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VARIATIONAL GAUSSIAN APPROXIMATION FOR THE

MAGNETIC SCHRÖDINGER EQUATION

SELINA BURKHARD, BENJAMIN DÖRICH, MARLIS HOCHBRUCK,

AND CAROLINE LASSER

Abstract. In the present paper we consider the semiclassical magnetic Schrö-

dinger equation, which describes the dynamics of particles under the influence
of a magnetic field. The solution of the Schrödinger equation is approximated

by Gaussian wave packets via the time-dependent variational formulation by

Dirac and Frenkel. For the numerical approximation we derive ordinary dif-
ferential equations for the parameters of the variational solution. Moreover,

we prove L2-error bounds and observable error bounds for the approximating

Gaussian wave packet.

1. Introduction

In the present paper we study the semiclassical magnetic Schrödinger equation

iε∂tψ(t) = H(t)ψ(t), ψ(0) = ψ0, t ∈ R, (1.1a)

on Rd with magnetic Hamiltonian

H(t) =
1

2

(
iε∇x +A(t, x)

)2
+ V (t, x), (1.1b)

and initial value ψ0 ∈ L2(Rd) with semiclassical parameter 0 < ε ≪ 1. Here, A is
a magnetic vector potential, and V is the electric potential. This equation arises in
the modeling of the quantum dynamics of nuclei in a molecule subject to external
magnetic fields. From a numerical point of view, solving this time-dependent par-
tial differential equation raises three major problems. First, it is a high-dimensional
problem, since the space dimension is typically given by d = 3N , where N is the
number of nuclear particles in the system. Further, the computational domain Rd
is naturally unbounded, and thus most numerical methods require truncation be-
fore discretization. For the method of lines (first discretize space, then time),
high dimension combined with an unbounded domain leads to inadequately if not
unattractably large systems that have to be integrated in time. Another challenge
is given by the high oscillations induced by the small semiclassical parameter ε. For
standard time integration schemes severe stepsize restrictions have to be imposed
and leave these methods impracticable.

We consider the case that the initial value ψ0 is strongly localized and given by
a Gaussian wave packet,

ψ0(x) = exp
( i
ε

(1
2
(x− q)TC(x− q) + (x− q)T p+ ζ

))
,
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proximation, observables.
Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) –

Project-ID 2587So 4477 – SFB 1173.

1
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where q, p ∈ Rd are the packet’s position and momentum center, C ∈ Cd×d is the
width matrix of the envelope, and ζ ∈ C a phase and weight parameter. For A = 0
it is well established that it is possible to reasonably approximate the solution
by a Gaussian wave packet with parameters that are evolved according to ordi-
nary differential equations. First studies in this direction are due to K. Hepp [22]
and G. Hagedorn [14] from the perspective of mathematical physics, and E. Heller
[20,21] as well as R. Coalson, M. Karplus [7] with already an eye on numerical com-
putation. The evolution equations for the parameters of all Gaussian wave packet
approximations can be classified in two categories:

Variational: The variational approach relies on the time-dependent Dirac–Frenkel
principle for deriving the parameter equations of motion. By the variational con-
struction, the Gaussian wave packet automatically inherits several conservation
properties of the exact solution.

Semiclassical: The semiclassical approach expands the wave packet ansatz with
respect to sthe semiclassical parameter ε and derives ε independent parameter
equations by matching terms with the same order.

Both types of ordinary differential equations have the advantageous property,
that their solutions are non-oscillatory. Both approximations have the same con-
vergence order with respect to the semiclassical parameter ε in L2-norm, and both
reproduce the exact solution for Schrödinger operators with linear magnetic po-
tential A and quadratic electric potential V . For a further discussion, we refer to
[6, Chapter 10.2] for a monograph that covers the semiclassical construction and
[26, Chapter II.4] or [25, Chapter 3] for a short book and a review presenting the
variational case. Our main contribution in this paper is to first show that for the
magnetic Schrödinger equation the variational approximation is still given by a
system of ordinary differential equations for the parameters defining the Gauss-
ian wave packet. Second, we prove rigorous error bounds for this approximation
in terms of the semiclassical parameter ε. The presented results generalize the
bounds established in [25, 26] to non-vanishing magnetic potentials A and further
allow for time-dependencies in both the electric and the magnetic potential. This
includes convergence in the L2-norm with order O(

√
ε) as well as for expectation

values of observables, which resemble certain measurable physical quantities of the
wave function, with order O(ε). Let us point out that the design and the analysis
of time integrators for the magnetic variational equations of motion are currently
under investigation.

Further wave packet results for A = 0. Hagedorn wave packets [14–16] are a
multivariate anisotropic generalization of the Hermite functions. They are Gaussian
wave packets with a polynomial prefactor, such that a family of them constitutes
an orthonormal basis of L2(Rd). In [1,9,11], time splitting integrators for Hagedorn
wave packet approximations are proposed, that combine parameter propagation by
ordinary differential equations with a Galerkin step. A spawning method for several
families of Hagedorn wave packets is introduced in [29]. For variational Gaussian
wave packets, a time splitting integrator, which is robust in the semiclassical pa-
rameter ε, is proposed in [10]. Recently in [28], the convergence of the expectation
value of position and momentum is studied for a Gaussian wave packet, whose pa-
rameters evolve non-variationally but with an ε correction to the usual semiclassical
construction. Due to the modification, the convergence rate is improved to O(ε3/2).
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Related wave packet results for A ̸= 0. The most general result for the semi-
classical wave packet approach is given in [30, Theorem 21] of the monograph by
D. Robert and M. Combescure. There, the propagation of Gaussian and Hagedorn
wave packets is covered for a general class of time-dependent Hamiltonian opera-
tors H(t), that includes the magnetic Schrödinger operator. The error analysis is
with respect to the L2-norm, but not for observables. The semiclassical construc-
tion there also receives corrections, such it can be accurate to order O(εk/2) for any
k ≥ 1. An extension of the Hagedorn Galerkin method [9] to the case of magnetic
Schrödinger equations is studied in [32], including an error analysis with respect
to the L2-norm. However, no error bounds for the observables are investigated
there. For linear magnetic potentials of a particular structure, in [12] a problem
adapted splitting method for Hagedorn wave packets is derived but without error
analysis. A slightly different approach, called the Gaussian wave packet transform,
is proposed for the magnetic Schrödinger equation in [33]. There, the ordinary
differential equations for the Gaussian parameters are the semiclassical ones except
for an additional term for the scalar parameter ζ.

Outline of the paper. The rest of the paper is structured as follows. For our
error analysis we introduce the analytical framework and the variational Gaussian
wave packet ansatz in Section 2. We present our main results in Section 3 includ-
ing the equations for the parameters, the conservation of different quantities, the
convergence in the L2-norm and the convergence of the observables. The proofs
of the corresponding results are given in Sections 4 to 7. A technical computation
regarding the symbols for the observables is postponed to Appendix A.

Notation. Throughout the paper, we denote by Lp(Rd) the classical Lebesgue
spaces, and by S(Rd) the Schwartz space of rapidly decreasing functions. Further,
we make use of the multiindex notation and let for α = (α1, . . . , αd) ∈ Nd0, x ∈ Rd,
f ∈ S(Rd)

|α| := α1 + . . .+ αd, xα := xα1
1 . . . xαd

d , ∂αf := ∂α1
1 . . . ∂αd

d f.

For a function W : Rd → RL, L ≥ 1, we define the average

⟨W ⟩u := ⟨u|Wu⟩ :=
∫
Rd

W (x)|u(x)|2 dx,

if the integral exists.

2. General setting

We first discuss the analytic framework for our analysis and introduce the Gauss-
ian wave packets. We further call some results on the wellposedness from the lit-
erature. For the vector potential we choose the Coulomb gauge, i.e. divA = 0. In
order to shorten notation, we rewrite the Hamiltonian in (1.1b) as

H(t) = −ε
2

2
∆ + iεA(t) · ∇+ Ṽ (t), Ṽ :=

1

2
|A|2 + V . (2.1)

Throughout this paper we make the following smoothness assumption on the
potentials.

Assumption 2.1. The scalar potential V : R × Rd → R and the vector valued
potential A = (Aj)j=1,...,d : R × Rd → Rd are infinitely often differentiable and in
addition



4 S. BURKHARD, B. DÖRICH, M. HOCHBRUCK, AND C. LASSER

(a) V is subquadratic, i.e. ∇kV is bounded for all k ≥ 2, and

(b) A is sublinear, i.e. ∇kA is bounded for all k ≥ 1.

If this assumption is satisfied, then it can be shown that the initial value problem
(1.1a) is well posed for initial values in a polynomially weighted scaled Sobolev space
defined as follows, cf. [30, Def. 1].

Definition 2.2. Let l,m ∈ N0 and ε ∈ (0,∞) and let φ be a sufficiently regular
function such that

|φ|α,β;ε :=
∥∥ε|β|xα∂βφ∥∥

L2 <∞ (2.2)

for all multiindeces α, β ∈ Nd0 with |α| ≤ l, |β| ≤ m. Further, we define the space

Σεl,m :=
{
φ ∈ L2(Rd)

∣∣ |φ|α,β;ε <∞ ∀ |α| ≤ l, |β| ≤ m
}

and equip it with the norm

∥φ∥l,m;ε :=
∑

|α|≤l, |β|≤m

|φ|α,β;ε <∞.

Note that the space Σεl,m is in fact independent of ε since the norms for different
values of ε are equivalent. However, the following wellposedness result shows that
the seminorm (2.2) of the solution of (1.1a) can be bounded in terms of the initial
data with a constant being independent of ε.

Theorem 2.3 ([30, Prop. 123]). Let Assumption 2.1 hold and let t ∈ R.
(a) There exists a unitary evolution family (U(t, s))t,s∈R on L2(Rd) such that

for all ψ0 ∈ L2(Rd) the solution ψ of (1.1a) is given by

ψ(t) = U(t, 0)ψ0. (2.3)

(b) Let ψ0 ∈ Σεl,m for some l,m ∈ N0 and let ψ be the solution of (1.1a). Then
we have

∥ψ(t)∥l,m;ε ≤ Cl,meCl,mt∥ψ0∥l,m;ε,

where CT,α,β is independent of ε.

In the case of time-independent potentials the evolution family (U(t, s))t,s∈[0,T ]

reduces to the unitary group (e−it/εH)t∈R on L2(Rd) which commutes with the
Hamiltonian.

Following [25, Chapter 3], we approximate the solution ψ of (1.1a) in the mani-
fold M of Gaussian wave packets given by

M =
{
g ∈ L2(Rd)

∣∣ g(x) = exp
( i
ε

(1
2
(x− q)TC(x− q) + (x− q)T p+ ζ

))
,

q, p ∈ Rd, C = CT ∈ Cd×d, Im C positive definite, ζ ∈ C
}
. (2.4)

The approximating Gaussian wave packet is characterized by the Dirac–Frenkel
variational formulation, cf. [25, 26]: seek u(t) ∈ M such that for all t ∈ [0, T ] it
holds

∂tu(t) ∈ Tu(t)M,
〈
iε∂tu(t)−H(t)u(t)|v

〉
= 0 for all v ∈ Tu(t)M,

with initial value u(0) = u0 ∈ M. Using the projection Pu : L2(Rd) → TuM we
can equivalently write

iε∂tu(t) = Pu(t)
(
H(t)u(t)

)
, u(0) = u0 ∈ M. (2.5)
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Remark 2.4. In the time-independent and non-magnetic case, one can also treat
initial values ψ0 /∈ M using thawed and frozen Gaussians, see [25, Ch. 5]. The
extension to the case (1.1b), however, is beyond the scope of the present work.

For the manifold M defined in (2.4) the tangent space TuM takes the following
simple form.

Lemma 2.5 ([25, Lemma 3.1]). For u ∈ M we have

TuM = {φu |φ d-variate complex polynomial of degree at most 2} .

The approximation by Gaussian wave packets seems appropriate due to the fol-
lowing exactness result, which is a consequence of Lemma 2.5 together with (2.5)
and Theorem 2.3.

Proposition 2.6 ([25, Prop. 3.2]). Let V (t, ·) be quadratic and A(t, ·) be linear in
space for all t ∈ [0, T ]. If ψ0 ∈ M, then the variational approximation u defined by
(2.5) is exact, i.e., u(t) = ψ(t), where ψ denotes the solution of (1.1a).

In the next section we derive a system of ordinary differential equations to de-
termine parameters of the variational solution u ∈ M and present error bounds for
the variational approximation.

3. Main results

In the remaining paper we consider (1.1a) and (2.5) for initial data satisfying

ψ0 = u0 ∈ M and ∥u0∥L2 = 1. (3.1)

Our first step is to derive equations of motions for the parameters defining the
variational solution u. Then we show that in the limit ε→ 0, these equations tend
to classical equations of motions. Moreover, we study geometric properties of the
solution and the variational approximation. Finally, we state error bounds for the
solution in the L2-norm and for averages of observables. Our work generalizes the
results in [25] in the sense that we treat time-dependent, magnetic Hamiltonians.
For the sake of readability, we postpone the proofs to Sections 4 to 7.

3.1. Semiclassical equations of motion. In order to write equations of motion
for the parameters of a Gaussian wave packet u ∈ M we use the short notation

CR = Re C, CI = Im C,

v = (vj)
d
j=1 ∈ Cd, A = (Aj)

d
j=1,

JA =
(
∂jAk

)d
j,k=1

, (D2
A,v)k,l =

∑d
j=1∂l∂kAjvj .

We start by deriving two equivalent sets of equations for 0 < ε ≪ 1. In the
following section, we discuss the limit ε → 0 and show that the two sets lead to
different formulations of classical equations of motion for charged particles in a
magnetic field.
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Theorem 3.1. Let u0 satisfy (3.1) and be given by its parameters q0, p0, C0, ζ0
defined in (2.4). Then, the parameters of the solution u ∈ M of (2.5) satisfy

q̇ = p− ⟨A⟩u, (3.2a)

ṗ =
ε

2

〈
∇tr

(
JTACRC−1

I

)〉
u
+ ⟨JA⟩Tu p− ⟨∇Ṽ ⟩u, (3.2b)

Ċ = −C2 + ⟨D2
A,p⟩u + ⟨JA⟩TuC + C⟨JA⟩u − ⟨∇2Ṽ ⟩u. (3.2c)

+
ε

2

〈
∇2tr

(
JTACRC−1

I

)〉
u
,

ζ̇ =
1

2
|p|2 + ε

2

〈
tr
(
JTACRC−1

I

)〉
u
+

iε

2
tr(C) (3.2d)

− ε

4
tr
(
C−1
I

(ε
2

〈
∇2tr

(
JTACRC−1

I

)〉
u
+ ⟨JA⟩Tu CR + CR⟨JA⟩u + ⟨D2

A,p⟩u
))

− ⟨Ṽ ⟩u +
ε

4
tr
(
C−1
I

〈
∇2Ṽ

〉
u

)
,

with initial data (q(0), p(0), C(0), ζ(0)) = (q0, p0, C0, ζ0).

The proof of Theorem 3.1 is given in Section 4.

Remark 3.2. In order to solve (3.2) numerically, one might adapt the Boris algo-
rithm originally proposed in [2] and recently analyzed in [17,18]. This algorithm is
constructed for the classical equations of motion for charged particle systems. De-
tails or an efficient numerical algorithm are ongoing work which will be presented
elsewhere.

An alternative approach presented in [25] makes use of a factorization of the
width matrix C due to Hagedorn. For the magnetic Schrödinger equation, it leads
to differential equations for the factors of C instead of (3.2c). By [25, Lemma 3.16],
we can write

C = PQ−1 and Im C = (QQ∗)−1, (3.3)

with complex, invertible, and symplectic matrices P and Q. The latter means that
for

Y :=

(
ReQ ImQ
ReP ImP

)
and J :=

(
0 −Id
Id 0

)
∈ R2d×2d (3.4)

it holds Y TJY = J , or equivalently

QTP − PTQ = 0, (3.5a)

Q∗P − P ∗Q = 2i Id. (3.5b)

In fact, if Q and P are complex matrices satisfying (3.5), then Q and P are invert-
ible and the matrix C = PQ−1 is symmetric with positive definite imaginary part
(QQ∗)−1. This allows us to write the Gaussian wave packet (2.4) as

u(·, x) = exp
( i
ε

(1
2
(x− q)TPQ−1(x− q) + pT (x− q) + ζ

))
(3.6)

and to derive equations of motion for the parameters (q, p,Q, P, ζ).

Theorem 3.3. Let u0 satisfy (3.1) and be given by the parameters q0, p0, C0, ζ0.
Then the Gaussian wave packet (3.6) with parameters (q, p,Q, P, ζ) solving

Q̇ = P − ⟨JA⟩uQ,

Ṗ = ⟨JA⟩TuP +
ε

2

〈
∇2tr

(
JACRC−1

I

)〉
u
Q+

〈
D2
A,p

〉
u
Q−

〈
∇2Ṽ

〉
u
Q,
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and (3.2a), (3.2b), and (3.2d) is the variational solution (2.5) with initial data

(q(0), p(0), C(0), ζ(0)) = (q0, p0, C0, ζ0).

If the initial matrices Q0 and P0 are symplectic, then Q(t) and P (t) are symplectic
for all times t ≥ 0.

In [24], the same equations (3.7) are derived using a different approach and the
authors show that the flow of (3.7) is symplectic. The proof of Theorem 3.3 is given
in Section 4.

3.2. Equations of motion in the limit ε → 0. The classical, time-dependent
Hamiltonian function for charged particles in a magnetic field is given by

h(t, q, p) =
1

2
|p|2 −A(t, q) · p+ 1

2
|A(t, q)|2 + V (t, q), (3.8)

cf. [13, 19]. The Hamiltonian function (3.8) induces the non-autonomous classical
Hamiltonian system(

q̇(t)
ṗ(t)

)
= J−1∇h(t, q(t), p(t))

=

(
p(t)−A(t, q(t))

JTA (t, q(t))p(t)− 1
2∇|A(t, q(t))|2 −∇V (t, q(t))

) (3.9)

with initial data q(s) = qs, p(s) = ps and with J defined in (3.4). We denote by

Φt,s : R2d → R2d, (qs, ps) 7→ (qs(t), ps(t))

the classical flow, which maps initial values at time s to the solution of (3.9) at
time t and abbreviate Φt,0 := Φt.

The bound in [25, Lemma 3.15] states that ⟨·⟩u tend to point evaluations at q as
ε→ 0, i.e., ⟨A⟩u → A(q). Hence, we observe that the magnetic equations of motion
(3.2a) and (3.2b) tend to classical equations (3.9) as ε→ 0 and (3.2d) to

ζ̇ =
1

2
|p|2 − Ṽ (·, q).

In order link the set of equations (3.7) to classical mechanics, we consider the
linearization of (3.8) along the position and momentum parameters (q, p), i.e.,(

Q̇

Ṗ

)
= J−1∇2h(·, p, q)

(
Q
P

)
=

(
P − JA(·, q)Q(

D2
A(·,q),p −∇2Ṽ (·, q)

)
Q+ JA(·, q)TP

)
.

(3.10)

By the same reasoning, we observe that the equations (3.7) tend to the linearized
equations classical equations (3.10) as ε→ 0.

3.3. Averages. A further remarkable property of Gaussian wave packets is the
conservation of several physical quantities. In the following, we recall the definitions
of the linear and angular momentum for quantum dynamical systems.

Let x = (x1, . . . , xN ), where xk ∈ R3, k = 1, . . . , N and d = 3N , be position
variables. We recall the follwoing definition given in [25, Chapter 3].
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Definition 3.4. (a) The quantum mechanical total linear momentum operator is
given by

P := −iε

N∑
k=1

∇xk
.

(b) The quantum mechanical total angular momentum operator is given by

L :=

N∑
k=1

xk × (−iε∇xk
) = −iε

N∑
k=1

xk2∂k3 − xk3∂k2
xk3∂k1 − xk1∂k3
xk1∂k2 − xk2∂k1

 .

Next, we state sufficient conditions on the potentials A and V , which lead to the
conservation of averages of the observables from Definition 3.4.

Definition 3.5. We call a potential W = (Wj)j=1,...,d : (R3)N → Rd

(a) translation invariant, if

Wj(x1, . . . , xN ) =Wj(x1 + r, . . . , xN + r),

for all r ∈ R3 and j = 1, . . . , d,

(b) rotation invariant if for all orthogonal matrices R ∈ R3×3 with detR = 1 it
holds

Wj(x1, . . . , xN ) =Wj(Rx1, . . . , RxN ),

where j = 1, . . . , d.

In the next lemma we provide a representation for the energy and state conser-
vation properties of the momenta.

Lemma 3.6. The following assertions hold.

(a) We have ∥ψ(t)∥L2 = ∥u(t)∥L2 = ∥u0∥L2 for all 0 ≤ t ≤ T .

(b) If the potentials A and V are both time-independent, then

⟨H⟩ψ(t) = ⟨H⟩ψ0
and ⟨H⟩u(t) = ⟨H⟩u0

.

(c) For φ = ψ, u the energy ⟨H⟩φ is given by

⟨H(t)⟩φ(t) = ⟨H(0)⟩φ(0) +
∫ t

0

〈
iε∂sA(s) · ∇

〉
φ(s)

+
〈
∂sṼ (s)

〉
φ(s)

ds.

(d) For P and L from Definition 3.4 we have:
(i) If V and A = (Aj)

d
j=1 given in Assumption 2.1 are invariant under trans-

lations

⟨P⟩ψ(t) = ⟨P⟩ψ0
and ⟨P⟩u(t) = ⟨P⟩u0

.

(ii) If Ṽ defined in (2.1) is invariant under rotations and A(·, x) = α(·)x for
some α(·) ∈ R, then

⟨L⟩ψ(t) = ⟨L⟩ψ0
and ⟨L⟩u(t) = ⟨L⟩u0

.

The proof of Lemma 3.6 is given in Section 6.
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3.4. L2-error bound. In this section, we present the approximation property of
the Gaussian wave packet with respect to to the L2-norm. Since our error bounds
depend on parameters characterizing the Gaussian wave packet in (2.4), we first
consider the boundedness of these parameters up to a time T specified by ODE-
theory.

Lemma 3.7. There exists a time T > 0, such that the set of equations (3.2) is
well posed on [0, T ] independently of ε. Furthermore, the solution parameters are
bounded independently of ε, i.e.

|ν| ≤ cν0 , for all ν ∈ {q, p, C, ζ},

uniformly on [0, T ], where cν0 depends on the initial values and on the potentials
V,A.

We note that by Theorem 3.3 the matrix CI is invertible for all t ∈ [0, T ]. To
formulate the following results, we denote by ρ > 0 the lower bound on the smallest
eigenvalue of CI on [0, T ]. For a discussion of relevant time scales on which ρ is
sufficiently large compared to ε, called the Ehrenfest time, we refer to [25, Sec. 3.6].
With this, we can state our approximation result.

Theorem 3.8. Let ψ, u be the solution of (1.1a) and (2.5), respectively, and let
u0 satisfy (3.1). Then the error bound

∥ψ(t)− u(t)∥L2 ≤ tc
√
ε, t ∈ [0, T ],

holds with a constant c which depends on ρ, the bounds on the parameters from
Lemma 3.7 and on the potentials, but is independent of ε and t.

We provide the details and the proof of the theorem in Section 5.

3.5. Observable error bound. In classical mechanics physical states are de-
scribed by the position and momentum parameters q, p ∈ Rd. Observables are
functions depending smoothly on (q, p) ∈ Rd×d, see, for example, [19,31]. Classical
mechanics can be linked to quantum mechanics via Weyl quantization, which asigns
a classical observable to a quantum mechanical one using semiclassical Fourier
transformation, cf. [8, Thm. 4.14] or [19, 27]. Formally, for φ ∈ S(Rd) and an
observable a, we define

opWeyl(a)φ(x) :=
1

(2πε)d

∫
R2d

a
(x+ q

2
, p
)
eip·(x−q)/εφ(q) d(q, p). (3.11)

The Weyl quantization of the projections to the first or second component of the
classical variables are

opWeyl(p)φ = iε∇φ and opWeyl(q)φ = xφ.

Relevant quantum mechanical observables are, e.g., unbounded multiplication oper-
ators or derivatives with respect to the space variable x. To cover these, we consider
observables stemming from polynomially bounded classical observables, cf. [8]. In
this case, we also incorporate suitable seminorms from Definition 2.2, see also [30].
The class of admissible symbols is defined in the following.

Definition 3.9. (a) For ω ∈ Rd we set

⟨ω⟩ :=
√
1 + |ω|2,
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and for l,m ∈ N0 we define the class of polynomially bounded classical symbols
as

S(l,m) :=

{
a ∈ C∞(Rd × Rd)

∣∣∣∣∣ ∀α ∈ N2d
0 ∃Cα > 0 such that

|∂αa(q, p)| ≤ Cα⟨q⟩l⟨p⟩m ∀q, p ∈ Rd

}
.

(b) We denote the set of bounded symbols by S0 := S(0, 0).

Further examples of physically relevant observables stemming from classical sym-
bols are

opWeyl(|p|2)ψ(x) = −ε2∆ψ(x)

and

opWeyl(A(q) · p)ψ(x) = −(A(x) · iε∇)ψ(x).

In order to state our approximation result for observables, let us consider for any
z ∈ R2d the ordinary differential equation

˙̃z(t) = −J∇zh(t, z̃(t)), (3.12a)

z̃(s) = z, (3.12b)

which is a reformulation of (3.9). Since h(t) is subquadratic, this ordinary differen-
tial equation has a globally Lipschitz continuous right-hand side, and the Picard–
Lindelöf theorem provides a unique global solution

R → R2d, t 7→ z̃(t) = Φt,s(z).

The Jacobian of Φt,s(z) is a symplectic matrix and thus invertible. Hence, by the
inverse function theorem, the mapping Φt,s : R2d → R2d is a diffeomorphism. In
addition, the map (Φt,s)−1 inherits the regularity of Φt,s. More details and the
proof will be given in Section 7.

Theorem 3.10. Let ψ, u be the solution of (1.1a) and (2.5), respectively, and let
u0 satisfy (3.1). Moreover, let A = opWeyl(a) be an observable stemming from a
classical observable a. Further, assume that for j,m, l, k ∈ N0

(a) a ◦ (Φt,s)−1 ∈ S(j,m),

(b) A ∈ S(k, 0), and V ∈ S(l, 0).

Then for n := max{2k + 3, l + 3, k + 4} we have the error bound∣∣〈ψ(t)|Aψ(t)〉− 〈u(t)|Au(t)〉∣∣ ≤ tcε∥u(t)∥M(m,d),n+j;ε,

where c depends on the parameters, on the potentials, and on a, but is independent
of ε and t. The index M(m, d) only depends on m and d.

Note that the convergence in the observables is of order O(ε) while the con-
vergence in the L2-norm presented in Theorem 3.8 is of order O(

√
ε). This is in

alignment with the results obtained in [25]. The rest of the paper is devoted to the
proofs of the results presented in this section.

4. Equations of motions: proof of Theorems 3.1 and 3.3

In this section we derive equations of motion for the parameters (q, p, C, ζ) as
well as for the factorization matrices Q and P . To do so, we compute both sides of
(2.5) and compare the coefficients.
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Proof of Theorem 3.1. In order to use the projection formula derived in [25, Prop. 3.14]
for (2.5), we observe that derivatives with respect to x of a Gaussian wave packet
turn into scalar functions of x times u. In particular, we have

iεA · ∇u = −A ·
(
C(x− q) + p

)
u,

−ε
2

2
∆u =

(1
2
(x− q)TC2(x− q) + pTC(x− q) +

1

2
|p|2 − iε

2
tr(C)

)
u,

and for the time derivative it holds that

iε∂tu(·, x) =
(
−1

2
(x− q)T Ċ(x− q) + q̇TC(x− q)− ṗT (x− q) + pT q̇ − ζ̇

)
u.

Motivated by the classical magnetic Hamiltonian system (3.9), we eliminate one
degree of freedom by setting q̇ = p − ⟨A⟩u, see [13, 19]. Incorporating the above
formulas, we compare the coefficients in x on both sides of (2.5) and arrive at
equations of motions of the form

q̇ = p− ⟨A⟩u,

ṗ =
〈
JTACR(x− q)

〉
u
+
〈
JA
〉T
u
p−

〈
∇Ṽ

〉
u
,

Ċ = −C2 +
〈
D2
A,CR(x−q)

〉
u
+
〈
D2
A,p

〉
u
+
〈
JA
〉T
u
C + C

〈
JA
〉
u
−
〈
∇2Ṽ

〉
u
,

ζ̇ =
1

2
|p|2 +

〈
ATCR(x− q)

〉
u
+

iε

2
tr(C)

− ε

4
tr
(
C−1
I

(〈
D2
A,CR(x−q)

〉
u
+ ⟨JA⟩Tu CR + CR⟨JA⟩u + ⟨D2

A,p⟩u
))

− ⟨Ṽ ⟩u +
ε

4
tr
(
C−1
I

〈
∇2Ṽ

〉
u

)
.

It remains to extract the additional power of ε from the terms that contain the
difference x− q. From

|u(x)|2 = exp
(
−1

ε
(x− q)TCI(x− q)− 2

ε
Im ζ

)
we obtain the derivative

∇|u(x)|2 = −2

ε
CI(x− q)|u(x)|2, (4.1)

and apply integration by parts to obtain〈
ATCR(x− q)

〉
u
=
〈
ATCRC−1

I CI(x− q)
〉
u

=

∫
Rd

ATCRC−1
I CI(x− q)|u(x)|2dx

=
ε

2

〈
tr
(
JTACRC−1

I

)〉
u
.

Similarly, we gain an order of ε for(〈
JTACR(x− q)

〉
u

)
i
=
(〈
JTACRC−1

I CI(x− q)
〉
u

)
i
=
ε

2

〈
∂itr

(
JTACRC−1

I

)〉
u
,
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as well as for(〈
D2
A,CR(x−q)

〉
u

)
ij
=
(〈
D2
A,CRCIC−1

I (x−q)

〉
u

)
ij

=
〈 d∑
k,l,m=1

∂i∂jAkCR,kl(C−1
I )lm

d∑
n=1

CI,mn(xn − qn)
〉
u

=
ε

2

〈 d∑
k,l,m=1

∂m∂i∂jAkCR,kl(C−1
I )lm

〉
u
.

By the identity

∂ijtr
(
JTACRC−1

I

)
=

d∑
k,m,l=1

∂ij∂mAkCR,kl(C−1
I )lm,

we conclude the equations of motion stated in (3.2). □

We now turn to the equations of motion for the Hagedorn factorization (3.3).
The idea is to show that the product PQ−1 solves the same differential equation
as C and conclude with the uniqueness of the variational solution u.

Proof of Theorem 3.3. We employ the differential identity

∂t(Q
−1) = −Q−1∂tQQ

−1,

and use (3.7) to find that C = PQ−1 satisfies the differential equation with ∂tQ = Q̇

Ċ = P∂t(Q
−1) + ṖQ−1

= −PQ−1Q̇Q−1 + ṖQ−1

= −PQ−1 (P − ⟨JA⟩uQ)Q−1

+
(〈
D2
A,CR(x−q)

〉
u
Q+

〈
D2
A,p

〉
u
Q+ ⟨JA⟩TuP −

〈
∇2Ṽ

〉
u
Q
)
Q−1

= −C2 + C⟨JA⟩u +
〈
D2
A,CR(x−q)

〉
u
+
〈
D2
A,p

〉
u
+ ⟨JA⟩TuC −

〈
∇2Ṽ

〉
u
,

which are the differential equations for C in (3.2c).
Concerning the symplectic relation in (3.5), we have

∂t(Q
TP − PTQ) = Q̇TP +QT Ṗ − ṖTQ− PT Q̇,

and

Q̇TP = PTP −QT ⟨JA⟩TuP

QT Ṗ = QT
(〈
D2
A,CR(x−q)

〉
u
+
〈
D2
A,p

〉
u
−
〈
∇2Ṽ

〉
u

)
Q+QT ⟨JA⟩TuP

ṖTQ = QT
(〈
D2
A,CR(x−q)

〉T
u
+
〈
D2
A,p

〉T
u
−
〈
∇2Ṽ

〉T
u

)
Q+ PT ⟨JA⟩uQ

PT Q̇ = PTP − PT ⟨JA⟩uQ.

The same calculation holds for ∂t(Q
∗P − P ∗Q) with ∗ replaced by T . Since p, q, A

and V are real valued, we conclude

∂t(Q
∗P − P ∗Q) = Q̇∗P +Q∗Ṗ − Ṗ ∗Q− P ∗Q̇ = 0,

which means that (3.5) holds true for all times. □
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5. L2-error bound: proof of Lemma 3.7 and Theorem 3.8

This section is devoted to the wellposedness of the equations of motion (3.2) and
the approximation quality of the variational solution in the L2-norm.

We first state the following lemma which will be used frequently to obtain error
bound with respect to ε. We recall that the lower bound on the eigenvalues of CI
was denoted by ρ > 0.

Lemma 5.1 ([25, Lemma 3.8]). For any m ≥ 0 there exists a constant cm such
that for all ε > 0 it holds

(πε)−
d
4 det(Im C) 1

4

(∫
|x|2m exp

(
− 1

ε
xTCIx

)
dx
) 1

2 ≤ cm

( ε
ρ

)m
2

,

where cm is independent of ε and ρ.

We now prove the wellposedness result for (3.2) and show the boundedness of
the parameters solving (3.2).

Proof of Lemma 3.7. We show that the right-hand side of (3.2) satisfies a local
Lipschitz condition with Lipschitz constant independent of ε. To this end it is
sufficient if the derivatives with respect to parameters q, p, CR, CI, ζ are bounded on
a bounded domain.

The potentials in the averages of the equations of motion in (3.2) do not depend
on ε. However, we need to carefully treat the absolute values of the Gaussian wave
packet, since they contain ε in the denominator. By the chain rule, it is sufficient

to first calculate the derivatives of averages of some arbitrary potential Û , which is
independent of the parameters. Then, the average has the form

⟨Û⟩u =

∫
Û(x)|u(x)|2 dx

=

√
det(CI)
(πε)

d
2

∫
Û(x) exp

(
−1

ε
(x− q)TCI(x− q)

)
dx,

from which we see that, in this case, the average only depends on q and CI. Let u
be a Gaussian wave packet with ∥u∥L2 = 1. By (4.1) we obtain

∂q exp

(
−1

ε
(x− q)TCI(x− q)

)
=

2

ε
CI(x− q) exp

(
−1

ε
(x− q)TCI(x− q)

)
= −∇|u(x)|2,

thus, using integration by parts, the derivative of the average with respect to to q
is given by

∂q⟨Û(x)⟩u = ⟨∇Û(x)⟩u.

We continue with derivatives with respect to CI. For a differentiable matrix func-
tion F : Rd×d → R and a general invertible, symmetric matrix M = (mij)i,j=1,...,d

we define the componentwise derivation matrix

∂MF (M) := (∂mijF (M))i,j=1,...,d ∈ Rd×d.

By [23, Part 0.8.10] we have

∂Ma
TMb = abT and ∂M det(M) = det(M)M−1
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and consequently,

∂M
√
det(M) =

1

2

√
det(M)M−1.

Hence, it follows that

∂CI
exp

(
−1

ε
(x− q)TCI(x− q)

)
= −1

ε
(x− q)(x− q)T exp

(
−1

ε
(x− q)TCI(x− q)

)
and

∂CI⟨Û(x)⟩u = −1

ε

〈
(x− q)(x− q)T Û(x)

〉
u
+

1

2
I−1

〈
Û(x)

〉
u
.

By Lemma 5.1 we have
∣∣〈(x−q)(x−q)T Û(x)

〉
u

∣∣ ≤ Cε for parameters on a bounded
domain.

For potentials depending on the parameters, we use again that we are on a
bounded domain and that the dependence on ε of the potentials in (3.2) is such
that ε does not enter the denominator. □

We now turn to the L2-error bound and adapt the proof of [25, Lemma 3.5] to

the magnetic case and note that the multiplication potential Ṽ is already covered.
In order to demonstrate the dependence of the constant in the error bound, we
carry out the proof for the advection term.

Proof of Theorem 3.8. From the proof of [25, Lemma 3.5] with the potentials Ṽ
and

Y := A · (C(x− q) + p) (5.1)

we know that ∥∥ψ(t)− u(t)
∥∥
L2 ≤

∫ t

0

1

ε

∥∥W̃qu+Wqu
∥∥
L2 ds,

where

Wq =
1

2

∑
|α|=3

(x− q)α
∫ 1

0

(1− θ)2∂αY
(
q + θ(x− q)

)
dθ

denotes the remainder of the second order Taylor polynomial of Y around the q

and W̃q is the remainder for Ṽ . Following the proof of [25], we bound
∥∥Wqu

∥∥
L2 by

finding a bound on ∂αY
(
q + θ(x− q)

)
, which then leads us to

|Wq(·, x)|2 ≤ C|x− q|6.
By norm conservation and Lemma 5.1 the claim then follows. For the third deriv-
ative of ∂lmnY where l,m, n = 1, . . . , d, we have

∂lmnY =

d∑
j,k=1

∂lmnAj
(
Cjk(xk − qk) + pj

)
+

d∑
j=1

∂lmAjCjn +

d∑
j=1

∂lnAjCjm +

d∑
j=1

∂mnAjCjl.

(5.2)

The term x− q in (5.2) evaluated at q + θ(x− q) has the form

d∑
j,k=1

∂lmnAjCjkθ(xk − qk).
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By Lemma 5.1 we gain additional orders of ε, and we thus neglect the first summand
in (5.2). The remaining terms are bounded again using Lemma 5.1. □

6. Expectation values: proof of Lemma 3.6

In this section we adapt the proofs of [25, Section 3.2] on conservation properties
to the time-dependent, magnetic case. Due to time-dependence, the energy will not
be a conserved quantity.

Let ψ be the exact solution of (1.1a) and u the variational solution (2.5) such
that (3.1) holds.

Proof of Lemma 3.6. The proof of norm conservation and the energy formula can
be done in the same way as in [25]. We only show the conservation of total linear
and angular momentum.

By [26, Theorem 1.3] or [10, Lemma 4.1] it is sufficient to show that H(t) com-
mutes with P and L, respectively, for each t ∈ [0, T ]. By [25] it follows that
PAkj = 0 for all k ∈ {1, . . . , N} and j ∈ {1, 2, 3}. We further calculate

P(A · ∇)ψ =

N∑
k=1

3∑
j=1

(PAkj )∂kjψ +AkjP∂kjψ = (A · ∇)Pψ.

Furthermore, a tedious calculation shows that (A ·∇)Lψ = L(A ·∇)ψ if and only if

N∑
l=1

Al2∂l3 −Al3∂l2
Al3∂l1 −Al1∂l3
Al1∂l2 −Al2∂l1

ψ =

N∑
k=1

3∑
j=1

N∑
l=1

xl2(∂l3Akj )∂kj − xl3(∂l2Akj )∂kj
xl3(∂l1Akj )∂kj − xl1(∂l3Akj )∂kj
xl1(∂l2Akj )∂kj − xl2(∂l1Akj )∂kj

ψ
holds true. This condition is fulfilled if

∂lmAkj = αδlm,kj und Aln = αxln

holds true for some α ∈ R, j, n,m ∈ {1, 2, 3}, and k, l ∈ {1, . . . , N} and thus, if
A(·, x) = α(·)x holds. □

7. Error bound for averages of observables: proof of Theorem 3.10

In this section we give the proof of Theorem 3.10, which generalizes [25, Thm. 3.5]
for the magnetic case. We consider the Weyl quantization introduced in Section 3,
which maps a classical observable to a quantum operator. For our analysis we allow
the classical observable to depend on the variable x, i.e.

ã : R3d → R, (x, q, p) 7→ ã(x, q, p). (7.1)

For the symbol classes including classical observables depending on x we use the
same notation as before

S(k, l,m) :=

{
ã ∈ C∞(R3d)

∣∣∣∣∣ ∀α ∈ N3d
0 ∃Cα > 0 s.t. ∀x, q, p ∈ Rd :

|∂αã(x, q, p)| ≤ Cα⟨x⟩k⟨q⟩l⟨p⟩m

}
(7.2)

and S0 := S(0, 0, 0).
For a bounded classical observable with bounded derivatives its Weyl quantiza-

tion defines a bounded operator on L2(Rd), cf. [8, 27].



16 S. BURKHARD, B. DÖRICH, M. HOCHBRUCK, AND C. LASSER

Proposition 7.1 (Caldéron–Vaillancourt, [27, Thm. 2.8.1]). Let ã be a classical
observable as in (7.1) which is bounded with bounded derivatives. Then opWeyl(ã)

defines a bounded operator opWeyl(ã) : L
2(Rd) → L2(Rd),∥∥opWeyl(ã)

∥∥
L2 ≤ Cd

(
Cã + C̃ã,d

√
ε
)
,

where

Cã = max
(x,q,p)∈R3d

|ã(x, q, p)|,

the constant Cd depends on the dimension d, and C̃ã depends on higher order
derivatives of ã and on d.

If we consider polynomially bounded symbols, Proposition 7.1 is not applicable.
We will prove a variant, which is adapted to these kinds of symbols. A similar
result without semiclassical scaling is shown in [30, Thm. 48].

Proposition 7.2. Let a ∈ S(l,m) and φ ∈ ΣεM(m,d),l for l,m ∈ N0. Furthermore,

for α ∈ N2d
0 let Cα be the constants in (a) in Definition 2.2 and Cd the constant

from Proposition 7.1. Then we have∥∥opWeyl(a)φ
∥∥
L2 ≤ CdC0Cl,m∥φ∥M(m,d),l;ε +O(

√
ε),

where Cα Cd and ∥φ∥k,l;ε enter in O(
√
ε), for |α| ≥ 1.

Before we give the proof, we need an auxiliary result. To this end we introduce
the auxiliary differential operators, cf. [8, Thm. 4.14],

Lq :=
1

1 + |p|2
(1 + iεp · ∇q) and Lp :=

1

1 + |x− q|2
(1− iε(x− q) · ∇p), (7.3)

which satisfy

Lqe
ip·(x−q)/ε = eip·(x−q)/ε and Lpe

ip·(x−q)/ε = eip·(x−q)/ε. (7.4)

In the following lemma, we state how these operators map between the classes
of classical symbols from Definition 2.2.

Lemma 7.3. Consider a symbol a ∈ S(l,m), and the operators defined in (7.3).
Then, there is a function b : R3d → R with

b
(
x,
x+ q

2
, p
)
= LkqL

l
pa
(x+ q

2
, p
)
, (7.5)

and the symbol

ã(x, q, p) := ⟨2q − x⟩−l⟨p⟩k−mb(x, q, p) (7.6)

satisfies ã ∈ S0, where the class of symbols was defined in (7.2).

For the sake of readability, we postpone the proof of Lemma 7.3 to Appendix A.

Proof of Proposition 7.2. First note that it suffices to consider Schwartz functions
ϕ ∈ S(Rd). The idea is to reduce the problem such that we can make use of
Proposition 7.1. Due to (7.4), we can rewrite the integral (3.11) for arbitrary
k, j ∈ N0 as

opWeyl(a)φ(x) =
1

(2πε)d

∫
R2d

a
(x+ q

2
, p
)
LjpL

k
q

(
eip·(x−q)/ε

)
φ(y) d(q, p),
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and apply the integration by parts formula to obtain

opWeyl(a)φ(x) =
(−1)m+l

(2πε)d

m∑
k=0

∫
R2d

Lm−k
q Llpa

(x+ q

2
, p
)
eip·(x−q)/εLkqφ(q) d(q, p).

We investigate the integrands

Ik(x, q, p) = Lm−k
q Llpa

(x+ q

2
, p
)
eip·(x−q)/εLkqφ(q)

separately in order to apply Proposition 7.1, and insert

Ik(x, q, p) =
(
⟨p⟩−k⟨q⟩−lLm−k

q Llpa
(x+ q

2
, p
))

eip·(x−q)/ε⟨q⟩l⟨p⟩kLkqφ(q)

= ã
(
x,
x+ q

2
, p
)
eip·(x−q)/ε⟨q⟩l⟨p⟩kLkqφ(q)

where ã was defined in (7.6). Since it holds for 0 ≤ k ≤ m∥∥⟨q⟩l⟨p⟩kLkqφ∥∥L2 ≤ C∥φ∥m,l;ε,
again Lemma 7.3 together with Proposition 7.1 yields the assertion. □

The following generalization of [25, Section 6.7] gives a useful representation
for the observable error. To this end, let U(t, s) be an evolution family and A a
Weyl-quantized observable. We introduce the notation

Ã(t, s) := U(s, t)AU(t, s), t, s ∈ [0, T ]. (7.7)

Lemma 7.4. Let ψ be the solution of (1.1a) and u the solution of (2.5). If the
initial value ψ0 = u0 ∈ M is a Gaussian wave packet with ∥u0∥L2 = 1, then the
error of the observables takes the form〈

ψ(t)|Aψ(t)
〉
−
〈
u(t)|Au(t)

〉
=

∫ t

0

1

iε

〈
u(s)

∣∣∣[Wu(s), Ã(t, s)
]
u(s)

〉
ds. (7.8)

The remainder potential Wu is given by

Wu = (X(q)− ⟨X⟩u − εα̃) + (∇X(q)− ⟨∇X⟩u)T (x− q)

+
1

2
(x− q)T

(
∇2X(q)− ⟨∇2X⟩u

)
(x− q) +Wq + W̃q,

(7.9)

with X = Y + Ṽ defined in (5.1) and (2.1), respectively, and Wq, W̃q being the

remainder potential of the Taylor expansion of Y and Ṽ around q, respectively.

Proof. Let U(t, s) be the evolution family, such that the exact solution of (1.1a) is
given by (2.3). Using ψ0 = u0 and U(t, t) = Id we calculate

⟨u(t)|Au(t)⟩ − ⟨ψ(t)|Aψ(t)⟩
= ⟨u(t)|U(t, t)AU(t, t)u(t)⟩ − ⟨U(t, 0)u(0)|AU(t, 0)u(0)⟩
= ⟨u(t)|U(t, t)AU(t, t)u(t)⟩ − ⟨u(0)|U(0, t)AU(t, 0)u(0)⟩

=

∫ t

0

∂

∂s
⟨u(s)|U(s, t)AU(t, s)u(s)⟩ds.

Employing the differential properties of the evolution family, we obtain

∂

∂s
Ã(t, s)u(r) =

1

iε

(
H(s)U(s, t)AU(t, s)− U(s, t)AU(t, s)H(s)

)
u(r)

=
1

iε

(
H(s)Ã(t, s)− Ã(t, s)H(s)

)
u(r), (7.10)
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for r, s, t ∈ [0, T ]. From this, we can proceed in the same way as in [25] and arrive
at (7.8). □

The key task in the proof of Theorem 3.10, is an estimate on the commutator
in (7.8). The bound in Proposition 7.2 allows us to state the following extension of
[25, Remark 6.2] to polynomially bounded symbols which is an intermediate step
towards the desired result.

Lemma 7.5. Let W (·, t) be an auxiliary smooth potential in y and a be a polynomi-
ally bounded classical observable, s.t. aW ∈ S(l,m). Then, there exists Ca,W > 0,
such that for all φ ∈ ΣεM(m,d),l it holds that∥∥( 1

iε

[
opWeyl(a),W

]
− opWeyl(−∇pa)∇W

)
φ
∥∥
L2 ≤ εCa,W ∥φ∥M(m,d),l;ε.

The constant Ca,W depends on second order derivatives of W and a, but is inde-
pendent of ε and t.

Further, to prove Theorem 3.10 we have to establish a variant of Egorov’s theo-
rem, which compares the Weyl quantization of a classical observable a along some
flow to the evolution of the time-evolved quantum observable (7.7). The main diffi-
culties are the time-dependence of the Hamiltonian operator H(t), which prevents
energy conservation, and the polynomial growth of the observables To the best of
our knowledge, in the literature such a proof of such a variant is not available, and
the results presented for example in [3] and [30, Thm. 12] do not cover our more
general case.

Proposition 7.6 (time-dependent Egorov–theorem). Let A be a quantum ob-
servable stemming from a polynomially bounded classical observable a such that
a ◦ (Φt,s)−1 ∈ S(l,m). For φ ∈ ΣεM(m,d),l we have∥∥(Ã(t, s)− opWeyl

(
a ◦ (Φt,s)−1

))
φ
∥∥
L2 ≤ Cε2∥φ∥M(m,d),l;ε(t− s)

for all 0 ≤ s ≤ t ≤ T . The constant C depends on derivatives of A, V and
a ◦ (Φt,s)−1, but not on ε.

Proof. (a) Let ã : R× R× R2d → R, (t, s, z) 7→ ã(t, s, z) be defined by

ã(τ, s, z) = a ◦ (Φτ,s)−1(z). (7.11)

Since ã(t, t, ·) = a and U(t, t) = Id, we obtain similarly as for (7.10)

opWeyl (ã(t, s))− Ã(t, s)

=

∫ t

s

∂τ

(
U(τ, t)opWeyl (ã(τ, s))U(t, τ)

)
dτ

=

∫ t

s

U(τ, t)
(
− i

ε

[
H(τ), opWeyl (ã(τ, s))

]
+ opWeyl (∂τ ã(τ, s))

)
U(t, τ) dτ

=

∫ t

s

U(τ, t)
(
− opWeyl({h(τ), ã(τ, s)}) + opWeyl (∂τ ã(τ, s))

)
U(t, τ) dτ + ρ(t, s).

We first show that the remainder ρ is of order ε2. To this end, we use an extension
of [25, Prop. 6.2] to polynomially bounded observables in the spirit of Lemma 7.5.
Together with Theorem 2.3, this bounds the remainder by the right-hand side of
the estimate in the proposition. Thus, it remains to show that the integral vanishes.
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In the following step we show that ã satisfies the transport equation

∂τ ã(τ, s) = {h(τ), ã(τ, s)}, (7.12a)

ã(s, s) = a (7.12b)

for τ ≥ s. Then the integrand vanishes, and we obtain

Ã(t, s) = opWeyl(ã(t, s)) +O(ε2),

as claimed.
(b) We rewrite the transport equation (7.12) as

∂τ ã(τ, s) = J∇zh(τ) · ∇zã(τ, s),

ã(s, s) = a.

For τ ≥ s, z ∈ R2d and ã defined in (7.11) we calculate

0 = ∂τa(z)

= ∂τ ã(τ, s,Φ
τ,s(z))

= ∂τ ã(τ, s,Φ
τ,s(z)) + ∂τΦ

τ,s(z) · ∇zã(τ, s,Φ
τ,s(z))

= ∂τ ã(τ, s,Φ
τ,s(z))− J∇zh(τ,Φ

τ,s(z)) · ∇zã(τ, s,Φ
τ,s(z)),

where we used in the last step that Φτ,s solves (3.12). Since Φτ,s is a diffeomorphism,
this proves that ã indeed solves the transport equation (7.12). □

For polynomially bounded symbols scaled weighted Sobolev norms of a the vari-
ational solution, cf. [4,5] and [30, Prop. 123], will enter the error bounds. As we will
see in the proof of Theorem 3.10, Egorov’s estimate will be used on a scalar function
of x times a Gaussian wave packet, which has been propagated in time by the evo-
lution family. We therefore consider scaled weighted Sobolev norm of propagated
initial data, see Theorem 2.3. For our error estimate the following observation will
be useful.

Lemma 7.7. Let u be a Gaussian wave packet such that ∥u∥L2 = 1 and γ ∈ Nd0 be
some multiindex. Then, it holds∥∥ε|β|xα∂β ((x− q)γu)

∥∥
L2 ≤ Cε|γ|∥u∥|α|,|β|;ε, (7.13)

where C depends on β and γ.

Proof. We calculate

ε|β|∂β ((x− q)γu(x)) =
∑
η≤β

(
β

η

)
ε|η|∂η(x− q)γε|β−η|∂β−ηu(x).

and employ Lemma 5.1 to arrive at

∥∂η(x− q)γu∥L2 ≤ C(γ, η)
∥∥|x− q||γ−η|u

∥∥
L2 ≤ C(γ, η)ε|γ−η|c ∥u∥L2 ,

which proves (7.13). □

We now have everything at hand to estimate the error of observables and to
conclude our final main result.

Proof of Theorem 3.10. By Lemma 7.4 we only have to bound the commutator in
the representation formula (7.8).
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(a) We apply Lemma 5.1 and [25, Lemma 3.15] to the remainder potential Wu in
(7.9), which leads to

∥Wuu∥L2 ≤ Cε and ∥∇Wuu∥L2 ≤ Cε, (7.14)

where the constants depend on parameters and on potentials.

(b) We expand〈 1

iε

[
Wu(s), Ã(t, s)

]〉
u(s)

=
〈 1

iε

[
Wu(s), opWeyl

(
a ◦ (Φt,s)−1

)]〉
u(s)

+ r1(s, t),

where the remainder is given by

r1(s, t) =
〈 1

iε

[
Wu(s), Ã(t, s)− opWeyl

(
a ◦ (Φt,s)−1

)]〉
u(s)

.

Using first Cauchy-Schwartz and then (7.14), we obtain

|r1(s, t)| ≤
1

ε

∥∥Wu(s)u(s)
∥∥
L2

∥∥(Ã(t, s)− opWeyl

(
a ◦ (Φt,s)−1

))
u(s)

∥∥
L2

+
1

ε

∥∥(Ã(t, s)− opWeyl

(
a ◦ (Φt,s)−1

))
Wu(s)u(s)

∥∥
L2

≤ c
∥∥(Ã(t, s)− opWeyl

(
a ◦ (Φt,s)−1

))
u(s)

∥∥
L2

+ cε
∥∥Wu(s)u(s)

∥∥
M(m,d),j;ε

≤ cε2,

where we used Proposition 7.6 and Lemma 7.7 for the last inequality.

(c) We write〈 1

iε

[
Wu(s), opWeyl

(
a ◦ (Φt,s)−1

)]〉
u(s)

=
〈
opWeyl

(
−∂p

(
a ◦ (Φt,s)−1

))
u(s) | ∇Wu(s)u(s)

〉
+ εr2(s, t), (7.15)

where by Lemma 7.5 the remainder term is bounded by

|r2(s, t)| ≤ Cq,ρ,X∥u(s)∥M(n,d),j+l+3;ε.

We can further bound the first term in (7.15) by employing Cauchy-Schwartz
and estimate (7.14) to see∣∣〈opWeyl

(
−∂p

(
a ◦ (Φt,s)−1

))
u(s) | ∇Wu(s)u(s)

〉∣∣
≤ Cε

∥∥opWeyl

(
−∂p

(
a ◦ (Φt,s)−1

))
u(s)

∥∥
L2 .

(d) Finally, we use Proposition 7.2 to estimate∥∥opWeyl

(
−∂p

(
a ◦ (Φt,s)−1

))
u(s)

∥∥
L2 ≤ C∥u(s)∥M(m,d),j;ε,

which finishes the proof. □

Appendix A. Proof of Lemma 7.3

In this appendix, we show the bounds on the modified observables which are
uniform in the spatial variable x.
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Proof of Lemma 7.3. We first expand the expression as

LkqL
l
pa
(x+ q

2
, p
)

= ⟨p⟩−2k
(
1 + iε

d∑
j=1

pj∂qj

)k
⟨x− q⟩−2l (1− iε(x− q) · ∇p)

l
a
(x+ q

2
, p
)
,

and consider the different orders of ∂qj . We obtain for r ≤ k

∂rqj ⟨x− q⟩−2l (1− iε(x− q) · ∇p)
l
a
(x+ q

2
, p
)

=

r∑
n=0

∂nqj

(
⟨x− q⟩−2l (1− iε(x− q) · ∇p)

l
)
∂r−nqj a

(x+ q

2
, p
)
.

Moreover, we can further expand the summands as

∂nqj

(
⟨x− q⟩−2l (1− iε(x− q) · ∇p)

l
)
=

n∑
i=0

∂iqj ⟨x− q⟩−2l∂n−iqj (1− iε(x− q) · ∇p)
l
.

Using the identity x−q = 2
(
x− x+q

2

)
, yields the representation in (7.5). Combining

the following estimates for k, k̂ ∈ N〈x+ q

2

〉
≤ ⟨x− q⟩ ⟨q⟩,

∣∣∣∂k̂p ⟨p⟩−k∣∣∣ ≤ C(k, k̂)⟨p⟩−(k+k̂),

and similarly for
∣∣∂q⟨x− q⟩−k

∣∣, with the fact that a ∈ S(l,m), we conclude∣∣∣∂iqj ⟨x− q⟩−2l∂n−iqj (1− iε(x− q) · ∇p)
l
∂r−nqj a

(x+ q

2
, p
)∣∣∣ ≤ C⟨q⟩l⟨p⟩m,

which is equivalent to∣∣∣b(x, x+ q

2
, p
)∣∣∣ ≤ C⟨q⟩l⟨p⟩m = C⟨2x+ q

2
− x⟩l⟨p⟩m.

Since the estimate holds for all x, q, p ∈ Rd, we conclude∣∣b(x, q, p)∣∣ ≤ C⟨2q − x⟩l⟨p⟩m

Finally, with |⟨p⟩−2kpα| ≤ ⟨p⟩−2k+|α|, we obtain∣∣ã(x, q, p)∣∣ ≤ C

for a constant C > 0 which is independent of x, q, p. By the very same arguments,
one can deduce the bounds on the partial derivatives of ã, which gives the claim. □
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