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WELL-POSEDNESS FOR THE KDV HIERARCHY

FRIEDRICH KLAUS, HERBERT KOCH, AND BAOPING LIU

ABSTRACT. We prove a version of wellposedness for all equations of the KdV
hierarchy in H~!. Ingredients are
(1) The Miura map which allows to define the Gardner hierarchy through
the generating function of the energies so that the Nth Gardner equation
is equivalent to the Nth KdV equation.
(2) A rigorous relation between the generating functions of the energies and
the KAV resp. Gardner Hamiltonians.
(3) Kato smoothing estimates for weak solutions and approximate flows.
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1. INTRODUCTION
The Korteweg-de Vries (KdV) equation
(1.1) Up + Uppr — Bun, =0

is a fascinating and basic object in diverse areas: It is a generic asymptotic equation
for propagating waves, and it has a deep algebraic structure visible in the existence
of an infinite sequence of formally conserved energies HX4V. The KdV equation is a
member of the KAV hierarchy: It is the Hamiltonian equation with the Hamiltonian
function

HFW@:%/@+%%x
with respect to the Gardner Poisson structure (defined in (2.14))).

The study of rough initial data is related to weaker assumptions on the frequency
localization for the validity of the asymptotic equation, whereas the study of higher
order equations is related, or more precisely a necessary ingredient, to larger time
scales.

Wellposedness for the KdV equation itself has been an active and stimulating
area for the last three decades. Wellposedness results on H?® spaces have been
proven by Kato (local in H*(R), s > 3/2 and global in H?(R)) by energy
methods. Bourgain [4] introduced the X*? space and showed global wellposedness
in L2(R) and L%(S). Kenig, Ponce and Vega proved sharp bilinear estimate
in X*? space and thus showed local wellposedness of KdV in H*(R),s > —2 and
H5(S),s > f%. The results were extended to global wellposedness by Colliander,
Keel, Staffilani, Takaoka and Tao , via the construction of almost conserved

quantities. The local existence in H *%(R) was shown by Christ, Colliander, Tao
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9] and global existence in H~3/4(R) was proved independently by Guo [23] and
Kishimoto [41]. The last author used modified energies to establish local in time
apriori bounds in H*(R) for s > —3 [44]. Buckmaster and the second author 7] and
later Killip, Visan and Zhang [40] and the second author and Tataru [43] proved
uniform in time apriori estimates in H—!. The apriori estimates remain true for all
higher flows. The estimates in |7] are strong enough to construct weak solutions
(which was done in [7] for KdV in the nonperiodic case, with a weaker notion of
weak solution through a compactness argument). Finally Killip and Visan [39)
proved global wellposedness for initial data in H~!(R) and H~!(S), in the sense
that the solution map extends uniquely from Schwartz space to a jointly continuous
flow map ® : Rx H~! — H~!. This also provides a new proof of the wellposedness
in the periodic case, which was first shown by Kappeler and Topalov [29]. The
results in H~1 are sharp since Molinet |47, |48] showed that the solution map can
not be continuously extended to H®,s < —1 in both periodic and nonperiodic case.

For higher order equations in the KdV hierarchy, Saut [54] proved global exis-
tence of persistent solutions of the k-th KdV equation for initial data in H*(R), but
the uniqueness was left open. Kenig, Ponce and Vega [35} 36] studied generalized
higher order equation, not necessarily integrable, and showed local wellposedness
for initial data in weighted spaces. Pilod [50] showed that all higher equations
are ill-posed in any H*(R),s € R, in the sense that data-to-solution map is not
C? at origin. Griinrock [22] proved local wellposedness for the KdV hierarchy in
Fourier-Lebesgue spaces. Kenig and Pilod [33], Guo, Kwak and Kwon [24] showed
global wellposedness for general 5th order KdV in energy space H?(R). Bringmann,
Killip and Visan [5] proved global wellposedness for 5th order KdV for inital data
in H~'(R) by a new strategy that integrates dispersive effects into the method of
commuting flows. In the periodic case, Kappeler and Molnar |30] showed 5th KdV
with is C? wellposed in H*(S) if s > 0, and strongly illposed if s < 0, in the sense
that data-to-solution map does not admit a continuous extension to H*(S), s < 0.

Beyond the KAV hierarchy there have been striking new developments at the
interface of PDE-techniques and integrable structures: The work of Killip and Visan
on the KdV equation [39] introduced a new perspective and powerful technique
which has motivated the study of a number of integrable problems: sharp global
wellposedness for cubic NLS and mKdV in H*(R),s > —1 [25], for the derivative
NLS [27] (which uses crucially the work of Bahouri and Perelman [2] as well as the
equicontinuity of Harrop-Griffith, Killip and Visan [26]) and for the Benjamin-Ono
hierarchy by Killip, Laurens and Visan [38].

Gerard and coworkers introduced new integrable pdes, the cubic Szégo [20] being
only the first, with striking new ideas like an explicit formula for solutions to the
Benjamin-Ono equation [19], which in turn become a crucial element in [38]. Clearly
this list of results is incomplete and there are many omissions. Similarly we omit a
presentation of consequences, possibly the most important being on random initial
data.

We conceive these developments as evidence that beyond the single results a new
picture of integrable PDEs seems to be emerging, which is still incomplete and to
which we hope to contribute.

The Schrodinger operator
(1.2) LEV g = —¢" + ug
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is the Lax operator of the KdV hierarchy. The KdV Hamiltonians are defined as the
coefficients of the asymptotic series for the logarithm of the transmission coefficient
(see (2.2)) and they all Poisson commute.

The main result of this paper is wellposedness, more precisely

(1) Existence and uniqueness for the Nth Gardner equation in C(R, HV (X)),
X =R or X =S! for initial data ug € H (X)) which has a continuous ex-
tension to HYN =1 5 wy — w € C(R; HV~1), see Theorem Analogous
results for the Nth KdV equation in spaces with one derivative less
are an immediate consequence.

(2) In the case X = R, Kato smoothing estimates and tightness of weak solu-
tions with initial data in L?(R).

(3) Uniqueness for a class of weak solutions to the Nth KdV equation with
initial data in L?(R).

The following theorem collects some of these statements.
Theorem 1.1. Let N > 1. Suppose that

(1.3) ue€ L®R;L?), 0N 'ue L} R xR)

loc

and that it is a weak solution to the Nth KdV equation (2.15). Suppose that in
addition for every tg € R

(1.4) lim sup [|JuN =1 | L2((t0,to+1) x (wo—1,20+1)) = O-
xo—+oo
Then u € C([0,00); L2(R)) and we denote the initial trace by ug = u(0) € L?. The
Kato smoothing estimate
(1.5)

sup ||u(t)|| g-1 + sup || sech(z — k2Nt
t o

WOy < el ol

— 20)
holds for all k > ko(||uol|g-1)-

Given ug € L*(R) there is a unique weak solution to the Nth KdV equation which
satisfies (L.3)) and (1.4). The map L?*(R) > up — u € C(R; H1(R)) eatends to a
continuous map

H'3uy—»ucCRH)
to weak solutions which satisfy in addition (1.4) and (L.5).

While the regularity assumption in looks inconsistent with the Kato smooth-
ing estimate in we need L? regularity to get equivalence of weak solutions to
the KAV and the Gardner hierarchy, see Theorem [5.8] and the condition u € L L?
is used only to prove the equivalence. We prove the theorem by studying the anal-
ogous statement for the Gardner hierarchy (Theorem [2.19)).

Why should one be interested in higher KdV equations? From applications
one would like to explain why the Korteweg-de Vries equation provides a good
description of nonlinear waves in the KdV regime. Typical results are consistency
results up to a certain time scale for localized well-prepared initial data (see |55,
10] and the references in these papers) - whereas the KdV solitons seem to be
relevant in many situations like tsunamis despite the interaction with other waves
and despite large time scales and amplitudes.
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It is striking that the theory of integrable systems provides a very detailed and
geometric picture of the simultaneous dynamics of all the KdV flows. Inverse scat-
tering allows a linearization of the evolutions |14} [56] and hence implies wellposed-
ness of the hierarchy on the Schwartz space. The geometric contents is clearly visible
in the relation of the Korteweg-de Vries hierarchy to the diffeomorphism group on
R! and the torus S', more precisely on a central extension, the Virasoro-Bott group
(see |37, |13, [12]). Ignoring the topology the tangent space at the identity of the
Virasoro-Bott group is given by the pairs (v0, g) of vectors fields times R. It is a
Lie algebra. The set of Lax operators

200 +u

can be understood as the dual space of the Virasoro algebra, the Lie algebra which is
the tangent space of the Virasoro-Bott group at the identity, on which the Virasoro-
Bott group acts by the coadjoint representation. The orbit structure is well under-
stood in the torus case and can be classified in terms of the spectrum of the Lax
operator. The Korteweg-de Vries equation can be realized through moment maps
and the natural biHamiltonian structure allows to construct a countable sequence of
Poisson commuting Hamiltonians. It is tempting to ask whether larger time scales
for asymptotic equations can be understood in terms of this striking symmetry of
the KdV hierarchy.

Another geometric interpretation of the KdV hierarchy is as flow on restricted
Grassmanians |58, [52]. This is the origin of the ubiquitous 7 function [53] 46] and
the bilinear relation of Hirota [28]. Let (¢;);en be a sequence with only finitely
many nonzero components. We denote by u(-,t1,ts....) € H~! the function resp.
distribution obtained from uy € H~' by moving the times t; along the jth KdV
flow. This is well defined since the flows commute. The 7 function satisfies

d2lnT=u

which is defined for the such sequences (t;) provided ug € H=}(R). Ifu € H*(R) =
NH"(R), then
2
—1
ot;0t;

nrT

is well defined as a differential polynomial (see |16]) and by evaluation for v € H®°.
It is not difficult to see that it can be integrated and hence a 7 function exists in
this situation. It seems a natural question whether a 7 function can be defined
for u € H~! (as unique continuous extension of a 7 function on H*) and whether
related objects like vertex operators can be defined for u € H™ or even for u € H~!.

In this paper we study more basic questions, however for v € HY. Crucial points
are

(1) rigorous estimates for the difference between the generating function of the
KdV Hamiltonians and the partial sums for Sobolev functions
(2) a study of the Miura map

W= u = wy + 21w + w?
resp. the operator factorization

O+ T+w)(—0+7+w)=—-0%+u+72
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We completely characterize the global mapping properties. The hardest
part is a bound of |w|| 2 in terms of ||u| ;-1 and the distance of the ground
state energy of —9? + u and —72.

(3) The Miura map allows to translate wellposedness questions for the KdV
hierarchy to the Gardner hierarchy for w, which has better properties. The
Miura map itself and its inverse enter at a number of points.

(4) We prove uniqueness of rough weak solutions for the Gardner equations,
and not only continuous extensions of flows on more regular function spaces.

Acknowledgements. F.K. was supported by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) — Project- ID 258734477 — SFB 1173. H.K.
was supported by the DFG through the Hausdorff Center for Mathematics under
Germany’s Excellence Strategy - GZ 2047/1, Projekt-ID 390685813 Hausdorf{f Cen-
ter for Mathematics and Project ID 211504053 - SFB 1060. B.L. was supported
by the NSF of China (No. 12071010). Work for this project was done during a
Research in Pairs stay of the first and second author in Oberwolfach.

2. PrROOF oF THEOREM [L.1]

This section explains the structure and the strategy. We will prove the main
theorems using various results from later sections. This will make the structure
highly modular, it weakens the dependencies of the later sections and allows to give
a coherent presentation of the proof. A large part is the same on the line and on
the circle and we denote X = S! or R if statements are true for both spaces.

2.1. The generating function of the KdV hierarchy. We formulate the set-
ting of the Korteweg-de Vries hierarchy and describe our approach. More details
and proofs about the structure can be found in Section A central quantity of
the scattering theory of L¥4V is the transmission coefficient. To avoid technical
complications in the discussion, we take Schwartz functions as potentials in this
paragraph whenever needed. For z in the upper half plane the equation

LKdV¢ _ Z2¢
has a unique solution called left Jost function, normalized by

(2.1) EIPOO P =

T

The transmission coefficient is the meromorphic function defined by
(TKdV)fl = lim ¢leizz
xr—r0o0

on the upper half plane with the poles given by the square root of the eigenvalues
of the Schrédinger operator. Its logarithm can be related to an asymptotic series

(2.2) % log TH (z) ~ S~ HEV(25)723

n=-—1

1
/udx, H(I)(dv = i/uzd:ﬂ,

1
2
1 1

HEV — 3 / ul +2ulde,  HEXV = 3 / u?, + 10uu + 5u’der,

where

(2.3)
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and in general
Hy Y (u /Iu(”)l2d$+0((1+IIUIIH D" g ul ).

The precise meaning of (2.2) is the content of Proposmonm 3| below: We define the
difference Hamiltonian as (2z)2N +3 times the difference to the partial sum

. N
) TEV () = (22N <ilogTKdV<z>— > HEEdV@z)%s).

n=-—1

The generating function 7KV for the KdV energies plays a central role and we
state estimates for it.
We define the microlocal Sobolev spaces for 7 > 0,s € R

(2.5) lullzzs = (72 + [€]%) 2| 22wy
Lemma 2.1. Let d(22,S(—0? + u)) be the distance to the spectrum. Then

(1 +min {o, —log (2d(22, S(~0° +u))|2|2) }) ul2

2
KdV

and

(2.7)
TRV (2)] < W (14 min {0, ~ log (2d(:,0(~0% + w) 217 } ) lul3-+ )

if 7> ||“||H:1'

Proof. We recall (see (9.7) in [43])

(2.8) 0 < Tm 2275 (2, ).
and
(2.9) — Alm (22'7:}(1‘1\/(27 u)) =8rm Z ﬁ?émj

where the sum runs over the positive numbers so that —H?
Lax operator. The superharmonic function z — Im 22754V (2, u) on the upper half
plane has a trace at Rez = 0 which is a measure (see [43] for the case u € H™1)

and by an abuse of notation

1 1 8
(2.10) Sl = ;/glmﬁidv(g)dg +Y ok

In particular

is an eigenvalue of the

%/gImTﬁdv(g)df < %Ilulliz

and
Im z

Im 2275V (2, u) = |Z_£|21 m TRV (¢, u)de

+ 24&]» (log|z +ik;| — log(|]z — i/@'j|)

hence

| Im 227XV <

o 1 —lu 72+ Y 4r?(log |1+ ir;/z| —log |1 — ir;/z]).
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and we obtain similar gradient bounds. Re 227XV is the complex conjugate func-
tion which decays at ico and hence we obtain (2.6]).

The map 7 — ||ul| ;-1 is monotonically decreasing. Given u € H™"' there is a

1/2

unique 7 so that 77/2||ul| ;-1 = 155 which we choose in the sequel. Hence

. 1 1
[T (ir) = Sl | < g5l

and
Re 754V (i7) = — STV ()det 3 4k (log(| 144 /7] —log [1-,

TN i) = 1 [ g T (Ot 3w loa(| 144, /7| -log 1w /)
hence

2 R 2

|Re TRV (2)] < cm(umm{o, —log (2d(z2,5(—82+u))|z|’2)}) ul2, .
Estimate (2.7)) follows in the same fashion as (2.6 followed from the analogous
bound of the real part. O

The difference Hamiltonian plays a central role, not only for giving (2.2)) a precise
meaning.

Definition 2.2. Let 7 > 0. We define

o(u) = 0 if —0%+u is p.d.
o the square Toot of the negative of the lowest eigenvalue,

the set of functions
U(ro) ={uec H ' :o(u) <10}
and Cry = {z € C:Imz > 0}\(0, 7).
Proposition 2.3. Let N > —1. The difference Hamiltonian is defined on C,, X

Ul(ro). It is holomorphic in the first component and analytic in the second compo-
nent. It satisfies

Im z

2N+3
(2.11) | T4V (2,u)] < Oy <z|) (Im 2) " 2(1 + ||ul| g-) N Jull 3w,
if (Im 2)~3/2||u|| 2 < 6 < 1 for an absolute constant §. Moreover
] , -
(212) | STENarw)| <O 20 ullg)N Gl + Julen).

Remark 2.4. We can combine (2.6) with (2.11)) to obtain bounds for TS (z,u)
on C,,. We do not know whether the estimate (2.12)) has a meaningful extension
to C,,

Remark 2.5. Proposition has the immediate consequence that for v € HN*!
(2.13) lim (2i7)*Ty_1(im,u) = HYV (u)

T—>00
and

N
limsup [T (i, u)| + |HRSWV| < C(l + ||U||H*1) [al722

T—00

We will later see that uw € HN suffices for the convergence in (2.13)).
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The structure of the coefficients H§V is described in Theorem The inverse
of the transmission coefficient is a holomorphic function on the upper half plane for
u e S(R).

The Nth equation of the KdV hierarchy is the Hamiltonian equation of the
Hamiltonian Hy with respect to the Gardner Poisson bracket

(2.14) {F, GyGardner _ / - a - Gl(u)da.

where % denotes the variational derivative defined by

/5 dex——F( + tv)|i=o

for v € C2°, assuming that the right hand side is defined. More explicitly, the Nth
KdV equation is

6
2.15 =0,—Hnp.
( ) Ut ou N
Our approach crucially depends on the commutation of various flows. The core

of this is the fact the Hamiltonians 75V Poisson commute (see Lemma [3.5)):

Proposition 2.6. The Hamiltonian TXYV (z,u) Hamiltonian Poisson commute
with respect to the Gardner bracket,

{[I(ldV(zh _), 7-7K1dV(Z27 _)}Gardner =0.

The formal Hamiltonian vector fields defined by the Hamiltonians are how-
ever unbounded on any Sobolev space (the linear part of 92 HXIV is (—1)m9?"+1),
{H,,, Hy} is defined for u € H>"*2N+2 and it can be extended to u € H"*V+1 and
even slightly beyond that, but certainly not to open subsets of H 1.

The KAV Hamiltonians are defined as limits of Poisson commuting functions,
hence they Poisson commute with another and with 71 (i7), at least for sufficiently
regular functions.

HKdV

2.2. Miura map and Gardner hierarchy. We find it is easier to study well-
posedness questions for the Gardner hierarchy, which we define and study here and
in Section [3| The Hamiltonians H {*4m (w, 79) with

1 1
F§ardner — i/dem, HFordner (g 1) = 3 /wi + w* + 4rowidzx

and the Gardner equations

5 araner
(2.16) wy = 8@H§’, d

depend on a spectral parameter 75. They are connected to KdV by the remarkable
modified Miura map (with z = i)
(2.17) M(—iz,w) == w, +w? — 2izw

which has been used by Miura, Gardner and Kruskal to formally derive the Hamil-
tonians of the KAV hierarchy [45]. A short calculation shows that the inverse is
given by

u — Oy log ¢y +iz.
The modified Miura map defines an analytic diffeomorphism for NV > 0 and z = ir

(2.18) M(7g,.) : HY — U(ro) n HN 71,
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(Lemma and Proposition in SectionE . The function w € C(I; HY) is a
weak solution to the Nth Gardner equation @D if and only if u = M(1p,w) €
C(I, HN=1) is a weak solution to the Nth KdV equation (see Theorem [5.8]).

A short calculation shows that for M (—iz,w(z)) = u,

T 1(z,u) = %/wQ(z)d:E

and as a consequence, using the chain rule, we compute

1
(—0 —2iz + 2w)%7'_1(z, u)
and we can write the equation for the 7 flow as a system of differential equations
)
(2.19) up = 356@7'_1(1‘7', u) = 0,(—0 + 27 + 2w) " rw = 9, F (u)
Wy + 27w + w? = u, 0, F + 27F + 2wF = w.
We call the flow defined by the Hamiltonian 7_; (i) 7-flow. The formulas above

easily imply the following (see also Section .

Proposition 2.7. The Hamiltonian TXV (it,u) is real for 7 > 19. The map to
the variational derivative

)
du
for N € N is locally Lipschitz and smooth, hence also the Hamiltonian vector field

AVt su— 75V (z,u) € HNT!

)
HYN 'su— 335@7‘_}{1(1\/(2,11) e HY
is locally Lipschitz and smooth.

Proof. Let Imz > 0, either Rez # 0 or z = i and —9% + u + 72 > 0. Then the
renormalized transmission coefficient is non zero and we define w(z) = dlog ¢; +iz.
Since
ow(z) — 2izw(z) +w?(2) =u
and for n >0
l[wl|

Im z

B CH““H{;;j
with a constant depending on (Im 2)~/2|lw(2)|| 2. O

By the Cauchy-Lipschitz theorem they define a local flow on HY for N > —1 by
)
Uy = 8@7—7}({1\/ (’LL)

The Hamiltonians T4V (i7) for different 7 are conserved under the 7 flow as a
consequence of Proposition [2.6] and the flows commute with themselves. The KdV
Hamiltonians are conserved under the 7 flows. The KdV Hamiltonians control the
Sobolev norms H”Y and hence the 7 flows are global in time and preserve higher
regularity.

Killip and Visan [39] (see also [1], Chapter 11) introduced the diagonal Green’s
function (the diagonal of the Green’s function of the Lax operator) into the well-
posedness question. It is related to w through the factorization

~P +tu+718=(0+w+70)(—0+w+ 7).
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The linear operators on the right hand side can be inverted and one obtain the
formula for the integral kernel of the resolvent

0 t max{z,y}
G(z,y) = / exp (TO(:E +y—2t)— 2/ wds — / wds))dt.

max{y.z} max{z,y} min{z,y}

Slightly deviating from the notation of Killip and Visan we define the good variable
v via the diagonal Green’s function (see Lemma and its proof, compare to [1],
Chapter 11)

dlog TRV (i7y)

B = G(’LTO,.T, l‘) = Su

! 1
v = —
27’0ﬂ
Now u, v, w are related by the following relations (see Lemma

1
(2.20) w = W(10,v) := 100 — §alog(1 +0)
(2.21) u = M(m9,w) = w, +w* + 27w
1 v 3 03
(2.22) w= ot S Te 202 9r2y

2041 4(v+1)

For s > —%
1
(2.23) W:Vi={ve H ™ :v> -1} 30— 190 — iamlog(lJrv) € H®

is an analytic diffeomorphism (Theorem[4.13)). With these definitions u € C(I, HN~1))
is a solution to Nth KdV equation (2.15) if and only if v € C(I, VN *1) is a weak

solution to

N—-1
5HKdV ]
(2.24) v :28((v+1) 3 #(gm)?w*l*n)(u)).
n=-—1

if and only if w = W(v) satisfies the Nth Gardner equation (2.16). This is the
contents of Theorem [3.8] for smooth solutions and Theorem [5.8 and Theorem [3.12]
for weak solutions under weaker resp. different regularity assumptions. We write
down the equation for v for N =1

2
T

(225) v = 20[(0+ Du— (270)2)] = [ — veu + 2

2% 1 + 2731)3 + 67'3112] .

It is remarkable that all the equations ([2.24]) are differential equations.

The relation between the Nth KdV equation (2.15)), the Nth Gardner equation
2.16]) and and the Nth ’good variable’ equatio via the diffeomorphisms
2.21)) (Miura map M), (2.20) (the map W) and the composition extents to
more general weak solutions (Theorem and Theorem [5.10). This reduces the
proof of Theorem [I.1] to a similar statement for the Gardner hierarchy, Theorem

[2.19 below.
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2.3. Well-posedness for the KdV equation in H~!(X). We find it instruc-
tive to follow the proof of Killip and Visan [39] in our setup to prepare for the
case of the higher equations. We follow the strategy of Killip and Visan and prove
wellposedness and the commutation property simultaneously, by approximating by
flows defined by the Hamiltonians (27)27Ty_1(i7), motivated by (2.13). Alterna-
tively one can deduce that the flows defined on smooth functions commute, and
approximate the initial data to verify commutation of the flows.

Using the previous section we study wellposedness for the Gardner equation for
N > 2 resp. wellposedness for the good variable equation for N = 1, similar to
Killip and Visan.

There is a difference in the case N = 1, for which we cannot define weak solutions
to the Gardner equation assuming only w € L°(L?) since the nonlinearity contains
the term w®. For N > 2 this is no issue since L°HY ¢ L®L>. Also when N =1
and X = R the local smoothing estimates allow to make sense of weak solutions, see
Theorem In this case N =1 for general geometry X we can use the equation
for the good variable v instead, as Killip and Visan do. We give this argument now.

The approximate KdV flow is defined by the Hamiltonian

(2i7)*To (iT) = @bg TRV (i) — (2i2T)4 /udm - (Qi;)z/u2dx.

The functional é [ u?dx generates the translations hence

(2.26) {v(r), 27)*To(i7)} = — 4%28j 472 “U(UT()T)_f (1% )

We recall the good variable version of KdV (2.25)

v =20, [+ 1)( - @rp et 2oy

= 81{— 2720 4 2(v + 1)u}

+ (27)20,v(7).

(2.27)

The building blocks for the proof of wellposedness for KdV - following Killip and
Visan - are also building blocks for the higher order KdV equations.
Step 1: Wellposedness of the approximate flow. The approximate flow is
the flow of the Hamiltonian vector field 7o<4V which we discussed above. The term
% generates translations and can be removed by using a moving coordinates.
Step 2: Equicontinuity. Equicontinuity of a set Q € H~' can be characterized
as

(2.28) Q is equicontinuous <= lim sup |7:K1dv (it,u)| = 0.
T—00 UEQ

This fact is an immediate consequence of
1
TEN (i, u) = B /wzdx

with w satisfying (2.21]). Since TXdV (i, ) is preserved under the 7,54V (i, -) flow
also equicontinuity is preserved along the flow.

Step 3: Bounding the difference vector field in H~2 on equicontinuous
sets. Let Q C H~! be an equicontinuous bounded set. We claim

(2.29) lim sup H{U(T, w), TRV (47, .y y Gordner

T—00 ueQ

H—2



WELL-POSEDNESS FOR THE KDV HIERARCHY 13

More explicitly

{o(r,w), T*V(H)} = {v(r,u), —(27)*T3 Y — HV}
_9% —

o[ 2 wlr) ol

7272 u(f)+1

+27%0 — (—27%v + 2(v + 1)u}
We do some algebraic manipulations

+27%0 =

—27% u(1) —v(7) . 72 272 (v(F) —v(7)) + 2(F2 — ™H)u(1)(1 + v(F))
72—72 w(f)+1 72 — 72 o(T)+1

_ 7 (27’ o(7)(v _(:i +1) 27_21}(7_)).

72 _ 12

Since
1
w:§amlog(v+1)—7v, u = wy + 27w + w?
with the linearization at v = 0 resp. w = 0 (we indicate the linearized variables by

a dot)
1

u')zii)m—ﬂ'), U = Wy + 27W

we obtain

F20(F) = —u as T — 00

uniformly in H~! for u in bounded sets of H~' and
v(T) =0 as 7 — 0o

in H' uniformly for v in bounded equicontinuous sets of H~!. Thus, again uni-
formly on bounded equicontinuous sets in H !

72 (27’ o(T)(v(T) + 1)
( )+ 1

which is the KdV equation expressed in the good variables v(7).
Step 4: The difference flow. Let 7,7 > 1 and consider the difference flow

lim
T—00 T2 — T2

27'211(7)) = 2u(v(r) + 1) — 27%0(1)

) . .
we = 00 P TN (ims, )+ (2r) T (i, )
In order to keep the notation brief we introduce the formal notation
exp (tJ DH ) UQ

for the solution to the Hamiltonian equations with Hamiltonian H and initial data
ug. By commutativity of the flow

u(Ty, T2, t) := exp ( - ta%{(ZTg)z%Kdv(iTg, )= (27’1)276Kdv(i71, -)})uo

ST (im, ) Jug

1) .
= exp ( —_ t6(2T2)2£76KdV(ZTQ, )) exp <t8(27'1)2 (S’LL

The set
(2.30)

) . 1) .
Q= {exp(tlﬁa’ﬁ)Kdv(Zﬁ, ) exp(tgaﬁ’ﬁf{dv(zm, Nug : 71,72 > To, b1, b2 € R}
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is equicontinuous in H~! by Step 2. Let v(71, T2, ) be the corresponding v functions
corresponding to u(7y,72,t) € Q. Then

v = {v,—(2m)* T3V iz, -) + (211)*To Y (im, )}
= {Uv ﬂKdV(iT% )} - {Uv lrleV(iTla >}

and
t
() = voll -2 < / [ {o(s). T (2. )} = {0, T (i, ) -2l
0
< t((sup 1{o, TEY (i, ) -2 + sup [{o, TV (ir1, )2 ) = 0
ueEQ ueER

as 11, T — 00 by Step 3.

Step 5: Convergence of the approximate flow. We want to prove that

6t8£(27)27—0}<dv(”")u0 is a Cauchy sequence in 7. By commutativity of the flow

(and a suggestive abuse of notation)
u(t, T, 72) := exp (t8£(27'2)27'KdV(i7'2 -))uo — exp (tai(zﬁ)QTKdV(m ~))u0
Y du 0 ’ ou 0 ’

= {oxp (10 TN (ima, ) ) exp (= 105 (r) T (im, ) 1

d .
X exp (t8@(27'1)276KdV(m, .))uo.

Let 7 < 71, 72 by sufficiently large and @ as in (2.30) Let v(¢, 71, 72) the v function
corresponding to u(¢, 71, 72) and v(¢,71) the one corresponding to

exp ( - t@%(?n)Q’ﬁ)Kdv(in, .))uo €Q.

By Step 4

lim  [Ju(t, 71, 7)| -2 = 0.
T1,T2—>0Q

However all functions u(t, 71, 72) are in the fixed equicontinuous set Q C H~! (and
the corresponding functions v are equicontinuous in H'), hence

lim ||U(t,T1,7'2)||H1 =0.
T1,T2—>00

Thus v(t,71) € H' is a Cauchy in 7;. It extents to a continuous map
H™' xR x (1,00] 3 (ug,t,71) = u(t,7) € H*
resp.
H™ ' xR x (1,00] 3 (up,t,71) — v(t,7) € H'.
We have proven a slightly stronger version of the seminal theorem of Killip and
Visan [39].

Theorem 2.8. Let Q C H '(X) by a equicontinuous bounded subset of H'(X)
and let T be sufficiently large and 1 > 7.Then the approximate flow

u = 0(— (27’1)2%76(1'7'1, )

with initial data in Q has a unique global solution u(t,r,) in L>=(R, H=Y(X)). The
set {u(t,7) :up € Q,t € R, 7 > 1} C H~! is bounded and equicontinuous. The good
variable v(t, 1) converges in H'(X) uniformly on compact time intervals to a weak
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solution of (2.27)), the good variable KdV equation, as T — oo. The flow commutes
with the T flows. Higher Hamiltonians are preserved.

The claim on commutation and preservation of Hamiltonians are an immediate
consequence of the construction and Proposition [2.6, We can use Theorem [5.10
and Theorem [5.8] to translate this result to the Gardner and KdV equation.

2.4. The generating function of the Gardner hierarchy. For N > 2 we
consider the Gardner equations instead of the good variables equation. The starting
point is the 7 flow for the Gardner hierarchy defined by the generating function of
the Gardner hierarchy

ardner 1
T—Gl d (Za w, TO) = 8(7’8 T 22) /'LU2 — U}Q(Z)dl'

where w(z) is defined by the left Jost solution ¢; for —92 + u — 22,
(2.31) w(z) = Oy log ¢y + iz
or, equivalently, as unique solution to

wy(2) — 2izw(z) + w?(2) = wy + 210w + w?.
Proposition 2.9. Let 0 < 7o. TS (2w, 79) is holomorphic in z for

{#z:Imz > 0 and either Rez# 0 or Rez =0 and Imz > 79}.

It satisfies for Im z > 79 with an implicit constant depending on 7'0_1/2||w|\L2
2 2
7+ (Rez) ( . z 5
PR b g2 1))l
(Tm 22 + min g|7_0 | llwl|72
Let 7> 79. Then TS (i1, w, 1) € R and

(2.32) %Tﬁardner(h, S 710)(w) = (=04 270 + 2w) (=0 + 27 + 2w (iT)) tw(iT) —w.

|7~_G1ardncr(z’ w, 7'0)| S

The Fréchet derivative in direction ¢ is D¢%T,Glard“er(i7, . T0) = —A(w)¢ where
Ag¢ is given by
(2.33)

1 1
7 (g O (0420 20)(~ 027+ 20(i)) ™ — (94204 2u(ir)) T (94 27+ 2w)9).
v v
Let 0 < 19 < 71,72. The functionals TS (i, 1) and TGP (iry, -, 10)
Poisson commute with respect to the Gardner Poisson bracket.

Proof. The proof relies on the modified Miura map. It suffices to consider 79 = 0.
The

lwe + 2w +w?| o1 < [lwe + 2w +w?|[ -2 < e(1+ [lw]|2)|wl| -

The first estimate now follows from ({2.7)).
Let 7 > 79. By Lemma [4.2 the solution w(it) € L? to

ow(it) + 27w(iT) + w2 (iT) = w, + 270w + W?
is uniquely determined and

. —1/2
lw(ir) |z < e(mg 2wl ) ]| 2.
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We compute with w(s) = w + s¢

= (84 27 + 2w(it)) Y0 + 270 4 2w) ¢

s=0

= / {(34-27-0 +2w)¢>} (=0+27+2w(iT)) w(iT) — pwdx

%w(ir)

d1 2, 2
a2 —w?d
753 /w (iT) —w*dzx
which implies (2.32))
d® 1 2 2
@i/w (i) — wdx o

27/ [¢>2 - {(a +2r 4+ 2w(ir)) "1 + 270 + 2w)¢}2] (= + 27 + 2w(ir)) "' 1da

s=0

By (3.16) (—0+27+2w(iT))~11 = —f3, the negative of the diagonal Green’s function
and by Lemma [3.2) (3.13) 2rf = 1}5. This implies (233). 0

We will need various bounds on the variational derivatives. For later use we
consider weighted estimates. We call n 7 slowly varying (see also Definition [4.5)) if

(2.34) mel <mn, D] < ey,
Proposition 2.10. Let N > 0 and 7 > 19. The maps

5 .
HY 5w — FTﬁardner(W,w,To) e HN+!
w

are smooth and locally Lipschitz continuous. With constants depending on T, T
and 7=2|\w|| 2 for T slowly varying n we have

01 20 2
(2.35) Hn%§/w (it) —w aleHNJr1 < c|lnw|| g~,

if nw € HY (see ([2.33)) for the definition of A(w))

(2.36) [nawys| < e(imsls + 1lzlmwl~ )
and
(2.37) H cosh A(w)qSHHNH < c(|| cosh | g~ + || cosh? @] 2| sechw||HN).

Here in the sequel we often omit the argument (most often ) of sech? and similar
functions).

Proof. We rewrite the variational derivative using (2.32)) as

(2.38)
%% /wQ(iT) —w?dr = (=0 + 279 + 2w) (=0 + 27 + 2w(iT)) tw(it) — w

=2(rg — 7+ w — w(iT))(=0 + 27 + 2w(it)) tw(it) + w(it) — w.
We write ¢ for generic constants depending only on 7, 79 and ||w||z2. An algebraic
manipulation gives

w(it) —w = (0 + 27 + w(it)) "0 + 210 + w)w — w

=2(10 — 7)(0 + 27 + w(iT)) tw + (8 + 27 + w(it)) " (w — w(iT))w,

hence, for 7 > 27

1/2

In(w(ir) —w)llz= < e(r2 + 772 lw(ir) — w2 [wll 2 < er'/?|fnw]| 2
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and

lw(ir) —wlim: < e(r+ w(in) —wlr=llpwlrz),  Inwlin)lmy < clwllay.
By induction
(2.39) [n(w(iT) = w)ll g+ < erllnwllpy

which implies the desired estimate for w(iT) — w on the right hand side of (2.38]).
Moreover by Lemma 4.9

In(=0 + 27 + 2w(ir)) " w(ir) | px < e(m 2 |fw(ir)||2) o ()| x -

and together with calculus type estimates we arrive at (2.35)).
It remains to prove (2.36]) and (2.37)). The arguments are the same and we focus
on (2.36)). We use the algebraic manipulation

(—0+271042w) (=04 27+2w(iT)) "' = 2(10 — T +w —w(iT)) (=04 27 +2w(iT)) " +1
resp.

(0+ 27 +2w(iT)) (0 + 270 + 2w) = (9 + 27 + 2w(iT)) ' 2(10 — T+ w — w(iT)) + 1
and expand A. We have to prove the bound for

2(r—T4+w —w(ir))(—8+27'—1—2w(i7‘))_1%+1(8+27'—|—2w(i7‘))_1(8—|—27'0 +2w)¢,

in particular, with constants depending on 7~ 1/2|
(4.49) and (4.50)
m(0 4 27 4 2w(iT)) (D + 2710 + 2w) || g~
S (0 + 270 + 2w) P -1 + |Inwl| -1 [|(0 + 270 + 2w) @ -1

S ndlla~ + llnwll pv-1ll¢] 22

|wl||z2, by the linear estimates

1
Hn(—a 27 4 2u(im) " = 9+ 27 + 2u(ir) (9 + 2m + 2w)¢HH

N+1
1 1
< —
o Ul + Il ) + || =], 6o
Similarly we deal with

8T
v+1
Finally we obtain (2.36]) and similarly (2.37)).

We deduce Poisson commutation from the analogous statement for the KdV
hierarchy. By Lemma TXIV (2;) = logT,(z;) Poisson commute with respect
to the Gardner and almost with the Magri Poisson bracket. Lemma [3.4] relates
the Magri bracket in terms of w with a linear combination of the Gardner and the
Magri bracket for KdV. Hence the functionals

(0 + 27 4+ 2w(iT)) (10 — T + w — w(iT)).

1 . )

3 / w? — w?(itj)dr = TEWY (i) (we + 210w + w?)
Poisson commute with respect the Gardner Poisson structure. The same is then
true for 7 Gardner, d

There is a fundamental nonobvious relation between the generating function of
the KAV hierarchy and the Gardner hierarchy.
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Lemma 2.11. The following formula hold for Im z > 9.

§ KdV
0T (=) = (0 + 279 + 2w)0
ou U=Wg +2Tow+w?2 ow

TG ardner (

(2.40) 0, Z0T0),

Ultimately this property implies the equivalence of the Gardner equations and
the KAV equations: w satisfies the Nth Gardner equation if and only if u = w, +
21w + w? satisfies the Nth KdV equation, modulo regularity and integrability
assumptions.

Proof. We calculate

57'_Kldv X
67‘_Glardner 1 6T_K1dv
= —0+27+2 _
Sw 422 + 72) [( + 27 + 2w) 50 lucw, 1 2rwtw? wl,

(D + 270 + 2w)dw = Oy (wy + 210w + w?) = uy
. STRAV (5
and finally, with g = #M:wmﬂfuﬂrw?
4(22 + 7208 — (0 + 27 + 2w)9(—0 + 27 + 2w) B + Uy

= (=0 + 420 + 8Twd + 41w, + 4w?0 + 20w? + 2wy, + 2w,0)B + U,
TKAV STKAV

ou taz ou

= (=03 + 4ud + 2u,)
=0
by the Lenard recursion, see Lemma O

The Hamiltonians H {24 are formally defined as the coefficients of the asymp-
totic series

TE}rardner Z w, T HGardner 22’
1 0

n,To

More precisely the coefficients are deﬁned by iteratively by limits involving a linear
combination of TG dner evaluated at different points, hence they Poisson commute
with one another and the generating function on sufficiently regular functions. The
structure of the Hamiltonian equations is given by the following lemma.

Lemma 2.12. The Nth Gardner Hamiltonian can be written as

1 N 2N+2—ng n
N) |2 i
JEIZAEED SE T DRNNED SR | CiE
no=0 n=3,n+ngeven a€AN, n+tnq 7=0

with
AN’m = {|a| +m:2N+2,Oéj < 2N+2—m}
The variational derivative can be written as

)

n—1
5 Hﬁardner(w’TO) _ (71)NU}(2N+1) + Z 5a,n,n0,NTgDaa7L H w(Oéj)'
w

ng,n,o j=1

Let n be bounded and T slowly varying and o € An,n+n0. Then

(2.41) Hn%% 1w
1

j=

2+ +ng—l—ap Ztng—1—an
< C”"UHn N Hnwlle(x)

‘H*an (X)
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It particular we obtain

4 Gardner 2
(242) || S|, < el ol (ella-son + Nl )

Since the Hamiltonian flow of 762741t preserve higher regularity and H{ardner
is defined via limits it is preserved for initial data in H*. Let w(t) be the solution
with initial data in H™. Then ¢t — w(t) is continuous as a map to H™ 1, hence
weakly continuous as a map to H™. Conservation of H ](\;j“dner implies continuity

of t = ||w||gm and hence w € C(R, HM).

We define the difference Hamiltonian for N > 0 by

d (22)*N+2 2 2 Al 2(N—n) ryGard
TI\(,;“ " (z,w, ) = 78(7'02 e /w —w?(z)dx — 2(22) ™ H rarener,
n=0
Its bilinear part is —%||w(N+1)||H2—1. We denote
1
(2.43) TR (i w) = T (i) + w2,

To shorten the notation we often write 7,724 (2) instead of T,F* 4 (2, w, 19).

Proposition 2.13. The Gardner difference Hamiltonians TS are defined in
{2 € C:Imz> 1y} x HN. They are holomorphic in z and analytic in w. On the
imaginary azis the difference Hamiltonian is real: T\ (ir,w,70) € R. They
satisfy with

¢ =¢(N, (r0/Im 2)? |w| 12)
(2.44)

Gard 2| \2N+3 2(N+2 N
@Im 2T (zw, o) < e3-) T (Il e w30 70 2wl s )

A set Q C HV is equicontinuous if and only if

(2.45) lim sup [T 4" (i, w, 70)| = 0.
T—)OOwEQ

If Q ¢ HN=' is equicontinuous then

(2.46) TGardner (i 4. TO)H S50 asT— 00

I5
ow H-N-2
uniformly in w € Q.

The estimates are proven in Section[7.4] We obtain as an immediate consequence

Tlggo(2i7_)27-§irldner(i7_’ w, 7—0) — Hﬁardner(w, 7_0)

and we consider —(27)?7y_1 as approximate Hamiltonian for the Nth Gardner
Hamiltonian. Moreover the recursion relation follows

T]\(];ardner(z, w, ,7_0) — 7Hﬁardner + (22)2T]\C{;ir1dner(z, w, 7_0).
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2.5. Well-posedness for the Nth KdV equation in HV~2. In the high regu-
larity regime we obtain the following existence and uniqueness result.

Theorem 2.14. Suppose that 2 < N < M, wg € HM(X) There exists a weak
solution w € C(R; HM (X)) with equicontinuous orbit in HM to the Nth Gard-
ner equation which depends continuously on the initial data. The flow map has a
continuous extension to a map

HYN"' s wg —w e C(R; HN 7).

Let1 < N < N < M +1. Then the Nth and the Nth Gardner evolutions commute.
They also commute with the evolution of the generating function TS er (i1, .75).
The corresponding Hamiltonians are preserved whenever they are defined.

As a consequence of the theorem we obtain wellposedness of the Nth KdV equa-
tion with initial data in HN—2 by Theorem for N > 2. The case N =1 is
covered in Theorem 2.8

Corollary 2.15. Suppose that N > 2. Let ug € HVN"1(X). Then there exists
a unique weak solution u € C(R; HN=1). The evolution has a unique continuous
extension to a map

HY"2 xR 3 (ug,t) — u(t) € HN 72

By the Cauchy-Lipschitz theorem (and Proposition there exists a unique
(local at first) solution to the 7 flow (defined by the Hamiltonian 7 Srdner (i7 . 7¢)
in HV which preserves HY regularity. The flows for different 7 commute since
the Hamiltonians Poisson commute and 7924 (2, ., 75) are preserved under the 7
flow. Due to the conservation of 1w/, the flow is global.

Proof. Proof of Theorem for the Nth Gardner equation with N > 2 in
C(R, HN=1) for initial data in HV~1. The argument does not distinguish between
the equation on the line or on the circle. We will construct solutions by induction
on N. The induction hypothesis is:

Assumption 2.16. Let n < N. There exist unique weak solutions to the nth
Gardner equation for initial data in H? with j > n — 1 which depends continuously
on the initial data. We also assume that the evolutions commute with another and
also with the Hamiltonian evolution of TS, The functionals TS5 er (47, - 79)
are conserved for all Gardner evolutions. The Hamiltonians HG* " is conserved
for the TS er eyolution on HY and for the HS* " evolution on HY if n <
N +1.

Let Q@ € HN~! be an equicontinuous set. By (2.45]) in Proposition m

lim sup |Tl\cf;fr1dner(i7,w,ro)| =0.

T—00 wEQ
By the induction hypothesis 7*9%¢"(i7) is conserved under the evolution of all
the lower Hamiltonians, of 7529"¢" " and hence also of the difference Hamiltonian
Tj\c,;frld“er. Using we see that all orbits starting from ) are again equicontin-
uous in HVN-1,
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Let wg € HY=1 and, for 7 > 79, w(r, t) the Hamiltonian evolution of (27)27gadner,
Then, using commutativity

6 P . 5 araner /-
v(t, T1,T2) := exp (ta%(272)27—]\(,;fr1dner(l7'2))wo — exp (tB@(QTl)QT]\(,;,ld (27'1))100

5 ardaner / 6 araner /
- {exp (t8(271)2%7}$i1d (m)) exp ( — t05— (2m)* TG (m)) - 1}w(ﬁ,t)
We claim
(247)  exp (ta(2n)2ierafdner(Tg)) exp (- tai(zn)%Gardner(n))w —w
. 5'[,U N—1 5w N—1

as 11,72 — oo in H N3 uniformly on equicontinuous sets in compact time inter-
vals. Assume the claim for the moment. The orbit {w(m,t) : 71 > 70,¢t € R} is
equicontinuous. By the claim v(7y, 72,t) — 0 in H~~ =3 uniformly on compact time
intervals as 71,72 — oo. Thus w(7,t) is Cauchy in H~"~3 uniformly on compact
time intervals. By equicontinuity it is also Cauchy in H~¥~! uniformly on compact
time intervals. Let w € C(R; HY~1) be the limit. It is a weak solution to the Nth

Gardner equation again by (2.46)).
We turn to the proof of the claim (2.47). Let

9 J
w(t) = exp (ta(QTg)Z%T]\?Erldner(Tg)) exp ( - t8%(271)2T1\§fr1dner(Tl))wo.

Then, by definition and commutativity of the flows

o
w = 05— ((27) TG () — (2m) PTG (7, )

6 ardaner araner
= O (= T (1) + TG (ry ).

By and equicontinuity of the orbit the right hand side converges to 0 in
H~N=3 uniformly on compact time intervals. We obtain more: The evolutions of
(27)2TF2dner converges uniformly for compact time intervals and equicontinuous
sets of initial data to a weak solution of the Nth Gardner equation.

The higher regularity claim is an immediate consequence: Let n > N and sup-
pose that wy € H™. The approximate flow (27)27324%" defines a flow in H"
by the induction hypthesis. The quantities [Jw(t)||2, and HG*™ e (w(t)) are inde-
pendent of time and hence ||w|| g~ is uniformly bounded for the approximate flow.
Hence the solution to the approximate flow (and hence also the limit, the solution
to the Nth equation) is uniformly bounded in H". Moreover Tﬁard“er is conserved
for the approximate flow hence the solutions to the approximate flow and the limit
are equicontinuous, uniformly in ¢. This implies convergence in H".

It remains to prove uniqueness of weak solutions. Let w be a weak solution to
the Nth Gardner equation in C'(R; HY) and let

4
o(t,t) =exp (— t@(s—(27)2Tﬁir{1ner(i7))w(t).
w
The orbit {v(r,t) : T > 10, € R} is again an equicontinuous set in H™.

Proposition 2.17. Let v € C(R; HY) be as above. Then in a distributional sense

b
(2.48) A (r,t) = a@ﬂ%mdner(m.
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We postpone the proof of Proposition [2.17] since we will prove a stronger version
in the next subsection.

The right hand side of converges uniformly to zero in H~"~! on equicon-
tinuous sets as 7 — oo. Thus, again using equicontinuity

v(T,t) = wy

uniformly in HY on compact time intervals and wy in bounded equicontinuous sets
in HV.

We are now in the position to prove convergence of the approximate flow to the
weak solution:

5 araner
exp ( - ta(zT)Q%Tﬁ,ld )wo — w(t)

) 0
_ _ 2 Gardner _ _ 2 Gardner
= exp ( to(27) " TN )wo exp ( to(27) " TN )’U(T, t).

The T4 flow is uniformly continuous for ¢ in compact time intervals, 7 > o
and arguments in equicontinuous sets. Hence the difference above converges to 0
in HN=1 as 7 — oo, uniformly on compact time intervals. Commutativity of the
flows is a consequence of the construction, as is conservation of Hamiltonians. This
establishes the induction hypothesis and completes the proof. O

2.6. The Gardner equation hierarchy with initial data in L?(R). We will
prove existence and uniqueness of weak solutions to the Gardner hierarchy. The
gain of regularity by Kato smoothing is crucial and we restrict to the case of X =
R for that reason. Theorem follows by applying the modified Miura map,
more precisely Theorem [5.8] The results for the Gardner hierarchy are cleaner and
slightly stronger than those for the KdV hierarchy.

Let I be an interval and let

I fllz2 (rxm) = sup{l| fllz2(sx ) + J C I, |J| = | K| = 1}.
Definition 2.18. We say that w is an element of the Kato smoothing space Xy if
we L¥L?, w™N er?
and for all tg € R

: N
(249) .Lol—l>mioo ||’LU( )||L2((t0,t0+1)X(10717m0+1)) = 0

Theorem 2.19. A. Regularity of weak solutions in Xy. Suppose that w € Xy
is a weak solution to the Nth T Gardner equation. Then w € C([0,00); L?(R)). We
define the initial trace of w by wo := w(0) € L3(R). Then ||w(t)| 2 = ||wol/zz and
the Kato smoothing estimate

sup [|(1 — tanh(z — k7N )Y 2)w(t)|| 12 + || sech(z — kTN ) w ™) | 2R xr)
(2.50) ¢t
< c([lwollz2)|(1 — tanh(z)) " ?ug | 12

holds for all k > ko where ko depends only on N and 7= /2||wg|| 2.
B. Existence of weak solutions in Xy. Given wy € L? there exists a weak
solution to the Nth Gardner equation in Xy with w(0) = wg.
C. Uniqueness of weak solutions in Xy Weak solutions in Xy are unique.
The map

L? S wy = we C(; L) N Xn(I)
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to the weak solution of the Nth flow is continuous for every N and every bounded
interval I.

D. Commuting flows. All Gardner flows and the flows of TS (1, - 1) com-
mute.

Proof. 1t is not obvious that this regularity suffices to define weak solutions. This
point is elaborated in Section [5} The proof of Theorem implements a variant
of the second commuting vector field method of Bringmann, Killip and Visan [6].
Part A on the regularity of weak solutions in Xy and the Kato smoothing estimate
will be proven in Subsection [6.2

It relies on the energy-flux identity of Lemma[3.11] which holds in a distributional
sense for weak solutions in X y(Lemma ,

dyw? = 8, Fly (2)

where Fly has a very similar structure to the energy density. Here we use typical
PDE arguments. It will be convenient to split the Hamiltonian into a quadratic
and a higher order part, corresponding to splitting the Nth Gardner equation into
a linear and a nonlinear part,

(251) Hgver = w3, + HYE,
(2.52) wy = (—1)N 9w +3z%H{\\,’L
Similarly

(2.53) Fly = Fl§ + FIy*

with

N
FI§ = @N + Dfw™P + 3" fa 0% w92

j=1

for some unimportant combinatorical constants fx, ;. The structure of FI%L is given

in Lemma B.17]

Proposition 2.20. Let w € X be a weak solution to the Nth Gardner equation.
Then w € C(R; L?), ||w(t)||z2 = ||lwollz2 and (we omit the argument (x — k7*Nt)/R
of sech)

(2.54)
/(1 + tanh ((z — IiTth>/R)w2dl"

1 /7 N , .
+ = / /Sech2 [(2N + 1)(w™M)? 4 Z F w912 cosh? 9% sech? —|—m'2Nw2} dxdt
0

j=1
1 T
-5 / / sech? FINY dadt.
0

The second line is the linear Kato smoothing term. It is equivalent to

1 T
& | ol Y e
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if Kk > 1 and R is large, independent of 7, since the middle terms carry a factor
R~?7 from the differentiation. We bound the nonlinear term by

2
P s 2N -2
22N71

[ s/ RPN da| < el ol (¥ laz) ™ ol

< ellwlZy + ele)r>N 3.

We choose € small and then x large so that we can subsume the third line under the
second line. Integration with respect to time implies the Kato smoothing estimate

(2.50)) for weak solutions.

The next step is precompactness.

Proposition 2.21. Let Q C L? be a precompact set of initial data and let Q., be
a set of weak solutions with initial data in Q. For all compact intervals the set

{w(t):w € Qy and t € I} C L?
1S precompact.

This is contained in Theorem [6.3] It relies on

(1) Kato smoothing and its translated versions which gives tightness to
the right,

(2) the modified Miura map and the estimates of Proposition applied twice
to obtain equicontinuity of the orbit and high frequency Kato smoothing,

(3) a backward Kato smoothing with 'bad’ terms controlled by the high fre-
quency estimates of the previous step.

This is quite intricate and the object of Subsection [6.2] Theorem [6.3}

It is an easy consequence that the set of weak solutions in X is closed in the
following sense: Let w™ be a sequence of weak solutions which converges in C(I, L?)
for every bounded interval I. Estimate provides uniform bounds and by
precompactness and the high-frequency Kato smoothing estimates there exists a
subsequence so that 0Nw™ converges in L? for every compact subset against a
weak solution in Xp.

We prove more than that: The uniform convergence (and hence uniformy con-
tinuity) of the flow (27)27,¢*9%" to weak solutions to the Nth Gardner flow on
precompact sets of initial data. A Kato smoothing estimate for weak solutions
w € Xy to the difference equation

J ‘
wy = —G%Tﬁard“er(w, w, 7o)

plays a central role. Observe that we return to denoting the parameter for the
Gardner hierarchy by 7.

Proposition 2.22. Suppose that w € L>®(R; L?) with wN) € L2 (R?) is a weak
solution to

)
(2.55) wy = _a@TJ\Cr;ardner(ivaﬁo)-
Then w : R — L? is weakly continuous and there exists x depending only on N so
that
(2.56) || sech(x—f{TgNt)w(NH)HLQ(R;H;)—&—H sech(z—rg N t)wl|p2r2) < cf[w(0)| 2

and
| sech(@) (w(t) — w(0))|| g-x-s < em™ %5 (] + 1) w(0)]| 2.
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The proposition relies on natural but fairly sharp estimates.
Lemma 2.23. The following estimates hold for R > 1
(2.57)
)
h2 R)— ardner
| seet(x/B) =T

H-N-3
3
<er T (14 |Jw| z2) (|| sech(a:/R)w(NH)Hz; + || sech(z/R)w||32)

and
(2.58

)
0 _NL,.
‘/tanh(m/R)w(J&)a(szN (”)) dx
< erT I (1 4 [|w] 23 +?) (II sech(z/R)w ™D 1+ | SeCh(z/R)wHQL?)'

The estimates (2.57) and (2.58)) are proven after Proposition Estimate
(2.58) bounds the nonlinear part of the Kato smoothing estimate for the Hamilton-

ian vector fields. The linear part leads to an important gain:

2N c
= || sech(a/R)wN+D leq,;j < i || sech(z/R)wl|3

27

01
/ tanh(z/R)wd, 503 [N+ 12, -1 da+
hence, if x is chosen sufficiently large so that the nonlinear terms can be controlled,

N
% /tanh((x — k7eNt)/R)wdx + EH sech((z — k72N)/R)yw™N+1) Hirl

(2.59) an
+ I% || sech((z — k1) /R)w||%2 < 0.

In particular, since ||w(t)||z2z = ||JwollL2, if R > 10

1
(2.60) /O J sech(a/ Ry I (0], de < 2wl
This estimate is uniform for wy bounded. Moreover by (2.57))
(261)  [lsech®(@)(w(t) — wo)llg—n-» < e(t + 1)r T g |12
and

sech?(z)w(r,t) — sech?(2)wy in H V73 as 7 — oo

uniformly on bounded sets. Since ||w(7,t)||r2 = ||Jwo||r2 and {w(¢) : t € [T, T} is
precompact in L? we obtain convergence in L?2.

We make this more rigoros by induction on N and we formulate the induction
hypothesis

Claim 2.1. Let N > 1. The approzimate Hamiltonian (27)>T 90" defines an
evolution which converges to the Nth Gardner evolution uniformly on compact time
intervals for precompact sets of initial data. We call the limit the evolution of
the Nth Gardner equation and denote it by exp(t@%Hﬁard“er). All these flows

commute and preserve higher regularity and the Hamiltonians TS (i1, .. 79) and
HGardner
j .
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We assume the induction hypothesis. By the hypothesis the Hamiltonian flow
of Tﬁfﬁd“er is well defined. We consider a subset Q C H which is precompact in
L? and claim that 5

exp (#(2r) 205 =T Jw
converges uniformly in L>(I,L?) as 7 — oo for I C R bounded and wy € Q.
By Theorem there is a unique weak solution in C(R, H") to the N Gardner
equation and also to the difference Hamiltonian. Let wy € L% w§ € H N so
that w — wp in L?. Let w™ resp. w"(7) be the corresponding solutions to the
Nth Gardner equation resp. the Nth approximate equation. By the induction
assumption the limit

nh_}rrgow (1,t) = w(7)

exists in L? uniformly on compact time intervals for initial data in ). By precom-
pactness there exists a subsequence w™ (which we do not relabel) which converges
to a weak solution w in L?. By Theorem m

n 5 araner n
0™ (1) = exp ( — t(27‘)28%7}\9,1d )w (t)
satisfies 5
V(7) = DT (i) (1), (0,7) = o € Q

By (2.59) the solutions satisfy
sup{[|(v" (r) ™21y = I, [K| < 1} < e(r) fwol| 2

with a constant depending on 7. By continuity and the induction assumption

)
. n _ _ 2 Gardner —.
nhﬁn;oi/ (7,1) —exp( t(27) aéwﬂv_l )w(t) cu(t, T)
and by Proposition [2.22
|| sech(v(t, 7) — wo)|| L2y < (1 + )7~ ¥ |wp || .2

By Proposition lw(t)]|z2 = ||wo|lzz and by the induction hypthesis ||v(t)]|zz =
|lw(t)|| L2 = ||wo||rz. By this observation we can upgrade the convergence to

v(t, ) = wo

in L2 uniformly on compact time intervals for initial data in a precompact set. Now
) 6
e 2 QaiTGardner i )wn _e (taiHGardner)wn
XP((T) sw N-1 (i) )wg Xp sw N 0
§
—e _ taferardner) w™(t
xp (05T (1

J Gardner 2 J Gardner
exp( tZ’)%TN )exp( t(27) 3%7}\,,1 )wo
-0 in L?

uniformly on compact time intervals at 7 — oo for the sequence v™ and we obtain
convergence of the limit to the weak solution from above,

exp ( - t(27‘)28%7§f§dn“>w0 — w.

We have proven Claim [2.1] for all N and hence part A and B of Theorem [2.19] and
part C for the solutions we have constructed.
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We claim that
(2.62) L*(R) 3wy — sech(z — k7*V)0N exp (t@%HN)wo € L*(R?)

is continuous. Let w} — wp in L? and let w™ be the corresponding solutions.
Then w,(t) — w(t) in L? uniformly on compact time intervals. By Proposition
the second and the third line of equality are continuous with respect
to the initial data. Let wf — wp in L? and let w™ resp. w be the corresponding
solutions, uniformly bounded in XV, and converging in L? uniformly on compact
time intervals. Then

‘ / / sech? FINE (w™)dzdt — / / sech? FIVE (w)dzdt

o(e)|lw" —wuw + e sech (0™ (w" — w))|72

and hence the quadratlc term in converges. It is equivalent to a norm and
hence a norm of a Hilbert space. Weak convergence and norm convergence imply
convergence, and hence convergence of u™ in XV,

2.7. Uniqueness of weak solutions. We turn to proving uniqueness of weak
solutions in X . Let w be a weak solution and define

)
(2.63) u(t) = exp ( — t(2r)%0 5 TN i, TQ))w(t).
Proposition 2.24. v € Xy and it is a weak solution to
1) . .
3tv = aaﬁdrdner(lﬂ . ’7'0).
Proof. We approach the claim by a number of small steps. Let

)
(2.64) v = exp ( - t@ET,Gf“dner(iT, . To))w(t).

T(;lardner ( .

To simplify the notation we denote the Hamiltonian flow of iT,.,T0) by

D_q . (t,.).

Lemma 2.25. Let w € XV be a weak solution and v(t) = ®_1 . (ct,w(t)). Then
sechv € L2(I, HY)

for bounded intervals I.

Proof. By the conservation of the L? norm |[v(t)||z2 = ||wol|z2. By the definition
of a weak solution w € XN(I) hence sechw € L?(I, HY). The Kato smoothing
estimates 0)) provide even bounds, which are not important here. The vector
field 2 TGard“er( T,.,70) is locally Lipschitz continuous on

Sw—
Y ={we L?:sechw € HY}

by Proposition [2.10] Suppose that vy € L? and sechvy € HY. Let v(t) be the
solution to the Hamiltonian equation of 752 der | By estimate (2.35))

t
[[sechv(t)|| g~ < ||sechv(0)| g~ + c/ | sechv(s)||g~ds
0

and by Gronwall we obtain

|| sechv(t)[| gy < ce|| sechvgl| g
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We obtain similar estimates for translates. Thus v(t) = ®_1 , (¢, w(t)) satisfies

||U(t)HL2 = ||w0||L2, H SeChU||L2((0,T),HN) S C(T)H SeChU}HL2((0’T)’HN).

Lemma 2.26. We have
1 1)
vy = a(%cfgardncr(ir, w(t), 7) + D®_1 . (t, w(t))%ﬂﬁardncr(w(t)).
Here D® denotes the Fréchet derivative. It is part of the claim that all terms are
well defined in a sense described in the proof.

This calculation is a consequence of the chain rule under more regularity. How-
ever it can be done at the level of regularity at hand.

Proof. We decompose
o(t +h) —o(t) = [<1>_1,T(—(t ), w(t+h) — By (—t,w(t + h)]

+ [(ILLT(—t,w(t +h) — <I>,1,T(—t,w(t))}

We divide by h and take the limit h — 0. The first term on the right hand side
converges to —ctd:- TG (v) in L>°L2. By the definition of the weak solution

t+h 6 Gard
w(t + h) — w(t) = / 02 HG ()

2N+2 N+1—n/2

t+h
= / (DN N L NN 9% f a(s)ds
t n=3 a=1

where (we put the dependence on ||wl|2 and 7y into the constants) by Lemma[5.5]
@.41)

—1l—a
2— =5

I sech? fa@®llzz < ¢l sechw(t)HHN
We complement this estimate by Lipschitz bounds for ®_; ;. The flow map ®_; ; is
differentiable at least for more regular initial data. We denote its Fréchet derivative
with respect to the initial data as above by D®_; .. It is the evolution to the

differential equation (see Proposition (2.33))

ol

¢r = —0A(t, w)9
and satisfies
(2.65) || sech? D®_y , (t, w)wol| g2 < celt!|| sech? wo|| 2.
Suppose that sechw € HY (R). We claim

(2.66)

‘ /nD<I>_1)T(t,w)wodm‘ < c(l + secthHN) (| cosh? n|| g v-+1 || sech wol| gr—~—1.
This follows by duality from
| cosh D®* ; _(t, w)woll g+ < ceclt! <|| cosh wo|| grav+1 + || sech wl| g || cosh? wOHLz)

The adjoint equation is (reversing the time direction as well)

by = —A(w(T —1))0y .
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Let ¢ = ¢,. It satisfies
Yy = —0AY

and again

t
| coshp(®)]l g~ < || cosh(0) s + / | cosh A|[ w1 ds
0

t
< || cosh 9(0)]| g~ + c/ || coshp|| gy + || cosh? 3 (s)|| 2 || sech(s)w(t)]| g ds.
0
Again by Gronwall
[l coshy(t) || gv < c(|| cosh (0| g~ + || sech wg || g || cosh? w(0)||Lz>.

We interpolate (2.65) and (2.66|) and obtain for 0 <m < N
|| sech D®_; - (t, w)wo|| gr—m—1 < cell(1 + || sechw]| g~ ) ¥ || sech D®_; , (t,w)

Together we bound (with M the Hardy-Littlewood maximal function with respect
to time)

1 _1 _ 1
=l sech(v(t+h) —v(t))]| -~ < c(M|| sech v]| 23" +(1+|| sechwn}wfv)Mn sech v g

The right hand side is an integrable majorant. The same estimates imply (together
with higher differentiability of D®_; , for more regular data) that at Lebesgue
points
1
E[é_lﬁ(—t,w(t +h) =Dy (—t,w(t)) = DP_q (—t)w(t)

and hence

0 J
v = Qo TGN (t,0) + D@y o, w)d o H™ e,

O

Lemma 2.27. Let w € C(R; L?) with w™N) € L? be a weak solution to the Nth
Gardner equation. Then v(t) = ®_q ,(ct, w(t)) satisfies

) ‘
(2.67) vy = 8% (Hﬁardner +cT_1 (i, ., 7'0)> (v)

Proof. Here we rely on integrability. In view of Lemma [2.:26) we have to prove

)
ow
We begin with the case in which one has two smooth flows, which is the Frobe-
nius theorem. Let X and Y be two C? vector fields and ¢~ (¢,-) resp ¢¥ (t,) the
corresponding flows. Then the commutator of the vector fields considered as deriva-
tions satisfies [X,Y] = 0 if and only if the ¢~ (s, Y (t,-)) = ¢¥ (¢t,¢%(s,-)). The
implication <= requires differentiation. Assume [X,Y] = 0. We differentiate

0¥ (5,0% (1)) — ¥ (1,65 (5,)
= X(6¥(5,6" (1) — (DY) (1,6 (5, )X (6 (5.)

B)
(2.68) DO, (1, w)a%Hﬁardner(w) = 0—HG" M (i1, & (¢, w)).

We claim

(DSV)(t, )X () = X(&" (¢, ).
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Assume the claim. Then the right hand side is
X(¢X(s> (ZSY(tv )) - X(¢Y(ta ¢X(s7 ))

and by Gronwall’s inequality, the identity for s = 0, and local Lipschitz continuity
of X, we find ¢X (s, Y (t,-)) = ¢¥ (¢, (s,-)). To prove the claim we differentiate
with respect to t.

d

dt<<D¢ )(t)X () = X6 (1)

D(Y (¥ (t,)))X (") — DX(<Z> t)Y (87 (¢,)
= DY (¢" (t,-)) D¢ (¢, )X () = DX (" ()Y (6" (¢,"))
= ((DY)X - (DX)Y)(" (t,-)) + DY(¢Y(1% N(DSY (¢, )X () = X(6" (t,)))
= [X,Y)(¢" (,)) + DY (¢* (t,)) (D" (¢, ) X(-) — X (¥ (t,)))
and the claim follows again by [X,Y] = 0, Gronwall’s inequality, the identity for
s = 0 and local Lipschitz continuity of DY.

We specialize to Hamiltonian vector fields. The Hamiltonians H;, Hy Poisson
commute if and only if

exp(sJVH;)exp(tJVHz) = exp(tJVHs) exp(sJVHi)

which holds if and only if Hy is conserved on orbits of exp(tJVH;). To see this
assume that H; and Hs Poisson commute and calculate

d
ﬁHg(exp(tJVHl) ={Hy,H} =0.

Moreover, a calculation shows
—[JVH,,JVHy| = JV{H;, Hs}

and the Hamiltonian vector fields commute if the Hamiltonians Poisson commute.
Indeed, let w, ¢ be test functions. Then, with X = JVH;,Y = JVH>,

(DX (w)Y (w) = DY (w) X (w), ¢)

_ LT‘ (JVH;(w+ sY (w)) — JVHy(w + sX (w)), ¢)

ds’odt’ Hy(w + sY(w) +tJ¢) — Ha(w + s X (w) +1J¢)

- jt (VH, (0 +tJ¢), JVHa(w)) — (VHa(w + tJ), JVH; (w))

— jt (VHy(w + tJ¢), JVHy(w + tJ¢))

= (JV{H, Hy}(w), ).

We turn to (2.68)), which we will prove for H = ¢TG4t For ¢ € S(R), we
have

0 0
(2.69) DOy 1 (ct, )05 HY*" () = 05 —Hy (P17 (ct, )
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from the considerations above for smooth flows. It remains to prove continuity of
both sides as maps from HY — H~N~! 50 that the statement holds by approxi-
mation. The maps

1)

O Hy™ - HY — H~V~1, and
w

&y, HY - HY
are seen to be continuous, and we are left to show continuity of
DOy (ct,.): HY — L(HN-1 g=N-1),
This has been proven in Subsection (]

We turn to the proof of Proposition Let (xj)o<j<n be the unique solution
to the Vandermonde system

(2i7)2N
1 1 1 . —
1 2! (N+1)7! (2im)* 7Y
K=
_ o 2iT)?
1 N N (
2 (N +1) .
so that with
N
T (0,7, ., 70) = (2i7) 2N TErdner (i 1) — (2i7)? Z K TP (3o, 7'0))
=0
Tim (20)% (T2 (i7) = TR (7, i0) ) = 0

for w € HY uniformly on bounded and equicontinuous subsets in HN~!. Let
w € Xy be a weak solution and

v(t,7,0) = exp ( — ta% ] (ia))w(t).

By the previous argument (which applies in the very same fashion in this situation
since the flows ®_; ; for different 7 commute) v € X and it satisfies

5 a
(2.70) Oru = 05— (HE™ " — T3, ) (u).

By the previous part
lim u(t,7,0) = v(t)

T — 00

uniformly on compact time intervals in L2.

We verify that v € X. The linear part of the equation is

N
i = (~1)NOCNTVG =N " k,0(D? + (250)%)
j=0

and |k;] < c7?N. Together with the nonlinear estimate

/ sech(z)u(r, a)a%(ﬂgardner _ T (7)) (u)da + 2N / sech? (2)[u™) 2

< er?N || sech(z)w||%2
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uniform in ¢. Now we can take that limit ¢ — oo and obtain the Proposition
2,24 [l

As a consequence v(t) — wy by Proposition uniformly on compact time
intervals for wg in a precompact set. We decompose

J 2 7Gardner _ d 2 7Gardner J Gardner
exp (—tﬁﬁr TN )wo—w(t) = exp (—tG%T TN )wo—exp (—tﬁﬁTN_l )v(t)

and the claim follows from uniform convergence of exp (t@%rz’ﬁ\cﬁardn“)wo on

precompact sets which in turn follows from pointwise convergence. ([

2.8. Outline of the paper. In Section[3]we develop the structure and the formulas
for KdV and the Gardner hierarchy. The modified Miura map and estimates for it
are the central object in Section[d] Section[5]uses the modified Miura map to verify
equivalence of weak solutions to the Nth KdV equation, the Nth Gardner equation
and the Nth good variable equation. The object of Section [6] are properties of
weak solutions, Kato smoothing and precompactness of orbits. Section [7] gives the
asymptotic series a precise meaning. It provides varies multilinear estimates in
particular for the difference flow.

3. THE KDV AND THE GARDNER HIERARCHY

The KdV hierarchy is a long studied object and we refer to Babelon et al [1], Fad-
deev and Takthajan [17], Novikov et al [49], Dickej [15] and Gesztesy and Holden
[21]. The KdV Hamiltonians and related quantities are coefficients of asymptotic
series, which are typically treated as formal series. We give the asymptotic series
a precise meaning. In contrast to the expositions above we insist on working in
an HY setting for the potentials and on sharp error estimates for the difference
of partials sums and quantities expanded in asymptotic series. We deduce con-
sequences on the coefficients from properties of the logarithm of the transmission
coefficient and related quantities. This allows to use rigorous arguments for poten-
tials in Sobolev spaces, and is central in the approximation of higher flows. The
various connections between the KdV hierarchy and the Gardner hierarchy may
be an original contribution, including a Lenard recursion without antiderivatives.
In the Subsection on Schatten class operators and determinants, we also used
some elegant arguments from Harrop-Griffiths, Killip and Visan [25].

In what follows we will often omit arguments of functions when they are clear
from the context.

3.1. The KdV hierarchy. We consider the Korteweg-de Vries equation (KdV)

D).

Ut = —Ugzz T 6’U,’U/z
and its hierarchy. The KdV equation (1.1)) has the form of a Hamiltonian equation
0H
= 87
Uy Su )

where HXV =1 [42 4 2u3dz and 22 is the functional derivative of H defined to
be the unique function such that

(3.1) /(b(x)(;—jz(x) de = —| H(u+1to)

t=0
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for all test functions ¢ € S(R). Given a functional of the form

H(u):/Rh(u,u’,u",...)dx,

one can check easily that

SH & . ( Oh ,
Whenever the functional can be written as an integral over a differential polynomial
the sum on the right-hand side is finite.

The Lax operator for KdV is the Schrédinger operator
(3.2) Lo = (=07 +u)9,
with potential w € H~!. Let Im 2z > 0 and consider the left and right Jost solutions
¢lv ¢r of

(3.3) (L—2%)p=-07¢+up—2¢=0,

with the normalization at £oo E|

(3.4) lim e ta= o vy (1) =1,
T——00

in a local L? sense, and similarly

lim e~ %=z Jo wWdy g () = 1.
Tr—r 00

The integral term in the normalization is needed to obtain a limit for u € H~?! - it is
needed even for v € HN for any N. For v € H~" we need an inessential correction
to the normalization described below. One way to see its origin as follows: We
write u = v, — 2izv with ||v||fz = ||e2’Re”u||H711 . Then
2Im z
L—2%=(0—iz+v)(—0 —iz+v) —v?
and (3.3]) is equivalent to the system

, (0 -1
(3.5) V= (v2 2iz — 21}) ¥
with ,
Wy = I WG gy = NP9 iz + v) gy
The system (3.5)) can easily be solved by a Picard iteration from —oco starting with
the constant function (é), see Lemma H We observe that formally [udzr =

,x2iz [ vdz. The limit in (3.4) becomes a standard limit if we replace *i fow u by
fo v. We define the renormalized transmission coefficent T.(z) on the upper half
plane to be the meromorphic function

lim_exp (izz = [ v(y)dy) ou(e)

— 00

—21z z

W6 T i exp iz — [ o(y)dy)ue)

r—00

T:(2)

LThis deviates slightly from the standard normalization. It has the advantage that it is correct
even for u € HN, N > —1, in contrast to the standard normalization. It leads to the renormalized
transmission coefficient below.
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Here, W(f,g9) = f'g — fg¢' is the Wronskian and the enumerator is 1, which we
kept to make the expression independent from the normalization. For Schwartz
functions the transmission coefficient 1" is defined using the standard normalization
of the Jost solutions without the integral in the exponent. Then

(3.6) T, = ¢~ 7z Jaudo,

Indeed, for functions u 6 L1 the standard left Jost function d;l is related to the Jost

function ¢; defined in and (3.4) by ¢ = leXp(zzz ono udy).

None of the factors on the right hand side of is defined unless u € L!
(or W= n H=! with a suitable definition of spaces), but the left hand side is
defined for u € H~. On the lower half plane we define T}.(z) = T,.(—z)~* which
is the correct choice for below. The inverse of the transmission coefficient
(T(z,u))~t is defined in this way for u € H~! meromorphic in 2 € C\R and
holomorphic in the upper half plane, with the zeros given by the square roots of

the eigenvalues in the upper half plane.
A direct calculation (see the proof of Lemma and |49]) shows that

) T — T2 T, 6 log T, 1

. < 4r — r .T ) dh o 7

(3:7) ou 2iz 19 2iz and fience ou 2zz

respectively for the non-renormalized Transmission coefficient and Jost solutlons7
or - T? - 0logT

(3.8) =~ andhence —T —dm

We specialize (2.4) to N = —
T,I(ldv(z, u) = izlogT,(2).

An innocent calculation gives a formula which is hard to overestimate: the Lenard
recursion.

Lemma 3.1. Letu e H™ ﬂLloc Then the functional derivative of TXIV satisfies
the ODE

B
(3.9) (—0® + 4ud + 2u,) 5

In view of (3.8]) and the regularity of the Jost solution ¢;, € H, foc the equation
(3.9) can be understood in a distributional sense.

Proof. Consider ¢1, ¢o solutions to (—9?+u—22)¢p; = 0. A short calculation reveals
P (p102) = Uz + 4(u — 2°)(¢1¢2).
Hence (3.9) follows from (3.7). O

There are different formulations of the equations of the Korteweg-de Vries hier-
archy: the Gardner hierarchy and the good variable hierarchy, which are equivalent
under weak conditions. They correspond to taking different coordinates in a large
part of the phase space. The different coordinates are based on relations between
the Lax operator, resolvent and Jost solutions. We give connections between these
variables in the next Lemma.

Lemma 3.2 (Definition of w and v). Let u € H=! and let ¢; € H, loc be the left
Jost solution with the normalization (3.4). We assume that —0* +u+71¢ is positive
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semi definite and either Rez # 0 or z ¢ i[0,79]. Then ¢; never vanishes and we

define w € L? (see Lemma as
w(z, z,u) = (log(¢y(x, 2, u)e*™))’.

Then w satisfies the Ricatti equation

(3.10) w' — 2izw + w? = u.

It allows to factorize the Lax operator

(3.11) L—2"=-0"+u—2"=(0—iz+w)(—0—iz+w).
Moreover

(3.12) TEWV (2,u) = —% /Rw2(x,z,u) dx.

Let G(z,x,y) be the integral kernel of the resolvent and B(z,x) = G(z,x,x)ﬂ its
value on the diagonal. We define

1
.1 = — -1
(3.13) YT T8
Then
(3.14) w = f%&c log(v+ 1) — izv.

Proof. In Lemma we will prove that the map L? > w — u € H~! is a diffeo-
morphism with the natural restrictions on the spectrum. From

¢ = (—iz +w)dy, /= (W' + (—iz +w)*)py = (u—2°)y
we infer (3.10)). The factorization (3.11)) is an immediate consequence. L' C H~1

is dense. Then

TRV (4, 2) = iz(logT(z) - i/u)
= fz'z( lim logWJrl/u)

oo O Gy(—a)ei | 2iz

1
= —E/wzdaj.

The factors in the factorization (3.11]) can be inverted independently:
(L—2*)" = (=0 —iz+w) 10 —iz+w)?,
where we formally write

(0 —iz+w) " f(t) = /t gl () dy,

— 00

(7({9 i+ w)ilf(t) _ /oo e—iz(t—y)'i‘fytwdsf(y) dy.

t

2Also we note here for comparison that the renormalized perturbation determinant « as defined
in 39| satisfies T_1 (i, u) = Ta(T, u).
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Thus,

) = [T e ([ ) [ e o ([ ) s

T Yy
= [ G(z,z,y)f(y)dy

where
(3.15)
o t max{z,y}
G(z,x,y) = / exp(—iz(x+y—2t) —2/ wds—/ wds)dt.
max{y,z} max{z,y} min{z,y}

is the Green’s function and the evaluation at the diagonal gives
t

B(z,z) =G(z,z,z) = / exp ( —2iz(x —t) — 2/ wds)dt

T x

oo

= (=0 — 2iz + 2w) (1),

and
(3.16) B 4 2izf — 2wB = —1.
We substitute g = —m and see

95y = — v 2iz w

(v+1)2 +v+1 _21)+1
which implies . ([
We note that is equivalent to the ODE for the Lenard recursion, .
Indeed, differentiating twice and using 8" = —2izf" + 2(wp)’ gives
B+ 2iz8" — 2(wp)" = B" + 4226 + 4iz(wp)’ — 2(wB)” = 0.
Now since
diz(wp) —2(wB)" = dizwf + dizw'f — 20" B — 4w’ B — 2w(—2izp" + 2(wp)’)
= 2(w" = 2izw’ + 2ww')B — 4(w' — 2izw + w?)F,
the equivalence follows by v = w' — 2izw + w?.

The KdV Hamiltonians are defined for Schwartz functions w as the coefficients

(317) TV (z,0) = izlog Ty (2,u) ~ Y (22) "2 HEY ()

n=0

of the formal asymptotic series, or, equivalently
1
TEWV(2) = izlogT(z) — 3 /udx

1 1 1
~ (2z)72§ /u2 dzr + (2z)74§ /ui +2ud dx + (22)7°

3 / uZ, — Sung, + 5ut da...

We recall for N > —1 (see (2.4)) ,

. N
(318)  TEV(zu) = 5(22)V P log TRV () = 30 (222N HEY (u),

n=0
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where in the case N = —1 the sum is empty. By (3.17) T¥{Y = (22)*Tn — HYYV
and in the sense of Proposition

[e.¢]
T o)~ 3 (22) 2 Y )

3.2. Poisson structures. We recall the definition of symplectic forms and Poisson
structures on R?", C" and C?". A real symplectic form is a nondegenerate closed
real two form. The most relevant real symplectic form on C™ is

w(z1,22) = —Im(z, 29)

where we choose the convention that the inner product is complex linear in the first
component. Equivalently we write R*" = R” x R} and define

w((z1,1), (2,92)) = (¥1,92) — (Y1, 22) = ((71,91), J71(9327y2)>

0 ].Rn

where J = g 0

). It defines a bilinear form on the dual space which we

denote by

w N ((&m), (€2:m)) = ((&1,m), T (E2,m2)).
The Hamiltonian vector field of the function f is JVf.
A complex symplectic form on C2" is a holomorphic closed 2 form, the most
important being (writing C2" = C? x C?)

w((z1,C1); (22, C2)) Z%CQ _22<1

Obviously the real part of the restriction to the real subspace of the symplectic
form is a real symplectic form.

A real (complex) Poisson bracket is a bilinear map mapping a pair of smooth
(holomorphic) functions to smooth (holomorphic) functions which satisfies

{figy =g}, (skew symmetry)
{fa gh} = {f’ g}h + {f’ h}g7 (derivation)
{fv {ga h}} + {g’ {h’ f}} + {h’ {fa g}} =0. (JaCObi identit}’)

Given a smooth (holomorphic) function H (called Hamiltonian) we define the
Hamiltonian vector field by
Xuf={fH}.
A real (complex) symplectic form w defines a Poisson structure on smooth (holo-
morphic) functions by (where in the Hilbert space case by an abuse of notation we
identify derivatives with functional derivatives via duality)

{19} = w(Xs, Xy)

(w defines an isomorphism between tangent and cotangent space, and w™! is
the unique induced two form on the cotangent space). The Jacobi identity is a
consequence (and it is equivalent to it) of the closedness of the two form w.

There is no difficulty to extent these notion to infinite dimensional real and
complex Hilbert spaces. It is important to note that not every Poisson structure
comes from a symplectic form, our most important examples for that being the
Gardner Poisson bracket and the Magri Poisson structure [18]:
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Definition 3.3. The Gardner Poisson structure is defined as

(319) {F’7 G}Gardner — (;Fa ((Ssde

and the Magri Poisson structure

(3.20) {F,GYMaeri — / oF

G
3 R
5 (=0z + 2(u0y + Oyu)) —dx.

ou

Any constant skew symmetric bracket, and in particular the Gardner bracket,
satisfies the Jacobi identity (see [8]),

{rGLHAY+{({G 0}, P+ {{H,F},G} =0.
We argue differently for the Magri Poisson bracket.

Lemma 3.4. Let f(w) = F(wm —2izw+w?) and g(w) = G(w, —2izw+w?). Then
/ 5 gdx _ {F G}Magrl (QZZ)Z{F, G}Gardner_

In particular every linear combination of the Gardner and the Magri Poisson struc-
ture satisfies the Jacobi identity.

We compute using the chain rule %f(w) =(-0—2iz+ 2w)%F|u=wm—2izw+w27
hence

0 0

/( 0 — 222+2w)5F

ou lu= Wy —2i2wW+w?2

0G

O(—0 — 2iz 4 2w)— i

dx

u=w, —2izw+w?

F
= / %(8 — 2iz + 2w)0(—0 — 2iz + Qw)i—de
u

_/ o (=7 + 20000 —21'Z+w2)+(wm—2zzw+w2)a)+(2iz)2)8f5£dm,

ou U
With this at hand we prove
Lemma 3.5. The transmission coefficients T,(z1) and T,(z2) and TXV(z1) and

TXIV(2y) Poisson commute for every linear combination of the Gardner and the
Magri Poisson bracket.

Proof. This is a direct formal calculation, which we do first for the Gardner bracket.
Judz is a Casimir for the Gardner structure ( {f, [ udz} = 0 for all functions f
and we may ignore it. We use (3.8]) to find

52(51)&(52(52))@:21“@1) T(29)? /(@qﬁ,«)(zl) O (1) (22)d

= T(Z1)2T(Zz)2 /(¢l¢r>(zl)aw(¢l¢r)<z2) — (A19r)(22) 02 (D191 ) (21)d

— 82129

= TR [, (oo, anea) W0 (a1). 61 (2) )
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where in the second last step the defining equation —¢” +u¢ = 22¢ was used. This
implies the same statement for log 7" resp. log T, and also 75V, From the above,
and Lemma |3.1

OTC) (9 4 4ud + 20) 2 gy = 43 [ 1)
ou U ou

(5T(2’2)

O ou

dz = 0.

Hence the transmission coefficients Poisson commute also with respect to the Magri
structure. We complete the argument for the Magri structure for 7%V by

dlogT(z,.)

5 Ozpudx

{log T(z,u), [udx}M?e = 2/
1
= 2i1_r>% ;(logT(z,u + suy) — logT(z,u))

=2lim 1(logT(zm(. +5)) — logT(z7u)> =0

s—=0 S8

by translation invariance and regularity of 74V on Schwartz functions, which are
dense. We obtain Poisson commutation with respect to the Magri structure. O

We want to express Poisson brackets with 75V, which can be read as evolution
equations for a number of quantities. Let

1 1
7‘_G1'<1rdncr(z7 w,T) = e (5 /w2 dz + T_Kldv(z, Wy + 27W + w2))
1 1
o1 tar / w? — w?(z)dz.

Here, w(z) is defined as in (2.31) and equality of the first and the second line is
ensured by (3.12).

Lemma 3.6. The following identities hold for v € H™!

(3.21)

(3.22) (0. TSV @) = 50
(3.23) (0. T (0} = g0 M)
(3:24) (), T (22,00} = D TG (20,0, 22),

At first sight the Poisson bracket as defined in Definition [3.3| only makes sense
for functionals. We understand identities like ([3.22)) as follows though: For any test
function we consider [v(z1,z)¢(x)dz as a functional of u € H~'. We ask then
that

{ / U(Zlvff)¢($)dx,TK1dv(Zz)}: L [ He ety

422 — 472 v(zo, ) +1

for all test function ¢. In the same way we interpret (3.22)) and (3.24). Observe
that (3.24) is equivalent to Lemma for which we give a different proof here.
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Proof. By definition of TXdV, the variational derivative of the renormalized trans-
mission coefficient (3.7)), the definition of § as diagonal Green’s function of Lemma
[32] and the formula for the Green’s function

_ TRV [ a@)en(y)  ife<y
o7V 1y,_1
{u, TV (2)} = 3:6(157”('2) = i20:(f + %) - §8$(v —1&}- 1)

which is (3.22)). Using the notation L, = —9% 4+ u — 22, we calculate (see also Killip
and Visan [39] and [17])

2{v(z1), THWV (22)} = —% {6(121),10gT,KdV(22)}

— j—jﬂ*(a){ﬁ(zl),long.‘%g)}

= 22 (L2 og T ()} L2145, ) ()
21

= 2575 [ G0 ) BUr 0) Gl 2N

z2

We use (3.9), and rewrite as operators

B"(22) — 2(uf(22)) —2up’ (22) + 4278’ (22)
= Lzlﬂl('zQ) + 5/(22)1’21 - 2L215(22)ay + Qayﬁ(z2)L21

Thus,

{v(21), TEWV (29)} = _42122_1423[3(21)—2/G(zl,x,y)c;(zl,y,x){ﬁ”’(zz)
—2(uB(22)) — 2uB(20) + 4226' (22) + (427 — 4z§)6’(z2)}dy

22

= %425(21)_2@'(21)5(22) — B(z1)B'(22))

427 — 425
__a Bk)
422 — 4227 B(21)
B 1 61}(21) +1
422 — 422 "w(z9) + 1
1 v(z1) — v(22)

which is (3.23)).
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For the last identity we compute using 2w = —dlog(1 4+ v) — 2izv and by iden-
tifying functions with multiplication operators

’Ut(Zl)

2wy = — )1 2iz1v4(21)
= ma[(v(a) +1)710(v(21) + 1) + 2iz1 (v(21) + 1)} (v(z2) + 1)1
= ma[a + [0log(v(21) + 1)] + 2iz1 + 22’211)(21)} (v(z2) + 1)1
= ma( — 042w — 2iz) (v(z2) +1)7"
iz iz

g ; 2
M&@ IOg T(ZQ, Wy — 2izw + w ),

where in the last step we used the chain rule for f(w) = g(w, — 2izw + w?). We
rewrite

= ma( — 0+ 2w — 2i21)6(zg) =

_ 1 _ U xav _ }/ )
log T'(z2,u) = log T} (22, u) %i%s udx = o (7:1 (2z2,u) 5 udx
_ L (gxav 1 2 .
= E(T,l (22, u) 3 /w dx + Cas1m1r)
and get
{w(z1), TEWV (20)} = #ai (’TKdV(z wy — 2iz1w + w?) — 1 w? dx)
1)y /-1 2 42’%—42% Sw —1 2, Wy 1 9 .

which in view of (3.21)) is (3.24]). O

We obtain the hierarchies for the Gardner variable and good variable by expand-
ing the expressions above into asymptotic power series in (2z)~!. The generating
function 79*4ner (> 4, i7) has an asymptotic expansion in z,

(3.25) T (2w, i) ~ Y (22) T (w, 7)

n=1

where we call the coefficients HG#'2¢" the Gardner Hamiltonians. Then e.g.

1 1
HoGardner _ 5 /w2dx, Hl(}ardner _ i/wg +w4 +4T’w3d$,

. 1
Hgardner — — /wiz + 10w?w? + 2w° + 47 (5ww? + 3w®) + 247%w* dx.

2
In correspondence with KdV we define
(3.26)
N
7—]\(]}auvdner(z7 w, 7_) — (22)2N+2T91ardner(z, w, 7_) _ Z(2Z)2(N—n)H7Cl}ardner(w, 7_).
n=0

The relation (3.21)) can be written as
1
THY (2w + 27w+ w?) = (422 + 472) T (2,0, 7) = w3

It implies a similar identity for all NV,
(3.27)
(22)2 TRV (2, w, + 27w + w?) = (22)2 TR (2, w, 7) 4 (27) TG0 (2, w, 7)
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and
(3.28) HRYY (w, + 27w + w?) = HGEM (w, 7) + 472 HG (w, 7),
or, equivalently

(3.29)

N-1
HGraer (1) = (—4r%)N Hw||L2 + Z —4r?)yN=n= LKAV (4 2w + w?).
n=0

From the properties of the generating functions we can derive properties of the
Hamiltonians. As a first instance, we note:

Corollary 3.7 (Corollary of Lemma [3.5)). The KdV Hamiltonians Poisson com-
mute with respect to the Gardner Poisson structure on the Schwartz space with
another and the renormalized transmission coefficient resp. TV

Proof. This is an immediate consequence of Lemma since the Hamiltonians can
be defined by limits of Poisson commuting quantities. By definition (3.17]) and from
(2.11]) we see that

HRY = lim (2i7)2 T8 (ir,u), if we HNTL
T—>00
Thus by Lemma
{HNY TSV (2)} = lim {(2ir)* T30 (i, u), TV (2)} = 0.

Here in the last equality we argue inductively that the Poisson bracket with all
lower index Hamiltonians vanishes, and the first equality holds because

{HRY a2 T (i, 0), TN ()}

/ }fjﬂy it,u) 0TEV(2)

— ‘ 9

ou

H STasY (27', u H STEIV (i1, u) H

- ou H-N-2 ou HN+3

S 72 (Ilull e + lllFrvee) v,

if 7 2 ull%,, using (ZT). O

From Lemma [3.6| we obtain the evolution of the variables v(z) and w(z) when u
evolves according to the Nth KdV flow, respectively the flows Ty.

dx)

Theorem 3.8. The following identities hold on Schwartz space
1)

{ ( ) HKdV( )} :ax%Hgardner(wﬂ_)
i), TV (2, 0)} = az(;imcwdner(z, w,7)
N—
(), HE™ (1)} = 20 [(0(2) + 1)~ Z 22 N1 KAV ()|

\ o

N-1
(000, T (200} = 200 [(0(e0) 4 ) 30 220N ()

Jj=
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Proof. We expand ([3.22), (3.23)) and (3.24) and compare coefficients of (2z) 372",

The first two lines follow immediately by definition. For the third and fourth line
on the right hand side we write

v(z1) —v(z2) _ 16TV (w)
O v(ze)+1 2876((“(21) +1) (2 du ))
and expand both this and (422 — 422)71. O

3.3. Structure of the Hamiltonians. The Lenard recursion formula (see [51] for
how it is connected to Lenard)

) )
(3.30) 8aH}§i‘{ = (—0° + 4ud + 2uw)aH}§dV

holds in a distributional sense for v € HV by (3.9),(3.17) and (2.11)). We will see

that the Hamiltonians have a very special structure. For that we introduce the
notion of differential polynomials.

Definition 3.9. A differential polynomial in u is a polynomial in u and its deriva-

tives. We say the monomzial
N

H(u(j))aj
§=0
has
e homogeneity (total number of factors) H = Z;V:O aj,
o weight (total number of derivatives) M = Zf;l Jjaj and
o for KdV, degree d?V = H + M/2,
e for Gardner, degree dS*™ ™" = H + M.
We say a differential polynomial has degree n if it is a sum of monomials of degree
n.

In Chapter (see Lemma we prove that the Gardner Hamiltonians are
differential polynomials. By the chain rule we have

5HKdV 5HGardner
0T (u) = (0 + 2 + 2w))—"——(w,7)

where v = w, + 27w + w?. On the left hand side every factor of 7 carries a factor
of w, hence the homogeneity 7 has to be less or equal than the homogeneity of
w in each monomial in H{* 41T (w, 7), since the variational derivative decreases
the homogeneity in w by 1 which can be compensated by the multiplication by w.
Similarly for each monomial of the integrand on the left hand side of the
homogeneity in w is at least as high as the homogeneity in 7. The same is true for
the first term on the RHS, hence H{*{°" can be written as integral over multiples
of monomials with the homogeneity in u is at least two more than the homogenity
in w. The formulas also show that the sum of the homogeneities in 7 and w is
always even.

Together with this allows us to obtain the KdV Hamiltonians directly
from the Gardner Hamiltonians by picking the monomials where the homogenity
of w is exactly two more than the homogenity of 7, which is positive.

HEY () = tim HEY (0 (2r))e + (u/(27))? + 27 (u/ (27))

= lim 47> HG» ™ (u/(27),7)
T—00
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‘We obtain a new recursion formula for the Gardner Hamiltonians
(3.31)
HE™ 0 (w, 7) = lim AHFP ((wg + 27w + w?) /A, A) — 472 HF2 (w, 7).
— 00

as well as a recursion formula for the KdV Hamiltonians which does not involve
taking antiderivatives,

Hﬁdv (U) = TILHOIQ 47-2H]%ardner (%’ 7—)
’ 2
= li 2[ gyKav Uz u 2 ryKdVv (U U
77_11*?;047- |:HN—1(§+U+47T2)*47' HN_2(§+U+P>+:|

Starting with HG#rdner = 1 [w2dz we obtain HXY = 1 [w2dx and

1
HlGardner _ 5 /(wm + 21w + w2)2 — 47202 dr = /wg + w* + 4rwida.

| —

1
HEWV = 5 /ui + 2uPdx

1
H$ardner — 3 /(wm + 27w, + 2ww,)? + 2(w, 4 27w + w?)? — 47% (w2 + wt + 47w3)dx

1
3 /wa + 10w?w? + 207ww? + 2w® + 127w° + 247w dx

1
HEV = Z / u?, + 10uu? + 6udr.

2
We arrive at the following general structure of the Hamiltonians.

Theorem 3.10. A) HXV can be written as an integral over a sum of homogeneous
differential polynomials in u,

n+2

1
HKAY /endx — §/|u(")|2 +Z/en,k o
k=3

1 (2m42\ L,

The degree of e,, is =n+ 2. Hence, ey is a sum of products of k factors,
each product carrying a total of 2(n+ 2 — k) derivatives of order at most n+2 — k.
B) HE¥dner can we written as an integral over a linear combination of differential
monomials

where

deV

n+1 2n+2—m

1
g () = 3 [l Paes 3030 [ et
m=0 k=3

Here ei"}fﬁer are differential polynomials of homogeneity k > 3 in w, of degree

dGardner — 9p 4+ 9 —m and a with total number of 2n + 2 — k — m derivatives. No
factor contains more than [n + 1 — (k + m)/2] derivatives. The term of highest
homogeneity is
eGardner — 1 2TL—|—2 w2n+2.
m02nF2 T 99n + 1)\ n+ 1

The homogeneity k of w and homogeneity m of T in ey m i are related by k > m+2.
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Proof. A) Since the functional derivative reduces the number of factors by one but
keeps the weight the same, we see that the first statement is equivalent to showing

that
SHKAV 1/2n+2
T (LB o nt1
du (=)™ e 2 ( n+1 )u ’
where the terms in between contain k factors, 1 < k < n + 1, and are all of degree
n + 1. This is done inductively. Clearly, for n = 0 the statement holds. On the
other hand, from the Lenard recursion,

HKdV HKdV
O—1FL — (—0% 4 4ud + 2u, ) —2
ou ou

and the fact that derivatives keep the number of factors the same while they add
one derivative, we conclude that the linear term gains two derivatives and the
(n + 1)-linear term becomes

1/2 2 1/2 2\ 4 6 1/2 4
1 /2n+ 871(4u6+2uz)un+1 _ 1t n + n+ W2 = o n+ w2,
2\ n+1 2\n+1/) n+2 2\ n+2

by explicitly calculating the binomial coefficient. The degree of the differential poly-
nomial is increased by the operators —9%, 9~ (4ud +2u,) by one, which determines
the monomials in between. The bound on the maximal order of derivatives involved
in the monomials can then be reached by a finite time of partial integrations.

B) By we have to analyze what happens when we plug in u = w, +27w+w?
into the Nth KdV Hamiltonians with N < n — 1. We first prove the degree
condition. Consider a monomial in the Nth KdV Hamiltonian. By splitting the
sum in u = w, + 27w + w?, every factor of u becomes a factor of w and gains
either a derivative, another factor of w or a factor of 7. Additionally a factor of
(27)2(»=1=N) is multiplied. Thus by the degree condition of KdV,

m 4+ dGardner — 2(7’L —1— N) + HGardner + MGardner
2(n —1— N) + 205V 4 prrdv
2(n—1—N)+2(N+2)=2n+2.

The bound on the maximal order of derivatives involved in the monomials can
again be reached by a finite time of partial integrations. To obtain the form of the
bilinear term we notice that only the part w; + 27w can contribute to it. Now from
the nth KdV Hamiltonian respectively we obtain a contribution of

1 1

3 / (w(”+1) + QTw(”))2 dx = 3 / (w(7l+1))2 + 472 (w("))2 dx.

This shows that the sum of the bilinear parts in (3.29) is a telescopic sum in which

only the highest order term survives, giving the desired form of the bilinear term in

the Gardner Hamiltonian. Likewise, the form of the term of highest homogeneity is

reached by setting v = w? in the ¥™*! summand of the n — 1th KdV Hamiltonian.
|

Before analyzing the form of the good variable equations we state another result
concerning the conservation law for the momentum of the Gardner equations. This
will be used in proving the local smoothing properties.
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Lemma 3.11 (Energy-flux). There exist differential polynomials which we call
fluzes so that

0 2
tw 8 N

if w satisfies the Nth Gardner equation. The flux can be written as

N+12N+2—m

FIN = Z Z 76" Flm,j,Na
m=0  j=3

where each Fp, ; N has homogeneity j > 3, degree 2N + 2 —m and weight 2N + 2 —
(m+ 7).

Proof. Let hy be the density of Hﬁa‘"d“er, given as a differential polynomial. Then
; Ohn

w(])

| 0
SRS DD SR (R jg))
J

k1+ko=j5,k12>1

amw%H}&ardner 8w2 170

We obtain a differential polynomial Fly such that
(3.32) drw?* = 9, Fly .

We decompose Fly as a finite sum of differential polynomials Fly = 37, Flé\,
where FllN has degree [. Taking derivatives leaves the number of factors invariant
and increases the degree by one. On the other hand, we know that

5HGardner N+12N+2-m

wd—L—— =0, Z Z Rm,j.N
Jj=

is also a sum over homogeneous differential polynomials of homogeneity j and de-
gree 2N + 3 —m. Indeed, the functional derivative leaves the number of derivatives
constant while decreasing the homogeneity by one, the derivative increases the de-
gree and the former homogeneity is restored by multiplication by w. By identifying
terms of like degree we see that

N+12N+2—m

FlN:ZO 23 Ty i N
m= 1=

where each I, ; v has homogeneity j > 3, degree 2N + 2 — m and weight 2N +
2 — (m + j). This shows

Gardner N+12N+2-m

0H mi
/(1 - tanh(ﬁx))wa#dx = /@'/sechQ(/ia?) Z Z 70 Flm j ndz.

m=0 j=3

By partial integration, we can reduce to the situation where each factor has less
than [n + 1 — (m + j)/2] derivatives, by making errors where derivatives fall onto
the localization factor sech(kz) and the degree of the homogenous polynomial is
decreased, thus being easier to handle. [
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We turn to the good variable equations. We have seen that if u solves the Nth
KdV equation, then by Theorem [3.§]|

N—

,_.

H2

dpu(2) = 20, [ D+

2A(N—1—j HKdV( )}
=0

.

Using the relations between u,w, and v, we can turn this into a single differential
equation. By combining (3.10) and (3.14)) we see that

1w 3 2
3.33 = — L 2% — 2R
( ) u 211+1+4(v—|—1)2 z°v —z%
To turn the above system into a single ODE we plug (3.33)) into the equation. For
N =1 and z =47, we find

3 2
(3.34) vy = Oy [ — gy + 67202 + 27203 + = 5 %}

Hence the time evolution equation for the good variable is a deformation of the
Gardner equation! For N = 2 we obtain the somewhat lengthy equation

vy =0y {vmm — T120g,0° — 472 vv — 147200 — 4720

+ 67%0° + 30740t + 407403

3.35 ) 9
(3.35) +w+1)7(- ivm BUpzzVs + 1877020 + 5720502 —67°02)

+(w+1)72 (%vmvi) + v+ 1)_3< - %vi)}

To prove equivalence of weak solutions we need an understanding of the form of
the equation for general N. This is given in the next theorem whose proof can be
found in Appendix

Theorem 3.12. The Nth equation for v can be written in the form v, = 0, Fy,
where
2N-1

(3.36) Fy = Z (’U + 1)_n7'lfN,n7k7d(U),

n,l,L,d

sty

where fn n.k,a has homogeneity k in v and a total number of derivatives d, and the
sum is restricted by

0<n<2N-1, I1+d=2N, n+1<k<2N+1,

#{factors of w with at least 1 derivative} >n+1 if n>1.

Moreover, the linear part of the equation is (—l)N’U(2N+1), and Tlme)k,d contains
no term of the form v w@N)  The number of derivatives d, and |, are always
even.

In order to estimate later we also need be able to pull out derivatives. Weak
solutions will have regularity L>°H?", and localized one more derivative, which
means that the single factors of v in nonlinear terms are not allowed to carry more
than N derivatives. If N = 2, the only bad term is

(”U + 1)71(vzzmvm),
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and we can pull out derivatives to rewrite it as
(v + 1) (veavs) — v2,)
=—(v+ 1)71(%2“) + az((v + 1)71(’”%”1)) + (v + 1)72(1’:&”5)-

For general N we could have a terms of the form

k
(v+1)"" H vl
i=1

where Y «; = d and some of the «; are larger than d/2. Note that d is always even,
because the number of derivatives on each differential monomial of SHXY /u is
even, as can be seen from the Lenard recursion . Without loss of generality
assume aq > --- > ag. We pull out one derivative from «;. This produces a total
derivative of a monomial with d — 1 derivatives, and a term where we replace oy
by a; — 1 one some other a; by a; + 1. We can iterate this until a3 — as = 0,
or a; — ag = 1. In the latter case we simply pull out another derivative using
2u(@1) (yler=)p=1 = gyl =D We arrive at

k k
VD SR | B8
i=1 arttagp=d,a; <d/2 i=1
a—d/2 k
9! (@)
+ Clan,...,ap v
=1 artotap=d—l,a; <(d-1)/2 i=1

—n

Now we pull the derivatives in front of the factor (v 4 1)~" as well. The maximal
amount of derivatives we have to pull out is @ — d/2 = N — 1, hence we will
never create a term with too many derivatives. Moreover, because the differential
polynomial with prefactor (14 v)~" has at least n + 1 factors with derivatives, the
most derivatives a single factor can have is 2N —n, hence at most N —n derivatives
have to be pulled out if n > 1. This may create up to N — 1 new factors.

We arrive at the following form.

Lemma 3.13. The Nth equation for v can be written in the form vy = 0, Fy,
where

(3.37) Fy = Z I ((w+1)"r Fy jimnka()),
7,ln,k,d

where Fy jn.k,a has homogeneity k in v, a total number of derivatives d—j, and no
factor of v carries more than N derivatives. The sum is restricted by the conditions

0<n<2N-1, 0<j<N-1, I+d=2N—j
n+1<k<2N+1 if n>N+1,
n+1<k<3N if 1<n<N.

The linear part of the equation is (—1)NoGN+1),

3.4. Regularised Fredholm determinants and the Wadati Lax operator.
The importance of these objects is that they characterize logT and its functional
derivatives. We introduce the resolvents Ry = (—iz £+ 9)~! for Imz > 0,

(338)  Rif(x)= / =@V f(y)dy, R_f(z) = / =) f(y)dy.

— 00
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For q,r € L? and z € C we define the AKNS Lax operator

Lg,r) =i (_ar _qa>

L(q,r) — 21 = (L(0,0) — 21) (1 + (—39+r R0q>) .

Unfortunately the operator in the bracket is only Hilbert-Schmidt for ¢, € L?, but
not trace class, even for Schwartz functions. For trace class operators K one has
the expansion

so that

= 1
3.39 Indet(1 — K) = —tr K"
(3:39) ndet(L = K) =32 2
where tr K" is defined for K in the L™ Schatten class. In particular only the first
term is problematic for the bracket above. On the other hand, formally at least
this trace should be zero due to the off-diagonal block matrix form of the operator.
This motivates the use of the renormalized determinant

deta(1 + K) = det(I + K) exp(— tr K)

for trace class functions, which has a unique extension to Hilbert Schmidt operators
K. We refer to Simon [59] for details.
The Lax operator —0? + u without potential can be factorised as

—0% — 2% = (0 +i2)(—0 +i2).
Lemma 3.14. Suppose that uw € L*. Then
(0 +iz) tu(—id 4 iz) "
is a trace class operator. Moreover, if w € H™' and Im z is sufficiently large then
izlogdeta(1 + (0 +i2) " u(—0 +i2)7') = TEWV (2, u).
Proof. We factor
(0 +i2) tu(—0 —iz)" = ((a + iz)_1|u|1/2) (|u|—1/2u<—a + iz)_l)

and verify that the factors are Hilbert-Schmidt operators. More precisely let f € L2.
Then (0 +iz) "' f has the integral kernel

k(@,y) = Xacye “ETV f(y)
which has the L? norm (Im 2)~'/2||f||z2. The same argument applies to f(—0 -+
iz)7t (0+iz)"lu(—0+iz) ! is the product of two Hilbert-Schmidt operators and
thus of trace class.
Let
afu) = izlogdet(1 4 (0 +iz) tu(—0 +iz)~ )

still assuming v € L. Then «(0) = 0 and, if u,v € L*

1d

_—d—a(u + sv) =tr ((—82 - 22+ u)_lv) = /G(x, x)v(z)de

iz ds

where G(z, ) is the diagonal Green’s function. We compute

tr ((a+ iz) " u(—0 + iz)*l) — /y<m exp(2iz(z — y))u(x)dzdy = i /udx



50 FRIEDRICH KLAUS, HERBERT KOCH, AND BAOPING LIU

Comparison with (3.8]) implies the claim. d

The Wadati Lax operator is defined by

‘Wadati . 0 —w
L (w)_z(w+27_ -0

for w € L?

Lemma 3.15. Suppose that w € L? and Imz > 0. Then

?u _éw> - ((—8+0iz)_1w QTzEa(?jizz;)lﬂw)

is a Hilbert-Schmidt operator and

(3.40) (LWadati(g) — z1)~! (Z

(3.41)
. 0 —(0+iz)7!
izlog dets (1 + ((—8 +iz)lw 27(£82 _Zzz)z)uiw)) = TEV (2, w, + 27w + w?).

Proof. By the proof of Lemma the components are Hilbert-Schmidt operators,
and hence the operator is Hilbert-Schmidt. The spectral equation is the system
(3.42) 0p' = we? —izdp'  02¢° = —(w +27)¢! —izg?.

—1z 0

The matrix < .
27 iz

) has the eigenvalues +iz with corresponding eigenvectors

_ iz
27
by the normalization (if w € L', which we assume for simplicity for the moment)

. 1 .
lim e*%¢; = ( iz) resp. lim e "*%¢, = (0) .
We define the transmission coefficient by (Twadati(z, w)) = a~! where

a:= lim e (¢(z))*

Tr—r00

( 1 ) and ((1)> We consider the case Im z > 0. The Jost solutions are defined

which is the same as the Wronskian

W (¢, ¢r) = ¢ 62 — 7 or

which does not depend on z. .
Again we calculate the variational derivative of log a. Let ¢; = %qﬁl(w + 8v)|s=0-
It satisfies (compare (3.42))

8m¢l1 - w¢l2 + ZZ¢Z1 = v¢l27
0297 — (w+27)¢1 — =29 = vy
The forward fundamental solution is, using the notation ¢, = (=67, 91,)

T Wadati { or(@)i(y) — di(2)r(y)  ifaz >y
0 ife<y
hence

lim e'**¢} (z) = T / (1 (2)dp(2) = 67 ()97 () Ju () da.

T—r00
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and

6 adati
(3.43) o =T o1 6r = $167).
Let

Glevwmg) = T o) { 00 e v L (T 0)

be the integral kernel of the resolvent (LW2dati _ »)=1 which, by an abuse of nota-

tion, we identify with L(z,w)~! whenever it is defined. Moreover we will suppress

arguments and write G(z,w,x,y) = G(x,y) = G(z,w) whenever this is convenient.
We claim

; . 2
(3.44) lndetg(l + G(z,w) (ng ZZ)U)) = —InTWadati(y ) 4 ;/wdx

for which we provide a short conceptional proof by calculating the derivative of the
functional determinant with respect to the potential w(see also [57] ).

This requires a bit of care. We observe that both sides are identically 0 if w = 0.
We approximate w by Schwartz functions and replace Ry = (£0 — iz)~! by the
operators R = [(1 4 18)(—iz + 9)]~! which have convolution kernels

) —TT o -1
(" —e ), kZ() = Xa<o-

efiza: — %Y.
1z + 0( )

1
ko- pr—— x
+(x) X >Oiz—|—a

Then, with the obvious notation

In detq (1 + G(z,0) (?w Zg))) — li_>m In dety (1 +G%(2,0) ((Z)w zz)u))

since the trace of the second summand on the right hand side vanishes, and the op-
erator converges in the Hilbert-Schmidt norm. By the definition of the regularized
determinant

In det (1 + G%(2,0) (—(Zw z(z)u))
o 0 dw - 0 w
= tr G7(z,0) iw 0 +1Indets [ 1 4+ G7(,0) w0 )]
We compute

tr G7(z,0) (—?w Zg}) —tr (21(=0° — 2°)"tw) = g/wdx as o — 00

since the resolvent converges.
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We use the operator identity 1+ (¢t + s)A = (1 +tA)(1 + (1 +tA)~1sA) below,
and calculate

L (R ) I
s (e O (t+5ﬁw)>_le”win<_%u
- Glosdet 1567 (G, V)] —w e (G, )
(1+eco (], i??>lG”%0)(J;}ig)]
o ) e, 9]

a/w#fﬁﬁmmm

=1tr

— tr

where ¢;, are the Jost solutions at tw. For the limit we use that

(8 %) ol )
in the Hilbert Schmidt norm and, assuming w € W1,
tr G° < 0 zw) =tr 2rRT R w
—iw 0 +
and
RIRw — Ry R_w

in the trace norm. This implies (3.44).
It remains to connect the transmission coefficients for Wadati and KdV. A
straight forward calculation gives

-0 +w?+ 21w+ 0
0 —0? 4w+ 21w —w'

:‘% (—11 i) (—(w_f%) Iau)z(} _11)

Let ¢; be the left Jost function for the Wadati Lax operator. Then, by this cal-
culation, ¢} + ¢7 is a multiple of the left Jost solution to the KdV Lax operator.
Thus

(3.45)

(3.46) TCardner (5 ) = TRV (2, w, 4 27w + w?).

O

This connection is used in Chapter[7]where we derive estimates on the multilinear
expansion of the Gardner generating function.

W

0

)|
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Theorem 3.16. In particular, the Gardner generating function TSt defined
in (3.21) can be written in the following forms

1
Tf;lardner(z, w,T) = (422 + 47'2)_1 (Tﬁdv(z,wx + 27w + w2) + 3 /wzdx)
1
(3.47) = (42" + 47'2)_15 / w? — w?(z)dx

log dety (1 4 (L Wadati _ zl)*l( 0 w))

- 12
T 422 4472 —w 0

where w(z) in the second line is defined by
w(2)y — 2izw(z) + w(2)? = wy + 27w + w.

Proof. The first and second equality in (3.47) are (3.21]) and the definition of w(z).
Recall (3.6)

TEY (2,u) = iz(log T(z,u) — ilz /u),
hence setting u = w, + 27w + w? in gives
TRV (2,u) + %/deI’ = izlog TVt (5 w, 1) — T/w dzx,
from which the proof of the third equality follows. ([

3.5. Periodic functions. Here we assume that r and g are 1 periodic. The mon-
odromy matrix plays a crucial role now: Let ¥ be the R?*? valued solution to

L(z)T=0 on[0,1]  ¥(0)=1lg

We define the monodromy matrix M = ¥(1). Its eigenvalues are the Floquet
exponents. If Im z is sufficiently large then one of the Floquet exponents is close
to exp(—iz) and its one dimensional eigenspace N(z) is the initial datum for all
exponentially growing solutions (we keep z fixed). Transmission coefficient and
resolvent (on R) are defined as in the decaying case, this time without normalizing
(we could choose a nonzero element of N(z) for the normalization. The transmission
coefficient is then independent of this choice). Of course the entries of the resolvent
are now 1 periodic (since it is unique). There is also the resolvent for the periodic
Lax operator in the 1 periodic problem, which coincides (via natural identifications)
with the Lax operator on R. We can again express the transmission coefficient in
terms of the 2 regularized Fredholm determinant for the 1 periodic Lax operator.
The relations between transmission coefficients, resolvent and «, 8 and « remain
the same. As a rule of thumb all constructions and formulas remain valid in the
periodic case, also in the next section, at least for | Im z| large.

4. ANALYTIC PROPERTIES OF THE MIURA MAP AND THE MAP W

The Miura map will play a central role in our analysis. As we have seen, it
provides a connection between the KdV and the mKdV hierarchy. It also occurs in
the factorization of Schrodinger operators.

Definition 4.1. The Miura map M : L} (R) — H; !(R),v — u is defined by
u = vy + v2.

The basic questions:
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(1) Can we characterize the range?

(2) If w is in the range, can we characterize the preimage?

(3) Are there interesting classes of functions resp. function spaces so that we
can obtain a complete understanding of the mapping properties?

are nontrivial and interesting. Formally
L:=-0?+u=(0y +v)(—0; +v)
iff w = M(v). Since

(4.1) / (=024 + upybdz = [ (~0s + v)6 |2

at least for ¢ € C?(R) we see that u can only be in the range of the Miura map
if L is positive semidefinite. Kappeler, Perry, Shubin and Topalov [31] have shown
that, if L is positive semidefinite in this sense, then u is in the range of the Miura
map, and the preimage is either a point, or homeomorphic to an interval.

If u = 0,v+v? € H! then the spectrum contains [0,00). Kappeler, Perry,
Shubin and Topalov characterized the range. Checking u = tdg one easily sees that
it is in the range if ¢ > 0 but not if ¢ < 0, hence the range is not open. Given
u € H™1(R), the Schrédinger operator is bounded from below and there exists 7o
depending on ||ul|g-1 so that

—02 +u+712: HY(R) - H Y(R)

is positive definite, in the sense that the associated quadratic form is strictly pos-
itive. Let Imz > 0. If in addition u € L' there exist unique left and right Jost
solutions

(4.2) — " +up = 2%
EI} eizzq/)l(x) -1

lim e” %%, (z) = 1.

xr—r00
Ifue H ' and Imz = 7 > 0 we write it as ©w = —2izv + v’ with
(4.9 lollze < lullgzss Tollzs = s if 2 = ir

We can replace the normalization by
lim eizwffoz vdswl(x) -1
Tr—r— 00

lim e~ +/Jo vdswr($> -1
T—00

(4.4)

which uniquely defines Jost solutions, see Lemma [4.4

If z = 47 then 1; and 1, are real valued, and if in addition 7 > 7o then L + 72
is positive definite and ¢; and 1, are nonnegative (suppose ¢;(z9) = 0 and v; > 0
on (—00, ). Then we use X(—sc,z0)%1 as test function and see

0= (1, (=0 + u+ T%)X(—o00,20)¥1)
and L + 72 would not be positive definite, a contradiction). Moreover

lim e~ 7% Jo Uiy (z) > 0, lim ™o vy, (2) > 0.
T——00

T—r 00

Let Imz > 0 and w = 9, log;. A short calculation shows that

M(w —iz) =u— 2%
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Motivated by this calculation we define the modified Miura map
M, (w) = wy + w? + 21w

on L?(R). An inverse is given by

d
(4.5) {fue H': —0* + u+ 12 isp.d.}av%w:d—logwlfﬁ
T

The modified Miura map

Hi\' Sw—u=w, + 21w+ w? € H¥ !
for N > 0 is related to a factorization
(4.6) P tu+r =0 +w+n)(-0+w+T)

and, as a consequence —0% 4+ u + 72 is positive definite if v is in the range of the
Miura map and (4.1]) obtains the form

(4.7) (=0 +u+7%)9,9) = (=0 +w + 1) 7.
Let
(4.8) Uy ={ue H ' : -0 +u+7? >0}

The modified Miura map is an analytic diffeomorphism from HY to U, N HN -1,
see Theorem it relates (weak) solutions of the KdV hierarchy and the Gard-
ner hierarchy (see Theorem for smooth solutions and Theorem [5.8 for weak
solutions) and precompactness, equicontinuity and tightness for v and w (see Sub-
section . The next key lemma characterizes the range of the Miura map in a
quantitative fashion.

Lemma 4.2. The quantities |wl|zz, |we + w? + 27wy -1 and the ground state
energy of —0% + w, + w? + 27w + 72 are related as follows:

(4.9) |lwe +w? + 2’rw||H;1 <(2+ 7'71/2||wHL2)Hw||L2.
For all y € H!

7_2

4
Let w € L? , and —73 be the infimum of the spectrum of —0° + w, + w? + 27w.

loc
Then there exists an absolute constant C' > 0 so that

(4.10) (=0 + w, + 27w + w? + 72)p, ) > e 7 Ieliz |y 2,,

1/2
(4.11) Jwlle < 0(1 + log( )) lws + 27w + w2 .

T —T1

We will prove Lemma [4:2] in Subsection [4.2]
A central element for the diffeomorphism property is the study of the linear
equation

(4.12) ¢ = Ly = ¢p + 270 + 2we =: f.
The equation L,,¢ = f can explicitly be solved by

o(x) = /I exp ( —27(x —y) — 2/:” wdt) fy)dy.

— 00
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The two first order operators on the RHS of (4.6) can be inverted separately and
we can solve (—0? +u + 72)¢ = f by

o(z) = (=0 +w+n) (@ +w+r)'f

:/:Oexp<—7'(t—x)—/:wds> /_t exp(—r(t—y)—/ytwds'>f(y)dydt.

oo

The Green’s function can be expressed explicitly by (3.15)
0 t max{z,y}
G(z,y) = / exp (T(x +y—2t) — 2/ wds — / wds))dt

max{y,z} max{z,y} min{z,y}
and the diagonal Green’s function by

B(z) = G(z,x) = /
resp.

oo

exp (27(3: —t)—2 /: wds)dt = (=04 27 +2w)" (1),

B 4+ 218+ 2wl = 1.
We define the ’good variable’

(4.13) vi=— —1,

and using (3.16)), we calculate
/

Oz log(1+v) = £ = 27v — 2w,

g
and record the final simple formula
(4.14) 27v — Oy log(1 + v) = 2w.
We define for s > —%
(4.15) Vi={ve H :v > —1}.
Then

1
Vsav%Tv—gazlog(l—i—v) =we H*

is a diffeomorphism (see Theorem which relates weak solutions to the Gardner
hierarchy to weak solution for the good variables of Theorem [3.12] and preserves
precompactness, tightness and equicontinuity (see Subsection .

Again linear first order equations resp. operators are central objects: The lin-

earization of leads to
0z (v/P) + 210 =f
as well as the equivalent formulation
Oztp + 27 (o) = f.
Remark 4.3. As discussed above we can define
w(z) := O, log ¢y + iz

forTm z > 0 and either Re z # 0 or if Im z so large enough so that —9? +u— (Im 2)?
is positive definite. We can even allow complex valued potentials u for which we

assume
H 621’ Rezzx
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Then, since
wy — 2izw + w? = u,
by the triangle inequality and the Sobolev inequality

2i Re zx QiRezwaHH*I

1R ul o ] ge| < e

21m =
< (Im2) 72w s
= (Im 2)~/?||wl|72
the modified complex Miura map defines a diffeomorphism
M. : BE,(0) > UcCH™?
with

{u € H™': ||e¥=w| 4

1 1 %inw 3
o< i} cUCc {u € H ™|l w0 < Z}‘
It is not difficult to obtain the analogous properties for higher reqularity. However
the proof of last part of Lemma[].9 below fails: Suppose z is not purely imaginary.
Then w = —iz(tanh(—izz — ¢) — 1) for ¢ € C satisfies wy, — 2izw + w? = 0. It is
not uniformly bounded on intervals of length 1 and Claim 2 below fails. We do not
know whether there is a bound of ||w(z)||L2 in terms of |ul|rz and the distance of

z to the spectrum.

This section is organized as follows. In Subsection we define Jost solutions,
in Subsetion we prove Lemma, The diffeomorphism property is made more
precise and proven in Subsection [{.3] Finally we sketch the analogous statements
for the relation between the good variable hierarchy and the Gardner hierarchy in
Subsection (4.4

4.1. Jost solutions. In this section we define Jost solutions and study some of
their properties.

Lemma 4.4. There exist unique solutions to (4.2) with the normalization (4.4)).
The left and the right Jost solutions are linearly dependent iff 2> is an eigenvalue.

Proof. Using u = —2izv + v, we write

—0% = 2izv v, — 2% = (0 — iz +v)(—0 — iz +v) — v

Let . ‘
¢1 = F IV gy = IV (—0 — iz + v

, (0 -1
¢ = <v2 2iz—21))¢

which yields the fixed point identity

ay=1- [ ; sy =1- [ e (2o [ ol60ds)o?)en )i

If [|v]| £2(—o0,a0) is sufficiently small a contraction mapping argument gives existence
of a unique solution on (—oo,xp). Since smallness can be achieved by chosing xy,
and since we can solve the initial value problem we obtain a unique solution.

It is obvious that 22 is an eigenvalue if the left and the right Jost solutions are
linearly dependent. Suppose that the Jost solutions are linearly independent. We
show that then 22 is not an eigenvalue. Equation is a second order ODE

Then



58 FRIEDRICH KLAUS, HERBERT KOCH, AND BAOPING LIU

and its space of solutions has dimension 2. It suffices to prove that there exists a
solution which is unbounded on the right. There is an explicit formula in terms of

w?”,

x

b(z) = ¥ (@) / (0 () "2dy

Zo

where we choose xq large so that 1, does not vanish on (zg, 00). O

It follows from the construction that both functions e~z Jo v dsq)y resp. eziz Jo v s,
depend analytically on z and u.
4.2. Proof of Lemma Surjectivity of
LPsw—w,+2rw+w? =ue{ue H':-0* +u+7*>0}

follows from Lemma [4.4] The inverse is given by w = 3J,log; — 27. Before
beginning with the proof seriously we observe that

1 fz + 79l gz < M1 Fllz2 + [lgllz2

and by the Fourier transform

1l = I7F + Foll s

Given an open interval I we define H~1(I) as the equivalence classes of distributions
in H~1(R) defining the same distributions on I with the norm

||f||H;1(I) = inf{”fHH;l(R) :f=fon I}.
We observe that
Ife +79llg=2(ry < 2y + lgllezry
and every distribution in H~!(I) has a representation of this form,
1l g=r < inf{llgllL2y + Nhll2qy < f =79 + ha'}

and the right hand side is equivalent to || f|[ g1  (1))-- We fix an extension
H ' ((=00,0)) 3 f = f € H'(R)
so that f is supported in (—o0,1) and f = f if f is supported in (—oo, —1) so that

-1y < 201F -1 (~00,0)-

Given I = (a,b) with |I| = b —a > 2 we use it to define an extension H1(I) >
f— fI € H '(R) with a uniformly bounded norm so that fl is supported in
(a—1,b+1), f=fifsuppf C (a+1,b—1) and || f||r2 < 2||f| 2, with obvious
modifications if 2 > b —a > 1. We write

f=719+0g
as above and hence f = 7g + dg on (a,b). Then

(4.16) sup  |[fllg-ry~  sup - lgllra)-
IC(a,b):|I]=1 IC(a,b):|I|=1

In the same fashion we define Sobolev spaces on open intervals.
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Proof of Lemma[].J . We begin with some preparations. Let w € L. Then
lwye + 27w + w2||HT—1 < 2||wl|rz + ||w2||HT_1.
By duality and the consequence of the fundamental theorem of calculus

£ < WAl f e < 77 IF I

we have
(4.17) 1 e < 7720 o
Hence
[l s < 772w < 7 V2 w2
which implies . To prove , we recall
(4.18) (=02 + wy + 27w + w? + 72, ) = ||(=0 + 7 + )2
and we consider (compare ([{.12))
(4.19) — e + T+ wyp = f.

We represent the solution ¢ by

(4.20) v = [ e (vt - [ wit) sy

T

Denote the integral kernel by g(z,y) (where g(x,y) = 0 if y < x) and estimate for
x <y

(4.21) 7(x —y) — /

x

Y 1 1
wit < vlw— ) + o =y wl < 57— y) + o5 el

Then

1 2
e {sup [ explo(o. )y sup [ exploe.g)de} < exp (5 ull-) 2
T Yy

We bound the integral operator (4.20]) using Schur’s lemma,

_ 2 1
(4.22) I(=0+7+w) gesre < = exp (5wl )-
Together with (4.18)) we see that
2
1
(4.23) —* Fw, +2Tw+w? + 12 — %exp(—;”w”%a)

is positive semi definite. This implies (4.10)).

Let —77 the minimum of the spectrum of —9% + w, +w? + 27w. We claim that
there are absolute constants C' and € > 0 so that

_ 2
(4.24) T—n < exp (C —€ el ) .
T

[wy + 270 + w22

The estimate (4.11)) is an immediate consequence.
We turn to the proof of (4.24]) We will construct an approximate eigenfunction
¢ so that

(4.25) 1(=02 + wa + (w +7)*)oll L2 < 677 | 2,
with

1 lwllZ
§< = C— L
=P ( usw—|—27'w—|—11)2||2H,1
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which implies .

Recall that with v; the left Jost function of —9? + w, + w? + 27w + 72 one has
w = 0, logy; — 7. We choose a point y € R, and n € C®, n(z) = 1 for z < —1,
n(xz) =0 for z > 1 and define

o(x) = n(r(x —y))i(z)
The main objective is to choose y so that ¢ above is small if ||w||z2 is large compared
to ||ul| z-1. By scaling it suffices to consider 7 = 1. The construction depends on
the following two claims.
Claim 1: There exists an absolute constant C' > 1 so that for all —co <a <b <
o0, if
1

(426) sup Hu||H*1(ac—1,Jc+1) S m

zeJ=(a,b)

so that for every solution w to
Wy + 2w+ w? =u
on (@ —1,b+ 1) there exists y € RU {£oo} so that

(4.27)  |lw —tanh(- —y) + 1|1 (ap) < C + 500 sup lull -1 (1) (b — a)
|T|=1,IC(a—1,b+1)

and
(4.28) lw —tanh(- —y) + 1| z2(a,p) < C 4 1000]|w| g1 (a—1,p41)-
Here, by an abuse of notation, we denote tanh(- + co) = +1.
Claim 2: There exists C' > 0 so that if
Wy + 2w+ w? =u
n (—2,2), then
(4.29) lwilzz—1,1) < O+ ullr-1(-2,2))

We postpone the proof of the claims and deduce (4.24)) from the claims by con-
structing approximate eigenfunctions. On unit size intervals I where ||ul|g-1(7) >

Wloo’ we apply the large data estimate (4.29) and obtain
lwilzz(ry < ellull -5

for some enlarged interval I. Let

1
A= {x € R: there exists k € Z with |z — k| <3 and |[ul g-1—1,k+1) > m}
Then A is an open set which can be written as union of of at most N = 4 x

10%||ul|2,-, disjoint open intervals A = U, I; since by construction |[ufzg-1(1;) >

Tloo' Moreover,
1
||7«UH%2(A) §§ Z ||w||2L2(k—1,k+1)
kEANZ
<c Z (U4 [l Fr-1 k-2, 42))
kEANZ

<c Z [ullFr-1 (h—2,542)
ke ANZ
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where the last inequality holds since for every integer k& € A there is a k' with
|k — k'] < 3 so that the norm of u is large. By the same reason we may drop the
first and the last terms in the summation so that

w2 <C Y el (zpr2y < Cllwll 1 ay-
k:(k—2,k+2)€A

If J=(a—1,b+1) is an interval satisfying (4.26]) then by Claim 1 there exists
y such that

(4.30) [w — (tanh(z —y) — 1)l z2((ap)) < (1 + llullg-1(@a=1,6+1)))
hence
(4.31) wll 22 ((ap)) < (L + |l -1 (a—1,p4+1))) + 2V/(min{y, b} — a)+

which gives a bound on the length of the interval [a,y] where w ~ —2. Note that
in the case a = —00 holds with y = —oo and holds without the second
term on the right-hand side.

By construction R = AU Uj J; where J; are the disjoint intervals decomposing
the complement of R\ A which satisfy and hence for some y = y;.

We square and sum the estimate over A and the intervals. The sum of the H !
norms on the right hand sides is bounded by C||u||f-1 since each constant from
Claim 1 comes in a pair with a large H ! norm from Claim 2. Thus

(4.32) ]2 < cllullf— +83 (min{y;.b,} ~a;) .
J

Now either
wll7e < ellufl-s

which immediately implies (4.24)) and (4.11)), or at least for one j,

1
L . bl —a. >
(4.33) (mm{y], J} aﬂ)+ — 8 x 106 x ||U||%171

(lwliZe = cllullF—) -

We fix this j in the sequel.

Write J = (a,b) and without loss of generality assume a < y < b, otherwise we
still get immediately. Then y — a is bounded from below by . With
n = 1 on (—oo,—1) supported in (—oo,1) and ' € C¢° nonnegative we define
d(z) =n(z — (y — 2))Yi(x). We want to estimate

(

1(=0% +u+ 1) ()l L2y = || = "% — 20'¢j| 2
§ Cle”L2(y—3,y—1)
(4.34) < Cexp ( — wlZ- )leHLQ(a a+1)
- 16 x 106 x [lul|%,_, ’
[wl|7
<Cexp (- ) :
e S T e AL S

The first inequality is an energy inequality for i; on a slightly larger interval.
Indeed, since v; solves the Schrodinger equation, it satisfies

—(")2y" + (' )*¢® = —u(n')*¢?,
and hence

(') 72 + " ¢lTe < "2 + cllull 13— 10 1
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Using smallness of ||u||z-1 on J, shows the first estimate of (4.34).
For the second inequality, if a < < y — 2 (which we may assume without loss
of generality), we use (4.28)

b o ([ o)

~ exp (/azw(s)—tanh(s—y)+1ds—(x—a)+/:tanh(s—y)+1ds)

< exp([|w — tanh(. — y) + 1lz1(a,0) — (z — a))
<exp(C+ (500 sup [ullys) — Dx — ).
[I|=1,1CJ
Here we used again that ||ul|g-1 is small on J. Together with (4.33)), this gives the
second inequality of (4.34]).
This completes the proof of Lemma [4.2] and it remains to prove the two claims.

Claim 1 relies on Claim 2 which we prove first.
Proof of Claim 2: Large data. We may replace u by (an abuse of notation)
u + v, with u,v € L*(I) with

lullz(—2,2) + vllL2(—2,2) < 2[|w + vall -1 ((—2,2))-
Suppose that

(4.35) Wy + 2w+ w? = v, +u on (—2,2).
We claim
(4.36) lwllzaay < e(1+ Nollzaan + lulzz2a))-

which implies
a1 < 1+ oo+ ullnr(2a)-
We prove (4.36)) with several reductions. The function wy = w + 1 satisfies
Ozpw1 +w% =v,+u+1
and, including 1 into u it suffices to prove the bound for solutions to
(4.37) Wy + w? = vy + u.
which we consider from now on. Since
lwilzz(—1,1) < [lwgllpz-,1) + [lw-[l2(-1,1)
it suffices to prove the following estimate for the positive part wy of wq
(4.39) hws ez < e(1+ Molzs-a + el )-
We apply this and the corresponding shifted estimate on (—2,0). The argument
for w_ being similar by reversing the x direction. In this way implies
|wllp2(-1,1) < llwgllp2-10) + lw-[lr2(-1,1) < 0(1 + 1ol L2 (—2,2) + ||U||L2(—2,2))-

We prove the estimate first on smaller intervals, and then deduce (4.38)) from
the estimates on the smaller intervals. Assume that 0 < R <1 and (—R, R) is an
interval so that

(4.39) [ollz2(—r.r) < (2R)™V/2
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so that ||v[[z1(—r,r) < 1 The Ansatz w; = v + wy leads to
Opwo + wg + 20w = u — v2

and w; = exp ( -2/ v) wo satisfies

Oz w3 + exp (2 /x v)w§ = e—2f(fv(u —v?),
We set Y ’ y
wi=ws = [ e (=2 [ o)) - o)y
which satisfies with x = 62(||u(|)|L1(,R’R) + ||(1J}||2LQ(_R7R))
Opwy + 6_2(|U14| - /@)i <0.

Thus w4 cannot have a inner local maximum larger than « or a inner local minimum
less than —x. If J is an interval were wy > max(2k, 4e%/R) then

1 2
az'lU4 S —@w4.

Comparison with the general solution to the equation
4e?

Tr—cC

shows that the length of the interval is at most R. As a consequence, arguing by
contradiction,

4e? 9 9 4e?
wy < maX{Qli, f} = maX{2€ (lullzr (= r,r) + I0lIT2(— R R))s f} on (0,R)
and, by reversing the sign and the = direction
4e?
wa > —max{262(||u||L1(_R7R) + 0122 por)s ﬁ} on  (—R,0).

Retracing the construction we see (and taking into account (4.39))
(4.40) lwll20,r) S B2 + Rlull 2 r,ry + 10l 22— 1, m)-

We want to show (4.38). If ||v||zz < 1 we choose R = 1 and obtain (4.38).
Otherwise we choose 0 < z1 < 1 so that [|v]|z2(—s, 2,) = (2R1) "% Ry = 21 and
obtain

lwillz2020) S Ballullz2(-2r.e0) + [0l 22 (=21 20)-
We choose recursively the points
ro<r < <y <1<xn41

with g = —z1. We will prove
(4.41) leosllzae, ey < (02, s + iz, e )

and obtain (4.38]) by squareing (4.41) and adding over j. We choose the points so
that with R; = Z—=1

(4.42) 2R;|[v]1Z2( =1

Tj—1,T;)
or R; = 3. This latter case is easier and we assume the identity (4.42)) . Then

o S lullzz ey + oll2 ;e

||U)+HL2(%’—;+%‘ 2
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The estimate on the left half of the intervals (x;_1,2;_1+ R;) is more delicate and
we distinguish the cases R; < R;_; and R; > R;_;. To simplify the notation we
consider j = 1 and assume first that Rs < R;. Then, by the same argument as
above (with slightly worse constants)

Wil L2 (ar,004R1) S ll2 0,004 R0) + [0l L2(00,22)-
Now assume that Ry > R;. As above we estimate on (0,2x;) and on (z1,3z1)
together

_1
lwillL2 (e, 300) < ¢(Ry 2 + Rallullp2(0,30,) + 0]l 22(0,321))

with slightly worse constant due to using the same terms several times. We repeat
the argument and, as long as (2771 — 1)y < 27 + Ra, we control wy on ((27 —
1)x1, (2771 — 1)) by repeating the argument on ((297! — 1)z, (3 x 2771 — 1))
and ((3 x 2971 — 1)zy), (27! — 1)z1) and get

i 1 i
w2225 — 1)y @51 —1)2r) < (277 R1) ™2 + 277 Ry flul| 2251 1)y (2041 1))
+ [oll L2 (@i 1 =1y, 29+ 1—1)2) ) -
Let J be the maximal natural number so that (2/+! — 1)z; < 21 + Rs, and, to
simplify the notation assume that we have equality. Then

J

2 2 2
||w+||L2(m1,12) = Z ||w+||L2((2j_1)x1,(21+1_1)361) + ||w+||L2(ml+R2,m2)
j=1

-1 201,112 2
SR+ Rallullf2(0,0,) + 10112200,0s)
We can repeat the process to get the general estimate
J+1

(443) s lage; a0 S D0 (Bt + B2y ) + 1002000 -
k=j

Notice that at most one R; = 3, and while R; < 3, (2R;)™! = Hv||2L2($F1 ) We
arrive at (4.41) using R < 1 and can sum up the estimate to obtain
lwllzz0,1) < eI+ |lu+vallg-1(-1,2)-

The reason we get the estimate on (—1,2) is that we could have zy11 > 1.
Proof of Claim 1: Small data. Again we replace u by u + v, with

lull2(a—1,o41) + 0l 22a—1,051) < 2/|lu+ vl -1(a1,041)
and

sup lullz(ry + lvllzza <2 sup v+ vellg-1(r)
IC(a—1,b+1),|I|=2 IC(a—1,b41),|T|=2

It is useful to consider the more symmetric formulation with w = w + 1 — v which
satisfies

(4.44) We +w?+2w—1=u—2v? onl=(a—1,b+1)

and we recall that we may restrict to 7 = 1. If v, +u = 0 it can be solved explicitly
and the set of all global solutions are given by

w = tanh(z — y)
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or w = +1. Suppose that w(y) = 0 for a point y € I and let w(x) = w(x) —tanh(z —
y). It satisfies
Dpto + (W + 2tanh +2v)w = u — v? — 2vtanh

hence, if z > y (the argument for x < y being similar)
x x
w(x) :/ exp (/ -2 tanh(a—y)—?v(a)—w(a))do) (u(s)—v?(s)—2v(s) tanh(s—y))ds
Yy s
Suppose that [|&]| g (y.2) < 3 and

1
||U||L2(I) + H“||L2(I) < 1000

on unit sized intervals I C (a,b). Then
x
/ —2tanh(o — y) — 2v(0) — w(o))do <3 — |z — 5|,
s
hence, by (|4.26)

8e3 1

(@) < € Z671“(||UHLz((z—k—Lm—k)n(a,b)) + 3“”HLQ((z—k—l,x—k)ﬁ(a,b)) < 10001
k=0

By a continuity argument

] =

[0l Lo (a,b) <
and

w@) <c  sup  (lullpza + loll2))
IC(ab),|1]=1

and again by using the L*° bound in the exponential

l&ol| oo (2agr) < €* > e (||u||L2((a:fk71,szz)ﬂ(a,b)) + 3||’U‘|L2((x7k71,sz)ﬂ(a,b))7
k=0

we estimate the L? norm of & on the unit size interval by the L> norm and apply
Schur’s lemma to arrive at
lw — tanh(z — y) |22 (ap) < [0llz2a) + 10120 < 8 (l0llz2(ap) + lullL2(00)-

The two estimates (4.27) and (4.28)) are an immediate consequence. We can easily

adapt the argument to the case when |w(y)| < 4 at one point. Suppose that

w > 2 on (a—1,b+1), the case w < —1 being similar. By Claim 2 |jwl|r2(;) <
|w|[z2(ry +1 < C on unit sized intervals in (a,b). Since w satisfies equation (4.44)
1
§§w§0 on (a,b)
for some universal constant C' and hence

1
—igw—ng on (a,b).

Let w = w —v. Then

O + w? + 20 + 200 = u — v?

and

w(x):exp(—/ 2+w+2vds)w(a)+/ exp(—/ 2+d1+21)d0)(u+v2)ds
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; 1
Since sup; ||”HL2(I) < 508

¥ 1
/ 2+w+20d52(x7a)7ﬁ

and, with a small modification of the previous argument for a < z <b
(@) < 2Ce= = 1500 sup (Jlull 2y + lollzar))
I

and

ol z2(a,p) < C +500[|u + vallg-1(a—1,b+1)-
Again (4.27) and (4.28) are an immediate consequence. O

4.3. The diffeomorphism w — wu. Properties of the modified Miura map are

collected in the next proposition. All constants will depend on 77! ||wl|3, which by

Lemma [4.2|is equivalent to having them depend on 7~1/2|u| g1 and the norm of

(772(=9% + u) + 1)~ as operator on L?. For simplicity we write c(7~/2|lw||2).

Given 7 we call a subset Qp € H ! bounded if there exists C' and § so that
7'71/2||u||H;1 <C

and
| = Gae + (u+ 7))l 22 > (67)| 0| L2
By Lemma a set Quw C L? is bounded if and only if
Qu = {w, + 21w +w?: w € Qw}

is bounded. We will use this notation and the notions below. To cover later needs
we formulate the next result in larger generality than needed as this point. Let
WP be the standard Sobolev space if N > 0 equipped with the norm

N
1w = D NI,
j=0
with obvious modifications if p = co. If N = —1 we define

LAIE, oy = i0f {lg + NRIE, < £ = go+ 7h}.
Definition 4.5. We say that a nonnegative function v € C*°(R) is slowly varying
of rate « if
< ay
and if for every k there exists cx so that
) (@)] < eraty(a).

Typically examples are v = e*(#=%0) | cosh(a(z — x0)) and sech(a(z — xg)).
The following lemma provides an alternative description of a weighted version
of W—1p,
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Lemma 4.6. Let v be slowly varying of rate 7/2. Let vg € W-1P. There exists a
unique solution f with vf € LP to

f'+1f=g
which satisfies
2
slglwre < Hlvfllze < 4lvglly 2o
Proof. First

/

i
(4.45) v9=7vf - ;(vf) + ()
and
5
gl 10 < 51y fllze.
We decompose according to the definition vg = 7gg + ¢] and rewrite the equation

above as
!

() + (7 - ”;)(vf) =790 + .

Then

(@) =) [ et ) )0+ i)y

— 00

= 7y(x) /m exp(=7(z — )7~ (¥)gody

— 00

—7(x) /x exp(—7(z —y))v (y) (7 + 1/)gldy + 91

—00

and by Young’s inequality
v flle < 2llgollze + 4llg1llze-
Indeed, by using Lipschitz continuity of log(y(z)),

! —T(z—y)M h dy < /m —3(@-y)p, d
€ € )
/_OO W(y)l (y)ldy < - |h(y)| dy

which is estimated in LP using Young’s inequality. O
Definition 4.7. A subset Q C HY (R) is equicontinuous if and only if

(4.46) }{11}% ilég lw(-+h) —w| g~ — 0.

A subset @ C HN(R) is called tight, if for every e > 0 there exists R so that

(4.47) sup [[wll g~ @\ r.R) < €
weR

A subset Q) is precompact if it is tight and equicontinuous.

We collect the analytic properties of the modified Miura map in the following
proposition.

Proposition 4.8. Let 7 > 1 and ~ slowly varying of rate 7/2. The implicit con-
stants in the sequel are independent of T but they depend on constants in Definition

[£9
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(1) Let u = w, + 27w +w? and N > 0. Then following estimates hold:

Iyull gav—s < (2wl 2) lywl sy

(4.48) -

lywllgy < e(m= 2 ||w]|z2) [lyull -

(2) The map

O:HYR)>w = w, +21w+w? € {uc HN 1. -0 +u+ 712 p.d}
is a diffeomorphism with all (including higher) Fréchet derivatives of © and
O~ bounded by a constant depending only on 7—N~2 lwl| -

(3) Let Qw C L? be a bounded subset and Qu its image under the modified
Miura map. Then Qu C H-' is equicontinuous if and only Qw C L? is
equicontinuous. A set Qu C H™' is equicontinuous if and only for every
€ > 0 there exists 71 so that for w € L? with

wy 4 2mw + w? € Qu

we have ||w||r2 < €.

(4) Suppose that Qw C L? is bounded. Then Qu C H-* is tight if and only if
Qw C L? is tight.

(5) Suppose that Qw C L? is bounded. Then Qu C H-1 is precompact if and
only if Qw C L? is precompact.

Proof. We consider the linear equation
Ly := 1y + 279 + 2wy = f
in considerable detail.

Lemma 4.9. Let v be slowly varying of rate 7, let n > 0, w € L? and yw € H™.
Then

(449)  vLutllgn-r < U+ 72 w] )yl mp +er ™29 2 [lywll

(450) bl < en exp(@r fuwl3a) (I Lutblgas + 72l | Lol
and
(451) Illmg < enexp@r lwl3) (InLatlgzs + 720l Iy Lol )-
Proof. We begin with the case n = 0 and estimate
WLtz < 2lee + 772wl e + 7701y ¢l e
< B+ 2 wllp2) v e

where we used (4.17) and Lemma [4.6] To bound the inverse we consider the repre-
sentation (4.20)

v) = [ e (=2t —y) -2 / wdt) Fy)dy.

— 00

and write the integral kernel as exp(g(z,y)) where as in [{.21)) g(z,y) < —7(x —
y) + [|w[|2.. We again bound

1 1 _
(452) (L) ™ e <~ exp (7 w32 )
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using Schur’s lemma and the obvious estimates

max { sgp ~v(x) / v(y) "t exp ( —27(z —y) — 2 /; wdt) dy,

— 00

supy () /OO ~(z) exp ( —21(z—y)—2 /x wdt) d:t}

Y

x

< ! <1|| ||2l/ )
exX w
S p 2

We next bound ||yLy, 'y~ | -1_, ;. and write using Lemma [4.6{ with 27 instead of
-

Y+ 27 + 2w = 27f + f
so that ¢ = — f satisfies
¢ +27¢ + 2w = —2wf
and using ,
Ivéllze < cexp (7 wl3a ) (1477 2lwlzz ) 9 fle:
Before we turn to n > 1 we collect calculus type estimates in Sobolev spaces.

Lemma 4.10. Let v be slowly 7/2 varying. The following estimates hold:

(453) Ifollis < en(Inflwr=lglze + 1 lee gl =)

(4.54) [ fllwp= < ||7f||Hw||7f||Hn+1 < er 2l g

Proof. (4.53]) simply follows from the Leibniz rule if v = 1:

1fglie 379Dl D07 (15 Dgllez +11£9Iz2)
Jj=0 j=0

<3 g (Hf(ﬁHLoc lgllzz + ||f||L2Hg(j)”L°°>

j=0
S lwz=llgllze + 11f 2 llgllwy-=
(4.54) is a consequence of the following estimate for v =1

Il < IFIZNF117--
The case of general ~ follows from
1 Wz~ D W e ) sy
kez
and
v Fllwree (k1) r (1)) ~ VTR lwre (r(o—1) 7 (k1)) -
O
Let n > 1. Inequalities (4.53]) and (4.54)) immediately give the forward estimate
(@.29):
VO -1 < Cllywl|mp
27|yl o < 20l
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where the first estimate follows by commuting the derivative with v and estimating
lower order terms, and

Il < en(Iwllwas o9l + ol 176w o
S V2wl a2 + 72 g

To prove consider
W+ 27T + 2wy = f.
The case n = 0 has been proven above. Then, taking n — 1 derivatives of the
equation, and using
Iy le < 27y D2 + 7 f V|2 + ellywip|| goa
By Lemma and Young’s inequality

—1/2 )1/2

lywillgn-s <77 2@l e lvwlay + lwllze (vl o= 1yl

_ 1
<72 e lywll e + 2ellw]|Ze Iyl s + 2ellvdllay
We subtract 1|yt z» from the combined estimate and iterate. Altogether,

n _ 2n
I lmn S Il + 7" (14 72 fwll2) ™ v 2

Togehter with the L? bounds above this implies (4.50)). The estimate (4.51)) follows
by a small obvious modification of the estimates. O

We return to the proof of (4.48) with N > 1. We recall
L%w:wx+27w+w2:u

and (4.49) implies the first inequality of (4.48]). For the second inequality (4.50)

we observe
[ywllay < 110z (yw) + 27wl v
< 7(0ew + 21w) || o1 + [ w]| gn—1

< byl g+ el -1 + ealivoll gz
1/2
<yl g + enllwl ez (Inwl g lvwlmy ) + enr ol s

< 2 2 1
< llyull -1 + epllwllzeywll -2 + Zlvwllay + eatllywl] go-s

and we complete the argument in the same fashion as for the linear estimate.
To see injectivity we consider for j = 1,2

Qw; + 21w + wi = u;
hence with w = wy — wy
Oow + 217w + (w1 + wa)w = ug — Uy
and provides a bound
lw? = whr2 < cexp(r™! (wil|Za + [lwalZ2) lluz — wal -1

Moreover (4.50]) provides an estimate for the Lipschitz norm of the inverse restricted
to bounded sets corresponding to w in a ball in L2. Fréchet differentiability of
the inverse is immediate and its differential is given by the inverse of L,,. The
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inverse function theorem gives Fréchet smoothness of the inverse and bounds can
be obtained from differentiating (L,,)~! as in multivariate calculus.

The range of Zis HY 1N {-8%+u+72 > 0}. Indeed, one inclusion follows from
(4.10). For the other inclusion note that if u € H~! with —0% + u + 72 > 0, we
can define w via its Jost function as w = 9, logy — 7. By positivity of 2 4+ u + 72
and with the notation as in (£.11)), 72 — 7¥ > 0, and hence w € L?. w € HY then

follows from (4.48)).
We turn to the proof of Proposition . The maps = and (Z) ! are uniformly

Lipschitz on bounded sets satisfying the equivalent conditions in Lemma[4£.2] hence
Q. in is equicontinuous iff @), is equicontinuous.

It is easily seen that condition for N = 0 implies tightness in the Fourier
space, more precisely Q C H~! is equicontinuous if and only if for every ¢ > 0
there exists R so that

sup [[|§] " fll 2 (- rmy) < €
feQ
which is equivalent to the existence of 7y so that

sup Hf||H;1 < e.
feQ, 7270

For details we refer to |39].

Together with Lemma and Proposition with N = 0 we see that
equicontinuity is equivalent to the L? norm of preimages of the modified Miura
map with parameter 71 being small for 71 large, which is the second part of the
equicontinuity claim of Proposition .

To prove equivalence of tightness we use the following equivalent characteriza-
tion.

Lemma 4.11. A set Q C H® is bounded and tight if and only if for all a > 0 there
exists an a-slowly varying function n > 1 with lim, 1+ n(x) = 00 so that

sup ||[nwl|gs < oo.
weR

Proof. Let
o = sup ||wl| g (w\[—2n,27))-
weQR
A bounded set @ is tight if and only if o, — 0. Choose ny > k so that a,, <

exp 2% It is not hard to define an a- slowly varying function > 1, monotone in
radial direction, so that

n(£2"*) = exp(ak).
Then
sup |[nwl|rz < oo.
wEQR
O
We turn to the proof of Proposition (4.8)) . Suppose that Q,, € L? is bounded
and tight. Then, if « is slowly varying with rate 7/2 than by Proposition
17 (@sw + 27w + w?) || g1 ~ [y

with implicit constants depending on 7~ /2||w||.2. Finally Proposition fol-
lows from Proposition and . ([
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Let 1 <7 <Imz. The map
L*>w— w(z) € L?

defined by inverting the Miura map resp. solving the equation on the left via the
left Jost function

w'(2) = 2izw(z) + w?(2) = w' + 21w — w?
which will be useful at several points.

Theorem 4.12. Let 1 <7 <71, N € N and~y be slowly 7/2 varying. Then

|v5 [wmons]],, < ellwllwlu

and the Lipschitz constant of the variational derivative is bounded by
0 )
H’y<%/w2(in,w;w)dx(w1) — %/w2(i7'1,x;w)dm(w2))HHN

< c(flwn 2, ||w2||L2)<||7(w2 —wi)|lgy + [lwg — w2 ([ywell p~ + ||7w1||HN))-

Proof. We first compute the variational derivative. Let ¢ be a test function. Then
/ (i) |22 6y = 2/(—8 2 + 2w) (=0 + 27 + 2w(im))~ w(iT)pda.

The first estimate is a consequence of . Moreover
Uy —uy = wh + 2Tws + w3 — (W + 2Twy + w?)
= 0(w? —w") + 27(w? — wh) + (w? + wh)(w? —w')
= (w2 (imy) — w'(imy) + 271 (w2 (i) — w' (i)
+ (w2 (iry) + wh (im)) (w? (imy) — w' (i)
and estimate follows by the linear estimates by Lemma , and .

4.4. The good variable hierarchy. The map

Vg
2(1+w)
is a diffeomorphism between subsets of Banach spaces. It relates the good variable
hierarchy and the Gardner hierarchy in a very similar fashion as the modified Miura
map related the Gardner hierarchy and the KdV hierarchy. The results in this
section complement the previous results. Proofs are similar, technical but to a
large extend standard, which was different for Lemma[4.2] We only provide part of
the proofs here which we consider nonstandard. The following theorem describes
properties of this map.

Theorem 4.13. (1) If s > =%, Q, C {v € H" 1 v > —-1}, Q, = {rv —
%(“)log(l +v)} C H? the following is equivalent
o There exists r so that |w||gs < v for all w € Qy.
o There exists R and § >0 so that 1 +v > 6 and |[v|[s+1 < R
(2) Let s > —1. Then following estimates hold for 0 < e <1

V—> TV —

Iyl < elollze 1+ 0) ) Iyl gge

[ollaess < ellwll —ge)llvwlm; -
H_2
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(3) Let s> —%. The map
1
O,: {veHMR) :v> -1} 30— 10— ialog(l +v) € HX(R)

is a diffeomorphism with all (including higher) Fréchet derivatives of © and
O~ bounded by a constant depending on 7*||v||ms and infv + 1.

(4) Suppose that s > —% and that the equivalent conditions of hold. Then
Quw C H? is equicontinuous if and only if Q, C HT' is equicontinuous.

(5) Suppose that the equivalent condition of hold, then Q., is tight in H?
if and only if Q, is tight in HsT.

(6) Suppose that the equivalent condition of hold. Then Q. C H? is pre-
compact if and only if Q, € H:T! is precompact.

4.4.1. Proof of Theorem[{.13
Proof. We study the map

1
v =TV — E&vlog(l +ov)=w

with inverse

1
= — — 1.
" Lw) ()
The lower bound 1 + v > § of is equivalent to the upper bound
(L) 11 <67 h

Let —1 < s < . We combine the embedding H**! C Cs+2 and z — fyx we Hitt
if w € H® with Young’s inequality

/ wdo
Y

Again by Schur’s lemma

2
1-2s

< do -yl wlme < Tle -yl +er TE u| I

2

Wl 77 ) 112

1 s
1Ll < —exp (er 5
T

which implies the lower bound

_142s T
(4.55) 140> Texp(—cr =2 ||w]| 7. )
Trivially we have
1
4.56 e < 0]l H H ,
(156) el 2o < Mol + | =),
We write

1
1

log(1 = dtv =1

og(l+v) /0 Tt YT
with ¢ > 0. Let ¢ = log(1 + v). Then

Gr + 27Pp = 2w
hence, for 1 < p < oo
2

(4.57) ||¢||LP < E”'LUHWT—LP

hence

1
(4.58) ol < exp (5= w1 ).
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The bounds (4.55)), (4.56]) and (4.58]) are the basis for the remaining estimates.
O

Ve

T We obtain linear
v

We simplify the estimate a bit by substituting w = 7v —
combinations of

K
)—181+j0(1 + v)—M7.2l H (k)
k=1

1
T+ 9507

with (denoting by D = 1—|—ZkK:O Jjr the total number of derivatives) 2L+D = 2N +2.

5. WEAK SOLUTIONS

In this section we study weak solutions to equations of the Nth KdV equation
and the Nth Gardner equation. Under weak regularity conditions w is a weak
solution to the Nth Gardner equation if and only if v = w, + 27w + w? is a weak
solution to the Nth KdV equation. This reduces the proof of the main theorem to
a study of the weak solutions to the Gardner hierarchy.

5.1. Calculus estimates in Sobolev spaces. In almost all sections below we
will need estimates of differential monomials in L? or weighted LP.

Definition 5.1. Let 1 <p<oo, N>0,7 >0 and I = (a,b). We define
N
whe(n = {f =3V f 1y e (D)
§=0

with
. N 1/p N Nei i
Wy =t { (S I n) s F =Y V0085 }
§=0 j

7=0
We define for N >0 and 7 > 0

N

lgllyxrry =D g Loy
7=0

and forT >0 and s € R
I £l 225 m) = (7% + 52)5/2f||L2(R)
and for an interval T
1l 1y = f{|| fllazs, £ = F on T}

It is obvious that the restriction to smaller intervals in bounded linear operator
of norm 1. There exists a bounded extension operator to functions supported on
twice the interval.

Lemma 5.2. The following norms are equivalent: Suppose that n € Z, T > 0
Tr>1and 1 <p<oo. Then

I llwzr @y ~ [ lwer (e—1yr et 1ym) |-
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Proof. 1t suffices to verify the claim for 7 = 1 and r = 1. The case n > 0 is obvious.
Let n >0, f = Z?:o 0’ f; with Z?:o Hfj”ip(R ~ 1115 Wonw(r)- Lhen

Hllf”W P (k—1 k+1)H1p = ZZ ||f7HLp(k 1,k+1) — 22 Hf]”Lp(R)

k j=0

if 1 < p < oo with obvious modifications if p = co.
For the opposite direction choose fi ; € LP(k — 1,k + 1) so that f = Z?:o o f;

on [k —1,k+1], Zj 0 ||fk,J||Lp k—1,k+1) < 2Hf||ZI;an,p(k717k+1)1 choose a partition
of unity > " n(z — k) =1 with suppn C (-1,1), n=1on (-1/4,1/4). Then

P e 0Y h, =SS, - Z(')aﬂ (0~ B ).

kez §=0 kEZ j=0 =
We set
n l i
fi= Zn(x —k)fj— Z (.>77(l MNa—k)fy
kez =511 M

and obtain

Z Hfj”p < CZ ||f||Lp k—1,k+1)

7=0
again with obvious modifications if p = co. O

We turn to an interpolation inequality, for which we provide a proof for com-
pleteness.
Lemma 5.3. Let 0<j<s,2<q¢g<00,2<7r <00 and
55— ]

r q

l\.’)

Then ) ) .
IF PN < el A1 11

Proof. The lemma relies on three elementary estimates. Suppose that

1 1 2
*+*:*,2§T§OO,1SP,QSOO
p q r

Then

(5.1) LA < =Dl zell £ | za-

This follows from
[15rdn = [o.077721 pyda— (= 1) [ 415721 o

< (r=DIFIZ2 1A e 17| o

which implies (5.1]). There is a version for fractional derivatives. Let 0 < s < 1 and
1 <p,q < 0o. We define the homogeneous Besov norm

iy = ([ 0150 - )

with the obvious modification for ¢ = co. Then BS - B 7 Whenever ¢ < g and

11155, = elllél fllze = £l
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Let 1 = 12% + 2 then

1B (AR = fllr = IFCHR) = FIM (R F(AR) = FOP e < @I F ) 21 N5
hence

(5:2) /]

Here we used

s <2 flelF e

£ llzr = sup A M f(+R) = fller
h>0

Similarly
hr / [Fa+h) = F@)"2(f (@ +h) = @)@+ h) = f(x))da
= [ £@)(1f+ ) = F@F (4 ) - fa)
~1f@) = f(@ = WA (@) ~ flo -~ h))da
< e (B 1) = Fllee ) WA B = 27(2) + £ = B)llga

hence, if

1 1 2
St =S 22
p g r
(5.3) Ve < 0l a1

Recursively we obtain for j < n, 2 < p, q,r satisfying

n_n-—j j

r p q

(5.4) 1FONE < el A NN
Indeed, suppose this estimate holds for n. Let 1 < j <n+ 1 and
I n+l-51 g1

Tj_ n+1 p nq
Then
OIS (IR 0150
< e fIg IO D g
where

nj—m+1-j)=0G-1rn+1)
which implies estimate ([5.4) for s € N. The general case follows by using (5.2) and

(5.3) in addition. O
A particular instance is the following. Let 0 < d < N and p > 2. Then
N-—2d 2d
(5.5) 1D iz < ellull e a2 2.

A weighted variant is

() N—2d 2d
(5.6) [[sech(z)u'® || sez < ef|ull e || sech(z)ul] e -



WELL-POSEDNESS FOR THE KDV HIERARCHY 7

To see this we apply a standard extension argument to deduce from ([5.5) on
intervals I of length 2

@]

N—2d 24
Liﬁi(l) < CHU||LN+2 [)HUHHN/z(I)‘

We multiply by the weight, take the power Tll—td2’ add the intervals to arrive at (5.6]).

To proceed, we show the following multilinear estimates.

Lemma 5.4. If h = HN+2 @) s g product with a total number of derivatives
d=>a; <N then, if no term carries more than N/2 derivatives. Then

N+2 dff

Ni2-d lull pvia Y llu (N/2)||N
6.1 [T 100 e <eq Bl + =),

j=1

ul % uE )2,
and
(5.8)
N+2-d , d -4 +4
H ||Sech2(++(z’])(l’)u(af)|| vz < ¢ HUHL2 HseCh( )11L\J|+Ia2)N2||SeCh(x)UHHNI>72

i1 Lttey [l 22 || sech(a)ut ™= HHw

Ifh = HN+2 d (aJ) is o product with a total number of derivativesd =) a; < N
then, if no term ca,rmes more than N/2 derivatives
N+2-d

/|h|dz< H <“J>|| i

N+2—d N\ NTE=a
N+2—d— N/2
< 1 (nu]nw  u ”|L2)

(5.9)
N+2—-d 1
N N/2 Nt2—d
<e IT (Il + 1ud™?)3:)
j=1
‘ _daj (N+1)+2N (N+d G (N+1)+2N
||u§0”)|| s < cfluj| T+ D o ||L(N+2)<N+d>
J
and
(5.10)
N+2-d
/sechz( )hldz < H Hsech T ( Ju (a7)|| N2
Ll+aj
j=1
N+2-d

1
2a; 20 ; N+2—d
d 22—+ N/2) ) =
[ ] <||u]||Lz | sech(@)us||7 ¥ || sech()us /)I,jVN/2>

4o (N+1)+2N

[ s < llugllys T [ sech(a)al " S
j % = L2

N+d)||m.

(
U

Proof. 1t suffices to prove and . The inequalities and are
immediate consequences. The first inequality in is a consequence of Holder’s
inequality, for the second estimate we apply lemma[5.3] The third estimate follows
by Young’s inequality.
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To prove the fourth estimate we recall that for 0 < s <1
f=cala| T f)

from which we obtain the fractional Sobolev embedding
1

1_1
Ifllze < ellul2™2)| e

by the Hardy Littlewood Sobolev inequality. Let d > 0 and p > 2. Then by the
fractional Sobolev embedding

[u @l < cllul* 275 12

and the interpolation inequality for 0 < o < s

12

1l e < WA M2 = N1 5

implies the fourth estimate.

We turn to . Again the first inequality is Holder’s inequality. We continue
with the Hardy-Littlewood Sobolev inequality. Again w interpolate on intervals for
fixed length, multiply by the weight, square and sum over the intervals to arrive at

the second inequality of ([5.10)). |

5.2. The nonlinearities of the KdV and the Gardner equations. We recall
the structure of the Nth equation in each of the two hierarchies involved. Each of
them can be written as

Py — ()N pCNTY = 9FN (1),

where the structure of Fly is described by Theorem [3.10] For later purposes we
want to pull out as many derivatives as possible:

Lemma 5.5. For KdV, we have,

K
F]IédV(u) _ Z CK,(jk)ajo H uli*) |
k=1

K,(jk)o<k<i
1K .
2<KSN+1L  K+3) ji=N+1, jk§N+1—K—%°, ifj>1
k=0
and for Gardner,

K
F]E[}ardner(w) _ Z c(jk)k,K,lajOTl H ’U}(jk),
Kv(jk)kvl k=1

K
2<K<2N+1, I+K+) jr=2N+1,

k=0

2N+1-K—-1—3j
s e e
where K + 1 is always odd.

Proof. Theorem describes the structure of the Hamiltonians. For KdV, F (u)
. . . . K k) <
is a sum over differential monomials J],_, u"*) with

K
1 .
2<K<N+1, K—|—§k§_1jk=N+1,
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and for Gardner, Fy(w) is a sum over 7' HkK:1 wUr) with

K
2<K<2N+1, I+K+) jr=2N+1
k=1
For KdV and Gardner we reduce the highest number of derivatives falling on one
factor until there are at least two factors with the highest number of derivatives.
This can be done as follows: Consider a differential monomial Hle u%), We order
the factors so that k — jj decreases monotonically. If j; > jo = j; > ji41 we write

uwUr) = —9(ul92))! ulx) — Z (U2l wldx)
H B Il

k=Il+1 k=I+1

K + [ being odd follows from the formula

5HKdV 5HGardner

N 2\ _ N
Oy Su (wy + 27w + W) = (0 + 27 + 2w) 5w (w).

O

The Gardner Hamiltonian H§*"" is an integral over % (w®™ ))2 plus a sum of
differential monomials

K
7 H wldx)
k=1

with K > 3,1+, jx + K =2N +2, | + K even, and no term carries more then
2N — | — K derivatives. We apply (5.9) of Lemma [5.4}

K
HTl I wve
L
k=1
hence

(5.11) [HE ) — ™| <

L < erl ol 2w R < elr 2 el 1a) K 2wl

(L4772 w2V (2wl 2) [ Fry -
The same argument shows with v = w, + Tw

R = )3

512 < e(L+ 772wl g2) N 2wl g2) w3
< (L4772 lull )N 2 ull o)l -

In the same fashion
6HGardner
‘ / Niqux
ow

Let v be slowly varying of rate 7. We can localize this estimate and add up the
intervals of length 77! to obtain

< (472 ol 22V (772 gl o e+ 2 ol o e [y ).

N 2N—-1
5 13 H’Y HGardner w(QN)>H < CT_N_§(1+T_1/2||U)||L2) ||’Y’IUH%IN

H-N
We claim the similar estimate

N-—
(5.14) H’y — HRIV_ QN))HHiN < erNH1/2 (1+771/2||u||HT_1) H’yu||HN 1.
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By Lemma [5.5 we have to bound a sum of monomials

K
o T u®)
k=1

where 2 < K < N + 1, the total number of derivatives being 2(N + 1 — K), with
at most half the derivatives on a single factor. We set u = 9,v 4+ Tv so that the

total number of derivatives becomes d = 2(N + 1) — K — jy (we count factors 7 like
derivatives). By Lemma

K
7_1/2H H p+an)
k=1

K
o S H v+
T k=1

< cflol[ K2 N E )2,

H71

- K—-2
< er ™0 |l 2l

HYN?
which implies (5.14]) is the same fashion as we proved ((5.13).
The estimates (5.14) and (5.13)) allow to define weak solutions to equations of
the KdV and the Gardner hierarchy.

Proposition 5.6. The following estimates hold for R > 1 and an interval I of
length 1
(5.15)

5
‘ sech2(m/R)8£H§dv(u)H < e(|[ul -1 (|| sech? ul| gpv-1 + || sechu||§,N,1)

H-N-2
(5.16)

‘ sechQ(x/R)(‘?%Hg“dner(w)HH_N_2 < c(HwHLz)(H sech® wl| g~ + || SeCh’LUH%IN)
The following estimates hold for R > 1 and an interval I of length 1

(5.17)

‘ sech? (x/R)(’“)%HJIédV(u) H

< c(Hu||H71)<|| sech2u||szfz +l SeChuH?{N—Z)

H-N-3

(5.18)

)
| seet(a/Ryo- s )| < ewllze) (1wl ) (I sech wl s+ sechw]Fx- )

H-N-2

The proposition is a consequence of Theorem and (5.9)) resp ([5.10)) of Lemma
b4

The proposition allows to define weak solutions in natural regularity classes.
Definition 5.7. Let I = (a,b) be an open interval. We call
we L®(I,H™Y) with u™ =Y € L2 (I x R)

loc

a weak solution to the Nth KdV equation if it satisfies the equation in the distribu-
tional sense. We call

we LI, L?) with w™ € L2 (I x R)

loc
a weak solution to the Nth Gardner equation if it satisfies the equation in a dis-
tributional sense. We call u € L¥(HN"Y(X)) a weak solution to the Nth KdV
equation and w € L HN=1 a weak solution to the Nth Gardner equation if they
are weak solutions to th corresponding equation.
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We define L2(I x R) C L? (I x R) by

loc

I fllz2 (rxrny = sup Iz (2 (ke k+1)) -

We will relate weak solutions to different Gardner equations to another, and to
weak solutions to the KdV equation via the modified Miura map. Since

1027 + /(W/) — 0 dr > [[alFe = llull 2 (1357 16e 122 — o2l 2 el 2

3 4
o lell2) 11172

we see that u + v,, lies in the range of the Miura map if

1
> —(§||U||2 +

5.19 25 1 A oIl
(5.19) 72> S sup [lu(t)|[F-1 + —1g sup [[u(t)]|F
2 47 273 ter

Suppose that 0 < 71 < 7». Then w + 27w + w? is in the range of the 7 Miura
map.

Theorem 5.8. Let 1 < 11 < 79, assume wy € L®(I;L?) with ng) € L2(I xR)

is a weak solutions to the Nth 1 Gardner equation. Then u = J,wi + 27wy + w%
satisfies uw € L®°(I; H') and uN—1) € L2(I x R). Moreover it is a weak solution
to the Nth KdV equation. Define wy by

Opwa + 21wy + w% = 0wy + 21wy + w%

It satisfies we € L>®(I; L?) and wéN) € L2(I x R) if this holds for wy. Moreover
it is a weak solution to the Nth 7o Gardner equation if and only if w1 is a weak
solution to the Nth Ty Gardner equation.

Suppose that u € L>(I; L?) with uN=1 € L2(I x R) is a weak solution to the
Nth KdV equation,

—9% +u(t) + 72
is positive definite uniformly in t (which holds if T > 0 satisfies ) and w 1is
defined by
wy + 21w + w? = u.

Then w € L®(R; L?), wN) € L2(I x R). If moreover w € L or w € L=(I; HV)
then w is a weak solution to the Nth Gardner equation.

Proof of Theorem[5.8 Step 0: The spaces. Let w; € L°°(I;L?). Lemma
implies
u = 0wy + 21wy +wi € L(I; H1(R))
and
~0* +u(t) + 18
is uniformly positive definite and hence in the range of the 7, modified Miura map
and wy € L% (I; L?) if wy € L°°(I; L?). Since
||f||L3(1xR) ~ sup || sech(r(x — xO))f||L2(I><]R)
o

we can apply Proposition with NV and v = sech(k(z — zg)) and kK < 7 to see
that in addition

w™ € L2(I xR) <= uV VD e L2 = w{™) € 2.
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Step 1: Weak solution to Gardner define weak solutions to KdV. We
first prove that the modified Miura map maps weak solutions to Nth Gardner
equation to weak solutions to Nth KdV. Suppose that w € L*(I; L?(R)) with
w) € L2(I x R) is a weak solution to the Nth 7 Gardner equation and 7, > 7.
We define w. = J.w := j. * w, for a mollifier j., and

(5.20) Ue = We 5 + 2TW, + w?
We assumed that w is a weak solution hence w, satisfies

5HGardner
Oywe = (%nggiw(w)

Let ¢ € C°(R). Then
5HGardner
t —L&—¢dz e L'(I
5 / o gde e (1),
hence, since w is assumed to be a weak solution to the Nth Gardner equation
(t — /w¢dm) e Wwhi(n)

and for all n > 0
sup ||0"we (¢, x)|lw1.1 (1) < oo.

We calculate using the chain rule for functions in W11
Orue = 0y (Dpwe + 27w, + w?)

= (0 + 27 + 2w) J. 0w
HGardner
=(0z +27+ 2w€)8xJ€]§T(w).

Since w. and u. are smooth for almost all ¢ € I, (5.20) implies

6HGardner 5HKdV
Ni(wa) — azi(ue)'
dw ou
Using this identity and the fact that J. commutes with the linear part of the
equation, we obtain

HKdV

(5.21) dyu. — 9° 5N (ue) = (0 + 27 + 2w, )0y (J-F™ " (w) — FFH ™ (w,)).
u

(0 + 27 + 2we )0y

The modified Miura map is continuous as a map from
L(LLA)NLPHY — L°(LH YN LPEY
By (5.14)

5HKdV
L¥(LHYNL2PHN T 50— 5N (u) € LPH;N
u
hence in L®(H,N™1)
5HKdV 5HKdV
O—L—(u) = 0—L—(u).

By construction J, Fgardner — plardner oy q pGardner(q, )y prQardner ) iy 2 ff—N
by the bound ([5.13)). This gives in the sense of distributions

(a + QT)a(JsFﬁardner(w) o Fﬁardner(ws)) -0
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It remains to verify
wsam((JEFl%}ardner(w) o F[Ef}ardner(we)) =0

in a distributional sense. We pull out the derivative and the claim follows from the
bound

ardner _1
(522)  |7?(Qpwe) (FF " (w) = wBM)|[ e < er(1+ 772 |wl|2)*N | F-

Again we need do bound differential monomials of K + 1 > 3 factors with d =
2N +3— K —1—1— aq derivatives with at most 1 or half the derivatives on one
factor,

1_K-—1_ 1+

K
o wade T )| | < ertlull i w® =5 =558,
k=1

(5.23)
< 71T 00 | K |2

Thus u is a weak solution to the Nth KdV hierarchy.

Step 2: Weak solutions to the Nth Gardner equation with different
7 Changing the notation slightly we assume 2 < 7 < 71, that w lies in the Nth
Gardner Kato smoothing space and that it is a weak solution of the N th 7 Gardner
equation, and
wit + 2 w™ 4+ (w™)? = w, + 21w + w

We want to prove that w™ is a weak solution to the Nth 7 Gardner equation. We
regularize the solution as above w. = j. * w =: Jow. Again

5H1%ardner

ow

Clearly we is smooth in space and by

IJ-OFRFH R — 0*Nw)|| 1y (rxmy < (772 sup lw@)llz2) w2z, )-

(5.24) Byw. — (w.) = a(JEFﬁMdﬂer(w) - Fﬁardﬂer(ws))

Define w]* by
(5.25) owl' + 27'111);1 + (wI*)? = dpw. + 27w, + w?

We differentiate both sides of the equation with respect to t, use the chain rule for
WLl functions for fixed z, and invert one operator to arrive at

8,511);1 = (a + 27’1 + 211);1)71(8 + 2T + 2105)8,51115
= 0w + (0 + 21 + 211}5”)_1(11;6 —wlt + 7 —1)0we.
We use the identity

5HKdV 5HGardner
0—N _ —(9+2 2w))————
ou (9 427 + 2u) ow
twice, once for 7 and then for 71 to see that
6H§ardner 5HGardner
d——(w2) = {1+ (0 +2m +20l) M (we — 0] +7 - ) O ——(w).
Altogether
)

Ol =05 HEI (wl') = {1+(0+2m+2u0) " (wo—wl+r—m1) pO (L F G0 (w) — P () )
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By the continuity of w — ‘mi#(w) the left hand side converges to
6HGardner
wy — 0—N— (w
K ow (w)

in the sense of distributions. We will show that the right hand side converges to 0
in the sense of distributions which implies that w™ is a weak solution to the Nth
71 Gardner equation. We immediately turn to the most difficult term

(0 + 21 +2wT) Hw, — w?)ﬁ{ (JEFﬁard“er(w) - Fﬁafd“er(wg))

which contains no linear term. By the same continuity argument as before it suffices
that the map from w to

K
Tl(a + 27 + 2w1)_1w25j0+1 H w0
k=1

is continuous in w, ws and w. We want to pull the derivatives 9Uo+1) recursively
to the left. In the first step we obtain a term were the derivative falls on ws, and
one with the derivative between the integral operator and ws. We recall

(0427 +2wy) 10 =1— (0 + 27 4 2wy) (271 + 2wy).

By a repeated application of this argument we obtain a linear combination of terms
K1 Ki+K+1

s H ngk)wélK1+1) H wir)
k=1 k=K142
where
K+Ki+1
I+ > jk+E+K +1=2N+1
k=0
and
K Ki+K+1
71O + 27 4 2wy) 7t H ng’“)w;lm“) H wIx)
k=1 k=K, 42
where
K+Ki+1
> gkt K+K +1=2N+2.

k=1
It suffices to bound the differential monomials in L', with D = ZszlO Iy + Zszl Jk
the total number of derivatives and M = K7 + 1 + K the number of factors

K, K
H sech?(x) H wgl’“)wglo) H wlr)
j=1 j=1

3
M—2 2 g
el (1112472 sech(@yw 2 ., ur—s )
=

with oy = %, g = ﬁ, a3 = % Altogether we arrive at
Hv(@ + 21 + 2w1)—1w28F§[}ardner||Ll

< elflunllze, luall e, ool z2) (vl + v s + Irealls ).

This completes the proof that if w is a weak solution to the Nth 7 Gardner equa-
tion then the modified Miura maps define a weak solution to the Nth m Gardner
equation, and vice versa.
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Step 3: Weak solutions to KdV define weak solutions to Gardner under
the additional assumption ||w| =~ < co. Now suppose that u is a weak solution
to the Nth KdV equation. We want to prove that w is a weak solution to the
Gardner equation. Let u. = J.u and define w. by the Miura map,

Opwe + 27w, + w? = U,.
We apply the chain rule and argue as above to obtain

) H]%ardner
ow
The Gardner terms on the left hand side are covered by our previous consider-

ations. Only the right-hand side needs a new consideration. Again it suffices to
provide bounds for

Oywe — 0 (we) = (04 27 + 2w.) " 'O(JENY (u) — FRY (u.)).

K
(0 + 27 +2w) oMo T uv).
k=1

As above we pull derivatives to the left, making use of
(O+274+20)7 10 =1— (0 + 27 +20) 1 (21 + 20).

We substitute u = v, + 27v and expand so that we obtain a linear combination of
terms, and, by an abuse of notation we write v for w,

K
(5.26) rlgdo H (k)
k=1
where
K
2 < K, ij:2N+2—K—l7 k<N
k=0
and
K
(5.27) (0 + 27 + 20) 7L [ )
k=1
where
K
2<K, Y jx=2N+3-K-1I, jp<N.
k=1

The estimate for ([5.26) is
K
Irom I] e eym < el el lolfay,
k=1
and for

K K
||7'l(8 + 27 +20)7! H ’U(jk)HLTlL < Tl_IH H p0*)
k=1 k=1

Ll

S er 7 2 oll2) (L 47 ol ) [0l -
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Indeed the first inequality follows from writing (9+27+2v) ! as an integral operator
which is bounded as an operator on L. For the second inequality, note that by

(5.9) from Lemma we have

K
N R P o [l VP C o T P 998
k=1 L
in all situations but when [ = 0, K = 3 because of N — % - Z_Tl < N and since

when | = 0, then K > 3 in (5.27). Now assume j; + jo + j3 = 2N, j; < N, and
J1 = j2 > js. When j3 = 0 then we can use Holder’s inequality directly, otherwise

Hv(jl)v(jz)v(js)HLl < Hv(jl)HL2Hv(jz)HHHUUB)HLw < ||UHL°°HU(N)||%%
from the Gagliardo-Nirenberg inequality. Performing a weighted summation implies
771||v(jl)v(jz)v(J'S)||L1 < 7_71||'U||Loo||fUH§{11-\{“7
which proves the second inequality. O

5.3. The good variable hierarchy. The fundamental Sobolev estimate in this
setting is

K
(5.28) H IR
k=1

Let 1 < s <1, we L®(J,HY) N L2HSTN =1 We claim that this suffices to
define weak solutions to the Nth Gardner equation. We write w = 0,v — T7v and
we have to bound

K
Sl ol where 20 =Y.
: 2

K
rlgio H I (0zv — TV)
k=1

which can be written as a linear combination of terms (changing the meaning of
la j07 K)

K
oo H e
k=1

where
K

I+ jx=2N+1
ko
and no term carries more than N derivatives. We obtain a bound

K
. .
T 9% 0y < CllollZ=2lloliZs
k=1

with 2D = Zjil Jjk- The claims follow now from embeddings and estimates for the
operator 0 — 27.
We recall the structure of the Nth equation good variables hierarchy. It can be
written as
Yo = (=D)NYENED = OFFY (1),

where the structure of Fly is the following:
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Lemma 5.9.

K
Fﬁv(w) = Z CK)(jk)k’LMajO(l =+ 11)7]\/[7'21 H ’U(jk),
K,(jk)k,l,M k=1

K
0<M<2N+1, 2<K<3N+1 djk=2N-2, jp<N-L
k=0

Proof. FGV (v) is a sum over (1 +v)~M7! HkK:1 vUr) with (cf. Theorem )
0<M<2N -1, 2<K<2N+1,

K K
I+) jk=2N, > jp>M+1ifM>1
k=1 k=1

For the good variable equation, we proceed as in Lemma |3.13 ]

Let s > % Then we can define the notion of a weak solution to the good variable
equation under the regularity assumption

ve L®(I,HS) N LA(I, ),

Theorem 5.10. Let s > %,T > 2, I an open interval. Suppose v € L*®(H®) N
L2HN satisfiesv > —1. Let w = v—30logv. Thenw € L®(H*"H)NL2H; 1+,
Vice versa: Suppose that w € L®H*~1 N L2H:~1TN . Then there exists a unique
v € L with v > —1 and (v + 1)~% which satisfies

TV — Oy (log(1 +v)) = w.

Moreover v € L°H* N L?H:*N . Under these assumptions w is a solution to the
Nth T Gardner equation iff v is a weak solution to the Nth 7 Good variable equation.

Proof. We argue in the same fashion for the second part. We recall the equation

for v (see Theorem

v = (—1)NU(2N+1) + 8LF]£\][U

with
5HGardner 1
o—r =(r—0—"——)0(F§V 9?Ny).
ow w=rv— %0 log(1+v) (T 2(1 + v)) ( N (U) + U)
Suppose that v is a weak solution the Nth equation and set v. = J.v, w. =
0. — $0log(1 + v.). Then
5HGardner 1
Orwe = 92— (w.) = (T - 3@)8(15]75‘/(1}) RSV ().
The left hand side converges to
5HGardner
ow — 0————
ow

in a distributional sense. We claim that the right hand side converges to zero. To
prove that is suffices to consider convergence for summands as in Lemma [5.9

72 (T — 672(1 Jlr vs)>81+j° ((1 + v)_M]}[jlv(j’“)).
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Again we pull the derivatives in front. We obtain a sum of terms

K
Lol (1 +v)™M H Ur)
k=1

where

K
0<M<2N+3, 2<K<3N+2 > jp=2N+1-L jy<N-L/2
k=0
We may ignore the powers of 7 and of (1 4+ v) for the question of distributional
convergence, which now follows from
Suppose that w is a weak solution to the N Gardner equation, w. = J.w and v,
satisfies Tv — $0log(1 + v). Then

-1
Ove—(~1)Nul D -9FFY (v.)) = (7-0 ! )) Of T FR e (w)~ FE " (w) }.

2(1 + v

The convergence of the left hand side to the good variable equation follows from
the bounds which ensure that the notion of a weak solutions is well defined. We
again have to provide bounds for

(T—aﬁ

more precisely for its summands

(T_a 1 )_181+m ﬁw(jk)
2(1 + v,) Pt '

We write w = 70 — U, and ignore the difference between v, v and v. in the sequel.
We pull derivatives to the left:

(-ogwr) 2= (- 0grry) et e )

-1
) aFI(\?ardner (UJ) ,

— 2(14+v)+ T(T - aﬁ) 2014 9)).
Consider 5
T¢+8(1+v) =f.

Let ¢ = % and rewrite it as

op+1(l+v)p=f
and deduce
[@llzee < llzee I+ vllzee < efl1+vllzoe[[(1+0) " oo | fllLs-
The final estimate now follows from ([5.28)). O

6. REGULARITY OF WEAK SOLUTIONS AND KATO SMOOTHING

We analyze the structure of the conservation laws for smooth solutions to the
Nth KdV Gardner equation. Moreover, we use the conservation laws in their weak
form to show smoothing estimates and precompactness of orbits for weak solutions.
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6.1. The energy-flux identity. We obtain the energy flux identity for smooth
solutions by multiplying the equation by nw:

) 1 )
0= _ 7 rrGardner dedt = 7/ o2 7HGardneraz daxdt.
[ ot = Byt = 5 [+ S HG 0, (wn)da
We rewrite the last term for fixed ¢

5 ardaner d araner
/%Hﬁ d 3(nu)dx:%H1% d (w4 snd,w))

4]
7HGardner aT dr.
s:0+/5w N Woenar

We study the first term on the right hand side for differential monomials I =

k
d .
1ol = 130l

K
H w(ji)dx — /Uar H w(jk)dx
k=1

i#k
K

- _ /777; H w) dop.
k=1

We obtain the flux
2N+22N+2—K

K
(6.1) Fiy(w) = Z Z o Z CKJ’jle H wUx)

K=2 =0 S jr=2N+2—K—I j=1
which has almost the same structure as the energy density so that the energy flux
equation

(6.2) 8,5%102 = 0, Fln(w)

holds. In particular the quadratic part of the flux is

OFly s = 20w = 9((2N + D™ + Y and™ |uwNP2),
k=1

for some combinatorical constants a; € R.

Lemma 6.1. Suppose that w € L®(R,L?) with wN) € L2(R x R) is a weak
solution to the Nth Gardner equation. Then

Orw? = 0, Fly(w)
in the sense of distributions.

Proof. Let p € C2°((—1,1)) be nonnegative and even with [ pdz = 1. We define
pe = ep(x/e) and JEf = p. *, f and similarly J! is the convolution with respect to
time. We recall that weak solutions w satisfy J%w € W11(I, L?(J)) whenever I, .J
are compact intervals. As a consequence

t— /w(t)q&dm

is continuous for every test function ¢, or, equivalently, after modifications on the
set of times of measure zero t — w(t) € L? is weakly continuous.
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Let w be a weak solution satisfying the regularity assumptions. Then with
we = J! JZ w, similar to above

_ 6H](\}[ardner A
0= / (wt - 8T(w))J€1J€2(¢w8)dxdt

6.3
( ) 5H1%ardner

= [ et (205 ) (w000 + (Grw0)9) dat

All terms converge as the time regularization £; tends to 0. We set ¢ = 0 and
write € = €5 in the sequel. By the continuity in € we have to justify

Gardner
/ (J;IJ;‘SHJET(w)) (0.6 + (0s102)0) dwdt — / FLxOyodudt.
Rz

We obtain for the linear resprectively quadratic term
1 1
/ —iwgam + FLy2(we)0pnde dt — / —EwQ + Fly 2(w)0yn dx dt

since wl) is in L? _ of space time for j < N.

Let h(w) = 7! Hszl wU*) be monomial in the energy density up to a coefficient
with K > 3 and let F'L be the corresponding part of the flux. Let D be the total
number of derivatives. Then

K+D+1=2N+2

Then
lim Jeh(w)(we0pd + Opwe¢p) dx dt = h(w)(wdy ¢ + Oy wedx) dt.
e—0 R2 R2
Summation and comparison with (6.3 implies the energy flux identity. O

6.2. Consequences of the energy-flux identity: Kato smoothing for weak
solutions. Weak solutions satisfy the energy flux identity (6.2) by Lemma
which can be written as

(6.4) /w28t77 — Fly (w)0yndxdt =0

for smooth compactly supported functions 1. We say that u € L°(I; H~!) with
uN-1 ¢ L%OC(I x R) lies in the N th KdV Kato smoothing space if for all compact
subintervals J C I

(65) lim sup ||U(N71) ||L2(J><(Io—1,$o+1)) =0.
zo—Foo
We say that w € L>°(I; L?) with uN) € L2 (I x R) lies in the N the Nth Gardner
Kato smoothing space if for all compact subintervals J C I
(6.6) tim sup [|w ™| 221 (20— 1,20-+1)) = 0.
zro—too

The condition (6.5)) is equivalent to

lim sup || sech(o (z — wo))ul| 12,551 (r)) = 0.
zo—too

and is equivalent to

limsup || sech(o (x — x0))w|| 2 (7,1~ (m)) = 0.
:Eo—):tDO
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If u = w, + 27w + w? (for fixed time) and o < 7 then
|| sech(o(x — zp))w|| gn ~ || sech(o(z — zg))u|| gy
with constants depending on 7 and ||w]|pz.

Lemma 6.2. Let N > 1, 7 > 1. Suppose that w in the Nth Gardner Kato smooth-
ing space ((6.5)), (6.6)) on R is a weak solution. Then w € C(R,L*(R)) and there
exists p = p(t=?||wl||z2) so that it satisfies with wy = w(0) the Kato smoothing
estimate for 0 < k < T

sup /(1 + tanh(k(z — 2o — pr2"t))|w(t, z)|*dx
¢
oo
(6.7) + ff/ /SeChZ(H(.’L' — zo — pr2")) (Jw™ 2 + 72" w|?)dadt
0

< / (14 tanh(k(z — x0)))wg dz.
The implicit constant depends only on N.

Proof. Let n; € Cg°, j = 0,1 and assume that 7y is nonnegative and satisfies

70(0) = 1. We define for R > 0

n(t, z) = n1(t)no(z/R).
Then
lim w20y — FLyOyndr = / llw(t)]|% 20¢mo (t)dt
R

R—o00 R2
hence ||w||z2 is independent of time (up to sets of measure 0). We have seen that
t — wg € L% is weakly continuous which together with norm continuity implies
that w € C(R; L?).
We want plug in

n = Xjo,r(1 + tanh(k(z — zo — pr°"t)))

into the integrated energy-flux identity . There are two obstacles: The charac-
teristic function is not smooth, and 1 4 tanh is not compactly supported. We deal
with the second problem by multiplying in addition by no(z/R) as above, and with
the first obstacle by regularization. We obtain

1

T
B /(1 + tanh(k(x — 29 — pTQ”t)))wzda:‘O

T p,r2n
=— /0 /sechQ(/i(m —zo — pr*"t)))( w? — Fly(w))dz.
T
A

2
- /0 ()t

The quadratic term on the RHS is - omitting the argument of sech? as well as the
time integration -

2n N
—;-@/sech2 (%w2 + (2N + 1)|w(N)\2)da: + ag Z(sech2)2k+1)|w(N_k)|2dx
k=1
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and

‘/ sech? Fln>sdx

< c(1 4+ lw||2)N] sechw|| v || sech wl| v

< [[sech(@)wlffx + (1 + [[wlz2)*N" | sech® w]|32)

Together the integrand can be estimated
At) < flf/sechz(pTan2+2N|w(N)|2d:c+02(1+||w||g22)|| sech w|[*+| sech w|[3,x—1.

We choose ,
p2(C+ AL+ wl|F)™ 72N
and subtract the second and the third term on the RHS from both sides. This gives

6. O

6.3. Precompactness of orbits of weak solutions. In this section we show
that the orbit of weak solutions of the Gardner hierarchy with initial data in a
precompact subset of L?(R) are precompact over compact time intervals.

Theorem 6.3. Let Q C S(R) be a precompact subset of L?>(R), let A be a set of
weak solutions with initial data in Q) and let I by a bounded interval. Then
{w(t):we AteI}CL?
18 precompact.
This will be essential in the proof of our main theorem, as we want to upgrade

weak to strong convergence using a compactness argument. To check precompact-
ness, one can check boundedness, equicontinuity, and tightness.

Proof. We begin with boundedness. Since @ is precompact it is bounded and there
exists R > 0 so that
uollz < R

for ug € Q. Weak solution conserve the L? norm by Lemma
We turn to tightness on the the right. Let € > 0. Since @ is precompact and
hence tight there exists R so that for zo > R

sup /(1 + tanh(k(z — 20))|wo|*dz < e.
wo€EQ
By Lemma [6.2] again
sup sup/(l + tanh(k(z — 2o — y72Nt))) |w(t) Pdz < ce.
weEQR t

Given ¢ > 0 and a bounded time interval I we find g so that

(6.8) sup sup [|wl|2(wg,00) < €-
tel woeR

We turn to the proof of equicontinuity. The set
Qu = {w, + 217w +w?:w e Q}

is precompact since @ is. If 7y > 7 it lies in the range of the 7 Miura map. @, is
equicontinuous hence there there exists 71 so that

lull g < €
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Let Qr, = M;'(Qy), Then
|wollz2 < e

for all wy € @r,. Under these mapping every weak solution to the 7 Gardner
equation is mapped to a weak solution to the 71 Gardner equation. This equation
preserves the L2 norm, hence

[wa (t) + 2rw™ (1) + (W(t)?[| -2 = wi (8) + 2mw™ () + (W™ ()?[| -2 <<

and the orbits are equicontinuous on compact time intervals.
The Kato smoothing estimate for w™ implies

o0
supm/ | sech(k(z — xg — y7ENE))w|| % v dt < e,
o 0 m

hence

o0
sup li/ | sech(k(z — xo — yTEN))w, + Tw||?{N_1dt <ce
0 m

Zo

for all weak solutions with initial datum in . This implies the high frequency
bound
(6.9)

SUP/ /sechQ(/ﬁ(a: — 1 — pr2V ) (Jw™))? + 712(1\[71)(|w70|2 + w?))dzdt < Ki
z1 0 1

for all weak solutions w to the N-Gardner equation with w(0) € @ and x; much
smaller than 7.

With the high frequency estimate in place we turn to tightness on the left. We
claim in the setting of the theorem: Given I = [0,T] and & > 0 there exists xg so
that

(6.10) sup  sup [|w(t)|12(—ooee) < €
0<t<T woeQ

To simplify the notation we set T'=1. We use
n(t,x) = xp,1] (1 — tanh(k(x — o + pTQ"t))>

with K = 672" in the integrated energy-flux identity. Again this function is not
admissible since it is not a test function, neither in ¢ nor in x. In the same way as
for the L? conservation we obtain for T' < 1 and zy € R.

T 1
(6.11) /nwzdac‘o < 0“0/0 | sech(7=2N (& — 2 + pr?"t)))w ™) ||2..
‘We choose 71 so that in the notation above
[w™(0)[| 2 < e.

By tightness of @) we can choose R so that the initial term satisfies
/(1 + tanh(r] 2N (. — zo + 72V)) |w|?dx < €

We set 1 = xg — 37’12N and k1 = %Tl_QN in to estimate the right hand side in

(6.11) by ce. O
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7. SMOOTHING AND CONVERGENCE FOR THE DIFFERENCE FLOW

We recall the formula ([3.47)

Gardner

T—l (Z w T) WIOgdet2(l+K)
where to shorten the notation we define

_ 0 (—iz —0) tw
(71) K(w) = (—(—iz—|—3)_1w (—iz+3)_127'(—iz—8)_1)

. _ ( 0 (—iz —0) tw )

T\ (—iz4+0)'w —Z[(—iz+0) '+ (—iz — 0) " w

Then
—logdety (1 + K(w)) = i (=1" tr K(w)"
n=2 n
and
_ 2N +2 N

T]\?ardner(z’ w, 7_) _ ’LZ(ZZ) lOg det2 1+K Z 2(N—n HGardner(w, 7_).

422 + 4712

In this section we prove Proposition in particular the bound on T]\(,E ardner ,
the characterization of equicontinuity of subsets Q in HY and the weak
convergence statement (2.46)). As a consequence we also obtain the corresponding
bound (2.11)) and (2.13). A central step consists in the study of (2z)V ! tr K(w)".

7.1. Schatten classes and the case of large n > N + 2. We first deal with the
sum over large n > 2N + 4 and collect simple estimates for the operator K. The
central estimates are

Lemma 7.1. Let N >3, N+2<n andImz > 7. Then
(Im 2)NV 1 tr K™ (w)| < e((Imz) ™2 Jw]|£2)" N2 |w|| Y32
< o((Imz) 72 |w| g2)" N2 || e ™2 13 5

< o((tm2) "2 flwl| 2)" =2 ] 5 w2 e

(7.2)
where ||w®)| 2 is defined using the Fourier transform.

Since for N > 4

w|Z

2+ X 2+ 1-4 4
/ 0¥ *2de < wl3alwlFe < Jl73® ol < ol (ol Y @187

[w ™22 < w2 w2 2
and

/ wbde < ool w22

it suffices to prove the first inequality.
To this end recall the Schatten classes J, of compact operators A with IP-
summable singular values,

(7.3) A5, = pa(A)
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Here we always consider L? and its powers as the underlying Hilbert space. Special
cases are the trace class operators J;, the Hilbert-Schmidt operators J5, and the
class of compact operators J,, which are defined with the obvious adaption in
(7.3). We will make use of the fact that the J, are x-ideals in the sense that for all
A€, B:L*— L?

AB,BA€3,,  ||ABls,,|BAla, < l|Als, B2z,
and of the Holder-like inequality
1 1 1
|ABlla, < 1Alls,IBls,, ===+
p q

In particular for all >, pi =1,
e (T 40] < [ TT AL, < TT1Ad,.
We refer to [59] for a thorough introduction to these spaces. Finally we note that

the classes J, admit the interpolation property, see |3, Proposition 2.1].

Lemma 7.2. We have with c = Im z

7'2 % _ 1
1K@l = (2+ ) "o Hhwlse,

T 141
1K@, < (24 7)o el p22

(7.4)

Proof. For the first estimate we calculate K*K and obtain
IK]3, = tr (K" K)
= l[(=iz = 9)"'wl3, + ll(=iz + 0)"'wl3, + 47%[|(=2* - 0%)"'wl3,
= (1+7%/2%)(2iz) /((—8 + 2i2)w)?dz.
By using the integral kernel of (—iz — d)~! and Fubini’s theorem we obtain

(—iz — )~ w2, = / e W w(y)]* dyde = o~ |Jwl|7.
>y

The same holds for the second summand. For the third summand we calculate,
using Fubini and then Plancherel,

1
4olz|?

This proves first identity of (7.4]) for the Hilbert-Schmidt norm. Next

I(=2% = 0*)7twlf3, = (2m) (=2 + €)M Zellwlze = ]|

=iz £ 0) M wll ez < (=iz £ 0) o pallwll o = 0~ ol
which implies
T —
| K(w)|lp2mre < (14 ;)o’ 1

and for the second inequality we interpolate by viewing the operator K(w) as
a map LP — J,, where for p = 2 we use our first inequality and for p = co the
operator bound. [
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Let N e N, N <n. Then
[tr K| < [[K" 5, < 1KY, 1K 15 Y

(7.5) 3

< e (tm2)' Nl (s vl )

There is one more structural observation: The integral kernel of the lower right
entry of K is

)
27_/ e—21’z(2t—r—y)dt — Le—iz|r—y|

max{z,y} (24
hence
2iz — )" \r(iz+9)" = —é (—iz—8) "+ (—iz+0)7Y)
If in an expansion the lower right entry of

( 0 (—iz —0) tw >
(—iz+0)'w —Z((—iz—0)"t+ (—iz+0) Hw

z

is involved (which is always the case if n is odd) then we gain a factor - in all

I
the estimates above.

7.2. The case of n < N + 2: The structure of the terms. We will encounter
a special class of multidimensional integrals frequently in this section.

Definition 7.3 (Primitive integrals). We call integrals of the type

n

2 2m—n .
(7.6) (i) / [T e vws(;)de;, n/2<m<n
2iz 1< <ZTp j=1

where

Zyj:(), YT > Ty — X forallze A={x1 <z < -+ <}

primitive integrals.

We decompose

0o
Tf}lardner Z w, 7_ Z Z w, 7-

n=2
where
(=" iz
To(z,w,7) = - Wtr K™(w)

is the n-homogeneous part with respect to w. In the previous section we have seen
that if n > M +2and Imz > 7

L2 2y 2,

) < (e —1/2 2 \M+2-n
(17) [Talzw, 7] < (ellmz) ™2 uf2) M2 n 2

We begin with an algebraic decomposition of 7.

Lemma 7.4. Suppose that n < M + 2. Then we can write

(7.8) (22)MHLT, = Z (2Z)M7j/hn7jd£€+(22)717;\4_;,_17”

j<M—2
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(so that the leading term is (22)M tr K™ (w)) where h,, ; are differential polynomials
independent of M and

z

J D;—1
(7.9) TM+1,n = Z (7) TijM-H,n,j +
j=1

Im z

4227 M+2-n ( z

n—1
B n
422 + 472 ) M+,

Im z

where the hy, ; are differential polynomials, the Byri1,n,j are D; dimensional prim-
itive integrals, Dj > 2,

(2Im z)P~1 / 2T P (z)w(xs) ... w(zp_1)Pp(xp)dr, ...dxp
r1<x2--<TD

where Py and Pp are differential monomials. In total there are n w factors (in-
cluding those with derivatives) and there are at most
d<M+2—-n—k;

derivatives which are evenly distributed over Py and Pp (equal if 2m — k is even,
with a difference 1 otherwise). If n is odd then k; > 1.
The Bary1,n are sums of n dimensional primitive integrals

n

(2Imz)”_1/ exp(izy; - H w(xy)dzy.
A

n k=1

Proof. To shorten the notation we write Ry = (—iz + 9)~! so that K (see (7.1])
can be written as

0 R_w
K0 = (g p( s Row)
Then, since tr RywRyw =tr R_wR_w =0

2
tr K2 =tr ( —RywR_w— R_wR,w — %(R+wR+w +R_wR_w+ RywR_w+ R_wR+w))

422 4+ 472 .
— _%/6212|r7y\w(m)w(y)dxdy’

At z = 97 we obtain

(7.10)
47' — 472 2
2 727’(12 x 2
K = //R o122y (2 oo (02 day dizs = ||wHH2_;
- N
4r% — 472 (=" (- 1)N+ (n+1))2
= F (Z (2 )2n+2 || ||L2 + (2 )2N+1 H ”H;})
where we used
1 n g2 B €[+ 1)
- = -1 — 4+ (-1 n+lio. 2(n+1)7'
i S o A M N TR e
Similarly
tr K3 = (ﬁ + 61) tr ((R,w)ZRer + (R+w)2R,w))
123 iz
3T3 67 2iz(x3—x1)
=\73 T T dridxod
(iz3 zz) /xl<x2<%e w(z1)w(z2)w(ws)dridrades,
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212 212 474
4
tr K = tr ((2 + ? + ZT)R—U)R-‘!-U)R—’WR-FU} + (ZT + ZT)R_’LUR_MR+1UR+IU
212 474
+ (Z% + Z%) (R-w)Ryw + R_w(Riw)*))

872 47! 67  127%
= / ((8 + 77-2 + 774)671 + (77_2 + ZZ )672)w(xl)w(m)w(xg)w(x4)dx1d$2d$3dx4

T1<x2<T3<T4

with
v1 = 2iz(xy + x3 — T2 — 1), Yo = 2iz(xq — x1).
Expanding the 2 x 2 matrices in general we see that tr K™ is a linear combination
of products of n factors R+w. Let X be the permutations of n elements. Since
R™\{z; = x}, for some j # k} = U {(To, )1<jcm 101 <2 <+ < T}
cED

tr K™ can be written as a linear combination of expressions of type

n

2 2m—n R
(7.11) (IZ) /x o H e?#Vy(z)dr;, n/2<m<n
1 n ]:1
where
Zyj:O, Yx > Ty — X1 forallz € Q, ={a; <23 < -+ <z, }.
J

In Lemmal7.7]it will be shown that n dimensional primitive integrals are bounded
by

C(2Imz)'™" H [lw;]

J

L

and (2Im 2)"~! times a primitive integral with z = it converges to

/ e YVPdxy ... dx, / H w;(z)dz;.
Qn,xlzo

We illustrate the cancellations with an example before stating a general algo-
rithm. Consider

T= (22’7:)3/ e 2 @mtEe—wa =)y (00 | w(xy) d.
Q

Define ¢ = —2iz(x1 + x2 — 3 — x4). Thus T does not decay as Im z — co. We do
a partial integration in x4 to obtain

- (2iz)2/Q ePw(xy )w(x)w(ws)w (z4) de
— (2i2)? /QS e 2 @1Hw2=223) s (1 Y (29 )w? (23) da.

The first term has increased decay compared to 7', for the price of one derivative.
For the second term, we partially integrate again from the right in 3. We iterate
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this procedure and arrive at
T=— (22'2)2/ e®w(zy)w(zo)w(zs)w' (x4) da
Q4

+ Zz/ e~ 2E(@iH@2=223) 4y (1 Y (29 ) (w?) (23) d
Q3

1 » 1
_ ,/ e—2zz(w1—:m)w(xl)(w?))/(xQ) do + = / w d.
2 Qo 2 R
The one-dimensional integral has no decay, all the higher-dimensional integrals have
decay (Im z)~! if w is sufficiently regular and integrable. We can further iterate,
but now from the left, and apply the same procedure in x; to all of the remaining

multidimensional integrals. We obtain

1 .
T = 22'2/ e®w’ (z1 )w(ze)w(zs)w (x4) da — 3 / e~ 222mimw2a=23) (4,2 (1 Yap (a0 ) (3) da
Q4 Q3

1 . 1 ,
+ 47 6212(11—12)(w3)/(x1)w/(x2) dr — 7/ e—sz(mH-acg—2m3)w/(ml)w(l,2)(wQ)/(wS) dx
12 Qs 2 Q3
1 . 1 )
+ 87 e—4zz(:c1—:c2)(wQ)I(wl)(wQ)/(xQ) de + — e—27,z(3:1—arg)w/<xl>(w3)/(x2> dx
1z Jq, diz Jq,

+ L / w* d — L (W) w dx — L w*(w?) do — L wiw' d.
2 Jr diz Jp 8iz Jr diz Jp
Now all the multidimensional integrals here have decay (Imz)~2. Note that the
one-dimensional integrals in this step all vanish, which is expected since we know
that T_i (i) ~ Z(%T)‘szf_a{d“er is only nonzero for even powers of 7. Iterating
even further will give the quartilinear term from H$#er and, of Hﬁard“e‘ in
general.

The following algorithm for connected integrals describes how to treat the can-
cellations in general: Let n < M + 2. The term

T:= (Qiz)M/ e2izy® Hw(xj)dxj
Qp

has homogeneity n in w and is written as a n dimensional integral. We integrate
by parts in the x,, integral which gives

(7.12)
. n—1
7= (i)t [ a) [T i )doyda,
Q !

n j=1

2i2(ni2yjrj+(yn— +Yn )T ) n—2
+ (QiZ)M_l/ e NI 1 Y w(w-y) I w(x;)dz;.

Qpn_1 j=1

Let § = (y1,- - Ym—1 + Ym). Then

YT > Ty —x forx e Qg
At this stage we keep the first term on the right hand side of (7.12]) and repeat the
argument with the second term iteratively if n < M + 1, ending up with a sum of

integrals of dimension n,n —1,n—2,...1. For all multidimensional (all besides the
one dimensional) integrals we repeat the iterative procedure from z;. We obtain
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two one-dimensional integrals plus multidimensional integrals where we gained a
decay of 272,

T = ¢y (2iz)M+1=n /w”dm + co(2iz)M—n /w"_laxwdx

(2i2) M=2 E E E CM,1k, (20%) b= 1/ e2iz<y’3vl’“’>8zlwk1(xl)aszkz
D=2 ky+ko=n—D Qp
D—1
X H w(xj)dxjdeidrp
j=2

where the homogeneity in w is always n. The second one dimensional integral clearly
vanishes, but we keep it at this point since the vanishing of the corresponding terms
in the next steps is true but not immediately obvious.

We repeat this iterative procedure M + 2 — n times and arrive at

M+1—n

T = Z (Qz'z)’“/PM,kder(2¢z)—1AM+1,n
k=0

where Py i are differential polynomials of homogeneity n with a total of M+1—n—k
derivatives. The terms Ajps41,, are sums over D dimensional integrals,

AMJrl’n = Z ZD_1 Z/ 6iz<yD‘j‘x>P1’D’j (Z’l)w(l‘g) e PD7D7j($D)dLL'1 P dSL'D.

Here Pp ; are homogeneous differential monomials of homogeneity n;, ny +np +
D — 2 =n, with a total of M + 2 — n derivatives.

We complete the proof of Lemma We expand tr K,, into a sum (7/2)*,
0 < k < n times the trace of the product of n operators R4, which we expand into
a sum of n dimensional primitive integrals.

We multiply by the prefactor which we expand as far as we need

" )i L " _
(=)™ iz(22)*V+2 _ 4 Z 27_ 21 22)21\/ 2 4 (=)™ (22)*Y 2L.
n o 422 + 472 — 2n 422 4 472
Finally we do the integrations by parts. ([l

7.3. The case n < M + 2: Estimates. In the previous section we have seen
that we can decompose (22)™ tr K™(w) into integrals over differential polynomials
and a sum of primitive integrals. In the next lemma we provide estimates for the
primitive integrals.

Lemma 7.5. Let N>0, M +2=d+n,1<D<n,
[ = (21m 2)P-! / 27 P (31 )w(as) . . P (ap)das . dzp
Qp

be a primitive integral (see Deﬁmtion with n terms w, a total number of deriva-
tives d, evenly distributed among Py and Pp as above. Then following estimates

(zp)
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hold:
M
wl| M52, + (w2,
_d d
[ <eq fwllpa? 3wt

- Mt1_ n
lwll 722l 2.

We apply these estimates to Tas41,, of Lemma @
Corollary 7.6. If n < M + 2 then

M
. o ey [ W el
7.13 M < 0(7) - T
Hhn Im 2 Jwl]|722||w]? Myt

.

and if n is in addition odd

M
|z| \n—1 Hw”Lk—fh—ll + ”wHiIMEI
7.14 T < CT<—> x _ -
( ) | +1,n Tm 2 Hw||r£22||wH2 %7%.
H.

P

Proof. We apply Lemma [7.5]to the decomposition of We have to estimate I of
homogeneity n with a total number d < M + 2 — n — k derivatives where k is the
power of 7. The corollary follows by Hélder’s inequality

i IM+2—j M+2 1-47 M, 2 ir
77 |w] Jd:rg( w d:v) ( Tw dx)
and interpolation
7372 || ((M=9)/2)| ., < ||TM/2w||£%2||w(M/2)||1ﬂ%}_

The sum starts at 7 = 1 if n is odd. Tracing the change in the estimates implies
the result in that case. O

We will use Holder type estimates for simpler primitive integrals first. To shorten
notation, we recall the notation

(7.15) Op={zeRP:z;, < - - <ap}.
Lemma 7.7. Let D > 2 and y € RP satisfying

D

(7.16) Zyj:O, y-x>xp—x1 ifx€Qp.
j=1

Define the primitive integral

] D
I(z) = /Q e I f(x;)da;.
D j:1

D
Let 1 < p; < oo satisfy > p%_ > 1. Then
=1
2. p
(7.17) I(2)] < @mz)y="" T Ifillees-
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Iry i =1 and Q; C LP7 are equicontinuous sets then

D
lim (27)P~11(iT) = / e V¥dxs...dxp / fi(z)dz
7o Qpiw1=0 R]l;[l !

uniformly for f; € Q;.
Proof. Fubini’s theorem shows the trivial estimate
1< TT 05l

We consider the endpoint case Zj\il p%_ = 1. We observe that ([7.16]) implies yp; > 1.
Let + 5, € [1,00] and

PM17PM1

fru1 = fua ((€2iznyXx>0) * fM)

We estimate

2izym T

a1l pne < N far-allzoarli(e Xa>0) * farl[poas

and
(€294 X u0) * farllwns < (2Im2) 7H[(€7 ¥ xas0) o [ far [l Loas
< (2T 2) Y far | oas
Let (§); =y, if j < M — 1 and §ar—1 = yar—1 + yar- Then is satisfied:
§-T=y-(T1,...TM-1,TM—-1) = Tp—1 — 21 in Qp—1.

We complete this case by induction on M. The general case follows now either by a
simple variant or an iterative application of complex interpolation by Riesz-Thorin.
To see the uniform convergence on equicontinuous sets we observe

M
(7.18) 2r) M 1xq,, e VT = e Y %dxy ... dxy H O,z
QM:m:O .
as T — 00 in the sense of functionals on C.(R™) which is seen by writing
M
=27 3° Y585 M
)M~ (ir) = / e 7 /f1($) H fi(z + s;)ds; dx.

0<s9<S83...SMm =2

hence

(2r) M1 1 (i7) / I1 f;(x)de

—27 % iS55 M M
_ / o it /fl(x) 1/ +s5) - [[f(@) | ds; do
0<s2<583...501 j=2

j=2

c(supp f)7 H I fillcr-

Let Q; C LPi(R) be bounded equicontinuous sets. Given & > 0 there exists R
and C > 0 so that for f; € Q; there exists F; € C1((—R, R) with || F}|c1 < C with
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”Fj - fj”LPj < e. Then

M
I(i’rvfj)f ZTF ZIZTafla"'7fj—17fj7Fj7Fj+1a"'aFM)
k=1

hence
(27-)M71[(i7', fi) —/ eV da, . ..de/Hfjdx <Cr ' 4 cMe
Qpr:x1=0
uniformly for f; € Q;. 0

Proof of Lemma[7.5 Let n; be the homogeneity of P; in w and its derivatives.
Then ny + np + M — 2 = n We estimate using Lemma [7.7] to estimate

| < jwl

L,L+d||P1|| 2z [1Ppl avs

and, with P, =] w(®) by Hélder’s inequality
1Pl g < TT 0] s

L 71+d1 I ASKT]

with a similar estimate for py;. The two estimates of follow by Lemma |

7.4. Bounding the difference Hamiltonian Tj\(;’ard““. The central estimate in
this subsection is (2.44)). Here we prove the claims on 7,$* "™ and 7KV stated
in Section [2] which we repeat here.

Proposition 7.8. The following estimate holds if |w| 2 < +v/Imz:

2N+1
. Z -
TGadne 1 )] < o <1m|) (1 2) 72 (Jwl3 + ol ).

Proof. We write

N
ZZT]\(]}ardner — (2z>2N+3TE‘.1ardner _ Z(Qz)Q(N—k)+1Hk€}ardner
k=0
2N+3 2N+3
™ iz(2z2) n
ZTQNH"JF Z n 422 + 472 tr K
n>2N+3
2N+32N+2
(719) _Z 22 2(N— k)+1HGdrdner+ Z Z 22 2N+2— ]/hn,j
n=2 j=0
and apply (7.5 to the traces and estimate
iZ(22)2N+3 . 2N 42 B 3 _oN_4

Summing over n we obtain the desired estimate for the traces. By Lemma and
Corollary ifn <2N +3

z n—1
Torvsonl < e(os)"™ (Il + el

Comparison of the expansion of Lemma with the expansion (3.25]) allows to
identify the coefficients: The h; vanish if j is odd and [ hoj,dz = Hf’“dner. In
particular (7.19) vanishes and

(7.20) Tan+2m = 22Tan41n = (22)*Tann + Hy R
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Lemma 7.9. The quadratic part of TEGamer js

1 —iz(92)2N+2 1 2
5t K = 5 [ (zo+2i27w) aa.
0
The quadratic part of TG (2, w, 79) is
1
3 /((8 — 2iz) LN )24,

Proof. We give two different arguments. First the quadratic part of
/wQ(z) —w?dx = /[(8 — 2iz +w(iz)) (0 + 27 + w)w]? — w?dx
is
/w(—82 —42%)"H=0? + 47w — wdr = —(42* + 472)/ [(—0+ 2iz)w}2.
Alternatively we computed tr K2 explicitly in . 0

We recall that we denote the higher order part for z =it by

TNL _ Gardner 1
N — /N - 2

NI
Lemma 7.10. We have
T8 (ir,w, 70)| < e(mo, [[w]| o) Hlwl -
Proof. By the proof of Proposition we have to estimate Toni2,. The claim

follows by Corollary [7.6] More precisely, with M = 2N + 1 and maximal a total
number of d = 2N + 3 — n derivatives

-1
RN
Tavizn < (0] Tulful? yeny

ThenN—&—l—%SNifnZél. Finally

ERY
<er (L) uluslul? .y

P

|Ton+2,3

since 3 is odd. The claim follows by summation with respect to n. (]
We obtain the claim on equicontinuity (2.45]) of Proposition as corollary.

Corollary 7.11. A subset Q C HY is bounded and equicontinuous iff

lim sup |T]\?ardner(i7, w,70)| = 0.
T—r00 wGQ

Proof. By Lemma [7.10]is suffices to consider the quadratic part. Then

2
N+1) 2 _ £ N ~12
™2, = gl ulds =0
uniformly for w) e Q iff Q C L? is bounded and equicontinuous. ([l

We turn to bounding variational derivatives and prove (2.46)), which we formulate
as a lemma.
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Lemma 7.12. Let N > 2, Q C HV=! be bounded and equicontinuous. Then

)
- ardner (-
HéwT]\cf; (ZT,U}7T())HH_N_1 -0 asT— 00

uniformly in Q.
Proof. We observe that
”(47_2 _ 82)*182N+2w||H7N71

converges to 0 uniformly in bounded and equicontinuous sets. From the definitions
and the properties of the trace

51 - n—
/djﬁﬁtrz{ = tr K(¢)K" ! (w)

and hence all terms with n > 2N + 3 converge uniformly to 0 on bounded sets in
H'. If n > 2N + 3 we hence obtain 7 = Im z in this estimate

1 0 _ n _oN—
2 [ ot Knda| < (er 2PN (0 )22

For 3 < n < 2N + 2 we use the decomposition of Lemma which reduces the
claim to the corresponding claim for primitive integrals as in Lemma Let
M = 2N +1, I be an D dimensional primitive integrals with a prefactor (Im 2)P~!
with homogeneity n in w and a total of d < 2N 4+ 3 —n derivatives which are evenly
distributed. The variational derivative plus duality amounts to replacing w’s by ¢,
resp. n by n —1 and M by M — 1. Of course the situation improves further if
derivatives fall on ¢. Hence, if n > 2 by Lemma[7.7]

5 d/2
| [ ogatae] <o 16 sl ol e

Thus all terms of homogeneity n > 5 are bounded by 7 !||w||3,;~_, with a constant
depending on ||w]| 2.

It remains to consider the quadratic (n = 3) and cubic contributions (n = 4)
with no derivative falling on ¢. We consider

TN = (22) Tan—1. + HJS

with n = 3 or n = 4 with suggestive notation. If at least one derivative falls on
¢ or the power of 7 is at least one in the cubic case (n = 4) or at least 2 in the
quadratic case (n = 3) we argue as above and obtain a decay like (Im2)~!. For
the remain case we omit the final integration by parts and write (27)_17'2 N+2,3 as
a linear combination of terms of the type

7'0(27)_2/ 6_2T(x3_x1)w(N_1)(.’131)¢(l‘2)w(N_1)($3)d.1‘1d$2d$3
Q3

—/ e~ dxodas /(w(N_l)(x))qu(x)dx
0<z2<T—2
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which converge to 0 uniformly on bounded equicontinuous sets in H¥~! by Lemma
For n = 4 we obtain similarly a linear combination of terms of the type

70(27)_2/ e 27 (@3 =21y ( ) (1 Vw42 (1)) (0 )w NV V) (23)dy daodas
Q3

—/ e*zSdacgdxg/w(dl)w(dQ)w(Nfl)qux
0<z2<z—2

which converge to 0 uniformly on bounded equicontinuous sets in HN¥ =11 L>°, and
hence on bounded equicontinuous sets in H N-Lif N > 2.
O

We translate these bounds to the KdV side by the Miura map and prove the
estimates of Propositions We recall (3.27))
A2 TRV (2w, + 27w + w?) = AT2 T (2, w0, 7) + 422 TG (2, w, 7).

We estimate

TN (zow)] < J4(r/2)P T (2w, 7)| + [ TR (2,0, 7)]

B o |2 2N+
< e((tm2) 2wl ) ()2 (22) T (el + i)

Together with the fact that ||w||g~+2 ~ [|u||g~+1 (see Proposition [4.8]), and
ol 257 < elllwllz2)llullyR 2,

which shows (2.11]). The bound (2.12)) follows by similar arguments.

7.5. Weighted estimates. In this subsection we prove the central estimates used
to prove local smoothing of the difference flow ([2.58) and convergence of the differ-

ence flow (2.57).
Proposition 7.13. A) The following estimates hold for n > M + 2.

(7.21)

4] —M- _
| [ seeli ot K w)da] < (etm ) 2l z2)" 2 0m )M ol e 1 sech
(7.22)

) n—M—
’/tanhw@(s— tr K"(w)dx‘ < (c(Imz)_1/2||wHLz) M 2(Imz)_M_2|z\Hw||%||secth2 M-
w H

-

B) Let 2 <n < M + 3 and let
(7.23) I =(Im z)D—l/ e* 2V Py (x1)w(xy) ... Pp(xp)de ...drp
Qp

be a D > 2 dimensional primitive integral with homogeneity n, a total number of
derivatives d = M + 3 — n which are evenly distributed. Then

)
(7.24) ‘/sech2¢—ld:c‘ < Il w53 sochw]? sarsan  ifn >3
ow H, 4
and
(7.25) ‘ tanh wd iIcl:lc‘ < c||w|\”72ﬁ||secth2 2044
' T Sw - L* Tmz g

-

We postpone the proof and deduce (2.57)) and (2.58]).
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Proof of (2.57) and (2.58). In this section constants are allowed to depend on 7
which simplifies the notation. Let M = 2N + 2 and n > 2N + 4. By duality

2| \2N+3
Imz)

§
H sech? —Ton13.m . < (C(Imz)_1/2||w||Lz)"_QN_?’(

dw
If2<n<M+2=2N + 3,

|2y sechw||i1%+%.

o , —
| sect® £ Torssnlim w,m)| < ellwa®sechw]? o

and, since n = 3,5 is
é

Jo

Tonsas(imw )| < clwlfz? | sechwll?

) , _
H sech? %BNJF;L?,(ZT,’(U,T())HH_N < cfjw||73? | sech w||3x

Let T5° be the contributions of homogeneity n > 5 to Ty. Then, if |Jw|[z2 < 17

0 , -
(7.26)  |[sech® =T (i7,w, 7o)l -~ < er (1 + [lw|[Z5 ) [ sechw]]? ;.
Let x € C°([—2,2]) be an even function, identically 1 on [—1, 1]. We decompose
W= W + W we = FIx([¢]/7).

fo<s<N

|| sechw]||gs < ||sechw<||gs + || sechws || g,

2o

| sechws ||z < || sechw>||1L;% (|| sechws ||z + || sech w(>N)||Lz)

< e[| sechw| g2 + [ sech w™ D ;1)

and
1_Ni—1 Ni—l
Isechwe |z < || sechwl|, ™ || sech we || F3%,

(7.27) N
<

< er ™ (|| sech wl| 2 + || sech w HH;l).

These weighted interpolation estimates are a consequence of the interpolation es-
timates without weight by first proving them on bounded intervals by restriction
and extension, and summation over the intervals. If n > 4 or n = 3 we arrive at
the desired bound by

2
72| sechwl||}x < 7_2(|| sechw<|| g~ + || sechw>||HN)

2
< er 7 (|lwllze + | sechw™ D], )

The case n = 4 is more delicate. We have the two bounds for the quartic terms in
T]\C,;ardner, which, using a different notation to above,

1
H sech? %Tﬁirdner(T,w,To)HHiN <er w2l sechw||2N7i.

T]\%irdner(T,w,To)HH < CT_QHU)”LzHSeCthZ

—-N

)
h? —
s

N+%'
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We split w = w< + ws, polarize the cubic term (n = 4) and expand. There can be
0, 1, 2 or 3 high frequency factors w~. Then, with a suggestive notation

2 o ardner 2 d Gardner
sech” — T, W, T + || sech”™ —7 T, W, T
H Sw NS (7w, O)HHfN H Sw N4,<>> (75w, T0) H-N

< er 7 lwlzel sechws 12y

since | w<||gs < 2||ws||gs (and commuting the weight with the Fourier multiplier
and putting more derivatives on the low frequency part),

5 .
| STeates (rwm)| < er 2 lwllpelsechwell g llsechws v
and
6 G _
| Tt rw,m)| < e lwll sechuwe]?

We observe that

||sechws || g~ < c<|| sechw|| 2 + || sechw

Together with ((7.27) and the easy case n = 2 this implies (2.57).

VA,

The analogous estimates for Kato smoothing are

) n—2N—
‘/tanh(x)waé— tr K”dm‘ < (c(Imz)_1/2||wHLz) N 4(Imz)_2N_3||w||2L]2V+2||sechw||2 N1
w

2
-

for n > 2N +4 and
)
)/tanh(x)wG%’TQN+37ndx‘ < cw||}Z? sechw||j{iv+6%n

We argue as above if n > 6. The case n = 5 is simple due to the gain if n is odd.
The case n = 3 follows by the very same arguments as for n = 4 above. There are
only trivial changes if there are two or more high frequency terms. In total we get
a bound with ¢ depending on N,7y and ||w||2, assuming ||w| > < er'/?,

) a1
‘ /tanh(m)waﬁﬂ\?zdaﬁ‘ < er TR (|| sechw]|| 2 + || sech w(NH)HH;)

which implies (2.58)). O
Proof of Proposition[7.13, We have

/¢sech2(x/R)% tr K" (w)dx = ntr (K(Sechg(x/R)ng)K”*l(w)).

Again we estimate the traces for n > 2N 4+ 2. Suppose that 2 < p < oo, 17 be slowly
7 varying and 1 < 7 <Imz. We claim

2 Kw)yn s < (1+—— .
(7.28) I ), < (14 )l

To verify the claim we bound the Hilbert-Schmidt norm
InK (w)n~ 3, < e(lmz)~"|lw|| 2

and
K (w)n~ 722,12 < e(Im2)~" |Jwl|goe.



WELL-POSEDNESS FOR THE KDV HIERARCHY 109

Estimate ([7.28)) follows by interpolation. An algebraic manipulation gives
K (sech®(z/R)¢) K™ (w) = K (¢) ( sech? K(sech% w) sech™ )

(sech2(hfsz_l) K(sech% w) sech™ o )... (sech% K(sech% w) sech™ )
and
(7.29)
(Im Z)M‘ tr K (sech? ¢)K”(w)‘ < (2(Im 2)~Y2||wl| )™M Tm 2| K (6) || 12 2
M M—-1 27 25
_ ) .
X H(Imz)TH sech™ KM (sech™ w)sech™ ™ ||5,,
j=1
<]l oo (2(Im 2) 2 ]| 2)" =M | sech 37 w][}4.
The argument is clearly more flexible: We may distribute the weight among the
factors as we wish. Primitive integrals can be understood as traces, and we may

estimate them in the same fashion. We consider a primitive integral defined in
(7.23]) Then, by Holder’s inequality

d/2 n—1
) 2(14a;)
‘ /Sech2 q{)(s—ldx‘ < CZ 165 || oo Z H || sechmFa=—F-1 (@) | ntd-o1 .
v k=0 > oj=d—k j=1 L !
We apply (5.8) of Lemma and arrive at

) "
| [ secti (/)6 5 1da] < el carallwl 3 seca/ Ryw, s

We turn to the proof of (2.58]) and begin with the calculation, setting R = 1 for
simplicity,

2 i n — l n—1
/wtanh 0y " tr K™(w)dx = - tr (K((tanhw)w)K (w))

n—1

= tr (K(sech2 w)K"_l(w))

n
+

2 ) )

—> & (K(tanhw)KJ(w)K(wm)KN_J_Q(w) — K(tanh wm)K"_l(w))
j=0

In the fashion as above with obvious modifications we obtain for n > M + 2

[t K (sech® w) K" (w)| < ef(m )2 [w]p2)" M2 (1m 2) M ]| 4] sech w2y

and for I as above

5 )
‘/sechzw%mx‘ < clléllcarlwl 2 sechw]? s a.

The last line above requires more effort. To remove the derivative (and pay by
a factor z) we observe

K(w,) = [0, K(w)]

and, with K (w) of the same structure as K (w), but with some sign changes

OK (w) = —izK (w) + (g %’) .
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By a small abuse of notation the first summand corresponds to replacing w, by
izw. We estimate (again 7 is assumed to be 7 slowly varying)

0 w 71’
Hn (w1 0 ) K(wz)n

0 w 71’
(e, %) #wn

We interpolate the estimates for p > 2

- C{ w1l L2 [|wall L2
3, (Im 2) 2 ||wy || oo w2 | 1.2

and

< er™Hlwa | poe [lwa| -

L2— L2

0 w _ 142
(7.30) Hn <w1 01> K (w2)n 1Hj < er M wi || pov lwal| p2e.

First K(tanhw) = K(w) tanh. In the last line above we want to commute tanh
and K(w). The integral kernel of the commutator of tanh(z/R) and Ry
g(x,y) = (tanh(z) — tanh(y)) Xa(z—y)>0¢”* ¥ min{sech? (z), sech? (y)}

is bounded by

1 —Im z|z—y| -1
¢ (cosh(z) + cosh(y))

hence for p > 2
tanh, R(w)]n s, < —— [[w]] e
Infsanb, RGw)ln 5, < =l
Together, if n > M + 2,
[tr (K (w)tanh K (w) ... K(w,)...) —tr K(w)...K(w,)tanh]|
< e((Im 2) 72w 12)" =M 2|2 (Im 2) =72 sech ¥ w|| 12,

Let I be a primitive integral as in (7.23)). We apply the very same arguments and
< cﬁ||w||]\/[{2|\sechw||2 42d-2 -

obtain
6
h—1I
’/tan 5w dx Tm s

This completes the proof. [

APPENDIX A. CALCULATIONS

A.1. Proof of Theorem In this section we prove Theorem [3.12} To do so
we introduce some notation. Let w(7) = 27v be a rescaling of the good variable.
Then if u solves the Nth KdV equation, w solves

N-1 § KAV
(A.1) Wi = 23[@ +27) ngl(m)wl")g;} .
The relation between u and w now reads
1 wae 3 w? 1,
u = + - + w4+ Tw.

Qw421 A(w+27)? 4
And in the case of the KdV equation N =1 we find e.g.
3 w?

1
(A2) wt:(’“)w —wzw+37’w2—|—§w3+§w+27 .
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Thus in order to prove Theorem we are lead to prove that the Nth equation
for w can be written in the form w; = 0, Fy, where

(A3) FN = Z ((JJ + 27)7nTZfN,n,k,d(w)a
n,l,K,d

where f N,n,k,d has homogeneity k in w and a total number of derivatives d, and the
sum is restricted by
0<n<2N-1, Il+k+d=2N+1+n, Il4+k>n+1,

#{factors of w with at least 1 derivative} >n+1 if n>1.
Moreover, the linear part of the equation is (—=1)Nw®N*D and 7! fx ., .4 contains
no term of the form T'wfw®@N) with [ + k = n + 1. The number of derivatives d is

always even.
Define a generalized differential monomial in w to be an expression of the form

k
(A.4) 7t (w+2r)™" H W@
i=1

We call k its homogeneity, n its negative homogeneity, and denote by d = Zf:o Q;
its total number of derivatives. Moreover, we define the degree

D=Il+k—n+d.

A generalized differential polyonomial of degree D is then a sum of generalized
differential monomials of degree D. Note that expanding the fraction by powers of
w + 27 leaves its degree invariant. What the first part of Theorem [3.12 now says is
that the Nth equation for w has the form

wt:axFNa

where Fly is a generalized differential polynomial in w of degree 2INV + 1 with some
further properties.

Proof of Theorem|3.14 First we note that

Hle wles) _ w1 Hi;éj wle) Wy Hle wlad)
(w+27)"

n .
* = (w+27)" (w+ 27)nt+1
Each derivative falling onto (w+27)~! produces a new factor of w with at least one
derivative. The degree of the corresponding generalized monomial gets increased by
one. Moreover it is clear that the degree of the product of generalized monomials
is just the sum of the two degrees.

For KdV, we know

5HKdV m+1
S = (1)l > > Ca, 00 u .. 0% u.
k=2 ai;+-t+ar=2(m+1—k)
We plug in
1 wes 3 w2 9
u = + - 5 T oW+ Tw,

2w+2r  4(w+27)2 4
which is a generalized differential polynomial in w of degree 2. Thus for each k and
a1+ -+ ar =2(m+ 1 — k), the degree of

[05] (09%
0stu...00%u
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in wis 2k +2(m +1—k) = 2(m + 1). The same holds for the linear term u(™).
This shows that
N-1

3 (2iry2N-1-m I
= ou

has degree 2N in w, and the factor (w + 27) in the equation for w; increases the
degree again by one. It remains to prove that 0 <n <2N —1,l+k>n+1, and
to analyze the term for n = 0.

To prove 0 < n < 2N — 1 we see that in order to create higher n, there has to
be either a high power or a big amount of derivatives falling onto (w + 27)~2w?2.
The highest possible power comes from u” (for m = N — 1) and leads to n = 2N,
which after multiplication with (w 4+ 27) becomes 2N — 1. The term with most
derivatives is ©(*N~2) which again could leads to a term with n = 2N, or 2N — 1
after multiplication. The terms in between the extremes are handled likewise.

The inequality [ + k > n + 1 is equivalent to d < 2N by the degree condition.
This in fact follows again by looking at the worst terms: if the full powers of u!¥
hit either (w + 27) twy, or (w+ 27)%w? we arrive at d = 2N, and so do we if all
derivatives from uN=2) hit (w + 27) " we, or (w + 27) " 2w2.

To see that the number of factors with at least one derivative is > n + 1 for
n > 1, note that the only way to produce powers of (w + 27)~1 is if u is one of
the factors (w + 27) lw,, and (w + 27)"%w?2. In both cases, the number is > n.
Multiplication with other factors will leave these properties invariant, as does taking
derivatives. Multiplication by (w+ 27) in the end leads to the statement. This also
givesd>n+1ifn>1,and [+ k < 2N if n > 1, respectively | + k < 2N + 1 if
n = 0, because in this case d = n = 0 may happen. It also shows & > n + 1.

The number of derivatives d is always even, because this statement holds for the
KdV monomials (which in turn follows from the Lenard recursion), and because
writing w in terms of w only contains terms with an even number of derivatives.

We analyze the term with n = 0. Consider § HX4V /§u with u as above. We can
only reach n = 0 if all copies of u are in + 7w, or if exactly one u is (w+27) " lw,,
(because in this case the factor of (w+27) decreases n by one to zero). In the latter
case, all possible derivatives have to fall onto w,,. A linear term in w can only be
reached by

2w + 27) (7w) ™ = 4720w3™ 4 bilinear,
and by

1 wey
2(w+27—)(_§w+27

(2m)
) = —w@™*+2) 4 higher homogeneities.

Using the summation over —1 < m < N —1 from cancels out all linear terms
but the one of order 2.

We consider the term with d = 2N derivatives and where k +1 =n+1,n > 1.
2N derivatives can only be reached if we are in the case

2w + 27)uPN =2

Wera w32r:
wter OF renz
homogeneity is by factors of w,, which shows the impossibiliy of a term (w +
27) " (wnw M),

where u is either or In both cases, the only way to create more
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We turn to the form of the equation for v = w/(27). In general if we have a
k-linear form Aj and an equation

_ Ag(w)
Wt = 75>
(w+27)"
then the corresponding equation for v will be
1—n Ar(v)
vy = (2r)k- o S
e = (27) (v+1)n

Thus the new power of 7 in the transition from w to v will be [ + k —n — 1, and
the degree condition becomes

l+d=2N.

The upper bound on the homogeneity &k for w, &k < 2N 4+ 1 does not change when
going to v, because it does not depend on [. Similarly, the number of derivatives d
stays even. Due to the condition d + 1 = 2N, [ has to be even as well. O

A.2. Good Variables. For N = 1 the good variable equation is

3 02
vt:&c{—vm—i—672v2+272v3+f L },
2041

and for N =2
vy =0, {vmm — 7720,,0% — 472111)325 — 147200
—47%0% + 67%0° + 30710 + 407103

) 9
+w+1)7(- ivgz — BUupa Vs + 1872020 + 5720302 —67°02)

+(w+1)72 (%vmvg) + v+ 1)_3< - %vi)}

APPENDIX B. THE AKNS HIERARCHY

B.1. The hierarchy. The nonlinear Schrodinger equation (NLS) is the equation
(Bl) iqt = —Qzzx =+ 2‘Q|2qa

where the sign + corresponds to the defocusing NLS and — to the focusing NLS.
The complex modified Korteweg-de Vries equation (we will abbreviate both the
complex and the real mKdV just by mKdV) is the equation

(B2) 4t = —Qzzx £ 6|£]|2%,

and again we talk about defocusing and focusing mKdV. Both equations are Hamil-
tonian equations of the form

io — oH

qt or g
with Hamiltonian H = [ ¢'r’ + ¢*r?dz for NLS and Hamiltonian H = —i [ ¢'r" +
3¢%rr’ for mKdV. They are special cases of the AKNS system of equations

iQt = —Qzx + 2q2Ta

Wy = Typp — 2r2q,
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for NLS, and
Z‘qt = _Zszx + 6iqq/Ta
iy = —irpes — 6ir7'q,

for mKdV, with the additional restriction » = £§. The AKNS equations can be
written as the Hamiltonian system of equations

s om
or’ tTsg

where one takes the Hamiltonians as above with the Poisson structure

(B.3) i =

Definition B.1. The AKNS symplectic form on L?(R;C?) is given by

w((qi,71), (g2,72)) = /q17“2 — qoridz.

It defines the AKNS Poisson structure
0F 0G OF oG
FGy=—i | ———F - ——dx.
{r.G} ! dq or  Or dOq *

A Lax operator for the AKNS equations is given by
(B.4) Lgne=i( 2 9e
’ —r d
with a Lax equation
L(q,r)¢ = z¢.
The Wadati Laplace operator is a special case (see Subsection and it seems
worthwhile to explore the various and strong relations between all the hierarchies.

We assume at first that ¢ and r decay fast and z = £ € R. There exist two
fundamental systems, ¥ _,¥__ normalized at —oco

” 1 ; 0
: ifx _ : —i€x _
Jm e (=) = (0) o dm e Y(2) = (1)
and a fundamental system normalized at oo

lim e %%, _(z) = (2) ) lim %%, (z) = (é) .

Tr—r00 T—r00

The solution space of the problem (B.4]) is a two-dimensional vector space. As a
consequence these solutions are connected on the real line by

()= (g ) (i)

There are simple alternative expression

ar(§) =Wy, o) =det(p—p, o), a—(§) = W(hsy, ).

Here W is the Wronskian, which is independent of x. The solutions ¢_4 and ¢4 _
have a holomorphic extensions to the upper half plane called left and right Jost
functions and we define the transmission coefficient

T(:)' = Wy o) = lim 90 (@) = lim_e 42 _(x).
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for z in the upper half plane. The solutions 1__ and %44 have a holomorphic
extension to the lower half plane and we define

T(:) = Wb ¥o) = lim ™4l (2) = lim e _(2)

on the lower half plane. The reason for this choice are the same as for KdV: It is a
choice which gives simultaneous asymptotic series in the lower and the upper half
plane. We will see later that

(B.5)

) 1 7
—logTAKNS(z,q,r)NZ/qrda:—l—w/qmdx—&—w/quw—i—qerda:—i—....

Definition B.2. The functions a(z, z,q,r), B(z,z,q,7) and y(z,z,q,r) are defined
by
T (1/}1#/’32 + @gz#ﬁﬁ . 221/’17#@27 .
<’2Y a) )2 P [ Cr S e
Ul v, +92 ohy 2Lyl ) -
(V- - - Im z < 0.
( EEIN TSN SR T A A

2T
Observe that for each z, we have v — 1, and @ — 0 and 8 — 0 when x — +oc.

> if Imz >0

Lemma B.3. For z in the upper half-plane, the Green’s function for the operator
L—2z11s

ULyl (.2) VL@ w2)) o
¢%+($»2)¢17(ZJ72) ¢%+(xaz)¢l+f(y,2) ’
G(z,y,z) = —iT(2) ) ) .
($7Z)¢_+(Z/72’) ¢+_($az)¢ +(y7z)

Py . ) :
iy <.
<w1_<x,z>w%+(y, 9 vl ) TV
Proof. We observe that the columns considered as functions of x satisfy
LG = =G

whenever x # y. It is the Green’s function since, for 2+ being the limit from above
and z~ being the limit from below,

Gt z)— Gz~ ,2) = —i (_01 (1)> ,
which shows that (L — 21)G(z,y) = 0(z — y). O
The function «, 8 and v are closely related to the Green’s function.
Lemma B.4. Let
g(z,z) = lim E(G(x +h,x,2) + Gz, x + h, 2))

h—0+ 2

be the diagonal Green’s function. Then

(FYéZ 76;2) if Imz >0

g(z,x) = - (%2 70/42> if Tm 2 < 0.
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The importance of these objects is that they characterize log T and its functional
derivatives. We introduce the resolvents Ry = (—iz £ 9)~! for Imz > 0,

(B6)  Ryf(r)= / D [y, Bof@) = e f(y)dy.

— 00

Then
L(g,r) — 21 = (L(0,0) — 1) (1 + (—R9+7’ Raq» .

Unfortunately the operator in the bracket is only Hilbert-Schmidt for ¢, € L?, but
not trace class, even for Schwartz functions. For trace class operators K one has
the expansion

— 1
B.7 Indet(1 — K) = —tr K"
(.7) -8 =37
where tr K" is defined for K in the L™ Schatten class. In particular only the first
term is problematic for the bracket above. On the other hand, formally at least
this trace should be zero due to the off-diagonal block matrix form of the operator.
This motivates the use of the renormalized determinant

deto(1 4+ K) = det(I + K) exp(—tr K)

for trace class functions, which has a unique extension to Hilbert Schmidt operators
K, see . We refer to Subsection for details.

The first set of statements below are elementary results from the theory of ODEs.
For the reader’s convenience we collect the proofs in the Appendix [B-3]

Lemma B.5. «, 3,7 are connected to the transmission coefficient via

d ] 0
(B.8) — log TAKNS — i/7 —1ldz, a=—logT, p=-——IlogT.
dz or oq

Let Imz > 0 and r,q € L?. Then the Fredholm determinant below is well defined
(with the interpretation described above) and, if Imz > 0,

(B.9) det, (1 +4(L(0,0) — 21)~" (_0 g)) =T(z,q,7)""

r

Proof. We provide short conceptional proof for (which is well known, see [57]
) by calculating the derivative of the functional determinant with respect to the
potentials. This requires a bit of care. We observe that both sides are identically 1
if ¢ = r = 0. By an abuse of notation, G(z,q,r) :== —i(L(g,r) — 2z1)~! whenever it
is defined. We approximate r and q by Schwartz functions and replace R. by the
trace class operators RT. = [(1 — 29)(—iz & 0)]~! which have integral kernels

kL (,y) = (e Ox i )50p) * (77N (y50p) (@ — 1).
Then, with the obvious notation

In det, (1 +G(2,0,0) (_‘; tg)) = lim Indet (1 +G7(2,0,0) (_(ir t(;]))

since the trace of the second summand on the right hand side vanishes, and the
operator converges in the Hilbert-Schmidt norm. Moreover,

/ﬁTq—aTrdx%/Bq—ardx
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since the Green’s function converges. We use the operator identity 1 + (¢ + s)A =
(1+tA)(1+ (1 +tA)"tsA) below, and calculate

d - 0 tq
%logdet (1+G (2,0,0) (—tr O>)
_i - 0 (t+ s)q
= log det (1 +G"(2,0,0) (—(t—l—s)r 0 o
1
. 0 tg . 0 ¢
s (e (5, 1)) oo’ 0)]

d - 0 ¢ _ - 0 ¢
= £logdet [1 + sG7 (z,tq, tr) (—r O>L_0 =tr [G (2,tq,tr) (_7, 0)}

d
= /ﬂT(z,tq,tT)q —a" (z,tq, tr)rdx — 7 logT(z,tq,tr) as T — oo.

d
= log det

O

Lemma B.6. «, 3, satisfy the ODE

v =2(¢B +ra)
(B.10) o = —2iza+qy
B =2izB +ry.

Proof. The statements follow from differentiating products of components of solu-
tions to the ODE (B.4]). We carry this out for one term, the others follow likewise.

d
WL Ui YRl ) =2qu2 W+ 2rgl g

Combining the equations gives
(az1)B(22))" = (2iz2 — 2iz1)a(21)B(22) + q7(21)B(22) + 17y(22)(21).

This has two important consequences. The first follows from setting z; = 25 and
yields an alternative equation for =,

(B.11) 72 =1+ 4aB,

The second consequence is that

©12)  (aCie) +aGile) -yt
= 2i(z2 — 21)(a(21)B(22) — (22)B(21))

which can be used to show that the transmission coefficients are Poisson commuting,
see Theorem [B.71
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B.1.1. Symplectic forms and Poisson structures. It is convenient to consider Pois-
son brackets of operators A(p,q) : X — Y with functions as follows: Let ¢ € X
and ¢ € Y*. Then (p,q) = ¥ (A(p, q)(¢)) is a function, and we define the Poisson
product of A(p,q) with a function H as the operator defined by

v({A, H}(9)) = {¢(A(9)), H}

whenever this is defined. In particular, if A is the multiplication by a differential
polynomial then the Poisson product of the multiplication operator is the multipli-
cation by the Poisson products.

We compute some Poisson brackets. The proof of the next theorem is strongly
inspired by [25]E|

Theorem B.7. The transmission coefficients T(z1) and T'(z2) and its logarithms
Poisson commute:

(B.13) {log T(z1),logT(22)} = 0.

Moreover, we have

(B.14) {(2),10g T(2)} = —ia(z,2), {r(s),logT(2)} = —if(z, 2).
(B.15)

{—=i(L(g,7) — z11),log T(22)} = —i (/8(222) 04(52))

i (E ey 6 Catey 5 0)
( 0 )

+ - ((L — 211)(7 52)

4z — 21) —(22) —(22 '
Also
(B.16)
{0(a1). 08 T(22)} = (a1 )1(z2) ~ alz)r(2))
(8(e1) 0B T (2]} = 5 (A1) + A2 )o(20),
(1) 0B T ()} = gm0 fae)8(e2) + Blaalza) = 7))}

Proof. log T(z1) and log T'(22) Poisson commute as a consequence of (B.12)). Since
the functional derivatives of the logarithms are proportional to the functional
derivatives of the functions, the same argument works for the transmission co-
efficients itself.

Equations (B.14]) follow from 5%—(;)(;1/) = d§(x — y), the Dirac measure, and
%q(x) = 0. Then

{a(x),log T(2)} = —i / 5z — y)a(y)dy = —ia(x),

3Note that our notation slightly differs from theirs. In particular, their v 4+ 1 corresponds to
our 7.



WELL-POSEDNESS FOR THE KDV HIERARCHY 119

and similarly for {r(z),logT(z)}. Also the first line of (B.15) follows from the
definition of the Poisson structure (we drop the evaluation in the notation). Using

(B.10) we see that

L(z )( B(z2) a(g?))+( ﬁ?@) a(gg))L(zl)
( qo(z2 —Tﬁ(zg) —2iz1a(zg)—a’(22))

2iz18(22) — ' (22)  —qo(z2) —rB(22)

(0 pie) e (i )
and

L) (752 —W?ZQ))‘(V(SQ) —7(222)>L(Z1):<—2Zlv(83) f;n((;?)

We sum the terms to arrive at -

We begin with the differentiation of the resolvent L =1 = (Lo —iz)~! to prove the
last Poisson brackets. Then using and the resolvent identity (4 — B)~! —
A7l =(A-B)"'BA™!, we see that

(L7 (1), Jog T(22)} = —iL 1 (21) (_5(222) a(('j?)) L)

:2<221zl){< e Q(SQ))L )+ L) (5?22) a(‘?))}

(0 ) e e (5 L))

We evaluate the integral kernel at x = y, which is possible since the kernel of RHS
is continuous.

_ 1 a(z2)B(21) — afz1)B(22) a(z2)y(21)
{9(2’1);10gT(Z2)} - 2(22 _ 21) ( —ﬁ(22)7(21) 04(252)5(211) _ OZ(Zl)ﬁ(ZQ))

(=) ( 0 04(21)>
2(z2 — 21) \—B(21) 0o )
The claimed equality follows by (B.12). O

From now on we assume that at least one of the two functions g, r is decaying.
Otherwise the coefficients in the asymptotic expansion below might be undefined.
In the situation where both functions are nondecaying, one may still be able to do
an asymptotic expansion in a different spectral parameter, see [42]. The AKNS
Hamiltonians are defined as the coefficients in the asymptotic series

o0
(B.17) log T'(z) ~ —i y_(22) "Hp" NS,

n=1

As above we define

N
TAKNS (2Z)N IOgT Z 22 N— ’I’LHAKNS
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Similarly, we use a, 8 and y as generating functions,

v~ 14 2(22)*"%1, o~ 2(22)*”%1, B ~ Z(Zz)”’ﬁn.
n=1 n=1

n=1

Note that these expansions are not absolutely convergent but only asymptotic, and
they hold for z € C\R. Their precise meaning is contained in the following theorem.

Theorem B.8. The transmission coefficient is a meromorphic function in z for
z € C\R. The poles coincide with the eigenvalues in the upper half plane. The
following estimates hold for N € N:

N1
(B.18) Hy (q,7)] < en(lg 032 + (77130 + al2Y + [1r(132)
Let z € C and q,r € L? be such that

[t 2|~ (e + Irlze) < 1o

AKNS |2 AV (Nt
. < —
(B.19) |7 5] < en <1 Z) (la

2N
T +llall3Y +irl13”)

(B.20)
g AKNS | | 2= (ML) 2 2N—1 2N -1
S e (1+||q e+ T 2+ g2+ 2 )
) H 2

x (llall ,xz2 + Il v )
All expression here are holomorphic in z, r and q. Derivatives can be controlled by
the Cauchy integral formula.

1
Proof. The Lax equation has the following symmetries. Suppose that (z, q,m, <¢ ) >

¢2
satisfy (B.4). Then
(1) (Translation symmetry) (z,q(. + h), ( ) #(.+h)),heR
(2) (scaling symmetry) (Az, Ag(X.), Ar(A.), , A>0and

i€x 41
(3) (Galilean symmetry) <z + & e g, 621& < 15:13(;; ))7 £eR
all satisfy (B.4).

As a consequence

(B.21) TARNS (A2 \g(\z), Ar(Az)) = T(2, ¢, 7)

(B.22) TARNS (5 4 ¢ 07282 o28%0) = T(2,q,7).

We compare the asymptotic series:

log TA*NS (A2, Ag(Az), Ar(Ax)) ~ —i > (2X2) " HAKNS (Ag(Ax), Ar(Ax)) ~ —i Y (22) " HAKNS (g, 7)
n=1 n=1

and
HYNS(Ag(X), Ar(\)) = AWHRNS (g, 7).
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Similarly

log TAKNS (i 4 €,e726% g, i) v —i Y~ (2(ir +€)) HANS (Ag(Ax), Ar(A2))
n=1

~ =iy (2ir) T H Y (g, )

n=1
and,
S (@ir) T HIN (g, )~ S 0(20) (1 ) HARNS (e i)
n=1 n=1

o0

(72€)m(2i7)7n7mH;?KNS (ef2i§zq’ eQigwr)

2
NE

n=1m=0

which implies

N
HJ/\%[KNS (e2i§zq’ e—2i§mr) _ Z(—QE)N_TLHSKNS (C], ,r,)

n=0

Together
TSNS (i7 4 €,q.1) = (v — )V TN (1, %5/ g o f7) /7,0 () )

which reduces estimate (B.19) to the case z = ¢ under the assumptions ||q||z2 +
[7llr> <1,

N—-1

A S/. N1
TR O] < en(llg =0T + 1r = 172 + gl ZY + 11717

The proof if this estimate is analogous to Section [7] but simpler and we omit it. It

also implies estimates (B.18]) and (B.20).

O

With these definitions and Theorem (B.10) becomes the equivalent of the
Lenard recursion

T = 2(aBn + ran),
(B.23) Qpp1 = G0y, — iqYn,
Bry1 = —iB, +iry,
with 79 = 1, g = Bp = 0. Using the alternative equation for -y , we also find

n—1
(B.24) 29 = Y 40Pk — VeV k-
k=1

Note that since there are no anti-derivatives involved in the recursion, we can
directly conclude that H2KNS is an integral over a differential polynomial in ¢ and
r. The first Hamiltonians and iterates of a, 3 and 7 can be found in Appendix [C}

The next theorem shows that the Nth equation in the AKNS hierarchy ¢, =
{q¢,Hn},m = {r, Hx} takes the simple form

(B.25) gt = on, re = fAN-
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Theorem B.9. The Hamiltonians HNXNS Poisson commute with log T(z). Any
two Hamiltonians Poisson commute. They are given by

1 6 6
AKNS _ 1 o - i =3
(B.26) HN = oN /’yN+1d.’L‘, 5qHN ZBN, 5T‘HN N .
Moreover,
(B.27) {g, HN"S} = an,  {r, HY™} = 8w,

{a(2), HYSS} = =i 3" (22)! a2y = v(2)ay]

I+j=N-1
{BE) HYSY =~ 3 (22)'[ = Bl +9(2)8, .
(B.28) B .
GEHS) =2 0 @+ D@0, |a:)8; +5)a; - 310
I+j=N—2

1
(e, HAKNSY — 9 Z (m—k+1)0z(amB; + ajfm — §7m7j).
m+j=N+k—2

Proof. The statements follow from Theorem [B.7] and by making the asymptotic
expansions using Theorem ([B.8)). O

B.2. Nonvanishing limits. In the previous part we assume that ¢, € L?. Sur-
prisingly many results carry over for L(z,a + q,b + ) with a,b € C and ¢, € L?
instead of (¢,7) as arguments. The reference operator is now

—iz— 0 a
w35 e (0 ).
We write the equation Ly = 0 as

;[ —iz q+a
(B-30) ¥= <r+b 1z > ¥

The characteristic exponents are the roots of A% + 22 —ab = 0, A = diz+/1 — ab/22

which motivates the definition ( = —z1/1 — ab/2z? . It cannot be purely imaginary
if |Im z| > ¢(a,b). We choose a basis of the eigenspaces as columns of

_(z+(¢ —ia _ 1 1 z+(  da

The Ansatz ¢ = U¢ gives

,(=i¢ 0 1 ilbgtar) (24 Qg+ v
(B.31) ¢ = ( 0 i<> ¢+ 5 ((z+c)r+ By by b an) >¢>

Similar to the construction in Section |4} there exist unique Jost solutions to (B.30))
provided |Im z| is sufficiently large and r,q € L, normalized by

lim €%y (x) = <z;;§> ;o lim e "y (z) = <Z__ia<)

r—r—00 r—00
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or, equivalently, if ¢; satisfies (B.31]) with the ’initial’ condition lim e"**¢; = (O)
r—r— 00
resp. lim,_so0 e #%¢, = (2) this allows to define the transmission coefficient as

in the fast decaying case,

T = Jim 0l ) = lim e a) = Wion6,) = g

We renormalize the transmission coefficient in order to be able to define it for
r,q € L?, without the integrability condition and observe that

1 x
pL= expi((x - — / bg + ardy) oy
2z 0

W (¥, ¢y).

satisfies

, (0 0 1 0 (2 + Qg+ 27
(B-32) P (0 2i§> Pt ((z+§)r+ lfcq —2i(bq + ar) >p

z

i 1
e P 0

and define the renormalized transmission coefficient T).(2)

1
(T,) ' =T texp ( — Q—/bq—l—ardy) = lim p;.
z r—00

We again normalize

The quantity on the right hand side is now defined for r, ¢ € L2.

The resolvent is defined for |Im z| large and we obtain the same relation be-
tween resolvent and the logarithm of the transmission coefficient. The effect of the
renormalization is transparent:

- b ~ a

Exactly as in the decaying case (we diagonalize Lg)

dets (1 +L;! (_OT g)) =T,

where Lg is given by . Indeed, a close inspection of the argument used in
Lemma shows that it relies on the decomposition Ly'L = 1 + Ly (L — L)
rather than on the form of L.

In particular we obtain the recursion formulas and the calculation of Poisson
brackets carries over to this situation.

B.3. Functional Derivatives of the Transmission Coeflicient. This section
contains the proof of Lemma

Proof of Lemma[B.5 The equation
Lz =f

has a forward fundamental solution G(z,y;z) given by 0 if z < y and otherwise
(observe that W (¢4 y,94-) =1)

B (MJ%)M(@/) - (@), (y) viy (@)l (y) — wi(w)wi+(y)>
V1, (@)3 () — 3 ()i, (y) i (@)l (y) =i (z)wl ()"
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This can be seen by checking that L,G(x,y;2) = 0 away from the diagonal and by
the jump condition
-1 0
+ .y - ) —
Gat) - G = (7).
as this implies L,G(x,y) = §(x — y). To determine % and ‘;—7; resp. for Imz > 0,
recall

d oT orT
—T(z; tq t7)|i=0 = | —q+ —7d
dt (27CI+ q,r + ,r)|t70 /aqq—i_ 5T'ry
We differentiate the equation with respect to ¢ (dots are t-derivatives) and consider
Y=1v_4 )
A L
L(z)y = ( . +) )
( ) 7,1/}1_4_
Hence

Je) = vrsta) [ TR ily) — v L, )iy

) [ 2L R )ily) — L)Ly

and

dt
Here, the second summand vanishes due to the assumption Im z > 0. Thus

0T 1 _ oyt g2 0T 1
¢ T 6
We turn to the derivative in the spectral parameter. Define 15 = e'*%). We are
interested in T~! = lim,_,o, ¥1 (7). We calculate

—0 q 7
(—r —2iz + 8) ¥v=0
-0 q 1/; _ 0~
—r —2iz4+09 T \2iy )
Then ¥ = eimz/;) solves

—iz —0 q U — 0
—r —iz+0) " \2ir, )"

dr—1! ;
= lim **¥l(z) = 72i/¢i_¢3+dy

dz T—00
— i / Vot el g?, - Tl

If Imz < 0 we use the backward fundamental solution G(z,y;z) which is 0 for
x > y and otherwise

<w1+($)¢2(y) - wlf(x)wi(y) 1/)17+(;v)'g/1177(y) - q/;l(x)qler(y))

d, ._ . . . isms . .
TN g+ tg,r +7) = lim 7! (z) = /wifwiqdy—/wiwiﬁdy

=i L.

Thus

Hence

(B.33)
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We differentiate again the equation and consider

.
Hence
) =—v_i(@) [ 2 (Y3 W)dly) — 1 ()vhy (v)i(y)dy
to (@) [ PR 0)il) + s )0k s )Py
We obtain

ZT(2q+ 1,7+ t)i=o = lim_e"*4(x) =/—¢37¢i+q+wiwiwdy

and

é )
%T(Z,Q,T) = _1/)371/)«2}4»7 gT(zgq,r) = 1/)1771/)}}4»

We observe that
. 0 q—
G(Za Qar)L(Z’%T) =1+ G(Zv Q7T) (_(7: _ ’I“) 1 0 q)

where the second summand on the right hand side is a trace class operator if

p,q € L'. We calculate for Imz > 0
_ 0 g
L6 d)
_ 72 « 0 ¢
o2 55 )

= / B¢ — ardzx.
The left hand side can be rewritten as

det(G(z,q,r)L(z,0, 0))% det G(2,0,0)L(z,q + tg,r + ﬁ)’t:o = /Bq —ar

d . .
& det (G(z, 0,1 Lz, 0 + b, + )

and we arrive at

d
T Indet(G(z,0,0)L(z,q + tg,r + trr) = /ﬂq — ardz.

Since det(G(z,0,0)L(2,0,0)) = 1 we see that

(B.34) det <1 +G(2,0,0) ( 0 g)) =T(z,q,r)

on the upper half plane.
In the same fashion as above
dT .
T [ vy
(B.35)

= i/zpimi, + ot —Tdy.

We arrive at

T T2 2 _ if Tmz >0
5q T2 3, if Tmz <0
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InT Tyt ki~ if ITmz >0
or Tl ol if Imz <0
p i/T(¢1_+¢i_ + 2y ) — ldz if Imz >0
—InT =
dz . —1/1 2 2 1 :
i T (- Ui +¢7 oY1) —ldx if Imz <0,
which finishes the proof. O

B.4. Embedding other hierarchies into the AKNS hierarchy. In this addi-
tional section we will show that the AKNS hierarchy contains the NLS (r = £q),
and as a part of it, the real mKdV hierarchy. There is also the complex KdV hier-
archy which is obtained by setting r» = 1, and the Gardner hierarchy related to the
Wadati Lax operator (see Subsection In all cases we specialize the transmission
coefficient and their variational derivatives, study structural properties like symme-
try and relations between transmission coefficients for different Lax operators - the
most important being the connection between the Wadati operator and KdV via
the modified Miura map. Then we deduce real symplectic and Poisson structures
from the complex Poisson structure for AKNS and relate that in many cases to
Gardner Poisson structures. In particular we find three Hamiltonian structures for
KdV: The Gardner structure, the Magri structure, and the interpretation as AKNS
Hamiltonian vector field restricted to a subset of functions.

In fact, we could define the Gardner hierarchy resp. the generating function
T Gardner of the Gardner Hamiltonians and a study of their structure merely from our
knowledge on AKNS. In the end we took a shortcut to find the Gardner generating
functions by studying the good variables in more detail (see Lemma , but we
decided to keep the AKNS approach since it helps in understanding the various
connections between classical integrable hierarchies.

B.5. Complex KdV hierarchy. In Sections [2] and [3] we constructed the KdV
hierarchy by means of its transmission coefficient 7%V in the upper half-plane.
Now we consider the AKNS Lax operator

L(z,u,1) = (_Zzl_ 0 —iZqu 8) ’

the Hamiltonians and the diagonal Green’s function evaluated at ¢ = v and r = 1.
Note that the Lax operator is holomorphic in u. Taking a fresh start we now define

TR (2,u) = TARNS (2,0, 1).

An intriguing consequence of the proposition below is that equations of the KdV
hierarchy can be understood as three different Hamiltonian evolutions

(1) As Hamiltonian equations with the Hamiltonian HXdV

Gardner Poisson bracket.

(2) As Hamiltonian equations with the Hamiltonian
Magri Poisson bracket.

(3) As restriction of the Hamiltonian equations with the Hamiltonian H4K3S
with respect to the AKNS symplectic structure, restricted to the set (u,1).

with respect to the

HEIV with respect to the
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Proposition B.10. A) Recursion relations. The functionslog TXY and B(z,u, 1)
are odd in z. We define HXWV (u) = L HAKNS (u,1). The recursion relations can be
written as

(B.36) v =B —2iz8, o= %(6” — 2izf8" — 2up),

0 =p"+4(z* —w)p' —2u'B, BY,_y —4uph, | —2u'Bon_1 = —Poni1.

where 3,0, and their derivatives are evaluated at (z,u,1).

B) Poisson brackets. Let 21,20 € C\R and n,m € N. Then log T¥V (2) and
log T8V (25) all Poisson commute with respect to the Gardner structure, whenever
TRV s defined (i.e. when 21 o is outside the spectrum). As a consequence HXV,
HEIV' Poisson commute on sufficiently regular functions. The Gardner Poisson
brackets of B with log TXYV and HXV satisfy

1 46
———logT
{ 1 logTKdV(zz)} _ a[ﬁ(zl) ou 0g (22)]
(B37) 5(21)7 Gardner (221)2 — (222)2 ’
1 1§ &«
KAV —_9 o 9,)2(n—1-m) rKdV
{5(2)’ n }Gardner [5(2) su m;f 2 m
and with
N
TKIYV Z HXV (2,)2N=2n 4 (22)22N+31 o TKAV
i
n=-—1
we have (again with the Gardner bracket) for N > 0,
(B.38)
19 KdV - 2(N—m) r7KdV
055 (2P TEY )+ 30 @2 )|

(g T )} = B = @)

C) Hamiltonian structures. The three Hamiltonian structures (KdV with Gard-
ner Poisson structure, KdV with Magri Poisson structure and the restriction of the
even AKNS Hamiltonian vector field) are expressed by

2228 0 logTKdv = 2020, ilogTAKNS( )’( )
q,r)=(u,

(B.39) 0 (log TAKNS () | Jog TAKNS(—z)> ’

~or (g,7)=(u,1)

)
— (913 _ 9 KdV
= (2iz2) (3 2(ud + 8u)> 5u logT

which implies the identification of the Gardner, Magri and AKNS Hamiltonian
vector fields

0 kav _ .0 L akNs (3) 0 L Kav
(BA0) op HIY =i HYNG| ,(3 —2(u8+8u))@Hn_1.

Finally

iHAKNS

5
B4l)  —(InTAN5(2) 4 In TAKNS(— =
(B.41) =~ (In (2) +1n D]y =0 5w

q

(1)
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Proof. A) Let ¢; be a left Jost function for L(z,u,1). Then Q1+ 2izd1 is a
¢
1,2

left Jost function for L(—z,u, 1). This implies that log 7%V is an odd function of z,
and the same is true for g = —% log TX4V. Similarly ¢, satisfies —¢4 + u¢ = 22¢
which shows that the definition of TV is consistent with the first subsection.
We solve the third equation in for 7, substitute v in the first equation and
solve for o to obtain the first two identities of . We substitute v and « in
the second line in to obtain the recursion equation for 5. The asymptotic
expansion 8 ~ > (3,(22)"" implies the last identity in .

B) From AKNS Poisson commutativity and (B.36)),
0— §1log TAKNS (1) §log TAKNS (29)  §log TAKNS(21) §log TAKNS (2,) d

N / or oq oq or v (u,1)

- [ alz0Bte) - az2)8(a1) do

_ %/zizlﬂ'(zl)ﬁ(zz) 2628 (2)8(21) dx

= Z/(Zl —+ Zg)ﬂ/(zl)ﬂ(ZQ) dx

= —i(z1 + 22) / % log TAENS (2w, 1)89:% log TAXNS (25, u,1) dx )
= _i(zl + Z2){10g TKdV(Zl)a lOg TKdV(z2)}Gardner-

Poisson commutation of log T¥4V(z;) and log TX4V(2;) implies Poisson commuta-
tion of log TRV (2), HXIV and HXV.

We turn to (B.37)). We specialize (B.16]) to deduce for the AKNS Poisson brack-
ets,

B'(21)B(22) — B'(22)B(21)

log TAKNS } _ o

{86 1a T ()| ) iB(21)B(z2),

and a similar formula for log TAXNS(—z,). Summing these two, the term i3(z1)3(z2)
drops out since 8 is odd in z2. Now we claim that for G(u) = F(u,1) where

F = F(q,r), we have
{F,logT(z) +1og T(=2)}|(u,1) = 22{G,log TKdV(z)}Gardner

Indeed, let A(z) =logT(z) + log T'(—z). We will later see that by (B.39),
40 Kav _ 0

2128% logT = EA(Z”(u?l)y
and by (B.41)) %A(z)ku,l) = 0. Thus
1 [O0F0A OdFHA
Flog T(2) + log T(— == | ==-==
{F,logT(z) +10gT(—2)} (u,1) i ] Sqor o oq
1 [0G 0
L [0G, 50 1o TKAV
7 ou Zzaéu o8 (2) dz
= QZ{G, log TKdV}Gardner-

d.%‘|(u’1)

Applying this to 5(z1) = F shows
2
{5(21), log TKdV(ZQ)}Gardner ==

2 2
4z — 425

(B'(21)B(22) — B'(22)B(21)),
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and we arrive at the first part of (B.37)) by using

1 -1
{Ba 1Og T}Gardner = ? {Bv IOg T}Gardner~

The second part of (B.37)) follows by using the asymptotic expansion. We turn to
the proof of (B.38]) which we prove inductively. For N = 0, the claim holds as can
be seen using (B.37) directly. Now since

Tv+1(22) = —(222)° T (22) + Hy41,

we have
—(222)°0] 4 & (2P THIY + £V 2L, (22)2(V - HEY )|

{87 Tas(22)} = 22— (22 )2

Y6
SO 3 g 2a) )

O[5 (222 TEY — (22)? N (220 KV )|
(221)2 — (229)2
OB (=(221)° + (222)) Ty 2 (2202 V T o
(221)% — (222)2
OB ((22)PTHY = (221)° Tiv__y (220" V" ) |

+

m=—1 su

(221)2 — (222)2 ’

which is the right-hand side of (B.38) for N + 1.
C) The first identity of (B.39) is the definition. The second identity can be

equivalently written as

—2iz8" = a(z) + a(—=2)

which follows from the second equation of and the observation that the first
and the last term on the right hand side are odd. The identity of the left hand
side and the right hand side in is equivalent to the third line in . The
asymptotic series give (B.40). The last identity is a direct consequence of
the fact that g is odd. O

B.6. Defocusing NLS hierarchy. The defocusing NLS hierarchy contains the
(complex) mKdV hierarchy as the even part, and hence also the real mKdV hier-
archy. The relations between the hierarchies are interesting in themselves, but we
will not use them outside of this subsection.

The defocusing NLS hierarchy is the case r = g. We choose the standard real
symplectic form

w(f,g) = Im / 19— gfde

and define
TNYS(z,q) = TA*N5(2, 4, ).
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Proposition B.11. A) The transmission coefficient. The transmission coef-
ficient has the following properties

=TS (2, q)TNIS (2, q),

log TNES (2, —log TNES(z, q),

1

q) =
(B.42) R
Y(2,¢,q0) =7(%,4,7)
B(z,4,9) =a(Z,4,0)).
B) The recursion formula. The following identities hold

¥ (2) = 2(qa(2) + Go(2)), o =—2iza+qy,
hence H,, € R, v,(x) € R, a,, = B, and 7/, = 4Re(qa,,) and
Ont1 = B0, — iqYn-

As a consequence the Hamiltonian flow of H,, preserves the structure r = q.

o

¢)1

spectral value z. This implies the first line and the second line in (B.42)). Since
(L(Za q, Cj))* = —L(27 q, g)

we obtain «(z) = B(Z) which implies the remaining assertions. O

Proof. Let ¢;(z,q,q) be a Jost solution. Then also is a Jost solution to the

It is remarkable that the fourth equation is the complex mKdV equation

qt + Quax — 6|Q|2Qx = 0.

We note that unlike in the case of real potentials, we do not expect to be able
to write the even flows with respect to the Gardner Poisson structure. This can
already be seen from the complex defocusing mKdV flow, since |g|?q, can in general
not be written as a total derivative, and hence not as Hamiltonian equations with
respect to the Gardner structure.

B.7. Defocusing real mKdV. The real defocusing mKdV hierarchy is a special
degenerate version of the Gardner hierarchy. This is the case r = ¢ = v with real
valued functions v. It is a special case of the NLS hierarchy, note however that
real functions are contained in a Lagrangian subspace of the symplectic form, i.e.
it vanishes identically on it. The relevant Poisson structure is the Gardner Poisson
structure. The recursion relations allow to relate the symplectic structure of the
AKNS hierarchy to the Gardner Poisson structure of mKdV (in particular to deduce
Poisson commutation of logT" with respect to the Gardner Poisson structure from
the Poisson commutation of logT for the AKNS structure. The mKdV hierarchy
is connected to the KdV hierarchy via the Miura map. This is useful, however it
is difficult to work with it, since it is not even a local diffeomorphism from L? to
H™1, see [31]. We define

TRV (2, 0) = TN 0 0) (= TN (5,0).

Proposition B.12. A) Properties of the transmission coefficient. The gen-
erating function In T™KV is odd and real on the imaginary azis. Moreover

(B.43) TRV (5 ) = TRV (2,0, + 0?).
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We define H™XV (v) = HXY (v, + v?) so that

o0
In TmKdV ~ —9 Z HmKd\/(QZ)—l—Zn
" .
n=0
B) Recursion relations.  The functions «, 8 and v are real on the imaginary
azis. o — f is odd and v and o + B are even, and a(z) = f(—z). The recursion
formula can be written as

(a+B)" = —42%(a + B) +2(vn)',
(a—pB) = —2iz(a + ),
(B.44) v =2v(a+ ),
Qant2 + PBonta = (Q2n + B2n)" — 2(vy20)',
Von, = 20(Q2n + Ban).

C) Poisson brackets. Let 21,22 € C\R, n,m € N. The transmission coefficient
TmRAV (), TOKAV (20), HPKAV gnd HPEAV g1l Poisson commute with respect to
the Gardner Poisson structure. The Magri structure and Gardner structure are
related by

(B45) {f(vx + U2)7g(vl‘ + U2)}Gardner = {f’g}Magri|vw+v2'

D) Hamiltonian structures. The relation between the mKdV flows, KdV flows
and the even AKNS flow is expressed by

(B.46)

—22’2(% - 5%) log TANS| = a% log T™K4V = 9(~0 + 211)% log T*H|
S ERSD o = SR oy = O TN (0) = D=0+ 20) Y]
Moreover, we have the following chain rule for the time derivative
(BAT) (0-+20)05 10g TN = 4220 L 10g TS|,

In particular, u = vy + v? solves the nth KAV equation whenever v solves the nth
mKdV equation, and v solves the nth mKdV equation if and only if (v,v) satisfies
the 2(n + 1)th AKNS Hamiltonian equation.

Proof. A) Let ¢, be a left Jost function for L(z,v,v). Then 1) = ¢} + ¢7 satisfies
(=22 =* + 02+ ) =0
and hence by inverting the reasoning from the KdV case,
((aﬁ? +67) —iz(e) + ¢?))
o + 9}
is a left Jost function for L(z,v, +v%/1). Thus
TRV (2, 0) = TRV (2,0, +0?).

In particular In7™K4V and a — g = %TmKdv are odd in z. Specializing the sym-
metries of defocusing NLS to g = @ = v, we see that a(it,v,v) = B(—it,v,v)
and y(iT,v,v) = y(—it,v,v). Combining these facts we find that a(iT)+ 5(i7) and
~(iT) are even. Since a and S are holomorphic also a(z) + 8(z) and y(z) are even.
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B) The recursion relations are an immediate consequence of A) and the recursion
relations for the NLS hierarchy.
C) The Poisson commutativity holds, because

0 / 51log TAKNS (21) §log TAMNS (25)  §1log TAKNS (1) dlog TAKNS (z5)
B oq or or oq

=~ [ Benates) - alen)i(e
= %/—(a + B)(z1)(a — B)(22) + (o — B)(21)(a + B)(22)
( o )/(a—ﬁ)'(zl)(a—ﬁ)(@)

2i21 27,2’2

i(21 + 22) 0 mKdv [
=——= | =T e —T , U,
22129 /51} (21,0)0 v (22,0,v)

_ Z(21 + 22) { longKdV(Zl),IOngKdV(Zg)}
22122

Gardner '

Moreover, from the operator identity
(B.48) (=0 + 4(vy + 11D + 2(v, +0v?),) = (9 + 20)0(—0 + 2v),

we see

) )
{f. g}Magri = /(—a+ 2v)£f8(—a+ 2v)@gdaz = {f(vy +7%),9(vs + w)}Gardner.

D) The first part of the first identity in (B.46]) is just a consequence of the second
recursion relation (B.44]). The identity

(04 2v)(a(z,v,v) + a(—z,v,v)) = 2iz05(z,u, 1),

is an equivalent formulation of the second part of the first identity in (B.46)). It is a
consequence of the second recursion relation to which we apply the operator
(0 + 2v), use the chain rule and . The second identity of the first line follows
by the chain rule, and the second line spells the conseqgences out for the aymptotic
series. Using the second equality in , the operator identity and the
Lenard recursion, the last equality follows. O

We specialise Theorem to ¢ = r € R and obtain the following

Lemma B.13. The mKdV Hamiltonian HX¥V (v) = THAENS (v, v) can be written
as an integral over a sum of homogeneous differential polynomials

1 2n—+2
HPEY () = 5 / BRI / ensVda
k=2
mKdV

where ey’ 18 a sum of monomials of degree 2n + 2, homogeneity 2k and weight
2(n+1—k), each factor in the monomials having order at most [(n+1—k)/2]+1.
Moreover

mKdV 1 (2” + 2) 272

2 = 90n )\ n+1
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APPENDIX C. HAMILTONIANS, EQUATIONS AND RECURSIONS

133

For convenience, we list here some of the equations and Hamiltonians of the
hierarchies contained in the AKNS hierarchy. Recall, (B.23),

'Y;L = Q(QBn + Tan)?
Qi1 = 10, — iqVn,

—iB), + irVn

ﬁn—i—l -

with v9 = 1,9 = Bp = 0, and the alternative equation for -

The first few iterates are

n—1
29 = Z do Br—k — Yk VYn—k-
=1

060:07 /BOZOa ’YO:L
ap = _qu 51 = i?", "= 07

! /
as=¢q, Pa=r1, "

as =iq" — 2i¢®r, B3 = —ir" + 2ir’q,

"

oy =—q" +6qq'r, Py=

= 2gqr,

—r""" + 6r1'q,

s = —2i(gr’ — q'r),
Ya = —2((]7‘” + rq" _ q/r’) 4 6q2r2,

as = —i(q"W — 8qq"r — 6(¢')*r — dqq'r’ — 2¢°7" + 6¢°r?),
Bs = i(r(4) —8rr’'q — 6(1")2q — 4rr'q’ — 2r2q" + 613¢?),

vy = —2i(q""r —'"q —
Y6 = 2[qr™® +rqW —(

"/

q"r" +1"q +6(—qq'r* +r1'¢%))

! 1 "'

qgr- +q'r

)

+q'r

1 I/]

_ 10(((]/)27“2 + q2(r’)2) _ QO(QQT’F” + r2qq//) 4 20(]37'3

For the first Hamiltonians we construct the functional antiderivatives by hand and

find

HKNS :/qrdac,

HNENS — L /qr’ —¢rdr = —i/qr’ dz,

2

HéAKNS _ /q/rl—‘quTQ d$7

1
HfKNS - _° /q’r” _ q”’l‘l + 3(q27“7“’ _ 7“2(](]/) dr = —i/q/TN + 3(]27“7“/ d.%‘,

2

3
H5AKNS =/q”7‘”+ 5

@) )+ ((@r))? + 207,
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C.0.1. Compler KdV. We set r = 1. Then,

ag=0, Bp=0, =1,

—iq, pr1=1, m =0,

a=q, P2=0, 72 =2,

ag =iq" —2iq*, P =2iq, 3 =2iq,
"

as=—q" +6qq', Bi=0, ~v1=-2¢"+6¢%
as = —i(q™ —6(¢")? — 8qq" +64%), Bs = —i(2¢" +6¢°), 5 =2i(—¢" +6qq’)

(€51

C.0.2. Defocusing NLS, complex mKdV. We set r = ¢. Then,
ap=0, Bo=0, =1,
ap = —iq, [1=1q, 7 =0,
ar=q, Ba=7q, 72 =2l
ag =iq" —2ilqlq, Bz = —iq" +2ilg]’q, s =4Im(qq),
as=—q" +6lg’¢', Ba=—q"+6lgl’7, ~u=-2(2Re(qq") —|q'|*) +6|g/",
as = —Z(q(4) —8lg*¢" — 6(¢)°q — 4qld'|* — 24°7" + 6| "q),
Bs = i(q" —8lal*q" — 6(¢)°q — 4ald'|* ~ 2q2q” +6]q|*a),
75 = 41m(q"'q - ¢"q') + 121m(|q|*qq")

m:/m%a

H; = Im/qq" dx,
%:/MV+MW%

/WP 2P+ ((la))? + 2lal.

and

C.0.3. Defocusing real mKdV. We set r = ¢ € R. Then,

ap=0, Bo=0, =1,
ap = —iq, [1=1q, 7 =0,
ar=q, Br=q, =24,
as =iq" —2i¢®, f3 = —i¢" +2i¢®, ~3 =0,
—¢" +64°¢, Bi=—¢"+6¢°¢, v1=-2(2q¢"—(¢')?) + 6q¢*,
oy = —z( @ —10¢%¢" — 10(¢')%q + 6¢°),

Bs = i(¢™W — 10¢°¢" — 10(¢')%q + 6¢°), 5 =0
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and
le/q2d$, H2:O7
H3 = /(q/)2 + q4 dﬂj, H4 = Oa
Hy = [+ 1040 + 24"
C.0.4. Gardner. We set ¢ = w,r = w + 279 € R. Then,
Ck():(), 60207 7021,
a1 = _iw> /61 = Z(w + 27—0)7 Y1 = 07
ay=w', Pfo=w, v =2w(w+2mn),
as = iw” — 2iw*(w + 27), B3 = —iw” + 2i(w + 279)%w, 3 = diTew,
as = —w" + 6ww + 12roww’, Bi=—w

Y4 = —2270w” — (w')?) + 6w?(w + 279)?,

" 46w + 12w’

as = —i(w® — 8ww” (w + 279) — 6(w")?(w + 270)
— 4w (w')? — 20w + 6w (w + 279)?),
Bs = i(w™ — 8(w + 27)w"w — 6(w')?w
—4(w+ 27’0)(11/)2 —2(w+ 27'0)210" +6(w+ 27'0)311/2),

vs = —2i(210w"” + 6(—ww' (w 4 2710)* + (w + 270)w'w?))
and the Hamiltonians HY2424 (), 75) = HAKNS (1, w + 275) become
HVadati — /w2 + 2nywdz,
HVadati _ ()
HVadati — /(w’)2 + w* + w? (w + 279)? du,
HVedati _
et = [+ 3w (o 200 + (0l +20)))? + 203w + 27’

The Gardner Hamiltonians HS*4¢" (w, 79) = %H;Xff‘ti(w, 70) — 41 HEM AT (1 1)
ifn>1 are

Hg}ardner _ /wQ dl‘,
H]F}ardner — /wi+w4 +w4+47_0w3’

H§ardner /wfm + 10w w? + 2wC + 470 (5ww? + 3w®) + 2473w d.
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