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ADAPTIVE MESH REFINEMENT FOR THE
LANDAU–LIFSHITZ–GILBERT EQUATION

JAN BOHN, WILLY DÖRFLER, MICHAEL FEISCHL, STEFAN KARCH

Abstract. We propose a new adaptive algorithm for the approximation of the Landau–
Lifshitz–Gilbert equation via a higher-order tangent plane scheme. We show that the adaptive
approximation satisfies an energy inequality and demonstrate numerically, that the adaptive
algorithm outperforms uniform approaches.

1. Introduction

The Landau–Lifshitz–Gilbert equation (LLG) serves as an important practical tool and as a
valid model of micromagnetic phenomena occurring in, e.g., magnetic sensors, recording heads,
and magneto-resistive storage device [20, 25, 27]. Cutting edge examples include heat assisted
magnetic recording [29], where lasers heat the magnetic recording material locally in order to
speed up the writing process. Other developments, such as magneto-resistive memory and
skyrmion based race-track memory focus on new ways to store data magnetically, see e.g., [18].
All of these applications have in common that the magnetic materials exhibit a strong locality
(in time and space) of magnetic effects [28]: So called domain walls reveal a change of direction
of the magnetization on small length scales. Similarly, temporal behavior is characterized
by rapid changes (switching processes) followed by long relatively stable periods. Those effects
render non-adaptive simulations tremendously inefficient (see [28] for early experiments and [17]
for current applications) and classical methods based on uniform meshes often fail to reach
meaningful accuracy even on the largest computers.

Even uniform time-stepping for the LLG equation is challenging. While weak convergence of
the approximations was known since at least 2008 (see, e.g., [5, 10]), strong a priori convergence
of uniform time-stepping schemes that obey physical energy bounds has first been proved
recently in [15] and then extended to higher-order in [2]. The latter two works build on the
tangent plane idea first introduced in [5] in order to remove the nonlinear solver required
in [10]. This is achieved by solving for the time derivative of the magnetization ∂tm instead of
the magnetization itself. The constraint |m| = 1 translates to the orthogonality ∂tm ·m = 0
almost everywhere. In the discretization, this can only hold nodewise [5] or in an average
sense [2]. As an attractive side effect, the discrete approximations still obey the physical energy
decay. This is in contrast to other higher-order methods for LLG in [26, 24, 14] (without strong
error analysis) and [19, 6] which do not satisfy discrete energy bounds.

While the higher-order convergence depends on certain regularity assumptions on the exact
solution (see [16] for existence proofs of smooth solutions under a smallness condition on the
initial data), it was shown in [2] that even without regularity beyond H1 one can still get weak
convergence (a consequence of the energy decay) and thus is at least as good as traditional first
order schemes.

The aim of this work is to exploit the higher-order time-stepping schemes developed in [2]
in order to obtain a heuristic estimate of the temporal approximation error. This will allow
us to construct an adaptive time-stepping scheme for LLG. Combined with gradient recovery
estimators for the spatial error, we derive a fully adaptive integrator for LLG. While a con-
vergence proof seems out of reach for the moment, we demonstrate in several experiments the
effectiveness of the method.

In Section 1.2 we introduce the initial value problem in its strong form. In Section 2 we present
the spatial discretisation that is based on the standard higher order conforming finite element
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method and a Lagrangian setting to cope with the nonlinear constraint. For the time stepping,
we use a collocation method based on the BDF-k method (for k = 1, 2) with a predictor based
on extrapolation. In the uniform setting this method has proved to converge with optimal rates
in [2]. In Section 3 we formulate the BDF method with variable time steps. Furthermore we
present approximations to higher order derivatives with finite differences in order to estimate
the truncation error of a given order. This allows to suggest new time step sizes and likewise
also orders. In Theorem 1 we show that under regularity requirements, restricted time step
changes and a certain size of the damping term, the time-adaptive method satisfies an energy
bound. In Sections 3 and 4 we formulate our adaptive method and conclude in Section 6 with
some numerical experiments.

1.1. Notation. Let Ω ⊂ Rd, d = 2, 3, be a bounded domain with polygonally boundary. By
L2(Ω) we denote the usual Lebesgue spaces with scalar product (v, w)Ω =

∫
Ω
vw and norm

∥v∥L2(Ω) = (v, v)
1/2
Ω . Vector valued functions are in L2(Ω)d if they are componentwise in L2(Ω)

and the scalar product is defined as (v,w)Ω =
∫
Ω
v ·w. H1(Ω) denotes the space of functions in

L2(Ω) with weak derivatives in L2(Ω). A norm on H1(Ω) is given by (∥v∥2L2(Ω)+∥∇v∥2L2(Ω))
1/2.

In the following we work with vector valued functions m = [m1,m2,m3] : (0, T ) × Ω → R3.
For convenience we use the notation m(t) = m(t, ·) : Ω→ R3. For ∇m we let ∥∇m∥2L2(Ω) =∫
Ω
∇m : ∇m, where ’:’ denotes the Frobenius product of two matrices. For vectors or tensors

| · | denotes the euclidean norm or the Frobenius norm.

1.2. The Landau–Lifshitz–Gilbert-equation. The strong form of the LLG equations is to
seek m : [0, T ]× Ω such that

α∂tm+m× ∂tm = P (m)Heff(m) on (0, T )× Ω ,(1.1)
∂nm = 0 on (0, T )× ∂Ω ,(1.2)

m(0) = m0 in Ω ,(1.3)

with a given vector field m0 : Ω → R3 of unit length, i. e., |m0| = 1. P is the projection
operator P (m) = Id − m⊗m

|m|2 for m ̸= 0. In this paper we let the effective field be given as

Heff(m) = Ce∆m+Hext .(1.4)

Formally, we can derive from (1.1), by multiplying with m, that ∂t|m(t)|2 = 0, hence |m(t)| =
|m0| = 1. Multiplying with ∂tm and integrating will lead to the energy inequality

E(t) = Ce∥∇m(t)∥2L2(Ω) +
α

2

∫ t

0

∥∂tm(s)∥2L2(Ω) ds(1.5)

≤ Ce∥∇m(0)∥2L2(Ω) +
1

2α

∫ t

0

∥Hext(s)∥2L2(Ω) ds

for all t ∈ [0, T ].

2. Discretisation of the Landau–Lifshitz–Gilbert-equation

2.1. Weak formulation. The derivation of a weak form can be simplified if one uses test
functions φ ∈ C∞(Ω)3 with m(t) · φ = 0 at time t > 0, since it will allow us later to replace
P (m) in (1.1) by Id . Thus we define the solution dependent constraint space by

T(m(t)) =
{
φ ∈ H1(Ω)3 |m(t) ·φ = 0

}
.

For ease of notation we will omit the argument t in the subsequel and arrive formally at the
following weak equation for m

α(∂tm,φ)Ω + (m× ∂tm,φ)Ω + Ce(∇m,∇φ)Ω = (Hext,φ)Ω for all φ ∈ T(m) .

Existence of weak solutions m ∈ H1(Ω)3 is well-known (see, e.g., [27]) and follows with
a standard Galerkin–Fadeo approximation and compactness arguments. Uniqueness of weak



ADAPTIVE MESH REFINEMENT FOR THE LANDAU–LIFSHITZ–GILBERT EQUATION 3

solutions is open in general and there are non-uniqueness results for the related harmonic map
heat flow [12]. Note that in case one of the weak solutions is also a strong solution, we have
uniqueness [13]. In terms of regularity, it is suspected that even smooth initial conditions can
lead to blow up of ∇m in L∞(Ω)3,3 in finite time, however, no proof is known. For LLG on
smooth bounded domains with Neumann boundary conditions, smooth initial data close to
constants lead to arbitrarily smooth solutions [16].

2.2. Spatial discretisation. Since Ω is assumed to be polygonally bounded, we let Kh be a
regular triangulation such that Ω =

⋃
{K ∈ Kh}. On Kh we consider the finite element space

Wh ⊂ H1(Ω) of constant degree p ≥ 1. For vector fields we then use V h = W 3
h ⊂ H1(Ω)3. It

looks quite natural to correspondingly define the discrete constraint space by

Ts
h(mh) =

{
φh ∈ V h |mh ·φh = 0 at every node

}
for some mh ∈ H1(Ω)3. Since this choice leads to problems with higher order convergence [2,
Rem. 2.2] the method for which this could be achieved in [2] is based on the weaker constraint
space

Th(mh) = Tw
h (mh) =

{
φh ∈ V h | (mh ·φh, ψh)Ω = 0 for all ψh ∈ Wh

}
.

It is then straightforward to define the semi-discrete solution mh : [0, T ]→ V h by

α(∂tmh,φh)Ω + (mh × ∂tmh,φh)Ω + Ce(∇mh,∇φh)Ω = (Hext,φh)Ω

for all φh ∈ Th(mh) .

2.3. Temporal discretisation. We complete the discretisation by defining a time-stepping
method. For this we let 0 = t0 < · · · < tNT

= T be a decomposition of the interval [0, T ].
The finite element space at a time tn ∈ [0, T ] may change due to regular refinement (and
derefinement) of the preceding one and is denoted by V n

h. We want to set up an equation for
the approximation mn ≈m(tn) at time tn. Further we introduce the unknown vn ≈ ∂tm(tn)
and assume that we can impose a relation between vn

h and mn−j
h for a set of indices j ≥ 0. For

example, if we assume a linear time-dependence of mh, we can state mn
h = mn−1

h + τnv
n
h. Thus

the resulting equation

α(vn
h,φh)Ω + (mn

h × vn
h,φh)Ω + Ce(∇mn

h,∇φh)Ω = (Hn
ext,φh)Ω for all φh ∈ Th(m

n
h)

can be seen as a nonlinear equation for vn
h from which mn

h could then easily be obtained.
However, we have to note that the test space also depends on vn

h. This approach is called
tangent plane scheme [23].

The following linearisation has turned out to be useful: construct an approximation (or
predictor) m̂

n
h to mn

h and then define mn
h by

α(vn
h,φh)Ω + (m̂n

h × vn
h,φh)Ω + Ce(∇mn

h,∇φh)Ω = (Hn
ext,φh)Ω for all φh ∈ Th(m̂

n
h)

which is now a linear problem for vn
h. There is still the problem to cope with the constraint,

for example, one might construct a local basis [2, Sect. 2.2]. Here we will add the constraint
as a separate weak equation. Thus we introduce the Lagrange variable λnh ∈ Wh and state the
saddle point problem

α(vn
h,φh)Ω + (m̂n

h × vn
h,φh)Ω + Ce(∇mn

h,∇φh)Ω(2.1)
+ (m̂n

h ·φh, λ
n
h)Ω = (Hn

ext,φh)Ω for all φh ∈ V n
h,

(m̂n
h · vn

h, ψh)Ω = 0 for all ψh ∈ W n
h .

Note that the analysis of [2] is based on this formulation. It is straightforward to show that
the discrete formulation is well-posed and leads to a unique discrete solution vn

h.
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2.4. BDF time stepping. For the time stepping we now use especially the BDF (backward
differencing) scheme of order k ∈ N. It provides a general relation

ξkm
n
h = Φ̃k(m

n−1
h , . . . ,mn−k

h ) + τnv
n
h(2.2)

for n ≥ k and an affine linear mapping Φ̃k : (R3)k → R3. The case k = 1 has been given as an
example in the previous Section 2.3, more details will be provided in Section 3. We insert this
relation into (2.1) and get the following linear equation for vn

h

α(vn
h,φh)Ω + (m̂n

h × vn
h,φh)Ω + βkτn(∇vn

h,∇φh)Ω

+ (m̂n
h ·φh, λ

n
h)Ω = ⟨fn , φh⟩Ω for all φh ∈ V n

h,(2.3)
(m̂n

h · vn
h, ψh)Ω = 0 for all ψh ∈ W n

h ,

with βk = Ce/ξk and the new right hand side

⟨fn , φh⟩Ω := (Hn
ext,φh)Ω − βk(∇Φ̃k(m

n−1
h , . . . ,mn−k

h ),∇φh)Ω .(2.4)

mn
h is then defined by (2.2). Note that a discrete solution vn

h exists since the form is coercive
on Th(m̂

n
h).

As an example for a predictor m̂n
h one can take extrapolation of order k − 1, i.e., seek

the unique polynomial q ∈ Pk−1 with q(tn−1−j) = mn−1−j
h for j = 0, . . . , k − 1, and set

m̂n
h = q(tn)/|q(tn)|. This problem has been analyzed in [2] and it was possible to prove,

for uniform step size τ , unconditional convergence in time up to order two [2, Thm. 3.1] and
convergence up to order five in h with some restrictions on α [2, Thm. 3.4].

2.5. The uniform discretisation. We consider a fixed (almost) uniform mesh of meshsize h
with a finite element method of polynomial order p and in time BDF-k for k = 1, . . . , 5. We
will make regularity requirements for weak solutions as in [2, (3.2)]

m ∈ Ck+1([0, T ], L∞(Ω)3) ∩ C1([0, T ],W p+1,∞(Ω)3) ,

∆m+Hext ∈ C0([0, T ],W p+1,∞(Ω)3) .
(2.5)

Then it has been proved in [2] that for sufficiently small τ and h the discrete solutions exist
and it holds

∥∇(m(tn)−mn
h)∥Ω ≤ C(τ k + hp)(2.6)

for tn = nτ ≤ T . In case k ∈ {1, 2} one needs the additional condition τ ≤ C
√
h [2, Thm. 3.1],

while in case k ∈ {3, 4, 5} one requires p ≥ 2, τ ≤ Ch, and α ≥ αk > 0 for some numbers αk

[2, Thm. 3.4].

3. Adaptivity in Time

3.1. The variable step BDF method. To describe the BDF method of order k for k ∈ N
we find it convenient to work on the grid

[0, t1, . . . , tk] = [0, τ1, τ1 + τ2, τ1 + · · ·+ τk]

for positive step sizes τj, j = 1, . . . , k. This can afterwards be translated to a mesh of the form
tn−k, . . . , tn] (for n ≥ k) by index shift. We will use abbreviations

τ12 = τ1 + τ2, τ23 = τ2 + τ3, τ122 = τ1 + 2τ2, . . .

and let τ = max{τ1, . . . , τk}. The definition of a variable step BDF method to solve the ordinary
differential equation (ODE) y′ = F (t,y), y : [0, T ]→ RN , F : [0, T ]×RN → RN , is as follows:
Given {yj}k−1

j=0 , determine yk (approximating y(tk)) such that there is a polynomial q ∈ Pm
k

with

q(tj) = yj, j = 0, . . . , k − 1, q′(tk) = F (tk,y
k) .
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This leads to a nonlinear equation of the form

Φk(y) = ξky − Φ̃k(y
k−1, . . . ,y0)− τkF (tk,y) = 0 ,(3.1)

with ξk > 0, to determine yk. For k = 1, 2, 3 we obtain the explicit formulae

Φ1(y) = y − y0 − τ1F (t1,y) ,(3.2)

Φ2(y) =
τ122
τ12

y − τ12
τ1

y1 +
τ 22
τ1τ12

y0 − τ2F (t2,y) .(3.3)

If we compare this to (2.2), we can get the values for ξk and expressions for Φ̃k(y
k−1, . . . ,y0).

These formulas agree with those in the case of constant τ [22, Ch. V]. Recall that for k = 1 we
get the implicit Euler method.

We will, in the provided notation and for later use, formulate consistent approximations for
second and third order derivatives

∂2τy(t2) = 2
( 1

τ12τ2
y2 −

1

τ1τ2
y1 +

1

τ1τ12
y0

)
,(3.4)

∂3τy(t3) = 6
( 1

τ123τ23τ3
y3 −

1

τ12τ2τ3
y2 +

1

τ1τ2τ23
y1 −

1

τ1τ12τ123
y0

)
.(3.5)

3.2. Time step selection. In the beginning we will always start with the first order method,
i.e., the implicit Euler method (Φ1). Since the local truncation error LTE at a time t is known
to be 1/2 |y′′(t)|τ 2, we suggest as a next time step

τ [1]n :=
( 2TOL

|y′′(tn)|

)1/2

,(3.6)

with the idea to get TOL ≥ LTE ≈ |y′′(tn)|τ 2n. In order to evaluate this we use

y′′(tn) = ∂tF (tn,y(tn)) + ∂yF (tn,y(tn))F (tn,y(tn)) ,(3.7)

but alternatively, we may use the finite difference approximation ∂2τy(tn) (3.4) for n ≥ 2.
The next order method is given by Φ2 and the truncation error in the uniform case is known

to be 1/3 |y′′′(t)|τ 3. In the case of variable step sizes we use Taylor expansion of Φ2(y(t)) in tn
and get the local truncation error 1/6 τn−1,nτ

2
n |y′′′(tn)| and from this the idea to let

τ [2]n :=
( 6TOL

τn−1,n|y′′′(tn)|

)1/2

.(3.8)

At this point we will relay on the finite difference approximation ∂3τy(tn) (3.5) for n ≥ 3.
Every time step choice will be subject to a restriction compared to the previous step in the

form

τ ∗n = max
{
τ [k]n | kmin ≤ k ≤ kmax

}
= τ [k

∗
n]

n ,

τn+1 = max
{
τmin,

1

2
τn,min{τ ∗n,

√
2 τn, τmax}

}
,

where kmin ≤ kmax ∈ N determine the set of admissible orders and k∗n notes which order provides
the maximal step size. τmin and τmax are prescribed lower and upper bounds for the time step
size. Note that values |y′′(tn)|, |y′′′(tn)| close or equal to 0 are of no harm since we have set a
value τmax. If we also allow order selection, we will choose kn+1 = max{kmin, kn−1,min{k∗n, kn+
1, kmax}}. In case the nonlinear equations are solved with Newton’s method, we might prevent
the number of steps to be beyond, say, 4 and thus prohibit enlargement of τn in case this
number is reached.
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3.3. Application to LLG. We iteratively solve (2.3), starting from a normalized initial con-
dition m0

h that approximates m0. The BDF-2 method with variable stepsize is then defined
by Sections 2, 3.1, and 3.2 in the case k = 2, taking L2(Ω)-norms for the difference quotients
in time. Then we use extrapolation of order k − 1 to define the prediction m̂n

h [2, (2.1)]. An
important statement about the uniform BDF-2 method for LLG is the validity of the energy
inequality [2, Prop. 3.1]. We can derive a corresponding result for BDF-2 with variable stepsize
under the condition that the coarsening factor is limited, and α has a positive lower bound.

Theorem 1 (Energy inequality for orders k = 1, 2). Consider the discretization (2.3) of the
LLG equation (1.1) for k ∈ {1, 2} with finite elements of polynomial degree p ≥ 1. Let, for
k = 2, the time steps fulfill τn/τn−1 ≤ κ0 ≤

√
2 + 1 and α ≥ α2 > 0 for some α2 that depends

on κ0. Then, the numerical solution satisfies the following discrete energy inequality: for n > k
it holds

γ−k ∥∇mn
h∥2L2(Ω) +

1

2
α

n∑
j=k

τj∥ṁj
h∥

2
L2(Ω) ≤ γ+k

k−1∑
i=0

∥∇mi
h∥2L2(Ω) +

1

2α

n∑
j=k

τj∥Hext(tj)∥2L2(Ω)

for some positive constants γ−k , γ
+
k when the solution fulfills the regularity requirements (2.5).

Proof. We first note that the BDF-formula provides coefficients δj, j = 0, . . . , k, such that

τnṁ
n
h =

k∑
j=0

δjm
n−j
h ,

see Section 3.1. As in [2] we choose η > 0, write down the weak equation for mn
h − ηmn−1

h and
test it with ṁn

h. The main point is a lower bound for (∇(mn
h − ηmn−1

h ),∇ṁn
h)Ω. If we let

δ(s) :=
k∑

i=0

δis
i ,

and if we can show that Re(δ(s)/(1−ηs)) > 0 for all complex s with |s| < 1, then [2, Lemma A.2]
guarantees the existence of the required constants. The case k = 1 is clear. In the case k = 2,
we let τn = κτ and τn−1 = τ for some κ > 0. From (3.3) we get

δ0 =
1 + 2κ

1 + κ
, δ1 = −(1 + κ) , δ2 =

κ2

1 + κ
.

We see immediately that δ has two zeros s1 = 1 and s2 = (1+2κ)/κ2 > 1 as long as κ < 1+
√
2.

Thus, we have
δ(s)

1− ηs
=
δ2(s− 1)(s− s2)

1− ηs
=
δ2(s− 1)(s− s2)(1− ηs)

|1− ηs|
.

Clearly, the choice η = 1/s2 would suffice to ensure Re(δ(s)/(1− ηs)) > 0 for |s| < 1. However,
we obtain a sharper bound by resolving the inequality

Re
(
(s− 1)(s− s2)(1− ηs)

)
> 0 for |s| < 1 .

Considering the edge case |s| = 1 leads to the following quadratic inequality for the real part
sr of s (the cubic terms cancel)

2s2r − (1 + η)(1 + s2)sr + (1 + η)s2 + η − 1 > 0 for all − 1 < sr < 1 .

For given 0 < κ < 1 +
√
2 this can be fulfilled if

η >
3− s2
s2 + 1

=
3κ2 − 2κ− 1

κ2 + 2κ+ 1
.

For κ ≤ 1 we can take η = 0 and for κ ∈ (1, 1+
√
2) we find η < 1. Note that this bound dates

back to [21] but was proved with a different method.
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Let us first take for simplicity Hn
ext = 0. We proceed in recalling the weak equations for vn

h

and vn−1
h , for n ≥ 2,

α(vn
h,φh)Ω + (m̂n

h × vn
h,φh)Ω + Ce(∇mn

h,∇φh)Ω = 0 for all φh ∈ Th(m̂
n
h) ,

α(vn−1
h ,φh)Ω + (m̂n−1

h × vn−1
h ,φh)Ω + Ce(∇mn−1

h ,∇φh)Ω = 0 for all φh ∈ Th(m̂
n−1
h ) .

In order to derive an equation for vn
h− ηvn−1

h we use the test function vn
h ∈ Th(m̂

n
h) in the first

equation and P̂
n−1

h vn
h with P̂

n−1

h := P (m̂n−1
h ) ∈ Th(m̂

n−1
h ) in the second equation. This latter

term will be written in the form P̂
n−1

h vn
h = vn

h − (P̂
n

h − P̂
n−1

h )vn
h = vn

h − pn
h. Insertion of these

test functions results in

α(vn
h,v

n
h)Ω + Ce(∇mn

h,∇vn
h)Ω = 0 ,

α(vn−1
h ,vn

h)Ω + Ce(∇mn−1
h ,∇vn

h)Ω

= α(vn−1
h ,pn

h)Ω − (m̂n−1
h × vn−1

h ,vn
h − pn

h)Ω + Ce(∇mn−1
h ,∇pn

h)Ω

= α(vn−1
h ,pn

h)Ω − (m̂n−1
h × vn−1

h ,vn
h − σvn−1

h − pn
h)Ω + Ce(∇mn−1

h ,∇pn
h)Ω ,

where we can choose either σ = 0 or σ = 1. By subtraction we get

α(vn
h − ηvn−1

h ,vn
h)Ω + Ce(∇(mn

h − ηmn−1
h ),∇vn

h)Ω

= −ηα(vn−1
h ,pn

h)Ω + η(m̂n−1
h × vn−1

h ,vn
h − σvn−1

h − pn
h)Ω − ηCe(∇mn−1

h ,∇pn
h)Ω .

(3.9)

By construction of η in the first part of the proof we have for the left hand side of (3.9) the
lower bound [2, Lem. 8.1(proof)]

α(vn
h − ηvn−1

h ,vn
h)Ω + Ce(∇(mn

h − ηmn−1
h ),∇vn

h)Ω

≥
(
1− η

2

)
α∥vn

h∥2Ω −
η

2
α∥vn−1

h ∥2Ω +
1

τn

(
∥∇En

h∥2G,Ω − ∥∇En−1
h ∥2G,Ω

)
,

where En = [vn−1
h ,vn

h] and the norm is taken with some symmetric positive definite G ∈ R2,2

whose eigenvalues γ±2 depend on η. For details see [2, Appendix]. In the following we give an
upper bound for the right hand side of (3.9).

To simplify the following terms we will introduce the abbreviations

µ0,n = ∥m̂n
h − m̂

n−1
h ∥Ω, µ1,n = ∥∇(m̂n

h − m̂
n−1
h )∥Ω, ν0,n = min

{∥vn
h − vn−1

h ∥Ω
∥vn

h∥Ω
, 1
}
,

Γn = max
{
∥∇m̂n

h∥∞,Ω, ∥∇m̂n−1
h ∥∞,Ω

}
, Λ(vn

h) =
∥∇vn

h∥Ω
∥vn

h∥Ω
.

As a further preparation we provide bounds for pn
h

∥pn
h∥Ω ≤ 2∥m̂n

h − m̂n−1
h ∥Ω∥vn

h∥Ω ≤ 2µ0,n∥vn
h∥Ω ,

∥∇pn
h∥Ω ≤ 2Γn∥m̂n

h − m̂
n−1
h ∥Ω∥vn

h∥Ω + 2∥∇(m̂n
h − m̂

n−1
h )∥Ω∥vn

h∥Ω
+ 2∥m̂n

h − m̂n−1
h ∥Ω∥∇vn

h∥Ω
≤ 2Γnµ0,n∥vn

h∥Ω + 2µ1,n∥vn
h∥Ω + 2µ0,nΛ(v

n
h)∥vn

h∥Ω
≤ 2

(
µ0,nΓn + µ1,n + µ0,nΛ(v

n
h)
)
∥vn

h∥Ω .

Thus we get the following estimate for the three terms on the right hand side in (3.9). For
the first term

ηα(vn−1
h ,pn

h)Ω ≤ 2ηαµ0,n∥vn−1
h ∥Ω∥vn

h∥Ω ≤ µ0,nηα
(
∥vn−1

h ∥2Ω + ∥vn
h∥2Ω

)
.
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For the second term we can either choose

η(m̂n−1
h × vn−1

h ,vn
h − vn−1

h − pn
h)Ω

≤ η∥vn−1
h ∥Ω

(
∥vn

h − vn−1
h ∥Ω + 2µ0,n∥vn

h∥Ω
)

≤ 1

2

(∥vn
h − vn−1

h ∥Ω
∥vn

h∥Ω
+ 2µ0,n

)
η
(
∥vn−1

h ∥2Ω + ∥vn
h∥2Ω

)
for σ = 1, or

η(m̂n−1
h × vn−1

h ,vn
h − vn−1

h − pn
h)Ω

≤ 1

2
(1 + 2µ0,n)η

(
∥vn−1

h ∥2Ω + ∥vn
h∥2Ω

)
for σ = 0. Thus we can take

η(m̂n−1
h × vn−1

h ,vn
h − vn−1

h − pn
h)Ω ≤

1

2
(νn,0 + 2µ0,n)η

(
∥vn−1

h ∥2Ω + ∥vn
h∥2Ω

)
.

For the third term

η(∇mn−1
h ,∇pn

h)Ω ≤ η∥∇mn−1
h ∥Ω∥∇pn

h∥Ω
≤ 2η

(
µ0,nΓn + µ1,n + µ0,nΛ(v

n
h)
)
∥∇mn−1

h ∥Ω∥vn
h∥Ω

≤ η
(
µ0,nΓn + µ1,n + µ0,nΛ(v

n
h)
)(1
ξ
∥∇mn−1

h ∥2Ω + ξ∥vn
h∥2Ω

)
for any ξ > 0. If we now take also Hn

ext ̸= 0 into account, the right hand side will have the
additional term

(1 + 2µ0,n)
(
∥Hn

h∥Ω + ∥Hn−1
h ∥Ω

)
∥vn

h∥Ω ≤ ζα∥vn
h∥2Ω +

1 + 2µ0,n

ζα

(
∥Hn

h∥2Ω + ∥Hn−1
h ∥2Ω

)
We collect the formulas and get((

1− ζ − (
1

2
+ µ0,n)η

)
α− 1

2
(νn,0 + 2µ0,n)η − ξη

(
Γnµ0,n + µ1,n + µ0,nΛ(v

n
h)
))
∥vn

h∥2Ω

−
(
(
1

2
+ µ0,n)ηα+

1

2
(νn,0 + 2µ0,n)η

)
∥vn−1

h ∥2Ω

+
1

τn

(
∥∇En

h∥2Ω − ∥∇En−1
h ∥2Ω

)
≤ 1

ξ
η
(
µ0,nΓn + µ1,n + µ0,nΛ(v

n
h)
)
∥∇mn−1

h ∥2Ω +
1 + 2µ0,n

ζα

(
∥Hn

h∥2Ω + ∥Hn−1
h ∥2Ω

)
.

By [2, p. 1028] we have that µ0,n = O(h) using τn = O(h). Further by [2, (8.5)] we see
µ1,n = O(1) and Γn = O(1). Clearly, ν0,n = O(1) at least. Finally, µ0,nΛ(v

n
h) = O(1) since by

inverse estimate Λ(vn
h) = O(1/h).

We fix h0 so that µ0,n, µ1,n, νn,0,Γn, µ0,nΛ(v
n
h) have a definite (but not necessarily small)

bound for h ≤ h0, say, µ0,nΓn + µ1,n + µ0,nΛ(v
n
h) ≤ µ∗. In order to derive the energy bound we

have to add up these estimates for n > k and we have to guarantee(
1− ζ − (1 + 2µ0,n)η

)
α− (νn,0 + 2µ0,n)η − ξµ∗ > 0 .(3.10)

So we choose for given η and sufficiently small ζ (depending on η)

α >
(νn,0 + 2µ0,n)η

1− ζ − (1 + 2µ0,n)η

and then ξ small (but independent on h) to meet (3.10). □

Remark 2. (1) If we limit ourselves to κ =
√
2, the proof of Theorem 1 works for η0 = 0.38.

If we then take (for example) νn,0 = 1, ζ = 0.1 and 2µ0,n = 0.1, we would find α > 0.85
and γ− ≥ 0.04.
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(2) We found numerically that one cannot find a positive symmetric G for κ > 1 in case
of η = 0 exploiting [3, (1.7)] in the proof of Theorem 1. In fact, the defining equations
have two solutions for κ < 1 and a turning point in κ = 1.

(3) For each η > 0 there exists κ∗ > 1 such that γ−2 ceases to be positive for κ > κ∗.

4. Adaptivity in Space

4.1. The recovery error indicator. Since ∥∇m(t)∥L2(Ω) is a quantity that appears in the
energy (1.5) it is natural to also measure the error in this norm. A quite general technique for
this is given by gradient recovery [1]. For the finite element space Wh this defines a mapping
Gh(vh) that projects the gradient of vh ∈ Wh into W 3

h . Precise conditions can be obtained
from [1]. Having defined such Gh (componentwise) we then define a local error indicator by

ηK,n = ∥∇mn
h −Gh(m

n
h)∥L2(K) .(4.1)

This can lead to asymptoticly exact errors in case of superconvergence. Although this is unlikely
to be the case on locally refined meshes, the estimate can be compared to the best approximation
in H1 if the solution is smooth and the mesh is sufficiently fine [7].

Here we defined Gh as the L2(Ω)-projection from ∇Wh to W 3
h , i.e.

(Ghvh,φh)Ω = (∇vh,φh)Ω for all φh ∈ W 3
h .

For vector fields this is applied componentwise.

4.2. Refinement and coarsening. Having computed [ηK ]K∈Kh
as in (4.1), we extract a min-

imal subset Ah ⊂ Kh such that ∑
K∈Ah

η2K ≥ (1− θr)
∑
K∈Kh

η2K(4.2)

for some θr ∈ (0, 1). A new mesh will be established by two bisections of elements in Ah. To
choose a set of elements to be coarsened, we extract a maximal subset Bh ⊂ Kh such that∑

K∈Bh

η2K ≤ (1− θc)
∑
K∈Kh

η2K .(4.3)

For local refinement and coarsening techniques for triangulations see for example [8].

5. Adaptivity in Space and Time

Our algorithm works in the following way: In each time step it first fixes a suitable time step
size. Different from [2] we use extrapolation in time of order k (instead of k− 1) as a predictor.
This defines the spatial problem (2.3) which is solved with adaptive mesh refinement.

Algorithm 3.
Input:

A coarse initial mesh Kini
h , final time T > 0 and tolerances TOLs (in space) and TOLt

(in time), refinement/coarsening controls θr, θc > 0 and the spatial error indicator η
(4.1).

Precomputation
• We iteratively refine Kini

h to K0
h using mesh refinement on elements in Ah chosen by

(4.2) with respect to the given initial condition m(0) and threshold θr until η ≤ TOLs.
• Then we apply two time steps solving (2.3) with the implicit Euler method, i.e., BDF-1,

on the mesh K0
h. First we define τ ∗1 by (3.6), (3.7) and let τ1 = max{τmin,min{τ ∗1 /4, τmax}}.

With this we compute m1
h,v

1
h. We then define τ ∗2 by (3.6) with ∥∂2tm∥L2(Ω) ≈ ∥v1

h −
v0
h∥L2(Ω)/τ1 and define τ2 = max

{
τmin,

1
2
τ1,min{τ ∗2 ,

√
2 τ1, τmax}

}
to compute m2

h,v
2
h.

Thus we end up with the states mn
h,v

n
h, n = 0, 1, 2.
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Time stepping

• Given for n ≥ 3: Approximation mn−1
h at time tn−1 on the grid Kn−1

h and approximations
mn−2

h ,mn−3
h at times tn−2, tn−3 interpolated to the grid Kn−1

h . Extrapolate m̂
n
h.

• We compute the next time step size τn for BDF-2 as described in Section 3.2 with TOLt,
(3.8), and ∥∂3tm∥L2(Ω) ≈ ∥∂3τmh(tn−1)∥L2(Ω) ≈ ∥∂2τvh(tn−1)∥L2(Ω) using (3.4).
• We use the spatial indicator η from (4.1) for mn−1

h to first refine the mesh using the
threshold θr until the tolerance TOLs is achieved and then we coarsen the elements
selected with θc, both described in Section 4.2. This results in the new mesh Kn

h.
• We now solve (2.3) for mn

h at time tn = tn−1 + τn and increase n as long as tn < T .
In the numerical experiments below, we might also include an extra normalisation step
mn

h ←mn
h/|mn

h|.

6. Numerical Experiments

In the following we apply our algorithm to a number of examples in order to study its
performance. In order to measure the error we choose (for T = tN)

errT = max
0≤n≤N

∥∇(m(tn)−mn
h)∥L2(Ω)(6.1)

which corresponds to the theoretical result in Section 2.5 and to the chosen error indicator
(4.1). The algorithm was implemented with the finite element package FEniCS [4].

We solved the saddle point problem (2.1). The resulting linear systems were solved either
directly with the MUltifrontal Massively Parallel Sparse direct Solver (MUMPS) or iteratively
with the stabilized biconjugate gradient method (bicgstab) featured with the incomplete LU-
Decomposition as preconditioner, which both come with FEniCS. Since FEniCS does not pro-
vide a tool for local coarsening we have to perform a remeshing instead. Therefore, to perform
a coarsening step, we revert to a coarser grid and refine it by applying the gradient recovery
estimator.

6.1. Example 1. The following example is taken from [2, Sect. 9.2, (9.2)]. In this case we let
Ω = (0, 1)×(0, 1) and a source term Hext is provided such that the exact solution of (1.1)–(1.3)
is

m(t,x) =

−(x31 − 3/2x21 + 1/4) sin(3πt/T )√
1− (x31 − 3/2x21 + 1/4)2

−(x31 − 3/2x21 + 1/4) cos(3πt/T )

 .
We choose T = 0.1, Ce = 1 and α = 0.2. In this example the temporal error dominates the
total error, so we fix 2 for the polynomial degree in space. Furthermore we applied an extra
normalisation step as mentioned in Algorithm 3.

In Figure 6.1 (left) we show the error (6.1) of the adaptive time-stepping method for BDF-
1 to BDF-3 in dependence of the prescribed tolerance in time TOLt for a fixed mesh. For
BDF-k we have the convergence order k, but local truncation error k + 1, for uniform steps.
Since we equilibrate the local truncation error we have τ k+1 ∼ TOLt and therefore we observe
errT ∼ TOL

k/(k+1)
t . For a fixed choice of TOLt we show in Figure 6.1 (right) the development

of τ during time.
In Figure 6.2, we compare the error errT for uniform step sizes versus adaptive step sizes.

For this purpose, we first compute the time-adaptive BDF-3 scheme for various TOLt and store
the total number of time steps Nt. Subsequently, we perform simulations with uniform step
sizes, where we chose τ = T/Nt, i. e., we need the same Nt as in the time-adaptive simulations.
We see that the adaptive algorithm leads to a smaller error for the same amount of work.
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Figure 6.1. Example 6.1: Left: Convergence of errT for adaptive time-stepping
for BDF-1 (red), BDF-2 (blue) and BDF-3 (green) with fixed h = 1/

√
Nc, where

Nc = 15488 is the number of cells. Right: Evolution of the timestep size τ for
TOLt = 6.25 · 10−4.

Figure 6.2. Example 6.1: Comparison of uniform step size (dark green) vs.
adaptive step size (light green) computation for the BDF-3 method with fixed
h = 1/

√
Nc, where Nc = 15488 is the number of cells.

6.2. Example 2. The following example is taken from [2, Sect. 9.2, (9.1)]. In this case we let
Ω = (0, 1)×(0, 1) and a source term Hext is provided such that the exact solution of (1.1)–(1.3)
is

m(t,x) =



 C0(x1−1/2) e
− g(t)

1/4−d(x)

C0(x2−1/2) e
− g(t)

1/4−d(x)√
1−C2

0d(x) e
− 2g(t)

1/4−d(x)

 if d(x) < 1/4 ,

[
0
0
1

]
otherwise ,

with m0 = m(0), g(t) = (T0 + 0.1)/(T0 + 0.1− t), d(x) = |x− [1, 1]/2|2, C0 = 400. We choose
Ce = 1, α = 0.2, T0 = 0.06 and T = 0.05 as the final time. In this example the spatial error
dominates the total error. We use τ = T/100 as well as θr = 0.6.

We perform numerical experiments for linear, quadratic and cubic finite elements on uniform
and adaptive spatial meshes. Time integration is done with BDF-2. We execute Algorithm 3
with additional normalisation step for several mesh sizes h and in case of space-adaption for
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several tolerances TOLs. In Figure 6.3 (left) we notice convergence in the error norm errT
given by (6.1) of order one in TOLs for all polynomial degrees until saturation occurs due to
the fixed time step. However, in Figure 6.3 (right) we notice smaller errors in the error norm
errT for higher polynomial degree if we relate these errors to the maximal degrees of freedom
we obtained at a discrete time step during the simulation.

Figure 6.3. Example 6.2: Left: space tolerance TOLs vs. errT . Right: max-
imal degrees of freedom Nmax

x := max
0≤n≤Nt

{Nx(tn)} vs. errT where Nx denotes the

number of degrees of freedom and Nt the number of time steps. Various polyno-
mial degrees of the finite element space are presented, i.e., linear (red), quadratic
(blue) and cubic (green).

Figure 6.4. Example 6.2: Comparison between runs on uniform and adaptive
spatial meshes for polynomial degree 2. Left: Evolution of the degrees of freedom.
Right: Evolution of the H1 error. We used TOLs = 6.91 · 10−4 for the spatial
tolerance.

6.3. Example 3. Here we consider an example that appears to show singular behaviour and
has been considered in [10], [9], [11]. However, we will demonstrate that computations on finer
meshes and particularly adaptive computations prevent a singularity from forming. We let
Ω = (−1/2, 1/2)2 and choose constants Ce = 1 and α = 1. We solve (1.1)–(1.3) with initial
data is given by

m0(x) =


1

A2+|x|2
[

2Ax
A2−|x|2

]
if |x|2 ≤ 1/2 ,[

0
0
−1

]
otherwise,
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where A = (1− 2|x|)4/s, s = 16. No external field is applied, i.e., Hext = 0. An exact solution
is not known and we have to rely on qualitative behavior of the solution in order to judge the
validity of the results.

We performed numerical experiments for the space- and time-adaptive Algorithm 3 and
choose the mesh refinement parameter θr = 0.95. The time integration was done with BDF-2.

In Figure 6.6 we run the algorithm for the time tolerance TOLt = 10−5 and space tolerance
TOLs = 0.4. We compare the adaptive algorithm with uniform discretizations on several
meshsizes. For both, we did not apply the additional normalization step. The takaway of these
experiments is that the adaptive algorithm prevents the singularity from forming with far less
degrees of freedoms and thus far less computational effort than the uniform approach. This
indicates that the error estimator is also useful in non-smooth situations, despite the theory
only working under smoothness assumptions on the solution.

Figure 6.5. Example 6.4: Solution mh for the uniform mesh h = 1/14 and
uniform timestep τ = 10−3 at t = 0 (left), t = 0.083 (middle) and t = 0.092
(right) according to (2.3). The singularity appears in the center of the vectorfield,
where m points upward in a very small neighborhood only.

6.4. Example 4. The following solution simulates a moving doamin wall. We take Ω = (0, 1)×
(0, 0.2), T = 0.35, Ce = 0.1, α = 1 and provide initial data

m0(x) =



[
0
0
−1

]
if x1 < c− d ,[

0
cos(πζ/2)
sin(πζ/2)

]
if c− d ≤ x1 ≤ c+ d ,[

0
0
1

]
if c+ d ≤ x1 .

for ζ = sin(π(x1 − c)/2d), c = 0.2, d = 0.125. An exact solution is not known. We choose
the mesh refinement parameter as θr = 0.8. Furthermore we apply a constant external field
Hext = [0, 0,−50].

We perform numerical experiments for adaptive quadratic finite elements and adaptive time-
stepping with BDF-2, where we apply the fully adaptive Algorithm 3 with additional normali-
sation step. We choose the tolerances TOLs = 10−4 and TOLt = 10−6.

Figure 6.7. Example 6.4: Solution m at t = 0 (left), t = 0.15 (middle) and
t = 0.3 (right). At the final time t = T = 0.35, all magnets are pointing
downwards.
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Figure 6.6. Example 6.3: We compare simulations with uniform meshes and
timesteps with a fully adaptive simulation. The time step size for the uniform
simulations is τ = 10−3 and the mesh size ranges from h = 1/8 to h = 1/14. The
adaptive simulation starts with a mesh size of h = 1/2. The singularity, i.e., the
rotation of the entire magnetization towards [0, 0,−1], is observed via a sharp
decay of the energy. We observe that only the finest uniform simulation avoids
the singularity (that requires a total number of 1261500 degrees of freedom). In
contrast, the adaptive simulation achieves the same with just 209223 degrees of
freedom, less than the coarsest uniform simulation.

The initial configuration consists of layers of downwards and upwards pointing magnets with
an intermediate layer. During the simulation the magnets pointing upwards flip their direction
due to the external field and in this way the layer moves to the right (Figure 6.7). Figure 6.8
shows the obtained meshes at corresponding time instances.

Figure 6.8. Example 6.4: Mesh at t = 0 (left), t = 0.15 (middle) and t = 0.3
(right). The refined mesh moves along with the magnetic wave.

In Figure 6.9 we show the temporal development of the time step size τ (left) and the degrees
of freedom Nx (right) in case of the fully adaptive algorithm. In total, we compute Nt = 587
time steps and a maximum of 440559 degrees of freedom. After all vectors change direction,
the coarsening procedure will finally lead to the initially given macro-triangulation.

Conclusion

We propose a time and space adaptive algorithm for the numerical approximation of the
Landau–Lifshitz–Gilbert equation. Under certain regularity assumptions on the exact solu-
tions, we show that the numerical approximation satisfies an energy inequality similar to that
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Figure 6.9. Example 6.4: Temporal development of τ (left) and the degrees of
freedom Nx (right) in case of the space- and time-adaptive algorithm.

of the exact solution. Numerical experiments demonstrate the advantages of the adaptive
algorithms over uniform approaches such as increased convergence speed (Example 6.1) or in-
creased stability (Example 6.3). Many interesting theoretical questions still remain open for
future research: Is the error estimator an upper bound for the error? Does the adaptive algo-
rithm converge towards the exact solution? Does the energy inequality (Theorem 1) hold under
reduced regularity assumptions?
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