since v > 2k, we deduce, that

T 1
p2(T7 _17 5) = eXp(_ﬁ/O (1 + (t + 5)2)dt)p2<T, _17 5) Z V’%igplin(_la 5)7
From this, we infer the norm inflation

1
Ip(T)lzzv 2 vE™ 5 [|pinl s
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3. SOBOLEV STABILITY FOR THE NONLINEAR SYSTEM

The following theorem is a more general statement of Theorem 1.1. We dedicate
the remainder of the section to the proof.
Theorem 3.1. Let o > % and N > 5, then there exist cy,c > 0, such that for all
0<k<v<(l- i)g there exist L = max(1,vk"3), such that for all initial
data, which satisfy

1 1
(14) (v, 0)in2llgry = € < coL™'wik2,
10, 0)in [~ < €, withe < &< v Tre

the corresponding solution of (2) satisfies the bound

1
(15) (v, 0)2 ()| zooman + [ Ve, 5b) |l p2mn S Le™ e,
[(v, 0)=(O) || Loc v + [0y (v, 6b)=[[ 2y S €.
Furthermore, we obtain the following enhanced dissipation estimates
1
vt p2pn < Ly~ se " e,
1
—ck3t

b4l pemn S Lime7te.

This theorem implies Theorem 1.1. With slight abuse of notation, we write L as
the v and k dependent part of the Lipschitz constant. We prove this theorem by
using a bootstrap method. Let A be the Fourier weight

1
A= M‘v’Necndtl;ﬁ’
where M = MM, M,.M,M,s are defined as

M _ t—4& 1 1 k0
My 1+ (G—02 T {rml<i- f<(einh?) 78} ’
o - CL k£0,
. 1
7]‘]/\[? - 1+V%V::—%)2 k# 0,
: 1
7MM: - 1_,_,{%,{(:;_5)2 k 7£ 07
M= T T k#£0,

M(t=0)=M(k=0)=1.

The weight M is an adaption of the weight m2 in [ | to our setting. The
method of using time-dependent Fourier weights is common when working with
solutions around Couette flow and the other weights are modifications of previously
used weights (cf. [ , , : |). For simplicity, here we only state
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their main properties and refer to Appendix A for a detailed description. The

— 2 — L1 1)2 — 1l _ 1 i
constants C, = mn(a=D) € = 555 (1 — 55)° and ¢; = 55(1 — 5;) are determined

through the linear estimates. For the weights we obtain
(16) L1< min(l,l/_lli%k%) < Mp <1,
My~ M,~M,~ M, ~1.

We note that the weight M7, is distinct from the others due to its lower bound
L=, which depends on v and x. The weight M, is necessary to bound the linear
growth in the region v <t — & < (kk%)~3. Controlling the effects of Mj, is one
of the main challenges in the proof of Theorem 3.1. We recall the unknowns p and
equation (4)

oyp1 — &ﬁ;At_lpl — a0ypy = vAp1 + At_lvtL(thb — V),
(17) Opa + 0,00 py — adupr = Ko + ATIVEOVw — vVib),

p|t:0 = Pin-

Let x € C*°(Ry x Z x R) be a Fourier multiplier defined by

B 1 =< vt

(19) Orx < 2v.
We define the main energy
E = || Ap.Lz + 2R(0,A; X Ap1z, Apa.z).-

Here R denotes the real part, in the following, we omit writing the symbol R since
we derive an upper bound. As a > %, this energy is positive definite and satisfies

(20) (1= 5)l[Apllre < B < (1+ 55)l1Ap|l 1=

2c

In the following, we assume initial data as in Theorem 3.1, i.e. (14). We use a
bootstrap approach to prove the following two estimates globally in time:
The energy estimate without r-average

1Bl + 1AV, @ (v i) s
21 Y
2y b IR ARy < (22

|
i=1v,k,v3
The energy estimate with z-average
(22) Ip=NZoe prv + 110y (VP12 Kip2, =) 72w < (CE)%

We then prove that the equality in the estimates is not attained at time 7'. By
local wellposedness, the estimates thus remain valid at least for a short additional
time. This contradicts the maximality and thus T has to be infinite. We note
that we suppress in our notation the 7" in the estimates (see (3)). With 1 <




14 NIKLAS KNOBEL

/f%(% + k(14 (t—%)*) and 1 < 1/*%(% + vk (1+ (t — £)?)) we infer from

(20) and (21) the enhanced dissipation estimates

(23) | Ap1 £l 2 < 2(1 — i)—ly—%(]&
1

(24) | Aps 2]z < 201 — L)Lk Ce

By the construction of M; we obtain
18,0, Apl| 2 S v Tze.

We obtain the energy estimate by deriving the energy F

OF + 2| AV @ (vp1z, kp22)lI12 + 2l S1 Ap-l12

=2cr3| Ap|3
= 2(A(1 = X)p1.2, 00, A7 Apr )
+ 2(A(1 — X)p2.4, 59:(9;A;1Ap2,7é>
+ %(Xa;AflApl,;é, Apa L)
+ 2(XO (O, A; ) Apy £, Apa )
+ %(at(X)aéAt_lApl,i, Apo £)
+ WW%APL;&, Apa 2)
+ 2(Avy, A(bVib — vV0))
+ 2(Ab, ABVw — vV b))
+ 2(xAOLA by, A(BV,b — vV )
+ 2(XABLA  vg, A(BVw — vVb))
—Ly + Lyr+ Lg+ NLy; + ONL.

(25)

Where we denoted by ON L all the terms which include the operator %A; U and
N L the one which does not. Furthermore, for the energy of z-averages, we obtain
Ocllp=ll~ + 110y (vpr =, £p2.=) | v
< {(0y) v1=, (9,)" (0Vb — vV w)-)
+{((9,)"b1=, (9,)" (bV v — bVw) )
=NL_.

(26)

In the following subsections, we establish the following proposition:

Proposition 3.1 (Control of errors). Under the assumptions of Theorem 3.1, there
exists a constant C = C(a)) > 0 such that if (21) and (22) are satisfied for T' > 0,
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then the following estimate holds

T 34 -
| Lt L+ Lyw dt < T332 (C)? + 201\ S Apal o,

T 1 1 1
(27) / NL,+ONLdt < Lv Tk~ 263 4 (LK™3 + K 2)Ee2,
0
T 1 1
/ NL_ dt < Lv-tr 322,
0
With this proposition we deduce Theorem 3.1:

Proof of Theorem 3.1. By a standard application of the Banach fixed-point theorem
we obtain local well-posedness, see Appendix B. Thus for all initial data, there
exists a time interval [0, 7] such that (21) and (22) hold. Let T* be the maximal
time such that (21) and (22) hold. Let ¢y be a given, small constant and suppose
for the sake of contradiction that 7™ < co. With the estimates (25), (26) and (27)
and since ¢y is small we obtain that the estimates (21) and (22) do not attain
equality. Thus by local existence, 7™ is not the maximal time and thus we obtain
a contradiction. Therefore, for small enough ¢y, (21) and (22) hold global in time
and so we infer Theorem 3.1. O

The remainder of the section is dedicated to the proof of Proposition 3.1. We
rearrange and use partial integration to infer that
(Avy, bV Aby — vV Avy) + (Aby, bV Avy — 0V Aby)
(28) = (b, Vi(AvzAby)) — (v, Vi(Avg Avy) 4+ Vi (AbpAbL))
=0.
The NL term consists of trilinear products with the unknowns
(29) a‘a*a® € {vvv, vbb, bbv, bub}.
Thus, we denote the nonlinear terms
NLyla'a*a®) =(Aal, A(a2Va2) — a2V Aak),
+ (Aay, A(a2V,a2) — a2 V,al),
+ (Aak, A(a2Val)),
NL_[a"a%a"] =((9,)VaL. (8,)" (a% ViaZ)).
If we do not use specific choices for a'a?a® we write just NL. Similarly, we use
ala?a® € {bvv, bbb, vbv, vvb} for ONL. Furthermore, we always use 4 such that

p; = A;'Via? in the sense that i = 1if > = v and i = 2 if a> = b. We perform
the energy estimates in the next subsections:

e In Subsection 3.1 we estimate the linear error terms. In this subsection, the
split with x into resonant and non-resonant regions depending on v is vital.
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e In Subsection 3.2 we conclude the energy estimate for the nonlinear term
without = average. Here it is necessary to perform a low and high frequency
decomposition. This gives us a reaction and a transport term. In particular,
for k | 0 bounding the transport term is very challenging due to the linear
growth.

e In Subsections 3.3, 3.4 and 3.5 we estimate nonlinear terms with an z-average
component.

e In Subsection 3.6 we estimate nonlinear term which arise due y in the
resonant regions. For these terms, we obtain an additional A; !, which has
a stabilizing effect. This stabilizing effect is necessary due to a nonlinear
term consisting of only magnetic components.

3.1. Linear estimates. In this section, we establish estimates of the linear errors
Ly, Lr and Lyg of (25). In order to estimate L, we use (23) and (24) to deduce

/ler = QCK%HAp#H%sz < 8(1— &) 'e(Ce)?.
For the Lyp terms in (25), we infer

- t—
(Al = X)p12, AOOLA 'pr ) %%/df (1- 1+(t i)? A?p}

< VYAVipL 22z,

t_{

since (1 — X>m <(1—)W)P(1+(t—%)?) dueto x =1 for |t — & < vt

Furthermore, using (34) we estimate

(A(1 = X)paz, ADOLA, o) /df 1+(t Eg) A2p?
k40
<) /df (1-— .LL + ke (1+ (t—£)%))A%p3
k£0
< I T Apa.ll 72 + rer||VeAps 472

Thus with (21) we deduce

/LNR dr < (207 +261)(Ce)? + 21\ 2= Apa 4 3 0.
For Lg, we estimate in frequency space
|(1¢8t ) | = |(k2+ (€— kt)2)k¢0| < %7

—M : é) ~1-M

« M,
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So it follows that

A(OLA Apy z, Apa )
= 2 OxAPL, (erT + 97 + 3+ 5 + 3 T )0 A Apay)

< 255 || Ap|3s + (1+ C ) L1/ Sl Ap. |32

—N ~M,
+ 2l G Apel7e + 2l G Ap2l7e + 1y 72 A4l
We use the estimate in frequency space
_ 1—(t—5)2 _
(02 = @A = | (s | < O 5

to infer that

LxAp1z, AT (D2 — (L)) Ao z) < O3 I T Apr a2 1y 52 Ao sl 2

< O sl T Ap | 2.

o 2«

With (19) we deduce
<3;Aflat(X)AP1,¢, AP2,¢> < VHApl,;«éHH||AA;1P2,¢||L2-

By the Fourier support of x (see (18)) and the definition of M,s we obtain x <
QCgly_l%fx, which yields

1
V+K —1v32 —M -
PR (XA pr 2, Apaz) < 2052 A0y p |21y | 7> Aol 2.
Thus for the linear error L we infer

/ Ldr < (2 + v8)(Ce)?

1+C5 1 —-M 1 1
+ =l ! l ml

p¢||L2L2 + ]%”P#“%B + M, p¢||L2L2

1+Ca ||

T Aps 2l e + CF sy A0 py 2|
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Combining the estimates for all linear terms, we obtain
/L+LR+Lde
< (84 2)(1 = L) e+ 2 + 261 + v7)(Ce)?
+ 20y s Aoz
+(1+30.h): ||X\/71p¢||L2L2 + 4 _Mﬁp¢”L2L2 + 4l _M"p¢”L2L2

—M, ;3
+ Blan |, /57 A 2l rere + O gV | AOyp £ |I72 2

< (12(1 = L) Te+ 207 4 21 + v + 1200y (Ce)?

+ 21/ 55 AP2,¢||%2L2‘

HZC L <1 + 5+ Choosing the constants such that

C:ﬁ(l—%),

€1 = 2710<1 - i)a

Since o > % we deduce

and recalling that

i(1 - L)ga
1745

we conclude that (12(1— &) Lo+ 202 4 26 + Ve + 1+20_ < —*. Thus we obtain
the estimate

/L1+LR+LNRdT < (CE) +2H

1 Ap2 £l 1ase-

This yields the first estimate of Proposition 3.1.
3.2. Nonlinear terms without an z-average. We apply the notation of (29)
and aim to estimate terms of the form

(Aay, A(a2V,a2) — a2V Aa)

= ¥ //dg ) AEE=AC) €l—kn 1
kil b=£0 ABLEmDALD) (k-2 (6 —n-(k-1)1)?) 2

(Aa')(k, &) (Ap;)(k —1,& — n)(Aa®) (1, )
=T+R.

Here, we split the integral into the reaction R and the transport T' terms which
correspond to the sets
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in Fourier space. We split the weights

A<k7§> - A(lﬂ?) = ectn% (ML(k f) - ML<Z777))M1(]€7§> n(kvf) V( ) VS(k §)|k §|N
e [k, € — 10, mlY )My (1) My (k, €) Mig(k, €)M, (, €) My (k, €)
)

Wl

(1) My (1, €)

+ e (M (k, &) — My (L)) My (L) M(k, &) M, (k, €)M, (k, €)|1,n|N
e (M, €) — My (0, ) M () M (1) M, €)My, )]
e (M 0, €) = My (1)) My (1) M (1 ) My (0, 1) Mo (B, €)1 ]
e (M (k. €) — Mya(Ln) My (L) My (L) M (L) M (1, ) LY

and thus by (16) we estimate

Ak =A(ln) < —cted _|Mp(k&)=My(Ln)| €Y
A(k—=LE—n)A(l,n) ~ My, (k—1,E—n)Mr (I,n) L,V |k—1,E—n|N
1 N N
—etrd |IEN =LY 1
(30) + LN [k=LE—n™ M (h—LE—7)
1
—ctk3 1
+e Z |M (k, &) — (l U)’\k LE—nN Mp(k—1E—n)"
j=1,k,v,v3

Reaction term: On the set Qp it holds that [k—1,£—n| > ]I, 7], thus LIRS

k&N k&N —[LnY .
|k —1,& —n|. From (16), (30) and |ln|N||k£|l£ g IlHnl“glk l|£ ‘n||N < IlnIN we infer

A(k—1L,E—mA(ln) ~ Mp(k—1,&—n) Mg () LN -

With &l —kn = (§ —n— (k—=1)t)l — (k—1)(n—It) and Holder’s inequality we deduce
1
R = e~ /d 1 A(lm) El—kn i
klkzl;éo &) A k ls n)A(l M ((k—1)2+(E—n—(k—1)7)2)2

(Aa')(k, &) (Ap)(k —1,€ — n)(Aa®)(1,n)

1
< pctrd /d )1 [(€=n—(k=D)I=(k=D)(n—1t)|
~ klkzl7é0 &ML T W OTE 0 (otpe—n—t6 e

(Aa')(k, &) (Ap;)(k —1.€ — n)(Aa®)(1,n)
S I Aag el 57 Apizllcall 57 Aa [ 22
+ {1 Aa 21005 Ay Api gl 2l 5 Adya | -

We use (36) and (37) to infer

R S [[Aakl| 2 (1 Apsgllie + vl (Ae A k3) Apsell2) (| Aa% L2 + v A(A A 575 )a I 12)
+ Ll Aay |12 (| A0:A; ' pizllz2 + vl Apizll12) 19, Aa 2.
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Integrating in time yields
/Rdr < Lyt ied
Transport term: On the set Q7 it holds that |k —1,£ — | < £|l,7| and thus it

follows that |k,&| = |l,n|. By the mean value theorem, there exists 6 € [0, 1] such
that

e, 61 = [, m|V| < Nlk = 1, = ]|k — 01, & — oy~
5 |k - luf - 77||l7 77|N_1'
Thus with (30) and Lemma 5 we conclude, that

A(k£)—A(ln) 1 1 15 1
(31) Ao A ~ M@ i T V) g
1 1
(32) + 2 1Mk, &) = ML) 37y e
J=R, Vv
My (k€)~Mp (L) 1
(33) T S (et )My, (L) Th T~ -

Based on this estimate, in the following we distinguish between different regimes in
frequency,

T = / (€, n)1g, - A®O=AL) €1—kn
k,l,kzjl;é() &n)la, Ak=LE=ALN) ((k—1)2+(€~n—(k~1))2)

(Aa")(k, ) (Api)(k = 1,& = n)(Aa®)(1, n)

1 1 L 1 El—kn
S 2 / (& M lor 57,00 (1 V) o= (e b

[

kL k—1#0
(Aa")(k, &)(Ap:) (k — 1.€ = n)(Aa’)(L, )

+ k,l,kz—lyéo / d(§:n)arig gz sy Ej:m’wg%Q(ZZ?_Mj(lm T e
(Aa")(k, &)(Ap:)(k = 1.€ = n)(Aa’)(L, )

+ M’kzﬁo / A(E Loy g _ycpgmg g = e et
(Aa")(k, &)(Ap:)(k = 1.€ = n)(Aa’®)(L, )

' kJ,kz—:l;éO / Ao e e ((k—1)2+<§:2k—1)7>2>%

(Aa’)(k, &) (Ap;)(k —1,& — n)(Ad®) (1, )
=T+ Tio+Ti3+ 15,

Here, the T); term is due to estimate (31). For (32) we distinguish between
the frequencies |2 —¢| > |52 —¢[ in Ty, and |2 —¢| < |22 —¢| in Ty 5. The
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M;, commutator (33) is Tb, which requires further splitting. For T} ; we use
El—kn=(E—n—(k=0Dt)l — (k—1)(n—1t), (16) and (37) to estimate

Tii= > //d(fan)lﬂTm<ﬁ+yﬁ) ! S

i =&l (h—t)2+(6=n—(e=1)r)?)
(Aa")(k, &)(Api)(k — 1,& —n)(Aa®) (1, n)
< [ AaL |2 | Api 2l 2| 7 Aal| 2 + | AaL |2l AN pi gl 2| 3 ADLal ]| 2
+ 7 || Aab| 2 | Api 2l 2| 55 Adsa2 | 2
< L) AdL g2l Api 2l | A2l 2 + LYl Ak ]| AA; iz 2| ADL a2 ]| 2
+ 2 | Aak | 2 || Api | 2| Ava | .

[T

After integrating in time we deduce that
1y 13
/der S(L+v )R ze”,

For Ty we use |2 —t| > |52 —¢| to infer that [l — kn| = [(§ —n— (k—1)t)l — (k—
1)(n—1t)| < 2|(k —1)(n—1t)|. Furthermore, with >, . s |M;(k,§) — M;(l,n)| = 1
and (35) we conclude that

Tio S / d(€,n)1a, 1, L, 1 1 (k1) (n—1t)]
. Nk,l,kz—:lyéo (&M Lar g i1 $2 - 300 T (60

(Aa')(k, &) (Ap;)(k — 1.€ — n)(Aa®)(l,n)
S [ Aag 2| AN, pisll el 57 Adyas o
S Ll Aag ||l ANy pi 2| 2l Adyac | -

[N

So after integrating in time, we obtain
/leng < Lr 263,

For T 3, we use |2 —t| < [$=2 —¢| to infer &l —kn < 2((—n— (k—1)t)l. Furthermore,
with (43) we deduce

1e1—
> IM;(k, €) = My(lm)| S v,

J:KJ’V’I/S
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Combining these two estimates by Holder’s inequality and (35) it follows, that

1
T / d(€,n) 10,1 v (§l—kn)’
h Nklkz:l;é() | = Rl e e

(Aa')(k, &) (Ap)(k — 1,6 — n)(Aa®)(l,n)

[N

1
< / d(e,n)1 . V3 (E=n= (k=)
Nk:,l,kzl;é() (&M ar Lm0 20 Toremr KI((k—)2+(E—n—(k—)7)2) 3

(Aa")(k, €)(Ap:)(k — 1,€ —n)(Ad®) (I, 1)
% kz /df )R TS YRS ot i
(Aa")(k, €)(Ap:)(k — 1,€ —n)(Ad®) (I, 7)
< villAaL |2 | ANpi 2 2l 1
< Lva||Aal |2l AAspi 2| 2 || A | 1.

Aa¢||L2

Thus integrating in time yields

1

/TLSdT < Lusk 2e3.

To estimate the T5 term, we split the integral into the sets

Q) = {min(t — ?,t—%)Zy_l},
L={t-2>v">t- 1},
ng{t—%zﬂzt—?},

={t—%>v ! >max(t—21,t—51)}

For frequencies such that ! > max(¢t — 2,t — £), then My (k,&) — My (l,n) = 0
and hence the commutator vanishes. Thus the sets €2; covers all regions of the
support. The sets €21, {25 and €23 are chosen to distinguish between ﬁL =1 and
MLL > 1 for different frequencies and on set €24 we use strong dissipation in the first
component. We split the set T3 into

T, = /d 1 My, (k&) =My (I,m) El—kn 1
’ k,l,kZ:l;AO S A A (k=1)2-+(E—n—(k—1)7)2) 3 [F=L.E=n
( a1)<k7£)(ApZ)(k - l>€ - 77)(14@ )(l777)(191 + 192 + 193 + 194)

=To1+Too+To3+Tha4.
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For T ; we use (35) to deduce

_1 _ _1
Ba<rt 5 ffaenatt— e A e

(E=n=(k=DOI=(=DO=1) ( 4 ) (e Y Ap )k — 1. € — 1) (Ad®)(]
SO (a1, )(Aps) (k= 1, = 1)(Aa”) (1, 1)

_1
S V3| AaL |2 ||(Ae A 575) Api el 2 | AAgal. || 2
_1 _ _
+Lu\|Aa;|yL2\|(AtM 3)A;TA 1Api,¢\|L2HAa;a;HL2

and so
/T271d7- < Ltk 3e3.
Now we consider Ty . By (35) we infer

< A ph L (== (h=D)l= (k=D (n-1t)
faz = k,Lkz—:l;éo // A& Mt = § AR e (k=2 +(E—n—(k-D)7)2) 2
< vl Aa | 2| Api g r2l| ANsa || 2

+ Ll Aa |l 2| AA; ' pi 2 2| ADy a2 | e

Integrating in time yields
/ngd’r 5 Lli_%€3.

To estimate 153, we need to distinguish between different choices of a. Using (35)
we estimate

Tys = // (. ) Lo (t — &0 A 3 1 (e (D= (k=D (n-1)
o k,l,kz—:l;éo (& mlag(t = =i AR g (k=024 (E—n—(k—D)T)2) 2

(ACLl)(k? 5)(Ap2)(]€ - l?é - 77) (Aa’g)(la 77)
S vl Aak |z (Ay A &75) Api 2] 12]| ADea || 12
+ v AdL || g2 | A(Ae A &T5)ATIAT ;4 12| ADL A | 12

and thus after integrating in time

/T273[mw]d7' S yoagd,
/T273[bvb]d7' < ki,
/T273[bbv]d7' < kISR
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In the case of vbb, we use (35) to estimate

Tyslbb] = 3 / / d(€, vt — 1y L Eon=(: D0k (bD(EkD

i E IRt em™0 (o2 (e—m—(-1)r)2) 2
(Av)(k, €)(Aps) (k — 1,€ = n)(Ab)(I, )
S Vl|0nAv | 12 || (Ae A KT5) Aps 212 ]| Abe 12
+ v]|0L Av ]| 2| (Ag A K75)AT Ay 2] 2| bl 2
S || Abs || L2 | AV v || 2| ANsp2 ]| 22

Thus after integrating in time, we obtain

/T273['Ubb]d7' < vigTigd,

For T, 4 we obtain that M(l,n) = M(k —1,§ —n) = 1. We use t — % > v

max(t — 7,1 — %) to deduce that

_k |€—Fkt|
% SUSRT

With &l — kn = (& —n— (k—Dt)l — (k —1)(n — It) we infer that
Thy = d(§, L — §l—kn

o k,l,kzl;éo // & e (k=12 +(E—n—(k—1)7)?)

(Aa')(k, &) (Api) (k —1,€ — n)(Aa®)(1,n)

= X ] (€ mle — ktl e (o=

k,l,k—1£0 [|((k=1)24(E—n—(k—=1)T)?)
(Aa’)(k, &) (Ap;)(k —1,& — n)(Aa®) (1, )

" Z //d(g’n)lkfz,gimzv_l (k=0 (n—I1t)

R0 (k=0)2+(E—n—(k-1)7)?)?
(Aa®) (K, €)(Ap:)(k = 1,& —n)(Ad®)(1,n)
< V|| Ada, ||z | Api £l 2| Al 2
+ | Aay| 2 |A; Aps 2]l 22| ADy || 2.

[N

(S

Thus integrating in time yields

1
/T274d7' < Kk2ed
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3.3. Nonlinear terms with an r-average in the second component. We
apply the notation of (29)

<Aa;, A(ai:&tai) — ai:aan;’g
= 3 [ (e, m(Aa )k, ) (AU, €) — Al n))ka (0,€ = n)a ()

k0
=R~+T.

Here we split into reaction and transport terms according to the sets
Qr = {I€ —nl > glk,nl},
Qr = {[§ —nl < glk,nl}.

Reaction term On the set Qp it holds that £ —n| > L[k, 7|, then we obtain
|A(k, &) — A(k,n)| < |€ —n|Y and thus with (35), it follows that

S [[ (e, (Aa) (s €)(Ak, €) — Al m))ka (0,€ = m)a (k)

k#0
S lAazl cellaZ | [10saZ |
< 1 Aagll ez lla2 ] g~ |l 57 AaZ | 2
< Ll Aak| g2 [|a2 || e[| AaZ | -
Integrating in time yields a bound
/ R dr < Lr—5e%.

Transport term On the set O it holds that |k, | > £[¢ —n]. By the mean value
theorem there exists a 6 € [0, 1]

el = 1k, EN| S 1€ = nllk,n — 0¢1Y = < Jg = nllk, n N,
Thus, we can estimate the difference in A by
|A(k, &) = A(k,n)| S (My(k, &) — My (k,n))|k, €Y
+ M (kn)lk €Y >0 [M;(k,§) — M;(k,n)l

j=1,k,v,v3

+ ML(ka U)(‘kﬂ?’N - ‘kaaN)

where we used (40),(42) and (43) to estimate the differences in M;. So we infer,
that

T <Y [[ € m1a, 1Atk ©)ladl(0.€ — 1) gt | Aa®] (b ).
k=0



26 NIKLAS KNOBEL

and thus integrating in time yields

1

/TdT < Ll AdL | oo |0 || v | AGS | o2 S L be

3.4. Nonlinear terms with an z-average in the third component. We aim
to estimate

<Aa%¢:A(@§¢a GS _))
= 3= [ dle.mAa}) (k. AR, €) (€ — m)ai0.m)

k0
=R+T
where we split into the reaction and transport terms according to the sets
Qr = {lk.& —nl = glnl},
Qr = {|k, & —nl < glnl}-
Reaction term On the set Qp it holds that [k,& —n| > £|n|. With (35) we infer
kn ) o 3
R=3 /] (€m0, (Aa}) (k. ) Ak &) e (k. €~ n)a}(0.m)
S NAay 2l A5 00y ' piell 2110y |1
S HAa1,7é||L2HApi,#HLGal,:“HN-

Integrating in time then yields
/ Rdr < K3e2E

Transport term On the set Q7 it holds that |k,& —n| < g[n|, then with (35) we
estimate

T =5[] dten)ta, (Aad) (k. Ak, &) bl (k. € — m)ai(0.m)

k0
S N Aayllze[10:A7 izl Lo 10y | g
S NAay el 5 AN pisll el 9yal |
S Nl Aag 2 (1A Apill 2 + VI Apizll 22) 9y 0l ||

Integrating in time yields

/TdT < ka2,
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3.5. Nonlinear terms with an z-average in first component. Now we turn
to

(0, Nal. . <ay> <a¢vta¢1> )
=3 [ e m O el 0.6) (. — nhalhn)

k40
Applying Hoélder’s inequality, the Sobolev embedding and the definition of A yields

((0y)" a1 =, (9y) " (aZVeaZ 1))
< 110y40y) ™ al ll e (10:AT pie | [10y) Y @z + 110 )Y AT pie 21Ol | e
< l0yazllmx | A5 Ay piplleall Aspy a2
With (35) we infer
((0y)" ad = (9y)"™ (a% Va2 1))
SNOyallan (|AN pigllnz + vl Api 2l 2) ([ Aa% 12 + VI A(A A £75)a | 12)
S N0yal AN pigllez ([AG% 2 + vl (A A k™5)ak | 12)
+ vl|0yal | | Api sll 2 (| AGL 2 + vl (A A k™5)ak | 12).
Integrating in time yields
J{@) ek, (0,)V (@2 Viak )2)dr S L
3.6. Other nonlinear terms. In this subsection, we aim to estimate
(XADLA al, A(a®Via®)) = (xYADLA M aly, A(a2V,al))
+ (YA, AT a#A(aivt&i»
+ (YA, AT ai,A(ainag’é».

with the choices a'a?a® € {bvv, bbb, vbv,vvb}. We start with the case of no z-
averages and use

€~ k= (€~ K)(I = k) + K(E —n — (k= D)
and (35) to infer
(XADLA al, A(aZVial))
= ¥ [ deme Lol A% (R, E)a (k. )ik — L€ — n)a’ (L)

ko, k—£0 FERE 1)+ e mn (kD

S N Aalzz 157,020y Apiz 2l 57 Aa| e
+110:A7 a2 | 57 Api.z 2l 57, Aa | e

S Ll Aag |2 (10:A7 Apizllze + v Api 2l )| AaZ | 2
+ L1+ vk75) 907 Aa |12l Api 2|2 || Ad | 2.

[NIE

g2,
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Thus integrating in time yields
/ (XADLA aly, A(a%V,a%))dr S Li3e®.

For the case, when the average is in the second component, we use partial integration
to estimate

(XADLA aly, Aaf _0ya2))
= — (XA O, A aly, A(af _al))
S 1007 a2 llal || gl 57, Aa | e
S LN0A; a2 lla2 || v || Aa] e

and thus integrating in time and using L = max(1,vx"3) yields

/(XA@;A;ICL;, A(a} _0ya2))dr < kg%

D=

For the case when the average is in the third component, we obtain
(XA A, 0y, A3 ,0,0))
= 3 [ om0 ). () 1€ )"0,
Thus by n =& — kt — (£ — n — kt) we estimate
(DA al, Ala} ,0,0%)
< (0)° AT Aa | r2110:A7 31 Api el 22 [l al || v
110007 Aa | 1 Ap 2l s
< Ll Aagllz2[10:A7 " Apizll 2l a2l v
+ L[| 0:A7 Aa || 12| Aps

|2 fla2 ||

Integrating in time and using L = max(1, Vﬁ_%) yields
/ (XABLA; ak, A(a2_L0,a))dr < k3%,
Which concludes the estimate
/ ONLdr < Lr~32e,
Combining the estimates of Subsection 3.2 to 3.6 completes the proof of Proposition

3.1land thus Theorem 3.1. O

In this article, we have shown that the MHD equations around Couette flow with
magnetic resistivity smaller than fluid viscosity v > k > 0 are stable for initial data
which is small enough in Sobolev spaces. If the resistivity is much smaller than
the viscosity, VETS > 0, large viscosity destabilizes the equation, leading to norm
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inflation of size vk 3. Controlling this norm inflation is a major new challenge
compared to other dissipation regimes.

APPENDIX A. CONSTRUCTION OF THE WEIGHTS
Let A be the Fourier weight

1
A= M({V)er?tz,
with M = MyMpM,.M,M,s defined as

7]‘]4\? B 1+§; )21{V_1<t E<(crnk?) "3} k#0,
= G kA0
_]\]ZV B 1+V%V(:l)t’—§)2 k#0,
T e k#0,
71\%23 - 1+VQC’(C;Z%)2 k #0,

M(t=0)=M(k=0) =

The weight M; is an adaption of the weight m? in [ ] to the present setting
and M,s we use to differentiate between resonant and non-resonant regions. The
method of using time-dependent Fourier weights is common when working at
solutions around Couette flow and the other weights are modifications of previously
used weights (cf. | , , , ] for shear related systems such as
Navier-Stokes). The constants Cp = —=2— ¢ = 5-(1 — 5=)? and ¢; = (1 — 5)

min(l,a—3)’
are determined through the linear estimates. For the weights we obtain that for all
times ¢t > 0, it holds that

M, ~ M, ~ M, ~ My ~ 1,
L™ <min(1,v7! fi§/<:§) < M, <1

Lemma 3 (M, properties ). The weight M}, satisfies the following bounds
&

(34) By s < s ka4 (= §)°),
(35) s STVt —§) ARTE

Furthermore, it follows for a € H', that

(36) | azllze < lagllze + 1(A7 A K75 )ag] e,

(37) 37, Osatllze < [[Avay| 2.

Proof. This follows immediately, from the definition of M. O



30 NIKLAS KNOBEL

Lemma 4 (Enhanced dissipation estimates ). The weights M, and M, satisfy the
following bounds

ol

(38) L3 < e 1 y(k2 + (€ — kt)?),
(39) 1rs < e 4 k(K2 + (€ - kt)?).
Proof. This follows immediately, from the definition of M, and M,. O

Lemma 5 (Difference estimates). Let k,l € Z\ {0} and {,n € R, then there hold
the following bounds on differences

_ Mk < =l
(40) L= Shten S Tl
Mik§) < b=l | L
(41) 1— M11(l,n) < T + vz,
M (k ek .
(43) 1 — s < 2js j € {r "}
Proof. We start with the M; estimate (40) and consider M (k,§) < My (k,n)
| Mikg _ 4 UL kR
Mi(ky) — + T OXP o B2 T Rrm-F2 4T )

§1—exp<—/§ 1d7'>§|£|_k|77|.
[£,2]1ut-[5, 2]

The case My(k,§) > Mi(k,n) follows by the same argument and M (k,¢&)
M;(k,n) ~ 1. For (41) we consider the case M (k,&) < M;(l,n) and infer that

| Mik) _ exp< '/ |+ 2 |Z|+|1|2u12>

Mi(l;m) — k2+(E—kt)? 124(n—1t)?
_ L |[k—I|
e 1_eXp(—27T(m—|—l/l2))§ m+y12 ST_i_V

Q

sl

The case M;(k,&) > M;(l,n) follows by the same argument and M, (k,§)
M (l,n) ~ 1. For (42) we consider the case My (k,&) < Mp(k,n) and thus

My (k,n) — My (k,€) = My (k,n)(1 — 4248 < 1 — Hles),

).

Q

We infer

t ¢ t n
om0 o ([ g [ i
Tt eXp( ‘/0 o /0 e pr T

=1—exp (—/ 1d7‘>,
—[§ Hut=[§.7]

2u
M (k,

The case M (k,&) > n) follows by the same argument.
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For (43) we estimate the M, difference, since the M, and M,s differences are
done similar. Let M, (k,&) > M,(l,n), then it follows

t
_ Me(k8) 1 _ . 1 _ 1
1 My (Ln) I—exp ( H3’ 0 1+n%(t7%)2 1+H§(t?)2‘> !
1t
<1-—exp (—m|/0 1_[§7?]Ut_[i7y](7')d7'|) ,
< 1—exp (—215§ = 4]),

1
< g3 [El=Fn
SRS

The case M (k,&) < M (l,n) follows from the same steps and M, (k, &) ~ M, (l,n).
UJ

APPENDIX B. LocAL WELLPOSEDNESS

We expect the local wellposedness result to be well-known, but were not able to
find it stated in the literature. In the following, we prove the local wellposedness
by a standard application of the Banach fixed-point theorem.

Proposition 6. Consider equation (17) with initial data py,, € HY for N > 5.
Then there exists a time T such that there exists a unique solution p(t) € HY to

(17) for allt € 10,7 .

Proof. We prove existence with the Banach fixed-point theorem. Let T" = 1 +
2|[pinllzv (14 2) and let X be the space

X ={pe L*H"NCH"?: p(t = 0) = pin, [IPlTcnv + 5IVepllzoorn < 2lpulliin}

with the norm

% = PNz i + 5SIVepll7ooprn-
We define F': X — X as a mapping ¢ — p = F(q) such that p solves
Oip1 — axa;A;1P1 — a0yp2 = vAp1 + AT 'VH(VEA Vb — VA ¢ V),
Oip2 + 020, 'pa — abupy = KAy + NV (VEAT Vv — VAT VD),
Pli=0 = Pin-

Then the mapping F' satisfies:

(1) The mapping F': X — X is well defined on X.
(2) The mapping F is a contraction, i.e. |F(p) — F(p)||zeu~y < 2{|p— Bl poonn.

Since X is a complete metric space, if we prove (1) and (2), then it follows that F’
has a unique fixpoint by the Banach fixed-point theorem.
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(1) Let ¢ € X, then we obtain for p = F(q)
Aillplliy + wlIVaplliy < Ipllin + (Ao, AV (VA oVib = VAT 1 Vi)
+ (Ao, AN (VA oV — VA 1V ,b))
< Ipli + ol gl 1 Vep" ) v
< llplE~ + 2l E~ gl + 51V eplFn
Thus we obtain
IP0% < oy + T+ 2l gl g PN v
< Npinlliey + T+ 2Pz ) Dl oo v
Since
T(1+ 2|piml4n) < &
we infer the bound
Ipl% < 2llpinllFiv-

As O,p € HN72_ it follows that p € CH™~2 and thus p € X.
(2) We show that F' is a contraction. Let ¢,§ € X we denote p = F(q) and
p = F(G). We need to show that

lp = pllx < 3lla —dllx,
by time estimate we obtain
illp = Bl + KlIVelp = D)Fv < llp — Bllz~
+ (AN (v — ), AN (VA Vb — VAT g Vi)
+ (AN (b= 0), AY(VEA Vo — ViA ' a Vib))
— (AN (v —9), AN(VEAT G, Vib — VEAT G Vi)
— (AN (b—b), AN (VLA GV — VEATI G VD))
<o =Bl + I = Bl (g = @lla~ [ Vibllan + llalav Vel = )llr)
< lp = plli~ (1 + Zllallz~)
+p = Blavlla = dlaxIVepllan + 51Ve(p — )|~
Integrating in time yields
lp = Dl siv + 51Ve(p = D)2 pe
< |lp = Bl T+ 2lallzoe )
+ VTlp = pll e llg = Gl oy Vi 2gn
< lp = Bz v T+ 2llallzoe v + 4 VeblIZ2 )

+ g = @l
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Choosing T" such that

T(1+ 2llallin + IVepllZzan) < T+ 2T |[pillan (1 +3) < 3,

it follows, that

lp—Bl% < illp—Bllay + Lllg — dllFepn-

We hence conclude, that

Ip—pll% < g —dl%.
]
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