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Abstract. In this paper an inverse obstacle scattering problem for the
Helmholtz equation with nonlinear impedance boundary condition is considered.
For a certain class of nonlinearities, well-posedness of the direct scattering problem
is proven. Furthermore, differentiability of solutions with respect to the boundary
is shown by the variational method. A characterization of the derivative allows
for iterative regularization schemes in solving the inverse problem, which consists
in reconstructing the scattering obstacle from the far field pattern of a scattered
wave. An all-at-once Newton-type regularization method is developed to illustrate
the use of the domain derivative by some numerical examples.

Keywords: inverse obstacle problem, nonlinear impedance boundary condition,
domain derivative, iterative regularization method

1. Introduction

Nonlinear phenomena in acoustic and electromagnetic obstacle scattering have gained
importance in the last decade, for example in the case of thinly coated perfectly
conducting objects filled with a nonlinear medium [27, 29]. Through an asymptotic
analysis, nonlinear material properties in thin layers lead to approximate nonlinear
boundary conditions, [26]. Effective boundary conditions for thin films filled with
linear media have been derived and investigated in [2, 5, 7, 9]. Scattering problems
with such nonlinear boundary conditions have been studied in [25] for electromagnetic
waves and in [3, 4] for the acoustic wave equation, based on a boundary element
method in space and convolution quadrature in time.

In this work we focus on the reconstruction of an obstacle with material properties
near the boundary approximated by an impedance boundary condition with an
additional nonlinear term. Generally, in inverse obstacle scattering, we are interested
in determining the shape of an obstacle by illuminating the object with plane
incident time-harmonic waves and considering measurements of the far-field pattern
of corresponding scattered waves. In case of linear scattering models such inverse
problems are extensively studied (see [(]) but much less is known in case of nonlinear
media. First approaches in recovering the support of nonlinear media can be found in
[23] and [8] based on the factorization method and the monotonicity method. These
require, at least theoretically, measurements of the far field pattern for all incident
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directions. But, for the following investigations we assume access to the far field
pattern for a single or just a few incident fields.

We consider time-harmonic scattering modeled by the Helmholtz equation in
the exterior of an object with a nonlinear impedance boundary condition. Thus,
the model may cover acoustic scattering (in R®) as well as a specific polarization
in electromagnetic scattering (in R?). For the scattering problem with classical
Robin boundary condition, i.e., without a nonlinear term, it is observed that iterative
regularization schemes based on the domain derivative of the scattering problem lead
to feasible reconstruction algorithms (see [22] and references cited therein). Therefore,
in extending this approach to nonlinear impedance boundary conditions our task is
twofold. First, we have to establish a shape derivative of the scattered field with
respect to the scattering obstacle, and second, we are going to develop an iterative
regularization scheme in solving the severely ill-posed reconstruction problem.

In view of the variational method for showing existence of the domain derivative
we begin with a weak scattering theory for the nonlinear boundary condition. Thus, in
the second section we present quite general assumptions on the nonlinear term which
ensure a well-posed direct problem. It is shown that Kacurovskii’s extension of the
Fredholm Theory to nonlinear compact operators can be applied to the scattering
problem. Furthermore, we will prove uniqueness and stability of the nonlinear
scattering problem by using Rellich’s Lemma.

With a well-posed scattering problem the existence of the so called material
derivative is proven in the following section. The presented approach is closely related

to the ideas established in [13] for semilinear boundary value problems. Similar to
the case of linear boundary value problems such a derivative can be represented by
its domain derivative (see [11, 14, 18]), which is shown to satisfy a corresponding

linearized impedance boundary value problem for the Helmholtz equation assuming
suitable regularity of the boundary.

The subsequent sections are devoted to the inverse problem. With the domain
derivative at hand it becomes natural to consider iterative regularization schemes in
solving the inverse problem. Since any iteration step requires solving a nonlinear
boundary value problem we suggest an all-at-once method based on linearizing the
scattering problem and applying a regularised Newton step for the reconstruction.
In general, it is shown by B. Kaltenbacher in [15] that such an approach leads
to regularization schemes by assuming certain mapping properties of the nonlinear
operator.

Although, a complete convergence proof is not known even for the inverse
object reconstruction for linear scattering problems, we elaborate such an all-at-once
approach in the fourth section. We introduce an integral equation method solving for
the linearized scattering problems, and develop a Newton type regularization scheme
for the reconstruction of a scattering object from a far field pattern. Some examples
in the last section illustrate the performance of the scheme. It turns out that the
suggested method leads to reconstructions in case of nonlinear boundary conditions
comparable to the known results with Robin boundary conditions.

2. The direct problem

Let D be a bounded domain in RY (N = 2,3) with a Lipschitz continuous boundary
0D. An incident plane wave u'(z) = e'kd* with propagation direction d € SN~! and
real positive wave number k is scattered by the object D, generating a scattered wave
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u®. The scattering problem is to find the total wave u = u® 4+ u® which satisfies the

Helmholtz equation

Au+k*u=0 in RVN\D (1)
together with a nonlinear impedance boundary condition
0
8—u +ikdu = g(-,u) on 9D, (2)
v

where v denotes the unit normal vector to D oriented towards R¥\D, X € L>(dD)
is a complex-valued impedance function, and g : dD x C — C gives an additional
nonlinear term with respect to u. Furthermore, the scattered field u® is assumed to
satisfy the Sommerfeld radiation condition

lim r 2z (aua£$> — ikus(w)> =0, 1=z, (3)

T—00

uniformly with respect to & = ﬁ

In the given scattering problem the propagation region of the wave is unbounded.
For a weak formulation we consider an equivalent representation of the problem on
a bounded subdomain 2 := Bg\D, where the radius R > 0 of the ball Bg C R" is
chosen large enough such that D C Bg. We consider weak solutions in the Sobolev
space H1(2). To include the Sommerfeld radiation condition, we specify a nonlocal
boundary condition on the boundary dBg. Therefore, we introduce the Dirichlet-to-
Neumann map

A:H?(0Bg) — H *(0Bgr), Af= %w,

v
where w is the radiating solution of the Helmholtz equation in RV \ Bg with Dirichlet
trace w = f on OBpg (see [6]). Since the scattered wave u® is a solution of the

Helmholtz equation satisfying the Sommerfeld radiation condition we obtain the
boundary condition
ou®

v

Thus, a weak formulation of the scattering problem is given by

R(u,v) = (f,v)gr for all v € HY(Q) (4)

= Au® on OBg.

with

R(u,v) = /Vu-VE—kQuﬁdx—ik/ )\u@ds—&—/ g(,u)vds
Q aD oD

— / Auvds,
OBr

and f € H'(Q) is defined from the representation theorem by

ou’ A
(f,v)m :/ng <8V —Au)vds.

We assume throughout this work the function g(x, z) to be measurable in z, continuous
in z, and satisfying a Caratheodory condition

lg(2,2)| < (@) + clz?, ae.x€dD, zeC (5)

with ¢ > 0, ¢ € L?(0D) and 1 < p < oo in case of N = 2, and 1 < p < 2 in case of
N = 3. Then, with u € H*(Q) we have G(u) € L?*(dD) for the Nemytskii operator
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defined by G(u)(x) = g(z,u(z)), see [I, Theorem 5.36]. Further conditions on g will
be specified below.

It is well known for the linear scattering problem, i.e. ¢ = 0, that there exists
a unique solution u € H(Q) of (4) for any f € H'(Q), if the impedance function
satisfies Re(\) > 0 (see [11], [19]). Thus, throughout we assume Re(A) > 0 on dD.

To ensure also a well-posed direct boundary value problem in case of the nonlinear
impedance condition, the function g : 9D x C — C has to fulfil some additional
assumptions. The following Theorem, based on an extension of the Fredholm theory,
gives a sufficient condition for existence of weak solutions of the scattering problem.

Theorem 2.1 Let the nonlinearity g be sublinear in z at infinity, i.e.,

lg(z, 2)| = o(]z]) as |z] = 0o for a.e. x € OD. (6)
Then, for any f € HY(Q) there exists a weak solution u € H'(Q) of the boundary
value problem (4).

Proof. The variational formulation is equivalent to the operator equation
Riu+ R,(u)=f in HY(Q),
where the operators R, R, : H}(Q) — H'(2) are defined by

(Riu,v)gn = / Vu - Vo — k*uvda — zk/ Auv ds
Q aD

— Auvds,
9Bnr

(Rn(u),v)m = /aDg(-,u)Eds.

The linear scattering problem is given by the operator R;. Thus, as mentioned
above, it is an injective Fredholm operator with index zero and has a bounded inverse.
From

[(Bn(w) = Bn(u)llm1 () < [|G(w) = G(u)|L2o0)

we see, the operator R, is continuous, since by the sublinear assumption the
Nemytskii operator G is continuous as a mapping from L2?(dD) into L?(0D) (see
[28]). Furthermore, the trace operator from H'(Q) into L?(0D) is compact and we
observe R, : H*(Q) — H'(Q) to be continuous and compact.

Using the assumption on g we obtain

/E)Dg(-,u)i ds

lg(,u()l 2oy vl L20p) = 0 (ullL20m)) V]l L20D)-

|(Bn(u),v)] =

IN

Thus, R, is sublinear, i.e. |R,(w)||/||u]] = 0, if ||u|]] — oo. Therefore, the Theorem
of Kacurovskii, an extension of the Fredholm alternative, see [31, Theorem 29.A], can
be applied and shows existence of a solution to (4) for any f € H'(1Q). O
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Let g be differentiable in its second argument, in the sense of existence of
g:(.,z;w) € L>®(ID) such that
9(@,z +w) — g(z,2) = g=(z, z;w) + o(|w])

for all z,w € C, a.e. x € D and g, to be R-linear w.r.t. w, then a lower bound on
Re(A) leads to a well-posed direct scattering problem.

Corollary 2.2 Let g : 0D x C — C be a sublinear function as in Theorem 2.1,
differentiable in its second argument as described above, and let

I sw)w
kRe()\) Z Sup m(gz(xa Z, ’U))'U))

5 for any z,w € C and a.e. x € OD.
z,weC |7JJ|

Then, the problem (/) has a unique solution u € H(Q) and it exists a constant ¢ > 0
with

lullmi) < cllflm@ for any f € H(Q). (7)

Proof. Rellich’s Lemma ensures that a radiating solution of the Helmholtz equation

vanishes if
_Ou
Im(uw— |ds <0,
oD aV

see [6]. Let u; and ug be two solutions of (4). We obtain the inequality for the
scattered solution u = u; — ug of the Helmholtz equation,

/aD Im (uZZ) ds = — k/aD Re(A)|ul*ds + Im/aD (g(s 1) = g(-, uz))@) ds < 0

from
1
Im ((g(z, z + w) — g(x, z))w) = Im/ gz (2,2 + tw; w)w dt < kRe(\)|w|?.
0
This implies uniqueness of the solution u € H*(£2) of problem (4). The uniform bound
by a constant ¢ > 0 follows analogously as it is known from the Riesz-Fredholm theory

for an injective linear Fredholm operator. O

Remark (a) As an example we may consider

z
9(-,2) = le‘g
in case of kRe(\) > 1 on dD. Obviously, the function is sublinear in z, and with
_ 2Re(zw) Im(zw)
Im(g (-, z;w)w) = _W

|2|
1+|z[?

(b) Note, the restriction of a sublinear function ¢ is quite natural, since in the
general well-posed case g can be replaced by a sublinear one without changing the
solution. This is seen as follows: Let us assume that the boundary value problem
(4) is well-posed, f is defined from an incident field u’ as above, and u = u* + u’

and

< % for all z € C we observe the assumption of Corollary 2.2.
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denotes the solution of the scattering problem. From Green’s representation
theorem in R™\D for v® and in D for «*, and the boundary condition we obtain

1, o 4 oo
i(u —u') = /é)Du%jL(zk/\ufg(.,u))q) ds

= Du+ S(iku — g(.,u))
on 0D, where ® is the fundamental solution of the Helmholtz equation and
D,S denote the boundary integral operators corresponding to the double and
the single layer potential of the Helmholtz equation, see [20]. Let D C R? with
dD € C?% «a € (0,1) we have D,S : L?(0D) — HY(0D) C C(0D), see [17].
Thus, the above representation holds pointwise and the Caratheodory condition
implies
lulleony < C(lu'llcopy + lullar@p) + ¥l e2@p) + lullfq,))

< c(lv’'llc@py + 1l @n) + 1¥lz200) + 13 )

< b
for some by € R. Analogously, this is true in case of D C R3, if 9D € C*® and
g(.,u) € HY(OD) for u € HY(OD), since first we conclude u € H'(9D) and then
we can apply the Sobolev embedding H2(0D) C C(0D) from D,S : H'(0D) —
H?(0D).
Now consider g, defined by g,(z,2) = pp(|2])g(x, z) with ¢, € C*°(R) given by
op(r) € [0,1] for r € R and

(r) = 1, for |z| <b
P = o, for |z| >b+1.

We observe g, to be sublinear in its second argument and u solves the problem (4)
for all b > by, if g is replaced by g,. Thus, if g, satisfies the conditions of Corollary
2.2 and up denotes the corresponding unique solution, we conclude u = wuy for all
b > by by uniqueness.

3. The domain derivative

In view of iterative regularization schemes for the inverse obstacle scattering problem,
it is necessary to study differentiability of the domain to far field operator. Therefore,
we investigate the derivative of a solution of the scattering problem with respect to
the domain D. In this chapter we assume that D is of class C'. A variation of a
domain D C Br = {z € R3: |z| < R} is described by a sufficiently small vector field
h € C}(Br). We denote a perturbed domain by

Dy ={x+h(z) eR":x € D}
and Qj = Bg\Dj. The corresponding scattering problem is given by

Ru(un,vn) = (f,vn)m (8)
for all vy, € H*(Q,) with

R (un,vn) = Yuy, - Vo, — k2upop, de — zk/ \up oy ds
Qn 8Dy
+/ g(-up)vp, ds — Auy Ty, ds,
0Dy, OBR

out ,
JUR)HT = — Au' ) 75 ds.
(f,on)m /BBR <8u ) I
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Throughout, we consider A and g on dD and on perturbed boundaries to be traces of
functions A : RV — C and g : RY x C — C and assume there exist unique solutions
u€ HY(Q), up, € HY(Q) of (4) and (8), respectively. For instance Corollary 2.2 gives
sufficient conditions.

A transformation of variables with p(z) = x 4+ h(z) leads to

R (i, v) = / (Vi ;05T — K] det(T,) da
Q

—ik [ Xinw Det()ds — / Aoy ds (9)
oD OBRr

+ /a o). )7 Det()ds

o’ AU
= /BBR <8V —Au)vds-(f,v)Hl

for all v € H'(Q). Here, we denote by J,, the Jacobian matrix of the transformation
¢ and up(x) = (up o p)(x). Furthermore, the Jacobian with respect to the surface D

is given by
Det(p) = \/det< ;{Jd;)/\/det (JJJ¢),

for local parametrizations ¢ and $ = ¢ + ho¢ of D and IDy, respectively.
Additionally, note that for any perturbation h we have the same f in (9) as in (4)
given by the incident field on 0Bpg.

For the tangential and the normal component of a vector on the boundary 0D
we introduce the notations

h=vx(hxv) and h,=h-v
and thus h = h;+h,v holds on 0D. Furthermore, we introduce the tangential gradient,
given by V,v = Vv — %u, and the tangential divergence, DivV = divV — v ' Jyv,
for smooth functions v or V' in a neighborhood of 9D, which both can be extended to
linear bounded operators

V.,Div: H?(8D) — H™3(dD).

Elementary calculations show the following linearizations of the Jacobians.

Lemma 3.1 Let D C RY (N = 2,3) be a bounded domain, A € C1(RY C) and  be
the mean curvature of OD. Then
[ det(Jp) — 1 —div(h)l|o =o([lhllcr),
1J1 T, T det(Jy) — I+ Jn + J,) —div(h)||ee = o(||h]lc1),
[ADet () — A (1 4 Div(h,) 4 2khy) — VAT hlloe = o (||h]lc1) .
Proof. See [12]. O

Therefore, from now on we assume A € C*(RY,C). As in [13], we also have to
specify assumptions on the nonlinear function g which ensure existence of the domain
derivative. We collect sufficient conditions which will be applied in the following
considerations.
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Assumption (A) A continuous function g : R x C — C satisfies Assumption (A),
if

(i) g is continuously differentiable in z € RY, where the partial derivatives g, satisfy
a growth condition as in (5), i.e.

|92 (2, 2)| < |1 (2)] + e1]2|” (10)
for a.e. x € 9D and all z € C.

(ii) the derivatives g.,g., exist in the sense as above, i.e., g,(.,z;w), g (., 2;w) €
L (0Dy,) for any admissible variation h, are R-linear functions with respect to
w € C with

g(.l?,Z—f—’LU)—g(JZ,Z) :gz(xaz7w)+0(|w|)a

92(7,2 + W) = g2 (2, 2) = gaz (7, 2;w) + o(|w]) (11)
for all z,w € C and a.e. x € dD;. Additionally, these derivatives also satisfy
growth conditions

|92 (%, 23 w)], g2z (7, 23 w)| < (Y(2) + cl2]")|w]
with corresponding functions ¢ € L?(0D), ¢ > 0 and 1 < p < oo in case of
N =2,and 1 <p<2incase of N=3.

With Lemma 3.1 and Assumption (A), we conclude continuous dependence on
variations of the domain D.

Theorem 3.2 Let g satisfies (A) and let w € HY(Q) be the solution of (/) and
up € HY(Qy) the solutions of the scattering problem with respect to perturbed domains.
Furthermore, let |g,(z, z;w)| < n|w| with a sufficiently small constant n > 0 locally for
a.e. x € U and for all z € V in open sets 0D C U C R3 and {u(z) : 2 € 9D} CV C C.
Then, the solution of the boundary value problem depends continuously on the domain
D

, B.€.

lim Up — U =0, 12
=l (12)

where the notation up = up 0 @ with ¢ = I + h is used.
Proof. According to well-posed scattering problems, the operators
T H'(Q) — HY(Q), (T(w),0)1 @) = R(w,v)
Ty : HY(Q) = HY(Q), (Th(w),v)m (o) = Rn(w,v)
exist. If we consider the difference between these two operators, we obtain

IT(w) = Tu(w)llF = [R(w, T(w) = Th(w)) = R (w, T(w) = T (w))|

/Q<Vw I =55 T det(J,)] V(T (w) — Th(w))
— k(1 — det(J,))w(T(w) — Th(w))> dz

—ik [ (A= ADet(¢))w(T(w) — Tp(w)) ds
oD

4 / (90 w) — g((-), w)Det () T(w) — T (w)) ds|
oD
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With the growth conditions (5) and (10), respectively, the expression in the last
integral can be estimated by

lg((-), w)Det(p) — g(-, w)| 2

< lg(e(),w) = g(- w2 + lg(e(), w)(Div(hr) + 26k, ) || L2 + O([|hl[c1)
< cllga(w)llzzhller +1l9(e(), w)(Div(hr) + 26hy [ L2 + O([[h]l 1)

< c(l[¥allze + 19l + lwla) OAllcr)-

Thus, for w € H'(Q) according to Lemma 3.1 we get

IT(w) = Th(w)|[ g < Cllwlla[|bller + e(lldr]lze + [[¢ll2) Rl
Furthermore, for solutions of T'(u) = f and T}, (up) = f we obtain the identity

Th(up) — Th(u) = T'(u) — Th(u)
Th,l(ah - U) + (Th,n(ah) - Th’n(u)) = T(U) — Th(u)
un = w+ Ty (T (@) = Thon(u) = Ty, (T(w) = Th(u))

)

4
<~
where
(Ty(w),v) = | Vw- Vs — k*wvde — ik Awtds — / Awv ds
OBRr

Q oD
denotes the linear part and

(Tn(w)vv) = /aDg(-,w)@ds

the nonlinear part of the operator T. Analogous operator splitting holds for T}.

As mentioned in chapter 2 we know that the operator T; has a bounded inverse
T . If ||h|cr is sufficiently small, then |7, (T}, — Ti)|| < 3. Using Neumann’s
series, we obtain the existence of the inverse operator 1} ll and the inequality

1 17 ~
1Ty 1 < — <2C
’ 1= T (Tha = Tl
for a constant C' > 0, see [21, Theorem 10.1]. With these considerations, the error
estimates
i — v+ Ty (T (@n) = T () e
= |y (T(w) = Th(w)) |z < Ty 1T () = T () | 122
< 20 (Cllullay + e([rllL2 + [[0]£2)) (IR
<20 (Cllfllar + elllgnllez + 19llz2)) ([l
and

[@n — w+ Ty} (T (n) = Thon (w)|| 0
> an —ullgr = 1T (Thon (@n) = Thon ()| a1
> |[in — ullz — 201 (9(e(-), ) — glsp(-), u) Det(p)]| 2
> |[in — ull g — 2C gl (), in) — g((-), u) | L2
— 20 gl ("), in) — g(#(-), )| L2O(||]])
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are valid. Furthermore,

lg(e (), @n(x)) — g (), u(x))| 7
ol
1
< [ ] loota)ute) + () — u(@))sina) — u(o) P dsar.
o Jop
Overall, with the assumption on g, we obtain

(1 - zné)nah —ulln = O(||A]).

Thus, the solution of the boundary value problem depends continuously on the domain
D if 2nC < 1 is satisfied. O

2

/ 9= (p (@), u(x) + t(un(z) — u(x)); un () — u(z))dt| ds

Note from the presented proof that assumptions on the second derivatives of g
are not required for the above continuity result.

In the following we also have to consider the R-linear boundary value problem
with g replaced by g,. Thus, we introduce the problem

R(u,v) = (f,v) for all v € H'(Q) (13)
with

Ifl(q7 v) = /QVq VT — k*qudx — ik - Agu ds
+

/ gz(-,u;q)ﬁds—/ Aquds. (14)
oD

OBRr

With the above considerations we now can formulate the main result on existence
of a derivative of the solution of the scattering problem with respect to the shape of
D.

Theorem 3.3 We assume the boundary value problems (4) and (13) are well-posed
and the solution u of (4) is continuous with respect to the domain D in the sense of
(12). With g satisfying assumption (A) the solution u is differentiable with respect to
variations h € C1(BR) of the domain, i.e., it exvists w € H' (), linearly depending on
h with
lim ———|up —u—w||g =0
Ihllcr—=0 [l I I

The material derivative w is given by the unique weak solution of the R—linear
boundary value problem

~

R(w,v) = /Q [w- (Jh+JhT —div(h)f)vwk%iv(h)u@]dx
+ik / \(Div(hr) +26h,) + VAT h] v ds (15)
oD

- / (Diva(g(-,u)hr) + 26h,g(-, u))Tds
oD

for allv e HY(Q).
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Proof. Since the problem (13) is well posed, w € H*(f2) exists and according to a
support of h close to the boundary D the function w can be extended to a radiating
solution of the Helmholtz equation in the exterior of Bg.

Inserting the difference @, — u — w and the identity (9) in (14) yields

~

R(up —u — w,v)

:/V(ﬂh—ufw)~V§fk2(ﬁh—u7w)5dx7ik/ Aup, —u —w)vds
Q oD

+/ gz(';UQah*U*w)@dS*/ A(ﬂhfufw)ﬁds

oD OBr

= / Vi, - (I —J T det(Jw)) Vo — k*(1 — det(J,))upvda
Q

- / Vw - VT — k*wo dz — zk/ ()\ - XDet(g&)) upvds + Zk/ Awv ds
Q oD oD

+ / [0+ 0) — g((), Tn)Det() + = (-, u; T — u)] Tds
oD

7\/ gz(-,U;w)@der/ Awv ds.
oD OBRr

We insert equation (15) and obtain

~

R(up, — u — w,v)

- /Q(Vﬂh — V) - (I —JT det(Jw)) Vo — k(1 = det(J,)) (@i — u)vde
+ /Q [Vu (1= 0729, T det(J,) = Jn = I+ div(h)]) Vo
— K2(1 — det(J,) + div(h))uﬂ da
—ik /a i (A - XDet(go)) (@, — w)Tds
—ik /{m (A (1+ Div(hs) + 26hy) + VATh — XDemp)) wvds

+ /BD [9(-7 w) — g(@(-), un)Det() + g2 (-, w; Uy — u) + Divy (g(-, u)hy)

+ 2rh,g(-, u)} v ds.

Here and in the following considerations, terms on the boundary 0D have to be read in
the duality sense of H~2 and Hz. By Lemma 3.1 and the continuity (12) all integrals
except the last are of order o (||h]|c1). To verify an estimate for the last integrand, we
sort it to

lg((.), un)Det(p) — g(., u) = g= (2, u; un — u) — Diva(g(., u)hs) = 26hyg(., u)l

= |g(#(.), @n)Det(p) = (. u) = g2 (- us Uy, — u) = Dive(g(., whr) — 26k, g(., u)

— (9(p(), W) = 9(0(), T)) (1 + Div(he) + 26h)
< |g(§0(),ﬂh)| ’Det((p) -1- DlV(hT) - 2"{hv|
+|9( (), un) = g(su) = g2 (., us an — u) + g(p(.), @n)Div(hy)



Nonlinear impedance condition in inverse scattering 12

— Dive(g(-,u)hr) + 26h,g(p(.), un) — 26hyg(., u)‘

In the first line we can apply (5) and Lemma 3.1. By adding and subtracting further
terms it follows

lg(w(.), un)Det(p) — g(.,u) — g2 (-, u; @y — w) — Dive(g(., w)hs) — 26hy,g(., u)|
< ([Yo(e())] + colul?) o(||Allcr)
+lg(e(), un) — g(,u) — g=(, us tn — u) + g((.), un)Div(hy)
— Div,(g(.,u)h,) + 2kh,g(@(.), un) — 26h,g(.,u)
— (g(an) = g(,n)) (1 + Div(hy) + 26hy) = (g2(-,Un) — go (-, @) hr |
< (o) + col@nP)olBllcr) + 19, ) — 90 Tn) — g - n) e
+ 190, an) = g(u) = g=( ustn —u)| + | (9(e(.), un) — g(., un)) Div(h-)|
g0 ) — g w) Div(he)] + | (galcs ) — ol 0))) B
+ 1 (g(e()sun) — g(. un)) 260y | + | (g( un) — g(.,w)) 26k, |.

Using the growth conditions from (A), continuity of the Nemytskii operator, and the
continuity of solutions w.r.t. h we obtain

lg(¢(-), un)Det(p) — g(-,u) — g (-, us i — u) — Diva(g(-, u)hr) — 26hyg (-, u)|| L2
< (I¥llez + ellfllz=)o(llAllc)-

Finally, the Riesz representation theorem implies that i, —u —w € H(f2) is the
unique solution of
ﬁ(ﬂh —u—w,v) = (fn,v)m
for all v € H'(Q) with a functional given by f;, € H(Q) satisfying || fn||z: = o(||h]|c1)-
By the assumed well-posedness of (13) we conclude

i~ wl g < S

< =0 for ||h]lcr — 0.
[l (f2ire

O

As known from shape derivatives for linear boundary value problems the material
derivative can be read in the sense of the chain rule, which leads to the notation of
the so called domain derivative of u.

Theorem 3.4 The material derivative of the previous theorem is of the form w =
u' +Vu-h, where u denotes the solution of (/) and the domain derivative ' € H* ()
is the unique weak solution of the R—linear boundary value problem

A + kW =0 inQ (16)
with
/
O ik + g usad)
. 2 . ou
= Dlv(hl,VTu)+k uh, — itk | 2kuh, + 8—hu (17)
v

O ou
— zk‘@uhu + 9. (-, u; &/h”> + 2kg(-,u)h, on 0D
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and
A =Vu'-v on dBg. (18)

Here, the last boundary condition means that u’ can be uniquely extended to a weak
radiating solution of the Helmholtz equation in RN\D.

Proof. From Green’s representation theorem and the radiation condition we obtain
u® = DLu + SL(ikAu — g(.,u)) in Q.

Thus, the mapping properties of the potentials DL : H%(aD) — H?*(Q) and
SL: H=2(0D) — H2(Q) if D is C2, see [21, p.210 ff.], leads to u € H2(Q). Therefore,
the traces of h - Vu can be read in Hz (D) and H~2 (D), respectively.

We insert h - Vu —w in (14), where (A(h - Vu),v)op, = 0 vanishes since h has
compact support in Br. The product rule leads to the relation

Vu - (Jh v - div(h)I) Vo = div((h V)V + (h- Vo)V — (V- Vv)h)
— (h-Vu)div(Vv) — (h - Vu)div(Vu),
and we get
/QV(h - Vu) - Vode = /Q[Vu : (Jh - div(h)f)w+ (h - VB)div(Vu)
- div((h V) Vu — (Vu - W)h)] da.

For the material derivative w we use equation (15) and thus it holds

~

R(h-Vu—w,v) = — / E*div(h)ut + k*(h - Vu)o — (h - VT)div(Vu) dz
Q
- / div((h VTV — (Vu - VU)h)dx YT+ Ty
Q
. / div ((h - V9)Vu — (Vu- V)b + Kuth) d
Q
+Il +IQ
with
I, = fik/ A(h»Vu)idsfz'k/ ()\(Div(hT)+2/£hy)+V)\Th)uﬁds,
oD oD
I, = / g:(,u;h - Vu)ods + / (Divr (9(-,u)hs) + 2/<;h,,g(.,u)>@ds.
oD oD

Using Gauss’ divergence theorem and the compactness of the support of h in Br we
obtain

~

R(h-Vu—w,v) = 7/ V- ((hoV@)Vuf(VU~V@)h+k2uih)ds+Il+Ig
o
:/ 1/-((h-V@)Vuf(Vu-V@)h+k:2uﬁh)ds+Il+Ig
oD

= / {(h -Vo)(Vu - v) — (Vu - Vo)h, + k%mhy] ds+ 7y + Zs.
oD
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Applying the product rule to the surface divergence operator leads to
Div(Auvh,)
= ADiv(h,)uv + V. (Auv) - hy = ADiv(h,)uv + V(Auwv) - h — V(Auv), h,
= ADiv(h, )uv + VAT huv + A(h - Vu)v + du(h - Vo)
oA ou
— %uvhl, — Aavh,, = Xu(Vv-v)h,,
and
Div(g(-,u)h,v)
= Div,(g(-,w)h)v + g (-, u; hr - Vu)v + g(-,w)(hy - V,0)
= Div,(g(-,w)h;)v + g (-, u; hr - Vu)v + g(-,u)(h - Vo) — g(-,u) (Vv - v)h,.

Now we can insert these identities in R(h - Vu — w,v) and get
R(h-Vu—w,v)
- / [(h VO (V- v) — (Vu - Vo) hy + k2uh, 3| ds
oD

- zk/ [Q)Whl,uv + %h,,uﬁ + )\@h,ﬁ —du(h-7) 4+ Au(VD - u)h,,} ds
oD

ov ov
+)
oD

for all v € H'(Q). Using the boundary condition on D finally leads to
R, v) =R(h-Vu—w,v)

g- <~, u; gzjh,,) T+ 2kg(-, u)h, T+ g(,u)(h-0) — g(-,u) (VT - V)hl,‘| ds

= /BD |(Vu-)(V5-v) = (Vu- V0)| by + K2uvh, ds

— Zk/ 2Akh,uv + a—AuﬁhV + )\@@hl, ds
oD 6V 8V

- /ap 9z (',u; gzh”> v+ 2kg(-, u)h,vds
= — h,V,u- V.0 — k*uvh,ds
oD

— zk/ 2 \kh,uv + @uﬁhl, + )\@Eh,, ds
5) 81/ 8u

0
+/ 9> (',U; uhy> T+ 2kg(-,u)h,Tds.
oD ov
Thus u’ can be extended in RV\ D to the weak scattered solution of (16)-(17). O

4. Shape Reconstruction

The Sommerfeld radiation condition guarantees the asymptotic behaviour of the

scattered field
us(r) = Hﬁ (uw(i) +0 ()) for |z| — oo
x| 72
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uniformly in all directions, where the function ., defined on the unit sphere SV—1!
is called the far field pattern of u®. Thus, the inverse problem under consideration
consists in determining the shape of D from measurements of the far field pattern v .
We consider a fixed incident field «’ and define the domain-to-far-field operator F,
which maps an admissible boundary onto the far field pattern of the scattered wave.
Then, the inverse problem can be read as solving the nonlinear equation

F(OD) = un. (19)

Since the far field pattern is analytic we expect this nonlinear operator equation to be
severely ill-posed.

Throughout the last two chapters, we consider the scattering problem only in R?
and specify the set of admissible domains to be starlike with respect to the origin. A
parametrization of the boundary is given by

D = {z(t) = r(t) (cos(t),sin(t)) " € R?: t € [0, 2]}
with positive, 27-periodic radial function r» € C2(0,27). For the sake of simplicity, we
write F'(r) instead of F'(0D) without changing notation. From Section 3, we know
that F' is differentiable, with the derivative given by the far field pattern of the domain
derivative, i.e., F'[0D]h = ul.
We suggest an all-at-once Newton-type method based on linearization of the

forward problem and of the domain-to-far-field operator in the sense of [15]. A
linearization of the nonlinear operator equation (19) leads to
F(r)+ F'Irlh = u, (20)

with noise level d, i.e. |[uo —uS|/z2 < 6. Since the evaluation of the operators F(r)
and F'[r] require the far field uo, and the Cauchy-data u|gp, %bD of the solution
u of the nonlinear scattering problem for the domain represented by r, we replace in
any iteration step u by u, = u’ + uy and r by r, = rp—1 + h,—1. Choosing an initial
guess 0Dy, we iteratively compute the solution u,, of the scattering problem

Au, + E*u, =0 in Q, (21)
with boundary condition
Oup, .
— F kAU, = gz (5 Un—15Un) = (5 Un—1) — g2 (5 Un—1;Un—1) (22)

ov

on dD,, and u = u, — u® satisfying the radiation condition. Note that the boundary
condition is obtained by linearizing the nonlinear term g(-,u,) in the sense of (11),
ie.
95 un) = (s Un—1) = gz, Un—15Up — Un—1).

The domain-to-far-field operator is then defined by F,(7,,) = tn, oo and the derivative
of I, is given by F}[rn]h, = u,, ,, where u is replaced by u, on the right hand side
of the boundary condition (17).

Since the ill-posed linear operator equation (20) requires a regularization, we
apply as for the regularized Levenberg-Marquardt method a Tikhonov regularization
in any iteration step, which finally leads to the update h,, given as the solution of

((Fé[rn})*Frlz[Tn} + aI>hn = (F,/l[rn])* (Fn(rn) - Ugo)a (23)
where a > 0 denotes a positive regularization parameter, see [10].

For such an iterative regularisation method a stopping rule is required because the
approximations will deteriorate for noisy data after a certain number of iterations. The
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most commonly used stopping rule is the discrepancy principle, where the iterations
are terminated at an index n for which

| Fo(ry) —ul|| <76, 7> 1. (24)
is valid for the first time. If the operator F' satisfies the tangent cone condition
1F(r) = F(7) = F'[F](r = #)|| < cllr = A1 F(r) = F(7)]|
locally in a neighbourhood of the exact solution in suitable Hilbert spaces, then the
approach (23) with stopping condition (24) yields a regularisation method (see [16]).
So far it has not been confirmed that the cone condition is fulfilled in case of inverse
obstacle scattering problems.
It is known that boundary integral equations solved by Nystrom’s method are

suitable for solving the scattering problem (21)-(22). Therefore we consider a single
layer potential ansatz for the scattered wave

uy (2) = SLepn(z) = / ®(z,y)pn(y)dsy for z € Q, (25)
oD
with a density ¢, € C(9D) and the fundamental solution of the Helmholtz equation

{
O(e,y) = (Hy (ke —yl). @ #y,

in R?. Using the jump relations for the single-layer potential ([0]), the scattered wave
u? = u, —u’ defined by (25) is a radiating solution of the Helmholtz equation satisfying
the impedance boundary condition (22) on 0D, if and only if the density ,, satisfies

the integral equation

1
_530” + ]C/Qpn +ikASn — g2 (5 un—1;Sn) = f (26)
with
out i
f = - v —ikAu +g('7un—1) +gz(';un—1;u ) - gz('aun—l;un—l)-

Here, S and K’ denote the boundary integral operators corresponding to the single
and the adjoint double layer potential of the Helmholtz equation given by

Sp(z) = /BD ®(z,y)p(y)dsy, x €D,

0]
K'o(x) :/ 9%(z,y) 6(95,@/) o(y)dsy, x€dD.
8D Vg

For 9D € C? the operators S,K’ : C(0D) — C(0D) are compact, see [(]. For
the implementation of the linearized operator equation (23), we need the evaluation
of F and F’ as well as its adjoint operator F’*. To avoid computing the adjoint
of the derivative, we have considered the adjoint of the discretised operator F’ in
our implementation. Overall, the shape reconstruction algorithm for the scattering
problem (21)-(22) is given as follows.

(i) First, an initial guess is made for the shape 0Dy of the scattering obstacle. In
order to solve the direct problem we start with the incident wave ug = u’.

(ii) By solving the integral equation (26) using the initial guess ug, the Cauchy data
UnloD, %Ly" oD, for the approximate boundary curve 0D,, can be determined.
The far field pattern F,,(r,) = tun,co is computed from the density ¢, by

. el —ikdy . 1
Up.oo (L) = —— e n(y)ds,, T €S 27
@)= G [ e ) ds, 1)
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(iii) The radial component of the starlike boundary and the variations are
approximated by trigonometric polynomials

r(t) = Zr; cos(jt) + 7 sin(jt), rj,rj €R,
j=0
h(t) =Y h§cos(jt) + hisin(jt), RS, b3 € R.
j=0
For each basis function h(t) = cos(jt) and h(t) = sin(jt) the domain derivative
from Theorem 3.4 is determined by solving the same integral equation (26) with

d d 9 ) Ouy,
f= 1 (hl,dsun> + kE“uphy, — kA (2fwnh,, + 3Vh,,>

O ouy,
- Zk%”nhu + 92 <'7 Un ; 81/) + 2”9('7 un)hzz .

(iv) Again with (27) the far field pattern of the domain derivatives F'[r,]h = uj,
is calculated for all basic functions related to the current boundary curve. The
collection of these far field patterns leads to a Jacobian matrix J at the points
chosen for the discretisation. The application of Tikhonov regularisation yields

(J* T+ al)h = J*(Fy(ry) — ud,)
where h denotes the vector of 2m + 1 Fourier coefficients of h.

(v) The iteration is stopped at index n for which
1F(rn) —ud | <76, 7€ (1,2),
is valid for the first time.

To avoid an inverse crime, we compute synthetic data by a different integral
equation approach than in (25). We consider the direct approach based on the Green’s
representation theorem, which is given by

Ou(x) 00 (z,y)

u(y) — (x,y) ag,gy) ds, for z € Q.
y

The jump relations of the single layer and double layer potential at the boundary 0D
and the linearized boundary condition (22) lead to the integral equation

1un — Kuy, — S(tkduy) + Sg. (-, un—1;un)

2
:ui+8(gz('aun—1;un—1) _g('7u”_1)) (28)
where
0]
Ko(x) = / P& y)as,. « e oD,
op Ovy

denotes the boundary integral operator corresponding to the double layer potential.
Note that for the direct approach, the far field pattern is given by

. . 0 ik
(m(uy “)pnly) + %(y)> e M ds,,

s

e’'1
V8rk Job,,

Fo(rn) = tUn,0o(&) = Y

with z € St.
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5. Numerical Results

For numerical examples, we choose an apple-shaped and a peanut-shaped obstacle as

in [22]. The parameterizations are given by
0.5+ 0.4 cos(t) + 0.1sin(2t) .
t) = t t 0<t<?2
Z( ) 1 + 0.7COS(t) (COS( )’Sln( ))7 — — ﬂ-?
and

2(t) = \/COSQ(t) +0.25sin?(¢)(cos(t),sin(t)), 0 <t < 2,
respectively. The impedance function A is defined by

1
AED) = =52 men
Numerically, we solve the integral equations (26) and (28) both by Nystrom’s
method, see [0, chap. 3.5]. For the computation of the synthetic data we use 128
discretisation points on the boundary curve, while for the inverse scheme we evaluate
64 discretisation points on the boundary with equidistant angles. We consider the
wave number £ = 2 and choose trigonometric polynomials of degree m = 4 for

for 0 <t < 2.

the approximation of the boundary curve.

Furthermore, we use the plane wave

_ ika-d . . . o T . T . .
u'(x) = e'** with direction d = (cos(%),sin(%)) as an incident field.
p - 0.5 -
reconstruction reconstruction residual error
1 — — — (initial guess 1 — — — (initial guess ____ reconstruction
---------- exact curve s exact curve 04 error
05+ e 0.5 0.3
0 0 0.2
0.1
0507 e -0.5L7
0
-1 0 1 -1 0 1

Figure 1. First and 10th iteration in the case of noise-free data as well as the
relative discrete L2 errors.

First we consider the reconstruction from the synthetic data without noise using
the regularised Newton scheme, see figure 1. The angle of the incident plane wave is
indicated by an arrow, the original boundary curve by a dotted line and the initial
guess, a circle with radius r = 0.3, by the dashed line. One can observe that choosing
the radius of the circle between 0.1 and 1.1 gives similarly results, possibly with
slightly more iteration steps. On the right hand side of the figure the relative discrete
L? errors are plotted. The residual error || F,(ry,) — Uso||/||teo|| by the full line and
the reconstruction error |7, — rexactll/||7exact || by the dashed line. For this example
we have chosen

g(z,u) = u + sin(u)

as nonlinear function on the boundary. A nonlinearity of this form was already
examined for the Laplace problem in [30] by Wendland and Ruotsalainen. This
function does not satisfy condition (6), but g is Lipschitz continuous and the
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assumptions in (A) are guaranteed. In the case of noise-free synthetic data, we
observe a stable performance for the apple-shaped object, as well as for other test
objects. We have set the regularisation parameter here to o = 0.05, whereas a wide
range of regularisation parameters leads to comparable results. For a different incident
direction d of u* we obtain similar results, while adding more incident fields gives us a
small improvement in our reconstructions, as known from linear scattering problems.

Now we consider reconstructions of the peanut-shape obstacle from running 100
experiments with 5% random noise added. The best and the worst result are shown
in figure 2. Comparable results are obtained using the apple-shaped object. In the

reconstruction reconstruction
— — — (initial guess — — — initial guess
10 e exact curve | L e exact curve
——
0.5
-0.5 /

-1 -05 0 0.5 1

Figure 2. The best and the worst result after 12 iteration and 5% equally
distributed random noise.

case of noisy data the regularization parameter has to be increased. In the example
considered, we fixed the regularization parameter with a = 2, which turned out to
be sufficient in all tests. The discrepancy principle (24) with 7 = 1.3 was used as
stopping condition.

Very similar results are achieved using the nonlinearity g(z,u) = u/(1 + |ul?)
from chapter 2, which satisfies the required assumptions to ensure a well-posed direct
problem. If we choose the Kerr-type nonlinearity g(x,u) = |u|*u a small deterioration
in the results is visible, but the reconstructions are still promising. In conclusion,
we can state that the performance of the presented all-at-once regularized Newton
method for acoustic scattering problems with nonlinear impedance boundary condition
is satisfactory in all tested examples and comparable to the well-known linear cases.
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